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ABSTRACT

The first part of the dissertation studies a density deconvolution problem with small Berkson er-
rors. In this setting, the data is not available directly but rather in the form of convolution and one
needs to estimate the convolution of the unknown density with Berkson errors. While it is known
that the Berkson errors improve the precision of the reconstruction, it does not necessarily happen
when Berkson errors are small. Furthermore, the choice of bandwidth in density estimation has
been an open problem so far. In this dissertation, we provide an in-depth study of the choice of the

bandwidth which leads to the optimal error rates.

The second part of the dissertation studies a generative network model, the so-called Popularity
Adjusted Block Model (PABM) introduced by Sengupta and Chen (2018). The PABM general-
izes popular graph generative models such as the Stochastic Block Model (SBM) and the Degree
Corrected Block Model (DCBM). The advantages of the PABM is that, unlike mixed membership
models or the DCBM, it does not rely on any identifiability conditions, and leads to more flex-
ible spectral properties. We expand the theory of PABM to the case of an arbitrary number of
communities which possibly grows with a number of nodes in the network and is not assumed to
be known. We produce the estimators of the probability matrix and the community structure and

provide non-asymptotic upper bounds for the estimation and the clustering errors.

Majority of real-life networks are sparse, in the sense that they have few high degree nodes while
the rest of the nodes have low degrees. Since the SBM and DCBM do not allow to set any probabil-
ities of connections to zero, they model sparsity by enforcing the maximum connection probability

to be bounded above by a small quantity which precludes existence of high degree nodes. On the
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contrary, the PABM allows modeling some of the probabilities of connections between the nodes
as identical zeros while maintaining the rest of the probabilities non-negligible. This leads to the
Sparse Popularity Adjusted Block Model (SPABM). The SPABM reduces the size of parameter
set and leads to improved precision of estimation and clustering. We produce the estimators of the
probability matrix and the community structure in SPABM. Finally, we provide non-asymptotic

upper bounds for the estimation and the clustering errors.
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CHAPTER 1: INTRODUCTION

In this dissertation, we consider estimation and clustering for two types of data: indirect convolu-

tion data and network data.

The first part of the dissertation deals with the deconvolution problem. Deconvolution problems
occur in many fields of nonparametric statistics, for example, density estimation based on contam-
inated data, nonparametric regression with errors-in-variables, image and signal deblurring. Those
topics have received more and more attention during the last two decades. The real life applications
of deconvolution procedures are in econometrics, astronomy, biometrics, medical statistics, image
reconstruction. The general deconvolution problem for density estimation is one where a sam-
ple of independent and identically distributed (i.i.d.) variables Y7, ..., Y, is observed with random

measurement error. The observations are generated by the model

Yi=Xj+e, Xj~ [ g~y

Here the problem is to estimate the density f of X; which are unknown, ¢; are called error variable

independent of X ;. g is known and is known as error density or blurring density.

In many real life problems one is interested in distribution of a certain variable which can be
observed only indirectly. Mathematically, this leads to a density deconvolution problem where
one needs to estimate the pdf of a variable X on the basis of observations of a surrogate vari-
able Y = X + ¢ where the pdf f¢ of { is known. The real life applications of this model arise
in econometrics, astronomy, biometrics, medical statistics, image reconstruction (see, e.g., Bovy

et al. (2011) and also Carroll et al. (2006) and Meister (2009) and references therein). Density de-



convolution problem was extensively studied in the last thirty years (see, e.g., Carroll et al. (2009),
Comte and Kappus (2015), Goldenshluger (1999), Comte and Lacour (2011), and Meister (2009)
and references therein). However, Berkson (1950) argued that in many situations it is more appro-
priate to treat the true unobserved variable as being contaminated with an error itself and search
for the distribution of W = X + 1 where 7 is the so-called Berkson error with a known pdf f,.
Here, X, £ and 7 are assumed to be independent. The objective is to estimate the pdf fy of W on

the basis of 1.i.d. observations

where X; and §; are i.i.d with, respectively, the pdfs fx which is unknown and f; which is known.
Density f¢ is called the error (or the blurring) density. However, in majority of practical situations,

the Berkson errors are small.

The objective of the first part of this dissertation is to study the situation where both the blurring
and the Berkson errors are present and, in addition, the Berkson errors 7;,7 = 1, - - - , n, are small.
To quantify this phenomenon, we assume that the pdf f, is of the form f,(x) = o 'g (a‘laz) ,
where o is small, specifically, o = 0, — 0 as n — oo while the variable X has a non-asymptotic
scale. Specifically, we shall provide a full theoretical study of the bandwidth selection in a density

deconvolution with Berkson errors including estimation construction and errors evaluation.

The second part of the dissertation is devoted to the study of network data. A network (graph)
G = (V,E) is a structure made of nodes V' and edges E. The degree of a node represents the
number of connections it has with other nodes in the network. Networks are more commonly
represented as graphs as well as in terms of matrices known as adjacency matrices. An adjacency

matrix is a binary matrix where A;; = 1 if there is an edge connecting node ¢ and node j, and



A;; = 0 otherwise. In this dissertation, we consider an undirected network with n nodes and no
self loops or multiple edges. We assume that elements of the adjacency matrix are generated as
independent Bernoulli variables with P;; being a probability of connections between nodes ¢ and
j so that A;; = Ber(FP;;), where P is a symmetric probability matrix. That is, we perform one

Bernoulli trial for each pair of edges, and record the result in both A;; and A;.

A well-known feature of many empirical networks is community structure. Nodes in a network are
often found to belong to groups or communities that exhibit similar behavior. In general, commu-
nity structures may also refer to groups of vertices that connect in a similar manner to the rest of
the nodes in a graph without having necessarily a higher inner density. For example, dis-assortative
communities that have higher external connectivity. The primary interest in such networks is to un-
derstand which nodes exhibit similar behavior and in what way. The latter serves as the preliminary
step towards other learning tasks. Some of the applications of community detection in networks
include understanding of sociological behavior, protein to protein interaction, gene expressions,
recommendation systems, medical prognosis, image segmentation, natural language processing,

product-customer segmentation and web page sorting, to name a few.

The simplest model for the network is the Erdds Rényi random graph model G(n,p) where n
is the number of nodes and p is the probability of having an edge between two nodes, and all
edges form independently with probability p. This model does not allow the community structure
and is also too simplistic for the applications. The simplest random graph model for networks
with community structure is the Stochastic Block Model (SBM). In this model the connection
probability between two nodes is completely determined by the communities, to which the pair
of nodes belong. For this reason, every nodes inside a community have same degree distribution
and same expected degree, which is not true for majority of applications. The Degree Corrected

Block Model (DCBM) introduces the node-dependent weights, so that the probability of connec-



tion between nodes inside the same community can vary. This makes DCBM more flexible than
SBM. However, it still cannot realistically model the real life networks, since a node with a higher
weight has uniformly higher connection probability in the network. The popularity of a node in
a community k is defined as the expected number of connection of that node to the nodes in the
community k. The Popularity Adjusted Block Model (PABM) recently introduced in Sengupta
and Chen (2018), defines the probability of connection between nodes as the product of the nodes’

popularities in the communities where another node belongs.

In this dissertation, we focus on community detection and estimation of the probability of connec-
tions matrix in the PABM. We develop methodology for estimation of P and clustering of nodes
into communities under this model. In addition, we provide non-asymptotic guarantees for the
estimation and clustering errors. One of the advantages of our approach is that we do not assume
that the number of communities in the network is known. Our estimation procedure provides the
oracle upper bounds for the error by imposing a penalty on the unknown number of communities.
Since the majority of real-life networks are sparse, we introduce the sparse PABM model. The
majority of sparse network models in the literature are based on a rather unrealistic assumption
that the maximum connection probability is bounded above by a small quantity. The reason for
this is that the SBM and DCBM do not allow to set probability of connection between two nodes
equal to zero since it is equal to the probability of connection between the communities to which
they belong, or make the nodes disconnected from the network. The flexibility of the PABM al-
lows modeling some of the probabilities of connections between the nodes as identical zeros while
maintaining the rest of the probabilities non-negligible, leading to the Sparse Popularity Adjusted
Block Model (SPABM). This formulation reduces the size of parameter set and leads to improved
precision of estimation and clustering. We produce the estimators of the probability matrix and the
community structure in this setting. Furthermore, we provide non-asymptotic upper bounds for the

estimation and the clustering errors.



The rest of the dissertation is organized as follows.

In Chapter 2, we provide the complete theoretical treatment of density deconvolution with small
Berkson errors. Section 2.1 consists of background information that are used frequently in the
dissertation. We start with the brief development of density estimation techniques from histogram
to kernel estimator in Section 2.1.1. Section 2.1.2 contains the definition and properties of Fourier
transform and we present the important probabilistic tail inequalities that were used in proving
our results in Section 2.1.3. We formulate the deconvolution problem in Section 2.2. Section 2.3
constructs the deconvolution estimator. We evaluate the estimation error in Section 2.4. In partic-
ular, it provides an oracle inequality for the risk and studies the upper bounds for the risk under
specific assumptions on the class of underlying functions. We talk about adaptive estimation with
the Lepski’s method in Section 2.5. Section 2.6 provides the discussion over the results and the

proofs of the main and supplementary results can be found in Section 2.7.

Chapter 3 considers the estimation and clustering in the Popularity Adjusted Stochastic Block
Model. Section 3.1 briefly describes the background of statistical network models. Section 3.1.1
provides a brief description of random networks. We introduce the community structure and
describe the Stochastic Block Model, Degree Corrected Block Model and Popularity Adjusted
Stochastic Block Model in the Section 3.2. Section 3.3 describes the structure of the probability
matrix and the advantage of PABM in modeling network data. Section 3.4 introduce the nota-
tions we used for the second part of the dissertation. The optimization procedure to estimate the
probability matrix and clustering matrix is discussed in Section 3.5. We compute the estimation
and clustering errors in Section 4.3. Finally, the proofs of all the main results and supplementary

results for estimation and clustering in PABM are available in Section 3.7.

Chapter 4 is devoted to the estimation and clustering in the Sparse Popularity Adjusted Block-



model. Section 4.1 introduces definitions of sparsity in blockmodels and discuss on the advantage
of PABM in modeling sparsity. We propose the optimization procedure for estimation and clus-
tering in sparse PABM in Section 4.2, where Section 4.2.1 discuss the structure of the probability
matrix in sparse PABM and Section 4.2.2 formulate the optimization problem for estimation and
clustering in sparse PABM. We compute the estimation and clustering errors in sparse PABM in
Section 4.3. We talk about two different types of penalty and its expression in the Section 4.3.1.
Our main results on the estimation and clustering errors are presented in the Section 4.3.2 and
Section 4.3.3 respectively. The proof of the main and supplementary results in sparse PABM can

be found in Section 4.4.

In Chapter 5, we discuss on the results obtained in the PABM and the sparse PABM. In addition,

we briefly talk about the possible direction of the future work.



CHAPTER 2: DENSITY DECONVOLUTION WITH BERKSON ERRORS

The results presented in this chapter starting from the section 2.2 have been published in Rimal

and Pensky (2019).

2.1 Background Material

In this section we provide the background material that is required to comfortably read the disser-
tation. In this regards we define the terminology that were used in the dissertation. In addition, we

state the results that will be used later.

2.1.1 Introduction to Density Estimation

Let Xy, ---, X, be identically distributed real valued random variables. Let the common distribu-
tion of i.i.d random vaariables Xy, - - - |, X,, is absolutely continuous with respect to the Lebesgue
measure on R. Then the density of this distribution is a unknown function f such that f : R —
[0, 00) which we wanted to estimate. The density estimation is a construction of estimate of den-
sity function from the observed data.

For a random variable X, with probability density function (pdf) f, one has
b
Pla < X < b) :/ f(z)dz forall a<b.

An estimator of f is a function x — f,(z, X3, -, X,,) measurable with respect to the observa-
tion (X1, -+, X,,). There are two approaches to density estimation, which are Parametric Density

Estimation and Non Parametric Density Estimation. Suppose we know that f belongs to a para-



metric family g(x,0) : 6 € ©, where g is a given function, and © C R? with a fixed dimension p
independent of n. Then the problem of estimation of f is equivalent to estimation of the parameter
6 which is known as parametric problem of density estimation. In the parametric density estima-
tion, we know the shape of the distribution but we don’t know the values of the parameter. We
usually estimate the values of the parameter by using Maximum Likelihood Estimation methods

or Bayesian Estimation methods.

For example: suppose the n data points Xy, X5, -+, X, are observed. Assume that
X17X2a"'7 XnNN(M’UQ)

Then we estimate ;2 and o2 from the data, we usually estimate the values of the parameter by using

Maximum Likelihood Estimation methods or Bayesian Estimation methods. Finally

flx;p,0?) L oo (—M>

- V2o 202

will be the pdf for the given data.
The main limitation of the parametric density estimation is that density function of the data were

constrained to fall in a given parametric family.

On the other hand, if we don’t have information about f then our problem of estimating f becomes
the non-parametric density estimation problem. In this case, we assume that f belongs to some
wide class of densities (also known as nonparametric classes of functions) F. For example, F
can be the Holder class of densities, or Sobolev class of densities, or set of all the continuous

probability densities on R or the set of all the Lipschitz continuous probability densities on R and



many more. In the nonparametric density estimation, the form of the density is entirely determined
by the data without any model. Our work is mainly related to the non parametric density estimation

for the univariate case. We start with the review of some common methods of density estimation.
Histogram

Histogram is an oldest and most widely used density estimator. Given the data X, X1, X5, -, X,
First we specify the origin ¢y, then define

a= min X;, b= maxJX;
0<i<n 0<i<n

b—
and divide [a, b] into k intervals of equal length / = Ta’ then
Ij:<60+jh,00—|—(j—|—1)h], j:"'a_LO?la”'

We choose the intervals open on the left and closed on the right for definiteness. Then the estimator
of the density is given by

flz) = %ZH()Q el;), zel

n -
i

The form of the histogram depends on the tuning parameters cq and h.

The major drawback of the histogram is the discontinuity. We cannot use for further mathematical
treatment. A histogram is also difficult to construct as well as visualize in the multivariate case
because it is not easy to construct contour diagrams to represent the data. The problems in the
univariate case are worsened in the multivariate case because of the dependence of estimates on

the choice of origin and coordinate directions of the grid of cells.

The Naive Estimator



For any given h, we can estimate P[z € (x — h, z + h)| by the proportion of the sample falling in

the interval (z — h,z + h).

The natural estimator f of the density is given by choosing small number h with f (x) equals the

proportion of X;’s falling in the interval (x — h, z + h) divided by the n. That is

flo) = g SN € (o b 4 )

7

which can be written more formally as

where weight function is defined by

1/2 if |zl <1
w(z) =

0 otherwise.
Naive estimator f (x) can be seen as constructing a histogram with every point is the center of
the sampling interval and f (x) is the ordinate of histogram at z. The density function obtained is
not continuous but piecewise constant with zero derivatives everywhere else. This makes it less

attractive as it cannot be used for further mathematical treatment where we need to deal with the

differentiation.
The Kernel Estimator

The kernel function K : R — R is an integrable function satisfying / K(z)dz = 1. The

Kernel Estimator is a generalization of the naive estimator by replacing the weight function w with

10



a kernel function K. The Kernel density estimator f of the density f is given by

)

where K is a kernel function and the parameter h is called a bandwidth of the estimator. The

1 n
:E;KCC

Kernel estimator can be considered as the sum of the bumps placed at the observations whereas
the naive estimator is a sum of boxes centered at the observations. The Kernel estimator is the
most commonly studied and widely used density estimator. If the kernel function is non-negative
everywhere, then the estimator will be a probability density which inherits the continuity and
differentiability property of the kernel K. Although Kernel estimator suffers from the tendency
of appearing spurious noise in the tails of the estimates when applied to data from long-tailed
distributions, there have been various adaptive methods available in the literature (for example:

look Silverman (1986)) to deal with the issue.

2.1.2 Fourier Transform

Definition 2.1.1. For any function f € Li(R), we define its Fourier transform f* by

ﬁ@»:/feMﬂwﬁ

(e 9]

Definition 2.1.2. Let X and Y be two continuous random variables with density functions [ and
g respectively defined on R. Then the convolution of f and g is denoted by f * g is a real valued

function defined by

(F+9):) = [ £ =gy = [ F@g(z ~ )z = (g ()

11



The distribution of the random variable X is the information about what values X takes with what
probabilities. The distribution of X is determined by the cumulative distribution function (CDF)
defined by

Fx(t)=P(X <t),teR

The relation

P(X >t)=1— Fx(t)

is useful to work with the tails of random variables.
The following lemma shows the density of sum of the two independent variables is equal to the

convolution of their densities.

Lemma 2.1.1. Let X and Y be two independent, continuous random variables with density func-
tions fx and fy respectively defined on R. Then the sum Z = X + Y is a continuous random

variable with density function f; given by f; = fx * fy.

Proof. Let X and Y be two independent, continuous random variables with density functions fx
and fy respectively defined on R. Then the sum Z = X + Y is a continuous random variable with

the cumulative density function (cdf)

Fx+y(2) = P(X +Y S Z)

= Ix (@) fy (y)dxdy

12



Then the density function of 7 = X + Y is given by

faz) = 5 (Friv(2)
— [ -0

o Az

Oon (z — ) fx(z)dx

—00

= (fx* fy)(2)

The following lemma shows that Fourier transform takes convolution to the product.

Lemma 2.1.2. (Convolution theorem) Let f* and g* are the Fourier transforms of a function f and

and g defined by

ff(x) = /OO et f(t)dt, and g*(z) = /OO et (t)dt

o0

Forany f,g € Li(R), the Fourier transform of the convolution f * g is given by

Plancherel theorem shows the relation between the integral of a function f to the integral of its

Fourier transform.

Lemma 2.1.3. (Plancherel theorem) For any f € Li(R), let f* denote the Fourier transforms of a

function f defined by
= [ e

[e.o]
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Then for any f € L1(R) N Ly(R)
| @Pds = o [P

The following lemma provides the condition for the existence of the inverse Fourier transform.

Lemma 2.1.4. Assume that f € L1(R) is bounded and continuous at some x € R and, in addition,
f* € Li(R). Then
1 o
fa) =5 [ e

:% N

For the proof of the above lemma, refer to page 181 of Meister (2009).

2.1.3  Probabilistic Tail Inequalities

Concentration inequalities quantify how a random variable X deviates around its mean . They

form a two-sided bounds for the tails of X — x such as

PX = pf > 1) <exp(—f(t))

where f(¢) is some increasing function of .

Lemma 2.1.5. (Markov Inequality) Let X be a non negative random variable and suppose that

E(X) exists. Then for any positive real number t,

P(Xzﬂgy

The proof of the lemma can be found in page 8 of the book High-Dimensional Probability by
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Vershynin (2018).

Lemma 2.1.6. (Hoeffding’s inequality) Let X, -- , X,, be independent random variables such

that a; < X; < b;. Then forallt > 0

n

P> (Xi—E(X)>t] <exp |-

i=1 i(bz _ ai)Z
1=1

22

The proof of the lemma can be found in page 14 of the book High-Dimensional Probability by
Vershynin (2018).

Lemma 2.1.7. (Theorem 2.1, Hsu et al. (2012)) Let A € R™™ be a matrix, and let 3 = Tr( AT A).

Suppose that v = (x4, - -+ ,x,) is a random vector such that, for some 1 € R" and o > 0,

Elexp(a’ (z — )] < exp ([|a]*0?/2)
forall o € R". Forallt >0

9 /
P{ [|Az|? > o*(TH(E) + 2y/Tr(Z2) ¢ + 2| 1t) + Tr(Spa”) | 1+2 (Tli‘f?Z’JL)t) < exp(—t).

The proof of the above result can be found in page 3 of the article Hsu et al. (2012).

Definition 2.1.3. (Sub-gaussian random variables) A random variable X that satisfies one of the
three equivalent properties given below is called a sub-gaussian random variable.

1. Tails: P{|X| >t} <exp (1 —t*/C%) forall t > 0;

2. Moments: (E|X|P)"/? < Co/p forallp > 1;

3. Super-exponential moment: Eexp(X?/C2) < e, where the parameters C,Cy, Cs differing
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from each other by at most an absolute constant factor.

Nonasymptotic bound on the norm of a random matrix is very useful on various areas of pure and
applied mathematics (see Davidson and Szarek (2001), Rudelson and Vershynin (2010), Talagrand
(2014)). Bandeira and van Handel (2016) are interested to obtain upper and lower bounds on
| X || in terms of natural parameters that capture the structure of X, that differ only by universal
constants. They consider investigating a norm of random matrices with independent entries. Let
X be an n x n symmetric matrix with X;; = g¢;;b;;, where {g;; : ¢ > j} are i.i.d ~ N(0,1) and
{b;; : i > j} are given scalers. In this setting, the most useful non-asymptotic bound on the spectral
norm || X || due to consequence of non-commutative Khintchine inequality (see Lust-Piquard and

Pisier (1991) ) yields

E[X| < oy/log(n), o=max |y b},
J

which fails to be sharp in the case of Wigner matrices. Since o = /n results to

E|| X < vny/log(n)

lacks correct scaling E|| X || ~ 4/log(n). But if we take X a diagonal matrix with independent
standard gaussian entries, then 0 = 1 and hence E|| X|| ~ y/log(n). So the non-commutative
Khintchine bound is sharp in extreme cases, it fails to capture the structure of the matrix X in a

satisfactory manner.

Bandeira and van Handel (2016) proved the following results.

