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ON SUMS OF POWERS OF ALMOST EQUAL PRIMES
BIN WEI* AND TREVOR D. WOOLEY

ABSTRACT. We investigate the Waring-Goldbach problem of representing
a positive integer n as the sum of s kth powers of almost equal prime
numbers. Define s = 2k(k — 1) when k£ > 3, and put sy = 6. In addition,

put 6, = %, 03 = % and 0 = % (k > 4). Suppose that n satisfies the

necessary congruence conditions, and put X = (n/s)'/*. We show that
whenever s > s and € > 0, and n is sufficiently large, then n is represented
as the sum of s kth powers of prime numbers p with [p— X | < X%*¢. This
conclusion is based on a new estimate of Weyl-type specific to exponential
sums having variables constrained to short intervals.

1. INTRODUCTION

A formal application of the circle method suggests that whenever s and
k are natural numbers with s > k 4 1, then all large integers n satisfying
appropriate local conditions should be represented as the sum of s kth powers
of prime numbers. With this expectation in mind, consider a natural number
k and prime p, take 7 = 7(k, p) to be the integer with p7|k but p™™!  k, and
then define v = ~(k, p) by putting v(k,p) = 7+ 2, when p = 2 and 7 > 0, and
otherwise y(k,p) = 7 + 1. We then define R = R(k) by putting R(k) = [[p",
where the product is taken over primes p with (p — 1)|k. In 1938, Hua [8, 9]
established that whenever s > 2%, and n is a sufficiently large natural number
with n = s (mod R), then the equation

Prpi+ . +pf=n (1.1)

is soluble in prime numbers p;. The congruence condition here excludes de-
generate situations in which variables might otherwise be forced to be prime
divisors of k. An intensively studied refinement of Hua’s theorem is that in
which the variables are constrained to be almost equal. Writing X = (n/s)'/*,
one seeks an analogue of Hua’s theorem in which the variables p; satisfy
lpj — X| < Y, with Y rather smaller than X. Although limitations in our
knowledge concerning the distribution of primes constrain such investigations
to intervals with Y > X7/12+¢ or thereabouts (see [10]), for larger values of k,
previous authors have obtained such conclusions only for Y > X'=2 with A
extremely small. In this paper we decisively improve such conclusions, showing
that for large s, one may take A large for all k.

2010 Mathematics Subject Classification. 11L07, 11P05, 11P32, 11P55.
Key words and phrases. Additive theory of prime numbers, short intervals, circle method.
Bin Wei is grateful to the China Scholarship Council (CSC) for supporting his studies in
the United Kingdom.
1



2 BIN WEI AND TREVOR D. WOOLEY

In order to facilitate further discussion, we introduce some additional nota-
tion. We say that the exponent Ay ¢ is admissible when, provided that A is a
positive number with A < Ay ,, then for all sufficiently large positive integers
n with n = s (mod R), the equation (1.1) has a solution in prime numbers p;,
satisfying |p; — X| < X772 (1 < j < s). Old work of Wright [41] on War-
ing’s problem shows that admissible exponents Ay s must always satisfy the
condition 0 < Ay 5 < %

Attention has naturally focused in the first instance on the situation for
smaller values of k. We note in this context that, as a consequence of Hua’s
theorem, all large integers congruent to 5 modulo 24 are the sum of five squares
of prime numbers, and all large odd integers are the sum of nine cubes of prime
numbers. The first breakthrough was made by Liu and Zhan [19], who in the
former setting showed, subject to the truth of the Generalized Riemann Hy-
pothesis (GRH), that the exponent Ay 5 = % is admissible. Subsequently, they
introduced an approach to treating enlarged major arcs [20], and this allowed
Liu, Lii and Zhan [18, Theorem 1.3] to establish the same conclusion uncondi-
tionally. The sharpest unconditional result at present is due to Kumchev and
Li [14, Theorem 1], who prove that Ays = % is admissible. Moreover, when
more summands are available, the latter authors show [14, Theorem 5] that
one has the admissible exponent

40

2—54, when s > 17.

A2s:

{3 (%), when 6 < s < 16,
We refer the reader to [1, 2, 3, 16, 21, 24, 25, 30] for further results interpolating
those already cited.

Turning next to sums of cubes and higher powers, Meng [28] showed that
Azg = % is admissible, subject to the truth of GRH, and Lii and Xu [26, The-
orem 1] established this conclusion unconditionally. In general, again subject
to the truth of GRH, Meng [29] has shown that the exponent

1
A, —
BT (k= 1)22%k1 4 2

is admissible whenever 2 < k < 10 and s > 2% and Sun and Tang [32,

Theorem 2| have established this conclusion unconditionally. It is apparent

that, in general, these admissible exponents remain small even when s is large.
When k > 2, we define the integer ¢;, by putting

hen k = 2
te— 3, when , (1.2)
k(k—1), when k > 3,
and define the real number 6, by putting
%, when k = 2,
0, = ¢ =, when k=3, (1.3)

[« [N IS )

, when k > 4.
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The main result of this paper shows that there are large admissible exponents
Aj s as soon as s > 2ty.

Theorem 1.1. Let s and k be integers with k > 2 and s > 2t;. Suppose that
e > 0, that n is a sufficiently large natural number satisfying n = s (mod R),
and write X = (n/s)"*. Then the equation n = p¥+ps+...+p* has a solution
in prime numbers p; with |p; — X| < X%+ (1 <j < s).

This theorem shows that the exponent Ay, = % is admissible whenever
k > 2 and s > 2t;. In contrast to the admissible exponents derived in the pre-
vious work cited above, this exponent is bounded away from zero as k — oco.
Moreover, only when k = 2 and s > 17 does previous work (of Kumchev and
Li [14]) match our new conclusions. We remark that since 38 = 1 (1+ ),
this exponent is in some sense half way between the trivial exponent 1, and
the exponent % that, following the work of Huxley [10], represents the effec-
tive limit of our knowledge concerning the asymptotic distribution of prime
numbers in short intervals.

Aficionados of the circle method will anticipate that similar conclusions may
be established in problems with fewer variables if one seeks instead conclusions
valid only for almost all integers n, so that there are at most o(IN) exceptional
integers n not exceeding N, as N — oo. We say that the exponent Aj _ is
semi-admissible when, provided that A is a positive number with A < A}
then for almost all positive integers n with n = s (mod R), the equation (1.1)
has a solution in prime numbers p; satisfying |p; — X| < X2 (1 < j < 3).
In §9 we establish the following conclusion.

Theorem 1.2. Let s and k be integers with k > 2 and s > 1, and suppose that
e > 0. Then for almost all positive integers n with n = s (mod R) (and, in
case k = 3 and s = T, satisfying also 91 n), the equation n = p& +ph + ... +pF
has a solution in prime numbers p; with |p; — X| < X%t (1 < j < s), where
X = (n/s)'/*,

We note that the additional condition 9 { n in the case k = 3 and s = 7
is required to ensure the solubility of (1.1) modulo 9. Previous work on this
topic has focused on smaller k. So far as sums of four squares of primes are
concerned, Lii and Zhai [27] showed that the exponent Aj, = % is semi-
admissible. Kumchev and Li [14, Theorem 3] improved this conclusion, show-
ing that A3 ; = % is semi-admissible. Theorem 1.2 improves this result further,
showing in particular that A}, = 2 is semi-admissible’. We direct the reader
to Theorem 9.2 for a particularly sharp exceptional set estimate for sums of
6 squares of almost equal primes. Considering next sums of seven or eight
cubes of primes (with the additional local solubility condition for seven cubes

of primes implied), Liu and Sun [23, Theorem 1] showed that the exponents

A result of Li and Wu [16, Theorem 3], tantamount to the assertion that A5, = 2 is

0
semi-admissible, contains an infelicity discussed in §9 below.
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A3 . = & and Ajg = 15 are semi-admissible’. We note also that the recent
work of Tang and Zhao [34, Theorem 1] shows in particular that the expo-
nent A} 3 = 505 is semi-admissible. Theorem 1.2, on the other hand, obtains
the considerably stronger semi-admissible exponents A3 & = % for s > 7 and
Al = & for s > 13. Indeed, it follows from our new theorem that whenever
k >4 and s > k(k —1), then the exponent A & = ¢ is always semi-admissible.

We outline our proof of Theorem 1.1, which proceeds via the circle method,
in §2. By comparison with previous treatments, this argument contains two
novel features. The first is an estimate for moments of exponential sums over
kth powers in short intervals, of order 2s, that achieves essentially optimal
estimates as soon as s > ¢;. This serves as a substitute for the traditional use
of Hua’s lemma, though for problems involving short intervals is considerably
sharper. In §3 we explain how this estimate follows from the analogous work of
Daemen [5, 6], based on his use of the so-called binomial descent method. The
second novel feature is a substitute for a Weyl-type estimate for exponential
sums over variables in short intervals that delivers non-trivial estimates on
the minor arcs in a Hardy-Littlewood dissection even when the corresponding
major arcs are rather narrow. This estimate again makes use of Daemen’s
estimates via a bilinear form treatment motivated by analogous arguments
making use of Vinogradov’s mean value theorem. This argument is described
in §4. Both the work in §3 and that in §4 makes heavy use of the latest work
[40] concerning Vinogradov’s mean value theorem. Our sharpest conclusions
for k = 2 and 3 require a discussion of estimates of Weyl type particular to these
exponents, and this we record in §5. The analysis of the major arc estimates
required in our application of the circle method is discussed, in stages, in §6, 7
and 8. Finally, we discuss exceptional set estimates in §9, thereby establishing
Theorem 1.2.

