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Abstract

We present LaCoDe (Lagrangian Compressible Deformation), a MATLAB
solver for the Stokes equations for compressible non-Newtonian visco-elastic
in two dimensions, based on a Lagrangian formulation of the Finite Element
Method. The incompressible Boussinesq approximation is a widespread assump-
tion in numerical models of lithospheric deformation, thus potentially masking a
significant contribution of mechanisms linked to volumetric changes that occur
in the asthenospheric mantle and the lithosphere. LaCoDe employs a com-
pressible formulation of the Stokes equations designed to address such volume-
changing processes. First, we provide a description of the equations governing
the deformation of Earth rocks and detailed overview of the algorithm, its nu-
merical implementation, treatment of the non-linearities rising from the com-
pressible formulation, and the remeshing algorithm that tracks and transfers the
physical fields that describe the material deformation from a highly-distorted
to a high-quality mesh. LaCoDe is then benchmarked by comparing numeri-
cal results to analytical solutions for the bending of a thin elastic beam under a
constant uniform load, flow around a rigid inclusion, Rayleigh-Taylor instability,
stress build-up in a visco-elastic Maxwell body, and Couette flow with viscous
heating. The Rayleigh-Taylor instability test is further used to demonstrate the

accuracy of the remeshing algorithm. The importance of including volumetric
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strain for geodynamic processes is illustrated by two numerical experiments: i)
volumetric-strain inducing phase changes in amagmatic slow-spreading ridges,
and ii) subducting slabs.
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1. Introduction

Rocks are exposed to thermal, mechanical and chemical processes that in-
duce volumetric changes. Obvious examples are mechanical compression and
decompression, thermal expansion, and phase changes resulting from partial
melting and serpentinisation. Even though stresses related to compressibility
may play an important role in rock deformation and failure, the incompress-
ible Boussinesq approximation of the governing equations is the most common
approach used in geodynamic modeling of coupled asthenosphe-lithosphere sys-
tems. This approximation is considered to be reasonably valid under lithospheric
conditions and offers a simple and straightforward numerical implementation,
hence its popularity. The Boussinesq approximation has been considered to
be appropriate if: 1) the density of the material does not change more than
10% with respect to its reference value (Spiegel and Veronis, 1959; |Gray and
Giorgini, 1976); and, 2) volume-change-related stresses are small with respect
to the hydrostatic pressure and deformation-linked stresses.

These approximations are usually valid for lithosphere-scale models, but may
be violated in certain scenarios. For instance, it is well known that metamorphic
phase changes occurring at crustal conditions can induce significant changes
in density in localised regions that far exceed the maximum density changes
thought to be appropriate for the Boussinesq approximation. In the case of
partial serpentinisation, for example, density can be reduced by 18% or more,
and its associated volumetric strain can cause rocks to fail. This mechanism

potentially reduces the strength of the lithosphere by 30% (Escartin et al.,|1997)),
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or even more when intact rock is replaced by a serpentinised fault. Volume-
change-linked stresses related to phase changes may therefore have a significant
influence on the localisation of deformation when brittle failure is an important
rheological feature.

The first studies proposing a compressible formulation for mantle deforma-

tion (Jarvis and McKenzie), [1980; |Quareni et all, [1986} [Yuen et all, [1987) made

use of the so-called anelastic approximation. These studies aimed at under-
standing the behaviour of deep mantle convection; implications for lithospheric
failure and deformation were not considered. In the last decades numerous stud-

ies focused on the development of numerical tools to investigate lithospheric

and upper mantle geodynamical processes (e.g. Christensen, [1987; [Braun and|
[Sambridge, [1994; [Fullsack, (1995} [Schmalholz et all, [2001} [Moresi et al., [2003;
[Petrunin and Sobolev, [2006}, [Gerya and Yuenl, 2007} [von Tscharner and Schmal-|
. However, all of these studies assumed the Boussinesq incompressible

approximation. To date, relatively little effort has been made to include and
discuss the effects of volumetric strain at the lithospheric scale. To our knowl-
edge, SLIM3D (Popov and Sobolev, 2008) and DynEarthSol2D (Choi et al.|
are the only available numerical models that include elastic compressibil-

ity. However, these studies do not assess its implications for lithospheric scale
processes.

We propose a new compressible formulation that has been implemented in
the new 2-D geodynamic code LaCoDe, which is based on the incompressible

code M2TRI (Hasenclever}, 2010; [Hasenclever et al.| 2011]). LaCoDe solves for

visco-elastic deformation, thermal convection and melting processes, in a La-
grangian frame of reference. It is written in MATLAB and uses an optimised

matrix assembly based on the ’blocking’ and vectorisation techniques described

in [Dabrowski et al.| (2008). Stokes equations are solved using a Lagrangian

mixed velocity-pressure approach with the Finite Element Method (FEM). An

additional feature of LaCoDe, not discussed here, is a free-surface algorithm

(Andrés-Martinez et al. 2015) that allows improved tracking of the evolution

of topographic relief.
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The primary purpose of this paper is to assess the stability of the numerical
implementation of a visco-elastic rheology that does not assume the incom-
pressible Boussinesq approximation and to emphasize its relevance for modeling
geological events at the scale of the lithosphere. We first describe the new for-
mulation and its numerical implementation. We then test the accuracy of the
code with a series of benchmarks for viscous and elastic deformation for which
analytical solution is known: i) bending of a thin beam under a distributed
load; the ii) SolCx and iii) SolKz tests (Duretz et all [2011); iv) deformation
around a viscous inclusion; v) Rayleigh-Taylor instability; vi) stress build-up in
a visco-elastic Maxwell body; and vii) solution of a Couette-flow with viscous
heating and temperature-dependent viscosity. Following these benchmarks, we
demonstrate that nested Picard iterations are the most cost-effective scheme to
deal with the combination of non-linear rheologies and a compressible formu-
lation. Finally, we show two examples of tectonic processes where volumetric
strain potentially plays a key role: i) volumetric strain linked to phase changes,
and ii) comparison between subduction of a compressible and incompressible

slab.

2. Governing equations for compressible flow

Mantle-lithosphere deformation is treated as a thermo-mechanical process
described by the equations of conservation of momentum, conservation of mass,

and conservation of energy in a domain §2, respectively:

o i .
oz, pg (1)
Dp ou;
=F = qm 2
Di T Pom, = ¢ (2)
DT 0 oT Dp

where p is the density, z; are the spatial coordinates, u; are the velocity com-

ponents, 0;; is the Cauchy stress tensor, g; is the gravitational acceleration, C),
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is the heat capacity, T is the temperature, x is the thermal conductivity, « is
the thermal expansivity, «T Dp/Dt is the adiabatic heating, H, is a heat pro-
duction rate, and shear heating is defined as the energy released by the inelastic

inel

work Hsh = 045&;;

7, and ¢ is time. The subscripts i and j refer to the horizon-

tal and vertical directions in a two-dimensional Cartesian coordinate system,
respectively. The function ¢, = ¢(x,t) in eq. (2)) describes the rate of mass
being added (local source of mass: g, > 0) or subtracted (local sink of mass:
gm < 0) from a region, with dimensions of mass per unit volume and unit time.
Note that, when a Lagrangian frame of reference is adopted, the material time
derivative D(-)/Dt is equal to the partial time derivative 9(-)/0t.

