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1. INTRODUCTION

The electric field strength and the potential distribution are the key design parameters in a great
number of electrical engineering applications, especially in dimensioning high voltage equipment [1-3]. The
experimental measurement of the electric strength or voltage in the space surrounding voltage application
electrodes, is usually difficult and inaccurate, due to the interference of the measuring devices with the
electric field. Obviously, the introduction of analytical formulas for the field or the potential, becomes of
great importance, though difficult to achieve in most cases. For that reason, the application of computer-aided
simulations, based on finite element analysis are nowadays mostly preferable in most cases [4-6].

The aim of this study is the development of a mathematical model for the analytical calculation of
the electric field strength and the potential distribution in wire - plane and parallel cylinder-cylinder electrode
configurations of any dimensions. Such a mathematical model can be very useful in various real world
applications, such as electrohydrodynamic (EHD) pump configurations, electrostatic precipitators, EHD
dryers, electrostatic separators etc [5], [7-13]. Similar studies may be found in bibliography [14-16],
nevertheless not providing full analytical solutions for the field strength, the potential distribution or the
determination of the analytical equations of equipotentials all over the space surrounding the specific
electrode sets under consideration.
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2. RESEARCH METHOD

It is known that the electric field distribution around two parallel cylindrical conductors of infinite
length with identical cross-sections, can be calculated by assuming the presence of two equivalent line
charges of opposite signs +gand -q;, each placed within a conductor. Due to longitudinal symmetry, the
solution of the problem can be minimized in two dimensions, since the electric field is only depending on the
distance perpendicular to the conductors, thus remaining unchanged along the longitudinal dimension. This
model can be extended to solve cylinder to plane and twin cylinder to cylinder system configurations. In the
case of a cylinder to plane configuration, the grounded plane can be assumed the plane of symmetry formed
between two identical cylindrical conductors. Then, according to the theory of image charges [14], the
problem can be solved by replacing the grounded plane with an equivalent negative image line charge -q
placed eccentrically behind the plane, at equal distance to the positive line charge +q representing the
cylindrical electrode, as shown in Figure 1.

Assuming air environment, the field intensity due to the presence of line charges can be found using
the principle of superposition (Equation 1).

—q, (b
P(x,y) = Zn‘ilo In (5) +7 N

where Z is a constant defined from boundary conditions. For equal line charges of opposite polarity
representing a wire-plane configuration, the potential at the plane should be zero (plane is grounded),
therefore Z = 0.

Image Charge Emitter Electrode

Vb s s e e i i

Plane of Symmetry

Figure 1. Geometrical Illustration of a Wire-to-plane Configuration Assuming the Formation of an
Image Charge

On the other hand, in the case of twin cylindrical conductors, the plane of symmetry is at a voltage
potential of V/2, where V is the voltage difference between the two electrodes. As such, the constant Z equals
V/I2.

The geometric parameters a and b can be easily found:

a=GF+y @
b=(x—c)?+y2 ®)

It can be noticed that the formation of equipotential lines in any case is a set of circles, ranging from
a pair of circles with radius r, representing the equipotential surface of each cylindrical conductor, to a circle
of infinite radius, practically representing a line which coincides with the plane of symmetry. The centre of
those circles is always on the x axis. Therefore, the electric field intensity and the potential within the space
surrounding the electrodes in the aforementioned configurations could be easily determined, provided the
circle equations representing the equipotential lines are known.
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3. MATHEMATICAL MODELS
3.1. Equipotential Lines
Assuming that:

—q,
A=
2me, “)
and replacing Equation 2, 3, 4 into Equation 1, we have that, in the case of a wire-plane configuration (Z=0),
the equipotentials satisfy the condition:

(x—c)?+y*\ 2
(s arey7) 2% ©

where Pgis a number that denotes different sets of equipotentials.
Rearranging Equation 5 we get:

2 2

1+ eaPed
+ed €
— | —¢? (6)

2
1+ eafea

X — cl +y*=c

1—9%139‘1 1—e%P‘“I

The above equation shows that all equipotential lines are in fact circles, with centres lying on the
x axis. The abscissa of the centres of different equipotentials X, and the corresponding radius R may are given
as follows:

Zp
1+eaed
Xo=|——=—]c¢ )
1 — eafea
2, 2
1+eaea
RP=c?| ——=— | —c*=x>—¢? ©))
1 — eafea

Equations 7 and 8 can be also written as:

I eq
— 9
Xo ccoth( ) 9)

R= /xg —c? (10)

The above formulas define the centres and radii of equipotential lines provided the distance c
between the plane of symmetry and the image line charges (Figure 1), as well as the magnitude g of the line
charges, are both known.

