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Abstract K4 decays have several features of interest: they
allow an accurate measurement of m-scattering lengths;
they provide the best source for the determination of some
low-energy constants of xPT; one form factor is directly
related to the chiral anomaly, which can be measured here.
We present a dispersive treatment of K4 decays that pro-
vides a resummation of wm- and K-rescattering effects.
The free parameters of the dispersion relation are fitted to the
data of the high-statistics experiments ES865 and NA48/2. The
matching to x PT at NLO and NNLO enables us to determine
the LECs L7, L} and LY. With recently published data from
NA43/2, the LEC Ly, can be determined as well. In contrast
to a pure chiral treatment, the dispersion relation describes
the observed curvature of one of the form factors, which we
understand as a rescattering effect beyond NNLO.

Contents
I Introduction . . .. ... .... .. ........ 2
2 Dispersion relation for K4 . . . . . . . . ... ... 3
2.1 Decay amplitude and form factors . . . . . .. 3
2.2 Analyticstructure . . . . ... ... ... 3
2.3 Isospin decomposition . . . ... ....... 3
2.3.1 s-channel . ... ............. 3
2.3.2 t-and u-channel . ... ... ...... 5
2.4 Unitarity and partial-wave expansion . . . . . . 6
2.4.1 Helicity amplitudes . . . . . . ... ... 6
2.4.2 Partial-wave unitarity in the s-channel . . 7
2.4.3 Partial-wave unitarity in the 7-channel . . 8
2.4.4 Partial-wave unitarity in the u-channel . . 9

2.4.5 Projection and analytic structure of the
partial waves . . . . ... ... ... .. 10
2.4.6 Simplifications forsp — 0 . . . . .. .. 12

2 e-mail: stoffer@itp.unibe.ch

2.5 Reconstruction theorem . . . . . ... ... ..
2.5.1 Decomposition of the form factors . . . .
2.5.2 Ambiguity of the decomposition . . . . .
2.5.3 Simplifications forsp — 0 . . . . .. ..

2.6 Integralequations . . . . .. ... .......
2.6.1 Omnes representation . . . . . . . .. ..
2.6.2 Hatfunctions . . . ... ... ......

Numerical solution of the dispersion relation . . . .

3.1 Iterative solution of the dispersion relation . . .

3.2 Phaseinput . .. ... ... ...,
3.2.1 nw phaseshifts . . . .. ... ... ...
322 Kmphaseshifts. . . ... ... ... ..

3.3 Omnes functions . . . .. ... ... .....

3.4 Hat functions and angular projection . . . . . .

3.5 Results for the basis solutions . . . . . ... ..

Determination of the subtraction constants . . . . .

4.1 Experimentaldata . . . .. ... ........

4.2 Soft-piontheorem . . . . ... ... ......

4.3 Fittingmethod . . . . . ... ... ... ....

4.4 Matchingto xPT . ... ... ... ......
4.4.1 Matching equations at O(p*) . . . . . . .
4.4.2 Matching equations at O(p®) . . . . . ..

Results . . ... ... ... ... ... ... ...

5.1 Comparison of direct xPT fits . . . . ... ..
5.1.1 Directfitsat O(p*) . . . . . . ... ...
5.1.2 Directfitsat O(p®) . . . . . . ... ...

5.2 Matching the dispersion relation to xPT . . . .
5.2.1 Matchingat O(p*) . . ... ... ....
5.2.2 Matchingat O(p®) . . .. ... .....

5.3 Erroranalysis . ... ... ... ........

6 Conclusion and outlook . . ... ... ... ....
A Scalar loop functions . . . . ... .. ...
B Kinematics . . . ... ... ... ... .. ...,

B.1 Legendre polynomials and spherical harmonics .
B.2 Kinematics in the s-channel . . . . . ... ...
B.3 Kinematics in the t-channel . . . . . ... ...

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-015-3357-1&domain=pdf
mailto:stoffer@itp.unibe.ch

172 Page 2 of 65

Eur. Phys. J. C (2015) 75:172

B.4 Kinematics in the u-channel . . . . . .. .. .. 43
C Omnes solution to the dispersion relation . . . . . . 44
C.1 Solution for n = 3 subtractions . . ... .. .. 44

C2Hatfunctions . . . . . .. ... ... ...... 47
D Isospin-breaking corrected data input
D.1 One-dimensional NA48/2 and E865 data sets . . 52

D.2 Two-dimensional NA48/2 dataset. . . . . . .. 52
E Matching equations . . . . . . ... ... ...... 53
E.1 Subtraction constants at O(p*) in xPT . . . . . 53
E.2 Matchingat NNLO . . . ... ... ...... 54
E.2.1 Decomposition of the two-loop result . . 54

E.2.2 Chiral expansion of the Omnes represen-
tation . . . ... ... 62
References . . . . . ... ... ... ... .. 64

1 Introduction

K4 denotes the semileptonic decay of a kaon into two pions
and a lepton pair. Its amplitude has a similar structure to that
of K scattering, with the difference that in K4 decays one
of the axial currents couples to an external field, the W boson,
which decays into the lepton pair — the g2 of this axial current
is therefore variable rather than being stuck at M%( asin Km
scattering. This difference has the important consequence
that in Ky4 decays the allowed kinematical region reaches
down to lower energies, E < Mg, whereas in K scattering
E > Mg+ M. From the point of view of chiral perturbation
theory (x PT) [1-3], the low-energy effective theory of QCD,
K4 decays offer similar information as K scattering, but
in a kinematical region where the chiral expansion is more
reliable.

Due to its two-pion final state, K4 is also one of the clean-
est sources of information on 7 7r interaction [4-6].

The latest high-statistics Ky4 experiments E865 at BNL
[7,8] and NA48/2 at CERN [6,9] have achieved an impres-
sive accuracy. The statistical errors of the S-wave of one
form factor reach in both experiments the sub-percent
level. Matching this precision requires a theoretical treat-
ment beyond one-loop order in the chiral expansion. A
first treatment beyond one loop, based on dispersion rela-
tions, was already done 20 years ago [10]. The full two-
loop calculation became available in 2000 [11]. How-
ever, as we will show below, even at two loops xPT is
not able to predict the curvature of one of the form fac-
tors.

Here, we present a new dispersive treatment of Kyg
decays. The form of the dispersion relation we solve
is not exact, but relies on an assumption (absence of
D- and higher wave contributions to discontinuities) that
is violated only starting at O(p®) in the chiral expan-
sion. It resums two-particle rescattering effects, which we
expect to be the most important contribution beyond two

@ Springer

loops. Indeed, we observe that the dispersive descrip-
tion is able to reproduce the curvature of the form fac-
tor.

The dispersion relation is parameterised by subtraction
constants, which are not constrained by unitarity. These
have to be determined by theoretical input or by a fit to
data. It turns out that the available data does not con-
strain all the subtraction constants to a sufficient preci-
sion. Therefore, we use the soft-pion theorem, a low-
energy theorem for Ky4 that receives only SU(2) chi-
ral corrections, as well as some chiral input to constrain
the parameters that are not well determined from data
alone.

The present treatment of K4 decays represents an exten-
sion and a major improvement of our previous dispersive
framework [12-14]. The modifications and improvements
concern the following aspects:

e Instead of a single linear combination of form factors,
now we describe the two form factors F and G simul-
taneously. This allows us to include more experimental
data in the fits.

e The new framework is valid also for non-vanishing invari-
ant energies of the lepton pair. In the previous treatment,
we neglected the dependence on this kinematic variable.
This approximation is no longer used and the observed
dependence on the lepton invariant energy can be taken
into account.

e We apply corrections for isospin-breaking effects in the
fitted data that have not been taken into account in the
experimental analysis.

e We perform the matching to x PT directly on the level of
the subtraction constants, which avoids the mixing with
the treatment of rescattering effects.

e Besides a matching to one-loop xPT, we also study the
matching at two-loop level.

The first two points required a substantial modification
and extension of the dispersive framework from the very
start, but rendered it much more powerful. The old treat-
ment can be understood as a limiting case of the new
framework.

The outline is as follows: in Sect. 2, we derive the dis-
persion relation for the Ky4 form factors, which has the
form of a set of coupled integral equations. In Sect. 3, we
describe the numerical procedure that is used to solve this
system. Section 4 is devoted to the determination of the
free parameters of the dispersion relation and the deriva-
tion of matching equations to xPT. In Sect. 5, we present
the results of the fit to data and the values of the low-energy
constants L', L} and L% obtained in the matching to xPT.
Section 6 concludes the main text. The appendices contain
several details on the kinematics, the derivation of the disper-
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sion relation and explicit expressions for the matching equa-
tions. Further details that are omitted here can be found in
[15].

2 Dispersion relation for K4
2.1 Decay amplitude and form factors

K4 are semileptonic decays of a kaon into two pions and a
lepton-neutrino pair:

KT (k) — 7t (p)n = (p2) T (po)ve(py), )

where £ € {e, u} is either an electron or a muon. There exist
other decay modes involving neutral mesons. Their ampli-
tudes are related to the above decay by isospin symmetry —
in our dispersive treatment of K4, we will work in the isospin
limit and could therefore describe the neutral mode as well. In
the present analysis, however, we only consider the charged
mode because it is the one which has been measured more
accurately.

In the standard model, semileptonic decays are mediated
by W bosons. After integrating out the W boson from the
standard model Lagrangian, we end up with a Fermi type
effective current—current interaction. The matrix element of
K ¢4 then splits up into a leptonic times a hadronic part. The
leptonic matrix element can be treated in a standard way. The
hadronic matrix element exhibits the usual V — A structure
of weak interaction:

out (T T (pT ™ (P (Pve(py)| K (K))in

=i2m)*$Wk — p1 — p2 — pe — pu)7T, 2)
T = %Vu*;ﬁ(pv)y“(l — v5)v(pe)
x (rF(p)m ™ (p2) IV (0) — A (0)|[K T (K)), A3)

where V,, = sy, u and A,, = 5y, ysu. Note that although we
drop the corresponding labels, the meson states are still in-
and out-states with respect to the strong interaction.

The Lorentz structure of the currents allows us to write
the two hadronic matrix elements as

Vi = (@ (pn)r T (p2) | Vu(0) KT (k)

"
-1, L"PPQ° “)
M?( Hvpo ’
AT = (0T (p2) 1 AO)K T ()
— i (P F 10,6+ LuR). ®)
Mg

where P = p1 + p2, Q = p1 — p2, L = k — p1 — pa.
The form factors F, G, R and H are dimensionless scalar

functions of the Mandelstam variables:

s=(p1+p)*=k—L)7?
t=(k—p1)>=(pa+L)>%
u=(k—p)?=(p1+L)> (©6)

We further define the invariant squared energy of the lepton
pair s, = L?. For the hadronic matrix element, we regard s;
as a fixed external quantity.

2.2 Analytic structure

Let us first study the general properties of matrix elements
of the hadronic axial-vector current. It is instructive to draw
a Mandelstam diagram for the process (see Figs. 1, 2): since
s+t4+u = Mlz( + 2M;21 + s¢ =: X is constant (for a
fixed value of s¢), the Mandelstam variables can be rep-
resented in one plane, using the fact that the sum of dis-
tances of a point to the sides of an equilateral triangle is
constant.
The same amplitude describes four processes:

the decay K+ (k) — 7 (p1)m ™~ (p2) A (L),

e the s-channel scattering K* (k) A, (—L)—>n " (p1)7 ~ (p2),
the #-channel scattering Kt (k) = (= p1)—7~ (p2) A, (),
the u-channel scattering K+ (k)7* (= p2)—>n (p1) A}, ).

The physical region of the decay starts at s = 4M,2, and
ends at s = (M K — ﬁ)z. The s-channel scattering starts
ats = (Mg + \/5)2 If sy = 0 is assumed, the two regions
touch at s = M7 (Fig. 1).

The sub-threshold region s < so = 4M§, r <ty =
(Mg +Mz)% u < ug := (Mg +My)? forms atriangle in the
Mandelstam plane where the amplitude is real. Branch cuts
of the amplitude start at each threshold sg, #p and uq. There,
physical intermediate states are possible (w7 intermediate
states in the s-channel, K states in the 7- and u-channel).

2.3 Isospin decomposition
Let us study the isospin properties of the K4 matrix element
of the hadronic axial-vector current in the different channels:

we decompose the physical amplitude into amplitudes with
definite isospin.

2.3.1 s-channel

We consider the matrix element

AT = (T (pr T (p)IALO)K T (K)). (N

@ Springer
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Fig. 1 Mandelstam diagram for Ky4 for the case s = 0

As the weak current satisfies Al = %, the initial and final
states can be decomposed as

1 1
AL () KT (k) = —11,0 —10, 0),
w(O)K™ (k) ﬁl >+J§| )
+ - _Lzo LIO LOO

®)

- + —LZO—LIO LOO
(v (AT (P2l = 22,00 = (1,014 —=(0,0]

Hence, we can write the following decomposition of the
matrix element into pure isospin amplitudes:

1 1
+- _ (€8] )
Au —E.AM + \/gAu’
1
0)
_6A“ . 9

1
—+ _ 1
AN == —EAM + f

@ Springer

- real amplitude

Using A~ (k, =L — p1, p2) = A, " (k, =L — pa, p1),
we find the following relations:

A% (k, =L — p1, p2)

3
= \/;(AZ_(]C? _L_)pla p2)+~/4:_(k’ —L — P2, pl))a

= (Azi(lﬂ _L - D1, PZ) - Azi(ka _L —> P2, p]))
(10)

The pure isospin form factors are related to the physical ones
by

FO _\/§
(s,t,u) = 5(F(s,t,u)+F(s,u,t)),

GO, 1, u) = \/g(G(s, t,u) — G(s,u,t)),

R(O)(s, t,u) = \/g(R(s, t,u)+ R(s,u,t)),
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Fig. 2 Mandelstam diagram for K4 for the case s; > 0

FWO(s,t,u) = F(s,t,u) — F(s,u, 1),
GW(s,t,u) = G(s, t,u) + G(s,u, 1),

RW (s, t,u) = R(s, t,u) — R(s,u, 1). (11)
We further note that

Af?)(k, _L — pla p2) = AI(,?)(k7 _L — p27 pl)v

APV, —L — p1.p) = —AP Kk, =L - pr. p).  (12)

and that the form factors of the pure isospin amplitudes satisfy

FO@G, t,u) = FO®, u, 1),
GO, t,u) = —-GO(s, u, 1),
RO, t,u) = RO, u, 1),

FDO (s, t,u) = —FO(s,u, 1),
GO, t,u) = GD(s,u, 1),
RW (s, t,u) = —RW (s, u, 1).

13)

 real amplitude

2.3.2 t- and u-channel

In the crossed r-channel, we are concerned with the matrix
element

AFT = (n7 (P AR K F (k) ™ (—p1)). (14)
In the u-channel, we analogously look at
AT = (T (pDIALO) K F (k) (—p2)). (15)

Note that, due to crossing, these matrix elements are
described by the same function — or its analytic continua-
tion — as the corresponding s-channel matrix element.

The t-channel initial and final states have the isospin
decompositions

|K+(k>n—(—p])>=ﬁ’l —1>+ 1‘3 -1>
3127 2 3127 2/
3

211 1 1 1
(ﬂ_(pz)lAu(O)=\/;<§,—5’+\/;<5,—5‘, (16)

@ Springer
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whereas in the u-channel, we are concerned with a pure
isospin 3/2 scattering:

33
K+ (0t (= pa) = ‘5, §>,
33 ' a7

(T (pDIALO0) = <5, 2

We find the following isospin relation:

APk, —py > L. p1) = A~ (k. =L — p1. p2)

2
1
+ §A§3/2>(k, —p1 = L. p2). (18)

Note that the third component of the isospin does not alter
the amplitude: just insert an isospin rotation matrix together
with its inverse between in- and out-state to rotate the third
component.

The amplitude that describes pure isospin 1/2 scattering
in the 7-channel is then

3
APk, =pr = L, p2) = SAYP (K, —p2 > L, p1)

1
= APk, —p1 > L, p2).
(19)

Defining analogous form factors for the isospin 1/2 ampli-
tude, we find

3 1

FUY2 (5,1, u) = EF(S’ tou) — EF(Sv U, 1),
3 1

GUD (s 1, u) = 7 GG 1) + 5Gs,u, 1),

(1/2) 3 1
RO (s, t,u) = SR(s.1,u) = SR(s. u.). (20)

In the case s, = 0, it may be convenient to look at a certain
linear combination of the form factors F and G, as we did in
[12-14]:

Fi = XF +( t)PLG 1)
1 .= u 2X ’

where X = %Al/z(Mz,s,sz), PL = %(M,% — 5 — 50)
and A(a, b, ¢) := a + b + 2 — 2(ab + bc + ca) is the
Kaillén triangle function. We will often use the abbrevia-
tions Age(s) = A(MZ,s,50), Agx(t) = M(M2, M2, 1)
and Agz () := A(sg, M2, 1).

Here, too, we can define the corresponding isospin 1/2
form factor:
F2 s, t,u) o= XFYP (s, 0,0) + (u — 1)

P

L
X —G(l/z)(s, t,u)
2X

@ Springer

= g (XF(S, t,u)+ (u — t)EG(s, t, u))
2 2X

— l (XF(S, u,t)+(t — M)EG(S, u, t))
2 2X

3 1
= SR, tu) = S Fi(s.u, 1), (22)

2.4 Unitarity and partial-wave expansion

In this section, we will investigate the unitarity relations in
the different channels and work out expansions of the form
factors into partial waves with ‘nice’ properties with respect
to unitarity and analyticity: the partial waves shall satisfy
Watson’s final-state theorem. As we will need analytic con-
tinuations of the partial waves, we must also be careful not
to introduce kinematic singularities.

The derivation of the partial-wave expansion has been
done for the s-channel in [16,17]. We now apply the same
method to all channels.

2.4.1 Helicity amplitudes

The quantities that have a simple expansion into partial waves
are not the form factors but the helicity amplitudes of the 2 —
2 scattering process [18]. However, helicity partial waves
contain kinematic singularities. In order to determine them,
we use the prescriptions of [19].

We obtain the helicity amplitudes by contracting the axial-
vector-current matrix element with the polarisation vectors
of the off-shell W boson. In the W rest frame, the polarisation
vectors are given by

E;L = (11 Ov O, 0)9

e = i(o 0,£1,i)

4+ — ﬁ Il ) )

el = (0,1,0,0). (23)

They are eigenvectors of the spin matrices S and S, defined
by

000 0 0 0 00
000 0 0 0 0 i
Si=looo0 =i |" 2=lo o0 ool
00 i 0 0 —i 00
00 0 0
00 —i 0
= (24)
53 0i 0 0]
00 0 0
0000
0200
2 Q2 2 2
SP=ST+5+S5=10 02 0
0002
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The eigenvalues s(s+ 1) and 51 of S2 and S are listed below:

If we boost the polarisation vectors into the frame where
the W momentum is given by L = (L%, L!,0,0), L*> = sy,
we obtain

1
el = —(L° L",0,0),
t ’_SZ
M 1 .
8:|: == _(09 0’ :l:lv l)’

J2

1
L', L°0,0). 25
& = = ) (25)

The contractions of these basis vectors with A, give the
different helicity amplitudes:

Ai = Al (26)

We extract the kinematic singularities by applying the
recipe of [19, chapter 7.3.5], to these helicity amplitudes.

2.4.2 Partial-wave unitarity in the s-channel

Helicity partial waves ~ The unitarity relation for the axial-
vector current matrix element reads

mG A"k, —L = p1, p2)
_l da1dar 2r)4s@® o
=1 q1dgr(2m) (Pr+p2—q1—q2)

x T (q1.q2 > pr. pi AV (k. —L — q1.q2). (27)

where EE, = (2;1)3—3‘12[10 is the Lorentz-invariant measure and
where a symmetry factor 1/2 for the pions is included. 7
denotes the elastic isospin I m-scattering amplitude. Note
that this relation is valid in the physical region and that kine-
matic singularities have to be removed before an analytic
continuation.

We perform the integrals:

mG A" (k, =L — p1., p2))
11

~ 16 2n)22

x i AP (s, cos 0", ¢, (28)

aﬂ(s)/dQ” T (s, cos )

where o5 (s) = /1 — 4M72T/s and of course cos @’ has to be
understood as a function of cos 8” and ¢” through the relation

cosf’ =sin@sinf” cos¢” + cosh cosh”. (29)

If we expand 7 and .4; into appropriate partial waves, we can
perform the remaining angular integrals and find the unitarity
relations for the K4 partial waves.

We expand the 7 -scattering matrix element in the usual
way:

o

TWD (s, cosO) = Z Pi(cos0') ] (s) (30)
=0

with

if () = ltf ()]’ ). 31)

The K4 helicity amplitudes are expanded into appropriate
Wigner d-functions, which satisfy d(()g) (@) = Pj(cosf) and
d;g@ = —[I(l + 1)]7"/?sin 6 P/(cos6). We have to take
care of the kinematic singularities of the helicity amplitudes
[18,19]:

1”(s)ow(s)
iAtU)(s,cosé) ZP1(0059)< ) <1>()

) 1/2( ) 1/2( )
A(()I)(S,COSQ) = A(I) 5 5
M2 M2
00 172
A 7
x 3" Pi(cos ) (M) asl) (s),
=0 M
(1)(s cosf, p) = (I) sin 6

e, 1/2(S)0;T(S) - o0
=sm@ZPI(cos9) M— cos¢>a2’l(s),

=1 K
(32)

where A(I) .A(I) AP The square roots of the Kéllén
function cancel exactly the square root branch cuts in the
Legendre polynomials between (Mg — ﬁ)z and (Mg +
st )2. The factor M ,2( in the denominators appears only for
dimensional reasons. All the defined partial waves a( 1) are
free of kinematic singularities and can be used for an analytlc
continuation from the decay region through the unphysical
to the scattering region.

If we insert the partial-wave expansions into the unitarity
relation, the remaining angular integrals can be performed
and the unitarity relation for the Ky4 partial waves emerges

@ Springer
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(i=10,2):

Im(a};) (s)) = ox ()11 (s) a}) (5). (33)

1
20+ 13271

In particular, we find that the phases of the K4 s-channel
partial waves are given by the elastic mw-scattering phases
(this is Watson’s theorem) for all s between 4M§ and some
inelastic threshold:
(1)(S) |a(1)(s)|el(3 (Y) (34)
Partial-wave expansion of the form factors in the s-channel
In order to find the partial-wave expansions of the form fac-

tors, we write explicitly the helicity amplitudes (generalised
to a generic ¢):

1
A(I) A(I) —iAD_—_nr
=1 " \/ﬂ
1
(M2 —s —sy) FD
MK«/_< K
+—o,,(s))\” (s)cosd G + 5, R(”) :
iAf) =iADel
—1 1/2 )
() F
MK«/—(
2 (N
+—(MK — 85 —sp)o(s)cost G ) ,
A =i APl —iADe"
- %—(ﬁan(s) sind cos¢ G1). (35)

Since the contribution of the form factor R to the decay
rate is suppressed by m%, it is invisible in the electron mode
and we do not have any data on it. We therefore look only for
linear combinations of the form factors F' and G that possess
a simple partial-wave expansion. We find [16]

FO 4 —UN(S)PL(S) cos GD
X (s)
_ 0 (M%Z —5 —so)(u—1) G0
Ake(s)
312
= Zf ¢ L Pileoso) (M> a} ).
MK
G\ — \/_aﬂ(s) Z P/ (cos 0)
3172 -1
(S)Un(s)
I S E

@ Springer

We write the partial-wave expansions of F and G in the
form

0 172 l
RO _ Z Picos6) (AKZ (S)O'rr(s)> £ (s)

2
1= My

PL
_ I 0s0 GO,
X

00 S
G(I):ZPI/(COSQ)(M) D). 67

2
=1 MK

where the partial waves f; ) and g(l)

rem in the region s > 4M7: 2,

satisfy Watson’s theo-

Lol il
P =161 ®, gD s) =18 5)e©. (38)

2.4.3 Partial-wave unitarity in the t-channel

Helicity partial waves  The discussion in the crossed chan-
nels is a bit simpler because we are interested in partial-
wave expansions only in the region r > (Mg + M;)? or
u > (Mg +M,)?, i.e. above all initial- and final-state thresh-
olds and pseudo-thresholds. Therefore, we do not have to
worry about kinematic singularities, since we will not per-
form analytic continuations into the critical regions.