Lemma 2.1.8. (Theorem 1.1: Bandeira and Handel (2016)) Let X be an n X n symmetric matrix
with X;; = gijbij, where {g;; : i > j} are i.i.d ~ N(0,1) and {b;; : © > j} are given scalers.
Then

E|X||<(1+¢) {20 + ﬁa* log(n)}
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forany 0 < e < 1/2, where o, and o, are defined by

0 = max gb?j, anda*:r%e;x|bij|.
\/5 :

Let X be an n x m matrix with X;; = g¢;;b;;, where {g;; : 1 <i <n,1 < j < m} are independent
N(0, 1) random variables and {b;; : 1 < i < n,1 < j < m} are given scalers. One can obtain a

bound on E|| X|| for a non symmetric matrix X by applying Theorem 1 on the symmetric matrix

- 0 X
X =
X* 0
They obtain the following result for rectangular matices.
Lemma 2.1.9. (Theorem 3.1: Bandeira and Handel (2016)) Let X be an n x m matrix with

Xij = g”LJbZJ Then

E||X| < (1+¢) {01 + oyt

log(1 + ¢)

forany 0 <e <1/2

Then they extend the result for independent random variables which is as follows.

Lemma 2.1.10. (Corollary 3.3: Bandeira and Handel (2016)) If the independent Gaussian vari-
ables g;; are replaced by independent random variables ;; that are centered and sub-Gaussian in

the sense

E[&;] =0, P& > ] < Cexp{—t2/20} forallt >0, and i, j;
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then the Theorems 1.1 and 3.1 remain valid up to a universal constant that depends on C' and
c only. That is, we have E||X|| < o + o.+/log(n) in the case of Theorem 1.1 and E|| X| <

01+ 03 + 041/1log(n A 'm) in the case of Theorem 3.1.

Lemma 2.1.11. (Singular value decomposition) Let A be a matrix of size n X p. Let r be the rank

of the matrix A. Then A can be decomposed as

,

T

A= E oU;
i=1

where
(i) o1 > 09, ,> 0, >0,and 01,09, ,0, are called the singular values of A
(ii) 02 > 03,--- > 02 are the nonzero eigenvalues of AT A and AAT, and
(iii) {uy, - ,u.} and {vy,--- v, } are two orthonormal families of R™ and R such that
AATu; = o?u; and AT Av; = c?v; fori=1,2,--- 1.

The proof of the SVD can be found in page 229 of the Giraud (2015).

Definition 2.1.4. (Frobenius norm)

The standard scalar product on matrices is (A, B)p = Z Ai;Bij;. It induces the Frobenius norm
i,J

A7 = Tr(ATA) = o}
i=1

where 1 is the rank of a matrix A.

Definition 2.1.5. (Operator norm) The operator norm of a matrix A is defined by || A||2, = o

where o1 is the largest singular value of a matrix A.
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Definition 2.1.6. (Nuclear norm) The nuclear norm of a matrix A is defined by

T
Il =)o
i=1

where 01,09, - - , 0, are the singular values of A.

Definition 2.1.7. (Ky-Fan (2,q) norm) For any integer ¢ > 1, the Ky-Fan (2,q) norm of a matrix A
is defined by

q
1Ay =D ot
i=1

where 01,09, - , 0, are the singular values of A.

We have the following relation between the matrix norms defined above.

[l < Vrank(A)[A]l 75 (A, B)p < [|All[|All, and | AB||z < [[Allop|| Bl ¢

[Allzy = | Allop = o1

Definition 2.1.8. (Moore-Penrose pseudo-inverse of arbitrary matrix A) Let A = Z ol be a
i=1

singular value decomposition of A with r = rank(A). The Moore-Penrose pseudo-inverse of A is

given by

r
A+: E O'Z'ilfl)iuZT
=1

The problem of predicting m-dimensional vector y from a p-dimensional vector of covariates can
be formulated in a matrix form as

Y=XA.+F

where Y = [y],i = 1,2,--- ,m;k = 1,2,---,m and E = [eP),i = 1,2,--- ,njk =

\.P—‘
\.[\3
3
o
=
o
S
I
BN

\.N
I
\.P—‘
\.[\3
E
<
I

1,2,--- ,p. If we know the rank r, of A,.



Then we would estimate A, by the maximum likelihood estimator flr constrained to have a rank
at most r, by

A, € argmin ||Y — XA||%
rank(A) < r

with r = r,. The following lemma provides a useful formula for X A, in terms of the singular

value decomposition of PY’, where P is the orthogonal projector onto the range of X.

Lemma 2.1.12. Write P = X (X" X)+ X" for the projection onto the range of X, with (X" X)),

the Moore-Penrose pseudo-inverse of X*X. Then, for any v > 1, we have X A, = (PY),. As

rank(pry)
a consequence, denoting by PY = Z owurvs’ a singular value decomposition of PY, we
k=1
have for any r > 1
rarank(Py)
XAT = Z akukva

k=1

Lemma 2.1.13. (Proposition 6.2 Giraud (2015))

Set rank(X) = q. For any r > 1 and 6 > 0, we have

IXA, = XA% < C2(0) S on( XA +20(6)(1 + O)r| PEL,

k>r

with C(0) =1+ 2.

The proof of the above lemmas can be found in page 124 of the Giraud (2015).

2.2 Deconvolution Problem with Berkson Errors: Formulation

Estimation with Berkson errors occurs in a variety of statistics fields such as analysis of chemi-
cal, nutritional, economics or astronomical data (see, e.g., Kim et al. (2016), Long et al. (2016),

Robinson (1999), Wang (2003), Wason et al. (1984), among others). For example, in occupa-
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tional medicine, an important problem is the assessment of the health hazard of specific harmful
substances in a working area. A modeling approach usually assumes that there is a threshold
concentration, called the threshold limiting value (TLV), under which there is no risk due to the
substance. Estimating the TLV is of particular interest in the industrial workplace. The classical
errors in this model come from the measures of dust concentration in factories, while the Berkson
errors come from the usual occupational epidemiology construct, wherein no direct measures of
dust exposure are taken on individuals, but instead plant records of where they worked and for how
long are used to impute some version of dust exposure (see Carroll et al. (2006)). In economics,
the household income is usually not precisely collected due to the survey design or data sensitiv-
ity. It was described by Kim et al. (2016) (see also Geng and Koul (2018)) that when the income
data were collected by asking individuals which salary range categories they belong to, then the
midpoint of the range interval was used in analysis. In this case, it is wise to assume that the true

income fluctuates around the midpoint observation subject to errors.

Estimation with Berkson errors was studied by Carroll et al. (2009), Delaigle (2007), Delaigle
(2008), Du et al. (2011), Geng and Koul (2018), Wang (2003), Wang et al. (2004) among others. It
is well known that the presence of Berkson errors improves precision of estimation of the density
function fy,. For example, Delaigle (2007), Delaigle (2008) who studied estimation with Berkson
errors noted that in the cases when the pdf f,, of Berkson errors has higher degree of smoothness

than the error density f¢, one can obtain estimators of fy with the parametric convergence rate.

However, in majority of practical situations, the Berkson errors are small. Hence, the question
arises whether small Berkson errors improve the estimation accuracy and how much. A similar
inquiry has been recently carried out by Long et al. (2016) who considered a somewhat different
setting. In particular, they studied a p-dimensional version of the problem where variable X is
directly observed and the objective is estimation of the pdf fy;; of W = X + 7 on the basis of ob-

servations X7, - - - , X, where the pdf f, of  is known and variable 7 is small. In this formulation,
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the pdf fy can be written as

and can be estimated by

fw@)=n"")" fole = X)) @.1)

=1

1

with the parametric error rate of C'n™". 2

However, if Var(n) = o* is small, this rate becomes

C(o)n~! where C(0) — oo when o — 0, so the error of the estimator (2.1) may be very high.

To resolve this difficulty, in addition to estimator (2.1), Long et al. (2016) proposed two alternative
kernel estimators where the bandwidths of the kernels are chosen as h = hy or h = hy, so
to minimize the error of the estimator of fy, in the first case and the error of the estimator of
fx in the second case. Subsequently, the authors studied all three estimators by simulations and
concluded that overall the kernel estimator with h = hy outperforms the remaining two. When
the error variance o is small, the estimator (2.1) leads to sub-optimal error rates. On the other hand,
the choice of h = hx leads to oversmoothing, especially, when the error variance is large. The
authors do not provide a comprehensive theoretical study of the bandwidth selection in a general
case. In particular, their rule-of-thumb recipe is based on the case where fy is a Gaussian density.
In particular, Long et al. (2016) did not investigate when estimator (2.1) that corresponds to the

bandwidth i = 0 is preferable and suggested that it is always suboptimal.

The objective of the dissertation is to study the situation where both the blurring and the Berkson
errors are present and, in addition, the Berkson errors 7;, 72 = 1, - - - , n, are small. To quantify this

phenomenon, we assume that the pdf f,, is of the form

fo(z) =0"1g (07 ), (2.2)
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where o is small, specifically, o0 = 0, — 0 as n — oo while the variable X has a non-asymptotic
scale. Specifically, we shall provide a full theoretical study of the bandwidth selection in a density

deconvolution with Berkson errors.

The setting of Long et al. (2016) corresponds to the multivariate version of the problem in this
paper where §; = 0 and f = 1. We provide full theoretical treatment of the problem. In particular,
we prove that one should always choose the bandwidth to minimize the error of the estimator of
fw, but in some cases this optimal bandwidth can be zero if ¢ lies above some threshold that
depends on the shapes of the densities f¢, fx and ¢g and the sample size. In the particular case

studied by Long et al. (2016) the latter situation would lead to the estimator of the form (2.1).

Since the setting (2.2) leads to three asymptotic parameters, n, o and h, in order to keep the paper
clear and readable, we consider a one-dimensional version of the problem. Extensions of our

results to the situation of multivariate densities is a matter of future work.

In what follows, we are using the following notations. For any function f, f* denotes its Fourier
o0

transform defined by f*(z) = / e f(t)dt. If f is a pdf, then f* is the characteristic function
of f. We use the symbol C' for a ;:Oneric positive constant, which takes different values at different
places and is independent of n. Also, for any positive functions a(n) and b(n), we write a(n) =<
b(n) if the ratio a(n)/b(n) is bounded above and below by finite positive constants independent of

n,and a(n) < b(n) if the ratio a(n) /b(n) is bounded above by finite positive constants independent

of n.
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2.3 Construction of the Deconvolution Estimator
Since (1.1) and W = X + n imply that

fy(w) = fx () fe(w),  fiy(w) = fx(w)f,(w) (2.3)
and also, due to (2.2), f(w) = g*(ow), one obtains

fy(w)g™(ow)

fiy) = fi(w)g*(ow) = PTZES

Note that the unbiased estimator of f;(w) is given by the empirical characteristic function

fi(w) =n"" Z exp(iwY;). (2.4)

j=1

If g*(ow)/ fi (w) is square integrable, i.e.

pP(o) = /_Z

then the inverse Fourier transform of f3(w)g*(ow)/ f#(w) exists and fy () can be estimated by

2

glow) 4, - 50, (2.5)

fé(w)

fw(x) = L /OO exp(—iwx) de (2.6)

If g*(ow)/ f& (w) is not square integrable, one needs to obtain a kernel estimator of fy. Construct

approximations fy, and fy,,, of fy and fy,, respectively,

fy(s)g*(os)
(

)
fé(s)

uno) = [~ 3m (S5 Sl Fials) = K°(sh) )

o0

24



and arrive at the estimator f{jv n(8) of fiy;,(s) of the form

Fiva(s) = K*(sh) f(s)g (05)/ £ (s)

where f; is defined in (2.4).

Consider the kernel function K (x) = sin(z)/(nz), so that K*(s) = I(|s| < 1), where I(A)
denotes the indicator function of a set A. Since K*(s) is bounded and compactly supported, the

inverse Fourier transform of f}},, always exists and

Fuonla) = 5

> fy ()K" (sh)g*(os)
/_OO fg(s) ds (2.8)

We set fW,O(m) = fw(x).

In order to obtain an expression for the bandwidth /4 we introduce the following assumptions:

(A1) There exists positive numbers c¢; and C¢ and nonnegative numbers a, b and d such that for
any s

ce(s? +1) 7% exp(—d|s|) < |fe(s)] < Ce(s” +1)72 exp(—d]s|) (2.9)

where b = 0 iff d = 0 and ¢ > 0 whenever d = 0.

(A2) There exists positive numbers ¢, and C; and nonnegative numbers ¢, 5 and v such that for
any s

co(s> + 1) exp(—7]s?) < |g*(s)] < Cy(s® + 1) % exp(—v]s|?), (2.10)

where § = 0 iff v = 0 and ¥ > 0 whenever 7 = 0.
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(A3) fx(s) belongs to the Sobolev ball

SM@B)—{f:/f)U}@OP@2+1VdS§Z?J321/ﬂa (2.11)

Also, since density deconvolution with Berkson errors of relatively large size has been fairly well

studied, below we only study the case where o is small, in particular, if v > 0, d > 0, one has

o < 0.5(d/y)°. (2.12)

2.4 Estimation Error

We characterize the precision of the estimator fW,h of fy by its Mean Integrated Squared Error

(MISE)

MISE(fun, fir) = E / (@) — for ()2

Since, under Assumptions (2.9)—(2.11), both f{jm and f};, are square integrable, by the Plancherel

theorem, derive that

. o0 * 2 .
MISE( i i) = 5B [ TSk 16 0) = fy o) s
Therefore,
MISE( fuw i, fw) = Ri(fwn, fw) + 17 Rol fwn, f) (2.13)
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where

Rl o fiv) = Efun — frll? = — /w @) PP I(s > hyds  (2.14)

2 J o

is the integrated squared bias of the estimator fW, r and

R2(fW,h7fW) = nE“fW,h - IE:fW,hH2 < I(o,h) (2.15)
where
1 1/h | % 2
I(o,h) = —/ lgtos)l 4. 2.16)
2 J_m |f5 (s)l

We shall be interested in the maximum value of MISE( fyy., fi) over all fx € S(k, B) where

S(k, B) is defined in (2.11). In particular, we denote E fW, » = fw,, and define

AEA(n,a,h):erergﬁcB) MISE( fiws, fw) subjectto  fi(w) = fx(w)fi(w). (2.17)

It is easy to see that

A<A +ntA, (2.18)

where

A = Al(”;@ h) = fxfef‘lsﬁ(%B) Rl(fW,h;fW)a Ay = Az(% g, h) = fxfe%ﬁ(tﬁB) R2(fw,h, fW)

(2.19)

Then, the following statements hold.
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Lemma 2.4.1. Under the assumptions (2.9)—(2.12), for Ay in (2.19), one has

o222 exp <—27 (J/h)5> ifh <o

A < (2.20)

h2k ifh>o

Lemma 2.4.2. If 5 > b > 0, denote

_(db\ 7 d(5 —b)

Then, under the assumptions (2.9)—(2.12), the expressions for A, defined in (2.19), are given in
Table 2.1.

Observe that in every case, the expression for the variance depends not only on the values of h, o
and n but also on their mutual relationship. Also, the bias term A; (o, k) is an increasing function
of h while the variance term A, (o, h) is a decreasing function of h, so the optimal value h = Ay
is such that A (o, h) < n~' Ay(o, h). Theorem 2.4.1 below presents the optimal expressions A
for the bandwidth h as well as the corresponding values for the risk A(n, o, k) where A(n, o, h)

is defined in (2.17).

Theorem 2.4.1. Let conditions (2.9)—(2.12) hold. Then, the asymptotic values of

hopt = arg thln[A(TL, g, h)]

28



Table 2.1: The asymptotic expressions for Ay = Ay(0o, h)

Case

A,

Db=p3=09>a+3,

min (h—(2a+1)7 0.—(2a+1))

Mb=p=09=a+13

min <h*(2“+1), J*(Qa“)) max {ln (%) , 1}

mb=p5=09<a+s3,

B~ (2a+1) 1in { (%)219 , 1}

IV)b=0,8>0

min <h7(2a+1)7 0.7(2a+1)>

V)B>b>0,h> (%aﬁylb

B>b>0h< (Fo?)"

h~ (et D+bexp(2dh ") min { b

N——
[
53
—_
A/_/

_Bb b—2
exp (/@0 5717) ops-b" 2

VD b=8>0

VIDb>0,8=0

VIID) b >3 >0

h=Ce+D+bexp (2dh ") min { (g) 20 | 1}
)

20
h~(a+D+bexp(2dh ") min { (% : 1}

and also of A(n, o, hoyt) are provided in Table 2.2. Here,

p=pa(n) =

pa = pa(n) =

1 Inmn+ b—2a—1 Il

o 2 nlnn ,
—2a—1

—VUb) <1nn+ (bTa) 1n1nn)

20d —

o=

29

(2.22)



Table 2.2: The optimal values of the bandwidth / and the corresponding expressions for the MISE

Case A(n, o, hopt) conditio? Popt
Db=p5=0, nlo—(2a+1) o >mn~ 2k+2atl 0
9 >a+ % n‘ﬁ o<n” SR TEaT . ===s
Hb=5=0 n~to~ ) Inn o > n TR | o ma
9 =aqa-+ % n_m o<n” SR T2aTI ===
mHo=p=0, o2~ 2131’91-2'-31?1 o>n" 2k+éa+1 n- 2k’+éa+1
¥ <a+ % n_m o<n” 2k+;a+1 n- 2k+;a+1
1

IV)b=0,6>0 n~lo—(Ratl) o > n ZEFaFL 0

n_m oc<n 2k+;a+l n- 2k+éa+1

1 —pBb B(b—2) —929

VYB>b>0 n_exp (KO'B*Z’> 0 2(B=b) o> 0

(Inn)~% 0= pa

29 2012k B
VDhb=p5>0 o~ (Inn)" ¥ exp (—Q’yaﬁ (Inn) b) o> 7
2
(Inn) " ® o< B
— (2912k) )

VI)b>0,5=0 (Inn voo” o> i L1

(Inn)~® o <y 1

» 0F2a—20)
VIID b > 5 >0 o (lnn) ¥ o> 7
2
(Inn)—* o< p1

The optimal values h,,; of the bandwidth & and the corresponding expressions for A(n, o, h) de-
fined in (2.18). Here, 1; and py are given by (2.22).

2.5 Adaptive Estimation Using Lepski’s Method

Note that although Theorem 2.4.1 provides the optimal values for the bandwidth and the corre-
sponding convergence rates, in practice, we can use those values only in the cases V-VIII, since
in the cases I-IV the value of the optimal bandwidth ,,; depends on the smoothness parame-
ter k of the unknown density fx. Moreover, in cases I and IV the optimal bandwidth is zero if

1 1
o > n~ %+2+1 where the threshold value n~ z++2.+T itself depends on the unknown value of k. In
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order to resolve this difficulty, we use a novel modification of the Lepski method for construction

of adaptive estimators (see, e.g., Lepski and Spokoiny (1997), Goldenshluger and Lepski (2011)).

Below we consider cases I-1V, for which the optimal value h,,; depends on the unknown parameter

k. To start with, note that, by Lemma 2.4.1, if h,,; = 0, as it happens in cases I and IV, one has
A(n,0,0) < Aln,o,n 1)

) 1 1
Moreover, if ¢ < n”™ 241 < n” 2F+2a31, then hyy, > 1/n.

In order to replace the unknown value of £, by its estimated value, we use the variance term given
by
D(n,o,h) = | fwna(z) — fwn(x )H2 27r Hf Wh( ) — f*W,h(x) H2
L[ g (es)?

= 2 o |f£( BIE 5 (s) = f(s)] ds.

If h > 1/n, then it is easy to see that

D(n,0,h) < max |fy(s) = fy(s)* (o, h)

|s|<n
where (o, h) is defined in (2.16).

Recall also that the value h,,; is such that it minimizes the sum of A;(n, o, h) + n~'Ay(n, 0, h)
where, under the assumptions A1 - A3, the first term is growing polynomially in ~ while the second

is decreasing polynomially in h. Therefore,

AN, 0, hopt) X A1 (0,0, hopt) <07 (1, 0, hopt).- (2.23)
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Consider the sets

J={1,2,3,-- jmaxy and H={h=277j¢€ T} (2.24)

1 1
Jmax = Min (2anf1,ln <5)> ) (2.25)

Let ¢ > 0 be such that E(|.X;|?) < C, < oo and

and denote

C(1,q) > 8+/27(q + 1) +6q+2//q. (2.26)

Define a set in the sample space

w: | fwe — fursll > 4C(r, n~1I(o,1/n)Ilnn} forcases IandIV
n. 4 (051 e = fugl 2 40(ra) T T Ty o)

() (the empty set) for cases II and III.
Then, the following statement holds.

Theorem 2.5.1. Let conditions (2.9)—(2.12) hold with b = 0 (cases I-IV) and T > 4. Define

1/n ifwe Qyp
max{h € H : || fwn — Swill <4C(7,q)\/ 221 (o, h) for any h < h,h e H} ifw¢ Qyp

>
I

Then

EHfW,iL - fwl?* S An,o, hopt) Inn. (2.28)
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2.6 Discussion

In this work, our main goal was to justify the choice of a bandwidth in deconvolution problems
with small Berkson errors. To the best of our knowledge, our paper is the first paper which carries
out a comprehensive theoretical study of density deconvolution with Berkson errors when Berkson

errors are asymptotically small.

In particular, we refined the conclusion of Long et al. (2016) and studied the relationship between
the three parameters: the bandwidth h, the sample size n and the standard deviation of the Berkson
errors 0. As Theorem 2.4.1 above shows, the expressions for the optimal bandwidth are always
chosen to minimize the error in the estimator of the density of interest fy . In particular, if h = 0
is possible, one should choose this value as long as the Berkson errors are not too small, i.e., o
lies above some threshold level that depends on the shapes of the densities and the number of

observations n.