The distance ¢ can be easily found by considering the fact that the cylindrical conductor's surface is
equipotential, thus satisfying equation 10 for R=r and x,=d+r. Accordingly, we get:

c=+d2 + 2dr (11)

which defines ¢ as a function of the already known geometrical parameters d and r (Figure 1).

Now the line charge magnitude g needs also to be defined. This may be done by using Equation 1
for the electric potential at suitable points, X;(d,0) and X,(-d,0), on the surface of the cylindrical conductors
of Figure 1, where the potential is already known (V and -V respectively in the case of a wire-plane
configuration where the grounded plane is equivalently substituted by the image charge -q located inside the
image cylinder at the left side of figure 1). Substituting in Equation 1 for Z=0 we finally get:

\/(d—c)2>=Aln( d—C) 12)

P(X1) = Ain| ———— +—
o n<w/(d+c)2

“d+c
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and
px2) = —am (YELZXN 4 (J_r —d- C) (13)
Jd+o2 —d+c
where:

P(X1) =-P(X2) =V (14)

Combining Equation 14 with Equation 12 and Equation 13 results to four possible equation
combinations. By solving them, it can be found that only one case yields an acceptable solution:

V=Aln(213) (15)

Substituting Equation 4 in Equation 15, we receive a solution for the charge q, in the case of a wire-
cylinder configuration, based only on known physical parameters.

—2meV

e ——
c—d (16)

in (c + d)

Similar methodology can be applied for the determination of equipotentials in the case of two
parallel cylindrical conductors (wire-wire configuration) with potential difference V. In this case we have that
Z#0 in Equation 1, so Equation 5 takes the following form:

(x—c)2+y? 2
== — 17
ln((x +c)2+y2)] A X (Feq = 2) 1
Therefore, Equation 9 now becomes:
P,—Z
Xy = ccoth (— qu ) (18)

In either case, the number P, serves to specify the position of each equipotential circle. If one
conductor is grounded, then the number P defines the equipotential circle at potential V=Pgqason If the
cylindrical conductors are at different potential with constant difference V, but neither of them is grounded,
then the number Peq defines the equipotential circle at potential V= Peq+Vnin Where Vpirepresents the lower
potential between the two conductors. For Pe=V/2 the equipotential circle diminishes into a line positioned
midway between the conductors (R—w).

Equation 10 and 11 for R and c are still valid, while further calculations determine that Equation 16
for the estimation of g, becomes:

0= —meggV
LT c—dy (19)
in(c5a)

3.2. Electric Field Analysis
3.2.1. Cylinder-Plane Configuration

According to the analysis presented in the previous section and with reference to Figure 1, the
electric potential for a cylinder-plane electrode set, at any point with Cartesian coordinates (x,y), may be
defined by combining Equation 1, Equation 2 and Equation 3 as follows:

where A, is derived by combining Equation 4 and Equation 15:

Pop(67) = Agp 1n( ) = D2 (G- 02 4y~ b0 49D (20)
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dyy=— 2
" nEEd -

The corresponding electric field strength at point (x,y) is defined as the gradient of potential:

—(x—o0) (x+c¢) .
[[(x—c)2+y2+(x+c)2+y2]l]

Eqp(x,y) = —VPy(x,y) = Agp —y y _ (22)
l+ [(x — )%+ y? + (x+c)? +y2]]J
Combining Equation 21 and Equation 22 we finally get:
Ep(x,y) = — (CV_ D 2] (23)
lnm\/c4 +2c2(y? — x2) + x* + y*
Assuming that y=0 and x=d, then we get the peak electric field of the geometry:
g _ V 9 2c
wmex =T 0= d) C g a2 (24)
(c+d)

Expanding, the Field Enhancement Factor can be calculated by dividing the average electric field of
the geometry (Ea,g=V/d) with the result of Equation 24. For inhomogeneous geometries that induce corona
currents, the Field Enhancement Factor will always have a value lower than 1.

3.2.2. Cylinder-Plane Configuration
For a cylinder-cylinder configuration, Equation 20 takes the form:

Acc [ In((x — )* +y?)

