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 This paper outlines research conducted using bilinear time-frequency 

distribution (TFD), a smooth-windowed wigner-ville distribution (SWWVD) 

used to represent time-varying signals in time-frequency representation 

(TFR). Good time and frequency resolutions offer superiority in SWWVD to 

analyze voltage variation signals that consist of variations in magnitude. 

The separable kernel parameters are estimated from the signal in order to get 

an accurate TFR.  The TFR for various kernel parameters is compared by 

a set of performance measures. The evaluation shows that different kernel 

settings are required for different signal parameters. Verification of the TFD 

that operated at optimal kernel parameters is then conducted. SWWVD 

exhibits a good performance of TFR which gives high peak-to-side lobe ratio 

(PSLR) and signal-to-cross-terms ratio (SCR) accompanied by low 

main-lobe width (MLW) and absolute percentage error (APE). This proved 

that the technique is appropriate for voltage variation signal analysis and it 

essential for development in an advanced embedded system. 
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1. INTRODUCTION 

Voltage variation comprises of voltage sag, swell and interruption and is generally characterized by 

its magnitude and duration. Voltage sag can be defined as the reduction of root mean square (rms) voltage 

between 10% and 90% of the nominal voltage [1, 2]. The duration of voltage sag is usually a half cycle to 

1 minute of time. Meanwhile, the definition of voltage swell can be described as an increase of 110 to 180 % 

in rms of the nominal voltage for the duration of 0.5 cycles to a minute [3, 4]. Interruption is defined as 

the complete loss or decreases to less than 0.1 pu of supply voltage for a period not exceeding 1 minute [5-7]. 

Although interruptions are more severe than voltage sag and swell, the financial losses due to voltage sag and 

swell are comparatively the largest [8, 9]. This explains why the increasing concern regarding voltage 

variation become one of the most pressing issues that resulted in losses of up to million dollars [10].  

For these reasons, the analysis of voltage variation became a vital concern to the industries which operate in 

a competitive business environment [11, 12]. 

Time-frequency distributions (TFDs) are cused to represent the signal in joint time-frequency 

representations (TFR) [15, 14]. A common linear TFD is a short-time Fourier transform (STFT) [15, 16]. 

This technique uses a fixed analysis window [17-19]. Its main disadvantage is the compromise between 

frequency and time resolution [20, 21]. The bilinear TFD displays a better distribution compare to linear TFD 

as it offers a high resolution in both frequency and time domains [22, 23]. However, the existence of 
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cross-terms make this technique difficult to interpret the true signal characteristics. In addition, in order to 

remove the cross-terms, all types of signals cannot use the same kernel setting [24]. As a result, 

it is necessary to identify the optimal and the best kernel parameter for employing the TFD. 

An improvement of SWWVD analysis is presented in this paper for a voltage variation signal. 

These are made up of a separable kernel, with the parameters of SWWVD estimated based on the time-lag 

signal characteristics. Kernel parameters can include preserved auto terms in addition to the removal of cross 

terms. To measure the accuracy of resulting TFR, a performance verification is measured based on the MLW, 

PSLR, SCR and APE. 

 

 

2. THE SIGNAL MODEL 

Due to create signals for analysis, some parameters of each signal are introduced and allowed to be 

changed randomly such as the magnitude, frequency, starting time, and duration of the voltage variation 

signal [25]. The voltage variation comprises of a complex exponential signal which is expressed, as 
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whereby the signal component sequence, k, signal component amplitude, Ak, fundamental frequency, f0, of 

the signal, t is the time, a box function, (t) of the signal and the number of the signal component, K [26].  

For this research, the signal model parameters based on IEEE Std. 1159 (2009) and f0 is set at 50 Hz. 

The voltage variation comprises of three signal components and K is set at 3.   