Throughout this paper, the letter ¢ will refer to a small positive number.
We adopt the convention that whenever € occurs in a statement, then the
statement holds for all sufficiently small ¢ > 0. Similarly, we write L for log X,
and adopt the convention that whenever L° occurs in a statement, then the
statement holds for some ¢ > 0. In addition, as usual, we write e(z) for ™.
Finally, we summarize an inequality of the shape M < m < 2M by writing
m~ M.

The authors are very grateful to Professors Angel Kumchev and Roger Baker
for pointing out a significant oversight in §4 of the original version of this work
that has been corrected in this manuscript. We are also grateful to the referee
for useful comments.

2. OUTLINE OF THE METHOD

Our basic approach to the application of the circle method is straightfor-
ward so far as the Waring-Goldbach problem with almost equal summands is

>The argument of Zhao [42, Theorem 1.2], underlying the assertion that A3 ; = % and

* _ 2
AB,S_i

iz are semi-admissible, likewise contains an infelicity discussed in §9 below.
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concerned. Suppose that k and s are integers with £ > 2 and s > t;, where t,
is defined as in (1.2). Write

h =2
_ {36, when k& , (2.1)

2t (tx, +2), when k > 2.

Let 6 be a real number with 6, < 8 < 1, and let § be a sufficiently small, but
fixed, positive number with 4K¢ < min{f — 6,1 — #}. Consider a sufficiently
large natural number N, put X = (N/s)/* and write Y = X% When n is a
natural number with N < n < N + X*71Y| we denote by p,(n) the weighted
number of solutions of the equation (1.1) with |p; — X| <Y (1 <i < s) given
by

ps(n) = Z Z (logp1) ... (logps).
lp1—XI<Y  |ps—XI<Y
p'f+...+pszn

Define
fla)= > (logp)e(pta), (2.2)

[p—X|<Y

where the summation is over prime numbers p. Then it follows from orthogo-
nality that

paln) = / f(@)e(—na) da (2.3)

Next we define the Hardy-Littlewood dissection underpinning our applica-
tion of the circle method. Write
P=X*° and Q=X"?y?p 1 (2.4)
We denote by 9t the union of the major arcs
M(g,a) ={a €[0,1): |ga —al <Q7'},

with 0 < a < ¢ < P and (a,q) = 1. Finally, we write m = [0,1) \ 9 for the
set of minor arcs complementary to the set of major arcs 9. When ‘B is a
measurable subset of [0, 1), we now define

ps(n;B) = / f(a)’e(—na) da. (2.5)

b3
Thus, since [0,1) is the disjoint union of 9t and m, one finds from (2.3) that
ps(n) = ps(n; M) + ps(n;m). (2.6)

The analysis of the major arc contribution ps(n;9) is essentially routine,
though as is typical with the Waring-Goldbach problem with almost equal
summands, the wide major arcs cause some technical difficulties. When a € Z,
q € N and § € R, define

v(B) =k > m~ ke (Bm)

(X-Y)F<m<(X4Y)F
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and

S(q,a) = Z e(ar®/q).

1

and the singular series

S(n) =Y wlg)* Y S(g,a)°e(—na/q).
= (@)=t

We temporarily proceed in greater generality than is demanded by our
present choice of parameters, so as to permit future reference to our present
discussion. The standard theory of major arc contributions in the Waring-
Goldbach problem requires little modification to deliver satisfactory estimates
for J(n) and &(n) (see [9, Lemma 8.12] and [22, Lemmata 6.4 and 8.3]).
Thus, whenever s > 4, Y > X2 and |n — sX*| < XF7Y, there exists
a positive number € for which J(n) = €Y*1X17* In addition, whenever
s > max{3,k(k — 1)} and n = s (mod R(k)) (and, in the case k = 3 and
s = 7, one has in addition 9 1 n), there is a positive number n = n(s, k) for
which

1< 6(n) < (log X).
Indeed, when k£ = 2 and s = 4, one may take n = 1, and when s > 5 one is at
liberty to take n = 0. Thus we conclude that, in the circumstances at hand,
one has
YIXTF < &(n)J(n) < YL X (log X7 (2.7)

We summarise the analysis of the major arc contribution ps(n;9%) in the

form of a proposition.

Proposition 2.1. Suppose that k > 2 and s > min{5, k+2}. Then, whenever
;—Z <0 <1,Y =X and n is a natural number with N < n < N + XF1Y,
one has

ps(n; M) = &(n)J(n) + O(Y* "1 X *(log X) 7).

Proof. The desired conclusion may be established by following the argument of
the proof of [14, Proposition 5.1]. The latter argument is superficially restricted
to the case k = 2 and s = 4, but the generalisation to arbitrary exponents
k and s > 5 causes no extra difficulties. We provide details of the necessary
argument in §§6-8 below. We note that compared to [14, Proposition 5.1], we
have an additional weight log p within our definition (2.2) of the exponential
sum f(a). This again is easily accommodated within the argument of the
proof of [14, Proposition 5.1]. The reader may find it illuminating to compare
with the argument of the proof of [32, Proposition 2.1], which has the potential
to establish the conclusion of our proposition subject to the more restricted
hypotheses s > 5 and Y > X*#/5+¢, O
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Suppose that k > 2, s > t, and Y > X’ Then by combining (2.7) with
the conclusion of Proposition 2.1, it follows that whenever n = s (mod R(k))
(and, in case k = 3 and s = 7, one has also 91 n), then

ps(n; M) > YL XF (2.8)

In order to estimate the minor arc contribution ps(n;m), in §3 we prepare
an analogue of Hua’s lemma. We recall the definition of ¢; from (1.2).

Proposition 2.2. Suppose that Y is a real number with Y > X'/2. Then
whenever s > 2t and € > 0, one has

1
/ |f(0£)|s da < Ys—le—k—i-a.
0

Next, in §4, we establish an estimate of Weyl-type that delivers non-trivial
estimates throughout the set of minor arcs m. Recall here the definition of K
given in (2.1).

Proposition 2.3. Let 6 be a real number with % < 0 < 1, and suppose that X
and Y are real numbers with X? <Y < X. Then, whenever a € Z and ¢ € N
satisfy (a,q) =1 and |a — a/q| < ¢2, one has

where = = ¢+ Y?X"2|qa — al.

We are now equipped to dispose of the minor arc contribution. Suppose
that a € m. By Dirichlet’s theorem on Diophantine approximation, there
exist a € Z and ¢ € N with ¢ < @, (a,¢q) = 1 and |ga — a| < Q~'. The
definition of m ensures that ¢ > P, and thus when k£ > 4 and ¥ = X?,
Proposition 2.3 combines with the definition (2.4) to deliver the bound

fla) < X°Y(P ! + X2 4 QY*2X2716>1/K < Xy

Meanwhile, when k = 2 or 3, we deduce from the conclusion of §5 that one
has likewise the bound

fla) < X2y, (2.9)

We therefore conclude from Proposition 2.2 that whenever s > 2t;, then for
each € > 0, one has

pufmi) < (sup (@) [ 1@ da

acm

< (X5726y)572tkY2tk71lek+5 < stlefkfé.

Combining this estimate with (2.6) and (2.8), we see that under the hypotheses
of Theorem 1.1, one has the lower bound ps(n) > Y !X17% and thus the
proof of Theorem 1.1 is complete.
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3. MEAN VALUE ESTIMATES FOR PRIMES IN SHORT INTERVALS

Recall the definition (2.2) of the exponential sum f(«). A heuristic appli-
cation of the circle method suggests that for all positive integers ¢, and for all
real numbers Y with X'/2 <Y < X, one should have the bound

1
/ If(a)]* da < Yi(log X)! + Y2 IX17R, (3.1)
0
It may be shown using Hua’s lemma, meanwhile, that when 2¢ > 2%, then
1
/ Fle)P da < XEY2H (3.2)
0

It is apparent that when 2¢ > 2% and Y1 > X*~! the bound (3.1) is sharper
than (3.2) by a factor (Y/X)*"1. It transpires that the methods of Daemen
[5, 6] permit the proof of a serviceable substitute for (3.1) when ¢ > ¢, and it
is this that explains in part the relative success of our approach over that of
previous authors.

In order to proceed further, we must introduce some additional notation.
Let

F(a) = Z e(mFa). (3.3)
m—X|<Y

Also, denote by Jx(X) the number of integral solutions of the Diophantine

system
S

Y @l —y)=0 (1<j<h),
i=1
with 1 <2,y < X (1 <j<k).

Lemma 3.1. Suppose that k and t are natural numbers with k > 2. Then
whenever XV? <Y < X, one has

1
/ IF(a)]* da < (1+ Y2/ X)X2ky ah+D)=3 1 (v,
0

Proof. This is essentially [5, Theorem 3|. The slightly smaller lower bound on
Y is accommodated by employing precisely the same proof as described in the
latter source. O

The latest developments on Vinogradov’s mean value theorem (for example,
see [37, 38, 40]) supply more powerful estimates for Jx(X) than were available
to Daemen.

Lemma 3.2. When k > 2 and t > ti, one has Jy ,(X) < X2 gh(et1)+e

Proof. The estimate J3 5(X) < X3¢ is immediate from [9, Theorem 7]. Mean-
while, when k > 3 and t > k(k — 1), the bound J,z(X) <« X%~ akktD+e g
supplied by [40, Theorem 1.2]. O
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We now establish Proposition 2.2. Suppose that Y is a real number with
X2 <Y < X, and that s > 2t;,. Then by applying the trivial estimate
|f(a)] = O(Y), we find that

/0 |f()]fda < Y525 (1), (3.4)
where )
10 = [ 7@ da.