In the crossed channels, we consider K7 intermediate
states in the unitarity relation:

G ANk, —p1 — L, p2))
= G G Dk — pr — gk —
=5 [ dax 4n 2m)" 8 (k — p1 — gk — qx)

(12
x T2 gk, gz — k, —PI)IAE P gk, gz — L, p2),
(39)

where 7(1/2) is the isospin 1/2 elastic K -scattering ampli-
tude. By performing the integrals we obtain

mGAY? (k, —p1 — L, p2))

1/2
11 t

=- ()/ dQ! T2 (1, cos 6))
8 (27)2
x iAYP(t, cos 6], ¢)). (40)

The K 7 scattering matrix element is expanded in the usual
way:

o
T2 (1, cos ;) = Z Py(cos 9:)lll/2(f) (41)
1=0
with
12
Py =110, (42)
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We expand the K4 helicity amplitudes as follows:

iAY? (¢, cos ;)

1/2 A
—ZP;(COSG)( 2 () (t)) all/? ),
iA(]/z)(t,COSO,)

1/2 1/2
_ZP,(cose)( (m m) al'{? @),

iAé” 2(t, cos b1, 1)
AL (1, cos 6y, ) — i AP (1, cos b, ¢r)
5 1/2 1/2 —1
DAt
= sin 6; cos ¢; Z Pl (cosb;) (1(77(1‘)44()> (1/2) (1).
=l K
43)

By inserting these expansions into the unitarity relation (40),
we find that all the partial waves satisfy Watson’s theorem
(i=1t0,2):

1/2
(1/2) L1 A () apx o a2
I 1) = — t t)a; 1),
m(a; /(1)) TR ) Ma; (@)
(1/2)(1‘) _ |a(1/2)(t)|e”s () (44)

Partial-wave expansion of the form factors in the t-channel
By contracting the axial-vector current matrix element in the
t-channel with the polarisation vectors, we find the helicity
amplitudes (for a generic ¢;). As we are not interested in R,
we do not need the .Afl/ 2 component:

—1
Mk /se
(—(AW ()(M2 — 50 — 1) cos b,

AL = A g

&y = 77—

l 2
LMy — M2+ 1) F1/?

1/2

—(A (f)(M2 s¢ — 1) cos 6,

2 - 3:))G<1/2>>,

AL

1 2
LMy —
P = Al

1 <A}{j(t)

T VaMg \ i
(45)

sin 0 cos ¢ (F“/2>+G<‘/”>> :

This results in the following partial-wave expansions of the
form factors:

%) 1/2 1/2
FO2 = 3" Pi(cosby) (—(ZA (t)) 1172w

=0 K

L M? — 3t 4 (M2 ix (1) 6
21‘ K~ — f+( S[—[)T(t)cost
00 312 1/2
(DA () 1/2
X Z P/(cos 6;) (T) l< 2 (1),
=1 K
00 312 1/2
t )» t
G/ = _ Z Py(cos 6;) (#) fl(l/z)(t)
=0 MK
| 1/2 )
+ — M2—M2—i—t—i—(M2 sK—t)—coset
2 ( b I
IS 512 1/2 -1
(DA () 1/2
x " P/(cos b)) (T) @),  46)
=1 K
where also the new partial waves f; 172 and g(l/ ) satisfy

Watson’s theorem in the region t > (Mg + My )2

1/2 172 is1/?
fl( / )(t) — f( / )(t)| i5; (l‘)

1/2 (1/2
g2 @) = 152 (1) O (47)

2.4.4 Partial-wave unitarity in the u-channel

Helicity partial waves — The u-channel (i.e. the isospin 3/2
case) can be treated in complete analogy to the f-channel.
We start with the unitarity relation:

mGAY? k, —p> — L, p1)
1 [ —~—
= E/dq[( dg 2m)*8D (k — p2 — gk —qr)

. 1(3/2
x TP gk, gk, —p2) iAY? gk, gz — L, p1)

IR0
T 82m)? 2u

x /dsz;; TOP" (u, cos01)i AP (u, cos 6, p1).

(48)
The K m-scattering matrix element is expanded as
o
T (u, cos6,) = Y Pi(cos )1, (w),
1=0
. 3/2
) = 15 e (49)
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and the Ky4 helicity amplitudes according to

iA,(3/2) (u, cosb,)

00 1/2
2(u ))» *(u) (2/2)
=) Pl(costy) | ——57— (),
3 s (550 )

1=0
iA(()3/2) (u, cosb,)
00 5172 12
(WA, () 3/2
=Y Pi(cost,) (T) agf? ),
1=0 K
i A5 (u, cos B, pu)

=i AP, cos by, ) — i AP (u, cos by, du)

o0
= sin 8, cos ¢, Z P/(cosb,)
I=1

1/2 1/2
(A ()
X <M—;"(> (3/2)( ) (50)

Performing the angular integrals in the unitarity relation, we
find that the partial waves satisfy Watson’s theorem (i =
t,0,2):

3/2) 1 1 Kﬂ o) 3/2* (3/2)
I = :
m@ ) = S Tor u (Waiy =0
afy? @) = 1af/? (e, GD

Partial-wave expansion of the form factors in the u-channel
The contraction of the axial-vector current matrix element
with the polarisation vectors yields

—1
Mg \/s¢
<—()»1/2( Y(M2 — sy — u) cos 6,

A(3/2)

PACel =

l 2
Ly (My —
172

M? +u)F

- —(X 2(u Y(M2 — 54 — u) cos b,

+ 1,y My — M2 —3u>)G>,

A(3/2) AG /2 ¢ u A(3 /2) gh

1 1/2( )
= N, ( NG sin 6, cos ¢, (F — G)) . (52)
K

Hence, the partial-wave expansion of the form factors is given

00 512 12
F =) Pl(cost,) <M> £ w)

M4
)\1/2 )
1/2 cos 6y,
A7 (uw)

K

1 2 2

~ MK Mz —3u+ (M; S(—u)
%4
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IS 5172 )LI/Z -1
x Z P/(cos6,) (%) 1(3/2) (),
=1

00 512 172
G =Y Picost) <M> A O)
=0

M
2 —MZ4u+ (M2 -5, — ) ()0089
K 1/2(u) u
S 5172 1/2 -1
x 3" P(cosb,) (%) g w),
=1 K
(53)

where the partial waves f) G/ and g(S/ &

theorem in the region u > (Mg + Mn)2:

satisfy Watson’s

3/2 3/2 i53/2
,fl( / )(M) — |f‘l( / )(l/l)|el§[ (u)’

3/2 3/2 i83/2
g ) = 1877 wyle® ", (54)

2.4.5 Projection and analytic structure of the partial waves

The several partial waves fl(” and gl(l)
angular projections:

2 1
fl (s) < 1/2(3)077 (s)) 2

1
X / dz Pi(2) (F(I)(s, 7) + MZG(”(& z)) ,
—1

X(s)
) -1
%) M
O L -
v (1/2(s)on(s))

/1 P—1(2) — Pr41(2)
X dz 5

1

can be calculated by

GD(s, 2), (55)

where X (s, z) = XD(s,1(s,2), u(s,z)), X € {F,G)},
I €{0,1} and

1
1(5.2) = 5 (S0 =5 = 2Xo2),

u(s,z) = %(Zo —s+2Xoz2). (56)

Since ¢ (s, —z) = u(s, z), the definition of the pure isospin
form factors (11) implies

g V(s)=0 V odd,
gV(s)=0 ¥ leven. (57)

£0s) =
AOE
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Hence, we can as well directly use the partial waves of the
physical form factors:

M2 : 21 +1
fis) = ( 1/2(3)071(&)) 2

! 07 (s)PL(s)
y /_1dz P2 <F(S,z)+ sz(s,z)>,
M3 T P_1(z)—=Pry1(2)

gi(s) = 127 / dz —————— G(s5,2),

Vo ($)0% (5) -1 2

(58)

which still fulfil Watson’s theorem,
fils) = /i), g(s) = 1gi(s)|e’™ ©, (59)

where I = (I mod 2).
In the crossed channels, the partial wave projections are
given by

4 !
;@ ( l/z(t)kl/z(t)> >

1 (1/2) _ c1/2)
F t,z G 1,z
x/ dZ;H(Z,)( (@, z) (. z1)
-1

2
1/2(0 )
1/2([)

1
+Z( [2(—M§—I+(M§—S(—t)

X )
2

M4 -1
(1/2) (N _
8 (t)—< 1/2(I)A1/2(t)>

b Pa@)—Pra(z) FY2 @, 20+ G2 (1, z)
X dZt 2 2 .

1
G2, M3 2041
S (w) ( 1/2( )k]/z(u)> )

1
X/ dz, PZ(ZM)<F(M,ZM)+G(M,ZM)
—1

2
1/2
1 2w
— (M2 — M2 — M2 —
+2u( K I M+( T M) 1/2(u) )

F(u,zy) — G(u, Zu))
X 5
2

M4 -1
(3/2)( ) = ( 1/2( )k1/2(u)>

/1 Pio1(zy) — Prs1(zu) Fu,z4) — Gu, )
X dz, )
1 2 2

(60)

where XD (t,z,) := XD (s(t,z,), t,ult,z0)), XD, z,)
= XD(s(u, z4), t (u, z4), u), X € {F, G} and

1 1
s(t.z) = = (o—r+;<zt MZora) - AKnAen))

1
u(t, z) = 5(20 — 1= (@ M2 or @) - AKnAm))
1 1
s, 74) = E(Eo—um(zu D2 ury P ) — AKnAzn))
1 1
r(u,zL,)—E(zo—u—;(zu w2 ry? ) - AKnAm)

(61)

The construction of the partial waves has been done in a
way that excludes kinematic singularities for s > 4M72, and
t,u > (Mg + My)?*. There may still be kinematic singu-
larities present below these regions, but they do not bother
us. But also the analytic structure of the partial waves with
respect to dynamic singularities is not trivial.

For the s-channel partial waves, there is of course the
right-hand cut at s > 4M§. Further cuts can appear through
the angular integration, i.e. at points where the integration
contour in the ¢- or u-plane touches the crossed channel cuts.
If s lies in the physical decay region, the integration path is
just a horizontal line from one end of the decay region to
the other (see the Mandelstam diagram in Fig. 2). When we
continue analytically into the region (Mg — /50)> < s <
Mk +/s¢ )2, the integration path moves into the complex 7-
and u-plane and crosses the real Mandelstam Flane att = u:
the square root of the Kéllén function X = ! 5A kg (s)is purely
imaginary in this region. One has to know Wthh branch of
the square root should be taken. The correct sign is found by
taking s real and shifting Mx — Mg + i€ (see [20]). With
this prescription, the Killén function turns counterclockwise
around Agy = O when s runs from s < (Mg — \/ﬂ)z to
s > (Mg + ﬂ)z. The square root of the Killén function
therefore takes the following values:

1/2( )
Ha )1, s < (Mg — s1)°,
= 1+ O (Mx = 50)° <5 < (Mg + /50)%,

A0 (M + J57)* < s

(62)

In the region s > (M K + ﬂ){ the integration path again
lies in the real Mandelstam plane from one to the other end
of the scattering region.

As we are away from the 7- and u-channel unitarity cuts
att, u > (Mg + My)?, this extension of the integration path
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into the complex z- and u-plane is the only subtlety that has
to be taken into account.

In the region s < 4M72[, there is a left-hand cut at s €
(—o00, 0): the integration path extends again into the complex
t- and u-plane in the region 0 < s < 4M§ (due to the second
square root). It diverges at s = 0 and returns to the real axis at
s < 0, but this time it touches the 7- and u-channel unitarity
cuts at 7, u > (Mg + My)?, which produces the left-hand
cut of the s-channel partial waves.

This left-hand cut can be most easily found by looking at
the end-points of the integration paths: solving the equation

1
te = Uz = 2 (Yo — 5 F 2X(5)ox (5)) (63)

forte > (Mg + My)? gives the left-hand cut s € (—o0, 0).

Let us consider the crossed ¢-channel (the situation in the
u-channel is analogous). We have defined the partial-wave
expansion in the scattering region r > (Mg + My)?>. There-
fore, we also define the square root branches of the Kéllén
functions )‘}</72r and 127/12 in this region. The sign of the square
root branch can be absorbed into the definition of the partial
waves.

The right-hand 7-channel unitarity cutatt > (Mg +My)?
also shows up in the partial waves. A second possibility
for singularities in the 7-channel partial waves arises when
the integration path touches the s- or u-channel unitarity
cuts. For t > (Mg + My)?, the integration path lies on
the negative real axis of the s- and u-planes (this can be
seen in the Mandelstam diagram in Fig. 2). In the region
(Mg — Mz)? <t < (Mg + My)?, the integration path
extends into the complex s- and u-plane. For the value of
¢t fulfilling % (Eo — 1t — %AKH Agﬂ) = 4M7%, the integra-
tion path in the s-plane touches the s-channel branch cut.
From this point on towards smaller values of 7, the integration
path has to be deformed in the s-plane. Since the u-channel
cut appears only at u > (Mg + My)?, such a deforma-
tion is not needed in the u-plane. At t = (Mg — My)?,
the integration path in the s-plane has then the shape of
a horseshoe wrapped around the s-channel cut. For even
smaller values of ¢, the path unwraps itself in a continuous
way, such that for t < %(M%( — 2M7% + s¢), the integra-
tion path lies completely on the upper side of the s-channel
cut.

The cut structure in the #-channel partial wave is rather
complicated, at least for s, > 0: The left-hand cuts can be
found by solving the equations

1 1
s£= 3 <Eo—r+ t(ix“z(r)x”zm—AK,,AM))

iy = % <20 - ;(ixl/z(t)/\l/z(t) - AKnAen))
(64)
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Fig. 3 The left-hand cut of the 7-channel partial waves (s; = 0.3M§)

for s > 4M2 and uy. > (Mg + My)?. While the second
equation results in a cut along the real axis, the first equation
produces an egg-shaped cut structure in the complex ¢-plane
withRe(r) < (Mg — My)?, shownin Fig. 3. The exact shape
depends on the value of s.

2.4.6 Simplifications for sy — 0

In the experiment, a dependence on s, has been observed
only in the first partial wave of the form factor F [6,9]. If we
neglect this dependence on sy and assume that sy = 0, the
treatment can be significantly simplified.

e The square root of the Killén function simplifies to

1/2

hm Agi(s) = -,

the square root branch cut disappears. Hence, the integra-
tion path for the angular integrals in the s-channel always
lies on the real axis.

e The left-hand cut structure of - and u-channel partial
waves simplifies to a straight line along the real axis. The
egg-shaped branch cuts disappear in the limit s, — 0.

e From (37), we see that the quantity

1
lim F{" = lim ( a2 s)FD
s¢—0 s¢—0 2
+1( —s—s)u—1) G0
2 1/2(s)
Mg —s %)

Tk 'p g 65
5 i 5 (65)
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has a simple s-channel partial-wave expansion into Leg-
endre polynomials. If we consider (46) in the limit s, —
0, we find that exactly the same linear combination of
the form factors F1/?) and G!/?) has a simple ¢-channel
partial-wave expansion into Legendre polynomials. The
same follows from (53) for the u-channel. In this limit,
the form factor F can therefore be treated independently
from the other form factors. This is the procedure that has
been followed in [12—14].

There are several reasons why we abstain here from taking
the limit sy — 0, which would result in a substantial sim-
plification of the whole treatment. The experiments provide
data on both form factors F and G. In order to include all the
available information, we deal with both form factors at the
same time. There is also some data available on the depen-
dence on sy, which we include in this treatment. Finally, the
matching to x PT becomes much cleaner if it is performed
with F and G directly, since these are the form factors with
the simplest chiral representation.

2.5 Reconstruction theorem

Since the form factors F and G describe a hadronic four-
‘particle’ process, they depend on the three Mandelstam vari-
ables s, t and u and therefore possess a rather complicated
analytic structure. However, it is possible to decompose the
form factors into a sum of functions that depend only on
a single Mandelstam variable. Such a decomposition pro-
vides a major simplification of the problem and leads to a
powerful dispersive description. This procedure is known
under the name of ‘reconstruction theorem’ and was first
applied to wr-scattering [21]. For K 7 scattering, it was gen-
eralised to the case of unequal masses in [22]. In [23], it was
formulated for a general 2 — 2 scattering process of the
pseudoscalar octet mesons. We presented its first applica-
tion to a K¢4 form factor in [12—14]. In [24], it was again
used for the Ky4 form factors in order to study isospin-
breaking effects in the phases at two loops in a dispersive
framework.

2.5.1 Decomposition of the form factors

The explicit derivation of the decomposition of the form fac-
tors F and G into functions of a single Mandelstam vari-
able can be found in [15]. It is based on fixed-s, fixed-¢ and
fixed-u dispersion relations. We have to assume a certain
asymptotic behaviour of the form factors, e.g. for fixed u, we
assume

xu xu
lim ﬁ: lim ﬁ=O, (66)

|s|—>o00 §7 [t|—o0 "

where the Froissart bound [25] suggests n = 2. How-
ever, we are also interested in the case n = 3 in order
to meet the asymptotic behaviour of the NNLO xPT form
factors. We therefore write down either a twice- or thrice-
subtracted dispersion relation for the form factors. Then
we use the partial-wave expansions derived in the previ-
ous section. We neglect the imaginary parts of D- and
higher waves, an approximation that is violated only at
O(p?) in the chiral power counting. It implements the case
s¢ # 0.
The result of the decomposition is the following:

—t
F(s.t,1) = Mo(s) + " My(s)
MK
2 2t(s —u)+AgrzAir 2 Agnp — 3t ~
No — Ni(t)———— N (t
+3No()+3 s (-3 Y 1)
1 1¢ +Agz A 1A — 3t ~
+3R ()+* (s —u) . Kn Kﬂ ()_7 Kr . Ri()
M3 2M3%
u(s —1)+AgnAn Agn —3u -
4+ Ro(u)+ M}"( Rl(u)—WRl(u)
+00,
G(s,1,u) = Mi(s)
2 21t(s — u)-i-AKnAgﬂ T+t
= 3N -3 Akx t1g
o(t) v <)+3 r? 1(t)
1 lt(S U)+AgrAir 1 Agx +l
— —Ro(t)—= R —T Rt
TR® v 10+ i 1(t)
uls —t)+Agr A A +u~
+ Ro(u)+ ( VEART Bty uy— BRI R
MK
+0(p%). (67)

In the case n = 2, the various functions of one variable are
given by

Im fo(s") A6

Mo(s)—m0+m0 —
s9 (89 —s§— ze)s

M](s)zm(1)+ /
b4

o (8= —l6)S

2PL(s"YM?>
xIm f1(S’)—L,Kg1(s/) ds’
e(s”)
- o1 S Img (s’
My(s) = i + i} — —/ i) g
My so (87 — s —ie)s’?
2 poo (1/2)
t m £ )
No(t)—n0—2+— 0—2
My 7wJy (' —t—ie)t
Ny (1) = 1/OO 1
T n U —t—ie
4
a,n LB +OMg ap,, /
I 4+ ——-— £~ ) de,
Xm<f1 (") + 2 en () g ()

@ Springer



172 Page 14 of 65

Eur. Phys. J. C (2015) 75:172

] M2 g0
My =L Amg, @)
o —t— le)t’

Ro(t) = . (l‘/—t 1e)t/2
0

Rl(f)——/o P—

A YM?
Im 1(3/2)(t,)+( o+ )My
2t hgr (1)

_ M2 Im §3/2>(t)
Ri() = _,/ ' —t—ie

g§3/2) (t/)> dr’

—=——dr, (68)

while for n = 3, the functions of one variable are
s 2 52
M_IZ( + mom
Im fo (s’
+_ so (8 — SfO(ZG))S ds’

0 1S §2 [ 1
I IR v
X so (8 —s—ie)s

2PL(s"YM2
(S())K (s,)>

My(s) = mg + m(l)

M (s)

xIm (fl(S’) —

~1 S 2 S
1

M (s) = m$ + 1—+ﬂz

I !/
+_ mgl(s) dS/,
so (8 —S—ZE)S
2 3 oo (1/2)
t t Im t
5 +—/ o T gy
o

o) = nor OM;‘( (' —t—ie)”

2
MK

t [ 1
Nl(t)=n?+—/ —_—
TSy @ —t—ie)

ANgr +1 )M
Im ffl/z)(t’)th 424 ) d
2t' Az (1)
o im0
ME  m)y U —t—ien?

3 poo 3/2) 1
t I t
R()([) e Mdl

—t— ze)t’3
Ri() = —/

Agy + 1HYM?
o Im f1(3/2)(t’)+( o YM g
2t dpr (1)

Ni(1) = it}

—t— le)t/

Ri(t) = (69)

t/ —ie)’?

Actually, since the P-wave of isospin / = 3/2 K scatter-
ing is real at O(p®), so are the part1a1 waves f| /2 and g(g/ 2)
Hence, the functions R;(¢) and R 1(¢) could be dropped alto-

@ Springer

gether in the decomposition. The phase Sf/ 2 is also known
to be tiny in phenomenology.

2.5.2 Ambiguity of the decomposition

We have decomposed the form factors F and G into func-
tions of one variable My(s), .... However, while the form
factors are observable quantities, these functions are not.
It is possible to redefine the functions My(s), ... without
changing the form factors and hence without changing the
physics.

Therefore, let us study this ambiguity of the decom-
position of the form factors. We require the form factors
to be invariant under a change of the functions of one
variable:

Mo(s) = Mo(s) + SMo(s),
Mi(s) = Mi(s) +8Mi(s),
(70)

which we call ‘gauge transformation’. The shifts have to sat-
isfy

u—t 2
0=38My(s) + W&Ml(s) + §8N0(t)

K
2t(s —u)+ Agr A 2A —3t -
+_( ) ; Kx Atx o ()__ K7 S8 (1)
3 M 2
1 11 AgzA
+ 30RO+ Gl ”)+4 Kr 285 5 R (1)
M
K
IAKN—3I‘ ~
— 28T TSR + SRo(u
EEYVE) 1(1) o(u)

— 1)+ Agz A Agx —3u _ ~
LUE D BRn B sy BET ISR,
M 2M2

(7D
8 2
0= 5M(s) = 58No(0)
21(s — A t
(s —u)+ Agxr [”SN(H—— K7T+ 3N(l)
3 M 3 2
1 1t(s—u)+AK
— 38R0 — i 2SR (1)
1AK71+[ ~
— 2R TISRI(1) + SRo(u
3o 1(1) o(u)

— 1)+ Akz A A 8
41 )+4 K Z”BRl(u)—K”—;Lu(SRl(u).
MK MK

(72)

The solution to these equations is found in the following way:
we substitute one of the three kinematic variables by means
of s +t +u = Xg. Then we take the derivative with respect
to one of the two remaining variables and substitute back
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Yo = s +t + u. After four or five such differentiations, one
gets differential equations for single functions § My, . . . with
the following solution:

SMy(s) = C(I)MO + c{wos + céwosz,
SM(s) = céwl —i—cf/[‘s —i—cg]'sz,
SMi(s) = céwl —i—c{wls —i—céwlsz +c§/[‘s3,

SNo(t) = cf‘{t_l + c(l)v0 + civot + cévotz,

SNi(1) =M et + e, (73)
SNI(1) = Cflll‘_l + cévl + c{vlt + cévltz,

SRo(t) = cf‘it’l + cgo + cfot + c§°t2,

SRi(t) =Mt el e,

SRi(1) = cfllt_1 + c{fl + cflt + c§1 2.

Inserting these solutions into the various differential equa-
tions results in algebraic equations for the diverse coeffi-
cients. In the end, there remain 13 independent parameters.
In complete generality, we therefore have a gauge freedom
of 13 parameters in the decomposition (67). The gauge can
be fixed by imposing constraints on the Taylor expansion or
the asymptotic behaviour of the functions My(s), . . ..