The set of equations , and describe the thermo-mechanical be-
havior of compressible viscous flow. Several approximations of these equations
have been widely employed to address the effects of compressibility within the
mantle, such as the anelastic approximation (ALA) or the truncated anelas-
tic approximation (TALA) (e.g. [Jarvis and McKenzie, 1980; |Bercovici et al.|
1992; |[King et al.l |2010; [Heister et al., 2017). On the other hand, models study-
ing geodynamic processes at a lithosphe scale (e.g. from rifting of continental
crust, to subducting slabs) widely employ the so-called incompressible Boussi-
nesq approximation, where the continuity equation is approximated as being
divergence-free. In the (T)ALA approximations the dynamic pressure is as-
sumed to be negligible with respect to the hydrostatic pressure (payn << Protal)s
leading to a depth-dependent formulation for density. However, dynamic pres-
sure effects could also become locally significant in tectonic processes such as
subducting slabs or during phase changes. Therefore, we chose a more com-
plete formulation in which the dynamic pressure is taken into consideration and

employ an equation of state that depends on the total pressure:

p(T.p) =po[1— (T —T,) + K~ ' (p— p,)] (4)

where p,, T,, p, are the reference density, temperature and pressure, respec-
tively, K is the bulk modulus and p is total pressure. It is convenient to define

a reference density so that additional volumetric changes are determined as a
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further deviation from this reference state. In this paper, we are the lithostatic
pressure to define the reference density profile. If one wishes, density changes

due to phase changes can also be incorporated into the equation of state.

2.1. Mixed formulation
The implementation of a mixed formulation to solve the Stokes equations

splits the Cauchy stress tensor into its deviatoric and pressure components:
Tij = Tij — Pdij (5)

where 7;; is the deviatoric stress tensor, d;; is the Kroenecker delta, and the
pressure is the mean of the principal stresses p = —okr/3. Using eq. ,
the conservation of momentum is written in terms of the deviatoric stress and
pressure:

anj 8]7

(933j &vl = TP (6)

2.2. Constitutive equation of a visco-elastic fluid
The viscous constitutive law is conveniently expressed in terms of deviatoric
stress 7;; and deviatoric strain rate &;;:
Tij = 21Ei; (7)

where 7 is the shear viscosity, and the deviatoric strain rate tensor is defined

as:

. 1 /0u; Ouy 1 Ouy,

€ij =5 | 3 N Y (8)
2 \0x; Oy 3 0z

Elastic deformation is incorporated by adopting a Maxwell material model,

where the visco-elastic deviatoric strain rate is the sum of the viscous and elastic

strain rates:

X T T
g = guvise ygel T T 9
) 1] 1] 2,',] 26 ( )

where G is the shear modulus and 7;; is the objective deviatoric stress rate . The
Zaremba-Jaumann objective time derivative (e.g. [Hashiguchi and Yamakaway,
2012) is used to compute the objective deviatoric stress rate in eq. @D:

8Ti‘
aitj — WikTkj + TikWky (10)

v

Tij =
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where w;; = 1/2(0u;/0x; — Ou;/0x;) is the spin tensor associated with the rigid
body rotation. Following the implementation of large-strain elastic deformation
described by Moresi et al.| (2003) and Kaus| (2010), 7;; is approximated by an

implicit discretisation of the time derivative:
Tij R = — Wik Thy T TieWij (11)

where the superscript n indicates the time step iteration, and At is the time
step. Substitution of eq. into eq. @D with subsequent rearrangement of

the terms leads to the visco-elastic constitutive law:

Tij = 2Meffij + XTij (12)
where

1

Meff = 1 T (13)
n GAt
1

X = I GAL (14)

n
Tij = iy + (wZCT,?j — Tﬁcw;jj)At (15)

were the “real” viscosity has been substituted with an effective viscosity neyy
that includes elastic terms. A pure viscous rheology is recovered as At — oo.
Note that the visco-elastic deformation obtained per time step depends on the
size of the time step. However, the deformation after a certain simulation time

has to be independent of the chosen time step.

2.8. Viscous creep

Two mechanisms for viscous deformation are included in the current treat-
ment: diffusion creep and dislocation creep (Poirier, (1985; [Karato et al. [2001)).
Diffusion creep occurs at low stress levels, when atoms diffuse inside the crystal
grains and along the grain boundaries, resulting in rock deformation. Deforma-

tion due to dislocation creep is caused by the migration of dislocations through
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the crystal lattice of the rock. These creep mechanisms depend on temperature,

pressure, and, for dislocation creep, strain rate:

1 Eqif + pVais
Ndif = §(Adzf)eXp (nRT (16)
1 Sl iyl —1 FEais + pVais
Ndis = 5(14(12‘5) mais (847) Maie  exp (M (17)

where A is the pre-exponential parameter, n is the power-law exponent (with,
theoretically, n ~ 3 (Turcotte and Schubert| 2014))), £;; :\/W is the
square root of the second invariant of the deviatoric strain rate tensor, F is the
activation energy, V is the activation volume, R is the universal gas constant,
and the sub-scripts di f and dis stand for diffusion and dislocation, respectively.
We now build an effective creep viscosity as the harmonic mean of the diffusion
and dislocation viscosities:

n B Ndif Ndis

1 1 1
+ (18)

Here, the smallest viscosity has the largest contribution to the effective viscosity,

with deformation dominated by the mechanism that has the smallest activation

stress. The viscous strain tensor is then éf}sc = éf;f + éf}s. Using the defini-

tions and , the diffusion and dislocation strain tensors are respectively

computed as:

dif Tij -dis Tij

Y et Y 2nair

3. Numerical implementation

LaCoDe solves the resulting set of governing equations of the thermo-mechanical

problem using the FEM to generate the system of matrix equations (e.g. Hughes|
1987; |Zienkiewicz and Taylor, 2005)). Discretising the domain into elements, the
primary variables u, p and T are approximated using the shape functions NV,

for velocity, N, for pressure and Np for temperature:

u(x,y) = ZNg(xvy)aa (20)
a=1



172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

p(l‘,y) = ZN;(x7y)ﬁa (21)
a=1

nT
T(e.y) = Ng(a,y)T, (22)

where the subscript a is the nodal index and nu, np and nT is the number of
nodes in the element for the velocity, pressure and temperature spaces. Employ-
ing the Galerkin procedure, the governing egs. , and are transformed
into their weak forms using the shape functions as trial functions.

The choice of the approximation space for the coupled velocity-pressure prob-
lem has to be taken carefully so that the so-called Ladyzhenskaya-Babuska-
Brezzi (LBB) stability condition is satisfied (Zienkiewicz and Taylor, 2005).
Some combinations of approximation spaces for velocity and pressure will vio-
late such condition and result in spurious pressure modes and/or non-converged
flow solutions. The LBB condition is satisfied in LaCoDe by using Crouzeix-
Raviart triangular elements (Crouzeix and Raviart} |1973), where the velocity
field is approximated by seven nodal points that define a quadratic interpolation
enhanced by a cubic bubble function in the barycenter of the element (Fig .
Pressure is discontinuous with three nodal points describing a linear interpola-
tion within each element. Finally, temperature is approximated by six nodal

points defining a quadratic interpolation.
[Figure 1 about here.]

In the following sections we detail the weak forms of the Stokes and thermal
diffusion equations as well as their numerical implementation, where we drop
the ~ from the approximated fields in order to simplify the notation. The reader
is referred to FEM textbooks (e.g. Hughes| |1987} |Zienkiewicz and Taylor} |2005))
for more details on this method, and how to build the weak formulation of the

Stokes and thermal diffusion equations.
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8.1. FEM formulation of thermal diffusion

The time derivatives in eq. are approximated using a backward Euler

discretisation:
Tn-',—l _Tn o aTn—H n+l _ . n
o (At) ~ o, (k o, ) ol o Ha (23)

Using FEM for the spatial discretisation in space and rearranging eq. , we

can express it in a compact matrix notation:
Ky T =fr (24)

where the stiffness matrix is:

1
Kr = / VN7kVN7dQ + — / N7.p" " C,NrdQ+
Q At Jo

1
x NTaN, (p"*! — p")N7dQ
Q

(25)

and the right-hand-side vector is:

1

fT:Kt

/ NTp" O, T"NpdQ + / N H,.dQ + / Ny HpdQ (26)
Q Q Q

8.2. FEM formulation of Stokes equations

Motion of a compressible visco-elastic flow is described by the Stokes equa-
tions and (2). The density time derivative in the continuity equation is
computed in an implicit manner, so that eq. is approximated as:

ox;  pntl m At

The time derivative of density introduces a non-linearity in the system of equa-
tions, and eq. can also be solved in an explicit manner. A comparison
between both approaches is discussed in |Heister et al| (2017)) and, a priori, it
is not obvious whether one approach is numerically more stable and/or more
efficient than the other. By definition, the explicit approach would require fewer

non-linear iterations than the implicit approach; however, Heister et al.| (2017)