On recalling (2.2), one finds by orthogonality that I(¢) counts the number of

solutions of the equation
t

Z(pf - p?—i—t) =0,
i=1
with p; prime and |p; — X| <Y (1 <i < t), in which each solution is counted

with weight
2

[ (togp) < (1og X)*.

i=1
On considering the number of solutions of the underlying Diophantine equa-
tion, we therefore see from (3.3) that

I(t) < (logX)gt/O |F(a)* dav.

Notice that primality has now made an exit from the discussion. We thus
deduce from Lemma 3.1 that

I(t) < (1+Y?/X)X> Ry sHED=3 1 (V) (log X)2,
whence by Lemma 3.2 and the hypothesis Y > X'/2, one obtains the bound

I(tk) < Xl—ky%k(k-&-l)—l(log X)2ty2tk—%k(k+1)+a < X1-k+2ey2t-1
The conclusion of Proposition 2.2 is confirmed by substituting this estimate
into (3.4).

4. ESTIMATES OF WEYL TYPE, I: k > 4

Our goal in this section is the proof of Proposition 2.3. We begin with
an auxiliary lemma concerning exponential sums having a bilinear structure.
Let a(m) and b(n) be arithmetic functions satisfying the property that for all
natural numbers m and n, one has

a(m) < m® and b(n) <K n®. (4.1)

Let M and N be positive parameters, and define the exponential sum 7'(«) =
T(co; M, N) by

. _ k
T(o; M,N) = max max Mz;M/a(m) NE;N/ b(n)e((mn)fa)|.  (4.2)
SIS $<n<w?§z+y
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Lemma 4.1. Let ¢ > 0 be fixed, and let x and y be positive numbers with
3% <y < x. Suppose that M and N are positive numbers with MN = x
and cz?/y* < N < cly?/x. Suppose in addition that t >t and 2w > t), + 2.
Then whenever a € Z and q € N satisfy (a,q) = 1 and |a — a/q| < q72, one
has

X Nk q ) 1/(4tw)
" .

1
T(a; M7 N) < wgy(g + yNk + xk—ly + k=292

Proof. By means of a double application of Holder’s inequality, the bilinear
structure of T'(a; M, N) permits a familiar linearisation argument to be exe-
cuted. The difficulty to be faced is that of handling the short interval con-
straint on the implicit product of variables. Throughout this proof, implicit
constants may depend on ¢. Let M’ and N’ be real numbers corresponding to
the maxima in (4.2). Given a 2w-tuple n, write

b(m) = b(ny) ... b(nw)b(Rws1) . - - b(n2w)

w
E n - nw+z
=1

Then in view of the hypothesis (4.1), an application of Hélder’s inequality
leads from (4.2) to the bound

T()]* < 2°y*" Th(), (4.3)

and

where

Ti(a) = (M/y)" M 37 S bn)e(mbo(n)a), (4.4)

in which the summation is over 2w-tuples n satisfying
N<n <N and z/m<n; <(z+y)/m (1<i<2w).
By interchanging the order of summation in (4.4), we obtain the bound

Ty(a) < (M/y)*" M7 > 03 [b(m)]| Y e(mfo(n)a)

ni~N now~N m~M

7 (4.5)

where the summation over m is subject to the constraint
z/ni<m< (z+y)/n; (1 <i<2w). (4.6)

Next, invoking symmetry, one discerns that the bound (4.5) remains valid if
we impose the additional condition n; < ny < ... < ng,. The condition (4.6)
then becomes x/n; < m < (z + y)/naw, a constraint that implies the relation
naw < n1(1+ y/x). We therefore see that, for the 2w-tuples n at hand, one
has

Ik —nb ]l < (1 +y/2)" —nf <k(ny/z) (na(1+y/2)"

whence
w—1

Z(nfﬂ - ”ﬁﬂ)

i=1

< wk(2ny)*y/x.
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Denote by x,,,(u) the number of integral solutions of the equation
—1

(”§+1 - ”ﬁ;ﬂ) =u,

g

.
Il
—

with
BNy <. S Ngy—1 SV
Then, again applying (4.1), we arrive at the upper bound

T (o) < x°(M/y)* M~ § § K (W) To (s 1, v 1), (4.7)
N<us<v<2N u
v<p(l4y/z)

where the summation over v is subject to the condition

ju] < wh(2)y/, (48)
and
Ty(ov; p,vsu) = Z e(mF(u* — vF —u)a). (4.9)
a/n<m (e ty) v

Notice that the variables p and v assist in encoding the short interval con-
straints implict on the variables. As we shall see, there is some loss associated
with isolating these two variables, though this is largely recovered through
diligent accountancy.

Suppose next that v < p(1+y/x), consistent with the summation condition
in (4.7). Then another application of Holder’s inequality conveys us from (4.9)
to the bound

Zm o o, v )| < Ts(p, v)' =T ()Y OO Ty (5., 0) 0, (4.10)

where

v) =3 muu(u), Tu(p,v an : (4.11)

Ty(aspn,v) = 3 To(as o, vs )], (4.12)

u
and the summations over u are again subject to (4.8).
We estimate the sums 75, 7y and 75 in turn. Note that our hypothesis
cx? /y* < N ensures that, in the situation at hand, one has

(py/x)’n™ = (y*/2°)N > ¢,

whence py/x > (cp)'/2. Then the definition of ,,, (u) takes us from (4.11) to
the bound

Ty, v) < (v — p+ 12 < (/)2 (4.13)
Next, when U and V are non-negative numbers, define the Weyl sum
WU, V) = Z e(m*a). (4.14)

Uus<m<U+V
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Since py/x > (cu)/?, we are led from (4.11) via orthogonality and Lemma 3.1

to the bound
1
L) < [ IWlas oy — @l da
0

1 _ _
< (py/x) 2P0k g ok (uy) ).

Provided that N < y < v < 2N and 2w — 2 > t;, therefore, we deduce from
Lemma 3.2 that

Ta(p,v) < 2t (uy/a)°. (4.15)

Recall that M N = z, and that the ambient summation conditions ensure
that N < p < 2N. Then by substituting (4.13) and (4.15) into (4.10), we
deduce from (4.7) that

|T1 (Oz)|2t < a:a(M/y)4t“’M_2t(N2y/:v)2t(Ny/x)(2w_2)(2t_2)
x NYH(Ny/z)tv—> max Ts(a; p,v)

< 2 (NFy/2) " (y/N) " max Ty (; p, v), (4.16)
v

where the maximum over p and v is subject to the conditions
N<pu<v<2N and v<pu(l+y/z). (4.17)

We next turn to the estimation of T5(c; it, 7). Denote by w,,,(v) the number
of integral solutions of the equation

with
z/p<m; < (z+y)/v and my~M (1<i<2t). (4.18)

Note that our hypothesis N < ¢ 'y?/z combines with (4.17) to ensure that,
in the situation at hand, one has

(y/v)*(z/v) ™ = (¥ /2)(2N) ™ = L,

whence y/v > (3¢)"/?(z/v)"/%. Observe also that since u < v, one has
Wy(v) < wyy(v). Then on recalling the definition (4.14), we are led via
orthogonality and Lemma 3.1 to the bound

1
wpn(v) < / W (a2 /v, y/v)|* da
0

< (y/v)FED g /)R g (y ).

Provided that N < u < v < 2N and t > t, therefore, we deduce from Lemma
3.2 that

W (V) < (2/v) "y v)* T (4.19)
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Observe next that the conditions (4.18) ensure that

t

Z(mf - mfﬂ')

i=1

< th(y/v) (@ +y)/v)"

Then by expanding (4.12) and interchanging the order of summation, we find

that
(o py v wa

where the summations over u and v are subject to the conditions (4.8) and

o] < th(y/v)(2z/v)*
We therefore deduce from (4.19) that

Ty(a; p,v) < wa ) min{N"*y/z, |jval| ="}

v(pt = vF —u)a)|,

< (x/V)l_k(y/V)%_”E > min{z* 2y fu, oa] 1.
Thus, as a consequence of [36, Lemma 2.2], we conclude that
(N /)~ (y/N)~* max Ty(as . v) < (q2)°6, (4:20)
8%
where, in view of the hypotheses of the lemma concerning «, one has

oty t N a
q yNk: Z‘k_ly l‘k_2y2 ’

The conclusion of the lemma now follows by substituting (4.20) into (4.16),
and thence into (4.3). O

In advance of the next lemma, we introduce the positive real number
o= (8tx)" (k>2). (4.21)

The following result is an analogue for short intervals of [12, Lemma 3.2].
We proceed in greater generality than is necessary for the application within
this paper, since this conclusion is likely to find application elsewhere and the
additional generality comes at little cost.