In order to uncover the reason for this, compare expressions (2.6) and (2.8) and observe that g*(os)
in (2.6) acts as a kernel function g with the bandwidth » = o. If o is large enough (i.e 00 > Ay,
where h,,, is the value of / that achieves the best bias-variance balance), then convolution with g
leads to sufficient regularization and no kernel estimation is necessary. However , if 0 < A, then

one needs additional kernel smoothing with 2 > o.

The setting of Long et al. (2016) corresponds to the cases I, II, III and IV in Tables 1 and 2
witha = b = 0. If ¥ > 1/2, then h,y is zero if o is large enough and h,, is of the order
n~Y/(k+1) (where k is the degree of smoothness of the density fx of the measurements) otherwise.
The choice depends on the relationship between parameters o, n and k. Since k is unknown, we
construct adaptive estimators of fi using a novel modification of Lepski method. Indeed, one

cannot use the traditional Lepski method since the value of the optimal bandwidth depends on
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the relationship between o and the unknown threshold n~'/(2¢+2e+1) Hence, our paper presents a

non-trivial extension of the Lepski technique.

Note that we did not consider the case of the multivariate density functions. This extension is fairly

straightforward but rather cuambersome. We shall leave this case for the future investigation.

2.7 Supplementary Lemmas and Proofs

2.7.1 Proof of Lemma 2.4.1.

Proof. Since for any fx € S(k, B) one has

A = E frn —
1= max B fwn — fuw ).
1

* 2| px 2
— max e o s dS
fxeS(iB) 2 ‘5|>1/h|9 (0s) I fx(s)]

L~ . :
= max g eI o) s
h

fxeS(k,B) T
2C *° (s2 4+ 1)*
< '} 262 1 1)=? axp(—2+|s|Po? 2
= fXIGI}S'a(J?,B) T % (J s”+ ) exp( 7' | )( )k|fX( >| s
20, B2
< max [(0252 +1)77 exp(—2’y]3|5aﬁ)} (h2+1)"
T SZﬁ
obtain
20 o\ 5
A <m1n{<—> ,1}h2kexp( 27( ) )
o h
which implies (2.20). ]
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2.7.2  Proof of Lemma 2.4.2

Proof. Note that the variance term is given by

Ay < —/OO O 710 < htyds
2S5 EGE I(]s] )
< c_g (a s2 4+ 1) (s + 1) exp(—27|s|%0” 4 2d|s|’) ds
3

Using change of variables s=z/h obtain
1
Ao SHCHD V(o B) with V(o h) = / P(z]o, h) exp{o(z|o, h) bz (2.29)
0
where

¢(zlo,h) = 2d2"h" — 272P6’hP, P(z|o,h) = (6°2°h > + 1)_19 (2> +n%)" (2.30)

For cases when b = 0 (cases I-IV), one can obtain an asymptotic expression for A, using direct
calculations. If b > 0 and d > 0, one needs to apply Lemma 2.7.4. Denote by 2, and zj,
respectively, the point where ¢(z|o, h) attains its global maximum on the interval [0, 1] and its

critical point:

‘H

20 = zo(0, h) = argmax ¢(z|o, h), 2z, = (db (v8)~! U’B> " h (2.31)

z€[0,1]

Since 2z, > 0, there are two possible cases here: z, € (0,1] and z;, > 1. If 2z, € (0, 1], then

20 = zn, ¢'(20) = 0 and ¢"(29) < 0. If z;, > 1, then zop = 1 and ¢'(zp) = ¢'(1) > 0
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Hence, Lemma 2.7.4 and formula (2.29) yield, that for small values of h and o

exp{d(zn|o, h)} P(zp|o, h)

Nz

platl A < h|0, 2.32

2~ ) exp{p(1|o, h)YP(1]o, h) a1 (232)
¢/(]o. h) ’ C

Here

¢(llo,h) = 2dh™" — 2y0’h™", ¢/ (1o, h) = 2 (dbh™" — yBcPh~F) 2.33)
P(l|o,h) < (o*h™2 + 1)_19, P(zplo,h) = (o223h™% + 1)_19 (22 +n?)" .

Below we consider various cases.

Cases LILIII: b =3 =0.

Note that

92 2 L 2 2 1 — a
I(o,h) = %/h(g%u 1)77(s* 4+ 1)%ds = Cc;h / (0*22h2 +1) 7" (2h2 +1)" d2
3 0 3

(2.34)
21 190 2
If h > o, then 0222h=2 +1 € (1,2) and I(0, h) < =9 pmQatD),
CE
If h < o, then, by the change of variables 0s = w in (2.34), obtain
I(o,h) = 20, /Z (W2 +1)" (w202 +1)" du < 2Cy Ca —(aas /Z v
7 ce?o Jo T o (u?+1)7
Hence,
2C,%C,
I(o,h) < —*

min (h7(2a+1)’ o—(2a+1) > Apo
052
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where

1 it 9> at1/2
Ao=1{ max{m(§),1}  fv=a+1/2 (2.35)

max {1, (5)"7"} 0 < at1/2

=19

\

CaselIV: b=0,0 > 0.

In this case,
! 9
Ay < h7! / (02z2h_2 + 1)_ (th_2 + 1)aexp (—Q’yaﬁzﬂh_ﬁ) dz.
0

If A > o then the argument of the exponent is bounded above and A, =< h=2%"1 If h < o, then by

changing variables u = 2 (0z/ h)ﬁ , obtain

—

CaseV: 5 >0b0> 0.
In this case p*(0) = oo in (2.5), so that i > 0. The expression for the variance is given by (2.29)
with ¢(z|o, h) defined in (2.30). Let z;, be given by (2.31). It is easy to check that

7

o = (db (8)~ a—ﬂ) h=o #h, (2.36)
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It is easy to check that ¢ (z;,|0, h) < 0, so that zj, is the local maximum. Now consider two cases.

7
(@Ifh > (%aﬁ ) , then z;, > 1. Hence, ¢(z|o, h) does not have a local maximum on
1.

[0,1] and it attains its global maximum at z, = Then, 2dh=" > ¢(1|o,h) = 2dh~" —

B—b
2v0Ph=F > 2dn~? (1 — b/ﬁ). Moreover, since 5 > b and h > <%aﬁ> > o, one has

2dbh~" > 2vBo”h~? which yields
¢ (1o, h) = 2dbh™" — 2y h=? = 2dbh~" <1 - %aﬁhb_ﬁ) = h°
Plugging those expressions into the second equation of (2.32) and using (2.33), obtain

Ay = B~ e+ pin { (ho=)?, 1} exp(2dbh) ht = hb=29"L exp (2dh—b)

1
B—b
b Ifh < (%05 ) , then zj, is given by formula (2.36) and 2y = 2, < 1. Hence, A, is given

by the first expression in formula (2.32)

ex 2o ) L e _ —9 a
Be = ITfEZL h;|) B (o2 1) (e + ) (237)
Note that, due to 5 > b > 0, % > % and 5 — 55_—21; = —%, one has

b
2d ( db A=b 2vo? [ db A—b _ B
_ -8 b -8 B — —
d(znlo,h) = b (750 ) h’ — 1 <750 ) h” = ko B0

where « is a positive constant defined in (2.21). Also

2 [db(b—1)zt  ~AB(B—1) 0P 2db(b — B)2b"2 b2
¢"(znlo, h) = P> < b " - hP : - b " ;
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Then, plugging ¢(zp,|o, h) and ¢"(z|o, h) into (2.37), obtain

_ _Bb B(b=2) 94
As = exp <l{O' 547) o 2B=5 """,

Case VI: b= > 0.

In this case p?(0) = oo in (2.5), so that h > 0. Moreover, since ¢(z|o, h) = 22 h=°(d — vo?)
where, due to condition (2.12), d — v > 0, 2z = 1 is the non-local maximum of ¢(z|c, k). Then,
the second expression in formula (2.32)

Ay < % Bt (02h72 4 1)*'9 (2.38)

Using (2.33) with 5 = b, we derive

20
Ay < RO~ min ((E> ,1) exp(2h°(d — ~o®))

g

CaseVII: b > 0,8=~v=0
In this case, z, = 1 is the non-local maximum of ¢(z|o, h) and (2.33) yield ¢(1|o, h) = 2dh~" and

#'(1|o, h) = 2dbh=". Plugging those expressions into (2.38), we derive

B 20
Ay < min ((—) ,1) Rt~ (et Dexp(2dh?)

g
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Case VIII: b > (>0

In this case p*(0) = oo in (2.5), so that i > 0. Also, it is easy to check that although z;, € (0, 1),
one has ¢ (2|0, h) > 0, s0 z, is the local minimum. It is easy to see that 2o = 1 and ¢(1|o, h) =
2dh=°(1 — vd~*oPhb=F) < 2dh=°. Moreover, ¢'(1|o,h) = 2h=%(db — vBoPh*=F) < h7°, so
formula (2.38) yields

B 2
Ay < BP0 min ((—) ,1> exp(2dh?).

g

O
2.7.3  Proof of Theorem 2.4.1
Proof. Consider various cases.
Cases LILIII: b=p3=0.
One has
A < min { (h 071)219 ’ 1} L <h7(2a+1), 0,7(2a+1)> Aps (2.39)

where A}, , is defined in (2.35).

Casel: b=03=0,9>a+1/2.
In this case p?(0) < co and h = 0 is possible. If h = 0, then A = O (0_(2‘”1)71‘1) JIfh # 0,
then choose h > o, so that A (o, h) < h?*, Ay(o,h) < =RtV Then, h,y < n~ 2T and

2k ) U
A1(0, hopt) + 17 Ag(0, hop) S n” 2 F2a71, Choose h = Dy if hopr > 0, 1€, if n” 252071 > g,
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Obtain

. 1
n~to G Ry, =0 if 0 > n~ 22Tt

JAND=<

2k -1 . -1
n~ 2k+2at1 hopt =n 2+l {f g < n 2FF2e41

Casell: b=0=0,9=a+ 3.
Here, A is given by (2.39) where Ay, = max {In(o/h),1}. If h < o, then A < o= 222k 4

o~ n~tn(o /h). Setting 0~ *'h** T2 = g~ Cetp "1 n(g /h) leads to
Popt =< n72k+;a+1, A<nt o2t In .

1
Note that h,,; < o if and only if n~2*+2a+1 < ¢. Now, consider the case when i > o. Then by

2k X _ 1
(2.39), A < n” 2+t if n” 2271 > . Hence

O.—(2a+1) 1 ) 1
A In n, hopt —=n 26+t2a+1  {f 0 > n 2k+2a+1
= n
___ 2k ___r 1
n~ 2k+F2aFT h = n~ 2kt2at1 if o S N~ 2k+2a+1

opt —

CaseIll: b=3=0,9 <a+ 1.

First, consider the case when h < ¢. Then, by (2.39) and (2.35), obtain

A < g 20p20+2k 4 o= (20) ) ~1p20-2a-1

~Y

: — — — —2a— . -1 _ _ 2042k
Setting =20 p20+2k = 5= (@) p=1p20-20=1 obtain h,, < n~ 7zt and A < o~ 2n " 221, Also

note that h,,, < o if and only if o > n T Now, consider the case when h > ¢. Then, (2.39)

. _ 2k . _ 1
and (2.35), derive that A =< n~ zx+2a+1 if n~ 2k+2a+1 > g. Hence

0 . — 2042k 1. 1
07N 2k a4 hopt:n 2k+2a+1  1f 0 > n~ 2k+2a+1

A =

2k -1 . -1
n~ ZFt2afl hopt =n 4+l {f g < n” 2241
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CaselIV: b=0,0 > 0.

In this case p?(0) < oo and h = 0 is possible. Consider the case h < o. Then,

B
Aq(o,h) < o (—20) }20+2k exp (—27 <%> > . Ag(o,h) < o~ (2a+1)

If h < o, then hyy = 0 and A < n~to=*D If b > o, then A (0, h) < h?* and Ay(o, h)
h=(2a+1) " Therefore, hop < n~ =52 and A < nIF3aTT Observing that h,y > o if 0 <
n- T2t , obtain

. _ 1
n~lo=t) p =0 if 0 > n~ 22l

JAND=<

2k -1 . -1
N~ 2k+2a+1 hopt =n z+2a+l  {f g < n 2241

CaseV: 6 >0b0>0.

In this case p?(0) < oo and h = 0 is possible. The bias is given by (2.20) and

1
B=b
n~'ht=2Lexp (2dh™") if h > (%a[a)
Ay S .
n~texp (FLU%> P T i < (%05)

—Bb b—2

1
If h =0, then A < ntexp (,mm) g%' > 2 Ifh > 0, then one needs h > o 2 (%Jﬂ) o
and A < h?* 4 n=h~20"exp (2dh™"). Choosing h such that h** = n=*h*=2*~Lexp (2dh~"),
arrive at

2a+42k+1-b

(2dh ") 5= oxp (th*b) — (2d)

2a+42k+1-b
b

n (2.40)

and, by Lemma 2.7.5, obtain h,,; = p1(n) where pq(n) is defined in (2.22), and, hence, A =<
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(Inn)~% . Therefore,

b\ BO-2) o )
n~!exp </<;aﬁ—b> g2ED " R =0 ifo > py(n)

2k

(Inn)~%, hopt = pu(n), if o < pi(n)

JAND=<

where 111 (n) is given by (2.22).
Case VI: b=3>0,h >0
Note that, due to (2.12), one has ¢ < (dv_l)%. Consider two cases. If A < o, then
Ai(o,h) < o2 h? T2k exp (—27 (O'/h)ﬁ> . Ag(o,h) < hOFIT200 5720 ox (900 (d—~0?)).
Then the bias-variance balance is achieved when
p(b—2k—2a=1) exp(2h°(d — v0°) + 2y0h70) =n

which leads to (2.40) and, hence, h,, = pi1(n) where p;(n) is defined in (2.22). Therefore,

hopt < (In n)_% and hence

2942k

A<o®(lnn)" "¢ exp <—2706 (In n)§> :

If h > o, then A < h% 4+ n=thP= (et exp(2h~(d — ~0®)) and the bias-variance balance is
achieved when h?* < n=1h*~(e+D) exp(2h7(d — ~yob)). Then, by Lemma 2.7.5, we derive that

hopt = pi2(n) where ji5(n) is defined in (2.22), and A < (In n)~% . Hence

2942k

o2 (Inn)" " exp (—2705 (Inn)

-

A < >7 hOPtZNI(n>v if0>ﬂl(n)

2k

() ¥, hopt = pia(n), if & < puy(n)

43



where 11 (n) and uo(n) are given by (2.22).

Case VII: b>0,5=0
If h < o, then

A S 0_—219h219+2k + n—l 0—219 h219—2a+b—1 exp(?dh_b)

Setting o2V p20+2k = =1 g2 p20=2a+0=1 oy (24 P), arrive at (2.40) and h,p; = pq(n) where

2942k

p1(n)is defined in (2.22). Hence, h,y, < (In n) ™ and A < (Inn)” ¢ o2, provided o >

pa(n).

If h > o, then

A < A 4 nth 2 exp(2dh7Y). (2.41)

Setting h?* = n~Lht=20-Lexp(2dh?), arrive at (2.40), so that oy = pi(n) =< (Inn)/® and

A < (Inn)~2#Yif ¢ < py(n). Hence

2042k o .
Aw (Inn)™ v 072, hope = pa(n), if o> pi(n)

2k

(Inn) "%, hopt = pa(n), if o < jus(n),

where 11 (n)is defined in (2.22).

Case VIII: b > (5 >0

If h < o, then
Ao, h) < o 2 R¥ 2 exp <—2706h*ﬁ> + n T Lp20H= Qe =20 oxp(2dh 7).
Then, the minimum of A(c, k) is attained if n =< h*~(2¢FD)=2k exp(2dh~=" + 2y0°h~"). Note that,
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dueto o® < (d/y)h~®#,b> Band o < 1, one has 2dh~" > 2yo?h=# . Therefore, we arrive at

(142a—29)
444477444m_1.

(2.40), so that hoy =< (Inn)" " and A < 672(Inn)

If h > o, then A < h?* 4 n=thP~(2e+D) exp(2dh~°) which coincides with (2.41) and we obtain the

same expressions for h,, and A as in that case. Hence

(+2a-29) 4

Ao o~ (Inn) s hopt = pa(n), ifo > pi(n)
- _2k .
(Inn)~ v, hopt = pa(n), if o < pa(n),
where 111 (n)is defined in (2.22). O

2.7.4  Proof of Theorem 2.5.1

Proof. Observe that
El| fyi — fw ] = Ar+ Ay + Ay (2.42)

where

Ar =E[lfws = fwlPI(w € Q)] 1 (0> n )
jopt

A, =) E [Hfmh — fwlPI(h=h=2)(w ¢ Qppor o < n 7)
j=1

Jmax

Ay = Z E|’fW7h_fWHQI(iL:hz?ﬂ')l—(w§§Qa7noragn_Tlﬂ)

j:jopt+1
We start with construction of an upper bound for A,. Consider the cases I and IV, since, otherwise,
&1 = 0. Then
A, =E [H s — fwlPPT(w € Qm)] I (a > T = hopt)
+E [wai — fwll*I(w € an)] I (niTIH <0< n72a+%k+1) = A+ A
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Here
A <Ellfwz = fwll? 1o > hop)

<C [07219n—(219+2k) 1 n7107(2a+1)]

< Cnlo™tD) = CA, = CA(n, 0, hpt)

For A5, one has

Ay < \/E”fw,% — fwl* \/IP [(w € Q) I (a < n_2+§k+1>}

By Lemma 2.7.2, in cases I and IV, E||fw7; — fwll* < Cn2and Ay, < Clnn~3] < On~ oz
provided 7 > 4. Therefore,
Ay < CA(n, 0, hop). (2.43)

Now we find an upper bound for 82. For 32, h > hep. Recall that, by definition of ﬁ, if

~

h = h > hgp, then

I fwn = Fwno 1> < 16 C2(7, q) I(0, hope) 0" Inn.
Therefore,

Bo <E || fugs = fwlPI(h = hop)]|
< B i = Fitepe 2 10 = hoge) | + 2Bl funs = v
< 32C3* (1, )n (0, hope) Inn + A(n, 0, hopt) < CA(n, 0, hope) Inm,

where A(n, o, h) is defined in (2.17). Hence,

Ay < CA(n, 0, hop) Inn (2.44)
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Now we find an upper bound for ﬁg. Note that

Jmax

Bs< Y E[llfwn— fwlP1(h=h=279)]

J=Jopt+1

Ifh = h = 277 for J = Jopt + 1, then h < hopt and, by the definition of ﬁ, there exists j and

h=27 < hopt, such that
| fWohow — fiwill> = 16 C*(7,q) I(o,h)n™" Inn. (2.45)

Since for any h < hep,

| fwn — fwll* < Con™'I(o, h)

where () is an absolute constant, one has

||fW,hopt - fW,]jL” S ||fWhopt - fWhopt“ + ||fWil - fW;z,” + ||fWhopt - fW” + ||fVVJZ - fWH

< Co/n (0, hop) + Co A 1(0, 1) + | fione = FWone |+ I i = Fivall

Hence, by Lemma 2.7.1, if n is large enough,

]P{”fw,hopt - fW’le > 40(7-7 Q) thn[(Ua il)}

S P{||fWhopt - vahopt” Z 261(7—7 q)\/m — CO / I(thopt)}
+2{ i - fWh,|>gch¢m /)
< P{Ilfw,hopt TWohope | = C(7,9)1/ 221 (o, hopt)} + P{Ilfm — fwil = C(r,q)\/ 221 (o, ;3)}

<22+4+Cy)n”

Therefore

Jmax Jmax

S Bl - fwlPIh =271 =27)]

j:jopt"!‘l 3:jopt+1
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where £ is such that the inequality (2.45) holds. Let 2; be a set on which (2.45) is true. Then

P(€2;) <2(2+4Cy)n~" and

_ Jmax Jmax _ ] 7 |
B < 3 % VBl — fwlltyB@p1( = 27) 1(h = 279)

J=Jopt+1 3:jDPt+1
< Z Z n'"2 < C(lnn)’*n'"2 < CA(n, 0, hop)

J=Jopt+1 jzjopt+]-

if 7/2 — 1 > 1 which is true iff 7 > 4. Combination of the last inequality with (2.42), (2.43) and

(2.44) complete the proof. [

2.7.5 Supplementary Lemmas and Their Proofs

Lemma 2.7.1. Consider Y1,Ys,--- .Y, i.id such that E(|Y1]?) < C, with ¢ > 0. Let 7 > 1 and

C'(1, q) satisfies assumption (2.26) and I (o, h) be defined by (2.16). Then there exists a set ) such

that for w € Q and all h > 1/n simultaneously

| fwn(z) = fwn(@)|? < C(1,9)* I(0,h)n ™  Inn (2.46)

and
PQ)>1—-2+Cy)n™" (2.47)

n

. . ] — 1
Proof. Let f3-(w) = E(fy(w)) where f(w) = — Zexp(z’ka) = — [cos(Yw) + i sin(Yyw)].
n n
k=1 k=1
First we show there exists a set {2 such that for w € €2
P <|sup | f3(w) — f3(w)] > C(r, q)Vlnn/n) <(24+C)n"" (2.48)
w|<n
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provided C'(T, q) satisfies assumption (2.26). Then it is sufficient to prove that

3

1 C 1 2+ C,
P | sup |— [cos(Yiw) — E(cos(Yew))] | > (r.q), [lon < e (2.49)
lw|<n | TV 1 2 n n7
Let B be the set where the inequality (2.49) holds. For any v > 0,
P(B) <P <B N { max |Y;| < n”’}) +P (max Y| > n”) (2.50)
1<k<n 1<k<n

By Markov inequality,

P (max V| > rn) <nE (max |n|q) <n Y CEVT < TRV (2.5D)
k=1

1<k<n - 1<k<n

Sety = (7 +1)/q, hence, 7¢ — 1 = 7. Then

P(5) < P (51 (g Vil < 7} ) + 0BG 252)
Partition the interval [—n, n] into M sub-intervals by points w;,j = 0,1,2,3,---, M, such that
wy = —n, w; —w;_1 = n~ O+ so that M = 272, Consider a random functions Z;(w) =

[cos(Yiw) — E(cos(Yew))] I(|Ys| < n?). Since |Y;| < n? and |9(cos(Yw))/ow| < |Y] < n?,
obtain

| Z1(w) — Z(w")] < 207w — w'|.