10



a1 concluded that both approaches yield equally accurate results for similar com-
25 putational time requirements. Employing the expression for the continuity,

26 the weak form of Stokes equations can be expressed in matrix form as:

/ B DBu" a0 — / B mN,p"t1dQ = / N pgd) — / B x7dQ  (28)
Q Q Q Q

/NTmTBu”“dQ: /NT L (2 =0 g (29)
o o T \ptt U At

218 The element matrix B® represents the strain-displacement matrix, while D¢

217

29 is the rheology matrix that relates strain rates to deviatoric stresses:

ON, 0

ox éxx
Uy
Béu® = 0 35\;1‘ — €., (30)
Uy
ON. 9N .
9z oz Eaz
Ci Cy 0
D° = Nefr | Co C1 0 (31)
0 0 1
m”=[1 1 0 (32)
220 The m” vector is necessary in the matrix form of these equations so that

a1 the cross derivatives in the last row of matrix B do not appear in some terms.
22 For isotropic, compressible viscous flow, the coefficients in the rheology matrix
23 D° take values of C; = 4/3 and Cy = —2/3 (e.g. |Dabrowski et al., [2008). The
24 weak forms and can then be written in a compact matrix notation as:

A G u f1
. = (33)
GT o p £

11
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where:

A= /Q B DBdN (34)
G=- /Q B mN,dQ (35)
f, = / NTpgd — [ BT x7dQ (36)
Q o Q .
e O 0 LI

Note that the right-hand-side vector fa contains the non-zero divergence terms

related to density changes.

3.8. Solution scheme for the compressible Stokes equations

The system of egs. mathematically describes a so-called saddle point
problem. Numerical complications arise due to the presence of the diagonal
(2,2)-block in the matrix on the left-hand-side, which makes the matrix positive-
semidefinite, so that it cannot be solved using standard forms of numerical
algorithms such as Conjugate Gradient or Cholesky factorization that assume
a symmetric positive-definite matrix. LaCoDe solves the Stokes equation using
the Augmented Lagrangian method (Rockafellar, [1974; [Fortin and Glowinski,
2000; |Zienkiewicz and Taylor, 2005)), which consists of subtracting A~!Mp from
the left- and right-hand-side of the continuity equation, thereby generating the
following iterative scheme:

k+1
A G u f
: = (38)
GT —x'Mm p f, — A\ 'MpF
where k is the iteration counter, A is an artificial compressibility term penalising

the new pressure term in the second row of the global block matrix that has

units of dynamic viscosity, and M is the mass matrix defined as:
M= /Q N/ N,dQ (39)

The choice of )\ is not trivial, as the global block matrix problem may become ill-

posed or numerical locking might occur if A is too high or too low, respectively. A

12
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value of A = max(n) has been proven to work well in the following benchmarks.
Upon convergence, |[p**! — p¥|| < tolerance and the system of egs. is
recovered. The new system of eqs. allows the elimination of the pressure
field, so that the first and second rows of the system can be solved in a segregated
manner. Rearranging the second equation we obtain the expression for the

updated pressure:
p" =p" + MTT(AG U — ) (40)

After substitution of eq. into the first equation in the system we obtain

the following linearised expression for the velocity field:
uftl = K (41)
where the stiffness matrix K is defined as:
K = (A + G)\M‘lGT) (42)
and the force vector in the right-hand-side is:
7 =, + G (A\M ™ 'f, — p¥) (43)
The expression is clearly non-linear because the density in f; depends on
the pressure via the equation of state (see eq.). We treat this non-linearity

by introducing a set of Picard iterations that freezes the density during the

Augmented Lagrangian iterations:

new velocity and pressure

1 1
v . uk+1 4= k+1 —
) P p(f)m7 TTn)
—_———
previous Picard iteration (44)
previous Picard iteration previous time step

— —
HPTTT) = (P T

— foL
At 2

where the superscripts k, m and n are the counters of the Augmented La-
grangian, Picard and time iterations, respectively. Egs. and are thus
solved iteratively combining Augmented Lagrangian and Picard iterations in

the following scheme (Fig|[.2)):

13
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1. p°=0forn=1, and p° = p*~! for n > 1.
Calculate: K.

Calculate: f3"

Calculate: f*+1

Solve: ukt! = K1+

Update pressure: pF+! = pF + M (AGTuF*! — )

N o wN

Check convergence of the continuity equation. If | —QT uF*! — £ || / |
— Q" u* — £ o> tol,, repeat steps 4 and 6.
8. Check convergence of non-linearities in the continuity equation. | f5' —

£ || o> tol sz, repeat steps 3 to 7.

where || - || is the infinity norm, and tol, = 1072, tolys = 107% . We note
that for p® = 0, the equations are equivalent to the penalty method. The
solution scheme presented here is equivalent to the schemes resulting from Uzawa
iterations (Arrow et al., [1958; |Zienkiewicz, |1985) and later extended in the
context of optimization independently by Hesteness (Hestenes, [1969) and Powell

(Powell, [1967)).
[Figure 2 about here.]

Alternatively, the system of eqs. could be approximated using the Schur
complement of the Stokes equations. However, the Schur complement S =
GA'GT requires the computation of the inverse of the matrix A for a direct
solution method, which is practically unobtainable, because it would be a very
large and block matrix. In an iterative solver, this issue can be bypassed by the
combination of the Schur complement with Conjugate Gradients or GMRES
(e.g. Maday and Patera, |1989; Bangerth et al. [2011). For 2D calculations,
the Augmented Lagrangian Method offers a simpler and computationally less
expensive scheme to approximate the solution of the Stokes equations, because
the discontinuous nature of the pressure field with Crouzeix-Raviart elements
allows the inversion of M in egs. and to be done on the element

level. However, Crouzeix-Raviart elements do not have a three-dimensional

14
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equivalent and even the construction of a direct inverse for A becomes costly
and memory intensive in 3D, hence the use of the Schur complement becomes

more appropriate for 3D computations (e.g. [Hasenclever| (2010))).

8.4. Iteration scheme for non-linear rheology

The problem described in Section becomes even more non-linear if tem-
perature and/or a non-Newtonian rheology are also considered. We propose
two different approaches to tackle highly non-linear problems (Fig[-2)): i) all the
non-linearities are treated within a single loop of Picard iterations, referred as
Approach 1; and, ii) the rheological and density non-linearities are split into
two levels of nested Picard iterations, referred as Approach 2. While Approach
2 is likely to increase the total number of linear and non-linear iterations for a
single time step, the rheological non-linearities are performed in a presumably
better converged flow solution since the density non-linearities are first dealt
with. The rheology iterations are stopped when the residual of the velocity field

R is below a given tolerance:

_ ™ -l

R= , < toly (45)
[RGag S

where 4 is the rheology iteration counter, and a value for tol, = 1073. We
note that this iterative scheme is able to handle other types of rheological non-
linearities that are not discussed in this paper, such as plastic deformation. The

efficiency of both approaches is compared in Section [5.2

4. Remeshing

One of the drawbacks of using a Lagrangian formulation is that large de-
formation of the mesh usually leads to highly distorted elements. This issue
is overcome by mapping the necessary variable fields onto a newly generated
high quality mesh. One could perform a remeshing after every time step, but to
reduce the associated computational cost and interpolation errors, a new mesh

is generated only when the quality of the mesh falls below a given threshold.

15



siz Let us define a triangle with the area A, vertices a, b and ¢, and the smallest
ais and largest angles o and (3, respectively. We define the quality factor of the

a9 triangle to be:
B 4v/3A
['ab || + [[ ac || + [ be [|?

n (46)

20 where gy, is a measurement of equilaterality of the triangular element (i.e. ¢, =1
a2 for an equilateral triangle). The remeshing algorithm is called only when a
s2 triangular element has ¢, < Tol,, o < Toly or > Tolg. Unless specified, we
23 use values of Tol,, = 0.25, Tol, = 7° and Tolg = 170°.