Lemma 4.2. Let x and y be positive numbers with 1 < y < x, and suppose
that o is a real number with 0 < o < o}. Suppose also that M and N are
positive numbers with (M N)?/3=7 L g=1y>/377,

M1720N2720 < x172/ky2/k72o' and MQ*Q]CO’N*QR‘O’ < x172/ky2/k72k0' (422)

Suppose that (a,), (by) and (c,) are sequences of complex numbers satisfying
lam| < 1+ logm and |b,| < 1 for each m and n, and with ¢, = 1 for all I,
or ¢, = logl for all l. Suppose further that o is a real number, and that there
exist a € Z and q € N satisfying

(a,9) =1, 1<q< (@ ?Y)? and g —a| < (22712 (4.23)
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Then one has
E Qm g by, g ce ((lmn)koz)
1<m<M 1<n<N  |z—Imn|<y

1+e
Y

(q + 2F1y|ga — a

< ylfaﬂ:‘(MN)cr + |>1/k2'

Proof. Write
() = > ce(1%).
|l—z/(mn)|<y/(mn)
The reader may find it useful to note that this function will shortly be applied

with 8 = (mn)*a. Put Q = (y/(mn))'/3, and define 27 to be the union of the
arcs

W(g,a) = {a €[0,1) : 0 — a/ql < Qx/(mn))*~*(y/(mn))~*},

with 0 < a < ¢ < Q and (a,q) = 1. Also, put o = [0,1) \ 20. Then on noting
that (4.21) implies that (2t;) ! = 40y, it follows from the argument underlying
the proof of [5, equation (3.5)] that

sup [W(6)] < (y/ (mn)) QW) < (y/(mn))' 7w, (4.24)

Meanwhile, from [5, equations (5.1)-(5.5) and §6], we see that when 6 €
W (q,a) C W, one has

o(o y/(mn) A 1o
(0) < (q+ (&) (mn) () (mn))|q0 — al)/* + (4.25)

where

Q(x/(mn))* SR
<x/<mn>>k—2<y/<mn>>2> «QT/y

Provided that (mn)?3=7* < x714%/3% one discerns that
A < (y/(mn)) 2w [y < (y/ (mn))' =+,

In combination with (4.25), therefore, we conclude that whenever 0 < o < oy,
then

A < Q% (1 +

y(mn)~!

(q+ (@/(mn))*=(y/(mn))|g0 — al)'/*

For each integer m with 1 < m < M, denote by N the set of natural numbers
n with 1 < n < N for which there exist integers b and r with (b,r) = 1,

r<r< ()T e b <5 ()T (L)L e

3 \mn 2 \mn mn

() < (y/(mn))' =7+ + (4.26)

Now consider the situation with § = (mn)*«. By Dirichlet’s theorem on

Diophantine approximation, there exist integers b and r with (b,7) = 1 and

k—2 2
1<r<9! (i) (i)
mn mn
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such that
T\ oy \ 2
|(mn)fa —b/r| <r 'Q (—) (—)
mn mn
We distinguish two cases, case (A) in which 1 < r < Q, and case (B) in
which r > Q. First, in case (A), one has 1 < r < Q, and thus it follows that
(mn)*a € 20, whence from (4.26) one sees that

U((mn)*a) < (i y(mn)”

l1—o+e
> + -1 1/k"
mn (r + (z/(mn)) = (y/(mn))|(mn)*ra — b])
We divide the analysis here into two subcases, that in which n € N that
we presently discuss, and another case with n € N that we defer for future
attention. Observe that in the first of these cases, where n € N, it follows
that either 7 > £ (y/(mn))*, or else that

lr(mn)*o — b| > i <i>2k (i)kaz’

mn mn

whence ot
U ((mn)* YN
(el < (%)

Meanwhile, in case (B) one has r > Q, and here one discerns that (mn)*a € 1.
Thus we deduce from (4.24) that

U((mn)*a) < (y/(mn))' =7+

The discussion of the previous paragraph supplies the estimate

Z A, Z b, Z ce ((lmn)ka) < Ey+ Eq, (4.28)

1<m<M 1<n<N  |z—Imn|<y

Z Z ’ambn’ <%>10+€

1<m<M 1<n<N

y(mn)~tlogx
Z Z’ m"’ _b|)1/k'

1<meM neN (r + (z/(mn))*=1(y/(mn))|(mn)*ra

Notice that F; contains the contribution of the terms arising in the second
subcase of case (A). We note also that in case ¢, = logl for all [, then the
desired conclusion follows in like manner from the aforementioned work of
Daemen by partial summation. In view of our hypotheses concerning (a,,)

and (b,), one has

where

and

Ey <y (MN)°. (4.29)
Also, it is evident from an application of Holder’s inequality that
E, < (logz)Es ¥ (yE3) V¥, (4.30)
where
Ey= > > lamba|* Vy/(mn) < y'* (4.31)

1<m<M neN
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and
-1

(mn)
R e oty oy [ o e

1<m<M neN

(4.32)

For each integer m with 1 < m < M, we apply Dirichlet’s approximation
theorem to deduce the existence of ¢ € Z and s € N with (¢, s) =1,

x k—2 y 2—]{?0’ x 2—k y ko‘—2
1<s<(oy)  Gow) a-d<(oy) Gy)

s — N and |sm"a — ¢ — N
(4.33)

By combining (4.27) and (4.33), we obtain the bound

2—k ko—2 2—k ko—2
-t (05) Gow) P Gm) Gon)
lrn®c — sb| < rn — N + 55 — -

2—k 2ko—2
<1+ (E) T (E)

m m
Then it follows from (4.22) that |rnfc — sb| < 1, whence
b c 5
= — d g
mk s oo T (s,n*)

We therefore deduce from (4.32) that

B= 2 S

st y/m)

Observe next that

Z (.r7)
k
|mFsa — ¢ —

Z Z ﬂ < Zdvk(d)_l log N,

1<n<N 1<n<N dls
=0 (mod d)

in which vg(w) is the multiplicatlve function of w defined by taking

Uk(puk+v) —_ pqul’
for prime numbers p, when u > 0 and 1 < v < k. Hence we deduce that
(S,nk) 1-1/k 1-1/k+4e
Z —<<(10gN)Zd <s log N,
n

1<n<N d|s

whence Uk
s*= "% log N
By Y 8 (4.34)

temem T m (1 + (z/m)*~ 1(y/m)‘mka—c/s])

We next define M to be the set of natural numbers m with 1 < m < M
such that the integers ¢ and s defined in (4.33) satisfy

k%o k*o ;o \1-k -1
<s<i(y) o e (y) )G @
1<s< g UN , smfa—c <3 UN - - (4.35)

In view of (4.34), we find that

B < Z s Mlog N +yR(MN)Y* . (4.36)
m (14 (z/m)*(y/m)imFa — c/s|)
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When a and ¢ satisfy (4.23) and m € M, it follows from (4.35) that
k%o 1-k -1
et <m0 () (2) (2
< % (xlfk/Zykzofl _i_xfk/ka%) NfE-Re ke

The second condition of (4.22) therefore reveals that
lsmPa — qc| < 1,

whence
c a q
—— =— and s= .
smk g (g, m*)

We therefore deduce that

szl/k log N
2 (T (e Ty 3]

q°log N 3 (q/(g,m*)) /"
S 142k lyla —a/q| m '

1<m<M

In this case, we observe as above that

. mk —1/k d)~Vk
Z (q/(q m)) <E Z (Q/W)l

1<m<M dlg  1<m<M

< (log Mg~k Z 1< ¢ VY*log M.
dlq

We therefore infer that

Z sk log N < ¢ % (log z)?
m (1+ (z/m)F(y/m)[mFa —c/s|) — 1+ 2" yla —a/q|’

meM
whence by (4.36) we find that

(log z)?
(g + 2" ylga — a])V/*

E3 <<y67k0'(MN)ka+

On substituting this last estimate together with (4.31) into (4.30), we deduce
that
y1+5
(q+ 2" ylga — al)/**
The conclusion of the lemma now follows by substituting this estimate along
with (4.29) into (4.28). O

El <<y1—(r+s(MN)o+

We now turn to the problem of estimating the exponential sum f(«) defined
n (2.2). We suppose throughout that 2 < 6 <1, 0 = 04 and Y = X?, and
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further that a € Z and ¢ € N satisfy (a,¢) =1 and |a — a/q| < ¢72. Let A(n)
denote the von Mangoldt function, defined by

An) logp, when n = p' for some prime p and natural number I,
n) =
0, otherwise,

and let p(n) denote the Mobius function. Suppose that p is a prime number
and [ > 2. Then whenever |[p! — X| <Y, one has [p — XV < Y X'/ and
hence
flay= " An)e(n*a) + O(YX ). (4.37)
In—X|<Y
We put U = V = 4X27% and apply Vaughan’s identity (see [35]) in the
shape

An) = > pld)logm— Y p(d)A(m)— > p(d)A(m).

md=n Imd=n Imd=n
1<dgV 1<d<V 1<dgV
1<m<U m>U

ld>Vv

Thus we deduce from (4.37) that
fla) =51 =8 — S3+O(YX /%),

where
Si= ), wd) Y (logme((md)a),
1<d<V |m—X/d|<Y/d
Sy = Z Ao (V) Z e ((lv)*a),
1<o<UV =X /v|<Y /v
S3 = Z A1 (u) Z A(m)e ((mu)*a),
V<u<(X+Y)/U Im—X/u|<Y/u
m>U
in which

M) = 3 pdAm) and A = 3 u(d).

Ay dlu
<dg 1<d<
1<m<U <V

We begin by estimating the sum S3. Note here that when 6 > % andY = X,
then our choices for U and V ensure that

X2)Y? <V <(X+Y)/U<Y?/X.