- Swell: A2 = 1.2, A1 = A3 = 1; t1 = 100 ms and t2 = 140 ms 

- Sag: A1 = A3 = 1, A2 = 0.8; t1 = 100 ms  and t2 = 140 ms 

- Interruption: A2 = 0, A1 = A3=1; t1 = 100 ms and t2 = 140 ms 

 

 

3. THE BILINEAR TIME-FREQUENCY DISTRIBUTIONS 

The bilinear term can be expressed as [27]:  
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where G(t,) known as the kernel of time-lag with different function for each TFD. The signal of interest,  

x(t) of  bilinear product, Kx(t,),  and the t with asterisk represents the signals time convolution. The bilinear 

product is written as: 
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4. THE SMOOTH-WINDOWED WIGNER-VILLE DISTRIBUTION 
The SWWVD has a separable kernel and the main benefit is to reduce the effects of the cross-terms 

or interferences and to acquire high time-frequency resolution [28]. The separable kernel is expressed as: 
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where he time smooth (H(t)), smooth function (TS),  and the lag window function (w(τ)). The SWWVD 

function can be written as: 
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This research use the Hamming window as the lag-window and the TS function, H(t) will use 

raised-cosine pulse. The hamming window and the raised-cosine pulse are defined as [29]: 
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 The w() has a cut-off lag at  = Tg and resulting the Doppler representation in H(t), based on 

the Fourier transform accordingly to time is: 
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The cut-off Doppler frequency for low-pass filter in the Doppler domain is: 

 

𝑣𝑐 =
3
2𝑇𝑠𝑚
⁄  (9) 

 

 

5. KERNEL ANALYSIS IN TIME-LAG REPRESENTATION 

The signal product of bilinear product is represented in the time-lag domain. The product of bilinear 

comprises of auto-terms and cross-terms. The bilinear product written as: 

 

),(),(),( ,,  tKtKtK crossxautoxx   (10) 

 

The auto-terms are centered at  = 0 and concentrated alongside the time axis of the time-lag representation. 

Meanwhile, the cross-terms are positioned away from the axis. It is important to choose appropriate kernel 

parameters which will retain the auto-terms while at the same time suppressing the cross-terms. The separable 

kernel of SWWVD consist of the lag window and TS function as defined in (6) and (7), respectively. 

The Doppler-frequency existing in cross-terms and removed by the TS function. Furthermore, the lag window 

will suppresses any cross-terms that away of the lag axis origin. The time-lag representation is depends on 

the signal characteristics, take note that no single kernel setting that can be utilized for all signals.  

 

5.1. The bilinear product of voltage variation signal 

Equation (1) expressed the voltage variation signal and it has a variation of the root mean square 

(RMS) value of the nominal voltage [8]. The auto-terms and cross-terms of this signal are distinguished by 

substituting the (1) into (3), respectively and expressed as: 
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whereby the signal components sequence represented as  k and l. Ak and Al are the amplitude of the signal 

components, f0 is the signal fundamental frequency. The box function, (t) is a bilinear product and can be 

written as:  
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From (11) and (12), it is detected that the cross-terms are located elsewhere whereas the auto-terms 

centered at  = 0 and alongside the time axis and are. This is shown in Figure 1.  

 

 

 

Figure 1. The voltage variation signal bilinear product (densely dotted region are cross-terms whereas 

the auto-terms are green highlighted) 

 

 

For example, auto-term at k=1 and l=1, the bilinear product is written as: 
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This auto-term located at of the lag axis origin t = t1/2. It comprises a single lag-frequency of the signal 

component at the condition of f = f0. Correspondingly, for the auto-term at l=2 and k=2. It can be expressed as: 

 

),2/)((),2/)(( 21
22

21, 2,2

0

2
 

tttKeAtttK
fj

vvauto    (15) 

 

When k=1 and l=2 of the cross-terms, at  = t2/2 and t = (t2+2t1)/4. The interaction between first and second 

signal components known as the cross-term. Furthermore, only a component of a single lag-frequency exist 

at  f = f0. It can be written as: 
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Due to supress the cross-terms and to preserve the auto-terms, the lag-window cover all 

the auto-terms and remove the cross-terms as much as it can. The width of lag-window, Tg, can be defined as: 

 

𝑇𝑔 ≤ |𝑡2 − 𝑡1| (17) 

 

 Figure 2 shows the effect of utilizing the limit is that the cross-terms at l = 2, k = 1, and l = 3, k = 2 

are preserved as they are in line to the auto-terms. By using smaller Tg, the remaining cross-terms can be 
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removed. However this condition will reduce the auto-terms concentration and the frequency resolution. 

The impact of this setting will be explained in the results chapter. 

 The Doppler-frequency does not exist in the cross-terms, thus the cross-terms suppression can be 

obtained using the TS function. The TFD that used an impulse function and lag window in TS function known 

as windowed Wigner-Ville distribution (WWVD). The WWVD can be written as: 

 

  dewtKft fj
zwwvdz

2
, )(),(),( 





  (19) 

 

whereby w(τ) is the lag window. 