Therefore Z;(w) satisfies the Lipschitz condition and, for any w € [—n, n], there exists w; such

that

1 — ] — 1
LS ) < |5 Y Al 20—
k=1 k=1
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Hence,

S
V

1
P (B N {lrélggJYH < n”}) <P| max |— Z Zi(w;)| +

1<jsM in

1 1
<P | max —ZZk(wj) > ¢, [lan

o 1<jsM |n

M n
1 C(1,q) /Inn
S IEIEAMIEE N
j=1

provided
Cr,q) [lnn 2,
4 n - n
which is guaranteed by condition (2.26).

Using Hoeffding inequality with &, = Zj(w,) where |{;| < 2and ¢t = @\ /121 obtain that

i %iz’“(wﬁ >@\/§ g2e><p(_%>

and

P (B N { max |Y;| < n”}) <2n T (2.53)

1<k<n

is guaranteed by condition (2.26). Validity of (2.48) follows from the inequality (2.52) and (2.53).
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In order to prove (2.46), note that 1/h < n and

Ifwan = fwall® = 5 fivn — Fivall?

g os)l?
_ 1 1 \T2)T | f* o 2d
27 s ‘fg<$)’2 |fY(S) fY(S)| S

< sup|fi(s) — fy(s)|? I(o, h)

|s|<n

which completes the proof.

Lemma 2.7.2. Let hy,;, = max{o, nfﬁ} Then, for any h € [hyin, 1/2], one has

Co~atd)p-1, cases I, IV
Ellfwn — fwl* <{ CoUatdp—11y n, case Il

On?, case 111

1 ~
In particular, if o > n~2+1, then E|| fwn, — fw||* < Cn®
Proof. Note that

Ell fwn — fwll* = El fwp — Efwn + Efwn — frll* < SE| fwn — Efwall* + SIEfwn — fur|l.
(2.54)
Then,

IE fwn — fwll* = [Ra(fov, fr)2 < A2 <1
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where A is defined in (2.19). To find an upper bound for the first term, note that for any x

1/h|*
: g*(os)]
|fW,h(x)| SLW *
S 1fEG)
L G il
ST e

< C'min (h‘(““), o a+1>) Ao

where

1 incase I and IV

Apy = max {ln (%) , 1} in case 11

The same upper bound holds for fi;, = E fW, ». Hence,
I fwn — Efuwall’ < C'min (h—2<a+1>, o 2a+D) ) Az (2.55)

Therefore,
Ell i — fivall* < E || fun = fwinll?] Il fovn = Fvall
< Cn~! min (h_(4“+3), a_(4“+3)) A2 A7

where, according to Lemma 2.4.2, A, , is of the form (2.35). Observe that an upper bound for the

first term in (2.54) is larger than the second term and that

(

Co~atd)p-1, in cases I, IV

Ellfwn — fwl* <{ CoUatdp—11n <%> . in case Il

min

h~(at3)p -1 in case III

Since A, > n_Tlﬂ, we finally obtain (2.54).

4a+3 2a+2
Now, let 0 > n~2a+1, then o~ “9+3)p~1 < p~lpztt < pasi < n2, which completes the proof.
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Lemma 2.7.3. Let 0 < n_m and (), ,, be defined by formula (2.27). Then in the cases I and
1V, if n is large enough,
P(Q,,) < (24Cy)n™ " (2.56)

Proof. Note that

fwe = fwall < W fwo = fwoll + 11 fwz = fwz | + 1w — fll + 1 fwr — fwl - @57

Then by Lemma 2.4.1, for some absolute constant C ,
I fweo = fwl < Co™; |l fwr = fwll < Cn™* < Co*

Also, by Corollary 2.7.1, for w € €}

A I(o,0)Inn I(o,1/n)Inn
o ~ el < Clrap P2 < 0(r, gy [ 1O
and
A I(o,1/n)Inn
s~ finsll < Ol gy 22
Hence, it follows from (2.57), that for w € )
. . I(o,1/n)Inn ~
o — funsll < 2007, gy TTHER oot

Therefore, for w € (2,
I(o,1/n)Inn

I = fuy | = 4C(r @y =2
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cannot be true, unless

I(o,1/n)Inn -

C(1,q) < Co*. (2.58)

By Lemma 2.4.2, in the cases I and IV, one has I (o, 1/n) < é’a_@a“). So, inequality (2.58) holds
= 1 ~ — 1

only if O(7,q) (C)20~**2)/Inn/n < Co*, which is equivalent to 0 > C (n7! Inn)¥2es

where €' = éC(T, q)/C. Therefore, if w € Q and 0 < n~ 751, where n is such that

C (In n)2k+§a+1 > 1, then (2.58) is not true. Hence, w ¢ €, ,, so that Q,, C € and (2.56)

holds.
]
Lemma 2.7.4. Consider an integral of the form
ma2
10 = [ P expl@s(:))d: 259
mi

where 0 < my < ma < 0o and P\(z) and Q(z) are real valued differentiable functions of z and

A — o0 is a large parameter. Let

20 = 2o\ = argmax Qx(z)
ZG[ml,mz}

be an unique global maximum of Q5 (z) on the interval [my, ms|. Assume that the following con-

ditions hold:

e A function P is a positive slowly varying function, i.e., for any t > 0 one has lim,_,, P(tz)/P(x) =

1.

e Qx(20) — Qx(2) increases monotonically for A > \g as A — o0.
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o IfQ)(20) = 0, then for every A > X

1"

i @0+ 2) = Oa(z0) _ @az0) _
z—0 2 2

o IfQ\(20) # 0, then for every A > X

Qx(z0 + ) — Qx(20)

Then, as A — oo,
exp{@x(20)} Px(20) if  (2.60) holds
10 = Q5 (20)]
exp{Qx(20)} Px(20) if  (2.61) holds
Q) (20) ’

Proof. Comparing (2.59) with the integral

(2.60)

(2.61)

(2.62)

(2.63)

obtain F'(z) = —Q\(2),G(z) = P\(z). Then, following the calculations in Dingle (1973) with

F(2) = —Qx(20), Fi(20) = —Q)(20), from the formulas (3) and (4), page 111, obtain

100 = [Q4(z0)) " exp{Qa(20)} L,

where L, is given by

/ d '
b= —@l) ( ) dz) %)

55



Hence, taking the term with » = 0, obtain, when (2.60) holds:

1) ~ SHLAL),

Now, consider the case when (2.61) holds.

Then following the calculations in Dingle (1973), page 118, obtain

1(\) = exp{Qx(20)} / exp{—f?} Py(2)dz

where

F=v0x(20) —Qx(2) ~ VE/22 as z— z

with Fy(z9) = —Q%(z0). Therefore, from formulas (16) and (17), page 119, obtain

|—=

I\ = [m] exp{Qu(20)} > L

where L, is given by

L= Qi) (i ) 2

2 fldz f!

Hence, taking the term with » = 0, obtain, when (2.61) holds:

= G Dl

which is equivalent to second expression of (2.62).

O

Lemma 2.7.5. Let n be large and z € R be a fixed quantity. Then, as n — oo, the solution of the
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equation

e"m® =n (2.64)

is given by
m= (Inn —zInlnn)(1+o(1)), n — occ. (2.65)
Proof. Since €™m* = n, then m + zlnm = Inn and m = Inn — zlnm. Plugging this m

back into (2.64), obtain e (lnn — 2Inm)* = n. Since for large values of n, one has
(Inn — zInm)?* ~ (Inn)?, the previous equation becomes (Inn)*ne=*"™ ~ n, so that z Inlnn ~

zInm which yields (2.65).
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CHAPTER 3: ESTIMATION AND CLUSTERING IN THE POPULARITY
ADJUSTED BLOCK MODEL

3.1 Statistical Network Models: Background

We can see that networks are available everywhere in science. They have become a center of
attention for discussion in everyday life. With the evolution of digital technology, the network data
are more readily available than before. Since many fields involve the study of networks in some
form, the formal statistical models for the analysis of network data have emerged as a major topic
of interest in diverse areas of study. Networks have been used in predicting community evolution,
recommendation systems (for example: Netflix and Youtube in recommending movies), targeted
marketing (for example: Amazon suggesting items ), personal influence (for example: politics, link
prediction), detection of disease (for example: cancer or tumor types), criminology (for example:
to identify criminal group, fraud, etc) to name a few. The existing set of statistical network models
may be classified into various categories, but we only consider the one that is related to the static
network. Static network models concentrate on explaining the observed set of links based on a
single snapshot of the network (Goldenberg et al. (2010)). We start with the definition of the

random network.

3.1.1 Random Network

As it was said, a network G = (V| E) is a structure made of nodes (vertices) denoted by V' and
edges (also called links) denoted by £/, that connect nodes in various relationships. Networks are
more commonly represented as graphs. They are also represented in terms of matrices known as

adjacency matrices. Networks can be weighted, signed, undirected, and directed. The edges in the
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weighted network are associated with numerical values. Edges in signed network are associated
with positive and negative relationships. Directed networks have direction associated with edges
whereas direction does not matter in undirected network. The degree of the nodes represents the

number of links it has to other nodes.

A random network consists of n nodes where each pair of nodes is connected with the probability
p. The goal of the random network is to build a model that reproduces the properties of the real
networks (Barabdsi et al. (2016)). To construct a random network (also called a random graph),
we start with the n isolated nodes, then select a pair of nodes and generate a random number

between 0 and 1. If a generated number is at least p, connect the selected node pair with a link,

n

otherwise leave them disconnected. We continue this process for each of the (2

) pairs of nodes.
A random network is called the Erd6s-Rényi network, in honor of mathematicians Pal Erd6s and

Alfréd Rényi, who played an important role in understanding their properties.

Table 3.1: Examples of some real networks

Network Node Link Network Type
I) Citation Network Paper Citations Directed
II) Email Email Addresses Emails Directed
III) Internet Routers Connections Undirected
IV) Social Network Users Interactions Undirected
IV)Coauthorship Network | Research Scientist | Coauthor a paper | Undirected

In this dissertation, we work with the undirected network. For this type of network, the 5™ element
of the adjacency matrix is defined as 1 if there is an edge between the i™ node and the ;™ node,

and zero otherwise. The adjacency matrix is symmetric in this case.
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3.2 Community Structure and Blockmodels

Community detection aims at finding clusters as subgraphs within a given network. A community
is a cluster where many edges link nodes of the same group and few edges link nodes of differ-
ent group. We follow the general approach to community detection by considering a network as
a static view in which all the nodes and links in the network are kept unchanged throughout the
study. We assume that the network under consideration have underlying blocks. The assumption
in the block model is that the nodes inside the blocks have higher connectivity in comparison to
the nodes between the blocks. There are various random graph model on the community detection
problems such as Stochastic Block Model, Degree-Corrected Block Model, and Popularity Ad-
justed Stochastic Block Model and its variants. We study these models and developed the novel
estimation procedure for the Popularity Adjusted Stochastic Block Model and implemented the

Sparse Subspace Clustering method for the community detection in the model.

3.2.1 Stochastic Block Model (SBM)

Consider an undirected network with n nodes and no self loops and multiple edges. Let A be
its adjacency matrix. Then A;; = Ber(F,;), where P is a symmetric probability matrix whose
diagonal entries are zeroes and whose off-diagonal entries are between 0 and 1. A classical random
graph model for networks with community structure is the SBM that was introduced by Lorrain
and White (1971), Holland et al. (1983) and E. Fienberg et al. (1985). Under this model, all nodes
belonging to a community are considered to be stochastically equivalent, in the sense that they
have the same probability of forming a link with another node in the network. Various methods of
community detection have been studied under the SBM, examples include spectral clustering Rohe
etal. (2011), variational methods Celisse et al. (2012), and pseudo-likelihood methods Amini et al.

(2013).
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Under the K-block SBM, each node belongs to one of K distinct blocks or communities. Let
c denote the true community assignment vector with ¢; = a if the i* node belongs to the a'”
community. Then for i < j, P;; = B, where By is the probability of connection between
communities £ and [. and so B is the K-by-K matrix of community link probabilities. Edges are

conditionally independent given c and B.

Under the SBM, two nodes belonging to the same community display community structure by
behaving identically, in a stochastic sense. In particular, any two nodes from the same commu-
nity have the same degree distribution and the same expected degree. Since the real-life networks
usually contain a very small number of high-degree nodes while the rest of the nodes have very
few connections (low degree), the SBM model fails to explain the structure of many networks that

occur in practice.

3.2.2 Degree Corrected Block Model (DCBM)

DCBM introduced by Karrer and Newman (2011) adds node-specific degree parameters such that
fori < j, P;j = 0;B.,,0;, where 0; and 0; are the degree parameters for the respective nodes, and
B is the K-by-K matrix of baseline interaction between communities. Edges are conditionally in-
dependent given ¢, #, and B. Identifiability of the parameters is ensured by a constraint of the form
dien, Ui = 1,Va = 1,..., K, where N, is the set of nodes belonging to community a. DCBM
enforces node popularity to be uniformly proportional to the node degree. DCBM correctly de-
tects the communities, and accurately fits the total degree, by enforcing the node-specific degree

parameters. However the model fitting for node popularity is quite inaccurate.
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3.2.3 The Popularity Adjusted Block Model (PABM)

A network feature that is closely associated with community structure is the popularity of nodes
across communities, defined as the number of edges between a specific node and a specific com-
munity. Node popularity is inseparably associated with community structure. The observed pop-
ularity of the i'" node in the 7" community is given by M;, = D oic v, Aij and the expectation of
this quantity is defined as y;, = E[M;| = > .\, P;;. We called p;, is the popularity of the ith
node in the 7" community. In practice, observed popularities of the n nodes in the K communities
vary considerably across nodes along with communities. SBM and the DCBM both put unrealistic

restrictions on node popularities.

DCBM fails to model node popularities in a flexible and realistic way. To fulfill the need of the
model that allows flexible and realistic modeling of node popularity, Sengupta and Chen (2018)
introduced a new random graph model, called PABM for modeling node popularity in networks
with community structure. They developed methodology for community detection and parame-
ter estimation under the PABM, and demonstrated the improvement achieved through this new
methodology. In PABM, for: < j,

Py = Vie,;Vie, (3.1)

where V;,,1 < ¢ < n,1 < r < K, are the popularity scaling parameters and 0 < P;; < 1 for
all © < j. Thus, P;; depends on the popularity of node i in the community to which j belongs,
and the popularity of node j in the community to which 1 belongs. Similar to the identifiability
issue with the DCBM as discussed in Karrer and Newman (2011), the PABM also has a scaling
identifiability issue. To resolve that issue, Sengupta and Chen (2018) impose the identifiability

constraint V,., = V,, where V., = Z Vis.
JEN-
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Furthermore, Set V;, = 0;/B,,, so that

V;c]- = 01 Bci cj

and

‘/jci = 6]' Bcic]-

Then

Py = VieVie, = 0\/ Buse, 031/ Bese, = 0:Besc,

which shows that DCBM is a special case of PABM. Also if you set ; = 1 in the definition of V;,.

‘/;Cj =1/ Bcicj-
Vjcz’ 1/ Bcz'cj-
RJ = ‘/;Cj‘/.}ci = \/ BCiC]' BCiCj = Bcicj

which shows that SBM is a special case of PABM.

above, so that

and

Then

3.3 PABM: the Structure of the Probability Matrix

The ratio of popularities of the nodes (7, j) € N in the same community % is equal to one for the
SBM, is independent of community £ (a function of ¢ and j only) in DCBM but can vary between
nodes and communities for the PABM, thus, allowing a more flexible modeling of connection

probabilities. Heuristically, the degree of node is a network-level feature, DCBM can model this
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feature well by allowing each node to have its own degree parameter. Popularity of the node is the
community level feature since the same node can be popular in one community and unpopular in
the other community. DCBM cannot model this feature accurately because it governs the relative
behavior of a node in all communities by a single degree parameter which forces a high degree
node to be relatively popular uniformly across the network and low degree node to be uniformly
unpopular. PABM fixes this issue by assigning parameters for every node- community combina-

tion.

The flexibility of PABM, however, is not limited to modeling the popularity parameters of the
nodes. In order to better understand the model, consider a rearranged version P(Z, K) of matrix
P where its first n; rows correspond to nodes from class 1, the next ny rows correspond to nodes
from class 2 and the last nx rows correspond to nodes from class K. Denote the (k, [)-th block of
matrix P(Z, K) by P®V(Z, K). Since sub-matrix P*V(Z K) € [0, 1]">*™ corresponds to pairs
of nodes in communities (k, /) respectively, one obtains from (3.1) that Pi(”;-’o = Vi1V, where i,
is the i-th element in A\, and j; is the j-th element in A;. Thus, matrices pk:b (Z, K) are rank-one
matrices with the unique singular vectors generating them. Indeed, consider vectors A4 with

elements Agk’l) =V, 1, where i = 1,...,n; and iy € Nj. Then, equation (3.1) implies that
P (7 K) = ARD [AGR)T, (3.2)

Moreover, it follows from (3.1) and (3.2) that P90 (7, K) = [P“®)(Z, K)]" and that each pair of
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blocks (k, 1) involves a unique combination of vectors A(-F):

A(l’l)(A(l’l))T A(l’Q)(A(Q’l))T . A(l,K)(A(K,l))T
A(2,1)(A(1,2)>T A(2’2)(A(2’2))T . A(2’K) (A(K,2))T
P(Z, K) = (3.3)
A(K’1)<A(1’K))T A(K,Q)(A(Q,K))T .. AKK) (A(K,K)>T
where _ -
A(l 1) A(1,2) A(l K)
AL AR2) L ARK)
A= 3.4)
AU A2 L AKK)

The latter implies that matrix P(Z, K) is formed by arbitrary rank one blocks and hence rank(P(Z, K)) =
rank(P) can take any value between K and K2. In comparison, all other block models restrict the
rank of P to be exactly K. This is true not only for the SBM and DCBM discussed above but also
for their generalizations such as the Mixed Membership models (see, e.g., Airoldi et al. (2008) and
Cheng et al. (2017)) and the Degree Corrected Mixed Membership (DCMM) (see, e.g., Jin et al.
(2017)). Hence, the PABM allows for much more flexible spectral structure than any other block

model above.

This flexibility makes the PABM an attractive choice for modeling networks that appear in biologi-
cal sciences. Indeed, while social networks exhibit assortative behavior due to the human tendency
of forming strong associations, the biological networks tend to be more diverse. For this reason,

PABM tends to be a useful tool for modeling such networks.

However, while the PABM model is extremely valuable, the statistical inference in Sengupta and

Chen (2018) has been incomplete. In particular, the authors considered only the case of a small
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finite number of communities K’; they provided only asymptotic consistency results as n — oo
without any error bounds when n is finite; their clustering procedure was tailored to the case of
a small K, therefore, all simulations and real data examples in Sengupta and Chen (2018) only

tackled the case of K = 2.

The purpose of the present work is to address some of those deficiencies and to advance the theory

of the PABM. Specifically, we make the following contributions:

1. In contrast to Sengupta and Chen (2018), we consider the PABM with an arbitrary number
of communities which possibly grows with a number of nodes in the network and is not

assumed to be known.

2. We argue that the main appeal of the PABM is the flexibility of the spectral properties of the
graph and replace the estimators in Sengupta and Chen (2018) that are based on averaging
over the communities by more accurate counterparts based on low rank matrix approxima-

tions.

3. While Sengupta and Chen (2018) only proved convergence of the estimation and clustering
errors to zero as the number of nodes grows, we derive non-asymptotic upper bounds for
those errors when the number of communities is arbitrary. In particular, we produce an
upper bound for the estimation error of the matrix of the connection probabilities and provide
a condition that guarantees that the proportion of misclassified nodes is bounded above by
a specified quantity. All results in the PABM are non-asymptotic and are valid for any

combination of parameters.

In the next chapter we discuss estimation and clustering in PABM as a solution of a penalized
optimization procedure. We start with notations used throughout the chapter, formulate estimation

and clustering as solutions of an optimization procedure, and derive upper bounds for estimation
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errors as well as find sufficient conditions for the proportion of misclustered nodes to be bounded

above by a pre-specified quantity p,, with a high probability.

3.4 Notation

For any two positive sequences {a,, } and {b,}, a,, < b, means that there exists a constant C' > 0
independent of n such that C~'a,, < b, < Ca, for any n. For any set 2, denote cardinality of )

by |©2|. For any numbers a and b, a A b = min(a, b). For any vector t € RP, denote its {5, {1, ¢, and

(~, norms by, respectively, ||¢||, ||¢||1, ||t|lo and ||t||. Denote by 1,, the m-dimensional column

vector with all components equal to one.

For any matrix A, denote its spectral and Frobenius norms by, respectively, ||A||,, and || A||». Let

vec(A) be the vector obtained from matrix A by sequentially stacking its columns.

Denote by I1;(X), the projection of a matrix X : n x m onto the set of matrices with non zero
elements in the set J = J; x Jy = {(4,7) : 4 € J1, j € Jo}. Denote by II1)(X) the best rank one
approximation of matrix X and by II, ,(X) the rank one projection of X onto pair of unit vectors
u, v given by

IM,.(X) = (uvu®) X (voh). (3.5)

)

Then, I11)(X) = II,,(X) provided (u, v) is a pair of singular vectors of X corresponding to the

largest singular value.