We cover the interval |n — X| < Y by intervals of the shape [z,z + y| with
|z — X| <Y and 27 <y < 2. On noting that |\;(u)| < 7(u), we find that we
may apply Lemma 4.1 with ¢ = ¢, and w = [ (¢, +2)]. First, on interchanging
the order of summation, we see that

Sy = Do Am) D> M(we((mu)ta).
U<m<(X+Y)/V \qu/m‘|/§Y/m
u>
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We next divide the summations over v and m into dyadic intervals
2V < u < min{2MV, (X +Y)/U}, 27U <m < min{2T'U, (X +Y)/V},

and thereby deduce by applying Lemma 4.1 with M = 2/U and N = 2!V, and
summing over ¢ and 7, that

1 X N* ¢ ¥
S, < (log X Xy (=
s < (logX)  max . <q TyNe T xEy T Xk—2Y2)

< XY (g 4 X2 gx 2Ry )Y (4.38)

where K is defined as in (2.2).
Next we estimate Sy. Write

SUZW)= D X)) DY e((v)fa)

Z<v<W u X/v|<Y /v

Then we find that
So = 54(0,V) + Sy (V,UV). (4.39)
Note that
X?/Y? <V <UV < 16Y?/X.

In view of the bound |A\o(v)| < log v, we may again divide the summation over
v into dyadic intervals to deduce from Lemma 4.1 that

S,(V,UV) < XY (¢ + X712 4 g X ¥y )UK, (4.40)

In order to estimate S4(0,V’), we begin by applying Dirichlet’s theorem on
Diophantine approximation to obtain integers b and r with (b,7) = 1,

1<r < (XF2YH)Y2 and  |ra — b < (XF2Y2) 712
Next, noting that
V272k0’ < Xl*?/ky2/kf2ka' and Vl*ZO’ < X172/ky2/k720'
and further that
V2/3*0’ < X71Y5/370,
an application of Lemma 4.2 with N =1, M =V and b; = 1 yields
5,(0,V) < Y0V L Y (r 4 XFY o — b)) (4.41)

Note here that if one were to have both r < 3¢ and |ra — b| < ¢7'Y/X, then
it follows from the triangle inequality that

a

qr|—-— | <r¢t+Y/X <1,
q

so that a/q = b/r, and indeed ¢ = r and a = b. In such circumstances,
therefore, one has

_ 2
S4(0,V) < YR VT £ Y (g + X5 Y |ga —af) V"

_2)1/1(.

LY (¢t XV gX P RY (4.42)
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Meanwhile, when one has either r > %q or |[ra — bl > ¢7'Y/X, the same
conclusion follows directly from (4.41). Thus, by combining (4.40) and (4.42),
we deduce from (4.39) that

Sy < XY (¢ 4+ X712 4 gX2 by VUK, (4.43)

Finally, in order to estimate S;, we apply Lemma 4.2 directly, proceeding
as in the treatment of S4(0,V’). Thus we again obtain the bound

S1 € XY (g 4 X2 4 g X Ry )UK, (4.44)

Finally, by combining (4.38), (4.43) and (4.44), we obtain the following con-
clusion.

Lemma 4.3. Let 6 be a real number with % < 0 < 1, and suppose that X and
Y are real numbers with X? <Y < X. Then whenever a € Z and ¢ € N
satisfy (a,q) =1 and |a — a/q| < ¢2, one has

S (ogp)e(pha) < XY (7 + X724 gy 2x> )8
lp—X|<Y

where K is defined as in (2.1).

I

Proposition 2.3 follows from this lemma by applying a standard transference
principle (see [39, Lemma 14.1]) to the conclusion of Lemma 4.3. We note that
Kumchev [13, Theorem 1.2] has stronger conclusions than those available via
Lemma 4.3 in circumstances wherein &k > 3 and

X(2k+2)/(2k’+3) <Y < X.

A key feature of Lemma 4.3, however, is the validity of its estimates for values
of Y almost as small as X%/6.

5. ESTIMATES OF WEYL TYPE, II: k =2 AND 3

Lemma 4.3 would suffice to obtain viable minor arc estimates for f(«),
but only in circumstances wherein Y > X°/6. By making use of the earlier
literature on the subject, we are able to obtain an estimate of the shape (2.9)
in the cases £k = 2 and 3 of use when Y is a somewhat smaller power of X.
This we accomplish by dividing the minor arcs m into two parts, and treating
each part in turn. Let

QO — )(lfk}/Zk’flpfl7 (51)
and note that )y < ). Denote by m; the union of the arcs
{a€0,1): |ga—a|] < Qy'},
with (a,q) =1,0< a < gand P < ¢ < @, and by my the union of the arcs
{a€0,1):Q ' <|ga—a| <Qy'},

with (a,¢) = 1 and 0 < a < ¢ < P. By Dirichlet’s theorem on Diophantine
approximation, each real number @ € m can be written in the shape a =



ON SUMS OF POWERS OF ALMOST EQUAL PRIMES 21

A+ a/q, with (a,q) =1, 0 < < Qo and |g\| < Q. In view of the
definition of the minor arcs m, we have either
P<q<Q and |gAl < Q. (5.2)
or else
1<g<P and Q7' <o < Q' (5.3)

Thus m = m; Ums.
We obtain a bound for f(a) when a € m; by means of the following lemma
due to Tang [33].

Lemma 5.1. Let k be an integer with k > 2, and put w = 2¥=1. Suppose that
y > 22, and that o € R satisfies the property that there exist a € Z and ¢ € N

with
k=1 k(w=2)+1
l<gsawtly vl and |a—a/ql < q?

Then for any € > 0, one has

Wt (k—1)(w+1)—1 L?
1 22 getl g et qakt
Z A(n)e(n*a) <y | -+ T T S R sy
r<n<z+y q Yy Yy Yy y
Proof. This is [33, Lemma 2]. O

Recall that we may suppose that Y = X? with 6, +4K6 < 6 < 1. Then the
definition (5.1) implies that when k& = 2, we have

k=1 k(w—2)+1
Qo=X"'Y}P 1< XY = Xw1Y w1

Meanwhile, when k = 3, then instead

k—1 k(w—2)+1
Qo=XYP ! < XY™ = Xo1y ™ w1

Then on recalling (2.4), (5.1) and (5.2), we may apply Lemma 5.1 to show that
whenever a € my, then

> Am)e(nfa) < XY PV <Y X, (5.4)

[n—XI|<Y

When « € my, meanwhile, we bound f(«) via the following estimate of Liu,
Li and Zhan [18].

Lemma 5.2. Let k be an integer with k > 1, and suppose that 2 <y < x. Let
a € R, suppose that a € Z and q € N satisfy (a,q) = 1, and define

= =a"a—a/q| + 27y >
Then for any € > 0, one has

Z A(n)e(n*a

r<n<r+y

- (y(gE)"? 1/2—1/6 1/2,.3/10 '/ x
< (qx) (WWL(QJU) =ty + =1/6 + (¢2)1/2 )
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Proof. This is [18, Theorem 1.1]. O

We again recall that Y = X% with 6, + 4KJ < 6 < 1. Consequently, under
the hypotheses of Lemma 5.2, when a € my, we have = > X2Y 2 and

XFQ™' < g2 = |qa — a| XF + ¢X?Y 2 < XFQ T + PXPY T < XFQ
Thus on recalling (2.4), (5.1) and (5.2), we find via Lemma 5.2 that whenever
a € my, then

Z A TL Oé < X°© (X(k_l)/QYQal/Q + PI/SX(k+3)/6Q81/6
In—X|<Y
Ly V2310 4yl T/A5 Q1/2X1—k/2) 7

whence the estimate (5.4) follows also when o € my. Since m = my; U my, it
follows from (5.4) that when k£ = 2 and 3, and o € m, one has

Z A(n n a) LY X 20,
[n—X|<Y

This combined with (4.37) delivers the bound (2.9) for k£ = 2, 3.

6. THE MAJOR ARC ANALYSIS: PRELIMINARIES

We analyse the major arc contribution by applying the iterative idea of [17].
Recall the definition (2.4) of P and @, and write

Niy=X-Y and Ny,=X+Y.

Suppose that a € Z, ¢ € N and A € R satisfy (a,q) =1 and |\ < (¢Q)!, and
consider the value of f(a) when v = XA+ a/q.

Write x for a typical Dirichlet character modulo ¢, and denote the principal
character by xo. Also, let d, be 1 or 0 according to whether x is principal or
not. Observe that when 1 < ¢ < P and p is a prime number with N; < p < Ny,
then (¢,p) = 1. Then we may rewrite f(\ + a/q) in the form

fO+a/g)= Y (logp)e (p*(\+a/q))

N1<p<N2
(p,g)=1
= 0(@) ' Clg, )V + (@)™ Y Cl,a)W(x, N,
x mod ¢
where
q
C(x,a) =Y x(h)e(h*a/q), C(q,a)=C(xo0,a),

=1

N1<;<N2

WA = Y (logp)x(pe@™ ) — 5,V (N).

N1<p<N2
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Thus we discern that

/ f(a)*e(—na) da = Z (j) I, (6.1)

=0
where
=S Y le) " Clg @) e(—na/a)I(g.0) (6.2)
1<q<P a=1
(a,9)=1
in which
1/(¢@Q) J
Ij(q,a):/l/(Q ( Y Cxa ,A)) e(—n\)d\.  (6.3)
- q

x mod ¢

We shall find that I provides the main contribution on the right hand side of
(6.1), while I, I, .. ., I, contribute to an error term. We begin by computing
the main term [y. Define

B(”aQ;le"wXS Z CXla - (XS7 ) ( na/q),
(aq) 1
B(n,Q):B(’n,CLX(),...,Xo),

and
Zso )"*B(n, q).