 

 

 
 

Figure 2. Performance measurements used of the analysis 

 

 

5.2.  Kernel parameters 

  The kernel parameters limitation (Tsm,min)  are defined in equation (18) and tabulates in Table 1. 

The smallest of lag-window width, Tg,min, and the parameter of TS function, Tsm,min, are defined in equation (6) 

and (7), respectively. Thus, the satisfactory suppression of cross-terms with minimal bias for auto-terms is 

obtained using these parameters. This setting also reduce the computational complexity and amount of 

memory required for the analysis. 

 

 

Table 1. The kernel parameters limit utilizing SWWVD 

Signal Tg, min (ms) Tsm, min (ms) 

Sag 10 0 

Interruption 10 0 

Swell 10 0 

 

 

6. PERFORMANCE MEASUREMENTS OF KERNEL PARAMETERS 

  A verification of SWWVD is obtained by apply measurement techniques such as signal-to-cross-

terms ratio (SCR), main-lobe width (MLW), peak-to-side lobe ratio (PSLR), and absolute percentage error 

(APE).  These techniques are used to calculate the accuracy, resolution,  minimization of interference, and 

concentration of the TFR [29]. As shown in Figure 2, due to calculate the MLW and PSLR, the power 

spectrum is required and it can be acquired from the TFR frequency marginal. Furthermore, the width of 

MLW is 3 dB and it is below the power spectrum peak. Meanwhile, the power ration between the peak and 

the highest side-lobe known as PSLR. To obtain a good resolution of frequency, the MLW must be low 

whereas to resolve various signal size, the PSLR must be high as possible. 
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The ratio of the signal to the cross-terms power known as SCR and the unit is dB. Note that, the higher 

value SCR means the higher the cross-terms suppression of the TFR. The SCR is expressed as [30]: 

 













power termscross

power signal
log10SCR  (20) 

Besides APE is also used to measure the accuracy of the TFR. The APE is written as: 

 

%100APE x
x
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i
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whereby xm is a measured value and xi is the actual value. The lower value of APE designates the higher of 

measurement accuracy. Note that, to get optimum TFD kernel, it is compulsory to have high PSLR and SCR 

whereas the MLW must be lowest as possible. 

 

 

7. RESULTS AND DISCUSSION  

7.1. Voltage variation signal analysis using SWWVD 

The examples of the voltage variation signal and the TFRs utilizing SWWVD at optimal kernel are 

shown in Figure 3 to 5. The graph shows the signal in the time domain whereas the plot of contour shows its 

TFR. Figure 3 shows an interruption signal in the time domain and its TFR at Tg =10 ms and Tsm = 0 ms. 

The magnitude of the signal goes to zero with duration of 40 ms at 100 ms. The contour plot shows that 

the power of the signal decreases to zero between 100 and 140 ms. During convolution between the signal and 

kernel, the TFDs shifts induce some delays to the TFRs in the time domain compared to the input signals.  

 

 

 

Figure 3. The TFR of interruption signal at Tg = 10 ms and Tsm = 0 ms utilizing SWWVD 

 

 

Figure 4 shows the wwell signal in the time domain and its TFR at Tg =10 ms and Tsm = 0 ms 

utilizing SWWVD. The signal magnitude increase from the normal voltage (1.0 pu) to 1.2 pu starting at 100 

ms for a duration of 40 ms. The contour plot shows that, the power of the signal increases between 100 and 

140 ms. Figure 5 shows a sag signal in the time domain and its TFR at Tg =10 ms and Tsm = 0 ms. The 

magnitude of the signal momentarily decreases with duration of 40 ms from 1.0 to 0.8 pu at 100 ms. The 

contour plot shows that the power of the signal decreases between 100 and 140 ms. 
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Figure 4. The TFR of swell signal at Tg = 10 ms and Tsm = 0 ms utilizing SWWVD 

 

 

 

Figure 5. The sag signal TFR at Tg = 10 ms and Tsm = 0 ms utilizing SWWVD 
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7.2. Performance evaluation of smooth-windowed wigner-ville distribution 

Table 2 tabulates the performance evaluation of SWWVD with various kernel parameters of voltage 

variation signals. The shaded region in the table shows the parameters that provide an optimal TFR for all 

signals. As tabulated in Table 2, Tg = 10 ms and Tsm = 0 ms are the optimal kernel parameters for voltage 

variation signal. To evaluate the performance response of the kernel parameters, the evaluation has been done at 

optimal Tsm with various Tg and shown in Figure 6, whereas Figure 7 shows the optimal Tg with various Tsm. 