= 25
Fee(x,7) 2 Ll-In((x + )2 + y?) +2Z (25)
where:
%4
Acc =<
c—d (26)
Zin (c + d)

The corresponding electric field strength is defined as:

4 lcl

E..(x,y) =—
(c=d) [c"+2c2(y2 —x2) + x* + y*
ln(c+d)\/ y y

(27)

4, RESULTS AND DISCUSSION

In order to verify the validity of the mathematical model, the results were compared to that derived
via finite element analysis (FEA), which today is the most widely accepted computational method for solving
similar problems. On that purpose, COMSOL Multiphysics 4.3b has been used. Specifically, the simulations
have been performed using the electrostatics module. In order to minimize any end-effects, the simulations
were performed within a square boundary box of 80 cm, with the cylindrical emitter facing a 60 cm wide
plane collector. The maximum simulation distance between the electrodes is 5 cm and the emitter electrode is
always at the exact centre of the boundary box. Table 1 displays the main software settings. Figure 2 displays
the geometric representation of one of the FEA models that are being used to simulate the system.

To check the correlation between the results of the mathematical model and the FEA software
output, three statistical functions are used. The first is the mean absolute percentage error (MAPE), described
by Equation 28.
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n
)
n

i=1

Esim —E

MAPE = Y4l x 100% (28)
Esim

where n is the number of data points, Egnis the simulated electric field strength and Eq is the calculated
electric field strength using the mathematical model described in the previous sections.
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Figure 2. Output of a Demonstrative FEA Model, Displaying the Electric Field in the Space between a
Cylinder-Plane Electrodes Set in Air. (d=3cm, r=1000um)

The second statistical function is the mean absolute deviation (MAD), shown in Equation 29.

n
1
MAD = EZ'Esimi - Eeqi| (29)
i=1

The third statistical function is the weighted MAPE, also known as the MAD/Mean ratio, which
assumes that the absolute error of each item is equally important [15]. Therefore, due to the very large scale
of the electric field intensity, weighted MAPE is greatly affected by any errors very close to the top of the
scale. The weighted MAPE is described by Equation 30.

E —
WMAPE = [Z‘ 1/ Esimi e‘”l] x 100% (30)
Slml

Multiple configurations of varying cylinder radius have been explored, as it can be seen from
Table 1, which displays the MAD between the developed mathematical model and the results of the FEA
software across the gap between the cylinder-plane electrode pair. Table 2 correspondingly displays the
WMAPE error of the same configuration.

Table 1. COMSOL Multiphysics 4.3b Main Software Settings
Mesh element size on particle
trajectories
Mesh element size in air domain 50 pm maximum
Resolution of curvatures  0.005
Maximum element growth rate 1.1
Resolution of narrow regions  0.01
Solver type  Stationary, MUMPS
Solver relative tolerance  0.001
Pivot Threshold 0.1

1 um maximum
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Table 2. Electric Field Gradient MAD between the Mathematical and Simulated Models, Cylinder-Plane
Configuration, ¢p=0°

r (um)

d (cm) 50 500 1000 5000
1 4687Vim _ 19.92Vim __ 17.85Vim 8.09 V/m
2 4663V/m  39.81V/m  1275Vim 2596 V/m
3 59.76 V/im  59.60V/m  5852VIm 4572 VIm
5 9260V/m  97.45V/m  97.54V/m 8582 V/m

To verify the validity of the mathematical model, its results across other field lines were examined
as well. Using the particle tracing module present in COMSOL Multiphysics, the trajectory of a particle
leaving an emission angle ¢ (Figure 3) is recorded and the results across that trajectory are being compared to
that derived using the mathematical model. This trajectory coincides with the field line for an emission angle
@, which is perpendicular to both the surface of the emitter and the plane of symmetry [18].

Similarly as before, Tables 3 and 4 respectively display the MAD and the WMAPE between the
presented mathematical model and the results of the FEA software across the field line for an emission angle
of 30°.

¢=30°

Figure 3. Particle Trajectories (Field Lines) for Emission Angles ¢ = 0° and ¢ = 30°

Table 3. Electric Field Gradient WMAPE between the Mathematical and Simulated Models, Cylinder-Plane
Configuration, ¢p=0°

r(um)
d (cm) 50 500 1000 5000
1 0.046% 0.020% 0.018% 0.008%
2 0.091% 0.079% 0.025% 0.052%
3 0.176% 0.178% 0.175% 0.137%
5 0.454% 0.486% 0.487% 0.429%

Table 4. Electric Field Gradient MAD between the Mathematical and Simulated Models, Cylinder-Plane
Configuration, ¢p=30°

r (um)
d (cm) 50 500 1000 5000
1 5818 V/im  2154V/im  19.82Vim  14.08 Vim
2 5319\V/m  40.74V/m  4017Vim  33.62 V/m
3 6356 V/im  60.32V/m  6045V/m  54.13V/m
5 9131V/m  3260V/im  9931V/m 9501 V/m

Furthermore, simulations were run for cylinder-cylinder configurations as  well.
Tables 5, 6, and 7 respectively display the MAD and the WMAPE between the presented mathematical
model and the results of the FEA software across the field line for an emission angle of 0°, for a cylinder-to-
cylinder configuration. The distance d is the distance of each electrode from the plane of symmetry.