Denote by M,, ¢ a collection of clustering matrices Z € {0,1}"** such that Z; ; = 1iffi € N,
i=1,...,n,and ZTZ = diag(n,,...,nx) where n, = |N}| is the size of community k, where
k=1,...,K.Denote by Zz k € {0,1}"*" the permutation matrix corresponding to Z € M,, g

that rearranges any matrix B € R™", so that its first n; rows correspond to nodes from class 1, the
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next ny rows correspond to nodes from class 2 and the last nx rows correspond to nodes from class
K. Recall that Z i is an orthogonal matrix with 22,5 = 2?7 . For any 2?7 xc and any matrix
B € R™" denote the permuted matrix and its blocks by, respectively, B(Z, K) and B*Y(Z, K),
where B#V(Z, K) € R»*™ k l=1,...,K, and

B(Z,K) = P, yBP;k, B=2;xkB(Z,K)?} . (3.6)

Also, in the present and the next chapter of the dissertation, we use the star symbol to identify the
true quantities. In particular, we denote the true matrix of connection probabilities by P, the true
number of classes by K, and the true clustering matrix that partitions n nodes into K, communities

by Z..

3.5 Optimization Procedure for Estimation and Clustering

In this section we consider estimation of the true probability matrix P,. Consider block P*(k’l) (Z., Ky)
of the rearranged version P,(Z,, K,) of P,. Let A = A(Z., K,) € [0, 1]"*%~ be a block matrix
with each column [ partitioned into K, blocks A®) = A®D(Z, K,) € [0,1]™. Then, due to
(3.2), P*Y(Z,, K,) are rank-one matrices such that P"Y(Z,, K,) = [P*"(Z,, K,)]" and that
each pair of blocks (k, 1) involves a unique combination of vectors A*Y). The structures of matrices

P.(Z., K,), A and P, are illustrated in Figure 3.1.

Observe that although matrices P*" (Z,, K,) in (3.2) are well defined, vectors A" and A"¥) can

be determined only up to a multiplicative constant. In particular, under the constraint
T Akl _ 1T ALk
17 AR = 1T AP, (3.7)

Sengupta and Chen (2018) obtained explicit expressions for vectors A*) and A*) in (3.2).
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Figure 3.1: Matrices A, P(Z,K) and P in the case of n = 5 and K = 2. Matrix A (top
left): AMD (red), A®Y (blue), AL? (yellow), A2 (violet). Assembling re-organized prob-
ability matrix P(Z, K) (top right): PV (Z, K) (red), PV (Z, K) (green), P*?(Z, K) (vio-
let). Re-organized probability matrix P(Z, K) (bottom left): P11V (Z, K) (red), PV (Z, K) and
PU2)(Z, K) (green), P32 (Z, K) (violet). Probability matrix P (bottom right): nodes 1,3,4 are in
community 1; nodes 2 and 5 are in community 2.

In reality, K, and matrices Z, and P, are unknown and need to be recovered. If K, were known,
in order to estimate Z, and P,, one could permute the rows and the columns of the adjacency
matrix A using permutation matrix % k, obtaining matrix A(Z, K,) = @5 k. APz i, and then,
following assumption (3.2), minimize some divergence measure between blocks of A(Z, K,) and

the products A®) [AGR]T . One of such measures is the Bregman divergence between A(Z, K.,)

and A®D [AGRT
The Bregman divergence between vectors x and y associated with a continuously-differentiable,
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strictly convex function £’ is defined as
Dp(x,y) = F(x) = F(y) = (VF(y),z - y)

where V F'(y) is the gradient of /" with respect to y. The Bregman divergence between any matrices
X and Y of the same dimension can be defined as the Bregman divergence between their vectorized
versions: Dp(X,Y) = Dp(vec(X),vec(Y)). It is well known that Dp(X,Y) > 0 for any X and
Y and Dp(X,Y) = 0iff X = Y. In particular, the Poisson log-likelihood maximization used in

Sengupta and Chen (2018) corresponds to minimizing the Bregman divergence with

F(z) = Z(:cl Inx; — x;).

%

Under the assumption (3.2) and the constraint (3.7) of Sengupta and Chen (2018), the latter leads

to maximization over A*) and Z € M,, . of the following quantity

Ke ng mn

UAJA) = —Dp(A ) =333 {AE,'Z’” In (AP AFY) — (A Aﬁ-l’“)} SNEE)

k=1 i=1 j=1
where A®Y stands for A®)(Z K,), the (k,1)-th block of matrix A(Z, K,). It is easy to see
that the expression (3.8) coincides with the Poisson log-likelihood up to a term which depends on
matrix A only, and is independent of P, Z and K,. Maximization of (3.8) over A, under condition

(3.7), for given Z and K, leads to the estimators of A obtained in Sengupta and Chen (2018)

AlkD)
\/ 17 A®D(Z, )1, \/ 17 AGD(Z, K1,

Afterwards, Sengupta and Chen (2018) plug the estimators (3.9) into (3.8), thus, obtaining the

likelihood modularity function which they further maximize in order to obtain community assign-
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ments.

In the present work, we use the Bregman divergence associated with the Euclidean distance (F'(z) =

|z||?) which, for a given K, leads to the following optimization problem

(/AX,Z ) € argmm ZHA(’” (Z,K) — AFD[AG )]THi st. A(Z,K) = @;K/L@ZK
k=1
Note that recovery of the components A*9) and A-¥) of the products above relies on an identifia-
bility condition of the type (3.7). Since these conditions can be imposed in a variety of ways, we
denote O = ABD[AGRI]T and recover the uniquely defined rank one matrix @V, In addition,
since the number of clusters K is unknown, we impose a penalty on K in order to safeguard against
choosing too many clusters. Hence, we need to solve the following optimization problem

A ~

K
. 2
(0,Z,K) € argmin E HA(I“’Z)(Z, K) — @“‘“”H + Pen(n, K)
0,7Z,K ki1 F

st. A(Z,K)= P} APzk, rank(©OF))=1; kl1=172 .- K.
(3.10)

Here, © is the block matrix with blocks ©* k1 =1,... K and Pen(n, K') will be defined later.

Observe that, if Z and K were known, the best solution of problem (4.5) would be given by the

rank one approximations O of matrices A*)(Z, K)
002, K) =Ty (A%D(2,K)) = 6{0a0(Z, K)o=0(Z, K)T, G

where 6" are the largest singular values of matrices AV (Z, K)); a®0(Z, K), 9*)(Z, K) are
the corresponding singular vectors, and II; ; <A(’“’l) (Z K )) is the rank one projection of matrix

A(’“’Z)(Z , K ) (see Lemma 4.4.1 for the exact expression). Plugging (4.6) into (4.5), we rewrite
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optimization problem (4.5) as

K

(Z,K) € argmin Z

Z,K k=1

st. A(Z,K) = PL APk

2
+ Pen(n, K)
F (3.12)

A®D(Z KY T, (A<k»l>(z, K))

In order to obtain (Z K ), one needs to solve optimization problem (4.7) for every K, obtaining

K 2
Zi € argmin{ S ||A®D(Z, K) — T, (A(’“”(Z, K)> (3.13)
ZeMnp k k=1 F
and then find K as
K 2
K € argmin{ > | A®(Zy, K) — 155 (A(’“’l)(ZK, K)) +Pen(n, K) . (3.14)
K k=1 F

Note that if the true number of clusters K, were known, the penalty in (4.5) and (4.7) would be

unnecessary.

Remark 1. Advantages of our estimation procedure. There are several advantages of the es-
timator (4.6) in comparison with estimators (3.9) of Sengupta and Chen (2018). First, rather than
obtaining estimators in (3.9) by averaging, we derive the rank one approximations of the unknown
sub-matrices of probabilities which lead to the minimal error (see, e.g., Giraud (2015)) even when
some of the nodes are misclustered and, therefore, the matrices P*(k’l)(Z , K ) are not necessarily
of rank one. Indeed, the estimators obtained by averaging are suboptimal since matrix P, is con-
taminated with errors. Second, recoveries of the matrices ©*) do not require any identifiability
conditions that can be imposed in a variety of ways. Finally, estimators A®*) of vectors A% in
(3.9) require the knowledge of the diagonal elements of matrix A that are not available. On the

contrary, the rank one approximation of a matrix can be achieved in the presence of missing values
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(see, e.g., Klopp, Lounici and Tsybakov (2017)).

Remark 2. The true community assignment. Sengupta and Chen (2018) show that the like-
lihood modularity is maximized at the true community assignment provided the, so called, de-
tectability condition holds: for any two distinct communities N; and A}, and any two nodes,
J1 € N, and jy € Ny, the set {(P.) j,/(P.)ij, }1-, assumes at least K, + 1 distinct values, where
K, is the true (known) number of clusters and P, is the unknown true matrix of probabilities. In our
case, the correct community assignment is a solution of the optimization problem (4.8) if matrix P,
is a unique combination (up to permutations) of the K2 rank one matrices. The latter is guaranteed

k1)
..

if collections of vectors Al .., A»5+) are linearly independent for any k = 1, ..., K,. Milder

conditions can be found in Soltanolkotabi and Candes (2012).

3.6 The Errors of Estimation and Clustering

In this section we evaluate the estimation and the clustering errors. We choose the penalty which,

with high probability, exceeds the random errors. In particular, we denote

Fi(n,K) = CinK + CyK?*In(ne) + Cs(Inn +nln K) (3.15)

F(n,K) = 2lnn+2nlhh K, (3.16)

where C', Cs and ('3 are absolute constants. Define the penalty of the form

Pen(n,K) = (2+16 87") Fi(n, K) + 85 ' Fao(n, K), (3.17)

where positive parameters (3; and (5 are such that 5; + #2 < 1. Then, the following statement

holds.
Theorem 3.6.1. Let (@, 7 , K ) be a solution of optimization problem (4.5). Construct the estimator
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P of P, of the form

A~

P=2,:0(2,K)%} (3.18)

where 92’ & 1S the permutation matrix corresponding to (Z , K ). Then, for any t > 0 and C =

C(C3) given in (4.22), one has

Ll a 2 Pen(n, K.) Ct .
p!—|lp—p| < sy gt 3.1
{n2 F_(1—51—52)”2+n2}_ 36 G19
1 . 2 Pen(n, K,) 3C
— E||P—-P| < — 3.20
n? F_(l—ﬁl—BQ)n2+n2 (3:20)

Remark 3. The penalty. By rearranging and combining the terms, the penalty in (3.17) can be
written in the form

Pen(n, K) = HinK + HyK*Inn + Hynln K, (3.21)

where H; = H;(B1, B2, C1,Cs,C3), i = 1,2,3, and the estimation errors in (4.20) and (4.21) are
proportional to the right hand side of (4.16). The first term in (4.16) corresponds to the error of
estimating n /& unknown entries of matrix A, the second term is associated with estimation of rank
K? matrix while the last term is due to the clustering of n nodes into K communities. If K grows
with n, i.e., K = K(n) — oo as n — oo, then the first term in (4.16) dominates the other two
terms. However, in the case of a fixed K, the first and the third terms grow at the same rate as

n — oo. The second term is always of a smaller order provided K (n)/n — 0.

In order to evaluate the clustering error, we assume that the true number of classes K = K, is
known. Let Z, € M,, g, be the true clustering matrix. Then Z = Zy is a solution of the opti-

mization problem (4.8). Note that if Z, is the true clustering matrix and Z is any other clustering
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matrix, then the proportion of misclustered nodes can be evaluated as

_ _ 1 o2
Err(Z,Z,) = (2n) " fmén | ZPx — Z||, = (2n)~ yr}?é%KHZL@K Z | (3.22)
where Py is the set of permutation matrices Py : {1,2,--- | K} — {1,2,--- | K}. Let
Y(Z.,p) = {Z € Mur:(2n)™" min |ZPx — Z.||, > p} (3.23)
PrEPK

be the set of clustering matrices with the proportion of misclustered nodes being at least p, p < 1.

The success of clustering in (4.8) relies upon the fact that matrix P, is a collection of K? rank
one blocks, so that the operator and the Frobenius norms of each block are the same. On the other
hand, if clustering were incorrect, the ranks of the blocks would increase which would lead to the
discrepancy between their operator and Frobenius norms. In particular, the following statement is

true.

Theorem 3.6.2. Let K = K, be the true number of clusters and Z, € M,, i, be the true clustering

matrix. If for some oy, s, p, € (0,1), one has

1 —|— (0D 2
max

P,
| HF 1 — 1 Z€X(Zepn)

> H[CinK+CyK?In(ne)+Cs(nin K+t)], (3.24)

then, with probability at least 1 — 2¢™!, the proportion of the misclassified nodes is at most p,,.

Here, H = H (a1, o), is a function of oy and o only.
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3.7 Supplementary Statements and Proofs

3.7.1 Proof of Theorem 3.6.1.

Denote = = A — P, and recall that, given matrix P,, entries =, ; = A, ; — (P*)ij of = are the
independent Bernoulli errors for 1 < ¢ < j < nand A;; = A,,. Then, following notation (3.6),

for any Z and K
E(Z,K)= P}, EPzx and PJ(Z,K)= P} PPz k.

Then it follows from (4.5) that

Hf@g’ AP, —O(Z,K)

2 N 2
+Pen(n, K) < H@% AP, o — 2T P2, || +Pen(n, K.)
a s Ak ? EEEAEY ) r

Using the fact that permutation matrices are orthogonal, we can rewrite the previous inequality as
HA ~ 2,02, K)@?KHi +Pen(n, K) <||A— P.||> +Pen(n, K.,). (325
Hence, (4.30) and (4.18) yield
4~ PH1 <||A = P.|[% + Pen(n, K.) — Pen(n, K) (3.26)
Subtracting and adding P, in the norm of the left-hand side of (4.31), we rewrite (4.31) as

2 ~

HP — P.|[ < A(Z,K) + Pen(n, K.) = Pen(n, K), (3.27)
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where

A(Z,K) = 2Tr [ET(P - P*)} . (3.28)

Again, using orthogonality of the permutation matrices, we can rewrite

A ~ A A~

where (A, B) = Tr(A” B). Then, in the block form, A(Z, K) appears as

AZ,K)=Y At(Z k) (3:29)
k=1
where
A(k,l)(Z’f{) —9 <E(k,l)(27 K),Hﬁ,ﬁ (A(’“”)(Z, K)) — P*(k,z)(ZA?f()>

and II; ; is defined in (4.63) of Lemma 4.4.1.

Letd = a*™)(Z, K),5 = 9")(Z, K) be the singular vectors of P*"(Z, K') corresponding to the

largest singular value of pD (Z K ). Then, according to Lemma 4.4.1

~

s (PIR0(2,K)) = a*0(Z, K) (@D (2, K) PAO(Z, K)ok (2, ) (@49 (2, K))T
(3.30)
Recall that
oo (A%(Z, K)) = Wgg [ P02, K) + 200(2, )]

Then, A®)(Z, K') can be partitioned into the sums of three components

~

A2 K) = AP 2 R) + AV 2, K) + AY(Z2,K), k=12, K, (331)
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where

(3.32)
(3.33)

(3.34)

With some abuse of notations, for any matrix B, let II; ; (B (Z , K )> be the matrix with blocks

s (BW)(Z, f()), and Tl , (B(Z, f()) be the matrix with blocks IT; (BU@I)(Z, f()), kol =

1,2, -+, K. Then, it follows from (4.34)—(4.37) that

A~

A<va() = A1<ZA7R> +A2(ZA’IA() +A3(ka)

where

Now, we need to derive an upper bound for each component in (4.34) and (4.38).

Observe that

AMD(Z,R) = A260(Z, K), T3 (E50(2, K)) = 2|| M1, (2402, )|

Now, fix ¢ and let €, be the set where E(Z , K )

op

78

(3.35)

(3.36)
(3.37)

(3.38)

2 .
< Fi(n, K)+Cst. According to Lemma 4.4.4,



P(Q) > 1 — exp(—t),

and, for w € €2, one has

K
PN A~ A ]12 ~
A2, K) <2 :HE(’“’”(Z,K) < 2F(n, K) + 2Cst

k=1 op

Now, consider A,(Z, K) given by (4.40). Note that

85(2,K)| = 2 Wa (P2, K) ) = P2, K6 (22, K), Hoal 2, K))

where o o
Moy (P.(Z,K)) = P2, K)

Hais(Z,K) = — —
Iai (P.(2,K)) = P2, B)lr

Since for any a, b and «; > 0, one has 2ab < a;a? + b/, obtain

(3.39)

(3.40)

(3.41)

1A9(Z, K)| < || Mas (P*(Z, fc)) — PZ,K)|%+ 1/ (E(Z,K), Han(Z, K))? (3.42)

Observe that if K and Z € M, k are fixed, then H; 3(Z, K) is fixed and, for any K and Z, one

has ||Hz5(Z, K)||r = 1. Note also that, for fixed K and Z, permuted matrix =(Z, K) € [0, 1]

contains independent Bernoulli errors. It is well known that if £ is a vector of independent Bernoulli

errors and h is any fixed vector, then, for any = > 0, Hoeffding’s inequality yields

P(|¢"h* > x) < 2exp(—x/2)
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Since (Z(Z,K), Hy.5(Z,K)) = [vec(2(Z, K))|"vec(H; 5(Z, K)), obtain for any fixed K and Z:
P ([(E(2, K), Hup(Z, K)) — 2 > 0) < 2exp(—2/2)
Now, applying the union bound, derive

P (I(2(2, K), HuglZ, K)) = Fa(n, K) > 2t)

<P ( max max [(2(Z,K), His(Z, K))|* — Fo(n, K)] > 225) (3.43)

1<K<nZeM,, s

<2nK"exp {—F>(n, K)/2 —t} = 2exp(—t),
where Fy(n, K) is defined in (4.28). By Lemma 4.4.2, one has
e (P2, K)) = Pu(Z, B[} < T (PAZ,K)) = PAZ, K3 < 1P = Pl
Denote the set on which (4.45) holds by Q, so that
P(Qs) > 1 — 2exp(—t). (3.44)
Then inequalities (4.44) and (4.45) imply that, for any oy > 0, ¢ > 0 and any w € {25, one has

IN(Z,K)| < ay||P = Py||% + 1/ Fy(n, K) + 2t/ a. (3.45)

Now consider Ag(Z K ) defined in (4.41) with components (4.37). Note that matrices Haﬂ}(Pfk’l) (Z K ))—
I1; 5 (P*(k’l)(Z, f()) have rank at most two. Use the fact that (see, e.g., Giraud (2014), page 123)

(4, B) < |4l @n|Bller < 2 Al Bllr. = minfrank(A), rank(B)}.  (3.46)
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Here || A (2,9 is the Ky-Fan (2, ¢) norm

1Al q ZO ) < A%,

where o;(A) are the singular values of A. Applying inequality (4.48) with = 2 and taking into

account that for any matrix A one has || A|%, .. < 2||Al|?, derive
y (2,2) op

*

AF(Z, )| < A2, ) llop [T (PO (2, K)) = g (PED(Z,R))

Then, for any s > 0, obtain

As(Z,K)| < Z A2, K) (3.47)
k=1
9 K
< 2 I A +2“2,;1"H“” R)) =T (P2, ) ) |13
Note that, by Lemma 4.4.2,

*

I (P0(2, K) = e (PR (2, K)) I

<2\ o o( P2, K)) — PE(Z, K3 + 2| Moo (PO (2, K)) — PRY(Z, K[z
<A|o (P2, K)) — PE(Z, K17

<A|Mao(A®(Z, K)) = PP(Z, K)|[7 = 410%™ (2, K) = PRY(Z, )7
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Therefore,

K
D o (PR (2, K)) = Mo (PA(2,K) ) |17 <

k=1
P A2 .
4“@(2,[() —P*(Z,K)HF — 4P - P2 (3.48)
L2 .
Combine inequalities (4.49) and (3.48) and recall that||=(Z, K)|| < Fi(n,K)+Cstforw € Q.
op
Then, for any a, > 0 and w € €1y, one has
IA5(Z,K)| < 8as||P — P.||% + 2/ayFy(n, K) + 2C5 t/ . (3.49)

Now, let Q2 = Q; N . Then, (4.42) and (4.46) imply that P(£2) > 1 — 3exp(—t) and, for w € €2,
inequalities (4.43), (4.47) and (4.50) simultaneously hold. Hence, by (4.38), derive that, for any

w € Q,

IA(Z,K)| < (242/a3)Fi(n, K))+1/ay Fy(n, K)+(a148as)|| P—P.||242(Cs+1/a14+Cs /az) t.

Combination of the last inequality and (3.27) yields that, for a; + 8as < 1 and any w € (2,

A

(1—a;—8aw) || P — P.

2 2 - 1 - .
B < (2 + —) Fi(n, K)+—Fy(n, K)+Pen(n, K,)—Pen(n, K)+2(Cs+1/a;+C3/as)
(0%)] (0751

Setting Pen(n, K) = (2+2/az) Fi(n, K) + 1/a; F»(n, K) and dividing by (1 — a; — 8ay), obtain
that

IP{||P ~ P2 < (1 -y — 8as) " Pen(n, K.) + ét} >1- 3t (3.50)

where

C=2(1—0a;—8ax) (Cs+1/ay + C3/ay) (3.51)
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In order to derive (4.20), set 31 = 8aw and [, = «;. In order to obtain the upper bound (4.21)
note that for £ = |P — P.||% — (1 — By — £2) ' Pen(n, K,), one has E||P — P,||% = (1 — f; —
B2) ' Pen(n, K,) + E&, where

Efg/ P(§>z)dz:é/ P(g>ét>dt§é/ 3e~tdt = 3C,
0 0 0

which yields (4.21).