First, let us restrict the gauge freedom by imposing the
same vanishing Taylor coefficients as in (68), i.e. we exclude
all the pole terms, the constants in Ny, N 1, Ro, Rl and even
a linear term in Ro. Then we further demand that asymp-
totically the functions behave at most as in (69), i.e. like
Mi(s) = O), Mi(5) = OG?), Ni(t) = O(1), N1(1) =
O(t), R1(t) = O(1) and R (t) = O(t). After imposing these
constraints, we are left with a restricted gauge freedom of 3
parameters, which we call CR0, ARt and B1:

(Zo — $)* — AkxAex

SMo(s) = (AR — BRi L 2cRo
0(s) = ( ) 2M}‘<

)

3 . N
SM(s) = —(AR 4 BR yocR0) =3 4 phi 7
M 2M2
+ (BR yocRy 2

MK
—2cRy32 — 2AR 4 gk

My (s) = (BRI — 2%

5 1
J
X Akz DAz + B IEOAKn)_zM?(
S
4
oM

— (BB Agx + (AR + BR —2cRoya3y)

52

oMy’
31(Agx +2%0)
sMy

1+ AR 4 BRI _ R0y

SNo(1) = —(2ART — BRI 4 2cRoy

2
B t
+ (6AR —3BR1 —10C*0) —
8M
1 ~
SN(1) = —Z(ZAR‘ +3BR — R0y,
~ 5 1t
SN1(1) = —(6AR + 5BR 4 6CR0 ,
1(1) ( )4M12(
R r
SRo(t) = CR—,
MK
SRy (1) = AR,
sRi(1) = BRI L (74)
MK

In order to fix the gauge completely, we have to impose fur-
ther conditions. We will use two different gauges. The first
one corresponds to the case of an asymptotic behaviour that
needs n = 2 subtractions. It is most suitable for our numer-
ical dispersive representation of the form factors and for the
NLO chiral result. In this case, the asymptotic behaviour
excludes quadratic terms in § My (s) and 8M, (s) or a linear
term in 6 M (s). Hence, in the representation (68), the gauge
is completely fixed.

The chiral representation, being an expansion in the
masses and momenta, does not necessarily reproduce the
correct asymptotic behaviour. The O(p®) chiral expressions
show an asymptotic behaviour that needs n = 3 subtractions.
In this case, one has to fix the gauge rather with the Taylor
coefficients, e.g. by excluding a quadratic term in Ry, a con-
stant term in R; and a linear term in Rl. Therefore, also in
the representation (69), the gauge is completely fixed.

Note that the second representation (69) makes less
restrictive assumptions as regards the asymptotic behaviour.
Therefore, the first representation (68) is a special case of the
second (69). One can easily switch from the first to the sec-
ond representation with the help of the gauge transformation
(74). In this case, the additional subtraction constants will be
given by sum rules.

2.5.3 Simplifications for s — 0

As a test of the decomposition, let us study the linear com-
bination

1 1
Fi(s,t,u) = S(M = )F(s, t,0) + - (u = DG s, 1, u)
(75)
inthe limitsy — 0. We neglect the contribution of the isospin
3/2 P-wave:

lim Fi(s,t,u)

sg—0

s¢—0

M2 — —t
= lim ( KZ F(s,t,u)+uTG(s,t,u)>
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2

- MKZ_SMom
u—t| M2 —s -
+ = [ 1’(4[2( M, (s) +M1(s>]
2 2
+ 5[(t — M7)No(1)]
1
+ 5[0 — M2)Ro(1)] + (u — M2)Ro(u)
- %(t(u — )+ (ME — M2)M?)
=M - L s (76)
My Y T o2 N
By identifying
2 _
M (s) = MK2 " Mo(s),

Fi 1 MIZ(—S ~
M, (S)ZE Ye Mi(s) + My(s) ),
K

Ng'(1) = (t — M2)No(1),
R§ (1) = (t — M2)Ro(1).
2

P t—M;
Ny ()= —7—Ni(t) — —
My My

Ni(0), (77)

we recover the decomposition of the form factor F; used
in [12-14]. We further note that the imaginary parts of the
functions of one variable in this decomposition are given by

M2 —s
ImM, ' (s) = K2 Im fo(s),
M2 —s
ImM () = =K Im £ (s),
1 () M2 S1(s)

ImNS (@) = ¢ — M2 Im £ (o), (78)

3/2
IR (1) = (t — M)Im £ @),

2
ImN (1) = %Imff”z)(z),
K

and repeat the observation of Sect. 2.4.6 that in the limit
s¢ — 0, these partial waves are given by projections of Fj
in all three channels. Hence, the form factor F; decouples
in this limit and can be treated independently in the above
decomposition.

2.6 Integral equations
The decomposition of the form factors (67) signifies a major
simplification, since we only have to deal with functions of

a single Mandelstam variable. We will now derive integral
equations of the inhomogeneous Omnes type [26,27] for the

@ Springer

single-variable functions, which can be solved numerically
and will lead to a resummation of 7 and K rescattering
effects. This is the same strategy that we used in [12—14] for
the limiting case sy — O.

The reconstruction theorem for the K4 form factors was
used in [24] in a different context. There a dispersive descrip-
tion was constructed that includes isospin-breaking effects
due to mass differences. While in our case, we will use the
physical phases as input to perform a resummation of rescat-
tering effects, the dispersion relation of [24] is not based on
an Omnes representation and was used to analytically calcu-
late the phases (but not the real parts) of the form factors at
two-loop level.

2.6.1 Omnes representation
The single-variable functions (68, 69) are constructed in such

a way that they only contain the right-hand cut of the cor-
responding partial wave. Their imaginary part on the upper
ImM (s) = Img (s),

rim of their cut is given by
gl(S)>,
ImNo (1) = Im £\ (1),
4
(1/2) (Agr + DMy a2
ImN; () =1 )+ ————=& N1,

ImMy(s) = Im fy(s),
2PL(s)M2%

ImM(s) = Im <f1(S) T o)

N (1) — <M12< (1/2) )
le(t)_Im Tgl (t) s (79)
ImRy(1) = Im £*/? (1),

4
(3/2) (Agr + DMy 32
ImR;(t) =1 H+ —= ),
mR (1) m<1 ) 2in (1) 81 (1)

- M2
ImR{(t) = Im <7Kg§3/2)(t)) .

Therefore, we can write

Mo(s) + Mo(s) = fo(s),
2PL(s)M7%

Mi(s) + Mi(s) = fi(s) — ()

g1(s),

Mi(s) + Mi(s) = g1(5),
No() + No(t) = 2 0),

(Agw + )M}

(1/2)
ts
RO

N+ 8@y = 7P @0 +
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< : Mg 1))
M)+ M) = =K g @),

Ro(t) + Ro(t) = f2 ),
(Mg + )M}

3/2)
ts
e SO

Ri(0) + Rty = 277 (1) +

5 5 Mg G
Ri) + R = —£7"2 ), (80)

where the ‘hat functions’ Mo(s), ... are real on the cut:
indeed, they do not possess a right-hand cut, but con-
tain the (possibly complicated) left-hand cut structure of
the partial waves (see Sect. 2.4.5). Writing Im fo(s) =
fo(s)e_i‘sg(s) sin 88(s), ... leads directly to the following
equations:

ImMo(s) = (Mo(s) + Mo(s))e 0 sin 80(s),
MM (s) = (Mi(s) + M (s))e 1 © sin 81 (),
ImM, (s) = (M1 (s) + Mi(s)e ™1 sin 5] (s),
Y —i8g2 (1) i 5172
ImNo (1) = (No(t) + No(r))e ™" © sin 8y (1),
N L 12
MmNy (1) = (N1 (1) + Ny (1)e ™" O sin 512 (1),
~ - 2 L 12
ImNy (1) = (V1 (1) + Ni(0)e™ O sin s, (1),
~ . 3/2
ImRo (1) = (Ro(t) + Ro(1))e ™ sin 83/ (1),

MR () = (Ri(1) + Ri)e O sins3/(0),
MR () = (Ri(0) + Ri)e ™ Osins??(),  8D)

where, below some inelastic threshold, the phases 811 agree
with the elastic w- or Km-scattering phase shifts. There-
fore, the functions My, ... are given by the solution to the
inhomogeneous Omnes problem. The minimal number of
subtractions appearing in the Omnes representation is deter-
mined by the asymptotic behaviour of the functions My, . ..
and the phases 811 .

Let us extend these equations even to the region above
inelastic thresholds by replacing § — o,

ImMo(s) = (Mo(s) + Mo(s))e ™0 sin o (s),
. (82)

where a)ll(s) = 811(s) + nll(s) and nll(s) = 0 below the
inelastic threshold s = AZ.
We define the usual once-subtracted Omnes function

<s o0 8(s") ,
Q(s) :=exp —/ ——ds ) . (83)
TSy (8 —s5—ie)s’

If the asymptotic behaviour of the phase is lim §(s) = mm,
§—>00

the Omnes function behaves asymptotically as O (s ~"). Pro-
vided that the function M(s) behaves asymptotically as

O(s%), we can write a dispersion relation for M/ € that leads
to a modified Omnes solution

M(s)
n A2 TN o I
_ s" M(s")sin8(s")
—Q(S){Pn—l(s)+ T \/s() |Q(s/)|(s/—S—i6)s’”
5" /00 M(s")sin 8(s") ,
+— . s
7T a2 Q)| —5s —ie)s™
L /°° (M(s)) + ReM(s))sinnGs) }
7 ) a2 196 cosBG) + 1) (' —s —ie)s™ |
(84)

/

where the order of the subtraction polynomial is n — 1 =
k+m.

Actually, we do not know the phase § at high ener-
gies. Inelasticities due to multi-Goldstone boson intermedi-
ate states, i.e. more than two Goldstone bosons, appear only at
O( p8) [21], hence the most important inelastic contribution
would certainly be a K K intermediate state in the s-channel.
This could be included by using experimental input on 1 up
tos ~ (1.4 GeV)2.

We could make a Taylor expansion of the inelasticity inte-
gral and neglect terms that only contribute at O(p®) to the
form factors by applying the power counting ﬁ ~ p?. This
would introduce quite a lot of unknown Taylor coefficients.
Here, we follow another strategy: we set n = 0 and assign a
large error to the phases § at high energies. We assume fur-
ther that 8 reaches a multiple of 7 above a certain s = AZ.
The two high-energy integrals in (84) drop in this case.

Assuming that the phases behave asymptotically like
88 — 7, 811 — 7 and all other 811 — 0, we find the fol-
lowing solution for the case of n = 2 subtractions:

2
S N
Mo(s) = Qg(s){aMO + oMo — M —
MK MK
A Mo(s)singds)
+— 0/or ’ . /3ds ’
T Jso 26D —s —i€)s

My(s) = sz}(s){aMl +oM 2
MK

+£/A2 My (s") sin 81 (s") s,}

7 Jo QLGOI —s —ie)s? )

M() Ql( ){ M1+bM1 N + Ml 52

1(8) = 1\8)ya - C I

MK MK

$3 A M) sindl(s) i
+— | I e /3 S
T Jso QUGN —s —ie)s
172 Ny ¢
No(t) = € (l){b 0 —
My
2 AT No(r') sin 8y (1) d/}

Ty 197 — 1 — i)
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1 2 N sins (@
N = 2120 - s © m}
Tt 192N — 1 —ie)

A2 R i s 1/2
~ t Ni(t)siné t
M =22 0] - ), (1) W}
TJ QT —t —ie)t
2 A2 D (+/\ win £3/2 0.1
t Ro(t") sin § t
Ro(t) = 22(1) _f 3/20( ) sin 8y~ (1) dt’},
T QYT —t —ie)t”?

Ri(1) = Q3/2(t) l/Az Ié](z") Sin8?/2(p) ; /}
‘ 0 1920 =1 —ie)

T

. tN R sins A
R =90l L [ OOy}
7o 19200 — 1 —ien

(85)

where we have fixed some of the subtraction constants in
No, N1, Ry and R; to zero by imposing the same Taylor
expansion as in the defining equation (68).

Note that driving the K phases to 0 is somewhat artifi-
cial. They are rather supposed to reach 7 at high energies.
However, this would introduce three more subtraction con-
stants in our framework. Since the high-energy behaviour
of the phases does not have an important influence on our
results, we abstain from introducing more subtractions and
take these effects into account in the systematic uncertainty.

In the case of n = 3 subtractions, six additional sub-
traction constants appear in the Omnes representation. The
conversion of a solution for n = 2 into a solution for n = 3
requires a gauge transformation in the Omnes representation,
as explained in Appendix C.1.

2.6.2 Hat functions

The hat functions appearing in the Omnes solution to the
functions of one variable (85) can be computed through
partial-wave projections of the form factors: (80) should be
understood as the defining equation of the hat functions. One
has to compute the partial-wave projections of the decom-
posed form factors F and G (67) and subtract the function
of one variable (M, ...). Finally, one obtains an expres-
sion for the hat functions in terms of angular averages of the
single-variable functions. The explicit expressions for the hat
functions are given in Appendix C.2.

3 Numerical solution of the dispersion relation
3.1 Iterative solution of the dispersion relation
The reconstruction theorem has allowed us to decom-

pose the form factors into functions of one variable, (67).
The nine functions of one variable are given unambigu-
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ously by the Omnes solutions (85). The hat functions
appearing in the dispersive integrals are given by angu-
lar integrals of the nine functions of one variable and link
these functions together. Therefore, we face a set of cou-
pled integral equations, parameterised by the nine sub-
traction constants @™o, pMo . as defined in (85). In
this section we discuss a method for solving these equa-
tions numerically. We will assume an asymptotic behaviour
of the form factors that requires only n = 2 subtrac-
tions.

A crucial property of this set of equations is that they
are linear in the subtraction constants. Any solution can be
written as a linear combination of nine basis solutions. Our
main task is therefore to determine numerically these nine
basis solutions.

So far, the invariant squared energy of the dilepton system,
s¢, has been treated as an external parameter. On the one hand,
it appears in the definition of the hat functions. On the other
hand, the subtraction constants have an implicit dependence
on sy. To make this dependence explicit we write the form
factors as:

9
X(s,t,u) =Y ai(s))Xi(s,t,u), (86)

i=1

where X € {F, G}, {a;}; = {a™°,pMo, .. b0} and where
X; denotes the basis solution with ay = ¢, k € {1,...,9}.
If s, is allowed to vary, the ‘functions of one variable’ become
actually functions of two variables, Mo (s, s¢), . ..

Our strategy is as follows. We determine the basis solu-
tions by a numerical iteration of the coupled integral equa-
tions. Each basis solution is a function of s, ¢ and u, where
s+t+u =% = Mlz{ + 2M7% + s¢, or equivalently a
function of s, s¢ and cos 6. Since sy is a fixed external param-
eter in the integral equations, the iterative solution has to be
performed for each value of sy separately. Once the basis
solutions are computed, the subtraction constants (or rather
functions) have to be determined by suitable means, such as
a fit to data, the soft-pion theorem and xPT input. As the
dependence on s; has been found to be rather weak in exper-
iments, the subtraction functions can be well approximated
by a low-order polynomial in sp.

In summary, we need the nine basis solutions for a set
of values of sy, so as to allow us to calculate them for any
value of s by interpolation. Again, since the dependence on
s¢ appears to be rather weak, we will need only a low number
of values of s;.

To calculate each of the basis solutions we use the follow-
ing iterative procedure:

1. set the initial value of the functions My, ... to Omnes
function x subtraction polynomial (the polynomial is in
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Fig. 4 nw phase shift inputs

fact either O or a simple monomial with coefficient 1 for
a particular basis solution);

2. calculate the hat functions Mo, . .. by means of angular
integrals of the functions My, .. .;
3. calculate the new values of the functions My, ... as

Omnes function x (polynomial 4 dispersive part), where
in the dispersion integral the hat function calculated in
step 2 appears;

4. go to step 2 and iterate this procedure until convergence.

It turns out that this iteration converges quickly. After five or
six iterations, the relative changes are of order 107°.

3.2 Phase input
3.2.1 nm phase shifts

For the pion scattering phase shifts, we use the parameterisa-
tion of [28,29]. The solution depends on 28 parameters that
can vary within a certain range. The curve labelled as Solu-
tion 1 in Fig. 4 shows the central solution for the phase shifts
as well as the error band due to uncertainty in the parameters
(summed in quadrature).

Two aspects deserve special attention. First, the phase for
Solution 1 is just taken constant above /s ~ 1.5 GeV. Our
derivation of the dispersion relation, however, relies on the
assumption that 88(s) — 7, 811(s) — 1 for s — o0. We
should therefore change the high-energy behaviour of the
phases such that they reach 77 at s = AZ. The exact way how
this is achieved should not have influence on the result at low
energies, especially in the physical region of the decay. We
choose to interpolate smoothly between the value of Solu-
tion 1 and 7:

83()sot.2 i= (1 = fint (51, 52, )89 (5)sol.1 + fint (51, 52, )71,

81()so12 = (1 — fine(s1, 52, )81 ($)sol.1 + fint (51, 82, $)70,

ar I p—
Solution 2
3 Uncertainty [
/

Z ////
=

1 /

0

0 02 04 06 08 1 1.2 1.4 1.6 1.8 2

J/s/GeV
0 if s <s1,
] o (s—sl)2(352—2s—sl) .
fint(s1, 82, 8) := B a— if 51 <s <9,

1 if sp <.

87)

Figure 4 shows Solution 2 with s; = 68M2 and s, = 148M2.
These values can be varied and should not have an important
influence.

The second subtlety is the problem of the behaviour
around the K K threshold [30]: are the K4 partial waves
expected to have a peak or a dip in the vicinity of the K K
threshold, i.e. do they rather behave like the strange or the
non-strange scalar form factor of the pion? The answer to this
question could be obtained from a coupled-channel analysis
of the K4 amplitude, which, however, goes beyond the scope
of this paper. In case of a dip we have to modify the phase
such that it follows 88 (s) — 7 above the K K threshold. The
third solution shown in Fig. 4 is given by

80(8)so13 = (1= fine (51, 52, 8)) (80 (8)sol.1 — fint (51, $2, 5)70)
+ ﬁﬂt(slaSZaS)na (88)

with §| = 4M% and 5, = §; + 8M2.

The solution 4 in Fig. 4 corresponds to Solution 2 but with
= 4M12< and sp = 51 + MJ%.

As the question of the correct behaviour around the K K
threshold is not easy to answer, we declare Solution 3 as the
‘central’ one and use all the other solutions to determine the
systematic uncertainty.

3.2.2 Km phase shifts
For the crossed channels, we also need the K 7w phase shifts as
an input. We use the phase shifts and uncertainties of [31,32],

but add by hand a more conservative uncertainty that reaches
20° at t = 150M7%. For the very small phase 8f/2, we just
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Fig. 6 K phase shift inputs, isospin I = 3/2

assume a 100 % uncertainty. These phase solutions are shown
in Figs. 5 and 6 as ‘Solution 1°.

In the derivation of the dispersion relation, we assume that
the K phases go to zero at high energies. We implement this
by interpolating smoothly between Solution 1 and zero with
fint(t1, 12, t). These modified phase shifts with #; = ISOM%
and , = 250M,2, are displayed as ‘Solution 2’ in Figs. 5 and
6. The difference between ‘Solution 1’ and ‘Solution 2’ is
taken as a measure of the systematic uncertainty due to the
high-energy behaviour of the K phases.

3.3 Omnes functions

In a first step, the six Omnes functions are computed, defined

by

Ql(s) = e s/oo Sf(s/) ds’
=exp | — R ,

188 P T Jg (" —s—ie)s’ s

0

(89)
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where so denotes the respective threshold. We show only
the results for the 7 Omnes functions; see Figs. 7 and 8.
In the case of 98, the Omnes function is computed for the
phase Solution 3 — the corresponding uncertainty is obtained
by summing in quadrature the variations generated by the
uncertainties of all 28 parameters. The differences, appro-
priately weighted, are summed up in quadrature to give the
error band. For the phase Solutions 1, 2 and 4, only the central
curve is shown. Note that the differences between the various
high-energy phase solutions are much larger than the error
band due to the phase parameters. However, at low energy
these differences are well described by polynomials and can
be absorbed at low energies by the subtraction constants of
the dispersion relation. This implies that the uncertainty gen-
erated by the unknown high-energy behaviour of the phase
shifts will be moderate.

3.4 Hat functions and angular projection

During the iterative solution of the dispersion relation, the
hat functions have to be computed by means of angular aver-
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ages. Since the hat functions appear in the integrand of the
dispersive integrals, they have to be known just on the real
axis above the threshold of the respective channel.

In the s, = O case, the calculation of the angular inte-
grals is straightforward. The functions My, ... need to be
computed on the real axis, also for negative values of their
argument. As described in Sect. 2.4.5, a subtlety arises in the
case s¢ # 0: in the calculation of the s-channel hat func-
tions, we have to know the angular integrals of the 7- and
u-channel functions Ny, . ... In the region (Mg — ﬂ)z <
s < (Mg + \/s¢ )2, the angular integration path extends into
the complex ¢- or u-plane. Therefore, the ¢- and u-channel
functions Ny, ... have to be computed not only on the real
axis but also in the complex plane. Since the region where
this happens is much below the - or u-channel cut, we have
two options how to perform this:

e Integrate on a straight line in the complex ¢- or u-plane.
The functions Ny(?), ... have to be known in an egg-
shaped region of s,-dependent size. The egg lies within
M2 — Mk /s¢ < Re(t) < M2+ Mg /s¢. The functions

10
5
. )
=
(Y=}
S s
E Solution 1 «--eeeeeee-
Solution 2 ---==-----
10F Solution 3
Solution 4 e
A5 Uncertainty []
20 i ‘
05 0 0.5 1 15 2 25
5/GeV?
8
Solution 1 ----------
6 A A |
Solution 2
Uncertainty [T
4
3 \
T 2
£ J \
0
2
-4
-0.5 0 0.5 1 15 5 25
K /GeV2
No(t), ... can be computed on a two-dimensional grid
covering this egg and then e.g. interpolated with a 2D
spline.
e Since the functions Ny(?), ... are analytic in the region

of the egg, the angular integration path can be deformed
to lie always on the border of the egg. Therefore, the
functions Ny(7), . .. only have to be computed on points
lying on this border (in addition to the real axis) and 1D
interpolation methods can be applied.

The first method is more straightforward, the second needs
less computing time. The second one requires a change of
variable that we briefly describe.

We want to compute the angular integral

1
("X, (5) = %/1dz "X (1 (s, 2)), (90)
where e.g. X = Ny and
1
1(s.2) = 5 (S —s = M7 ()0 (9)2). 1)
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Fig. 9 Angular integration contours for s, = M2

The square root of the Kéllén function is defined by (62) and
the critical region is s_ < s < sy, where we define

s = (Mg + /50)° (92)

In this region, the angular integration path in the complex

t-plane runs from 7_ := (s, —1) to 4 := £(s, 1). Due to

the analyticity of the function X (¢), the straight contour can

be deformed along the border of the egg, either to pass #| :=

t(s—,z) ortr := t(s+, z); see the two plots in Fig. 9.
Defining

40 = -5 (Zo —s5 —21), (93)

Agy (s)oz (s)

we rewrite the angular integral as a complex integral:

1 [+ d
("X),, = 5/ fdr ZOX (1)
t—

1 e
/ dr 25 (1) X (1)

s ()0 (s) i
1

32 (5)0m (s)

t t
X (/ldtzg’(t)X(t)—/ldtz’;(t)X(t)),
[ ty

(94)

or equivalently
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4
deformed contour =sssxssss=
t‘_ original contour =———
2
N !_-'
:
)
Ly
-4
4 2 0 2 4 6
Re(t)/ M2
1
(XY, =~
)‘KK ($)oz (s)
5] %)
X </ drz{ ()X (1) — / dt z?(t)X(t)) . (995)
I Iy

We parametrise the border of the egg by the following curves:

1
(56) =15, £1) = 5 (Zo & T A (€)ox()),

£ e s, sil, (96)
hence |
"Xy —
X = T e
A, .
x s SR €)X (5 ©)
S— d +
- dg%d@j@»x@@»), ©7)
or
(" X)y = —————
C )0 ()
Stdrm
x < / ds t;f)z?<t;(s>)X<t;(f§))
Sy d +
- / d t;f)z?aj(snxas*(s))), (98)
where
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diE@) 1 (_1 _ d(x}ﬁ(s)an(s)))

de 2 de
1 <_ DM M2 — MZ (4M2sp + E2) + (s¢ — &) (2M2 (& + 50) — 52)> ©9)
2 E20 1 (§)0 () ’
1 12
(EE) = (E—sEA 2 (£)).
z5(t5 (§)) )\}(/?(s)an(s)(é st Ay, (E)ox (&)
Note that

25 (157 (§)) = =217 (§))%,

1) =17©)", (100)
dit©  (dim Y
de | dg
and hence, due to the Schwarz reflection principle,
X1 (E) = X7 €)™ (101)

Therefore, the function X has to be computed only on the
‘upper half-egg’:

1
<ZnX)l‘; = 1/2

Age (s)or (s)

s (dr
% f ds( %f)z?a;(snxag(s»

n (4t ) o - o)
— (=D ( GO EXE (5))) )

(102)

1
i 2(5)0 (5)
dt; (&)

« [ ar(H s @xar e

n (9t ) o - .
—(=1) ( U ENXa, (s») )

(Z"X),, = —

s

(103)

Although both descriptions are valid in the range s_ < s <
sy, one may choose to use the first in the regions_ < s < sy,
and the second in the region s, < s < sy, where s, lies
somewhere in the middle of s_ and s, e.g. s, = (s—+s4)/2.
The motivation to do so is to avoid numerical instabili-
ties: the integral from s_ to s with s — s4 must tend to
zero to give a finite value for the hat function. The integral
over the whole half-egg, however, accumulates a numerical
uncertainty.