Figure 6 presents that the MLW is smallest value when optimal Tsm and Tg is set high. This condition 

provides higher TFR frequency resolution. Yet, resulting a decreases of the cross-terms suppression and 

the SCR value is small due to high Tg whereas additional adjacent cross-terms exist in the bilinear product. 

Noted that, the lower APE provides high accuracy of the measurement. The f0 is set at 50Hz and due to 

include the minimum of one-cycle fundamental signal, the minimum Tg must be set at 10ms.  

 

 

Table 2. Table styles 

  
Voltage variation signal 

Kernel Parameters Performance measurements Swell Sag Interruption 

Tg = 10 ms 

Tsm = 0 ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

25 

615.53 

15.641 

0.2083 

25 

615.53 

17.799 

0.625 

25 

615.53 

55.446 

0.625 
     

Tg = 40 ms 

Tsm = 0 ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

6.25 

615.642 

8.9462 

1.4583 

6.25 

615.642 

11.216 

1.875 

6.25 

615.642 

48.903 

1.0417 
     

Tg = 10 ms 

Tsm =1.578 ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

25 

218.09 

13.491 

3.125 

25 

216.68 

15.038 

12.708 

25 

198.78 

35.107 

100 
     

Tg = 15 ms 

Tsm=1.578ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

13.333 

130.99 

11.751 

69.791 

13.333 130.68 

13.297 

117.08 

13.333  

127.89 

33.514 

100 
     

Tg = 20 ms 

Tsm=6.67ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

12.5 

229.98 

9.8581 

14.583 

12.5 

228.53 

11.485 

29.375 

12.5 

210.04 

31.371 

100 
     

Tg = 40 ms 

Tsm=6.67ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

6.25 

120.03 

6.7221 

20.416 

6.25 

100.92 

8.4121 

35.417 

6.25 

81.315 

28.701 

100 
     

Tg = 20 ms 

Tsm= 7.5 ms 

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

12.5 

229.97 

9.8073 

16.666 

12.5 

228.53 

11.439 

31.667 

12.5 

209.88 

31.289 

100 
     

Tg = 40 ms 

Tsm= 7.5 ms  

MLW (Hz) 

PSLR (dB) 

SCR (dB) 

APE (%) 

6.25 

122.91 

6.6568 

21.458 

6.25 

102.56 

8.3551 

36.667 

6.25 

111.22 

28.600 

100 

 

 

 

Figure 6. The TFR performance with various kernel parameters for the swell signal when APE, MLW, SCR, 

and PSLR optimal Tsm with various Tg utilizing SWWVD 
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Figure 7 shows that the SCR and MLW are constant when the optimal Tg and Tsm is set higher than 

the optimal value. It designates that the frequency resolution and cross-terms suppress remain unchanged 

when Tsm is set higher than its optimal value. However, the higher APE shows that the TFR time resolution is 

low. As presents in Table 2, at Tg = 10ms and Tsm = 0 ms are the optimal kernel parameters. Furthermore, 

there is no improvement in the cross-terms suppression even though used the TS function as the zero Doppler 

frequency exist in all cross-terms. Besides, the time resolution is reduce when higher Tsm is set. Therefore, 

the SCR is low and APE is high when the Tsm is set higher from its optimal value. 

 

 

 

Figure 7. The TFR performance with various kernel parameters for the swell signal when APE, MLW, SCR, 

and PSLR optimal Tg with various Tsm utilizing SWWVD 

 

 

 

8. CONCLUSION  

The SWWVD provides good resolution in time and frequency. The main objective to have optimal 

kernel is to suppress cross-terms and to preserve auto-terms of the bilinear product.In order to verify 

the optimal kernel, verification of performance measurement such as PSLR, SCR, MLW, and APE are 

performed. The optimal kernel parameters must have high PSLR and SCR, while the MLW and APE must 

low. From this research, it is noted that the optimal kernel for voltage variation signal, the optimal kernel are 

Tg = 10ms and Tsm = 0 ms. 
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