3.7.2  Proof of Theorem 3.6.2.

Since we have

K 2
Zx € argmin { Y [[A®D(Z, K) T, (A(k’”(Z, K))
ZEMn,K k=1 F

so that
K NI K 2
SOIACZ) ~ Mg (A%0(2)) || < 37 ARI(2) = T (A%0(22) (3.52)
k=1 Fooogi=1 F

Observe that for any Z € M,, , one has

K

2.

k=1

AkD(Z) 11, (A ) Iy (A(’“’”(Z))

-3l

2
)
F

F

2
so that, due to E HA“ )H = || A||%, (4.53) can be re-written as
F
ki=1

(3.53)




Applying Proposition 6.2 of Giraud (2015), obtain

9 min{ng,n;}
Mo (A®D(2)) — PE ()2 < CEO SN o pien ) 20 OCE0) iy 72
7 62 r=2 9 .

where # > 0 is an arbitrary constant, P, is the true matrix of probabilities, =% (Z) = A*D(Z) —
pkD (Z), and o,(B) is the r—th largest singular value of B. Since matrix P*(Z,) has rank one,

the previous inequality yields for § = /2

Mo (A®D(Z.)) = PEY(Z)E < 201+ V2RI (2) 2, (3.54)

Using Lemma 4.4.3, derive for any ¢ > 0 that

K
2
Po> [ERN(Z)|| < CinK + CoK?In(ne) + Cst p > 1 — exp(—t). (3.55)
k=1 op

Also, since card(M,, k) = K™ , replacing ¢ by nIn K + ¢ and applying union bound, obtain

K
P> ESN(2)]2, < CinK + CoK?In(ne) + Cs(nIn K + 1) p > 1 —exp(—t).  (3.56)
k=1

Note that for any o; € (0, 1), using the inequality (a + b)? > (1 — a)a® + (1 — a5 ')b?, obtain

i 5

F
(1-— 041)‘ i — (ozl_1 — 1) HHﬁ,fz (A(k’l)(Z*)> — P*(k’l)(Z*)

Moo (AS(2)) | =|Mas (A%0(Z,)) = PE(2) + PED(Z,)

F
2

P(k,l) (Z*)

*

F
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Combining the last inequality with (3.54) and taking a sum, obtain

K 2 K
3 M (Auc,z)(z*)) > (1—ay)|| P[5 —2(14+V2) (— - 1) Z =0z, (3.57)
k=1 F =1

P.(Z.)|| =Pl p- On the other hand, for any Z € M,, ;c and any

g > 0, using the inequality (a + )% < (1 + az)a® + (1 + ay ')b?, obtain

i

so that

2

< (1+ aw)
F

2

My (A%(2)) +(1+ay")

F

s (E““”(Z))

F

2
=kD(Z) ;

op

<(1+ ag)HPf’“’”(Z) g (1+a3") (3.58)

op

1

Now, we prove the theorem by contradiction. Assume that 7 e Y (Zs, pn) is the solution of

s (AWl)(Z))

F

optimization problem (4.8). Then, inequality (3.53) holds. Combining (3.53), (3.57) and (3.58),

obtain that

(1= @)l P - 2(1 + V2P (— 1) Y [ <
a1 k=1 op
K
(14 as) (1+oz2_1) Z :(kl)(Z)
k=1 k=1 op

Due to (4.55) and (3.56), with probability at least 1 — 2 exp(—t), the last inequality yields

(1—a) || P.)|%— (1+as) ZHP(’” )2, < (1—ay) H[CinK +CyK? In(ne)+Cs(nIn K +1)],
k=1
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where

2(1+\/§)2+ 1+

H=H = .
(a1, 2) o as(1l —ay)

(3.59)

The latter contradicts (3.24), since Z € Y (Z., pn), which completes the proof.

3.7.3  Supplementary Lemmas and Proofs

Lemma 3.7.1. For any matrices A, B € R™*" and any unit vectors v € R™ and v € R", let

I,.,(A) = (uu®)A(voT) (3.60)

denote the projection of matrix A on the vectors (u,v). Then,

(Iy(B), A — I, (A)) = 0. (3.61)

Furthermore, if we let 4 and v be the singular vectors of matrix A corresponding to its largest

singular value o, the best rank one approximation of A is given by

[g4(A) = (aa") A(607) = cad”. (3.62)

Lemma 3.7.2. Let A = P+Z. Denote by (i, V) and (u, v) the pairs of singular vectors of matrices

A and P, respectively, corresponding to the largest singular values. Then,

[T, (P) — Pllp < |[Ia(P) — Pllp < [[Ias(A) — Pllr (3.63)

where 11, ,(-) is defined in (4.63).
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Proof. The first inequality in (4.64) is true because II, ,(P) is the best rank one approximation of

P. Validity of the second inequality in (4.64) follows from

HHﬁ,ﬁ(A) - PH% = HHa,@(P) - P+ Huv(E)“% = HHa,@(P) - PH% + HHuv(E)H%

Lemma 3.7.3. , Let elements of matrix = € (—1,1)"*" be independent Bernoulli errors. Let
matrix = be partitioned into K? sub-matrices =%V, k1 =1,--- | K. Then, for any x > 0
2

< OnK + CyK?In(ne) + Csz p > 1 — exp(—x), (3.64)

op

=(k,0)

P13

k=1

where C',Cy and C5 are absolute constants independent of n and K.

Proof. Consider vectors ¢ and p with elements &, = |Z®V||,, and ., = E|Z®V|,p, k, 1 =

1,---,K,and letn = £ — p. Then,

K
2
8= = el < 2l + 20l (.65
k=1

Hence, we need to construct the upper bounds for ||n]|? and || u|?.

We start with constructing upper bounds for [|u|®. Let EEZ’Z) be elements of the (nj x n)-
dimensional matrix "), Then, E(EST)) = 0 and, by Hoeffding’s inequality, E {exp(/\EZ(-S-’l))} <
exp ()\2 / 8). Taking into account that Bernoulli errors are bounded by one in absolute value and ap-
plying Corollary 3.3 of Bandeira and van Handel (2016) with m = ng, n =n;, 0, = 1, 01 = /ny
and oy = /n;, obtain

g < Co(y/my + /my + /In(ng A ny))
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where () is an absolute constant independent of n; and n;. Therefore,

K
Il <3C3 D (ni+ my + In(ng Amy)) < 6CenK +3C3K” Inn. (3.66)

k=1

Next, we show that, for any fixed partition, 7;; = & ; — 11, are independent sub-gaussian random
variables when 1 < k£ < | < K. Independence follows from the conditions of Lemma 4.4.3.
To prove the sub-gaussian property, use Talagrand’s concentration inequality (Theorem 6.10 of
Boucheron et al. (2013)): if =1, =5, =3, - - - , =,, are independent random variables taking values in
the interval [0, 1] and f : [0,1]™ — R is a separately convex function such that |f(z) — f(y)| <

|z — yl| for all z,y € [0, 1]", then, for Z = f(=;,Z2,Z3, -+ ,Z,) and any ¢ > 0, one has

P(Z > EZ +t) < exp(—t*/2). (3.67)

Apply this theorem to vectors (;; = vec(EFD) € [0, 1]™>™ and f(Z*V) = f((y) = ||ZFY

op

Note that, for any two matrices = and = of the same size, one has ||Z — Z||2, < |2 - Z||

2
op — F
k

|2. Then, applying Talagrand’s inequality with Z = ||=*V ||, and Z = —||Z*®],,

"

Now, use the Lemma 5.5 of Vershynin (2012) which states that the latter implies that for any ¢ > 0

[vec(Z)—vec(Z)
obtain

IZ o — BN

> t) < 2exp(—t?/2).

and some absolute constant C; > 0,
E [exp(tnkvlﬂ =E [exp(t(ﬁkvl — Nk,l))] < exp(Cyt?/2), Cy>0. (3.68)

Hence, 7);,; are independent sub-gaussian random variables when 1 < k <[ < K.

Now, we obtain an upper bound for ||n]|2. Use Theorem 2.1 of Hsu et al. (2012) which states that

88



for any matrix A, if for some o > 0 and any vector h one has E[exp(h’7)] < exp(||h]|*c?/2),

then, for any x > 0,

P { A% > o2(Tr(ATA) + 24/ Tr((ATA)?) 7 + 2||ATA||Opx)} < exp(—a). (3.69)

Applying (3.69) with A = I (x41)/2 and o2 = (4 to a sub-vector 7) of 1 which contains compo-

nents 7;,; with 1 < k <[ < K, obtain
P{ I > €4 (KK +1)/2 4 VIR + 10+ 20) | < exp(-a).
Since ||n||* < 2|72, derive
P {HW > 20, K (K + 1) + 6C4x} < exp (—a) (3.70)
Combination of formulas (4.66) and (4.69) yield

Pl < 2l + 4K (K +1) +12Csa } > 1 = exp ()

Plugging in ||z||* from (4.67) into the last inequality, derive for any z > 0 that
P {HéHQ <1205nK +6C;K*Inn + 40, K (K + 1) + 1204x} >1—exp(—z). (3.71)

Since K (K +1) < 2K? and 6C2K?Inn + 8CyK? < max(6C2,8C,) K?In(ne), inequality (4.65)
holds with Cl = 1203, Cg = HlaX(60g, 804) and Cg = 1204
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Lemma 3.7.4. Foranyt > 0,

K

29

k=1

=02, )|

op

— Fi(n,K) < Cst p >1—exp(—t). (3.72)

where Fi(n, K) is given by (4.26).

Proof. Using Lemma 4.4.3, for any fixed K and Z € M,, g, obtain

K
S IEH0(Z. K, — CinK — oK Inne) — Gy > 0 ¢ < exp (~2).

k=1

Application of the union bound over Z € M,, x and K € [1,n] and settingz =t +Inn +nln K

yields

K
P Z |~(kl Z f( |l p_Clnf{—C’2f(21n(ne)—Cgt—Cglnn—ananZO

{kll
K

|=*D >
<P 12&?@2?}\%& Z (Z,K)|2, — Fi(n,K) | > Cst

n

- P

k=1 ZGMnK k=1

_Fl(n7K> > C3t

<nK"exp{—t —lnn —nln K} = exp (—t),

which completes the proof. ]
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CHAPTER 4: ESTIMATION AND CLUSTERING IN SPARSE PABM

4.1 Sparsity in Block Models

The real life networks are usually sparse in a sense that a large number of nodes have small degrees.
One of the shortcomings of both the SBM and the DCBM is that they do not allow to efficiently
model sparsity in networks. Indeed, for the SBM, it is not realistic to assume that all nodes in a pair
of communities have no connections, hence, in the SBM setting, one does not assume that the block
probabilities B, ; = 0 for some £ and [. The DCBM is not very different in this respect since setting
any node-specific weight to zero will force the respective node to be totally disconnected from the
network. For this reason, unlike in other numerous statistical settings, sparsity in block models is
defined as a low maximum probability of connections between the nodes: max P, ; < p(n) where
p(n) — 0asn — oo (see, e.g., Klopp, Lounici and Tsybakov (2017), Lei and Rinaldo (2015)).
As a result, high degree nodes become very unlikely. In addition to being unrealistic, the above
definition of sparsity has other drawbacks. In particular, one has to estimate every probability of
connections By, ;, no matter how small it is, and, in many settings (see, e.g., Klopp, Lounici and

Tsybakov (2017)), in order to take advantage of the fact that P, ; are bounded above by p(n), one

needs to incorporate this unknown value into the estimation process.

On the contrary, the PABM setting allows some connection probabilities to be zero while keeping
average connection probabilities between classes above certain level and the network connected.
This is possible only in the PABM context due to the flexible modeling of connection probabil-
ities. The idea of setting some infinitesimally small probabilities of connections to zero is quite
attractive. Indeed, it is well known that, when many of the elements of a vector or a matrix are
identical zeros, identifying those zeros and estimating the rest of the elements leads to a smaller

error than when this information is ignored. Similarly, allowing structural sparsity (i.e., setting

91



connection probabilities to zero rather than to a very small positive number) not only leads to
better understanding of network topology but leads to more precise estimation of the probability

matrix P.,.

In the context of PABM, setting Agk’l) = 0 simply means that that node 7 in class & is not active
(“popular") in class [. This, nevertheless, does not prevent this node from having high probability
of connection with nodes in another class. Setting some elements of vectors A% to zero will
merely lead to some of the rows (columns) of sub-matrices P*)(Z, K) being zero. Moreover,
since A, ; are Bernoulli variables with the means P, ;, those zeros are fairly easy to identify since

P, j =0leadsto A; ; = 0.

4.2 Estimation and Clustering in Sparse PABM

In this section, we consider the problem of estimation and clustering of the true matrix P, of the

probabilities of the connection between the nodes.

4.2.1 The Structure of the Probability Matrix

Consider block P*(k’l) (Z., K,) of the rearranged version P,(Z,, K.) of P,. Let A, = A(Z,, K,) €
0, 1]"*%+ be a block matrix with each column [ partitioned into K, blocks AFD = Aﬁk’l)(Z*, K,).
Here, A € [0,1]™ and AR e [0,1]™ are the column vectors and P¥ (7, K,) follows
(3.2), i.e., P*(k’l)(Z*7 K,) = A&k’l) [Ag’k)]T. Hence, P*(k’l)(Z*, K,) are rank-one matrices such that
pD (Z, K\) = [P*(l’k)(Z*, K.,)]" and that each pair of blocks P¥D and P8P involves a unique

combination of vectors A" and A"F), kl=1,... K,.

Vectors A" and A" describe the heterogeneity of the connections of nodes in the pair of com-
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munities (k,!). While, on the average, those communities can be connected, some nodes in com-

munity k£ may have no interaction with nodes in community [ or vice versa, so that some of the ele-

K
ments of vectors A% and A" can be identical zeros. Denote by J. = J.(Z, K,) = U (o) ki
k=1
the set of indices of all nonzero elements of matrix A,, where
(St = (Jea(Ze, Koy = {i: (AP £ 04, JED) = (L) < (S, @D)

are, respectively, the true support of vector AP

and the set of all ordered pairs of indices (posi-
tions) of non-zero elements of sub-matrix pkd (Z., K.). Here, the elements of (.J, ), are enumer-

ated by their corresponding rows in matrix A,. Then,
(kvl) 1 ) (kvl)
(P*)i,j (Z*7K*) > 0 lff (Z>J) € J*

and row ¢ and column j of P*(k’l)(Z*, K,) are equal to zero if i ¢ (J, ) 0rj & (Ji)1k-

Note that the set J, = J.(Z,, K.) relies upon the true clustering defined by K, and Z,.. One can
also consider sparsity sets (J,)r; = (J)ri(Z, K) and Jy; = Jyi(Z, K) for an arbitrary K and

matrix Z € M,, i

(Jka ={i+ (POENZK) #0,j=1,.com}, Jo={is AL (Z.K) £0,5 =1, m},
(4.2)

where the elements of ( j*)k:,l and ij are enumerated by their corresponding rows in matrices P,

and A, respectively. Examples of the sets (.J,)ps, (J.)*, (J, ), and (J, )" are considered in

Section 4.2.3.
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For any sparsity sets Ji,; = Ji;(Z, ), define, similarly to (4.1),

K
J=J gk with J®D = Jy x T (4.3)

k=1

It follows from the definitions (4.2) and (4.3) that forany K, Z € M, g and k,[ =1,... K

Jui(Z.K) C (J)ri(Z,K) and J(Z,K)C J.(Z, K). (4.4)

4.2.2  Optimization Procedure for Estimation and Clustering

Observe that although matrices P*(k’l) (Z., K,) and the sets Jik’l) are well defined, vectors Aﬁk’l) and
A" can be determined only up to a multiplicative constant. In order to avoid this ambiguity, de-
note O = A"V [Agf’k)]T and recover matrix ©, with the uniquely defined rank one blocks ol

and their supports Jik’l), k,l = 1,...,K,. Then, one needs to solve the following optimization

problem

K

A A A A 2

(6.2,J,K) € argmin{ S HA(’“’”(Z,K)—@““”(Z,J,K)H + Pen(n, J, K)
F

0.29K | o2
S.t. A(Z, K) = gzg’KA@Z,K, Z € Mn,K>

supp(O)) = J®D = Juy > Jyy,  rank(@FD) =1, k1=1,2,--- K.
4.5)

Here, O is the block matrix with blocks ©*:), kil=1,...,K.

Observe that, if Z, J and K were known, the best solution of problem (4.5) would be given by the

best rank one approximations O of matrices A(’”)(Z K ) restricted to the sets JED of indices
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of nonzero elements:
é(k@ (ZA, jv K) = H(l) <Hj(k’,l) (A(kJ)(ZA) K))) ) (46)

where IT . (A(k’l)> is the projection of matrix A*Y) onto the set of matrices with the support
J*D and I1(1) is the best rank one approximation of a matrix. Plugging (4.6) into (4.5), we rewrite

optimization problem (4.5) as

~

(Z,J,K) €argmin Z |A®D(Z, K) — Ty [Ty (A% (Z, K))]||% + Pen(n, J, K)

Z,J, K k=1
4.7)
S.t. A(Z, K) = ‘@;KA‘@ZK? Z € MTLJ(?

JED = J6D(Z K) = J, (2, K) x Juu(Z, K).

In practice, in order to obtain (Z , J , K ), one needs to solve optimization problem (4.7) for every

K, obtaining

2

K
(Zx, Jx) € argrnm Z A®D( — Iy (HJ(k,l) (A®D(Z, K))) + Pen(n, J, K)
k= F
(4.8)
s.t. A(Z, K) = QZ;KA@Z,K, Jyg € Mn,K;
JED = JED) (7 K) = J(Z, K) x J(Z, K).
and then find K as
K 2
K € argmin Z AFD(Zp K — I (ij) <A(k’l)(ZK,K)>) + Pen(n, Jk, K)
K k=1 ® r
(4.9)
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4.2.3 The Support of the Probability Matrix and the Penalty

Consider solution of optimization problem (4.8) for a fixed value of K. If 7 Kk € M, i is asolution

of (4.7), then

2
+ Pen(n, J, K)

AED(Z K — Iy <HJ<k,l> (A(k’l)(ZK’ K)>)

K
Jx € argmin E
J k=1 ja

S.t. A(ZK,K) = ‘@;FK,KA‘@ZK,K’ J(k’l) = JkJ X Jl,kz, sz,l = kal(ZAK,K).
(4.10)

Observe that if the penalty term Pen(n, J, K') were not present in (4.10) or did not depend on set
J, then one would have Jx = Ji and J}(?’l) = j[(?’l) where, by (4.2), j}(?,z) is the set of indices of

nonzero rows and columns in A% (Z i, K). It is easy to see that
Hj(k«l) <A(k’l)(ZK7 K)) - A(}ﬁl) (ZK7 K)’ H(l) (Hj(k,z) <A(k’l)(ZK7 K))> = H(l) (A(k,l) (ZKa K)) .

Hence, even if sparsity is not specifically enforced (as it happens in Noroozi et al. (2019a) where

the penalty depends on n and K only), one still obtains a sparse estimator P with the support

If the true number of clusters K, and the true clustering matrix Z, € M, x, were available,
then the statement below shows that, under certain conditions, with high probability, sets J, =

J.(Z,,K,) and J(Z,, K,) would coincide.

Lemma 4.2.1. Let K? < n and the true matrix P, be such that (P.); ; = 0 or (P.);; > w(n, K.).
If the community sizes are balanced, i.e., the sizes of the true communities are no less than Con /K,

for some Cyy € (0,1], and
w(n, K.) > K, (\/HJr \/Z> / (C}Mﬁ) ,
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* * * * * 0 * * * * 0 *
B .| 0 | o R R IR I
0 * 0 0 0 * * 0 0 0 * *
* * s * 0 5 * * * 0 * *

Figure 4.1: Zeros of the probability matrix with n = 5 and K, = 2. Star symbols correspond
to nonzero elements, the thick lines correspond to clustering assignments. Left panel: matrix A
with (J.)11 = {1,2,3}, (Jo)21 = {5}, ( D12 = {1,2} and( +)22 = {4,5}. Middle panel:
matrix P,(Z,, K,) with true clustering, (.J, )5.1(Z+) = {4} and (J,)$5(Z.) = {3}, P ,(Z.,K,) =

0 for (i,7) € {(1,4),(2,4),(3,4),(3,5),(4,1),(4,2),(4,3), (5, )} so that, zero entries of the
probability matrix are estimated by zeros. Right panel: matrix P, (Z K.) with node 3 erroneously
placed into community 2. The value of (P,)s3 is nonzero. If A33; = 0, then Jg 2(Z 7) = {3} and
Pij(Z,K.) = 0for (i,5) € {(1,4),(2,4),(3,4),(3,5),(4,1), (4,2), (4,3). (5,3)}, hence, zero
entries of P, are still estimated by the identical zeros. However, if A3 3 = 1, then zero elements
(Py)s.a, (Po)ss, (Pi)as and (Py)s 5 are estimated by positive values.

then, with probability at least 1 — e, one has J,(Z,, K,) = j(Z*, K,).

Unfortunately, K, and Z, are unknown and, hence, Ji(Z, K) = Ji(Z, K) may not always be the

best estimator.