3.5 Results for the basis solutions

We have now all the ingredients to compute the nine basis
solutions of the dispersion relation. The final result will be a
linear combination thereof. In Sect. 4, we will describe how
to determine this linear combination. We will fit experimental
data on the partial waves defined by

Fy(s.50) = (Mo(s. s¢) + Mo(s, s¢))e %00,
Fp(s.50) = (My (5. 5¢) + My (s, 5¢))e 1),

G (5. 50) = (M1 (5. 5¢) + My (5. 5))e ™01, (104)

The Figs. 10 and 11 show the partial waves of the basis solu-
tions in the case sy = 0. They are computed with the phase
solutions that reach the asymptotic values of 7 in the case of
the v phases and 0 in the case of the K phases. For 88 ,
the solution with the drop around the K K threshold is used.
The figures illustrate what can be learnt also from the defi-
nitions (85) and (104): the data on the partial wave Fy will
constrain mainly the subtraction constants appearing in My,
the data on F), mainly the constants in M and the data on
G p mainly the constants in M 1. An exception is the constant

1.8

—r
1.4 -
1.2
1 7 [ p—
s " R /L C—
= 08 & o & Mo
= e o aM
(Y ISR S pM
............. aM
e e bM'
——— My e
02 e o
ol e \\ —
0.2 \
0.25 0.3 0.35 0.4 0.45 0.5
J5/GeV

Fig. 10 S-wave of the form factor F for the different basis solutions
fors, =0
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Fig. 11 P-waves of the form factors F and G for the different basis solutions for s; = 0

Table 1 Values of the two relevant combinations of the form factors F
and G at the soft-pion points, computed for the basis solutions

Basis solution (F — G)sppi (F + G)spp2
aMo 1.06 1.05
pMo 0.08 0.09
Mo 0.03 —0.01
aM -1.03 0.93
M 0.05 0.11
ah -1.07 1.02
Bl —0.05 0.09
M —0.10 ~0.01
pMo 1.62 —0.01

b™No: through the hat functions, it is constrained by the data
on all partial waves.

Besides experimental data on the partial waves, we
will also use two soft-pion theorems as an additional
source of information. Table 1 shows the values of (F —
G)(M2, M%, M2) and (F + G)(M2, M2, M%) for the basis
solutions. The first soft-pion theorem, which implies (F —
G)(M%, M,2(, MJ%) ~ (), constrains mainly a linear combi-
nation of a0, g™t gM1 and pMo,

4 Determination of the subtraction constants

In the previous chapter, we have described how to solve
numerically the Omnes dispersion relation for the form fac-
tors F' and G. The solution is parameterised in terms of the
subtraction constants a™o, . . .. The next task is now to deter-
mine these subtraction constants in order to fix the parametric
freedom. We use three different sources of information for
the determination of the subtraction constants:

@ Springer

e experimental data on the K4 form factors,

e the soft-pion theorem, providing relations between F, G
and the K3 vector form factor,

e input from xPT.

The soft-pion theorem (SPT) is valid up to corrections
of O(M%) and hence can be considered as a strong con-
straint. From the two high-statistics experiments NA48/2 and
E865 we have data on the S- and P-waves of the form fac-
tors. Although these experiments have achieved impressive
results, the data alone does not determine all the subtraction
constants with satisfactory precision. Therefore, we use chi-
ral input to fix some of the subtraction constants that are not
well determined by the fit to data.

In the following, we describe in more detail what data we
use for the fits and how these fits are performed. We were
provided with additional unpublished data from the E865
experiment and include the data sets of NA48/2 that became
available only recently as an addendum to the original pub-
lication [9]. Therefore, our fits include the maximal amount
of experimental information on the K4 form factors F' and
G that is currently available.

4.1 Experimental data

The NA48/2 experiment defines the partial wave expansion
of the form factors as

F = F,e!% + Fpei‘SP cosf + -,

G = Gpei5p 4. (105)

and further defines the linear combination

G, =G,+ ——F,. 106
» p+ o PL (106)
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For us, it is convenient to define the partial wave

5 M?
Fp . K

= ) 107
2Xo, ? (107)

In our former treatment of the form factor F; [12-14], it
was most convenient to use the data on F; and G p (which
corresponds to the P-wave of F7). Now that we describe both
form factors F and G, we prefer to fit the three partial waves
F, F pand Gp.

The comparison with our definition of the s-channel
partial-wave expansions

l
o
2Xo, oy PL
F = Pi(cos — cosf G,
> Pi(cos0) ( e ) fi- =%
=0 K 108)
00 )X -1 (
Ox
G = Z P/(cos ) < 5 ) gl
P M
allows us to identify
eri&g = fo.
. 2Xoy, or PL
Fpe’r = =2 f; — g1, (109)
M2 X
Gpe“sp = g1.

The phase shifts are just given by the w7 phases that we use
as input. With (80), we find the fitting equations:

Fi(s,50) = (Mo(s, s¢) + Mo(s, s¢))e %),
Fy(s,50) = (Mi(s, s¢) + My (s, 50))e 316,
G p(s,s0) = (M1 (s, s¢) + My (s, 50))e 31,

(110)

The NA48/2 collaboration has performed phenomenolog-
ical fits of the form [6,9]

LG — L, (111)
Gpls,s)) _ 8p | & 2

r TR TR
where ¢g> = > — 1. In a first step, only the normalised

4M2
coefficients were”measured [6]. In a second step, the normal-
isation f; was determined from the branching ratio measure-
ment and a phase-space integration, using the parameterisa-
tion (111) and the fitted normalised coefficients [9].
However, one should note that from (109) it follows that
F, has to vanish at the 77 threshold like ~ \/q>2 . The phe-
nomenological fit (111) of [6,9], which assumes F), to be
constant in g2, gives a wrong threshold behaviour. We have
not tried to estimate its influence on the determination of the

normalisation f. For our purpose, we find it convenient to
work with F »» which does not contain kinematic prefactors.

Because all the basis solutions use the same 7w phase as
input, the real quantities Fj, F » and G, are still linear com-
binations of the corresponding quantities computed with the
basis solutions. Note that the partial waves can be negative,
i.e. one really has to rotate the 7 phase away and not just
take the absolute value.

For our fits, we use the experimental values of NA48/2
[6,9] and E865 [7,8] on the partial waves. Some remarks on
these numbers are appropriate.

e Originally, the published NA48/2 data consisted of 10
bins in s-direction. Very recently, a two-dimensional data
seton Fy (s, s¢) has become available (addendum to [9]):
in this set, not only a single bin but up to 10 bins are used
in s¢-direction.

e The barycentre values of sy for the original 10 bins of
NAA48/2 also became available in the addendum to [9].
A value of s; could also be extracted from the relation
(106) between Fp, G, and G p [33]. However, this value
does not agree with the barycentre.

e We compute the value of F » with (107) using the values
of F, and the barycentre values of s and s¢.

e There is a discrepancy between [6] and [9]. The statis-
tical and systematic uncertainties for Fy in the NA48/2
data have to be calculated from the normalised coeffi-
cients in [6]. The correct uncertainties are also listed in
the addendum to [9].

e The published values of Fj in the 10 bins of NA48/2 have
been normalised in such a way that a fit of the form (111)
with f] = O results in F;(0, 0)/f; = 1, although a non-
zero value of f, has been obtained from a fit to the two-
dimensional data set. In order to take the s,-dependence
consistently into account, we have to increase the values
of F by 0.77 %.

e The E865 experiment has assumed in the analysis that
the form factors do not depend on s;. The values of s, for
each bin were not published.!

e The E865 experiment only provides data on the first par-
tial waves Fy and G .

e The E865 papers [7,8] include the fully correlated error
of the normalisation of 1.2 % in their systematic errors
(added in quadrature).? It needs a special treatment for
unbiased fitting.

In the data analysis of both experiments, radiative correc-
tions have been applied to some extent. More reliable radia-

! We thank Peter Truol and Andries van der Schaaf, who performed a
new analysis of the Brookhaven data in order to extract the barycentre
values of sy.

2 We thank Stefan Pislak and Peter Truél for this additional unpublished
information.
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tive corrections based on a fixed-order calculation [33] can be
applied a posteriori at least to the NA48/2 data. Furthermore,
neither the E865 nor the NA48/2 experiment has corrected
the isospin-breaking effects due to the quark and meson mass
differences. The calculation of [33] also allows for their cor-
rection. The resulting numbers are given in Appendix D. We
add the uncertainties of the isospin corrections (without the
higher-order estimate) in quadrature to the systematic errors.
The one-dimensional NA48/2 values also include the men-
tioned correction of the normalisation of Fy by 0.77 % due
to the s¢-dependence.

In addition to the statistical and systematic errors, we
take into account the correlations between F), and G, of the
NA48/2 data, which also became available with the adden-
dum to [9]. There are, however, several correlations that we
neglect, either because they are not available or because we
assume them to play a minor role. These include the bin-to-
bin correlations of the P-waves and the correlations with the
S-wave. We also neglect the correlation due to the isospin-
breaking corrections and correlations between the two exper-
iments due to external input. We do not expect any of these
neglected correlations to significantly affect our fits, but of
course it would be better to check this. If the complete set
of experimental correlations will become available, it will be
possible to do that.

4.2 Soft-pion theorem

In addition to the experimental input on the partial waves,
we use the well-known soft-pion theorem (SPT) [34-37] as
a second source of information to determine the subtraction
constants. The SPT was already employed for the determi-
nation of subtraction constants in a different context in [38].

There are two different soft-pion theorems for K4,
depending on which pion is taken to be soft. If the momentum
p1 of the positively charged pion is sent to zero, the Mandel-
stam variables become s = M,%, t = MIZ(, u = s¢. Since the
SPT is valid only at O(Mj%), we set u = sp + Mj%, such that
the relation s + ¢ +u = Mlz( + 2M]2T + s¢ remains valid and
one does not need to worry about defining an off-shell form
factor.

The first SPT states [12]

F(M7, Mg, M + 50)—G(My, Mg, M7 + 50) =O(M).
(112)

If the momentum p» of the negatively charged pion is sent
to zero, the Mandelstam variables become s = szr, t = sy,
U= M,Z(.Wesett =50+ M2

The second SPT gives a relation to the K3 vector form
factor:

F(M2, M? + 50, M%) + G(M*, M2 + 54, M%)
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V2Mg
F,

e

fr(M} +s0) = O(M}). (113)

At leading order in xPT, the SPTs are fulfilled exactly,
i.e. the right-hand sides of Eqs. (112) and (113) vanish, at
NLO and NNLO, there appear O(MJ%) corrections.

Numerically, it turns out that the first SPT is fulfilled to a
higher precision than the second SPT. At NLO, the correction
to the first SPT is about 0.4 % for s; = 0, the second SPT
gets a correction of 2.0 % if f+(M7%) is used. If we make the
arbitrary replacement f+(M72,) — f4(0), again an (’)(MJ%)
effect, the deviation in the second SPT increases to 4.9 %.
This confirms that the size of the observed deviations from
the SPT is natural.

At NNLO, the corrections become slightly larger. If the
O(p®) LECs C; are all put to zero and sy = 0 as well,
the first SPT is fulfilled at 1.0 %, the second at 4.4 % with
f+(M7%) or 7.6 % with f(0). If the C] parts are replaced
by the estimates of [11,39] (resonances estimates in the case
of Ky4), the accuracy of the first SPT is 1.5 %, the one of
the second SPT 5.4 % using f+(M7%) or again 7.6 % using
J+(0).

We use the size of the NNLO corrections to the SPT as an
estimate of the tolerance that we allow in the fits when using
the SPTs as constraints.

4.3 Fitting method

In the following, we describe how we perform the fit. Basi-
cally, we have to deal with a simple linear fit. The only sub-
tlety is the fact that the data contains a fully correlated uncer-
tainty of the normalisation, which is a multiplicative quantity.
The fact that we use two experiments with different normal-
isation errors asks for a special fitting method to avoid a bias
[40,41]. We apply the ‘fgp-method’ of [41].

First, we construct a covariance matrix for the observa-
tions as follows.

e For all the partial-wave data that we want to fit we con-
struct the covariance matrix with the squared statisti-
cal errors on the diagonal and the statistical covariance
between the P-waves as off-diagonal elements.

e We add the uncorrelated systematic errors, which do not
contain the error of the normalisation, in quadrature to
the diagonal entries.

e We may or may not include the two soft-pion theorems as
additional observations. If we do so, we take e.g. F — G
at the first soft-pion point (SPP) and F 4 G at the second
SPP as observations. As uncertainties, we take a value
typical for the deviation in x PT at NNLO, e.g. 1 or 2%

3 We thank Johan Bijnens and Ilaria Jemos for providing the C++
implementation of the NNLO expressions.
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of the LO value of F for the first SPT and a few percent
of v/2M | Fy; £+ (0) for the second SPT.

e We add the errors of the normalisation to the covariance
matrix, which are in block-diagonal form for the data of
the two experiments:

(cov);j = (rel.cov.);; + (norm.cov.);;,

(norm.cov.);; = A2 £(s', ) f(s7, s)dn1,, (114)
where A; denotes the error of the normalisation for
experiment /. [; is the index of the experiment (1 or
2) corresponding to the data point i and f (s, sé) is the
value of the fitted partial wave. In a first step, this value
has to be computed under the assumption of some starting
values for the fit parameters.

The fit requires then an iteration. One has to minimise the
error function defined by
x> =l P, (115)
where v is the vector of the residues, i.e. the differences
between the observations and computed values. P is the
inverse of the covariance matrix constructed above: P =
(cov)~!. The minimum of the x 2 function can be either found
with some minimisation routine or, since the fit is linear,
directly with the explicit solution

par = (ATPA)'AT PO, (116)
where O is the vector of observations and
af(st, st
Ay = TOLs0 (117)
dparam ;

J

is the design matrix to be determined with the values of the
basis solutions.

With these new values for the fit parameters, one again
computes the new covariance matrix (the contribution for the
normalisation changes) and iterates this procedure. It turns
out that only very few iterations are needed to reach conver-
gence.

If we do not want to determine a parameter through the fit
but fix it beforehand to a non-zero value, we have to subtract
the fixed contribution from the observations O, such that O
is purely linear in the parameters and contains no constant
contributions.

In the above discussion, we have not specified what we
use as fit parameters. One option is to fit the subtraction
constants. Since we want to include an s;-dependence in the
subtraction constants, we write e.g.

s
aMO(Sg)Za(])WO _,_a{WOM_ez_i_... , (118)
K

where a(l)w 0, a{” 0 ... are now the parameters collected in the

above vector ‘par’. Another option is to use the matching
equations to xPT, which provide a linear relation between
the subtraction constants and the LECs we are interested in,
and perform the fit directly with the LECs.

4.4 Matching to xPT

The final goal of this treatment is the determination of low-
energy constants of xPT. Instead of fitting directly the K4
data with the chiral expressions, we use the dispersive repre-
sentation as an intermediate step. The dispersion relation pro-
vides a model-independent resummation of final-state rescat-
tering effects. Therefore, we expect that even the most impor-
tant effects beyond O(p®) are included in the dispersion rela-
tion. Of course, in order to extract values for the LECs, one
has to perform a matching of the dispersive and the chiral
representations. This can be done e.g. on the level of the
form factors [12—14]. Since the dispersion relation describes
the energy dependence, the matching point can be outside
the physical region, i.e. even at lower energies, where xPT
is expected to converge better.

Here, we follow an improved strategy for the matching: we
match the dispersive and the chiral representations not on the
level of form factors but directly on the level of subtraction
constants. Since the decomposition (67) is valid up to terms
of O(p?), the one-loop and even the two-loop result can
be written in this form, which allows us to extract a chiral
representation of the subtraction constants. This procedure
has the advantage that the matching is performed for each
function of one variable My(s), ... at its subtraction point,
ie.ats = 0,¢ = 0 and u = 0, where indeed the chiral
representation is expected to be reliable.

4.4.1 Matching equations at O(p™*)

Reconstruction of the x PT form factors Let us start by
reconstructing the NLO form factors in the standard disper-
sive form (68).

The LO xPT form factors are given by

Flo=G Mk (119)
Lo = Gro = .
V2F;
With the partial wave projections (58), we find
M
LO K
(s) = ,
° V2F;
Mg M:PL
10(s) = X, (120)
V2F,; 2X
Mk
groGs) =

V2F,;
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The isospin 1/2 form factors (20) are given by

/2 _ Mg a2 V2Mg
LO L W T TR

(121)

Hence, the partial waves in the crossed channels (60) are

Mg 3Agr — 5t

£ )
OLO \/EFT[ At
(1/2) Mg 3My (M2 —s;—1)
fl LO ) = ,
’ \/EFN Athgn (1)
(1/2) 3Mg
, 122
810 = Wil (122)
£02 Mk
OLO \/an ’
3/2
o =o,
3/2
810w = 0.

The 7 -scattering amplitude can be written as [2]

T(O)(s, t,u) =3A(s, t,u) + A(t,u,s) + Au, s, t),

TW (s, t,u) = At u,s) — Au, s, 1), (123)
where at LO
AOGs, ) = ° ;724’% (124)
The Mandelstam variables for 7 scattering satisfy
s+t+u= 4M7%,

(125)

r=—-2¢%(1 —2),

s _

where q2 =7 M,%, z = cos 6. Hence, the mr partial waves

are
1! 25 — M2
Mos) =5 f dz 1,0 (s, 2) = =———=,
2/ Fn
3 4M? (126)
. —
The K m-scattering amplitude is given by [42]
a2 36 LPNEY)
T/ (s, t,u) = ET (u,1,5) — ET (s, 1, u),
(127)
and at LO
TP (s, t,u) = — L M3+ M2 ). (128)

2F7
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Of course, the Mandelstam variables satisfy here s +7 +u =
2M3 + 2M?2. The partial waves are given by

12
tO/LO(S)

. F2(5s —25(M% + M2) —3A%.),

1/2
l/LO(S)

(352 — 6s(M% + M2) +3A% ),  (129)

F%

3/2

Iy, LO(S) = W(MIZ( + MTZ[ —5),
7

106 () = 0.

Using the unitarity relation for the K4 partial waves, we
can now easily construct their imaginary parts at NLO:

11
ImfNOs) = Tl Ol Tt o) [0,
11
Imgi'0s) = 5= 3550 (M Lo (),
1/2 (130)
11 o
(1) ! )
Imfl NLO(I) = 20+ 1 16 ¢ tl Iio(t)f] (t)
1/2
11 2
) il )
Imgl,NLO(t) = 20 +1 167’[ P >ko(z‘)gl LO(t)’
hence
1 Mg (2s — M2)
Im f0(s) = ——o (5) — 2=,
32r V2F3
11 Mg (s —4M2) M2 PL
Im FNLO (o) — = ) Mk ’
M) = 335,07 ) NeTe %2
11 Mg (s —4M?
mgMO(s) = 1o (o) O]
3327 ﬁFn
1/2
1 A0 M
1/2) .\ _ K
ImfoNLO(l) 1671 p 32\/§t2F3

x (512 = 2t(Mg + M2) — 3A%,)
x 3Akx —51),

12
1/2) 1 Ag,(0) Mg
Mo = e T TR R

g

x (3t — 61(M% + M2) +3A% )

T t

My (M2 — s —1)

’

4t hor (1)
1/2
(1/2) 1 O Mg
Img; Nio() = T 16«/§th

x (31> — 61(M% + M2) +3A% ),



Eur. Phys. J. C (2015) 75:172

Page 29 of 65 172

1/2
(3/2) I Adau) Mg

mfo,NLo(u) o7 » 2«/§F;’( x +M; u)

32
Imfl(,l\éL)O(u) =0,

3/2
Img (o) = 0. (131)

By inserting these imaginary parts into the dispersion inte-
grals in (68), we can reconstruct the NLO form factors.
For the comparison with the explicit loop calculation, we
rewrite the dispersive integrals in terms of loop functions
(see Appendix A):

s M[(
_2 _l’_ _—
Mg 2J2F3

X (25 — M2)(Byz(s) — Brz(0))

NLO,.\ _ 0 I
My (s) = my nio + Mo NLo

+M2s B, (0)),
M%\ILO(S) = m(l),NLO’

- - - K Mg
WO (5) = 0 o+ si] e K
1 1,NLO 1,NLO TR NTE

X ((s — 4M2) (B (5) — Bry (0))
+4M3s B (0)),

t Mg
N =nl npo— + ———
0 ONLO M2 T 302 F3

x <(—25z +5(5M3 — M2))

x (Bgx(t) — Bk (0))

3AK7T

+t2

(tBMz —TM2) —3A% )

X <BKn(t) — Bk (0) — 1 By, (0)

2
- _
-3 B}é,,(@) —5t(5My — M7)Bj, (0)
3 3 pm
+51 8% B (0) ),
N =0,
. 3IM3 1
N = — K (-(ﬂ —2(Mg + My) + Akp)
16V2F3 \1? g g

X (Bkx (1) — Bgx(0)) + %(Zr(M,% + M2)

_ AL
— Akn) Bier (0) — =% B}énw)),
RN ) = 2%’; 5 (Mg + M7 — u)(Bkx (1) — Bk (0))
— (Mg + MZ)u By, (0)),
RNOw) =0,
RO w) = 0. (132)

We can now compare this expression with the one-loop cal-
culation [10,43,44]. As in our dispersive treatment, we only
consider wx intermediate states in the s-channel and Kn
intermediate states in the crossed channels, the K K and nn
loops in the s-channel and the K7 loops in the 7-channel
have to be expanded in a Taylor series and absorbed by the
subtraction polynomial. The comparison of the dispersive
representation with the loop calculation then allows for the
extraction of the O(p*) values for the subtraction constants.

Note that the only contributions that we neglect when writ-
ing the O(p*) loop calculation in the dispersive form are the
second- and higher-order Taylor coefficients of the expanded
loop functions of higher intermediate states (K K, nn and
K 7). The result for the O(p*) subtraction constants can be
found in Appendix E.1.

x PT form factors in the Omnés representation  The rea-
son why we do not use the standard dispersive form (68) for
the numerical solution of the dispersion relation but rather
the Omnes representation (85) is mainly the separation of
final-state rescattering effects: the Omnes function resums
the most important rescattering effects. The remaining dis-
persive integrals take the interplay of the different channels
into account.

It is therefore desirable to perform the matching to x PT
not on the level of the standard dispersive form but directly
with the Omnes representation. This should avoid mixing the
final-state resummation with the determination of the LECs.

However, it is not possible to write directly the  PT rep-
resentation in the Omnes form, because the chiral expan-
sion of the phase shifts does not have the correct asymptotic
behaviour. At LO, the phases grow linearly, hence the Omnes
dispersion integral (83) is logarithmically divergent. There-
fore, we subtract the dispersion integral once more:

s [ 5(s") ,
Q(s) = exp| — ——————ds
Ty ' —s—ie)s’
0 §(s’ 2 poo S(s’
= exp(i/ (Sz)ds/—f—s—/ %ds’)
TSy s sy ('—s—i€)s’

2 o] S(s’
—: exp w%+s—/ )¢ a3
My 7w Js (s'—s—ie)s
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w is divergent if evaluated in x PT. Let us postpone the deter-
mination of this constant for a moment.