324 Fields that are computed at the nodes (e.g. temperature) are linearly in-
s terpolated onto the new nodal positions. The information from other fields
»s  associated with the elements (i.e. stress, density) is stored at the integration
a7 points of the elements, and is mapped onto the new mesh employing the follow-

38 ing procedure:

329 1. Find the element of the old mesh containing the new integration point us-

330 ing the quick search algorithm ¢search?2 (Mutils package: http://milamin.sourceforge.net/downloads).
331 2. Calculate local coordinates of the new integration point with respect to

332 the element in the old mesh.

333 3. The field ¥(z,y) is mapped element-to-element onto the old nodes using

334 linear shape functions:

Uo(z,y) = (N(&n) " (a",y) (47)
335 where a is the nodal index, £ and 7 are the local coordinates of the shape
336 function and z’ and y’ are the coordinates of the integration point of the
337 old mesh.

338 4. The nodal values of target field ¥, (z,y) are mapped onto the new inte-

339 gration point using the shape functions:
n
V(' y) = 3 N(En)Ta(a,y) (48)
a=1
340 where £ and 7 are the local coordinates of the shape function and z* and
3a1 y* are the coordinates of the integration point of the new mesh.
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While this scheme works particularly well for perfect body-fitting meshes, in
which case each element of the new and old meshes belongs to a single material
type, other approaches may be better suited for non-body-fitting meshes. The

accuracy of the remeshing scheme is demonstrated in Section [5.1.5

[Figure 3 about here.]

5. Numerical experiments

We present a set of benchmarks and numerical experiments to test the im-
plementation of the formulation described above. We first demonstrate the
accuracy of LaCoDe by comparing the results of these experiments with analyt-

ical solutions and results from previously published studies. These benchmarks

are: 1) bending of a thin beam under a distributed load (Turcotte and Schubert,
2014)); ii) SolCx and iii) SolKz tests (Revenaugh and Parsons|
[1987)); iv) deformation around a viscous inclusion (Schmid and Podladchikov)
2003)); v) Rayleigh-Taylor instability (van Keken et al.,[1997); vi) stress build-up

in a visco-elastic Maxwell body (Gerya and Yuen, [2007)); and vii) solution of a

Couette-flow with viscous heating and temperature-dependent viscosity

lcotte and Schubert| [2014). Then, we investigate the effectiveness of the two

approaches to solve problems with non-linear rheologies described in Section
Finally, two tectonic scenarios where the effect of compressibility effects is
relevant are presented: i) an example of volumetric strain produced by phase

changes; ii) subduction of a compressible slab.

5.1. Benchmarks

5.1.1. Cantilever beam under a uniform load
In this benchmark we compare the numerical results of a bending elastic

thin plate, clamped at one end, against an analytical solution for a perfectly-

elastic material (Turcotte and Schubert| [2014). We also use this benchmark

to compare the accuracy of the non-linearised and linearised formulations in
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resolving elastic problems. The ratio between the thickness and length of the
cantilever is taken to be 1/10 in order to satisfy the thin beam hypothesis. The
density of the beam is p = 100 kg/m? (an approximate value for the density
contrast between the upper and lower crust), and the shear modulus is G = 36
GPa. The analytical solution for the maximum deflection w is

L 3 pghLt
24 D

(49)

where h and L are the height and length, respectively, and D is the so-called
flexural rigidity of the plate. The latter can be expressed in terms of the Young
modulus E and the Poisson ratio v: D = Eh3/12(1 — v?). The maximum

horizontal stress in the cantilever is given by:

maz _ 3pgL?
Txr h2

(50)

[Figure 4 about here.]

To test the mesh-dependence and the accuracy of our code we use uniform
meshes with different configurations of triangular elements. These meshes are
constructed by splitting squares into two right triangles or four isosceles trian-
gles, see Fig[4h. The deformed beam and the resulting stress field of the beam
with v = 0.25 are shown in Fig[4p. The maximum deflection of the cantilever
(Fig ) is accurately resolved for different degrees of elastic compressibility
(0.25 < v < 0.4999). An excellent match to the analytical solution is achieved
with only 8 elements in the vertical direction with relative errors e,, < 1% for all
the Poisson ratios. Maximum horizontal stresses show high relative errors for
coarse meshes but rapidly converge to the analytical solution with e, < 5%
for meshes with 8 elements in the vertical direction. Good accuracy of the solver
is demonstrated in both the compressible and incompressible limits. Relative
errors for v < 0.45 are consistent with the results obtained employing quadri-
lateral elements with 4 nodes by [Popov and Sobolev| (2008) and 8 nodes by
Quinteros et al.| (2009).
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5.1.2. SolCr
This benchmark is intended to test the accuracy of the solution in the pres-
ence of large sharp jumps in the viscous field. The domain is 2 = [0, 1] x [0, 1],
the displacement in the corners is zero, and all the boundaries have null tangen-
tial stress (i.e. free slip). The flow inside the domain is driven by the buoyancy
forces defined by the density field p = sin(my)cos(rz) and the viscosity field is
defined by the piecewise function:
1, ifo0<z <05
n(z,y) = (51)
108, if05 <2 <1
This strong viscosity jump yields a discontinuity in the pressure field between
the two viscous domains, resulting in an excellent numerical experiment to assess
the accuracy of the solver. The analytical solution of the flow and pressure fields
is detailed in |Zhong| (1996). We consider an even and odd regular meshes of
Crouzeix-Raviart elements constructed by splitting squares into two triangles
rectangles. The number of nodes in the horizontal and vertical directions of the
domain is h*U¢" = [8,16, 32, 64,128, 256] and h°?® = peve® — 1. The accuracy of
the velocity and pressure fields is measured by computing the L; and L, norms.

For a scalar field Z, the L; and Lo norms are, respectively:
I20h=[ I=]av (52
1%
12 1= [ =ty (53)
v

And for a vector field v, the L; and Lo norms are, respectively:
lolh= [ Qo l+ e hav (54)
o= [ (3 +od)av (55)

The velocity and pressure errors converge with O(h3) and O(h?), respec-
tively, both for the L and Lo norms, as well as in both even and odd meshes
(Fig.5h). These orders of accuracy are comparable to the ones reported by [Kro-

nbichler et al.| (2012) and |Thielmann et al| (2014) employing even meshes of
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Q% x P_; elements, and one order of accuracy greater than the errors report

in Duretz et al.| (2011). We must remark that even though the errors are a bit

larger than in even meshes, the order of accuracy is the same for odd meshes of
Crouzeix-Raviart, whereas Q4 x P_; elements lead to lower convergence rates

in odd meshes (Kronbichler et al.,|2012; Thielmann et al., [2014).

5.1.3. SolKz

The so-called SolKz (Revenaugh and Parsons, [1987) test assesses the accu-

racy of the solver against large, smooth viscosity variations. The geometry of
the domain, spatial discretisation, mesh resolution, and boundary conditions are
identical as in the SolCx benchmark. However, only even meshes are tested due
to the lack an internal layer. The flow inside the domain is driven by the buoy-
ancy forces defined by the density field p = sin(2y)cos(3nz), and the viscosity

field smoothly increases from bottom to top:

n(y) = exp(2By) (56)

where B = log;,(10°)/2, so that the viscosity contrast is of six orders of mag-
nitude. As in the SolCx problem, velocity and pressure errors are measured in

the L; and Ly norms (Fl)
[Figure 5 about here.]

The convergence rates obtained for this particular test are the same as for the

SolCx test ((Figl5] dashed lines)), and these errors are again comparable to the

ones reported in [Duretz et al.| (2011)), Kronbichler et al.| (2012) and Thielmann|

Gt al] (2074).