IJECE Vol. 6, No. 6, December 2016 : 2506 — 2515
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The MAPE error of all configurations is deliberately omitted, as it was entirely insignificant for
every configuration that has been tested.

Table 5. Electric Field Gradient WMAPE between the Mathematical and Simulated Models, Cylinder-Plane
Configuration, ¢p=30°

r(um)
d (cm) 50 500 1000 5000
1 0.060% 0.023% 0.021% 0.016%
2 0.111% 0.086% 0.085% 0.073%
3 0.198% 0.190% 0.191% 0.174%
5 0.475% 0.513% 0.521% 0.504%

Table 6. Electric Field Gradient MAD between the Mathematical and Simulated Models, Cylinder-Cylinder
Configuration, ¢p=0°

7 (um)
d (cm) 50 500 1000 5000
1 18.20 Vim 251 Vim 2.14Vim 0.91 V/im
2 1054Vim 463 Vim 1.46 VIm 2.93V/m
3 9.62 V/m 6.88 \V//m 6.72 V/m 5.20 V/m
5 11.62V/im  11.36V/m  11.34V/m 9.88 V//m

Table 7. Electric Field Gradient WMAPE between the Mathematical and Simulated Models,
Cylinder-Cylinder Configuration, ¢p=0°

r (um)
d (cm) 50 500 1000 5000
1 0.036% 0.005% 0.004% 0.002%
2 0.042% 0.018% 0.006% 0.012%
3 0.057% 0.041% 0.040% 0.031%
5 0.116% 0.114% 0.113% 0.099%

All of the calculated errors are minimal and caused by the computing capabilities of the software
performing the calculations. For example, decreasing the solver's tolerance and or reducing the mesh element
size in COMSOL Multiphysics increases the convergence between the mathematical model and the
simulation results even further, yet at the substantial expense of computing time. In addition to the above,
Microsoft Excel is being used for the calculation of the mathematical model. Using an arbitrary precision
arithmetic calculator for the mathematical functions may increase the accuracy of the mathematical results
even further, yet they will not coincide with the results of a FEA model perfectly, which are also limited by
the capabilities of the software.

- °
Figure 4. Formation of Equipotential Lines Figure 5. Electric Field Surrounding a Cylindrical
Surrounding a Cylindrical Electrode Facing a Electrode Facing a Grounded Plane Electrode, for
Grounded Plane Electrode, for V=1kV, d =3 cm V=1kV,d=3cmandr=0.5cm

and r = 0.5 cm, in 100V steps

As mentioned in the previous section of this paper, near the end of the equipotential modelling
paragraph, valid P figures range from zero to V. Each number P, describes a specific equipotential line, the
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electric potential of which is equal to Peguaion Therefore, if the radius r of the emitter electrode, the distance d
from the emitter electrode to the plane of symmetry and the potential V applied to the emitter electrode are all
known, the exact formation of the equipotential lines is known as well. Figure 4 illustrates the formation of
equipotential lines of a cylinder-plane configuration for V.= 1 kV, d =5 cm and r = 0.5 cm, with a P, from
100 to 900, in steps of 100. These results were also successfully validated by comparing the output of the
mathematical model to that of the FEA software as shown in Figure 5.

5. CONCLUSION

This paper presented a mathematical model for the analytical calculation of the electric field and
potential formed between cylinder-plane or parallel cylinder-cylinder configurations. Computer assisted
simulations were used to verify the validity of the mathematical model, with excellent results, proving its
accuracy. The developed mathematical model has numerous practical applications, small and large scale
alike. It can be used to calculate the electric field surrounding wire-plane or parallel wire configurations of
any dimensions. Such geometries are present in a variety of devices, from electrohydrodynamic pumps to
electrostatic precipitators and ion generators. It also may be used to estimate the potential at any point in the
space surrounding these configurations by finding the exact equipotential line that crosses that point. These
parameters are quite important in engineering design, such as for proper calculation of insulation and safety
measures.
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