We observe that &(n) is the usual smgular series in the Waring-Goldbach prob-
lem defined in §2. Thus, whenever s > max{3, k(k—1)} and n = s (mod R(k))
(and, in the case k = 3 and s = 7, one has in addition 9 { n), there is a positive
number 7 = (s, k) for which 1 < &(n) < (log X)". An auxiliary estimate fa-
cilitates our transition from truncated singular series to the completed singular

series &(n).

Lemma 6.1. Let q and ry,...7rs be natural numbers, and denote by rq the

least common multiple [r1,...,7s]. Let x; mod r; be primitive characters for
1 <7 < s, and write xo mod q for the principal character. Then there is a
positive number ¢, independent of q and r,...,rs, such that
—5 1+ S 2 C
> 0(a) B, g xixo, - - Xsxo)| < gL
1<g<z
rolg

Proof. The desired conclusion follows by means of the argument of the proof
of [15, Lemma 6.7(a)]. O

We now examine the expression
1/(aQ)

=Y el Blng [ Vye-ndy (6.4)

1<g<P -1/(¢Q)
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Write
Vi) =kt Y m T re(Am)

NE<mgNE
and

1/2

J(n)= / V*(A)’e(—nA) dA.
~1/2

We remark that, by orthogonality, one finds that J(n) counts the number of
solutions of the equation

mi—+...+mg=mn,

with NF < m; < N¥ (1 < i < s), and with each solution m counted with
weight k=*(my ... ms)""*/*. Thus we have

J(n) < YsIxI=F, (6.5)

Our first step in the analysis of the relation (6.4) is to replace the integral on
the right hand side by [J(n), with an acceptable error term.

First, by partial summation and a change of variable (compare the discussion
following the proof of [36, Lemma 2.7]), one finds that

V(A = /N2 e(Mu™) du + O(1 + X5 1Y)

N

= V*l()\) +O(1+ XFYA). (6.6)
By partial summation, one obtains the estimate

V) <Y1+ XY M)~ (6.7)
Here, of course, when [\ < 1, one has [|A|| = |[A]. Recall from (2.4) that

Q = X*2Y?2P~! and recall also that our hypotheses concerning Y ensure
that Y > X*4. Thus X*'Y/Q = XP/Y < Y2, and we see from (6.6) that
whenever [A\| < 1/(¢Q), then V/(\) = V*(A\) + O(Y/2). These estimates lead
us, via (6.7), to the relation

1/(aQ) 1/(aQ)
/ V) e(—n\) dA — / V() e(—nA) dA
~1/(aQ) ~1/(4Q)
1/(qQ) 1/(aQ)
< Yl/Q/ Yo 1+ XEY D dA + / V2 d\
-1/(qQ) —1/(aQ)

< Y573/2X17k + PY*2+S/2X2716.

The reader may find it useful to note that the last line follows from the previous
estimate on noting that Q = X*2Y2P~!. When s > 3, the hypothesis Y =
X% > X/2% implies that one has

Py—2+s/2X2—k

Ys32X1-k PXY T2 < XTU2,
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Thus, when s > 3, we see from (6.7) that when 1 < ¢ < P, one has

[ voydeman-gm < [ e
VA e(—nA) dA — T(n <</ dA + Yo 32 X1
“1/(4Q) 1/g@) (1 + XY A)
Xh-1y\ f
Ys—le—k YS—S/QXl—k
< (—P o ) i

< YSX—k 4 Ys_s/QXl_k.
Hence we deduce that
1/(4Q)
/ V(A)fe(—nA)d\ = J(n) + O(Ys 1 X17F=29), (6.8)
—1/(4Q)
Recall next from [9, Lemma 8.5] that when (a,¢) = 1, one has

q
Clxo,a) = Y e(ah®/q) < ¢'/**.
h=1
(h,q)=1
Thus we deduce that whenever s > 5, one has

> elg) " B(n.q) <> plg) " (q"*) < P2

q>P q>P
and
> elg)*|B(n,q)] < 1.
1<g<P
By substituting (6.8) into (6.4), we therefore deduce that
Iy—J(n) > @lq)B(n,q) <Y ' X'7F2 3" ()7 |B(n, q)|
1<q<P 1<q<P

< Ys—le—k—5
whence, in view of (6.5), one sees that
]0 . G(H)j(n) < Ps—l/?ys—le—k 4 Ys—le—k—é'
We thus conclude that
Iy =6(n)J(n) + O(Y*1X17k=9), (6.9)

In particular, provided that s > max{4, k(k—1)} and n = s (mod R(k)) (and,
in the case k = 3 and s = 7, one has in addition 9 n), then

Iy > YsiIxt=F (6.10)

It remains to handle the contribution of the remaining terms /; within (6.1).
The discussion of these terms requires us to analyse the auxiliary expressions

J,(g) = ] Hv—s/2 " max |[W(x, A
(@)= lg.7] > e [0

1<r<P x mod r
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and
) ) « 1/(rQ) ) 1/2
Ko = 3 e ([ waepar)
1<r<P x mod r -1/(rQ)
in which the asterisk decorating the summations over characters x is used to
denote that the sums are restricted to primitive characters modulo . Through-

out, we define P and @) as in (2.4). In §7 we establish the following estimate
for K,(g).

Lemma 6.2. Let v be a sufficiently small positive number. Then there is a
positive number ¢ with the property that

Ky(g) < gl+2y_s/2(YX1_k)1/2Lc.

In §8 we turn our attention toward the expression J,(g), poviding the fol-
lowing estimates.

Lemma 6.3. Let v be a sufficiently small positive number. Then there is a
positive number ¢ with the property that

Jy(g) < gH_QV_S/ZYLC.
Also, for any positive number B, one has

J,(1) < YL™E

Granted the validity of Lemmata 6.2 and 6.3, we are now equipped to es-
tablish that for each positive number A, one has

I K YsIXtk =4, (6.11)

By substituting this estimate together with (6.9) and (6.10) into (6.1), we
conclude that

/ f(a)*e(—na)da = &(n)J(n) + OV X'FL) > ystxF
m

thereby completing the proof of Proposition 2.1.

We begin by confirming the estimate (6.11) in the case j = s. Recall that
ro = [r1,...,rs]. By reference to (6.2) and (6.3), we may reduce the characters
occurring in the summation into primitive characters, thereby obtaining the
upper bound

|IS| < Z Z Z SO(Q)_S‘B(N’? q; X1Xo, - - - 7XSX0)|I(T07 X)7

r x mod r 1<g<P
rolg

where the first summation denotes a sum over 1 < r; < P (1 <j<s), the
second denotes one over x; mod r; (1 < j < s), and

1/(roQ)
Z(ro,x) = / W (x1, A) ... W(xs, A)| dA.
-1/(roQ)

Notice that the various occurrences of x( here correspond to different moduli,
as appropriate, and that the interval of integration in the definition of Z(r¢, x)
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expands whenever we pass to smaller moduli 9. An application of Lemma 6.1

yields the bound
L LY Y T,

r x mod r

By Cauchy’s inequality, therefore, we discern that

1 A1/ (r@)

I <Ly Z ( max |W(Xj,A)|)z(r1,...,rS_Q), (6.12)

r’ x/ mod r’

where the first summation denotes a sum over 1 < r; < P (1<j<s—2),the
second denotes one over x; mod r; (1 < j <s— 2) and

T(r1, ... rs-2) Z Z Ti(rs—1, Xs-1)F2(r15 -+ -, 7s-1),  (6.13)

1<rs—1<P xs—1 mod 751

in which
1/(rs—1Q) 1/2
‘Il(rsfly Xsfl) = (/ |W(X5717 )\)’2 d)\)
-1/(rs—1Q)
and
Ltes/2 ¥ 1/(rsQ) 1/2
E—S
To(re,. o rem) = > 7 > (/ W (xs, A)]Qd)\) .
1<rs<P Xs mod 7 —1/(rsQ)
Now we follow the iterative procedure of [17] in order to bound the above
sums over g, rs_1,...,71 in turn. First, on noting that
To = [Tla s 7708] - Hrlv cee ’7“871],748],

we deduce from Lemma 6.2 that
‘3:2(7"1, ce ,Ts_l) = K5<[T1, . ,7’5_1]) < [7”1, . ,T’S_l]1+28_S/2Y1/2X(1_k)/2[/c.

Substituting this estimate into (6.13), and applying Lemma 6.2 once again, we
deduce that

(E(T’l, Ce ,7"5_2) <K Y1/2X(1_k)/2LcK2€([7"1, Ce ,?"8_2])
L 11y ey T2y X IR 2

Next substituting this estimate into (6.12), we may apply Lemma 6.3 to bound
the sum over r,_5 and ys_o on the right hand side to obtain the bound

S5 ma W e DT )

Ts—2 Xs—2
<YXURLE ([, .. 7ss))
< [Tla o ,7“5_3]1+86_S/2Y2X1_k[/3c.

Proceeding in a similar manner to bound successively the summations over
rs_3,...,T1, we arrive in the final step at the bound

I, < Ve 2xIkpls=le Z ri”kla_sm Z* max  |W(x1,A)|.

AlIL1/(r
1<r <P x1 mod 71 N<1/(nQ)
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We therefore conclude from an application of Lemma 6.3, with B taken to be
sufficiently large in terms of ¢, that for each positive number A one has

]s < Ys_2X1_kL(s_1)CJ2$71€(1) < Ys_le_kL_A.

This confirms the estimate (6. 11) in the case j = s.