5.1.4. Viscous inclusion

The set-up of this benchmark consists of a circular inclusion with radius R =
0.1 embedded in a homogeneous matrix under pure shear boundary conditions
in a square domain Q = [—1,1] x [-1,1] (Fig.6p). As the SolCx test (Section
, the aim of this experiment is to assess the accuracy of the pressure

and velocity fields in cases with strong viscosity jumps. The dimensionless
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viscosity of the inclusion is 11 = 103, and the viscosity of the matrix is 7o = 1.
The domain is discretised using an unstructured mesh of triangular elements
that near-perfectly matches the matrix-inclusion interface. In other words, the
edges of the elements match with the interface between the inclusion and the
matrix, resulting in elements belonging either to one phase or the other. It

has been shown that this type of spatial discretisation yields the most accurate

solutions for this numerical experiment (Deubelbeiss and Kaus| |2008). For this

particular test, the unstructured triangular mesh is generated with the mesh

generator Triangle (Shewchuk, [1996)). Velocity boundary conditions calculated
from the analytical solution described in|Schmid and Podladchikov]| (2003)), using

a background strain rate of €, = 1, are prescribed on the boundaries of the model
(see . The pressure and velocity errors are calculated computed
using the root-mean-square (rms) error so that our results can be compared
with previous studies (e.g. [Deubelbeiss and Kaus, 2008; Duretz et al., 2011}
'Tscharner and Schmalholz, 2015):

_ f (Xnum _ Xana)2dQ
rms = \/ 2 T2 (57)

where x is the computed field, and the superscripts num and ana indicate the
numerical and analytical values, respectively.

Both pressure and velocity show a monotonous convergence rate of first or-
der with respect the number of degrees of freedom (DoFs), Fig . Fig—d
show the pressure and velocity along the horizontal plane y = 0 for different
numerical resolutions. Coarse meshes with low number of DoFs show accu-
rate pressure solutions in the background matrix, whereas there is an evident
drop in the accuracy of the numerical solution near the inclusion. Nevertheless,
smoother pressure solutions around the inclusion are obtained with high spatial
resolutions (DOF > 10%). The velocity along the same plane displays higher
levels of accuracy, with a smooth solution around the viscosity jump even for

low numerical resolutions.

[Figure 6 about here.]
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The analytical and numerical solutions for pressure and velocity are shown
in Fig[7} as well as the distribution of the pressure and velocity error fields.
As discussed above, the highest pressure errors are located around the inter-
face between the inclusion and the matrix, while velocity errors are smoothly
distributed over the matrix, with the minimum errors occurring inside the in-
clusion. The errors obtained with LaCoDe are comparable with other available

repetitions of this test (e.g. Deubelbeiss and Kaus, 2008; Duretz et al., 2011}

wvon Tscharner and Schmalholz, 2015)).

[Figure 7 about here.]

5.1.5. Rayleigh-Taylor instability

The purpose of this test is to benchmark viscous deformation due to convec-
tion driven by density contrasts. This benchmark was designed by
and has been repeated several times by the geodynamics community
(e.g. Bourgouin et al., 2006; Popov and Sobolev, 2008; |Quinteros et al., 2009;
[Fuchs and Schmeling} 2013; |Choi et al., 2013). The large deformation produced

in this experiment provides an excellent way to validate not only the viscous
deformation, but also the implementation of the remeshing algorithm. Both
fluids are assumed to be isoviscous with equal viscosity but different density. In

this test we use the dimensionless equation of conservation of momentum:

87’1']' 8P - )

[Figure 8 about here.]

where n; is the unit vector in the direction j and R, = Apgh®/kn, is the
”compositional Rayleigh number” | where 7). is the reference viscosity. T' is a
step function with I' = 1 for the layer at the bottom and I' = 0 for the top
layer. The domain consists of a box of height A and width A. The thickness
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of the bottom layer is 0.2 with an initial perturbation between the two phases
given by:
w = 0.02 cos (L;) (59)

The aspect ratio of the domain (A = 0.9142) is chosen such that a harmonic
perturbation with wavelength 2\ is the most unstable, giving the largest growth
rate. Displacements are restricted at the bottom and top boundaries and tan-
gential free-slip is allowed along the lateral boundaries (Fig )

We consider only an isoviscous case with p,/p, = 1.3. Throughout the
evolution of the flow we calculate the evolution with time of the root-mean-

square velocity (van Keken et al., |1997):

1 A h
Uy (1) = \/M /O /0 | |2 dedz (60)

We use the ’best’ results from jvan Keken et al.| (1997) as a reference (Pvk code

with 80x80 C1 finite elements) to validate the results obtained with LaCoDe.
The Rayleigh-Taylor instability shows the same evolution (Fig —e) as the one
shown by [van Keken et al| (1997), and only a few discrepancies are found in
the geometry of the secondary and tertiary diapirs in the late stages of the flow
evolution. Models with coarse meshes are able to predict accurate values of the
maximum rms velocity, but predict maximum rms velocities for the secondary
diapir that are 13% higher than the values obtained with a finer mesh (Fig[.§f).
The growth rate of the instability v at the dimensionless time t = 0 and the
maximum rms velocity (Table are in agreement with the reference values,
with errors smaller than 1%. The increase in the difference of the maximum
Urms for the case with 17960 elements is due to a numerical resolution 2.8 times
higher than the one employed in the reference case, presumably leading to a

more accurate solution.
[Table 1 about here.]

The remeshing algorithm is called when the quality of any element or ele-

ments of the mesh is below the quality threshold. The two fluids are spatially

23



521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

discretised such that their interface represents a sharp contact, with individual
elements belonging to a single phase. This interface is tracked with time, and
it is used to define the geometry of the new mesh. The interface between the
two fluids undergoes a high amount of stretching during the evolution of the
flow and must be refined when remeshing becomes necessary, so that the spatial
resolution along this boundary is constant. This is done by adding a new node
in the midpoint between two consecutive nodes if the distance between them is
larger than a specified value. This procedure yields a considerable increase of
the number of elements with respect to the initial mesh, as the model evolves
with time. As for the viscous inclusion test, the unstructured triangular mesh
is generated with Triangle (Shewchuk, [1996]).

In this numerical experiment, it is sufficient to generate a new mesh and
transfer the step function value, which is an element property. There is no actual
need to transfer additional information from the old to the new mesh. However,
for benchmarking purposes, we perform the mapping of the second invariant of
the accumulated strain €$7° onto the new high quality mesh. Fig 7h shows an
accurate mapping of £7¢° from the old mesh onto the new mesh. The quality of
the remeshing algorithm is assessed by comparing the finite strain field before
and after remeshing. In order to compare the pre- and post-remeshing results,
both fields are sampled in a high-resolution regular grid of 1000 by 1000 points,
where the root-square error of the mapped field is computed (Fig ) The
remeshing scheme yields a root-mean-square error on the order of 1072, with a
standard deviation of 0.0569. Considering added errors due to the additional
interpolation onto a regular grid for numerical comparison to the pre-remeshing

field, remeshing errors are to be generally anticipated to be lower than in Fig

(8.

5.1.6. Stress build-up in a visco-elastic Mazwell body
Visco-elastic deformation is demonstrated by repeating the numerical exper-
iment of stress build-up in a Maxwell body under pure shear deformation . A

-1

constant background strain rate ¢ = 107® s~ is prescribed at the boundaries
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of a body of 100 by 100 km size (Fig ) The mechanical parameters are:
G =10 GPa, n = 10?2 Pa - s and gravity is switched off. We take v = 0.4999 in
order to approximate an incompressible material. The build-up of the stress is

described by the following analytical expression (Gerya and Yuen) [2007):

. Gt
TII :2811(17656]?(77)) (61)
The analytical and numerical time-stress curves overlap (Fig 7c)7 demonstrat-

ing the high accuracy of the implementation of the Maxwell rheology.

[Figure 9 about here.]

5.1.7. Couette flow with viscous heating- and temperature-dependent viscosity

[Figure 10 about here.]