Let us now use the Omnes representation to reconstruct
the NLO result for the form factors. At LO, the functions of
one variable are simply given by

- Mg
M§O(s) = M1P(s) = :
0 1 \/sz-[
M{O(s) = N () = N[P(1) = NP ()
= R w) = RYOu) = RI°(w) = 0. (134)
We start by calculating the hat functions at LO:
MEO(s) = MFO(s) = MO (s) = NP(1) = RFOw)
= R{%w) =0,
A Mg 3Ag; — 5t
N(])“O(t) _ K Km 7
V2F, 4t
2 Mg 3M>
N0 = ==K,
V2F, 2t
A Mk
REOW) = ) (135)
0 NG
Further, we need the phase shifts at LO:
501 0(5) = (25 — M2)ox (5)
OLOW) = 3z o T MO
8l o(s) = ! (s — 4M2)oy (s),
I,LO 96 F2 s
1/2
s12 (= 1 ) (t)
So.Lo®) = 128—F2(St —2t(MK+M )— 3A )
5172 2 l/2( )
lLO( ) = 3’84‘.—FQ(3Z —6Z(MK+M )+3A ) t
1/2
3/2 1 2 2 (“)
OLO(u) 3271F]%(MK+M”_ )
3/2
8100 w) = 0. (136)

We expand the Omnes representation (85) at NLO:

2 o050 06N
S S
MYMO(s) = [ 1+ 0)— + —/ — OLOY . 4y
Mlz( T )y (9 —5— i€)s’?

M, My S M, s?
xa™ + b7 — + T — ],
My My

2 poo g ()
N S
M%\ILO(S) 1 w% . / 1,LO . 2ds’
My 7 )y (59 —s—ie)s

@ Springer

T Js (s’—s—ie)s’2

iy, i S i S
AT e )

. 2 poo gl (s
O = [ 1+ ! S + s 1,LO ds’
1 17z . 2

S

2 00 1/2
t t (")
NYO@) = [ 1+ oy —5 + — _oro®) Sdr’
My 7wJy ' —t—ie)t
\7LO 1/2
(oot [ OR),
ML w S, (- ze)t/2

N0 =0,

12

. t A I N (|

MNO@) = (140 + 2 [ 04y
ME o m Sy —t—ier

NG foo N3 o)
nt, @ —t—iex ’

u Soito)
Ry (w) = (1 +aﬁ/2—+—/ — L0 du )
(u’ —u—le)u

o / * AWhLow),,
T Jug (u’—u—ie)u’2 '
R w) =0,
RO ) = 0. (137)

If we further expand these expressions chirally and neglect

higher orders, we obtain (note that only a0 and aM do not
vanish at LO)

2 oo 800 (s
M(l)\H‘O(s) = aﬁ/g) l—l—a)gi—l—s—/ LS A
MIZ( T Js (s’—s—ie)s’2

2

S S
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oo REO(u')8y/2 (')
RNLO(u) u’ / 0 T IOLOT gy
4 u

o W —u-— ze)u’2

RYCw) =0,
RN Ow) =0, (138)
where
M M
an‘o = aLO + AaNLO’ Ao = Jp 139
Ml A Ml _ Mk ( )
axlo = apg + dayo. aid = N

Next, we insert the LO phases and hat functions:
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wJ, & —t—ie) 16mt’ 165217 F3
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RNOw) = 0. (140)

We see that the form of the Omnes representation is com-
pletely equivalent to the standard representation, apart from
the presence of the additional subtraction constants cMo pM

and c¥ I, which also need to be determined. We expand the

t-channel K n integrals up to linear terms in ¢ and find

My _ 0
aNLo = Mo NLO»

M
M 1 K 0
beo =My NLO — —ﬂF @
s
3 4 2 62
o _ My 1M+ MEMZ
NO= AT 1920m2ME
aMl _ mO
NLO = "1 NLO-
M
bilo =0, (141)
ClMl _ ﬁlo
NLO = "1 NLO’
Y M
M ~1 K 1
baio = myNLO — NeT
T
5 3
M1 MK 1

NLO TS F3 192072’

bgﬁo = n(l),NLO'

The constants a)g and a)ll cannot be evaluated with the chi-
ral phases. If we evaluate them with the physical phases, this
leads to exactly the same matching equations for the determi-
nation of the L] as if we would match the Taylor expansion
of the Omnes representation with the Taylor expansion of the
chiral result. the, however, that the expressions obtained for
cMo pMi and cM1 are different. E.g. for ¥M1  the chiral expan-
sion leads to b{\‘]/ILlO = 0 while a Taylor expansion of the dis-
persion relation would require bM! = —m?’NLOQ}/(O)M 2,
where Q%/ is the derivative of the Omnes function calcu-
lated with the physical phases. Of course, the difference is
a higher-order effect in the chiral counting. As higher-order
effects can be important if due to final-state rescattering, we
would not like to intermingle them with the matching of the
subtraction constants. The matching on the basis of Taylor
coefficients would require the linear term of M (s) to vanish
exactly, while the matching based on the chiral expansion of
the dispersion relation gives a non-zero linear term in M (s)
due to the Omnes function — this is important information
which we wish to make use of in our fits.

4.4.2 Matching equations at O(p®)

Decomposition of the NNLO form factors  In the follow-
ing, we describe the decomposition of the two-loop result
such that the matching can be performed at NNLO. Since
the NNLO chiral result has a different asymptotic behaviour
than the NLO result and our numerical dispersive represen-
tation, we have to use the representation (69), which uses a
different gauge and more subtractions than (68).
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The imaginary parts of the K4 partial waves at NNLO
could again be reconstructed using the unitarity relations,

e.g.

Im fNEO (5) = ——0x ()t 10 () [O0)

1
20+ 1327

+ Ao O 6) + 1] F o ) AN (5)). (142)
However, instead of proceeding as for NLO, it is more
straightforward to decompose the two-loop result directly
into functions of one variable, then to impose the gauge con-
dition and extract the Taylor coefficients of the functions of
one variable.

The two-loop result for the form factors F and G was
computed in [11]. We have the full expressions in form of a
C+-+program at hand.* It has the following structure:

XNNEO (5. ¢, u) = XEO + XNEO(s, 1, u) + XRO(s, 1, u)
+XNNEO (s, 1, ) + XTNLO(s, 1, u) + XRNO(s, 1, u)

+XNNLO(S t M)+XNNLO(S t M)—i—XNNLO(S,t,u),
(143)

where X € {F, G} and the different parts denote the follow-
ing:

e X IZILO: NLO polynomial containing the LECs L?,
o XRO: NLO loops,

e X ENLO: NNLO polynomial containing the LECs C7,

XNNLO: NNLO part containing L} x L! and L! x loop,

X I;INLO: NNLO two-loop part without vertex integrals,
X I‘\,H;H‘O: NNLO vertex integrals in the s-channel,
X I\\,@Lo: NNLO vertex integrals in the 7-channel,

X I‘}IELO: NNLO vertex integrals in the u-channel.

In Appendix E.2.1, we perform the explicit decomposi-
tion of the two-loop result into functions of one Mandelstam
variable according to (67) and (69) and evaluate numerically
the subtraction constants.

NNLO form factors in the Omnes representation  As we
already pointed out for the NLO matching, it is desirable to
use the Omnes representation rather than the standard dis-
persion relation for the matching and the determination of
the LECs. Let us therefore derive the matching equations at
NNLO in the Omnes scheme.

4 We thank Johan Bijnens and Ilaria Jemos for providing the C++
implementation of the NNLO expressions.
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We have to use the second gauge for the decomposition of
the NNLO representation (69). As a starting point, let us find
the NLO Omnes subtraction constants in the second gauge.
In the first gauge, we found RNLO RNLO = 0, hence

M4 _ -
ito = 753 (MR + MD B (0) = 2B} (0)),
R R
anto = bnio = 0.

(144)

The gauge transformation (74) is then defined by

4
Crgo = M Lk
2 A4

V2F} 3277 A%,

2

ami M Mk

(M + M) (Mg — SMg Mz + M)~ K77 “(M%

3 AKJT

Ry R[
ANLO - BNLO =0.

(145)

AtNLO, the shifts in the subtraction constants (C.5) are there-
fore given by

¥ — AkzA 23
M 0 KnBdn R 0 ~R
5“Nfo = TCNE@ SbNLO CNﬁo’
K
301/114L00 = Cﬁfo’ ‘Sd%fo =0,
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M 0 R
5“NL10 =- CN%O’
K
M R M
3b\to =2Cnjos denio =0,
¥2 — Agz A 2y
M 0 KrBdmr R, M 0
Santo = _TCNEO’ Sbyio = e CNLO’
K K
M R M
dento = —Cntor Sdnio =0,
3(Agr +2%0) 5
N 7 R R
5bNI(iO = _TCNEO’ 8CNLO = _ZCNEO’
K
Salll - = c"*0 splt = 3k
anLo = 5 ENLoo NLO = 5 “NLO
e = cﬁgo, Safl, =0, Sbul,=0. (146)

When studying now the Omnes representation at NNLO, we
notice that the asymptotic behaviour of the phases at NNLO
is even worse than at NLO, hence we have to subtract the
Omnes function three times:

<s o0 8(s") ,)
Q(s) = exp —/ ——ds
TSy (8 —s5—i€)s’
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My Mg 1 Js (s'—s—i€)s”

(147)

o and o are both divergent if evaluated in xPT at NNLO,
hence we will use the physical phases to determine them.

In the case of the NLO matching, we have derived the
relation between the standard and the Omnes subtraction con-
stants (141) by comparing the Taylor coefficients of the chi-
rally expanded Omnes representation with the Taylor coeffi-
cients of the standard dispersive representation. Althoughitis
instructive to understand the chiral expansion of the Omnes
representation, a shortcut can be taken. Note that the chi-
ral expansion and the Taylor expansion are interchangeable.
Therefore, we easily obtain the relations between the stan-
dard subtraction constants mg, ... and the Omnes subtraction
constants a™, ... by chirally expanding the Taylor coeffi-
cients of the Omnes representation (C.1) and comparing it
with the Taylor coefficients of (69).

This leads to the following relations between the relevant
subtraction constants:

0, NNLO MO
m

0 ANNLO?
y LNNLO
m = bNNLO + wOaNLO’
2,NNLO Mo 1 02 My
m = cxnLoH@0ba o+ 5%0 4Lo +ago®)+h.o..
ONNLO _ M,
ny = ANNLO?
1,NNLO
my’ bNNLO + wlaNLO’
ONNLO _ oM
ANNLO?
;i |.NNLO
my = bNNLO + wlaNLO’
~2NNLO _ M M 1 2 M1
my = cxnLo + @1bgo + 5@1 dLo +aNLOw1 +h.o.,
ILNNLO _ , Np
ny = b\NLo:
L2NNLO _ N 1/2, No
ny = cnnLo T @0 bnios

O.NNLO _ Ny
n ANNLO>

~1,NNLO __ le
ny NNLO*

(148)
The NNLO chiral expansion of the full Omnes representation
can be found in Appendix E.2.2 and leads to the same result. It
can be used to identify all the imaginary parts and to connect

the different dispersive integrals with the discontinuities of
the loop diagrams.

5 Results

In this chapter, we discuss the results for the low-energy con-
stants that we determine by fitting the dispersive representa-
tion to data and matching it to x PT. In order to understand
the differences between the results at NLO and NNLO and
the source of complications that appear at NNLO, it is useful
to study in a first step the results of direct y PT fits. We per-
form direct fits at NLO and NNLO and compare our results
with the literature before using the whole machinery of the
dispersive framework matched to x PT at NLO and finally at
NNLO.

5.1 Comparison of direct x PT fits

The most recent fits to K4 data performed in the literature
are [45]. There a global fit is performed, taking into account
the threshold expansion parameters of the Ky4 form factor
measurement of NA48/2 [9]:

F=fi+fiq®+
f; = 5.705 £ 0.035,
G=gp+8q°+-.
gp = 4.952£0.086, g, =0.508 +0.122,

fi =0.867 £ 0.050

(149)

where ¢> — 1. In [45], the above quantities are fitted

4M2
with the form factors at cos @ = 0 instead of the first partial
wave. In addition to the K4 form factor data, the global fit of
[45] uses many other inputs, like data on the different decay
constants and masses, - and K-scattering parameters,
quark mass ratios etc.

We compare now different strategies for direct fits with
the results of [45]. We use only K4 data for our fits and
therefore are only sensitive to the LECs L', L} and L% [12].
The other LECs are taken as a fixed input.

5.1.1 Direct fits at O(p*)

Fits of threshold parameters  In order to make the connec-
tion to [45], we first perform a direct NLO fit to the NA48/2
threshold parameters in (149). Using cos 6 = 0, i.e. the first
Taylor coefficient of an expansion in z = cos 6, and the LEC
inputs L), = 0 and the fitted value for L% of [45], we repro-
duce almost exactly the result of [45] for L', L}, and L%; see
the second and third column in Table 2. If we use instead
the partial-wave projection (55), the fit results for L' and L/
change a bit, as shown in the fourth column of Table 2. The
last column uses lattice results [46,47] for the input LECs.
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Table2 Comparison of direct NLO fits to the NA48/2 threshold param-
eters [9]. The renormalisation scale is © = 770 MeV. The last column
uses the lattice determination of [46,47] for the input LECs. The uncer-
tainties are purely statistical

Ref. [45] Taylor PWE PWE
103- L, 0.98(09) 0.99 (09) 1.15 (09) 1.17 (09)
103- L5 1.56(09) 1.57 (09) 1.48 (08) 1.50 (08)
103- L5  —382(30) -3.83(30) —3.82(30) —3.87(30)
10°-L, =0 =0 =0 =0.04
103 L5 1.23(06) =123 =1.23 =0.84
x2 16 0.3 0.3 0.3
dof 5 1 1 1
x%/dof 32 0.3 0.3 0.3

Table 3 Comparison of direct NLO fits to the NA48/2 and E865 form
factor measurements. The renormalisation scale is 4 = 770 MeV. For
L} and L, we use lattice input [46,47], for Lg the determination of
[48]. The uncertainties are purely statistical

NA48/2 NA48/2,j56  NA48/2 and  NA48/2 and

E865 E865, js6

103 L7 0.69(03)  0.71(04) 0.62 (03) 0.64 (04)

10 L 1.88(07)  1.80(08) 1.79 (06) 1.70 (06)

103 L  —3.89(13) -393(14)  -3.62(11)  —3.60(12)

10°- L, =0.04 =0.04 =0.04 =0.04

10°- L =084 =0.84 =0.84 =0.84

103 Ly =593 =593 =593 =5.93

x? 159.4 67.5 199.9 117.1

dof 27 27 39 39

x%/dof 59 2.5 5.1 3.0

Fits of the complete form factor data  In a next step, we
no longer fit the threshold expansion parameters (149) of the
form factors, but the form factor data of NA48/2 [6,9] and
E865 [7,8], discussed in Sect. 4.1. The second column of
Table 3 shows the result of the NLO fit to the one-dimensional
NA48/2 data without isospin corrections (but with the cor-
rected normalisation of Fj to account for the sg-dependence).
In the third column, isospin corrections are applied to the
fitted data (Table 10). The fourth and fifth column show the
results of a combined fit to NA48/2 and E865 data (Table 11).
The smaller x? value in the fits to the data with isospin-
breaking corrections is due to the fact that the isospin cor-
rections introduce an additional uncertainty in the data.
Figure 12 shows a comparison of the NA48/2 threshold
parameter fit of [45] with the result of the fit to the whole
form factor data set (fourth column of Table 3). It helps one
to understand the difference between the fitted LECs in the
two procedures: in the fit to the threshold parameters, the
curvature of the form factor is neglected. Since the NLO
chiral representation cannot reproduce the curvature, the data
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NLO fit of Ref. [45] -

5.6 Fit to NA48/2 and E865
NA48/2 data +——e——
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‘
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54

Fig. 12 Comparison of different fits for the S-wave of the form factor
F: NA438/2 threshold parameter fit of [45] and a fit to the full data set.
The (s, s¢)-phase space is projected on the s-axis. No isospin corrections
are applied

points at higher energies reduce the slope in a fit to the whole
data set.

5.1.2 Direct fits at O(p®)

xPT at NNLO suffers from the problem that many new low-
energy constants C; appear in the O( p%) Lagrangian. In K4,
in total 24 linearly independent combinations of the C| enter
in the NNLO chiral representation of the form factors F
and G. A fit of so many parameters seems out of question.
We would rather like to use some input values for the C;.
Unfortunately, only very few of the NNLO LECs are known
reliably. We could either use determinations of the C] with
models like the chiral quark model [49], a resonance esti-
mate [11,50] or the educated guess of [45]. These different
estimates, however, do not lead to compatible results [45].

In Table 4, we display the results of our direct xPT fits
at NNLO in comparison with the results of [45]. In con-
trast to [45], we do not use the threshold parameters but the
whole form factor data sets of NA48/2 and E865 corrected by
isospin-breaking effects [33]. It turns out that even at NNLO,
xPT has trouble to reproduce the curvature of the F data.
We also note that the results for the fitted LECs at NNLO
differ quite significantly from the results at NLO.

5.2 Matching the dispersion relation to x PT

With the direct x PT fits, we have seen a number of problems:
First, at NLO and even at NNLO, the energy dependence of
the F; form factor is not very well described. Second, at
O(p"), the appearance of quite a large number of additional
LECs reduces the predictive power of y PT. Some input val-
ues for the Cl.’ have to be assumed, as a fit of K4 data alone
cannot determine all these LECs.
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Table 4 Direct NNLO fits for different choices of the C;. The results
of the fits of [45] are shown for comparison. The renormalisation scale
is w = 770 MeV. Our results are fits to the entire form factor data

including isospin corrections. The uncertainties are purely statistical.
The NLO input LECs L}, L%, Ly and Ly are lattice determinations
[46,47], L is the BE14 value [45] and Ly is taken from [48]

Ref. [45] Ref. [45] NA48/2 NA48/2 & E865 NA48/2 NA48/2 & E865
cr =0 BE14 =0 =0 BE14 BE14

103 - L} 0.67 (06) 0.53 (06) 0.34(03) 0.28 (02) 0.33(03) 0.27 (02)
103 - L} 0.17 (04) 0.81 (04) 0.42 (06) 0.35 (05) 0.95 (06) 0.89 (05)
103 - L} —1.76 (21) —3.07 (20) —1.54 (14) —1.25(11) —3.06 (14) —2.80(11)
103 L} 0.73 (10) =03 =0.04 =0.04 =0.04 =0.04

103 - L% 0.65 (05) 1.01 (06) =0.84 =0.84 =0.84 =0.84

103 L, 0.25 (09) 0.14 (05) =0.07 =0.07 =0.07 =0.07

103 L —0.17 (06) —0.34 (09) =-0.34 =-034 =-0.34 =-034
10 - L, 0.22 (08) 0.47 (10) =0.36 =0.36 =0.36 =0.36

103 . Ly =5.93 =5.93 =5.93 =5.93

%2 26 1.0 81.3 128.7 52.5 91.2

dof 9 27 39 27 39

x2/dof 29 3.0 33 1.9 2.3

We now turn to the results using the dispersive representa-
tion as an intermediate step in the determination of the LECs:
we fit the Ky4 form factor data with the dispersion relation.
The matching to x PT relates the subtraction constants of the
dispersion relation to the LECs. As the dispersion relation
provides a resummation of final-state rescattering effects, we
trust that we will obtain a better description of the energy
dependence of the form factors. However, it is clear that the
matching of the dispersion relation to NNLO xPT will not
be free of the problem related to the large number of LECs.
We will alleviate the situation by including additional con-
straints on the chiral convergence in the fit. This will enable
us to fit partially the contribution of the NNLO LECs to the
subtraction constants.

5.2.1 Matching at O(p*)

Our numerical solution of the dispersion relation (85) is
parameterised by nine subtraction constants, which in fact
are functions of s,. If we use the matching at NLO to provide
a chiral representation of the subtraction constants, we see

that a%ﬁ’o and a%ﬂ'o are linear in sy, while the other subtrac-
tion constants do not depend on s,. We therefore introduce
this sy-dependence according to (118) and have to determine
in total 11 parameters.

We fit our dispersive representation to the data of both
experiments, shown in Appendix D. In the case of NA48/2,
the use of the two-dimensional instead of the one-dimensional
data set has basically no effect on the determination of the
LECs L7, L} and L’ but gives us the option to fit the s,-
dependence and therefore to determine also Lg. In order to
test the influence of the isospin-breaking corrections, we also
perform fits to the data without isospin corrections.

An unconstrained fit with the 11 subtraction parameters
leads to a low relative x 2 of 0.77 (with 94 degrees of freedom,
dof) for the NA48/2 data alone or 0.74 (106 dof) for the com-
bined data set of NA48/2 and E865. However, the soft-pion
theorems in such a fit are not well reproduced. Therefore, we
chose to use the soft-pion theorems as constraints in the fit:
the first soft-pion theorem (112) with a tolerance of 2 % and
the second soft-pion theorem (113) of 5 %. These numbers
are inspired by the typical NNLO deviation. In these fits the
relative 2 slightly increases to 0.79 (96 dof) for the NA48/2
fitand 0.77 (108 dof) for the combined fit. This shows that in
afitwith all 11 parameters, the soft-pion theorems are not ful-
filled automatically but are not a strong additional constraint.

In an unconstrained fit, the result for the subtraction con-
stants turns out to be rather unstable: the statistical uncertain-
ties are large and some of the subtraction constants change
drastically if the E865 data is included. We consider these fits
of little interest and fix to an a priori value those subtraction
constants that have the largest statistical uncertainty: these
are the subtraction constants of highest order in each func-
tion and the one parametrising the s¢-dependence in G, i.e.

cMo pMi M1 gnd a{w] . We fix these subtraction constants to
the NLO chiral prediction in the matching (141): while ¢*0,

bM1 and ¢! are purely numerical, a;"" depends on L), and
Lg. We take those two LECs as input and iterate the fit after
the matching to reach self-consistency for L5 (and Ly if this
LEC is determined in the matching as well).

Seven subtraction constants ag/[ 0 a{”‘), pMo oM aé‘/[ T

M1 and b0 remain to be fitted to the data. In the matching
equations (i.e. 141 together with Appendix E.1), the LECs
LY, L5, L% and Ly are overdetermined. Hence, we have to use
asecond x 2 minimisation to fix these LECs. As an alternative
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Table 5 Fit results for the dispersion relation matched to x PT at NLO. The renormalisation scale is i = 770 MeV

NA48/2 NA48/2 and E865 NA48/2 NA48/2 and E865 NA48/2 NA48/2 and E865
Isospin corr. X X 4 v 4 v
OSPT1 - - - - 2 % 2 %
OSPT2 — - — - 5 % 5%
103 - L 0.52 (02) (05) 0.48 (02) (05) 0.54 (02) (05) 0.50 (02) (05) 0.54 (02) (05) 0.50 (02) (05)
103 . L) 1.00 (05) (07) 0.94 (04) (07) 0.94 (05) (07) 0.88 (05) (07) 0.94 (05) (07) 0.88 (05) (07)
103 - L} —3.03(11) (07) —2.83(09) (07) —2.99(11) (07) —2.79 (10) (07) —2.99(11) (07) —2.80(10) (07)
103 - Ly 4.70 (40) (63) 4.64 (39) (61) 4.51 (43) (63) 4.44 (43) (61) 4.52 (43) (63) 4.45 (43) (61)
x2 100.9 133.3 86.1 116.8 98.0 128.8
dof 101 113 101 113 103 115
x2/dof 1.0 12 0.9 1.0 1.0 1.1

to this two-step procedure (first fit to the data, then matching
to x PT), we can directly use the NLO chiral representation of
the subtraction constants and perform the fit of the dispersive
representation to the data with the LECs as fitting parameters.
As expected, these two strategies lead to almost identical
numerical results for the LECs.

In Table 5, we show the results of the fits of the dispersion
relation matched to NLO x PT. For the input LECs, we use
lattice results [46,47]:

10° - L, = 0.04(14),

10° - LL = 0.84(38). (150)

The x? and degrees of freedom correspond to the strategy
of using the LECs as fitting parameters. If we use the two-step
fitting/matching strategy instead, the x2/dof of the fit of the
subtraction constants to the data is good: around 0.8 for the
fit to NA48/2 and around 1.0 for the fit to both experiments.
At the same time, the relative X2 /dof of the matching is bad
(between 2.9 and 6.1). This is not surprising because the sum
of the total x?2 of the two steps is approximately equal to the
total x 2 in the one-step procedure, while the dof in the second
step are drastically reduced.

The first bracket indicates the statistical uncertainty due
to the fitted data. The second bracket gives the systematic
uncertainty. In Sect. 5.3, we will discuss in more detail the
different sources of uncertainty.