The other terms /; with 1 < j < s — 1 may be handled in a manner similar
to, though simpler than that apphed in the case j = s. Recall (2.4) and the
hypothesis Y > X34, Then one observes that, as a consequence of (6.6) and
(6.7), when || < 1/Q, one has

V) =kt Z m~Vke(Am) + O(Y'1/?), max V(M) <Y,
o A<Q

and

1/Q
/ VO)PdN < Y2 XY) L+ vQ™!
-1/Q

<K YX'F 4 pylXTh Yy XIR

This completes our account of the proof of the estimates (6.11), and hence
also of the proof of Proposition 2.1, subject to the account in the following two
sections of the proof of Lemmata 6.2 and 6.3.

7. THE ESTIMATION OF K, (g)

The approach that we adopt in the proofs of Lemmata 6.2 and 6.3 is similar
to that of [16, §2], which combines the standard approach to such problems
(as in [26] and [32]) and the mean value theorem of Choi and Kumchev [4].
We begin by introducing a special case of an immediate generalisation of [16,
Lemma 2.2].

Lemma 7.1. Let x be a Dirichlet character modulo r. In addition, let Q, X
and Y be real numbers with @ > r, 2 < X <Y < 2X and | X < || V] =< 1,
and put

To = (log(Y/X))™", 71 = min {(log(V/X)) ", 4knX*/(rQ)}

T = 4krX*/(rQ), T3 =&%* and k= (logx)™*
Define F(s) = F(s,x) by

Y A)x(n)n

X<n2X

and W(B) =W, (B; X,)) b

Wi (8:X,Y) =

> Aln)x n)|.

X<ng)y
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Then we have

. |F(k +1i1)|
e 1W(8) < log(X/Y) / Pk + i7)| dr + / E e
ITI<TL Ti<|TI<T2
+ / —|F(K+ZT)| dr +1
|7
T2<|TI<T3
and
. Flk+i
W (0) < log(X/Y) / |F(k +i7)| dr + / %drﬂ.

ITI<To To<|7I<Ts

We next record the mean value theorem of Choi and Kumchev in the mod-
ified form presented by Li and Wu (see the formulation of [4, Theorem 1.1]
given in [16, Lemma 2.1]).

Lemma 7.2. Let | € N, and let R, T and X be real numbers with R > 1
T >1and X > 1. Finally, put kK = (logX)~'. Then there is an absolute
constant ¢ > 0 for which

ZZ/ (n)x(n)

nm—l—zr
'rrvRX mod r ¥

dr < (IT'RPTX™20 + X) (log(RTX))°.

X<n<2X

We are now equipped to estimate K,(g), thus completing the proof of
Lemma 6.2. Let v be a sufficiently small positive number. Recall that o,
is 1 or 0 according to whether y is principal or not. Write

WA = > (Am)x(m) —8,) e(m*\),

and then put

T= 3 [g] 5/22 (/

1<r<P x mod 7 -1/(rQ)

/(TQ) - ) 1/2
W) = W) dA) .

Next, observe that when X is large, the condition [p? — X| < Y implies that
lp — X1/9| < Y X' and hence for all A € R, one has

W(x,\) - =Y Y (logp)x(P)e(@™\) < YX 72,
J=22 N1<pi<Ny
Then on making use of the relation [g,7](g,r) = gr, we deduce that
T <« YX—1/2 Z [g,T]H"_S/Q(r/Q)l/z

1<r<P

1+v—s/2
<<YX—1/2gl+y—s/2Q—1/2 Z ( r > r1/2.

1<7‘<P (g’ r)
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Consequently, recalling the definition (2.4) of P and @, and noting that we
are permitted to assume that s > 5, we see that

T <<YX*1/291+V*S/2Q71/2P1/2 Z Z p1+u—s/2

1<d<P 1<p<P/d
dlg

< YXfl/leJrQl/fs/Q(Xk72y2pfl)fl/2pl/2+€.

Thus we conclude that T < ¢g'+%~%/2(Y X1=*)1/2 50 that in order to establish
Lemma 6.2, it suffices to confirm that whenever % < R < P, one has

X /rQ) __ 1/2
Z[gvr]l-i-u—s/Q Z (/ ’W(X7/\)|2 d)\) < gl+2u_s/2(YX1_k)l/2Lc.
r~R x mod r —1/(rQ)
(7.1)
We observe next that an application of Gallagher’s lemma (see [7, Lemma
1]) shows that whenever r ~ R, then

1/(rQ) __ e
[ e < @[] (mxm) - 8| do
-1/(rQ) ~0l NE<mb<NE
|m*—v|<RQ/3
N§+RQ/3 2
<<(RQ)2/ (A(m)x(m) —6y)| do,
N{C_RQ/3 U<mgV
(7.2)

where we write
U = max{Ny, (v — RQ/3)"*} and V =min{N,, (v+ RQ/3)"/*}.
We begin by examining the situation with R = % and r = 1 . Here we have

S (Amxm)—a)| = | 3 <A<m>—1>\

U<m<V U<m<V
< (w+ Q) = (v=Q/3)"") L
< X1FQL.

On substituting this conclusion into (7.2), we deduce that

/ W (o, V2 A < Q2(XH1Y + Q)X QL),
-1/Q

whence

1/Q 1/2
gl+u—s/2 </ |W(X07 )\)|2 d/\) < gl+y_s/2(YX1_k)l/2L.
-1/Q
This confirms (7.1) in the case R = 1.
Suppose next that R > 1 and r ~ R. In these circumstances, we have
0y = 0. We apply Lemma 7.1 to estimate the integral on the right hand side
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of (7.2), taking X = U and Y = V, and making use of the notation of the
statement of that lemma. We observe in this context that

(NY + RQ/3) — (NF — RQ/3) < X" Y.
Define T; = T;(x,r) for i = 1 and 2 by putting

|F(k +1i1)|

dr.
7|

Ti(x,r) =Ty " / |F(k+ir)|dr and Ty(x,r) = /

I7I<To To<|7I<Ts

Then we infer from Lemma 7.1 that
NE+RQ/3
(/N{"RQ/Zi
By substituting this conclusion first into (7.2), and then into (7.1), we conclude
thus far that

Sl ([

|
r~R x mod r —1/(rQ)

A(m)x(m)

U<m<V

2 1/2
dv) < (XFIY(T + Ty + 1).

1/(r@Q) Xk;—ly)l/2 3

. 1/2
W(X,A)|2d>\) <<< OF > T, (1.3)

i=1

where

T =T Z[g, r]t e Z* / |F(k + i7)|dT,

r~R x mod r Ir|<To
s [ et
T
r~R x mod r To<|7I<T3
Ty=Y [y L
r~R x mod r

We estimate the terms T; in turn. Observe first that
To ' =log(V/X) < RQu™' < RQX " (7.4)

Recall once again our assumption that s > 5. Then an application of Lemma
7.2 yields the bound

T, <<gl+l/—s/276—1 Z (R/l)1+y_s/2(l_1R276X11/20—|—X>LC

1<I<2R
llg

< gl+u—s/2+6Lc (RX11/20 + RQXl—k) )

On recalling the definition (2.4) of P and @, and noting that by hypothesis,
one has Y > X19/2* > pX31/40 we therefore deduce that

51 < gl+2ufs/2RQlekLc(1+PX31/20Y72)
< gl+2y_s/2RQXl_kLc. (75)
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In order to estimate T, we introduce the auxiliary function

. 20
M(Z,R,@,X):Z Z / |F'(k + T, x) dT.
o

Tﬁﬁx mod r
Then by dividing the range of integration into dyadic intervals, one finds in a
similar manner to the treatment of T; that

Ty < g lPLe Y (R _max ©7'M(I R, 6, X)

To<OLT3
1<I<2R
llg

< gl+1/—s/2 Z (R/l)1+l/—s/2(l—lR2Xll/20 + 76_1X)L267

1<I<2R
llg

whence, by reference to (7.4), one obtains the bound
T, < gl+2yfs/2RQlekLc. (76)
Finally, one has

rzg<<Z[g’r]1+ufs/2r<<gl+ufs/2 Z (R/l)lﬂxfs/ZR

r~R 1<I<2R
llg

< g PRQXITHPX/Y?) < gt PRQXE. (7.7)

By substituting the estimates (7.5), (7.6) and (7.7) into (7.3), we conclude
that the estimate (7.1) does indeed hold, and thus the conclusion of Lemma
6.2 is finally confirmed.

8. THE ESTIMATION OF J,(g)

The argument of the proof of Lemma 6.2 adapts with only modest com-
plications to establish Lemma 6.3, though making use of the first estimate of
Lemma 7.1 in place of the second, and we suppress details of the necessary ad-
justments in the interests of concision. We refer the reader to [26, §6] and [32,
§6] for the necessary details. One issue deserves additional attention, this be-
ing associated with the proof of the second estimate .J, (1) < Y L™5 of Lemma
6.3. When g = 1, we divide the summation over r in the definition of .J,(1)
into dyadic intervals r ~ R, and then consider seperately the situations with
R < LP and LP < R < P, in which B is a positive number depending only
on A. Since g = 1, in the latter situation we may extract a factor R~'/* from
the estimates involving summations over r without damaging convergence, and
hence replace the bound ¢'*2*=*/2Y L¢ by ¢"+?* 52V [*R~Y/* <« YL~ in the
estimates that result. Thus it suffices to restrict attention to the situation with
1< R<LP
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When 1 < u < n, r <2LP and y is a Dirichlet character modulo r, we may
make use of the expllclt formula

Z A(m ) = u — Z %—FO((%—i—l) logQ(ruT)) : (8.1)

1<m<u |yI<T
where we denote by p = 8 + iy a typical non-trivial zero of the Dirichlet L-
function L(s,x), and T is a parameter with 2 < 7' < u. Taking T' = X°>/12¥

and substituting (8.1) into the formula for W(X, A), we deduce that whenever
Al < (rQ)7, one has

No
W(x,\) = / e(WA) D wr T du+ O (14 XMYA)XT'L?)
Ny
[vI<T
<Y ) X+ oXtYQT' T,
Iy|<T

Recalling (2.4) once again, and taking v > 0 and § > 0 sufficiently small in
terms of 6, one finds that

XkQ*lel <<X2Y72PT71 <<XI/+2K572(9719/24) <<X72V/3’

whence L
WA <Y > X4+ o(x7y).