The aim of this test is to demonstrate the accuracy of the numerical solution
of thermal diffusion and the coupling of the Stokes equations for fluids with
temperature-dependent viscosity and shear heating. The set-up of the model
is consists of the Couette flow in a rectangular channel (Fig10h). The mo-
tion of the flow is driven by shear along the top boundary of the channel with
the following boundary conditions: no displacement and T = Ty at the lower
boundary, constant shear stress and 9T/0x = 0 at the lateral boundaries of the
model. The size of the model is © = [0,90] x [0,12] km. This aspect ratio is
sufficiently large to avoid errors in the flow due to boundary effects. The model
is started with T, across the whole domain.

The dependence of the maximum non-dimensional temperature change in
the channel  with the Brinkman number Br (a dimensionless number related
to heat conduction from a wall to a flowing viscous fluid (Turcotte and Schubert),
2014)) is used to compare the analytical solution against the nu-
merical results. The results obtained with LaCoDe show an excellent agreement
with the analytical solution (Fi, demonstrating the capability of the code
to model coupled thermo-mechanical problems with non-linear rheologies and

shear heating.
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5.2. Non-linear rheology iterations: single vs. nested Picard iterations

We test the accuracy and efficiency of these two solution schemes with two
different numerical experiments: A) a visco-elastic rectangular body under pure
shear with a non-Newtonian rheology including diffusion and dislocation creep;
and, B) a set-up for a subduction problem with a non-Newtonian visco-elastic
rheology. In both problems, we keep track of and compare the number of linear
and non-linear iterations, residual velocity and computational time during the
first ten time steps for Test A, and six time steps for the Test B (this corresponds
to the number of time steps before remeshing is required). Details of the model
set-up, boundary conditions and thermo-mechanical parameters are found in

Append
[Figure 11 about here.]

Results from Test A (Fig ) show that, as expected, Approach 2 leads to
a higher number of Powell-Hestenes iterations compared to dealing with all non-
linearities in the same loop as in Approach 1, resulting in typically ~ 150% times
more linear iterations and ~ 25% additional computational time per iteration.
Despite being somewhat more expensive, Approach 2 yields a better-converged
solution.

The efficiency of Approach 1 and 2 is further checked with the more realistic
Test B, where a rheologically layered domain adds new degrees of complexity
to the problem. In this case we have capped the maximum number of the outer
level of Picard iterations to 60. Approach 2 converges typically within 17-30
outer Picard iterations, whereas Approach 1 constantly reaches the maximum
allowed number of iterations and results in a poorly-converged solution (Fig
.11p). In this case, every time step using Approach 2 needs to perform about 2
or 3 times the number of linear iterations performed by Approach 1; however,
approximately half of the rheological non-linear iterations are required, yielding
a slightly cheaper solution scheme.

Considering these results, we infer that treating all the non-linearities in one

level of Picard iterations (Approach 1) is more efficient in terms of total number

26



608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

of iterations; however, this approach yields larger residuals of the velocity field
(Fig . Approach 2 also becomes substantially cheaper than Approach 1 as
the complexity of the problem increases because a lower number of outer Picard
iterations is required. We therefore recommend to use the solution scheme in

Approach 2 for geometrically complex and highly non-linear problems.

5.83. Numerical experiments with a compressible lithosphere and asthenosphere
5.8.1. Volumetric strain induced by serpentinisation

The phase change from peridotite to serpentinite is accompanied by a con-
siderable volume expansion and reduction in density. In this experiment, we
simulate a visco-elastic oceanic lithosphere in which serpentinisation occurs to
different degrees. The transformation of mantle peridotites to serpentinite oc-
curs within a specific range of pressure and temperature and with an inflow of
sea water into the material. However, in the model shown here, we simplify this
process by imposing a rate of density change in a target region, at a rate that
reaches the maximum degree of serpentinisation after 1 Myr. This experiment is
designed to explore the impact of the rapid expansion and reduction in density
on the stress and strain fields.

The model is 300 km long and 100 km deep and is stretched under pure shear
boundary conditions, with a full extension rate of ue,; = 1 mm/yr. Serpentini-
sation occurs within the 40 km by 10 km rectangular area located at the centre
of the model. The rheology is visco-elastic with n = 10?3 Pa s, G = 36GPa
and v = 0.3. A lithostatic approximation of the pressure is used to define the
reference density. The density of the serpentinised material is calculated as a

linear function of S (Escartin et al.| [2001):

p(B) = Pserp (1 - 1§0> (Po — pserp) (62)

where 3 is the percent of serpentinisation. We take a p, = 3300 kg/m? char-
acteristic of mantle material, and pgerp = 2550 kg/m3. We run a set of models

with different values of degree of serpentinisation (8 = 0, 20 and 40%).

[Figure 12 about here.]
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It is known that at these values of serpentinisation, significant weakening
of the lithosphere should occur (Escartin et al., [1997; |Maffione et al.l |2015]).
Considering a pressure dependent failure criterion such as Drucker-Prager , 7, =
psin(¢) + Ccos(¢), and assuming cohesion C' = 20 MPa and friction angle ¢
between 10° and 30° (dashed line in Fig[I2p), it becomes evident that the
stress linked to the volumetric increased caused by serpentinisation reactions
can easily exceed the yield stress at shallow depths (at ~ 2 km for g = 20%
and ~ 10 km for 8 = 40%; Fi), thus localising, or enhancing, inelastic
deformation in faults and shear bands. Topographic expressions in the sea-
floor could also be linked to the production of serpentinite at shallow depths
(Fi). Our models predict topographic highs of 0.3 km and 0.7 km for a
partially serpentinised material for 8 = 20% and 3 = 40%, respectively.

For comparison, we include a model with 3 = 40% using the incompressible
Boussinesq approximation (i.e. the continuity equation is approximated as V -

u = 0 and the
equation

of state is pressure-independent). The incompressible approximation is not able
to resolve the volumetric strain and the flow solution only accounts for the
buoyancy forces produced by the serpentinisation. Therefore, the strain field is
barely affected by the phase change and the stress field is incorrect, showing even
lower stresses than for 8 = 0% (Fl) Furthermore, the pressure dependence
of the density in this model is switched off as it would become unstable after
few time steps.

Even though the model considered here is very simple, and more realistic
set-ups and conditions might change the values of the effect of serpentinisation
(e.g. plastic deformation, rheological layering, etc.), it serves as an example of
how the volumetric strain produced by a phase change can potentially weaken
the crust and localise brittle deformation. Therefore, weakening by serpentini-
sation may play a crucial role to shape the kinematics of magma-poor margins

and the bending/unbending of subducting plates (Morgan, 2001). This thought
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numerical experiment also represent a case in which the incompressible Boussi-
nesq approximation is not able to deal with large density changes and predicts
unrealistic strain and stress fields. In such cases, a compressible formulation

should be used.

5.8.2. Subduction of a compressible slab
[Figure 13 about here.]

In subduction zones, the cold subducting plate might sink to great depths, where
it is subject to considerable pressure changes that should induce large variations
in density. In this test, we investigate how large these density variations can be
for a compressible mantle and lithosphere, and whether they eventually become
large enough so that the Boussinesq approximation becomes inaccurate. The
asthenospheric mantle and lithosphere are modeled as a non-Newtonian visco-
elastic body. The mechanical parameters, set-up, and boundary conditions for
subduction are described in Thermal ages of the oceanic and
continental lithospheres are chosen as 70 Myr and 400 Myr, respectively. As in
the previous example, the reference density is defined by an approximation of the
lithostatic pressure. For completeness, the results obtained for a compressible
(v = 0.30) asthenospheric mantle and lithosphere are compared with the near-
incompressible case (v = 0.499). In the compressible case, ridge push (i.e.
oceanic lithosphere pushed towards the continental lithosphere) is active until 4
Myr. At this moment, the tip of the slab is dense enough for slab-pull to become
effective, and no additional forces are required to sustain the subduction of the
oceanic lithosphere. The density in the near-incompressible case is lower, and
ridge push is active until 6 Myr.