Consider, for example, the situation displayed in Figure 1 where n = 5, K, = 2 and, under the
true clustering, one has n; = 3 and ny = 2. Vectors Ay and A;  have one zero element each,
so that (J.)11 = {1,2,3}, (Ju)21 = {5}, (Ju)12 = {1,2} and (Ji)22 = {4,5} (left panel)
leading to (J)"Y = {(1,1),(1,2),(1,3),(2,1),(2,2),(2.3),(3,1),(3,2),(3,3)}, (J)*V =
{(5,1),(5,2)}, ()& = {(1,5),(2,5)} and (J.)?? = {(4,4),(4,5),(5,4),(5.5)} (middle
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panel). With the true clustering (middle panel), (J )2 (Z) = {4} and (J ) o(Z.) = {3}, so that
P, ;(Z.,K.) = 0for (i,7) € {(1,4),(2,4),(3,4),(3,5), (4,1), (4,2), (4,3), (5,3)}. Hence, zero
entries of the probability matrix are estimated by zeros. Consider now the situation where the third
node has been erroneously placed into community 2 by clustering matrix Z (right panel). Then,
we still have (J, )51(Z 7) = {4}, but (j*) ,(Z) is an empty set. If Az 3 = 0, then J22( 7) = {3}
and P, ;(Z, K,) = 0 for (i, ) € {(1,4),(2,4), (3,4),(3,5), (4,1),

(4,2),(4,3),(5,3)}, so that the zero entries of P, are still estimated by the identical zeros. How-
ever, if A3 = 1, then zero elements (P,)s4, (Pi)ss, (Po)as and (P)s53 will be estimated by

positive values.

For this reason, it is reasonable to introduce a penalty that will lead to trimming the support of

P(Z,K).

We say that a penalty Pen(n, J, K) is separable if for any K and any clustering matrix Z that

partitions n nodes into K communities of sizes ny, k = 1, ..., K, one can write

K K
Pen(n,.J, K) = Pen” (n, J, K) 4 PenV(n, K) with Pen®(n,.J, K) ZZ (| ka], ),

=1 k=1

4.11)

where Jy.; = Ji(Z, K). Otherwise, the penalty is non-separable.

Lemma 4.2.2. Let (Z ) i) be the solution of the optimization problem (4.8). If Pen(n, J, K) is
separable and function % (j, m) in (4.11) is an increasing function of j for 0 < j < m, then, for

any K <nandk,l =1,..., K, one has

jk,l(ZKaK) C jk,l(ZK,K) - (j*)k,l<ZK7K)a J(Zg,K) C J(Zg,K) C J(Zk, K). (4.12)

98



4.3 The Errors of Estimation and Clustering

We produce upper bounds on the estimation and clustering errors in this section.

4.3.1 The penalty

In what follows, we consider the separable and the non-separable penalties of the form (4.11) with

the common Pen™ (n, K), i.e.

Pen @ (n,J,K) = Pen (@) (n,J, K) + 1:)en(1)(n7 K), (4.13)

where a =s for the separable penalty and a = ns for the nonseparable one, and

K K
Pen®(n, J,K) = B Y |Jealn(nge/|Jo]) + 52K Y Inmy (4.14)
k=1 k=1
Pen(®9) (n,J,K) = pi|J|In(nKe/|J]) + 2B Inn (4.15)
PenV(n,K) = BonlnK +Inn). (4.16)

Here, the separable penalty corresponds to % (| Jy|, nk) = Bi1|Jk| In(nre/|Jx.]) + B2 Inny and

the exact expressions for 3, and (3, are given in Theorem 3.6.1 below.

In the next two sections, we shall provide upper bounds for the errors of the solution of optimization
problem (4.5) with the separable or the non-separable penalty as well as upper bounds for the
clustering error in the case of the separable penalty. While the separable penalty has some valuable
properties (see Lemma 4.2.2), the non-separable penalty is much easier to interpret. Fortunately, as
the statement below shows, under very nonrestrictive conditions, the penalties are within a constant

factor of each other.
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Lemma 4.3.1. Ifn > 8 and K < \/n/Inn, then

Pen™(n, J,K) < (2 -+ B1/Ba) Pen®(n, J,K) < 2(2+ B/ ) Pen®(n, JK).  (4.17)

4.3.2 The Estimation Errors

Theorem 4.3.1. Let (é, Z,J,K ) be a solution of optimization problem (4.5) with the separable

or non-separable penalty defined in (4.13). Construct the estimator P of P, of the form

~ A~

P=2,:0(ZJ K2, . (4.18)

where 6@2’ i 1s the permutation matrix corresponding to (Z , K ). Let positive 71,72 be such that
Y1 + Y2 < 1 and By and (5 in (4.14)—(4.16) be given by
- 2(01 +Cg)<8+’}/l) 2 202<8+’71) 2

B = +—, fo=—""""77""T+—, 4.19)
71 Y2 71 Y2

where C' and C5 are absolute constants in Lemma 4.4.3. Then, for any t > 0, one has

T 2 P K, ot -
pllp_p| < Pertndof) (CEL_ 5 t (4.20)
n? Fon2(l—my —7) n?
and,
TN 2 P J., K, 3C
Lg|p_p|f < Lenln: ) 3¢ @.21)
n? Fon2(l—my—7v) n?
where
C=2m""%"" (1 —n—8%) " (Conm2 + 1 +8Ca72) (4.22)

Observe that, due to Lemma 4.3.1, the separable and non-separable penalties are within a constant
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factor of each other, so that Theorem 4.3.1 implies that the estimation error is proportional to

Pen(n, J., K,) where
Pen(n, J, K) < Pen™(n, J, K) < nln K + |J| In(nKe/|J|) + Inn. (4.23)

The first term in (4.23) is due to the clustering errors, the second term quantifies the difficulty of
finding and estimating |.J| nonzero elements among nK elements of matrix A € [0, 1]"*% while
the Inn =< In(nK) term stands for the difficulty of finding the cardinality of the set |J|, and it is

always dominated by the first two terms in (4.23).

Since each node has at least one community to which it is connected with a nonzero probability,
one has n < |J| < nK. In the (non-sparse) PABM, |J| = nK and the second term in (4.23) is
always asymptotically larger, as n — oo, than the other two terms. In SPABM, the second term in
(4.23) dominates the first term only if X' = 1 or |.J|/n — oo as n — oo. However, if K > 1 and
|.J| < n, then both terms are of the equal asymptotic order. If K — oo and |J| < n asn — oo,

then SPABM has the error O(n In K') which is asymptotically smaller than O(n K) error of PABM.

4.3.3 The Clustering Errors

In order to evaluate the clustering error, we assume that the true number of classes K = K, is
known. Let Z, € M,, g, be the true clustering matrix. Then Z = Zy is a solution of the opti-
mization problem (4.8). Note that if Z, is the true clustering matrix and Z is any other clustering

matrix, then the proportion of misclustered nodes can be evaluated as

- —1 . o _ —1 . . 2
Err(Z,Z,) = (2n) y}glé%K”Z@K Zl, = (2n) (@r;lé%KHZf@K Z % (4.24)
where Py is the set of permutation matrices Zg : {1,2,--- | K} — {1,2,--- , K}.
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Theorem 4.3.2. Let K = K, be the true number of clusters and Z, € M,, i, be the true clustering
matrix and ny, be the true number of nodes in cluster k = 1,..., K. Denote by ~y(Z., p,) the set
of clustering matrices with the proportion of at most p,, of the mis-clustered nodes. Let P, and
Jo = J( Py, Z,) be, respectively, the true probability matrix and the true set J,. If for some

1,72 > 0 such that v, + v, < 1 and some T € (0, 1), one has

K K
A 20 (ﬂl - Ol - 02) ~
ma P& — . K » In(n
SerZupn) ,;1 1B (C1 + Ca) By ,; ()
g TWIB— GO 1P =20+ VAP (Gl + Cat)] (4.25)
1
C. - ny e B o
— (f—C—C 2 In K +1t) + Tl [ o ) + 22K Y 1
B =G =) {01 + Cy (nln ) ,;1 ()il I <|(J*)k,l\) B kz:; n(rme)

where (1 and 35 are defined in (4.19), then with probability at least 1 — 2 exp(—t), the proportion

of mis-clustered nodes does not exceed p,,.

4.4 Proofs

This section consists of the detailed proofs of the results in the SPABM starting from the proofs of

the main results and then the supplementary lemmas.
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4.4.1 Proof of Theorem 4.3.1
In what follows, F};(n, J, K) will stand for Fj(s) (n,J, K) or Fj("s) (n,J,K), j =1,2, where

F™ (n,J,K) = (Cy + Cy)|J|In(nKe/|J|) + Co(3Inn + nln K) (4.26)

K K
F(n,J,K) = (Cy + C) Z | Jea| In(nge/|Jxa]) + Co lnn—i—nan—i—KZlnnk
k=1

k=1 —

4.27)

Fy™ (n, J,K) = 2Inn + 2(n +2) n K +2|.J| In(nKe/|J|) (4.28)
K K

FQ(S)(TL, JK)=2 Z |Jk,l|1n(nk€/|Jk,l|)+2 lnn—i—nan—i—KZhlnk (4.29)
k,l=1 k=1

Denote = = A — P, and recall that, given matrix P,, entries =, ; = A; ; — (P*)ij of = are the

independent Bernoulli errors for 1 <: < j <nand Z; ; = 5;;.

Let (@, 7 , J , K ) be a solution of optimization problem (4.5). We construct the estimator P =

P(Z,J,K) of P, of the form (4.18). Since A(Z, K) = Py APy, then A = Py A(Z, K) P .

and ©(Z, J, K) is the block matrix of optimal rank one approximations for every block of II j (A(Z,K)).

Then (4.5) yields

A~ A A o~ ]l2 ~ A 2
H(@gkm@m = O(Z,J, )| +Pen(n, J. K) < H@g/x@g ~ P PPt HF—l—Pen(n, 1., K.)

Using orthogonality of permutation matrices, obtain

A

N oA A A 2 N
HA — 2,002, 7, K)gzngF <||A— P.|% + Pen(n, J,, K.) — Pen(n, J,K)  (4.30)
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Hence (4.30) and (4.18) yield
~ (12 A o~
HA . PH <||A — P,|% + Pen(n, J,, K.) — Pen(n, J, K) 4.31)
F
Now adding and subtracting P, in the norm on the left side of (4.31), we rewrite (4.31) as

2 .
S A(Z7 Y

. ) + Pen(n, J,, K.) — Pen(n, J, K) (4.32)

=

where

~ ~

A(Z,J,K) = 2T |(A - P (P(Z,],K) - P*)] .
Again using orthogonality of permutation matrices, we can rewrite

~ ~ ~

AZ,J,K)=2(2(Z,K),(0(Z,J,K) — P.(Z,K)))

where (A, B) = Tr(ATB).
Let

Then, in the block form, A(Z, .J, K) appears as
AZ,J.K)=Y A"(Z ] K) (4.33)
with

2,3, ) =2 (29 ). (W (A4012.0) ) = PO ).

a
o
=
o
>
Il
>
=
~
N
<
=
N—
o
=
o,
>
Il
>
=
~
N
<
=
&
o
—_
=
o
[%2)
4.
=
U]
[
=
=
<
(@}
O
=
o
=
2]
o
=
=
s
=
—
=
>
—~
N
=
N—
N—
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corresponding to the largest singular values of II j( ;) (A®D(Z, K)), and I ; is defined in (3.5).
Recall that

~ ~

a0 (T e (A®D(Z, K))) = a6 (T ey (P& (Z, K)) + Ty (EF0(Z, K)))

Hence, A) (Z J, K ) can be partitioned into the sums of three components

~

AEN(Z,0,K) = A2, 0, K) + A2, 0, K) + AM(Z2,0, ), kl=1,2 K,

(4.34)
where
AFZ,J,K) =2 (2092, K), T (e (B4 (2, K)) ) (4.35)
AS(2,0,K) =2 (82, ), oIy (P2, ) — PAO(Z,K)) (436)
. R . R

Here i = a*)(Z,.J, K) and & = 9™ (Z, J, K) are the singular vectors of I1 ju., (P.*"(Z, K))
corresponding to the largest singular values of IT ;.., (P.*Y(Z, K)) and T 5 (I jo. (P, ¥ (Z, K)))
is defined in (3.5). With some abuse of notations, for any matrix B and any vectors u, v, let
., (H (B(Z, f())) be the matrix with blocks IT,,, <H e (BED(Z, f())), kl=1,2- K.
Then, it follows from (4.34)—(4.37) that

~ ~ A~ ~ A~

AZ,J,K)=A(Z,],K)+My(Z, ], K) + A3(Z,J,K) (4.38)
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where

Now, we need to derive an upper bound for each component in (4.38).

Observe that

o o 2 2
|A§k,l)(Z7 J, K)| =2 Hnﬁuﬁ(njww(E(k’l)(Z,K>>>HF =2 HHj““’”(E(k’l)(Z’K>)HF

Fix t > 0 and let ; be the set such that ||II ; (E(Z, f()) 12 < Fi(n,J,K) + Cyt. According to

op =

Lemma 4.4.4,
P() > 1 — exp(—t), (4.42)
and, for w € €2y, one has
IA(Z,],K)| <2 Z 11T 50 ( K))|2, < 2Fi(n,J,K)+2Cyt (4.43)

k=1

where F) (n, J, K) is defined by either (4.26) or (4.27) and C5 is given in Lemma 4.4.3.

~

Now, derive an upper bound for AQ(Z J K ) given by (4.40). Note that

An(Z,J, )| = 2|l (P2, K))) = PAZ, K)p | B2, ), Has( 2,0, K)),
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where
s (T(P.(Z, K))) = P.(Z, K)

Hﬂ,f)<27 juk): ~ A ~ A
IMas (P2, K))) = P2, K) |

Since for any a, b and a; > 0, one has 2ab < a;a” + b*/«;, obtain

182(2., K)| < aa|[Tag (I(PUZ, D) = PUZ K + - (E(Z. K), Haol 2., K))P

(4.44)
Observe that if K, J and Z € M,,  are fixed, then H; ;(Z, J, K) is fixed and, for any K, J and Z,
one has ||H; 3(Z, J, K)||r = 1. Note also that, for fixed K, J and Z, matrix Z(Z, K) € [0, 1]™*"
contains independent Bernoulli errors. Itis well known that if £ is a vector of independent Bernoulli
errors and h is any fixed vector, then, for any z > 0, by Hoeffding’s inequality P(|¢Th|? > z) <
2exp(—x/2). Since (2(Z,K), Hy5(Z, J, K)) = [vec(E(Z, K))|"vec(Hz5(Z, J, K)), obtain for
any fixed K, J and Z

P((E(Z,K),Hy3(Z, J,K))]? — x> 0) < 2exp(—z/2).

Hence, application of the union bound yields

~

P (|<5(Z, K), Hy 3 (2,0, K = Fy(n, J,K) > 2t> (4.45)

< = _ 2 _ < _
<P <1I<nfg§nm}><zgl@§?k[|< (Z,K),Has(Z, J, K))|” = Fa(n, J, K)] > 2t) < 2 exp(—t),

where Fy(n, J, K) is defined by (4.28) or (4.29). Using Lemma 4.4.2, obtain that

a5 (T5(P(Z, KD)) =P Z, R)E < W (U5(P(Z, K0)) =P Z, R)[E < 1P(Z, 0, K)= Pl
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Denote the set on which (4.45) holds by €25, so that
P(Qq) > 1 — 2exp(—t). (4.46)

Then inequalities (4.44) and (4.45) imply that, for any oy > 0 and any w € (25, one has

A

INy(Z,J,K)| < oq||P(Z,],K) — P||% +1/oy Fy(n, J,K) + 2t/oy. (4.47)

Now consider Ag(Z , J , K ) defined in (4.41) with components (4.37). Note that matrices Xj,; =
oo (I s (P.¥Y(Z, K))) = Ha s (I 50 (P (Z K))) have ranks at most two. Use the fact that
(see, e.g., Giraud (2014), page 123)

(A4, B) < [[Allen|Bll@r <7 lAllopl Bllp, = min{rank(A), rank(B)}, (4.48)

where, for any matrix X, | X[|(2,q) is the Ky-Fan (2, ¢) norm such that || X||7, , < rank(X) [ X]|2,

Applying inequality (4.48) with r = 2 to X}, ; above, derive that

~

A2, T, K)| < 4 M2, K))lop {|Tao (T (P50(Z, K))) = T (T (P& (2, K)))

HF

Then, for any s > 0, obtain

K
o ik A A 2
As(Z,0, K AM(Z, 0, K) < = |ER(Z, ) 4.49
2R = 3 12 IS0 S IR, @49)

k=1

K
+205 Y Mo (jen (P2, K))) = Mo o(Tjon (PR (2, K)))17
k=1
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Note that, by Lemma 4.4.2,

| i (T ey (P(Z, K))) = Mo (T (PED(Z, K)) I <

~

2 |0 (o (P42, K))) = PE(Z, K) 7+ 2 Moo (W (PR (2, K))) — P2, K[ <

~

A (W (A2, K))) = PEOZ, R} = 4IP = P

Combining the last inequality with (4.43) and (4.49), obtain that for any as > 0,¢ > O and w € 24,
one has

IA5(Z,J,K)| < 8w||P — PJ|% +2/asFi(n, J, K) +2Cyt/as. (4.50)

Let 2 = O N Q. Then, (4.42) and (4.46) imply that P(2) > 1 — 3exp(—t) and, for w € €2,
inequalities (4.43), (4.47) and (4.50) simultaneously hold. Hence, (4.38) implies that, for any

w e Q,

~

IN(Z,J,K)| < (242/a2)Fi(n, J, K)+1/0q Fy(n, J, K)+(a148a3)|| P—P,||2+2(Co+1/ay+Ch /as) t.
Combination of the last inequality and (4.32) yields that, for a; + 8z < 1 and any w € €2,

(1 - — 8as) Hﬁ Pl < @+2/a0) Fi(n, J, K) + 1/au Fa(n, J, K) 4.51)

2
F

+ Pen(n, J,,K,) — Pen(n, J, K) + 2(Cy + 1/ay + Cy/ary) t.

Set~; = 8ay and 4, = oy and Pen(n, J, K) = (2416 /7,)Fi(n, J, K)4+1/vFy(n, J, K). Obtain
the penalty as defined in (4.13)—(4.16), with the expressions for 3, and (35 given in (4.19). Dividing
both sides of (4.51) by (1 — 71 — 72), obtain that

]P’{HP — P||% < (1 =~ — ) ' Pen(n, J,, K,) + ét} >1—3e (4.52)
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where C is defined in (4.22).

In order to obtain the upper bound (4.21) note that for € = ||P — P, |2 —(1—y1—72) ! Pen(n, K,),
one has E||P — P,||% = (1 — v — 72) " Pen(n, K,) + E£, where

Egg/Ooop(g>z)dz:é/ooop(g>C*t)dt§é/ooge—tdt:3é,

0

which yields (4.21).

4.4.2  Proof of Theorem 4.3.2.

Let K be fixed, and known so that ' = K, and, hence, A(Z, K) = A(Z) and so on. Let Z, be
the true clustering matrix and .J, be the set of indices such that P, ;(Z,, K.) = 01if (4,j) ¢ J.. It
follows from (4.8) that

K
N N 2 ~
S| A%(Z) — 110y (1 (AED2)) |+ Pentr, ], )

k=1

K
< > A%0(2) ~ Ty (11 (4%9(2.)))

k=1

2
+ Pen(n, J,, K)
F

Since for any Z € M,, k and any J, one has

K
2
S [a%0)| =ia. (A% (2), ) ([0 (A%D(2) ) = [Ty wn (AF(Z)]3

k=1

and Pen” (n, K) does not depend on sparsity, obtain

2

K 2 K
> (Mo (Hf(w (A(k’l)(2>)> > > [T <HJ,gk,z> (A(’“’”(Z*))> (4.53)
k=1 Fo k=1 F

+Pen®)(n, J, K) — Pen® (n, J,, K).
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Recall that P(k l)(Z*) are rank one matrices, while for Z # Z,, some Pfk’l)(Z ) may have ranks

higher than one. Note that for any Z € M,, x and any J*
Ty (T (ASY2))) |2 = [ PE(Z)]| e = [Ty (W (AR (2))) = PED(Z)||r. (4.54)

Denote, as before, Z*)(Z) = A®D(Z) — P*Y (7). Applying Proposition 6.2 of Giraud (2015)

with § = /2 and Z = Z, and recalling that matrices P*(k’l) (Z,) are of rank one, derive
Ty [Ty (AP (Z,))] = PED(Z)][5 < 21 + V2) Ty EH(Z)13,

Note that, for (i, j) ¢ J¥ one has H( l)(Z*) = 0, so, for any set J*!), the matrix IT ;.. (2*D(Z,))
has (J,)r; N Jy; nonzero rows and (J,);, N J; nonzero columns. Therefore, for any ¢ > 0, by

Lemma 4.4.3

Z y\(nj(kl> (EkD (7 )))H <OV N T+ Cot s >1— exp(—t). (4.55)

k,l=1
Observe that, by (4.54), for any 7 € (0, 1), one has
T [T1 e (A®BD(ZN3 = 1Ty (I ey (ARD(2,))) = PRD(2.) + PR (2|13

> (1= )P Z)5 + (1= 1/m) [T [T (A(’“’”(Z*m - P23 (4.56)
> (L= PR + 20+ VDR - 17| (T (E40(Z)) 12,

Hence, it follows from (4.55) and (4.56), that, for any 7 € (0,1), any ¢ > 0 and C(7) = 2(1 +

V221 -1/7)

ZHH I, w0 (A (Z))IE = (L= D) Pl + O () [CLl T + Cat] p 21— e,
k=1
(4.57)

111



On the other hand, for any 75 € (0, 1), derive
L) (T 0 (A DN < (1 + 70) [T PEN 2[5, + (1 + 1/70) [T EX (D)1,

Taking a union bound similarly to Lemma 4.4.4 and recalling that K is fixed, obtain for any ¢ > 0

ZHH e END)E, < [F7 (0] K) = Colun) + Cot ¢ 21— e
k=1

where F (n J, K) is defined in (4.27). Therefore, for any 7y € (0, 1) and any ¢ > 0, derive

K
> T [Ty (ASD 25 < (1 + 70) Z T 0 PE(2)|12, (4.58)
k=1 k=1
K K
+ (L4 1/70) [(C1+Co) Y |Jeal (ke[ Jpal) + ConIn K + Cy K> In(iy) + Cat | p > 1—e™,
k=1 k=1

where 7y, is the estimated number of elements in cluster &£ under clustering matrix Z. Combining
(4.53), (4.57) and (4.58), and plugging expressions for Pen®* (n, J, K) and Pen*®)(n, J,, K),

derive that, for any 7,7 € (0,1) and any ¢ > 0 one has with probability at least 1 — 2¢~*

K
(L+70) )M PENZ)G, = (L= 1) P[E + C(r) [C| L] + Caf]

k,l=1

K K
— (1+1/70) [(C1+C2) Y sl In(iine/ | Jiil) + ConIn K + Coy K> " In(i) + Cat

k=1 k=1

K
+512|Jkl|ln nke/|Jkl| —i—ﬁQKZln i) Blz| kil In(nee/[(Jo)kal) ﬁgKZln(nk).
k=1

k=1 k=1
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Recall that, by Lemma 4.2.2, J"(Zy, K) C (J,)¥!(Zg, K) for any (k, 1), so that
L s PENZE, < L gy PSS, = IPEUD),.