[vI<T

Now put n(T") = c¢(log T)~*/°, with c a suitably small positive number. Then
by Page’s Lemma (see [31, Corollary 11.10]), one sees that [] L(s,x) has

x mod r
no zeros in the region 0 > 1 — n(7T) and |t| < T, except potentially for a
single Siegel zero. But as a consequence of Slegel’s theorem (see [31, Corollary
11.15]), no Siegel zero plays any role when 7 ~ R < L. Thus, on making use
of the zero-density estimates for Dirichlet L-functions of large sieve type given
in [11, equation (1.1)], we deduce that

Z Z Z DG < LC/ " T12(1-0)/5 ya—1 da,

r~R x mod r |y|<T
1=n(T)
< L / X12(a71)1//5 dOé,
0

whence
Z Z* Z XO-1 « [ex 12T/ <<exp(—c’L1/5),
r~R x mod r |y|<T

for a suitable positive number . Assembling these estimates together, we

conclude that
E E max LA <YL
IN<1/(r

r<P x mod r
where A > 0 is arbitrary. This completes the proof of the second estimate of
Lemma 6.3.
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9. EXCEPTIONAL SETS

The basic exceptional set conclusions embodied in Theorem 1.2 follow by
the standard arguments employing Bessel’s inequality. Let Z denote the set of
integers n with N <n < N+ X*71Y and n = s (mod R) (and, in case k = 3
and s = 7, satisfying also 91 n), for which the equation

n=pi+ps+...+p (9.1)
has no solution in prime numbers p; with [p; — X| <Y (1 < j < s). In
addition, put Z = card(Z). Then we find from Bessel’s inequality and (2.5)
that

SlmmP< Y fpmmP < [ [fa)da
nez N<n<N+Xk-1y m

We therefore conclude from Propositions 2.2 and 2.3, together with (2.9), that
whenever s > tj, then

S lofmm < (suplf@)) [ I7(0)* da

nez

< (X5_25Y)25_2tky2tk_1X1_k+5 < Y?s—le—k—d' (92)

Meanwhile, it follows from Proposition 2.1 and the lower bound in (2.7) that
whenever s > min{5, k + 2}, then

> oM > Z(ye T XTR) (9:3)

nez

Since for n € Z, one necessarily has

ps(1;9M) + ps(n;m) = ps(n) = 0,
it follows from (9.2) and (9.3) that

Z(ys—le—k)Z < Y28—1X1—k—5

whence Z < X+ 179V

Since the number of integers n satisfying N < n < N + X*¥71Y together
with other associated conditions described in the opening paragraph, is of
order X*~1Y it follows that for almost all of these integers one has p,(n) # 0.
We observe also that when [p; — X| <Y and N <n < N + X*1Y one has
also |p; — (n/s)"*¥| < Y, and thus the conclusion of Theorem 1.2 is confirmed.
This completes our proof of Theorem 1.2.

It may be worth observing at this point that, since one has |p; — X| <Y
in the representation (9.1), then necessarily one has |n — sX*| < X*'Y or
equivalently |n — N| < X*71Y. We therefore see that, in order for an excep-
tional set estimate to constitute a non-trivial assertion to the effect that almost
all eligibible integers are represented in the form (9.1), one must establish an
estimate of the shape Z = o(X*71Y). Assertions in [16] and [42] are only
slightly stronger than Z = o(X*), and consequently yield non-trivial excep-
tional sets only when Y is very nearly as large as X. This explains the origin



ON SUMS OF POWERS OF ALMOST EQUAL PRIMES 35

of the infelicities noted in the discussion following the statement of Theorem
1.2 above.

We finish this section by noting that the ideas underlying the proof of Propo-
sition 2.2 may be used to good effect in sharpening estimates for exceptional
sets. In order to illustrate such ideas, we begin by recording a lemma of use in
estimating exceptional sets for sums of squares of almost equal primes. Here,
we adopt the notation of §§2 and 3.

Lemma 9.1. Let Z C [N, N + X*'Y|NZ, and put
K(a) = Ze(na).

nez
Then one has

/1 1f()* K (a)?|da < X5(Y?Z +Y3X12?).
0

Proof. By adjusting the value of Y by an amount at most O(1), we may suppose
that X is an integer, and consequently we are free to suppose the latter in the
proof of this lemma. Next, by orthogonality, the mean value in question is
bounded above by the number of integral solutions of the equation

(X +un)’+ (X +y2)’— (X +y3)° = (X +y1)* =n1 — no, (9.4)
with |y;| <Y (1 <i < 4) and ny,ny € Z, and with each solution counted with
weight

4
H log(X + ;).
i=1

Let T} denote the number of such solutions in which n; = ns, and let T5 denote
the corresponding number of solutions with n; # ny. Then we have

/01 |f(@)*K(a)? da < X*(Ty + Tb). (9.5)

By orthogonality and an application of Hua’s lemma, we find from (9.4) that
T) < card(Z2) / 1 |f(a)|*da < ZY 2. (9.6)

Consider then a solution y,n coul(r)lted by Tp. Write m = m(ny, ny) for the

integer closest to (ny — ny)/(2X). Then since it follows from (9.4) that
2X(y1+ 42 —ys —ya) + (1 + 45 — y3 — yi) = —na,
we find that
1+ 92 —ys —ya—m| <1+ Y?/X <2V?/X.

Thus we discern that for each fixed choice of n; and ny with ny,ne € Z and
ny # ny, there exists an integer h with |h —m| < 2Y?/X and

y?+y§—y§—yi=n1—n2—2Xh}

9.7
Yi+Y2—Ys—ys=nh (0.7)



36 BIN WEI AND TREVOR D. WOOLEY

We divide the solutions y, n counted by 7% into two types. Let 75 denote the
number of the solutions counted by 75 in which

and let T); denote the corresponding number of solutions in which the latter
equation does not hold.

Given a fixed choice of ny,ny € Z with ny # ny, a divisor function estimate
shows that the number of possible choices for h and y3 satisfying (9.8) is O(X*).
Fix any one such choice, and eliminate y4 between the equations (9.7). We
deduce that

(142 —ys — h)* = (yf + 43 — y3) — (n1 — no — 2Xh),
whence
2(y1 —y3 — h)(y2 —ys — h) = h(2X + 2y3 + h) — (n1 — na). (9.9)

Thus, for solutions counted by T3 in which the right hand side vanishes, one
has y; = y3+h or yo = y3+h. In the former case, the value of y; is fixed, and it
follows from the linear equation of (9.7) that y» = y4. A symmetrical argument
yields a symmetrical conclusion in the latter case, and thus we deduce that

T3 < XYZ? < X(Y3/X) 22 (9.10)

Meanwhile, for solutions counted by T} in which the right hand side of (9.9) is
non-zero, we find by a divisor estimate that for each of the O(Y?/X) possible
choices for h, and each of the O(Y") possible choices for ysz, there are O(X¢)
possible choices for y; —y3 — h and yo — y3 — h. Given any fixed such choices,
we find that y; and ys are fixed, and then y, is also fixed by virtue of the linear
equation in (9.7). Thus we conclude that

Ty < XY (Y?)X)Z2. (9.11)

By combining (9.6), (9.10) and (9.11), and substituting into (9.5), the conclu-
sion of the lemma now follows. 0

Equipped with this lemma, we may establish a powerful estimate for the
exceptional set associated with six almost equal squares of prime numbers.
When Y > 1, denote by FEg(N;Y) the number of positive integers n, with
n =6 (mod 24) and [n— N| < XY, for which the equation n = p}+p3+. ..+ p?
has no solution in prime numbers p; with |p; — (n/6)?| <Y (1 < j < 6).

Theorem 9.2. Suppose that Y > X¥/?**¢ for some positive number . Then
there is a positive number § for which Eg(N;Y) < Y 1X179.

Proof. Let Z denote the set of integers counted by Eg(N;Y). Then for each
n € Z one has

/m f(@)e(~na) da = — /m f(@)e(~na) da,
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whence Proposition 2.1 and the associated discussion yields the lower bound
/ f(@)*K(—a)da
m

By Schwarz’s inequality, we therefore deduce that

ZY5X‘1<<</1\f(a)4( \da) (/yf \Sda> 2.

An application of Proposition 2.2 together with (2.9) shows that

[ 15t da < (s i)’ [ 1@

< (VX7 2)2ysxet
and so we deduce from Lemma 9.1 that
2Y5X ! < X*(Y2Z + YgX—1Z2)1/2(Y7X—1—25)1/2
< Y2 X~ (140)/271/2 | y5x-1-8/2 7

> Z YS5x—! = Zzy5x !

nez

Consequently, one sees that Z < XY ! and the proof of the theorem is
complete. O
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