At 3.5 Myr, while ridge push is still active, the compressible oceanic litho-
sphere has subducted approximately 300 km, and the dip at its tip is 50° (Fig
). After slab-pull becomes effective, the trench starts to retreat and the slab
rolls-back. At 8.3 Myr, the dip increases to 75° the pressure at the tip of the
slab is high enough to produce density variations with respect to the reference

state that exceed the accuracy threshold of the Boussinesq approximation (Fig
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06 [.13p). At this point the trench has retreated 125 km, the slab is 14° steeper,
er and has further subducted down to 475 km depth (Fig[13p).

698 On the other hand, at 3.5 Myr and with ridge push active, the near-incompressible
s00 oceanic lithosphere subducts down to 275 km depth, and the maximum dip of
70 slab is 10° less with respect the compressible case. At 8.3 Myr, the differences
1 between the compressible and near-incompressible case become more evident,
72 with the subducting slab being 70 km shallower and 10° less steep than for
s v =0.30.

704 It is also worth noting the difference of the total pressure between the com-
705 pressible and near-incompressible case (isobars in Fig ) In the first case,
706 strong pressure gradients are predicted within the slab, with pressure drops at
77 the core of the slab, and an increase of the pressure at the top boundary of the
s slab, whereas pressure gradients are almost negligible in the near-incompressible
700 case.

710 This simple numerical experiments illustrates how compressibility is a me-
m  chanical feature that is certainly important to account for in models of subduct-
72 ing slabs. The large pressures that build up within the slab can lead to density
73 variations of more than 10% that can influence the timing and effectiveness of

7a  slab pull, and the dynamics of subduction.

75 6. Discussion and summary

716 1. LaCoDe is a robust numerical tool for thermo-mechanical geodynamic
77 problems that includes a new self-consistent compressible formulation. As
718 a sequential-only MATLAB-based algorithm, the lack of computational
719 speed compared to other highly-parallelised codes written in lower-level
720 languages such as C/C++/Fortran is compensated by MATLAB’s easy-
1 debugging-fast-coding environment that runs in any workstation, and does
™ not build upon any other compliances (only an interaction with a mesh
723 generator is needed to construct unstructured finite element meshes).

724 2. LaCoDe is easily expandable: implementation of new rheological laws or
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processes such as partial melting other phase changes require minimum
code modifications. Hence this code is an excellent ”numerical laboratory”

where new features can be quickly implemented and tested.

. An implicit approach of the general compressible Stokes equation leads to

a well-resolved solution employing iterative solvers such as the Augmented

Lagrangian Method.

. The density-dependence of the compressible continuity equation intro-

duces an additional non-linearity with respect to the incompressible ap-
proximation, thus increasing the total number of iterations per time step.
We find that for non-Newtonian rheologies, one can treat all non-linearities
within one Picard loop. However, as the complexity of the problem in-
creases, it becomes convenient to split the non-linearities with a rheological
nature from the ones raising from the continuity equation into two levels of
Picard iterations, this leads to faster convergence rates and best resolved
solutions. Preliminary experiments indicate that this remains true when
plastic deformation is incorporated as an additional non-linear rheological

complexity to the model treatment.

. While the Boussinesq approximation is a valid hypothesis for simple mod-

eling of crustal deformation, more complex models that aim to study pro-
cesses such as phase changes or subduction of oceanic lithosphere will
require a modification of the Boussinesq approximation to accommodate
the chemical reaction- and pressure-linked effects of volumetric strain and

volume-change-linked stresses.

. Benchmarks for elastic deformation and stresses show that the formulation

presented here is able to model elasticity both for compressible materials

and in the incompressible limit.

. Geodynamic models frequently require strong and sharp compositional

jumps. We have demonstrated that the formulation implemented in La-
Code is able to solve accurately the Stokes equations under strong (e.g.
SolCx, viscous inclusion under pure shear) and smooth (e.g. SolKz test)

viscosity, as well as in density contrasts leading to gravitational instabili-
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ties (e.g. Rayleigh-Taylor instability).

8. The agreement of the numerical and analytical solution of a Couette flow
with viscous heating and temperature dependent viscosity demonstrates
the accuracy of LaCoDe to solve thermo-mechanical problems.

9. We demonstrate how compressibility may play an important role in some
geodynamic processes that undergo strong pressure gradients, such as in
subducting slabs, and when rapid density changes take place, such as
during phase transformations. In the latter case, the presence of a self-
consistent volume change source term is a powerful tool that opens an
opportunity to study the effects of pressure changes caused by the inflow
and outflow of mass into geological features (e.g. serpentinisation and melt

extraction). Exploring these processes will be the aim of future work.
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Appendix A. Analytical solution for a thin beam under uniform load

The general equation describing the deflection w of an elastic cantilever of
length L and thickness h is given by:
d*w d?w
g == Al
= 4w) - P (A1)
where ¢(z) is the load and F is the horizontal force. Considering F' = 0 and a

constant and uniform load, eq. (A.1]) yields:

d*w q
S A2
dz* D (A-2)

Eq. (A.2)) can be integrated using the following boundary conditions: 1) w =0
at z = 0 (fixed end); 2) dw/dz = 0 at x = 0; 3) dw?/dz? = 0 at x = L; and,
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4) dM/dx =V, where M is the bending momentum and V is the shear force.

After some algebra, the solution can be written as:

2 2 2
qx x Lxr L
_ r A.
v D(24+6+4) (A.3)

with the ¢ being the gravitational load ¢ = gpLh. The horizontal stress along

the cantilever is given by the expression:

Ore = T (A.4)
the horizontal strain is given by:
and the bending momentum at z = 0 is:
e "

The maximum bending stress at x = 0 in a cantilever, centred at z = 0, occurs

at z = +h/2 and it is obtained combining egs. (A.4), (A.5) and (A.6):

max 3qL2
TT = h2

(A7)

Appendix B. Analytical solution for a viscous inclusion

The analytical solution of a viscous inclusion within a homogeneous matrix is
based on Muskhelishvili’s complex variable stress-function method and solution
(Muskhelishvili, {1953) for 2D elasticity. Here we present a brief description
with the solution under pure shear conditions. A more detailed description
in the geological literature is found in (Schmid and Podladchikov} |2003)). The

coordinates are expressed in the complex plane:
z=u1x+1iy (B.1)

where ¢ = v/—1. For a slow incompressible viscous flow in plane strain, the

velocity field can be expressed in terms of the complex functions ¢(z) and ¥(2):

2n
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where the overbar refers to the complex conjugate and the prime refers to the
derivative with respect to z. Under pure shear boundary conditions the func-

tions ¢(z) and 1 (z) in the matrix are given by:

ZE'ATE
z
. 26 Ard
Ym(2) = —28nmz — =3 (B.4)
with
A= N (e — M) (B.5)

Ne + Nm

where 7, is the radius of the inclusion and 7,, and 7. are the viscosities of the

matrix and the inclusion, respectively. Inside the inclusion:

bel(z) = —45'%;2 (B.7)

Substitution of egs. (B.3)) and (B.4) into (B.2) yields the analytical solution for

the velocity field in the matrix:

) A2 1 2 1 Znm

Substitution of and (B.7) into (B.2) gives the analytical solution for the

velocity inside the inclusion:

4 3 c'lm —
Uy +iu, = _ 28 Telm (B.9)
20e Ne + 1m
The general expression of the pressure field is given by:
p = —2Re(¢'(2)) (B.10)

with Re(-) denoting the real part of (). Under pure shear boundary conditions
the pressure field in the inclusion is p. = 0 and the pressure in the matrix is

given by:

2¢ Ar?
P = —2Re ( c QTC) (B.11)

z
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Appendix C. Model set-up and boundary conditions for tests in Sec-
tion [3.4]

Appendiz C.1. Test A: Pure shear deformation of a non-Newtonian visco-elastic

body

The initial size of the models is a 500 km by 400 km rectangular box with
an initial temperature profile as shown in (Fig[I4h). We use a non-Newtonian
visco-elastic rheology with the thermo-mechanical parameters of wet olivine (Ta~
ble . Pure shear far-field boundary conditions are prescribed on the bound-
aries of the model (i.e. half and full extension rate are prescribed at the lat-
eral and bottom boundaries of the domain, respectively), the boundaries of the
model are thermally insulated, tangential free slip condition are prescribed at
the lateral and bottom boundaries and the surface behaves as a free surface.
Temperature is fixed at 0 °C' and 1300 °C at the surface and bottom of the
model. The domain of the model is discretised with an unstructured mesh of

13828 triangular elements (42271 DoF's).