The fit results for Ly are not in agreement with the deter-
mination of [48],

10° - L = 5.93(43). (151)

Note that the influence of Lg on L7, L}, and L% is minimal:
if Ly is fixed to (151), we find 103 . L7 = 0.51(02)(06),
103 L5 = 0.89(05)(07) and 103 Ly = —2.82(10)(07).
While the final results for the LECs do not differ signif-
icantly in the one-step and two-step strategies, a difference
can be observed concerning the soft-pion theorems. If we
use the two-step matching strategy, the soft-pion theorems
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are not automatically satisfied, but if they are imposed as a
fitting constraint, they can be perfectly satisfied with only a
slight increase of the x2. In contrast, in the one-step strat-
egy, where the subtraction constants have to fulfil the chiral
constraints, the accuracy of the soft-pion theorems lies at ~4
and ~10 %, respectively. This does not change with the soft-
pion constraints added to the fit, which only increases the x Za
bit.

The influence of the isospin-breaking corrections of [33]
is about the size of the statistical uncertainty in the case of
L and L%, while LY is less sensitive to the isospin effects.

A plot of the data points indicates that the two experiments
NA48/2 and E865 are in agreement, which is confirmed by
the fit results. We find it worthwhile to stress that this is only
the case if the normalisation of the F data points of NA48/2
is determined including the s,-dependence (for the values in
the 10 published bins, this requires the normalisation to be
increased by 0.77 %). If the published values are used, which
are normalised neglecting the s,-dependence, a quite strong
tension between the two experiments is observed, resulting
in higher x2 values for combined fits.

We note that the 2 in the dispersive treatment is clearly
improved compared to the direct fit with xPT at NLO: in
a fit to the one-dimensional data in Appendix D, the x2 of
a dispersive fit is 1.2 instead of 2.5 for the direct chiral fit
(both with 27 dof). This is illustrated in Fig. 13: in contrast
to a pure chiral treatment, the dispersion relation allows to
describe the curvature of the S-wave of the form factor F'. We
interpret this as the result of the resummation of final-state
rescattering effects. Figure 14 shows the fitted P-waves of F'
and G.

5.2.2 Matching at O(p®)

We have seen that when using one-loop xPT, the dispersive
treatment clearly exhibits its powers, and the advantage over
a pure chiral treatment is evident: the dispersive representa-
tion is able to describe the energy dependence of the form
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Fig. 13 Fit result for the S-wave of the form factor F'. The dispersive
description reproduces beautifully the curvature of the form factor. The
(s, s¢)-phase space is projected on the s-axis, the plotted lines corre-
spond to splines through the (s, s¢)-values of the two data sets

factors, hence the x 2 of the fit to the whole form factor data is
much better. Due to the resummation of final-state rescatter-
ing effects, we expect the dispersive representation to capture
the most important higher-order contributions and to render
the determination of the LECs more robust.

In combination with two-loop x PT, the treatment becomes
more difficult. The matching equations at NNLO relate the
subtraction constants to chiral expressions that contain the
O(p®) LECs C 7. The largest obstacle in a chiral treatment at
NNLO is the large number of poorly known C;. In the dis-
persive treatment with NNLO matching, the same problem
occurs. It turns out that the determination of the NLO LECs
is still strongly affected by the choice of the C7, a situation
known from direct x PT fits [45,50].

In order to alleviate this problem, we note that not all
choices of the input C; lead to a good convergence of the
chiral expansion. In our dispersion relation, there appear nine
subtraction constants, which are gauge-dependent quantities.

P-wave of F

-0.5

I:*],(s, s¢)

o
—e—

Dispersive fit to NA48/2 and E865
NA48/2 data +—e—

25 i i i i i

0.08 0.09 0.1 0.11 0.12 0.13 0.14 0.15
s/ GeV?

Since the gauge transformation (74) is described by three
parameters, we can find six gauge-invariant linear combina-
tions of subtraction constants. For these linear combinations,
we require a good chiral convergence. We obtain this by mod-
ifying the fitting procedure as follows.

e We introduce nine additional fitting parameters, corre-
sponding to the contribution of the C; to the subtraction
constants.

e We add to the x> nine observations of these parameters
corresponding to the input values of the C] with a 50 %
tolerance for the linear combinations of the C7.

e We add to the 2 six observations of the total O(p®) cor-
rection to the gauge-invariant linear combinations of sub-
traction constants. The observation is zero 5.6 % of the
O(p*) contribution (5.6 % corresponds to M%/(4n F)?).

With this setup, we are able to perform the NNLO matching
with a reduced dependence on the input values of the C}. In
Table 6, we present the matching results at NNLO, using the
‘preferred values’ of [45] as input for the C;.

The fit results with L{ taken as input are shown in the
second and third column of Table 6. Here, the corrections
from NLO to NNLO matching for all three LECs are smaller
than the corrections between NLO and NNLO observed in
direct xPT fits. The larger uncertainties with respect to the
NLO matching are explained by the additional fitting param-
eters for the C! contribution to the subtraction constants. If
we take as input for the C] the resonance estimate of [50],
we obtain {L}, L5, L5} = {0.65,0.26, —1.79} - 1073, With
the C7 input taken from the chiral quark model [49], we find
{L, L5, Lg} = {0.49,0.65, —2.44} - 1073, We prefer the
BE14 input values for the Ci’ , because they lead to the best
chiral convergence and the best x 2 of the fit.

The fit results change quite drastically if we include Lg in
the fit. These fit results are shown in the fourth and fifth

P-wave of G

Gp(s,sp)
et

Dispersive fit to NA48/2 and E865
46 Projection of the (s, s¢)-phase space
NA48/2 data +—e—

E865 data +—=a—

44 I I I I I
0.08 0.09 0.1 0.11 0.12 0.13 0.14 0.15

5/GeV2

Fig. 14 Fit results for the P-waves of the form factors F and G. The (s, s¢)-phase space is again projected on the s-axis
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Table 6 Fit results for the

dispersion relation matched to NA48/2 NA48/2 and E865 NA48/2 NA48/2 and E865
xPT at NNLO. The .
- normalisation scale is 103 L" 0.82 (16) (09) 0.69 (16) (08) 0.93 (17) (04) 0.78 (17) (03)
[t = 770 MeV. As in Table 4, 103 1} 0.71 (10) (10) 0.63 (09) (10) 1.11(17) (08) 0.97 (17) (08)
we USZ latrti[C:;I;I;l]lt for L’hLE, 10° - 1] —3.10 (40) (27) —2.63(39) (24) —3.96 (49) (14) —3.38(48) (10)
Ly and Lg 471, L7 is the 3 . _
BE14 value [45] and the input 103 1 =5.93 =5.93 8.36 (87) (48) 8.05 (86) (39)
value for Ly is taken from [48] x> 91.8 123.9 83.1 115.3

dof 110 122 109 121

%2 /dof 0.8 1.0 0.8 1.0

Table 7 Matching results for the LECs at NLO and NNLO. The scale
is u =770 MeV

NLO NNLO
10% - L (1) 0.51 (02) (06) 0.69 (16) (08)
103 - L5 () 0.89 (05) (07) 0.63 (09) (10)
10% - L (1) —2.82(10) (07) —2.63(39) (24)

Table 8 Statistical and systematic correlations of the fitted LECs at
NLO

Statistical L) LY Systematic L Ly
correlation correlation

L} 049 -0.72 L} —-0.69 —0.31
L, -0.95 L} —0.29

column of Table 6. In the matching equations at NNLO,
a stronger correlation between Lg and the other LECs is
introduced due to their appearance in the s;-dependence. At
present, alternative determinations of Lg are clearly more
reliable than this one, and we therefore prefer here the fits
with Lg taken as input. However, if the s¢-dependence of the
form factors will be measured in forthcoming experiments
with even higher statistics, this could provide a new reliable
way to determine Lg,.

5.3 Error analysis

In the following, we analyse the different sources of uncer-
tainties in the determination of the LECs using the NLO and
NNLO matching. In table 7 we give once more the NLO and
NNLO values for the LECs, obtained from the combined fits
to the NA48/2 and E865 data, where Lg is taken as a fixed
input [48].

The first error indicates the statistical one, i.e. the error
calculated in the linear fit of the parameters. This error is
due to the uncertainty of the fitted data including isospin
corrections. In the case of NNLO matching, it includes also
the uncertainty introduced with the 50 % tolerance of the C;
contribution to the subtraction constants. The second error is
due to the systematics of our approach. The corresponding
statistical and systematic correlations are shown in Tables 8
and 9.
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Table 9 Statistical and systematic correlations of the fitted LECs at

NNLO

Statistical L Ly Systematic L LY
correlation correlation

L} 0.31 -032 Lj 0.23 —-0.83
L) -0.84 L) —0.70

Figures 15, 16 and 17 show bar charts of the uncertain-
ties of the LECs. The fractional uncertainties are summed in
squares and determined as follows:

e The uncertainty due to the Ky4 form factor data is the
statistical uncertainty of a fit where no isospin corrections
are included and the C; contributions are fixed to the
fitted values.

e The uncertainty due to isospin corrections is the differ-
ence in squares of the statistical uncertainties of fits to
data with and without isospin corrections, again with the
C; contributions fixed to the fitted values.

e The uncertainty due to the C; is the difference in squares
of the statistical uncertainties of fits to isospin corrected
data with the C] contributions either fitted or fixed to the
fitted values.

e For the 7 phases [28,29], we vary all the 28 parameters
and sum the variations of the LECs in squares. In the bar
charts, this is the uncertainty labelled by ‘m phases, low
energy’.

e The next fractional uncertainty is due to the high-energy
behaviour of the 7 phases. We sum in squares the dif-
ferences between the high-energy solutions explained in
Sect. 3.2.1.

e The K phases are simply varied between the centre and
upper/lower limit of the error bands. This influence is
labelled as ‘K phases, low energy’.

e The uncertainty due to the high-energy behaviour of the
K 7 phases is estimated with the two solutions for each
of the K phases as explained in Sect. 3.2.2.

e The input LECs are varied by their uncertainties given in
(150) and (151).

e We have checked that the numerical uncertainties due to
the discretisation, interpolation and numerical integration
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Fig. 17 Contributions to the uncertainty of L% in the O( p*) and O(p®) matching in units of 107>

@ Springer



172 Page 40 of 65

Eur. Phys. J. C (2015) 75:172

of the functions as well as the iteration procedure are
completely negligible.

We note that at NLO, the largest contribution to the sys-
tematic errors comes from the high-energy behaviour of the
phase shifts, either from the 777 phases in the case of L and
L’ or the K7 phases in the case of L. The uncertainties due
to the low-energy parameterisation of the phases are small.
The uncertainty due to the input LEC Ly is very small as well.

At NNLO, the high-energy behaviour of the phases is
again a large contribution to the uncertainty. L; has now
a large impact on the uncertainty of L. The additional LECs

6> L5 and Lg have almost no influence on the uncertainty.
The largest uncertainty is due to the fitted contribution of the
C/7, which is part of the statistical uncertainty.

6 Conclusion and outlook

We have presented a new dispersive treatment of K4 decays,
which provides a very accurate description of the hadronic
form factors F and G. The dispersion relation is valid up
to and including O(p®) in the chiral counting. Further-
more, it provides a resummation of final-state 7- and K-
rescattering effects, which we believe to be the most impor-
tant contribution beyond O(p®).

Our dispersion relation for Ky4 is written in the form of
an Omnes representation. It consists of a set of coupled inte-
gral equations. We have solved this system numerically with
an iterative procedure. The solutions are parameterised by
subtraction constants, which we have determined in a fit to
the data and by using the soft-pion theorem as well as chiral
input. In contrast to a pure chiral description, the dispersion
relation describes perfectly the experimentally observed cur-
vature of the S-wave of the form factor F, which we interpret
as a result of significant 7 7w -rescattering effects. This is yet
another case in which high-precision data clearly call for
effects which go even beyond NNLO in xPT. These effects
only concern the momentum dependence of the form factors:
we see no sign that quark mass dependence beyond NNLO
is required by data.

By using the matching equations to x PT we have extracted
the values of the low-energy constants L}, L}, and L%. The
correction from NLO to NNLO, when matching the chiral
and dispersive representations and fitting the latter to the
data are smaller than the corrections from NLO to NNLO
observed in direct xPT fits. Constraints on the chiral con-
vergence of the subtraction constants allow us to reduce the
dependence on the input values for the C} . Still, the poorly
known values of the C! are responsible for the larger uncer-
tainties in the matching at NNLO.

Our results for the LECs obtained by matching xPT at
NLO are:
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1 =0.51(06)- 1073, L5 =0.89(09) - 1073,

L= —-2.82(12)- 1073, (152)
whereas the matching at NNLO gives

1=0.69(18) - 1073, L, =0.63(13) - 1073,

L= —2.63(46) - 1072, (153)

The two-dimensional NA4&/2 data set for the S-wave of F,
which shows both the s- and the s¢-dependence, has allowed
us to extract a value for L{, which is roughly compatible with
previous determinations. In accuracy, however, it cannot yet
compete, as it reflects the low precision in the measurement
of the s,-dependence of F'. The determination of Ly is also
quite strongly dependent on whether the matching is done at
NLO or NNLO.
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A Scalar loop functions

We use the following conventions for the scalar one-loop
functions in n dimensions:

5 _1/ d'g 1
) =5 | Gy i =
1 d" 1
Bo(p*,m},m3) == - 1 :
oS mm) =5 | Gy 1 — Pl + pR =]
(A.1)

These loop functions are UV-divergent. We define the renor-
malised loop functions in the M S scheme:
Ao(m?) = —2m*) + Ag(m*) + O(4 — n),

Bo(p*, m3,m3) = =2 + Bo(p?, m3, m3) + O@4 — n),
(A.2)
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where

/Ln74

~ lon2 (A3

1 1

u denotes the renormalisation scale.
The renormalised loop functions are given by [11]

m? | m?
ny—|,
1672 u?

Ag(m®) = —

2 2
m% In <ﬂ - m%ln (’"—g)
) 1 Iz Iz
Bo(p®, mi, m3) 1672 m3 —m3
(A4)
+ i (=AY (M
—_— —_— —_— n —_—
3272 pr A m3
il (p2 + U)2 A2
P2\ v =) )
where
A= m% - m%,
Y i=mi +m3, (A.5)

V= kl/z(s,m%,m%).

The renormalised two-point function fulfils a once-
subtracted dispersion relation:

Bo(s, m3, m3) = Bo(0, m3, m3)

n R ImBy (s, ml, 2)
(mi+my)? (8" —s —i€)s’ ’
(A.6)
where the imaginary part is given by
- 1 A2 s,mz,m2
ImBo(s, m7, m3) = L AT, mi, mp) (A.7)

167 S

and the value at s = 0 is

B O,m2,m2 = —
00,1, M) =~ {672 m —m

The first and second derivative at s = 0 are

m2
A272m%m% ln<—£)
m
_ 2
B (0 mlsmz) 327.[2 A3 ) 5
A(m?—&-l()m%m%—&-mg)—ﬁm%m%)] ln<:—é)

48712 Ad

Bl (0, m?, m3) = .
(A.9)

B Kinematics

For each channel, the partial-wave expansion is performed
in the corresponding rest frame, i.e. in the w7 centre-of-
mass frame for the s-channel and in one of the K7 centre-
of-mass frames for the 7- and wu-channel. Therefore, we
work out explicitly the kinematics in the three different
frames.

B.1 Legendre polynomials and spherical harmonics

For the partial-wave expansions, we make use of several rela-
tions between spherical harmonics and Legendre polynomi-
als.

We use the addition theorem for the spherical harmonics
and the relations between Legendre polynomials or deriva-
tives of Legendre polynomials to spherical harmonics:

/
4
Py(cos6') = ﬁ 3 ¥ ¢, B.D)
m=—|
Py(cosf’) = T Y 00", ¢")  (forany ¢"), (B.2)
. @+ 1)
P/ (cos0")sing” = (—1) T+ 1\ =D
x Y5O, ¢")e'?", (B.3)

where P (@ =g 4 p,(z). The different angles are defined in
Fig. 18.

We can now easily derive the addition theorem for the
Legendre polynomials:

/ dQ" P;(cos ) Py (cos6”)

1
—1 Z Ylm(G,O)Ylm*(Qﬁ,(bH)
m=—I

_ / o Al
21
[ 47
21/+IYZ(/)(0// d)//)

y/”—— o

Fig. 18 Vectors and angles appearing in the addition theorem for spher-
ical harmonics
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I
4
:E "0,0) —— | —
Zl—i-l 21 + 1

m=—I[

x/dQ”Y["*(@”,qﬁ”)Yl(/)(Q”, ¢//)

8,7 8m0
s | AT y009. 0) = 8~ Py(cosd)
= ’ , = ’ COos0),
TariVa+1 a1
(B.4)
as well as the following relation:
/ dQ" Pi(cos 0') P}, (cos 0" sin0"e "¢
- / ag" 0, 0¥ (@, ") (1)
4 @+D
Y, (87,
Vs a—my @9
I
I’ + 1!
=) ¥"0.0) (=D 5 :
21~|—1 2041V (V — 1)
m=—I
X/dQ//Ylm(Qﬁ,¢>”)Yl¥*(9”,qb//)
881
= & —1 6,0
a1y 2l+1 (l—l)' ©.0)
= bw3, Z P/ (cos0) sinf. (B.5)
Since the right-hand side is real, we conclude that
/dQ”P;(cos 6") P} (cos§”) sin6” cos ¢”
81— pl(cos) sind
= | — 1 ,
Ty
/dQ”P;(cos 6") P} (cos6”) sin" sinp” =0 (B.6)

B.2 Kinematics in the s-channel

In the w7 centre-of-mass frame, the four-momenta of the
different particles take the following values:

= (i BR). = (o),

o= (P +aa). o= (e ra-a).
p1 = <‘/MJ% +52, ﬁ) ,» P2 = ( M;% + -)25 _ﬁ> ’ (B7)
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Fig. 19 Vectors and angles in the s-channel centre-of-mass frame

where g; and g> will be the momenta of intermediate pions.
Note that we choose here the decay region (L is positive),
but we could have equally well chosen the scattering region.

Inserting these expressions into s = (k — L)> = (g1 +
)2 = (p1 + p2)? gives the values of k2, G2 and p2.
We choose the directions of the three-vectors according to
Fig. 19, i.e. the angles are defined as 6 := /(—k, 1),
0" == L(p1,q1),0" = L(—k, q1).

We end up with the following explicit expressions for the
four-vectors:

k =<M'2(2+g”, M,
2

=( [§—M2cos0”, /5 — M2sinf" cos”,
/——Mzsine”sinqb”)

( , mcose” —/5 — M2sin6” cos ¢”,

M s1n9”sm¢”)
12 =< ,\/fT—M%cose \/E—Mzsine 0)
( , mcose —/§ — MZsinb, O)

K/z (S) 0, 0>

L

%

|«
|
0o

N
]

~|a o

(B.8)

where Age(s) = )\(M2 ,8¢,5). Note that )L}(/f(s) has a
square root branch cut in the s-plane between (Mg — ﬁ)z
and (M K+./s¢ )2 and changes sign when we continue it ana-
lytically to the scattering region. We will have to pay attention
that we do not introduce this kinematic singularity into the
partial-wave expansion.

In order to express the s-channel scattering angle 6 with
the Mandelstam variables, we calculate:

t—u=(k—p)?— (k- p)?
= k> + p? — 2kpy — k> — p3 + 2kp»

= 2k(p2 — p1)
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=20°(pY — p) — k- (P2 — 1))

1/2
. (8) )
—2./% — M2cosh
0 ;)
4M?
AP (), [1 = —Z cosb
S

— _2X(5)0 (5) cOS 6, (B.9)
hence
p=L_! (B.10)
COS = .
2Xoy’

JT—4MZ/s and X(s) = 12}/7(s) as

where o, (s) =
before.

B.3 Kinematics in the 7-channel

In the t-channel, we are in the K 7w centre-of-mass frame and
look at the 7-channel scattering region:

k= (\/m%) , —P1L= (\/m —/;)
gk = (\/ M +f?12<,§1<> s qr = <\/ M2 + G, —f?K) .
P2 = <\/M% + 53, ﬁz> L= (\/Sz + 53, —ﬁz) (B.11)
Inserting these expressions into ¢ = (k — p1)? = (qx +
qn)? = (pa + L)? gives the values of k2, G2 and j3.

We choose the directions of the three-vectors according to
Fig. 20, i.e. the angles are defined as 6, := /(—k, p2),
0, .= L(k,q4k), 0, == L(—gk. P2).

We find the following results:

t+ME—M2 A0 M)
k = .= cos b, sin6;,0 ],
2.4/t 2.4/t 2«/;

ML —M2—t Al
p1:< K2 T — () 0 ()Sinel,O s

1/2

i g T

Fig. 20 Vectors and angles in the #-channel centre-of-mass frame

r+ M2 M2 2P MZa
1/2
()] 0o
sin 0, sin s
Zﬁ ! o
t— ML+ M2 A a2
q7.[=< 2; ’ 2\[() cos 6y’ 2\2)3"19’”005(»’”’
1/2()
sin@sing! |,
2./t ! ¢t>
(et WEO
P2 = 2\/» B 2\/— s s
t+s—M2 wa
I - + s¢ T ®) 0.0). (B.12)
2.4/t 21

where g (1) := A(M%, M2, t) and hgz () := A(sg, M2, 1).
Again, the square root of the first of these Killén func-
tions has in the 7-plane a branch cut between (Mg — M,,)2
and (Mg + My)2, the second between (M,, — ﬁ)z and
(Mx + 52)°
only in the scattering region t > (Mg + My)?,
cuts are not relevant.

We calculate the 7-channel scattering angle 6, as a function
of the Mandelstam variables:

. Since we need the partial-wave expansion
these branch

s—u=(p1+p)?—k—p)*=pl+p3+2p1m
- Mg +2pak + p1)

1/2(0 )LI/Z([) )
cos b;

— k2 — p3 +2kpy = M2

— s+ M2 My — M3

t
= M,%—M%<+z(

24/t NG VNG
(B.13)
hence
t(s —u)+ AggAur
cosf; = (B.14)
! 1/2(t)kl/2(t)

B.4 Kinematics in the u-channel

The u-channel is completely analogous to the #-channel:

k = (,/M,% + 42, /?) , —p2= (\/M% +i2, —/'é) :
ik = <,/M,2( +a,%,aK>, gn = (\/M,z a2, —aK),
p1 = <\/M,% + P31, ﬁ1>, L= <\/S/z + p3, —ﬁ1> . (B.15)

Inserting these expressions into u = (k — py)> = (CIK +
gn)? = (p1 + L)? gives the values of k2, G2 and j2.
We choose the directions of the three-vectors according to
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Fig. 21 Vectors and angles in the u-channel centre-of-mass frame

Fig. 21, i.e. the angles are defined as 0, := Z(—I;, 1),
0, = L(k,qK), 6, = L(—qk. p1).
The results for the u-channel are then
P (MR M Az 0 080y, iy (1 “) in. 0
N 2/u 2V 2 v
Mlz{ M2 —u 1/2(14) 1/2( )
P2 = .= 0s 6y, sin6,,0 ],
2/u 2f N
U+ M2 — M2 1/2() 1/2() /
qK:( 2:(/1; T o N cos@,;/,f NG sin 6,/ cos ¢,
312
2\/(;) sin 6 sin qb,;’) ,
w— M2+ M2 2w 2w
gr :( NG N cos@!, =K NG sin ), cos ¢y,
512
2\/%) sin 0 sin (b;’) ,
B u—sp+ M2 )»]/2(14) 0.0
p1 = e 2ve o)

2 Al
L:<”+” My ez @) o,o). (B.16)

N N

Let us calculate the u-channel scattering angle 6, as a
function of the Mandelstam variables:

s—t=(p1+p)*—(k—p)?
= p? + p}+2pipr — k> — p? + 2kpy

= M2 —M% +2pi(k+ pz)l/_2 M21/2 M3
u—sp+M2 M%—M?2 () Ay (u)
—|—2( N f +2ﬁ f cos@,,),
(B.17)
hence
—t Agrz A
cosd, = 1 ]/2) + 1/’2“’ tr (B.18)
2 @r ()

@ Springer

C Omnes solution to the dispersion relation
C.1 Solution for n = 3 subtractions

For n = 3 subtractions, the Omnes representation reads
2 3
N S
+ CMO - i + dMO 3
2 M} MS
s Mo(s") sin 83 (s") ,
T 0 3%
T Jsy 1R — s —ie)s’

Mo(s) = Qg(s){ Mo 4 bMOA;

2
Q}(s){aM‘ —f—bM‘% +cM‘s—4
MK MK
s (A M8 singl(s) d}
— )

T S 1R s —ie)s”?