Then, combining the terms, for any 7, 79 € (0, 1) and any ¢ > 0, with probability at least 1 — 2¢~*,

arrive at

K
(L+70) > 0 PEUZ)2, = (1= TIP3 + C(r) [C1] L] + Cat] = (14 1/7)[ConIn K + Cat]
k=1

K K K
— 51 Y kal n(ae/|Jeal) = B2 K> In(in) — By Z (T kal (e /|(J)ral) = B2 K Y In(ny),
k=1

k=1 k=1 k=1

where 51 = (14 1/1)(Ci 4+ C3) — p;1 and By = (1+1/79)Cy — B2. Choose 7y such that ,@1 =0,

then
B _ 201 — Cl + C'2
2 ’72(01‘1‘02)7 0 B —Cy —Cy

and recall that C(7) = 2(1 + /2)?(1 — 1/7). Obtain that, for any 7,7 € (0,1) and any ¢ > 0,

with probability at least 1 — 2e*, one has

oz 2018 — C1 = Cy) R
Z HP* (Z)Hop (Cl 4+ 02)61'72 Kzln(nk)

k,l=1 k=1
> <1_T)<5lﬁ G- P13 = 201+ V271 (Ci] ] + Cat)]
1
Cy i nge B2 =
— (B —Cy — Cy) G (nan—i—t)—l—k;KJ*)MHn (I(J*)m) +EK ;m(nk) ,

and the proof is completed by the contradiction argument.
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4.4.3  Proofs of Lemmas on Sparsity Sets

Proof of Lemma 4.2.1. Note that index j is incorrectly identified if j € J; N (jlk)c orj €
j“g N (Jl’fk)c. Since Bernoulli variable with zero mean is always equal to zero, the second case is
impossible. Observe that for any (k, (), one has P = pkD (7 K.)and

ng Nk

S (PG = m(n K) = ConK " w(n, K) i j € Ty Y (P)GY = 0if j € (Jj)°

] (/N
i=1 i=1

Therefore, for any (k,[) and j € J;';, by Hoeffding inequality,

Nk Nk

PG € (o)) =B [ 3o AWz k) =0 | = [ 30 [A89(2 k) - (P)8] = - S (P

i=1 =1 1=1

)

~ _ ~ 2 _
P Z [A@’“(Z*, K,)— (P*)(I?’Z)} < —ConK'w(n, K,) | <exp {—200 nk, 2w2(n,K*)} .

I
@
”
e
—
|
[\]
o
[N}
S
is
|
[N}
q
(e}
S
s
—
IA
~
]
3|
@»—A
L
A
®|

which completes the proof.

Proof of Lemma 4.2.2. Let us prove the lemma by contradiction. Assume that (4.12) does not
holds and
Jei(Zi, K) C Jpi(Zx, K) (4.59)
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Note that, under the condition (4.59), one has
AED(Ze, K) = Ty, (A®D(Zie, K) ) = Ty (A% (2, K))
so that
|A®D(Zye, K) T (ijl) (A(k’l)(ZKak))> I3 = A% (Zk, K)-T1 (Hﬂw) <A(k’l)(ZK7K)>) [

Hence (4.7) and (4.59) imply that Pen(n, J, f() < Pen(n, J, K) Under assumption (4.11), the
latter leads to

Z (| Jrals ) + F (gl ) < F(Tealsnie) + F (gl )

which contradicts (4.59). In order to complete the proof, apply inequality (4.4).

Proof of Lemma 4.3.1. Note that the difference between separable and non-separable penalty is
given by
A" = Pen™)(n, J, K) — Pen®(n, J, K) = BiAY* + BAL/* (4.60)

where

K K
Ke nie
A™* = |J| In (n )— Jig| In , AY =2lnn— K Inny.
1 | | ‘J’ Z | k?,l| ‘Jk,l’ 2 Z k

k=1 k=1

Note that, due to the log-sum inequality (Theorem 17.1.2 of Cover and Thomas (2006)), A?/ * <0
with A}/ = 0 if and only if ny,/|Jy,| = nK/|J| for every k,l = 1,..., K. In the extreme case

where the nodes have nonzero connection probabilities only to the nodes in the same class, one has
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|J.1| = ny, for k = I and 0 otherwise, so that |.J| = n. Then, A™* = nIn K, so that
0<AY* <nhhK. (4.61)

Now, consider Ag/ ®. Note that application of the log-sum inequality (Theorem 17.1.2 of Cover

and Thomas (2006)) yields
2Inn — K?In(n/K) < A < 2Inn — KIn(n+1-K).
Itis easy tosee that 0 < K?Inn < nln K ifn > 8and K < \/n/Tn, therefore,
21nn—nan§A3/S§21nn. (4.62)
Combining (4.60)— (4.62), obtain that
B(2Inn —nIn K) < A"* < BinIn K + 2 B, 1nn.
Hence,

Pen™) (n, J, K) < Pen®(n, J,K) + finIn K + 2y Inn < (2 + B1/F2)Pen' (n, J, K)

Pen® (n, J, K) < Pen™(n, J,K) + B2(2Inn — nln K) < 2Pen™(n, J, K),

which leads to (4.17).
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4.4.4  Supplementary Lemmas

Lemma 4.4.1. Let A and B be arbitrary matrices in R™*" and u € R™ and v € R™ be any unit
vectors. Let u, v be the singular vectors of matrix A corresponding to its largest singular value.
Then,

(yo(B), A =Ty (A)) =0 and  ||A =T g(A)|| < [|A =T (A)]), (4.63)

so that, the best rank one approximation of A is given by 11(1y(A) = II; 3(A). Here, 11, ,(A) is
defined in (3.5).

Lemma 4.4.2. Let A = P+Z. Denote by (1, V) and (u, v) the pairs of singular vectors of matrices

I1;(A) and 11 ;(P), respectively, corresponding to their largest singular values. Then,

ML (T (P)) = Pllr < Was (11, (P)) = Pllr < [[as(IL;(A)) = Pllr (4.64)

where, for any matrix X, I1,, ,(X) is the projection of X onto the pair of unit vectors (u,v), given in
(3.5), and 11 ;(X) is the projection of the matrix X onto the set of all matrices with the rectangular

support J.

Proof. Note that

IHa,6(I1;(A)) = Pl|F = [ s(IL;(P + E)) — P||7 =
|TLa,6(IL;(P)) + Ha s (IL;(E)) — PlI7 =

e (I5(2)) + (o (I (P)) = I (P)] + [IL(P) = Pl|[7

Since matrices I1; ;(I1;(Z)) and [I1; 3(I1;(P)) — I1;(P)] are supported on the set of indices .J and

I1;(P) — P is supported on J¢, the latter matrix is orthogonal to the first two. On the other hand,
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115, (I1;(Z)) and [Ty 5(I1;(P)) — I1;(P)] = II; 4 (I1;(P)) are also orthogonal. Therefore,

ITLa,0 (T (A)) = PlI% = [ Mae (ML ENE + Mo (I (P)) = Wy (P)|I7 + |L(P) = Pl =

ITLa,5 (IL(2)) 3 + [MLas (1L (P)) — Pl|% > M s(I1;(P)) — PlI% > [y (IL(P)) — Pl

where the last inequality follows from Lemma 4.4.1.

Lemma 4.4.3. Let elements of matrix = € (—1,1)"*" be independent Bernoulli errors. Let matrix

= be partitioned into K? sub-matrices =®D ywith supports JkED = Jeg X I, K L=1,--- | K,

such that 2%V = (ZGNT | Then, for any > 0

K 2
P{S Mo <EW>> < OW|J| + Cox § > 1 — exp(—z), (4.65)
kl=1 op
where Cy and Cy are absolute constants independent of n, K and sets Ji;, k,l =1,--- | K.
Proof. Denote |Jy;| = ngy, k,l = 1,--- , K, and observe that matrices =& are effectively of

the size ny; x n;x. Consider K (K + 1)/2-dimensional vectors £ and p with elements & ; =

Ik (240) lop and gy = BTy (SE0) [lop, 1 <k <1< K, and let = € — . Then,

HJ(k,z) (E(k’l))

Hence, we need to construct the upper bounds for ||n]|? and || u|?.

K

A=y

k=1

2
< [1€1* < 2lnll* + 2]l ull® (4.66)

op

We start with constructing upper bounds for ||u|%. Let EE,’;’” be elements of the (ny; X n)-
dimensional matrix IT ;) (E(k’l)> . Then, ]E(E(IE-’Z)) = (0 and, by Hoeffding’s inequality, E { exp(/\EZ(-Z’l))} <

i?

exp ()\2 / 8). Taking into account that Bernoulli errors are bounded by one in absolute value and
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applying Corollary 3.3 of Bandeira and van Handel (2016) with m = ny;, n = n, o, = 1,

01 = /N k and 09 = /N1, obtain

iy < Co (\/nk,l + Mg + A/ In(ng, A nlk))

where Cj is an absolute constant independent of n; and n; ;. Therefore,

K K
ul® < 3C3 Z (ngs +nug + In(ngy Angy)) < 6CE|J| + 3CH Z In(ng,). (4.67)

k=1 k=1

Next, we show that, for any fixed partition, 7 ; = & ; — 11, are independent sub-gaussian random
variables when 1 < k£ < [ < K. Independence follows from the conditions of Lemma 4.4.3.
To prove the sub-gaussian property, use Talagrand’s concentration inequality (Theorem 6.10 of
Boucheron et al. (2013)): if =, =5, =3, - - - , =,, are independent random variables taking values in
the interval [0, 1] and f : [0,1]" — R is a separately convex function such that |f(z) — f(y)| <
|z — y|| for all 2,y € [0, 1]", then, for Z = f(Z,,Z,,Z3,--- ,=,) and any ¢ > 0, one has P(Z >

EZ +t) < exp(—t?/2). Apply this theorem to vectors i, = vec(IT k. (E““’”)) € [0, 1]t xm.k

and f(IL ;00 (EW))) = f(Ck) = ‘Hm,z) (E(’“’l))

the same size, one has ||Z —Z|| | 2
inequality with Z = ||TT ;) E(k’l)> llop and Z = — |11 ;) (E(’“’l)> || op» Obtain

. Note that, for any two matrices = and = of
op

||%. Then, applying Talagrand’s

P (' I (Z59) llop = BNy (E4) oy

> t> < 2exp(—t?/2).

Now, use the Lemma 5.5 of Vershynin (2012) which states that the latter implies that, for any ¢ > 0

and some absolute constant C; > 0,

E [exp(tni)] = E [exp(t(&ks — pr1))] < exp(Cat?/2). (4.68)
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Hence, 7);,; are independent sub-gaussian random variables when 1 < k <[ < K.

In order to obtain an upper bound for ||n||?, use Theorem 2.1 of Hsu et al. (2012). Applying
this theorem with A = Ix(x41y/2, p = 0 and 0> = Cj to a sub-vector 7 of 7 which contains

components 7;,; with 1 < £ < < K, obtain
P {||ﬁ||2 > C, <K(K +1)/2+V2K(K + 1)z + 2:@)} < exp(—x).
Since ||n||* < 2|7, derive
P {|yn||2 > 20, K(K +1) + 6O4x} < exp (—a) (4.69)
Combination of formulas (4.66) and (4.69) yield
P {||g||2 < 2llf? + 4CLK (K + 1) + 120435} > 1 — exp (—z)

Plugging in |z2||* from (4.67) into the last inequality, derive for any > 0 that
K
P l&]1® < 12C31T] + 6C5 Y In(ngy) + AC,K(K + 1) +12C42 3 > 1 —exp (—x). (4.70)

k=1

Since K(K +1) < 2K? and
K K
6C5 > In(ng,) +8CL K> < max(6C7,8Cy) Y _ In(nye) < max(6C3,8Cy)|J],

k=1 k=1

inequality (4.65) holds with C; = 12C% + max(6CZ, 8C}) and Cy = 12C,.
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Lemma 4.4.4. For anyt > 0,

2
— Fy(n, J,K) < Cot p >1—exp(—t), (4.71)

op

My (E40(2,K))

K
29
k=1

with Fi(n, J, K) = F\")(n, J, K) given by (4.26), or Fi(n, J, K) = F\")(n, J, K) given by (4.27).

Proof. Note that |J;;| < |Jii|In(nKe/|Jil), |J] < |J|In(nKe/|J|), and also that |J| =
K

Z |J;|. First, let us prove the statement for Fi(n, J, K) = Fl("s) (n, J, K). For this purpose,
k=1
setz =t+3lnn+nln K + |J|In(nKe/|J|) in Lemma 4.4.3 and apply the union bound over

Kel,n,Ze M,kandJ C{l,...,nK}. Obtain

K 2
PLY W( (ZK)) —F (0, J K — Cyt > 0
k,l=1 op
n K
< Z P e (EW)(Z, K)) 12, — F"(n, J, K) > Oyt
K=1 ZeM, x j=1 |J|=j k=1
< Z exp(—t —3lnn —nIn K — jln(nKe/j))

K=1 ZeM, k j=1 |J|=j

n nK
K
< K"(n‘ ) exp(—t —3Inn —nln K — jln(nKe/j)) < exp(—t).
J

1

In order to prove the statement for F(n, J, K) = Fl(s) (n, J, K), choose

K

r=t+Inn+nlnK + Z [1n(nk) + |Jk,l| In(ny €/|Jk,l|)}
k=1

in Lemma 4.4.3 and again apply the union bound over Z € M, i, K € [1,n| and |Jy| €
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{1,...,nx}, k,l =1,..., K. Obtain

2
— F¥(n,J,K) -

op

Ok (E (2, K))

K

Pe ||
k=1
n nk

K K
I1 > My (2

< DS
K=1 ZeMy, ik kl=1 jri=1 |Jgi|=jk, k,l=1
n K
<Y E"]]
K=1 k=1 Jk,
< exp <_t)7

which completes the proof.
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CHAPTER 5: DISCUSSION AND FUTURE WORK

In this dissertation, we studied the statistical network models with community structure. We re-
viewed the SBM, DCBM and PABM model. We carry out the in-depth study of the PABM model.
Since the SBM and the DCBM are the special cases of the PABM model, the PABM model is more
general and flexible model comparison to the existing block models. In the rearranged probability
matrix P(Z, K) of the PABM model given by (3.3), we observe that the probability matrix con-
sists of K2 arbitrary rank one blocks. This demonstrates that rank(P(Z, K)) = rank(P) can take
any value between K and K?2. In comparison, all other block models restrict the rank of P to be
exactly K. This is true not only for the SBM and the DCBM discussed above but also for their
generalizations such as the Mixed Membership models (MMM) (see, e.g., Airoldi et al. (2008)
and Cheng et al. (2017)) and the Degree Corrected Mixed Membership (DCMM) (see, e.g., Jin
et al. (2017)). While the MMM and the DCMM allows more diverse structures of rank K matrices
(those matrices have to be just a product of two rank K matrices with nonnegative components
while the PABM require to be a combination of K? rank one matrices), meaningful fits of the
MMM and DCMM rely on a variety of conditions (one needs to have pure nodes in the network
and some identifiability conditions need to be satisfied). In addition, while the MMM and DCMM
are extremely useful for analysis of social and society-related networks such as publications net-
works, they may not be appropriate in some other applications where each node can belong to one
and only one class. The butterfly similarity network studied in our paper provides an example of
such application. However, while the PABM model is extremely valuable, the statistical inference
in Sengupta and Chen (2018) has been incomplete. In particular, the authors considered only the
case of a small finite number of communities K; they provided only asymptotic consistency re-
sults as n — oo without any error bounds when n is finite; their NP-hard clustering procedure was

tailored to the case of a small K. In addition, the relaxation of this NP-hard procedure seems to
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be operational only in the case of K = 2 since all simulations and real data examples in Sengupta

and Chen (2018) only tackled the case of K = 2.

We addressed some of those deficiencies and advance the theory of the PABM. Specifically, the
main achievement of our work lies in the fact that, unlike Sengupta and Chen (2018) who worked
in terms of maximizing the Poisson likelihood and likelihood modularity, we recognize that the
probability matrix of the PABM is formed by a unique collection of rank one matrices. This ob-
servation leads to a variety of breakthroughs. In particular, we are able to carry out estimation and
clustering for the PABM, without imposing any identifiability conditions, similarly to SBM and
unlike the DCBM and mixed membership models. Our understanding of the probability matrix
structure leads to the Frobenius norm minimization as the basis of optimization procedure and to
estimation of probability matrices by rank one approximations of the community matrices. The
latter allows us to deal with the situation when the number of communities is uncertain and is
possibly growing with n. Moreover, we are able to derive non-asymptotic upper bounds for the
estimation error even in the case when the number of communities is unknown. In addition, we
use the accuracy of approximation of the adjacency matrix for various number of communities,
to identify the number of communities in the network. Furthermore, we note that, under simple
conditions, the columns of the probability matrix that correspond to any of the communities lie in
a K-dimensional subspace which is different from subspaces corresponding to all other commu-
nities. The latter conclusion results in the introduction of the Sparse Subspace Clustering (SSC)

approach for partitioning the network into communities.

The real life networks are usually sparse in a sense that a large number of nodes have small degrees.
One of the advantages of the PABM is that it allows flexible modeling of sparsity. Traditionally,
in most statistical models, sparsity of a vector means that a large proportion of its components is
equal to zero. One of the shortcomings of both the SBM and the DCBM is that they do not allow

to impose the condition that some of the connection probabilities are equal to zero. Indeed, for
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the SBM, it is not realistic to assume that all nodes in a pair of communities have no connections.
Neither can one set any of the node-specific weight to zero, since this will force the respective node
to be totally disconnected from the network. For this reason, unlike in other numerous statistical
settings, sparsity in block models is defined as a low maximum probability of connections between
the nodes: : max P, ; < p(n) where p(n) is small when n is large (see, e.g., Klopp, Tsybakov and
Verzelen (2017), Lei and Rinaldo (2015)). In order take advantage of this definition of sparsity,
even in the simplest model, the SBM, one needs to carry out the estimation under the restriction
that all entries of the matrix P are bounded above by p(n) (see Klopp, Tsybakov and Verzelen
(2017)). In addition, this definition prevents nodes from having high degrees. On the contrary, the
PABM setting allows some connection probabilities to be zero while keeping average connection
probabilities between classes above certain level and the network connected. Indeed, in the context
of PABM, setting Agk’l) = ( simply means that that node ¢ in class k is not active (“popular") in
class [. This, nevertheless, does not prevent this node from having high probability of connection
with nodes in another class. Similarly, to other sparse statistical settings, allowing structural spar-
sity (i.e., setting connection probabilities to zero rather than to a very small positive number) not
only leads to better understanding of network topology but leads to more precise estimation of the

probability matrix P.

We carry out the in depth investigation of the sparse PABM model. Before starting the estima-
tion procedure, we introduced the sparsity sets .J, consisting the set of all non zero indices of the
true popularity matrix A,. We imposed the penalty on the sparsity set since the estimator of the
sparsity set .J, by the support set of the adjacency matrix is not always be best estimator. As we
shown in example, sometimes the zero value in the probability matrix is estimated by the non zero
values. We introduced the penalty that will lead to trimming the support of the estimated proba-
bility matrix. We considered the separable and non separable penalty. The separable penalty has

a property that the support of the adjacency matrix is contained in the support of the probability
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matrix. We further showed that for a network with balanced community if the nonzero entries
in the true probability matrix is above some threshold, then the support of the probability matrix
and adjacency matrix coincide with high probability. The non separable penalty in the other hand
is easy to interpret since it is expressed in terms of the support sets of probability matrix rather
than the supports of the individual blocks in the separable case. We showed that both penalties
are within constant factor of each other. We estimated the probability matrix and it’s true support
using Frobenius norm minimization procedure. This estimator is shown to be better than the one in
regular PABM in the sparse network which is demonstrated by simulation and real data examples

in our paper Noroozi et al. (20190).

In this dissertation, we worked on the network modeling of static network. There are many net-
works that change in time. For instance, one can consider social networks, such as Facebook or
Twitter, in which the group dynamics changes with time, as users frequently join and leave the
groups. For this reason, we consider the extension of our research to dynamic setting as a matter

of future work.

In addition, in the context of the modern era of big data, there is a need for the analysis of collec-
tions of network data objects. For example: in brain connectomics studies, a sample of networks
is available form multiple populations of interests such as ill patients and healthy controls. These
types of data are growing in the fields of systems biology, neuroscience, etc. This motivates study-
ing of the new class of models consisting of observations of multiple networks. This is another

direction of our future research.
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