Mi(s) =

M s

1

M2 te M4 Me
K K

st M) sinsl(s) . }
—_— S
o0 1QEE)IG =5 —ie)s?

Mm=Mm{M+WI

l‘2

+cM—
M2 My
A AT No(e') sin 8y (1) dt/}
T o 192G — 1 —ien’?
Q%)

Ni)sing @y

X - 172 drrs
Q7T —

No(t) = W@PM

Ni(t) =

t—ie)t

Mm=i@o

2 A2 S e o1/2,
v, | t Ny (t ) t
x 1M 2 +*/ 1/21( Jsindy () dl/}7
My 7 Jy 197G — 1t —ie)r?

Ro(t) = /(1)

o Ro(t") sin 53> (1)) dﬂ}
T o 1PN — 1 —iey”

Ri(t) = @)

i

z/A Ri(t)sin 52 (1)) dﬂ}
AL
o 1@ — 1 — e

Rty =2
2 A2 RNy sins 2
= ) s () dt’}. (C.1)
T Q)@ —t — i€’

Let us work out how to transform the Omnes representa-
tion (85) into the one with more subtractions (C.1). We start
by subtracting all the dispersive integrals once more, using
the relation

L1y = €2)
s'—s s (s —s)s '

This generates nine additional subtraction constants:
3

2 3
Mo(s) = Qs aMO—i—bMOL—i—cMOS——I—dMO u
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i A2 Mo(s)sm(SO(S) ds ,}
0 1061 —s —ie)s
2

s
M

Mi(s) = Q%(s){aM' + oM —
MZ ME

s [A () sinsl(s) . ,}
- )
0 121N — s —ie)s

Mi(s) = Qs M +bM‘ c
1(s) 1 ¢ ){ M2 M4 M,6<

M, (s')sin 8] (s") d/}
N}
o 12166 —s —ie)s?

l‘2

N
+c OM“

K
+ﬁ AT Ny sin 8> (1) dl,}

o 1Y — 1 —ie)y’?
N0 = 2%

x{a™ + 7/
fo

M) =270

2 A2 G i 81/2

g ot t Ni(t')sind t

A 2+7/ ]/21(> () dt/}’
My 7 Jy 17—t —ie)?

No(t) = ‘/2<t){bN°M

Ny @ty sin 8! () dt,}
12@a —t—iey' )

Ro(1) = @)/ (t)

2 3 pA?
t t

X CR074+*/
My 7 Jy

Ro(t') sin 83 (t") d/}

12 (1) (" —1—ie)’?
Ri(t) = 2% (1)
A B 8320
t Ri(t")siné§ t
><aR‘—|—f[ 3/21()1 L () dt’},
m o Q) -1 —iey
Ri) =)0
pi LN _R@sing ) ) g
X 5 73 ——dr’ (C.3)
My 7 Jy Q@) —t—ie)t

To get rid of the subtraction constants in the R-functions, we
apply a gauge transformation (74). To this end, let us write
the gauge transformation in the Omnes representation:

2

N N
SMo(s) = Q0(s)8aMo + spMo_—_ 4 §cMo ~__
0(s) (){ e e

K K
+8dM0i—|—S4 /AZ 8M0(s’)sin58(s/) d‘,}
M§ o Sy 19961 —s—ie)s* |
+8cM s*
I My
5]l;[1(s/)sin811(s’) ds/}
s 1QIEDIE —s —ie)s

SMy(s) = (s){aa’”' +5bM'Ms

2
SMy(s) = l(s){(SaM‘ +5bM1ML +ocM 2

M4
3 4 A% 1ot
s s 5M s")sin §8; (s
+8dM176+ / l l( ) ( ) - /}
Mg 7 Js Q)" —s—i€)s’

[2
+8cNo— T

M2 ML

2 oS .

+ﬁ AT 5N () sin 8% (1) dt,}

Ty 19y @Ha 1 —ien’

SNi(1) = @) ()

SNo(7) = Q'/z(t){ spMo L

8K (') sin8)/* (1)

x18a™ + — 7 d/},
QYA —t —ie)t

SNi() = @) (0)

t 1 SN (ysing) 2 ()
— dr'l,

xJspM
M7 Sy 192 @)@ —1—iex”

SRo(1) = )2 ()

32

2B (A SRy sins) @
xq8eft Tt~ / 3/20( o ) dl,},
My 7 Ji QY ()t —t—ie)?
SRy (1) = 2% (1)
3/2
t (A SR sing) " (t
x 5aR1+7/ 3/21( ) 1 ( ) dl/},
Ty Q2@ 1 —ie)

SRi(1) = 2% (1)

x{spRi

t +z2 /“ SRy (1) sin 8% (t") d[/}
My xSy QP - |

(C4)

Since the gauge transformation is a polynomial and has no
discontinuity, the changes in the hat functions are given by
SMQ = —8M etc., which ensures that the partial waves are
unchanged. The shifts in the subtraction constants are most
easily found by comparing the Taylor expansion of (C.4) with
(74):

Ak A
saM = (24R1 — pRi 4 2CRO)#,
2M%
22— AkzA
spMo = —2AR — BR1+2CR0)<M—+wO#>,
K K
scMo = 4% — BR 1 ooy
2
1 p) 0 3 — AgzA
(2“)81\4g +<%_@8> T h)’
K K
. 0 02
saMo = —@AR — pRi 4 ZCR°)<% - <‘7’8 - a%)
%o AgxA
X — + (wo — 6w)) + 6w0)#>,
M2 12M%
saMi = —(ARI 4 BRI 4 ocR) 20 | ph DK
M12< 2M3
spM = (B +2c ™)
(AR 4 BRI 4 oCRe) 20 phi B )
M2 2M%
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(SCMI =_<(AR1 +BR’51 _l_ch())E_g_BRl AK;T)
M2 2M2
W%Z -1 R R
T_a)l —C()I(B 1+2C 0)
. 52 .
sa™ = (BR1 — 2CR°) 04 QAR 4 R —2cR)
K
% Agz Aoy Bﬁl YoAkx ’
2M 2M3
- s A )
spMt = — [ BRI ZKT 4 (AR g pR Ry =0
2M2 M2
- 22 -
— o} ((BR‘ —2cfy =0 — AR 4 BH
2M%

ek Ak pi EOAK,T) |

2M3 2M3
~ 1 ~
scM = 5(2AR1 + Bt 2Ry

Ax s
+o (BR‘ T (AR 4 BRI 2CR0)—2>
2M2 M2

~ 22 N
x <(BR‘ —2cR) =0 — 2% 4 BR —2ck)
2M%
Agr Aoy R EOAKTL’>
4 4 )
2M% 2M%

2
_ 1 N 1
84t = —Swj@a® + BR —2c) - (le - @{)
Ax ; >
(BRI ap H AT BN 2CR°)—O>
K
143 1-1

— g(a)% — 6wld] + 6w})

@ Springer

- 22 -
x [ (BFt —2cR0) 0 paR 4 gRt oo
(( Eyvrak )

K
Bkxlix | piy EoAKn)
4 4 9
2My 2M%
$b% = (AR _ pRi 4 ok 2BKn + 2%0)
sMz
1 )
8o = §(6ARl — 3Bk _10ck0)
AR _ ghi 4 gty Bk +280)
8M%
1 )
ba’ = —224% +3B% —6C™),
) | )
8N = —L—L(6AR1 +5BR 4 6CRoy,
scfo = cRo safr = ARt spRi = BRI, (C.5)

where w, & and @ are defined by applying subtractions to the
Omnes functions:

o 8 /
Q(s) = exp (i/ #ds’)
Ty ' —s—ie)s
o 8 / o0 8 /
exp <i/ (sz)ds’ + —/ (S3) ds’
T Jso s’ T Jso ¢

3 00 / 4 00 /
1) 1)
TSy 8 T s (5" —s—ie€)s’

s n 52 - 53
=:ex — +O—F + 00—+
P M2 M3 M8
(S /
5 (s) ds/>. (C.6)
so (8 —s— lE)S

In order to obtain the form (C.1), the subtraction constants in
the R-functions can now be removed with the gauge trans-
formation

CR() — —CRO,
AR| — —ClRI,
BR = _pR1 (C.7)
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C.2 Hat functions

In the following, we provide the explicit expressions for the
hat functions that appear in the Omneés solution to the disper-
sion relation.

~ 2 20, PL
Mo(s) = g((NO)tS + 2(Ro)s,) — ({(zNo)y, + 2(ZR0>ts)3—X

352 — 4530 + X2 — 4Akx Agr
6M7
07 (—4PLAKz Mgz + PL(3s? — 4s%g + X3) — 4sX?)
6M4 X

— ((N1)i, +2(R1)s,)

+ ((&N1)y + 2(zR1)s,)

202(PLs + X?) 203PL X
+ (2 N1)yy + 20 R1) 1) =" — (P Ni)y, + 2(2R1) ) — T —

4 4
3My 3IMy
~ ~ 2Akn +3s — 3%
— ((N1), + 2(R1)i) ———
6M2
- - 0,(PLQAgx — s+ Zo) — 6X?) 5 5~ . OXPL
+ ((zN1):. +2(zR — ({z"°Nyp)s. +2(z°R -,
((zN1)s, + 2(zR1)s,) 62 X ((Z°N1)i, +2(z"R1)s,) 302
M2PL M3 3MZPL
9 _ K K 2 2 K
Mi(s) = ((No)s, — (ROM)W + ((zNo)s, — (ZROM)OUX — ((z"No)s, — (z ROM)w
(AAkrApr — 352 +4s%g — 2D PL
+ ((N1)s, — (R1),) SMIZ(XZ
352 +202PLs — 4550 + X2 — 4A g Ay
— ((zN1)s, — (zR1)1,) x 5 0 —=
AMyox X
3PL(3s% — 450+ ¥2) — 12PLAkz Aty  02PL — 2s)
2 2 0 T T P
+ ((z°N1):, — (z°R
({2 N1)s, — ( 1>zs)( S X2 W2
3 3 0x(3sPL +2X?) 4 s 302PL
+ ((z°N1)t, — (7 R1)s, — ((z"N1)r, — (2" Ry)y.
({2 N1}ty — (2" Ri)y,) X2 ((z"N1)iy, — (2" Ra)s,) W2
- - PLQAgr —s+ Zo) - - 3%)—2Akg +02PL—3s
—((N1), — (R Ni)i. — (zR
((N1)i; — (Ri)s,) e + ((zN1); — (zR1)sy) 40, X
. . 3PLQ2Akr —s+ o) 3 - . 3PLoy
2 2 T 3 3
Ni)r. — (2*R —Z )= (N1 — (2R ,
+ ((z"N1)r, — (" R1)1,) ( X2 2) ({27 N1)s, — (27 Ri),) e

Mi(s) = —((No)y, — (Ro}e,) + ((No)s, — (z*Ro)1.)

352 —4sTo+ T2 — 4Ak, Ay soz X
g T+ ((aN1), — (2R ) —

+ ((N1), — (Ri)s)

4My My
352 —4sTo + B2 +402X? — Ak Ay
2 2 0 T b4 T
—({z7N1)y, — (Z7R1)y,) o)
3 3 sox X 4 4 o2X?
— (& Ni)yy = (" Ri)i) —7— + (" Ni)yy — (@ Ri)i) ———
MK MK
- . 2Ak7r — s + Xo ~ ~ oz X
+ Ny, — (R ) — "~ =2 ((zN1)r. — (zR1)1) ——
(N1}, — (R1)s,) e ({(zN1)z, — ( 1>zs)2M%
Y 5 2Akx — 5+ 2o 35 3= oz X
—(®N1), = (PR ) "=+ (N1, — (PRI s
4M2 2M3

(C.8)

(C.9)

(C.10)
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y Akx 1 (O Aer +1) (Akr +1)(Akx Aux +1(Z0 = 30)
NO(”:<M°>*KZ——<ZM0>»++<M1>s, e
! ® 42M2

M2 (O (A g Ot (1) + A (A + 1) + 10t (1) + (S0 = 30 (Agm +1)))
AMEAP (1)
MaOBen+0 oy Bkx =30 o I () (D +1)
42M2 I SRR VIET
512
t—A () (Apy +1)
LZDKT | (oNoby, — 4lzRo),) K 2 T D
ot 612,17 (1)
(Agr — ) (AggAgr +1(t — X0))(Agr AEn + (X3 — 31))
243 My,
2O Ay + D) (AgrAgr +1( — 20))(Agn Agr + 1(Zp — 31))
243 M43, (1)
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— 1) Agx () her (1) n Akr (D) (Dgx + 1) (Agx Ar + t2)>
243 M3 1263M%
1/2

—(zMy),
+ (2 My)s,

+ ((No)u, —4H(Ro)u,)

+ (N1)u, = HR1)u,)

1/2

— ((zN1)u, — 4(ZR1>u,)<

+(Z®N1)y, — 4(Z2R1>u,)<(AKﬂ

W2 ONZ@) (Dew +1)
24:3M§
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— ((N1)u, — 4Ry )u,) YIS
20 Aex 40 Akr Aex =20 +1(Zo—0) | (Akn +30) a2 (z)x”(r))
242M2 0,7 (1) 242 M2
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2412M2

— ({2’ N1)u, — 4<z3R1>u,>

1/2
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() (Agr +1 Y 3ME (App + 1 - 3M% (Agn — 3t
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Riw) =

where
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3(Agw +u) (AknApn +u(u — 20)) (AgzAer +u (X0 — 3u))
16u3hor (1)

_ Ak () (Agr +u) T (Agz —u) (AKnAlrr + u2)
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+ (z*N1)y, + <z2R1>,u>(
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- - 3M% (Apg +u) (—AkrAgr + 2ulgr + u? — Sou) B M% (Agx +3u)
+ (2{(z"Ni)s, + (2 Rl)tu)( 160270 (1) )
3 - 3MZA2 ) (A +
QU R, + (PR MK K ) e ") (C.15)
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8u M
1/2 1/2
2y (w) (Mg Mgz + u?)
2((1 — 72 1 —z%zR
+ 2( = z%)zN1)y, + {1 —27)z 1>t,,) 4M3M§
)"Kﬂ(u))"lf[(u)
— (1 =222 N1)y, + (1 — zz)zle)tu)W
- - Ak (A —2 T —
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Table 10 NA48/2 data [6,9], corrected by additional radiative and
isospin-breaking mass effects [33]. The uncertainties of the isospin cor-
rections (without the higher-order estimate) are added in quadrature to

the systematic error. The fully correlated error of the normalisation
increases from 0.62 to 0.70 %. The normalisation of Fj is increased by
0.77 % to take the dependence on s, into account

J/s/MeV /5e/MeV F; F, G, Gp

286.06 92.61 5.6941 (85) (185) ~0.181 (67) (15) 5.035 (257) (66) 4317 (74) (20)
295.95 92.01 57878 (90) (170) —0.324(62) (34) 5.168 (142) (84) 4.404 (53) (32)
304.88 91.51 5.8410 (89) (171) ~0.209 (60) (33) 4.924 (108) (59) 4.532 (46) (26)
313.48 90.65 5.8905 (91) (171) ~0.156 (58) (32) 4.879 (91) (51) 4.627 (41) (24)
322.02 88.32 5.9275 (90) (166) —0.366 (55) (41) 5.227 (80) (58) 4.692 (38) (29)
330.80 85.59 5.9557 (93) (168) —0.383 (54) (40) 5.265 (73) (56) 4748 (35) (28)
340.17 81.02 5.9915 (92) (166) —0.218(55) (46) 5.036(68) (59) 4762 34) 31)
350.94 76.16 6.0161 (92) (163) —0.302 (54) (35) 5.246 (62) 37) 4.889 (34) (21)
364.57 69.80 6.0351 (91) (162) —0.309 (54) (33) 5.338(57)(31) 5.000 (35) (20)
389.95 58.96 6.1155 (93) (224) —0.264 (59) (35) 5.400 (55) (34) 5.144 (36) (22)

1 1
(Z"X)y, = —/ "X (1(s, 2))dz,
2)

1
(2" X)s, = l/ "X (s(t, 2))dz,
2/
1

1
(2" X )y, = -f "X (u(t, 2))dz,
-1

5 (C.17)

1 1
(" X)s, = —/ "X (s(u, 2))dz,
2J)

1 1
<ZnX>lu = _/ ZnX(t(M, Z))dz’
-1

2

and

1
t(s,z) = 3 (X0 —s —2Xo0,2),

1 1
s(.2) =5 (zo —t+ ;<zx}!§(r>xéf<r) - AKnAEn)> ,

1 1
u(t,2) = > (zo - ;(zA}{f, (1) - AKJ,Am) ,

1 1
sw.2) = 5 (zo —u+ ;(u}{iw)xéf(u) - AKnAzm) :

1 1
H.2) = 5 (zo —u— ;(zﬁ!ﬁ(u)x;ff(u) - Aknmn>> :

(C.18)
We recall the abbreviations
Agn =Mz — M2, Agpg =50 — M2,
Yo = Mg +2M2 + s,
1 1
PL = E(MIZ< —s—us50), X= E)\I/Z(M%(, S, S¢),
AM2
op = [1— . (C.19)

N
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Table 11 E865 data [7,8], corrected by isospin-breaking mass effects
[33]. The uncertainties of the isospin corrections (without the higher-
order estimate) are added in quadrature to the systematic error. The fully
correlated error of the normalisation is 1.2 %

J/s/MeV J/S¢/MeV F Gy

287.6 106.8 5.781 (13) (42) 4702 (39) (40)
299.5 105.7 5.825 (14) (48) 4.693 (62) (37)
311.2 103.8 5.914 (14) (56) 4771 (54) (41)
324.0 101.1 5.974 (16) (62) 4.999 (51) (56)
339.6 96.3 6.097 (17) (63) 5.002 (49) (57)
370.0 84.6 6.151 (20) (41) 5.104 (50) (42)

D Isospin-breaking corrected data input

In this appendix, we list the isospin-corrected data sets on
the K4 form factors that we use for the fits of the dispersion
relation. These are the NA48/2 [6,9] and E865 data sets [7,8],
corrected for isospin-breaking mass effects and (in the case of
NA48/2) the additional radiative effects that were calculated
in [33].

More detailed explanations can be found in Sect. 4.1.

D.1 One-dimensional NA48/2 and E865 data sets

See Tables 10 and 11.

D.2 Two-dimensional NA48/2 data set

For the fits of the dispersion relation to the data, we do not use
the above NA48/2 data set on F consisting of 10 bins, but
the two-dimensional data set, which was recently published
as an addendum to [9]. Here, we list the isospin-corrected
values of F; that we use as input in our fits. The values and
uncertainties, shown in Table 12, are constructed as follows:
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Table 12 Values of F; for the two-dimensional data set of NA48/2 [9] including isospin-breaking corrections [33]. The fully correlated error of

the normalisation of 0.70 % has to be treated separately

F, 1 2 3 4 5 6

1 5.641 (51) (55) 5.628 (30) (35) 5700 (24) (30) 5.687 (22) (28) 5744 21) (27) 5.707 (22) (28)

2 5753 (51) (30) 5.716 (30) (22) 5747 (24) (20) 5.777 (22) (20) 5.807 (22) (20) 5.833 (23) (20)

3 5.785 (52) (33) 5775 (31) (24) 5.831 (25) (21) 5.837 (22) 21) 5.841 (22) (20) 5.875 (23) 21)

4 5.908 (52) (33) 5.809 (31) (23) 5.877 (25) (21) 5.874 (22) (20) 5.910 (22) (20) 5.894 (23) (20)

5 5.910 (52) (24) 5.903 (31) (19) 5.891 (25) (18) 5.909 (22) (18) 5.924 (21) (18) 5.961 (22) (18)

6 5.831 (51) (29) 5.925 (30) (22) 5.912 (24) (20) 5.919 (22) (19) 5971 (21) (19) 6.032 (22) (19)

7 6.031 (50) (25) 5.927 (29) (20) 5.941 (23) (18) 5.970 (21) (18) 6.024 (20) (18) 6.045 (22) (18)

8 6.026 (47) (21) 5.976 (28) (18) 5.990 (22) (17) 6.020 (20) (17) 6.024 (20) (17) 6.067 (23) (17)

9 6.023 (44) (22) 5.987 (26) (18) 6.037 (20) (17) 6.059 (19) (17) 6.044 (20) (17) 6.077 (25) (18)

10 6.163 (38) (67) 6.128 (22) (41) 6.107 (18) (34) 6.120 (18) (34) 6.139 (23) (42) 6.130(45) (79)
7 8 9 10

1 5.703 (25) (30) 5.721 (30) (35) 5.717 (43) (47) 5.709 (82) (86)

2 5.817 (26) 21) 5.828 (31) (23) 5.872 (43) (27) 5.929 (84) (45)

3 5.843 (26) (22) 5.934 (31) (24) 5911 (43) (29) 5.923 (117) (68)

4 5.905 (26) (21) 5.957 (31) (24) 6.111 (50) (32)

5 6.004 (25) (18) 5.942 (33) (20) 6.074 (70) (29)

6 6.025 (26) (20) 6.009 (38) (24)

7 6.042 (28) (20) 6.124 (54) (26)

8 6.086 (33) (19) 6.024 (122) (39)

9 6.058 (54) (25)

With the number of data and Monte Carlo events for each
2D bin [9], we compute the relative values and statistical
uncertainty of the relative values of Fj.

We fix the normalisation by requiring f; = 5.705 in a
parametric fit of the form (111).

Unfortunately, systematic errors are not available for the
2D data set. We guess a systematic error by assuming
that the ratio of systematic and statistical error does not
depend on s;.

We apply isospin corrections due to photonic and mass-
difference effects [33]. The uncertainty from the mass
effects is added in quadrature to the systematic error.

E Matching equations

E.1 Subtraction constants at O(p*) in xPT

In the following expressions for the subtraction constants at
NLO, we have used the Gell-Mann—Okubo (GMO) formula

2
M’?

= (4M% — M2)/3 to simplify the analytic expressions

considerably. This introduces an error only at NNLO. In prac-
tice, we use the physical n mass and not the GMO relation.
We do not show the analytic expressions for this case because
they are much larger. We have

0
My NLO = —ﬁ F
T

Mg 1 2 2 2
<1+F—%<—64L{M,,+16L5(MK + M2)

+ALL (M2 —3M2)+32L M2 +4LE M2 42 LY s,
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3
6412 Ay

3 2
64m2 Ay 7

8 6 172 4 pq4 2 276 8
5 (172MK F1TMG M2 —12M M2 —22M3 ME+TME
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Mg

V2F3
(5)*
—In 3
n
M2
—1In
M2
Mk
V2F}
M%(16613M$ — 2179M§ M2 +29M 7 M2 + 69ME)
204872A%
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n

E.2 Matching at NNLO
E.2.1 Decomposition of the two-loop result

E.2.1.1 NLO contribution =~ We have already decomposed
the NLO contributions. We apply a gauge transformation to
convert the expressions to the second gauge and evaluate the
result numerically:

M

0,NLO K 3yr 3rr
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K
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—5¢(12C} 4 2C} + Clg — 2Cl7 — Chy + Chg — Cho)),
(E.10)

-1,
my’

M 1
1,NNLO K 2 2
ny' e = —\/_ -7 3Mg (—2My

x(3C] —4C} +2C5 + 4Cq
+2C + 8Cy; — 2C1, — 8C13 + 205, +4Ch3)
1
—§M§(16c{ + 8C5 — 18C} +8Cy + 8C}
+8Chy + 16C} — 16C}, — 16C}; + 16C5, + 32C5,
—Cg6 — 2Cq7 + Cgg + Cgg — Cop)

1

—Cgs + Cop))s

M 1
2,NNLO K 4
s T
Mg 1 —3M%
0,NNLO K K
e =ﬂ—FﬁT(16C§+6C5—0g6—2cg7
s T
+Ce9+Cgs—Cop),
M 1
~1,NNLO K 4
T b
+2Cg7—Co9— Cgg+Cop).

Unfortunately, a lot of NNLO LECs enter the polynomial. In
total, there appear 24 linearly independent combinations of
the C;.

If we use the resonance estimate of [50], we obtain the
following values for the NNLO counterterm contribution:

oNNLO _ Mk 0.1546—0.1716-S% 1+0.0316 52
O,reso \/EFT, . . MI2( . M?{ ’
M Ky
1,NNLO K )
My reso = ﬁ—F (0.1747 — 0.0316W) ,
™ K
M
2,NNLO K
mo,reso - ﬁ—F(O(B]O),
T
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M
mONNLO _ K <0.1657 — 0.0316S—‘2> ,
M

1,reso \/EFT[ 2
MRS j;; (—0.0104),

RYNNLO \/A;;, (—0.0900 - 0.0135}%{) ,

m}ﬁ}o _ \/A;;, (—0.1712 - 0.031%&—%) ,

N0 }j; (0.1805).

nyNNEO \/_Aj—;ﬂ (0.1502 - 0.0237&-%) ,

nge© = %’;ﬂ (—0.0233),

)l = fjg—;r(—o.oom),

o = %;ﬂ (0.2707). E.11)

Alternatively, if we use the ‘preferred values’ of the BE14
fit [45] (complemented with Cgg — Cgy = —55 - 107° [48]
and the remaining LECs that appear in the s¢g-dependence
set to zero), we obtain the following values for the NNLO
counterterm contribution:

V2F, v pe

M
miANLO _ K (0.7959 + 0.0986%),

onvio - Mx_ (o 10s 01823 _0.0033-L
m =—[(—0. —0. —F —U. —_— I
0.BE14 3 M? My

V2F;, %
M
2,NNLO K
MRl = e (01709),
s
oxnco _ Mk (65607 40,0296 %
My gE14 _ﬁF 2627 4+ 0. vk
brg K

Mk
m};gg}f:ﬁF (—0.1709) ,
s

ONNLO \/_A;[—;r (0.0356+0.1050;—%+0.oz63;—é> ,
AlANLO _ \/";;n <_o.2942 — 0-0296];_%)

MRty = }j—; (0.1841),

nINNLO \/f‘;;ﬂ (0.3505 + 0.0296;[—%),

Ry BRI = flvzl—;, (0.0099),
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0,NNLO K
n? = K (01282,
1,BE14 \/EFH
M
~1,NNLO K
T

E.2.1.3 Vertex integrals  Let us study in more detail the
contribution of the vertex integrals. They can be decomposed
into functions of one Mandelstam variable according to

FYNO (s, 1, u) = FYNEO (s, s¢) + = FVNLO(S se)

K

+ FNNLO

NNLO (. s 4! FNNLO

NNLO
VT, 1 (t,s0) + Fyy

(u, se),
K

GIJNLO(s,t u) = GY§O(s, s0) + GYT (1, 0)

5

+ M2 GOt se) + GYRFO (u, s0).

(E.13)

FNNLO GNNLO In

The u-channel vertex integrals fulfil
the following, we treat them numerlcally The contrlbutlon
to Ry is obtained by subtracting the constant, linear and
quadratic terms:

RY (u,50) = FYY O, 50) — PYYCu, 50),
PYNOw, 50) = F"jg’w(o s0)

+ uFYNO' 0, 50) + —u 2FNNLO” (0, ), (E.14)

where’ stands for the derivative with respect to the first argu-
ment (#). The polynomial PNNLO has to be lumped into the
overall polynomial and ﬁnally reshufﬂed into the subtraction
constants. Numerically, we find

PO, s0) ~

(o 4008 +0.0119 -
MK

z )
4
MK

As we have checked again numerically, the polynomial-
subtracted u-channel contribution of the vertex integrals ful-
fils the dispersion relation

Mg
V2F,
+1-0.2521 —0.0130S—£2 —+0.0569 —-

MK MK

(E.15)

RY (u,50) = —

3 I | RV /
u / Mdu’. (E.16)
u

o W —u-— ie)u’3

Next, we consider the s-channel vertex integrals: apart
from a polynomial, they belong to either My, M| or M.
Again, we subtract the first few terms of the Taylor expansion:

My (s, 50) = Fygg0(s,se) —

MY (s.s0) = Fg10(s, s0) —

MY (s, s0) = GYNO (s, 5¢) —

vso(s se),

PF v51(5 se),

NNLO
G VS (s, 8¢),

PRV (s, s0) = FISE00. 50 + s IS (0, s0)
1
+ 38 FUSE0 (0. s0),
/
PRV . 50) = FYSEO0, 500 + s YO0, 50),
PENS (s, 50) = GINHO(0, 50) + sGYH' (0, 50)

1
+ 5 s2GINLO” (0, ). (E.17)

We find numerically

M
PRVES (s, s0) ~ ﬁ; (0.2663+0.0992%
T K

2
+(—1.7763 = 0.0450-5- ) = —0.5385— | ,
MK MK MK

NNLO K
vagl(S,Sz) ~ \/_

x [ 0.0029 + 0.0006—5 +0.0006— | ,
MK MK

M
PENL (5, 50) ~ ﬁ; (—0.3197—0.0727%
T K

2
+(0.14574+0.0163 -5 ) - 40.0003— | . (E.18)
M2 ) M2 M}

A numerical check shows that the polynomial-subtracted s-
channel contributions of the vertex integrals fulfil the disper-
sion relations

o ImMV(s S¢)

My (s, s0) = —
so (8 —S—lG)S
1 MV
MV(s,sz)—— 1mM; ' s0) (E.19)
1
so (8 —S—l6)S
- 00 ImMV(s s¢)
MY (s, 50) = —

so (8 —s— i€)s’

Finally, we consider the #-channel, which is a bit more intri-
cate: the reason is that not all linear and quadratic terms of a
simple Taylor expansion in ¢ belong to the subtraction poly-
nomial. The z-channel contributions can be written as

2 Agn AKJT

2
FyNeP(t.s0) = gNo (t,s0) + =

3 Nl (t, s¢)

K

2Akx =31 -y Loy NNLO
——————N, (t,s¢) + =Ry (t,50) + P (t,8¢),
2 1 0 F.VTO
3 M2 3
FYNOt, 50) = —5 NV (t.50) + PRV (2. 50),
K
2 2 AgxAy
GV (500 = =3Ng (1,50 = 3=—7= N (1, 50)
K
2 Agn +1 & 1 NNLO
S NY(t,50) — =R (t,5¢0) + P (t, s¢),
> —Np 0 G.VTO
3 oM 3
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GNNLO 2

VT,1 (t9 SZ) = _3M2 va(tv S@) + ngl\\I/LTol(ts S(Z)s
K

(E.20)

P EI;I,LT%, PGN I\‘I,LT% are second order and P II;H;],LT? s PGN I\‘I,LTOI

are first-order polynomials. The Taylor expansion of NOV

where

starts with a cubic term, the one of N 1V with a quadratic
and the one of N 1V with a linear term. Numerically, we find

Mk
PIIV\INLO(Z s0) = — NNLO(t 5¢) A
T\ e G,VT1\!s 5L
V2F;

t
x (o.oo44 + 0.0002% = o.ooo3m> (E21)

K K

and also identify the linear and the quadratic term of the
Taylor expansion of N lv . In the sum

NNLO NNLO
FVT,() (t,s¢0) + GVT,() (t, s¢)

4 -
=WN1V (t, s0)+ PRVt s0)+ POV (. s0),
K

(E.22)

we can easily separate N lv from the sum of the polynomials.
After having identified N IV (in particular the quadratic term
of its Taylor expansion), we can also separate the difference
of the polynomials using

4
F\IjIT\I,%)O(t’ s¢) — Ggr}I,LoO(f’ se) = gN(Y(t, s¢)

4 A, A 2
_MNIV(,’ s0) — =
3 M 3

AKT[_I TV
———N| (,s
Mlz( 1 ( Z)

2
+ SRy (t,s0) + PRV (2 s0) — POV, s0).

3 (E.23)

Numerically, we find

NNLO ~
Pryro(t, se) =~

MK Sy
—0.6831 — 0.1136—=- — 0.0013
V2F, M2

2

57 s t t
x—t 1+ 0.2841-0.0006—5 | —5+0.0190— | ,
MK MK MK MK

M
POV (1, s0) ~ ﬁ? <—0.0055—0.0146%—0.0006
T

K

S2 2
Z Sy t t
My My | My My
(E.24)

Again, the following dispersion relations can be checked
numerically:

dr’

3 /Oo ImNy (¢, s¢)
w (' —t—ien?

NY(t,50) = —
T
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t [ ImNY (s
Wis= L [T,
TSy @ —t—ie)
2 o0 NAA
- t ImN; (', s
NY(t,50) = — %d/. (E.25)
T Jy (' —t—ie)t
Reshuffling the polynomial contributions into the subtraction
constants leads to

oNNLO _ Mk S s
oV = ——(0.0705+0.0667——0.0539—- | |
, ﬁFn MK MK
M
m(l)i‘thLO _ ﬁ—i (—1.7841 + 0.0648%> ,
T K
Mg
mgf;NLO = i (—0.5954) ,
T
M
AN _ \/Ei <_0.2658 + 0.0969%> :
b4 K
M
1,NNLO K
ma = (=0.1132),
/g
M 2
aINNLO = ZK (0131002580 —5-+0.0435—L_ ],
’ \/zFﬂ MK MK
M
AIANLO _ ﬁ; <0.257o - 0.0849%> :
b4 K
- Mk
m%gNLO = Ar (0.0572),
L
M
ngyN© = ﬁ—l; (—0.2587 + o.osw%) ,
T K
Mg
ng:gNLO = e (0.0898) ,
T
M
0,NNLO K
AT (—0.0849) ,
T
il NNLO M 0.0729). (E.26)
V2F;

E.2.1.4 Remaining two-loop integrals  Next, we consider
the remaining two-loop parts, X II}INLO .Itis easy to decompose
them into functions of one Mandelstam variable:

NNLO NNLO NNLO
Fp (s,t,u) = Fpg ~(s,80) + Fprg (t,50)

5 —

NNLO NNLO

22 Frri(Gso + Fpy
k

NNLO NNLO NNLO
Gp (s,t,u) = Gpg (Sas[)—i_GPT’O (t,5¢)

NNLO

+ (uasf)-'_PF’P (Svtau)’

§ —U _NNLO NNLO NNLO
+ e GPT,1 (t,50)+Gpy (Masi)‘f‘PG,p (s, 1, u),
K

(E.27)

where and are second-order polynomials.
The remaining steps are analogous to the case ofthe ver-

NNLO NNLO
PF, P PG, P
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tex integrals. Again, we apply subtractions to the different
functions:
M (s, s0) = FpgO(s, s0) — PRPSO(s. 50).
P NNLO NNLO
My (s,s¢) = Gpg (s,50) — Pg pg (s, 80),
P NNLO NNLO
Ry (u, s¢) = Fpy — (u, s¢) — Pp pyy (u, s¢)

= GO, s¢) — PEND (u, 50), (E.28)

where
PNNLO(s, 50) = FRYEO(0, s0) + s FR3 (0, 5¢)
+%SZF§?LON(0, se),
PENLO (s, 50) = GINEO(0, 5¢) + sGRNO'(0, 50)
+%s2G1}H§LO”(O, s0),
PIYEO (u, ) = FANEO(0, s0) + uFNNO'(0, 5¢)
+%u2F§[I}ILO”(O, s0),
PENO (u, 50) = GO0, 50) + uGRFO (0, 50)
+%u2G1;1;‘,L0”(0, 50). (E.29)

Numerically, we find

P NNLO

(5, 5¢) K (=0.1660 + 0.0002—5-40.0007
s, Sp) ~ . . .
Fps S 2F, M2

T K

sf Y s 52
x 4 (11629 +0.0343— | — +0.7815— | |
M} M} ) M3 M}

M
PEVO (s, 50) ~ ﬁ; (0.0609+0.0118%
L4 K

Y, s 52
+ [ —0.0514 — 0.0058—2 — — 0.0007—4 ,
My | My My

pNNLO Mg

NNEO (4, 5) = PpNNLO

G.pU (U, S¢) =

<0.0585—0.0089

e

2
x =t 4 (0.0165 +0.0069—5- | — — 0.0442— ) .
M M2 )M M

K K K K
(E.30)
The z-channel contributions can be written as
2 2 Azl
FRP6 (. s0) = SNG (., s0) + 5 =20 N{ (1, 50)
’ 3 3 M 14

2 Agp — 3t - 1
— 3T N s + SR s+ PRYR o),
K
2t
F}I;I;I’Iio(t’ 50) = _2N1P(t, se) + PEI\ILLTOI (7, 50),
3M2

z AgrAyn

2
GNWNLO (1 oy — = NP (1. 5)) —
P10 (¢, 5¢0) 3 o (£, 50) 3ol

N (2, 50)

2Akz 1 op lop NNLO
—————N; (t,s¢) — =Ry (¢, 50) + P, t,s¢),
3 2M[2< 1 ( 11) 3 0( L’) G,PTO( Z)

2t
G0t s0) = _WMP(LS@) + PGt se), (E3D)
k

NNLO pNNLO NNLO pNNLO
where PF’PTO, PG’PTO are second order and PF’PTI, PG’PT1

are first-order polynomials. Numerically, we find

PNNLO

Fopr1(t:s0) = — PGP

G.p71(: Se)

My t
~ ~0.0010 — 0.0001 —5- (E.32)
M

V2F, K

and also identify the linear and the quadratic term of the
Taylor expansion of N lp . In the sum

4t -
FINO (1, 50) + GRS (1, s50) = WMP(L s¢)
K
+ PRSI s0) + PGV (2. s0) (E.33)
we can separate N 1P from the polynomials. We obtain the
difference of the polynomials with
FRYP . s0) — GRY P s0)
f AgnAor
4
3 My

LRP G se)
Bkn=tgp, o
3omz P

4
= NS (ts0) + NE (. s0)

2 Agn —

2
+ SRy (@50 + PRprolts s = PG pro(ts se)
(E.34)

and find numerically

NNLO ~
P pro(t, se) =~

Mg Y]
0.2047 + 0.0339—5
2F, M2

t 2
+ (—0.1781 + 0.0019s—’52) - 0.0211—4> ,
MK MK MK
pINLo (o MK (6 0662 4 0.0085 %
G,p7o\l N . . M2

t 1?
+ (00757 — 0.0054 5 | — +0.0251— | . (.35
MK MK MK

Finally, the additional polynomials are given by

NNLO ~
PF’P (s,t,u) ~

M
K (O.264O —0.0510-—%
2F, M

T K

2
t
~0.0002—L- +0.0561 - — 0.0700—2>,
MK MK MK
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Mgk Sy
PENO (s, 1, u) ~ <0.0686 10.0287 -4
o.p V2F, M2
Sez Ky t
+0.0006—4- — 0.0396— +0.0169— ). (E.36)
My My My

Reshuffling all polynomial contributions into the subtraction
constants leads to

M 2
mQNLO \/Ei (0.3349 - 0.0426% + 0.0429%) ,
m K K
M
i AN _ ﬁ; (1.1922 - 0.0523%) ,
d K
M
2,NNLO K
mO,P = ﬁ—F (08257) s
b
M
mONNLO ﬁ; <—0.0083 - 0.0797%> ,
a K
M
1,NNLO K
myp = T3 (0.0884) ,
T
M P
’;l(l):l;gINLO — K <0.0771 + 0.0016S_152 _ 0.0367—£4> ’
V2F; M2 e
M
AIANLO ﬁ—; <—0.0030 + 0.0757%) ,
* K
M
~2 NNLO K
ml,P = \/z—F (—00449) s
b3
M
nLNNLO _ ﬁ; <_o.2217 - 0.0478%) ,
™ K
M
2,NNLO K
np = J3F (—0.0693),
b
M
0,NNLO K
AT (0.0662) ,
T
M
~1,NNLO K
ny; = —— (—0.0633). E37
e V2F, ( ) (E.37)

E.2.1.5 NNLO one-loop integrals  The last NNLO piece
that we have to decompose is the part containing the L.
Similar to the two-loop parts, it can easily be decomposed
into functions of one variables. Since this contribution con-
tains only one-loop integrals, we can express it in terms of
Ao and By functions, which can be treated analytically. After
decomposing the NNLO one-loop part according to

NNLO NNLO U—1 _NNLO
Fy (s,t,u):FLS’0 (s, s¢) + JYE FLS’I (s, s¢)
K

NNLO § — U _NNLO
+FLT,0 (t7 S@) + M2 FLT,l (t,S[)
K

+ P9, s0) + PRYO (s, 1, u),
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NNLO NNLO NNLO
GL (s,t,u):GLS (S,S[)-FGLT’O (t, s¢)

S —u
+ > GNNLO

LT,1 (t, 5¢0)

K
+ GYPO(u, s0) + PYY O (s, . w),
(E.38)
the polynomial contribution is found in analogy to the two-
loop part. Reshuffling the polynomial gives very long expres-
sions for the subtraction constants. We perform a Taylor

expansion in s¢ and evaluate the expressions numerically,
using the physical masses and u = 770 MeV:

0,NNLO
My

- V2F;
+(0.3528 — 0.0523 - 10°L%) - 10°L},
+(0.0831 — 0.0092 - 10°L%) - 103L}
+(0.0400 + 0.0350 - 10°L}, — 0.0020 - 10°L%) - 10°L),
+(0.0066 + 0.0048 - 10°L%) - 10° L%
—(0.0012 4+ 0.0699 - 10°L} + 0.0087 - 103L%) - 10° L
+0.0213 - 10°L% + (0.0100 — 0.0027 - 10°L}

((0.0243 +0.0155 - 10°L%) - 10° L]

3 3 S
—~0.0003 - 10°L5) - 10°Lg + —5
K

x(0.0213 - 10°L; — 0.0161 - 103L5 +0.0230 - 10° L}
+0.0139 - 10°L} + 0.0018 - 10° L%
—0.0017 - 10°L§; — 0.0008 - 10° L}

+(0.0229 — 0.0060 - 10°L%) - 10°LY)
2
+ S—Q(—o.0053 -103L7 —0.0029 - 10°L},
M
K

—0.0029 - 10°L} + 0.0065 - 10°L}; +0.0010 - 103 L%
—0.0012 - 10°L% — 0.0006 - 10> L% 4 0.0025 - 10° g)),
1nNLo Mk
r V2F,
—0.2921 - 10*L5 — (0.1665 + 0.0242 - 10°L%) - 10° L}
—0.0353 - 10°L} + 0.0049 - 10°L% 4 0.0185 - 10° Ly,
—0.0033 - 10°L% + 0.0076 - 10°L};

( — (0.1644 +0.0968 - 10°L%) - 10°L}]

+%(0~0138 S10°L — 0.0575 - 103L} — 0.0087 - 103L;
K

—0.0130 - 10°L}, — 0.0020 - 10°L% 4 0.0024 - 10° Ly,

40.0012 - 103L% +0.0196 - 10° g)), (E.39)
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2NNLO . Mk

0,L = V2F,

x(0.3345 - 10°L} 4 0.2734 - 10° L},
+0.1618 - 10°L% + 0.0863 - 10°L},
+0.0096 - 10°L + 0.0067 - 10° L
—0.0003 - 10°L5 + 0.0032 - 10°LY),

M
m{INLO K ( —0.1203 - 10°L}
’ V2F;

+ (02247 +0.0242 - 10°L5) - 10°L5

—0.0727 - 10°L5 — 0.0241 - 10° L},
—0.0046 - 10°L% +0.0078 - 10°L%, +0.0039 - 103 L}

+—L(0.0121 - 10°L]; +0.0044 - 10°L}
MK

+0.0063 - 10°L% — 0.0130 - 10° L}, — 0.0020 - 10° L

+0.0024 - 103 Ly, +0.0012 - 10°L} — 0.0053 - 103Lg)),

M
m) N0 = K (0.0198- 10°L]

V2Fy,
—0.0059 - 10°L5 — 0.0056 - 103L5+0.0130 - 10°L},
+0.0020 - 10°L% — 0.0024 - 10°L; — 0.0012 - 10° L),

M
(IMZNLO = —K<o.0440' 10°L}
’ ﬁFn

+(—0.1488 +0.0281 - 10°L%) - 10°L}
+(—0.0140 +0.0131 - 10°L%) - 10° L}
+(0.0001 4 0.0044 - 10°L%) - 10°L),
+(—0.0033 +0.0048 - 10°L%) - 10° L
+(0.0186 — 0.0087 - 10°L%) - 103L; — 0.0135 - 10°L},
+(0.0026 — 0.0003 - 10°L%) - 10° L
St 3771
+-—(—0.0957 - 10°L]
MK
—(0.2423 — 0.0242 - 10°L%) - 10°L; — 0.0520 - 10° L}
—0.0134 - 103L}, — 0.0033 - 10°L% 4 0.0067 - 103 Ly,
+0.0033 - 103 L% + (0.0098 — 0.0060 - 10°L%) - 10°L5)
S% 3rr 3yr
+-L-(0.0057 - 10°L} 4 0.0010 - 10° L5
M
K
+0.0029 - 10° L% — 0.0065 - 10°L},
—0.0010 - 10°L% +0.0012 - 10° L}

40.0006 - 103L§ — 0.0034 - 10° g)>,

n =
0.L V2F,

M
LNNLO K (0.0987-103Lq

V2F,
+(0.2328 — 0.0242 - 10°L%) - 10° L}
+0.0581 - 10°L% + 0.0213 - 10°L},
+0.0062 - 103LE — 0.0078 - 10° L — 0.0039 - 103 L}

—|——sl (—0.0138 - 103L7 —0.0029 - 10°L}
Mz 1 2
K

—0.0026 - 10*L% +0.0130 - 10°L),
+0.0020 - 10°L% — 0.0024 - 10°L,

—0.0012 - 103L§ +0.0089 - 10° g)>,

2NNLo Mk

1,L _\/iFn

(—0.0070 - 10°L} +0.0114 - 10°L}

—0.0097 - 103L% — 0.0044 - 10°L},

+0.0001 - 10*LE40.0012 - 10> L% 4-0.0006 - 10°LY),

M
1,NNLO K 3
ngp0 = ( —0.0796 - 10°L

V2F,
+(—0.4712 +0.0726 - 10°L%) - 10°L}
+(—0.1097 +0.0181 - 10°L%) - 10°L};
—0.0262 - 10°L, — 0.0049 - 10° L%
40.0075 - 103L; — 0.0117 - 10°L — 0.0021 - 103 L}

+—£(0.0095 - 103L; +0.0035 - 10°L}
MK

4+0.0040 - 103L5 — 0.0098 - 10°L},
—0.0015 - 10*L% + 0.0018 - 10° L,

40.0009 - 10°L% — 0.0079 - 10° g)),

M
2ONLO 2K (_0.0003-10°L]

—0.0010 - 10°L5 +0.0101 - 10°L; — 0.0007 - 103L},
—0.0022 - 10°L% + 0.0003 - 10°L},
—0.0010 - 10°L5 — 0.0004 - 10°LY),

M
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Note that there are no quadratic terms in L{ , Lg or Lg.
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E.2.2 Chiral expansion of the Omnés representation

In order to derive the NNLO chiral expansion of the Omnes
representation (C.1), we first expand the Omnes function chi-
rally:

2 3 oo 1
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where the subtraction terms w and o are defined in (147).

In the quadratic term of the expansion, only the LO phase
enters and therefore only two subtractions are needed. The
NLO expansion of the modulus of the inverse Omnes func-
tion is given by

1 s
—— -
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1

Therefore, the NNLO chiral expansion of the argument of
the dispersive integrals reads

SnLo(s”)

ds/. (E.42)
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This leads to
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where we use the following notation for the contributions to
the subtraction constants:

anNLo = aLo + AanLo,

ANNLO = aLo + AanLo + AaNNLO- (E.45)

Remember that b%lo and aI}\IV]LO are non-zero after the gauge
transformation.
We further define
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(E.47)

where Scn? o and 8bY!  are given by (146) and the remain-
ing subtraction constants denote the quantities after the gauge
transformation. Note that w and @ appear only in polynomial
terms. In My, M| and M 1, they can be reabsorbed into the
NNLO subtraction constants. However, this is not the case for
No, Ny, N 1 and Ry. Here, we are required to fix the w-terms by
imposing the requirement that the chirally expanded Omnes
representation agree with the standard dispersive representa-
tion (or finally the two-loop representation). This somewhat
awkward situation is just another manifestation of the fact
that we identify the chiral representation with the Omnes
dispersion relation although the phase shifts of the former
have a wrong asymptotic behaviour.

The comparison of the Taylor expansions of (E.47) and

(69) leads to the relation (148) for the subtraction constants.
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