Appendiz C.2. Test B: Subduction initiation

The set-up of Test B corresponds to a subduction problem in a box of 3000
km by 1500 km. Oceanic and continental lithosphere are 80 km and 140 km
thick, respectively. The motion of the bottom and lateral sides is fixed, and con-
vergence is imposed by prescribing a horizontal velocity along a vertical profile
of the oceanic lithosphere 500 km before the trench. We use a non-Newtonian
visco-elastic rheology with a wet quartzitic crust, dry olivine continental litho-
sphere and wet olivine for the oceanic lithosphere and asthenosphere. All side
boundaries are thermally insulating; bottom and top temperatures are constant
at 0 °C' and 1300 °C, respectively; and free surface boundary conditions are
prescribed at the top of the model. The initial thermal structure is given by
continental lithosphere with a thermal age of 500 Myr and an oceanic lithosphere

with a thermal age of 75 Myr. To ease subduction initiation, we introduce a
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weak layer between the oceanic and continental lithospheres which has a con-

stant viscosity of 5 - 10'° Pa-s. The domain of the model is discretised by an

unstructured mesh of 17927 triangular elements (55107 DoF's).

[Figure 14 about here.]

[Table 2 about here.]

Appendix D. Analytical solution for a Couette flow with viscous heat-

ing and temperature dependent viscosity

The non-Newtonian viscosity of the flow is controlled by the following equa-

tion (Turcotte and Schubert], 2014)):

n:Aexp{

T ;OTOH (D.1)

Eq
1
7

where F, is the activation energy, R is the gas constant and A is a pre-

exponential factor that depends on the material. The analytical solution for

the temperature field of the flow is described by the following set of equations

(Turcotte and Schubert, [2014]):

== I

B=1In 1+ (- 25;)2 (D.3)
L1+ (1+ %)

C =V/2(¢1 — ¢(x))Br (D.4)

D =\/2(¢1 —1)Br (D.5)

¢(x) = exp(0(x)) (D.6)
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0(x) (D.7)
RIZ
32
Ea(Tl - TO)
6, — (D.9)
RTZ
(O'leL)QEa Ea
Br=-——"F"F"+1- — D.1
"= "karT? “P\"RT, (D.10)

where Br is the non-dimensional Brinkman number, 6 is the non-dimensional
temperature change, o,,1 is the shear stress at the top boundary, K is the
thermal conductivity and T3 is the temperature at the top boundary. If non-

negative values of B are chosen, the Brinkman number can be calculated as

ComBE e
. {1 - ((Mm)] (D.11)

For a given o,, the solution is non-unique and two flows with different temper-
ature and velocity exist. However, a unique solution exists if a given velocity is
prescribed at the upper boundary. Therefore, we prescribe a constant horizon-
tal velocity boundary u* at the upper boundary instead of imposing a constant
shear stress. The input parameters for this test are E, = 150 J/mol, R = 8.35,
A =10" Pas, K =2 W/m/K and Tp = 1000 K

References

Andrés-Martinez, M., Morgan, J. P., Pérez-Gussinyé, M., Rupke, L., 2015. A
new free-surface stabilization algorithm for geodynamical modelling: Theory

and numerical tests. Physics of the Earth and Planetary Interiors 246, 41-51.

Arrow, K. J., Hurwicz, L., Uzawa, H., Chenery, H. B., 1958. Studies in linear

and non-linear programming. Stanford University Press.

37



879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

Bangerth, W., Burstedde, C., Heister, T., Kronbichler, M., 2011. Algorithms
and data structures for massively parallel generic adaptive finite element

codes. ACM Transactions on Mathematical Software (TOMS) 38 (2), 14.

Bercovici, D., Schubert, G., Glatzmaier, G. A., 1992. Three-dimensional con-
vection of an infinite-prandtl-number compressible fluid in a basally heated

spherical shell. Journal of Fluid Mechanics 239, 683-719.

Bourgouin, L., Miihlhaus, H.-B., Hale, A. J., Arsac, A., 2006. Towards realistic
simulations of lava dome growth using the level set method. Acta Geotechnica

1 (4), 225-236.

Braun, J., Sambridge, M., 1994. Dynamical Lagrangian Remeshing (dlr): a new
algorithm for solving large strain deformation problems and its application
to fault-propagation folding. Earth and Planetary Science Letters 124 (1),
211-220.

Choi, E., Tan, E., Lavier, L., Calo, V. M., 2013. DynEarthSol2D: An efficient
unstructured finite element method to study long-term tectonic deformation.

Journal of Geophysical Research: Solid Earth 118 (5), 2429-2444.

Christensen, U. R., 1987. Some geodynamical effects of anisotropic viscosity.

Geophysical Journal International 91 (3), 711-736.

Crouzeix, M., Raviart, P.-A., 1973. Conforming and nonconforming finite ele-
ment methods for solving the stationary stokes equations i. Revue frangaise
d’automatique, informatique, recherche opérationnelle. Mathématique 7 (3),

33-75.

Dabrowski, M., Krotkiewski, M., , D. W., 2008. MILAMIN: MATLAB-based
finite element method solver for large problems. Geochemistry, Geophysics,

Geosystems 9 (4), 1-24.

Deubelbeiss, Y., Kaus, B., 2008. Comparison of Eulerian and Lagrangian nu-
merical techniques for the stokes equations in the presence of strongly varying

viscosity. Physics of the Earth and Planetary Interiors 171 (1), 92-111.

38



907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

930

931

932

933

Duretz, T., May, D. A., Gerya, T., Tackley, P., 2011. Discretization errors and
free surface stabilization in the finite difference and marker-in-cell method for
applied geodynamics: A numerical study. Geochemistry, Geophysics, Geosys-

tems 12 (7).

Escartin, J., Hirth, G., Evans, B., 1997. Effects of serpentinization on the litho-
spheric strength and the style of normal faulting at slow-spreading ridges.

Earth and Planetary Science Letters 151 (3), 181-189.

Escartin, J., Hirth, G., Evans, B., 2001. Strength of slightly serpentinized peri-
dotites: Implications for the tectonics of oceanic lithosphere. Geology 29 (11),
1023-1026.

Fortin, M., Glowinski, R., 2000. Augmented Lagrangian methods: applications

to the numerical solution of boundary-value problems. Vol. 15. Elsevier.

Fuchs, L., Schmeling, H., 2013. A new numerical method to calculate inhomoge-
neous and time-dependent large deformation of two-dimensional geodynamic
flows with application to diapirism. Geophysical Journal International 194 (2),

623-639.

Fullsack, P., 1995. An arbitrary Lagrangian-Eulerian formulation for creeping
flows and its application in tectonic models. Geophysical Journal International

120 (1), 1-23.

Gerya, T., 2009. Introduction to numerical geodynamic modelling. Cambridge

University Press.

Gerya, T. V., Yuen, D. A., 2007. Robust characteristics method for modelling
multiphase visco-elasto-plastic thermo-mechanical problems. Physics of the

Earth and Planetary Interiors 163 (1), 83-105.

Gleason, G. C., Tullis, J., 1995. A flow law for dislocation creep of quartz
aggregates determined with the molten salt cell. Tectonophysics 247 (1), 1-
23.

39



934

935

936

937

938

939

940

941

942

943

944

945

946

947

948

949

950

951

952

953

954

955

956

957

958

959

960

Gray, D. D., Giorgini, A., 1976. The validity of the Boussinesq approximation
for liquids and gases. International Journal of Heat and Mass Transfer 19 (5),

545-551.

Hasenclever, J., 2010. Modeling mantle flow and melting processes at mid-ocean
ridges and subduction zones. Development and application of numerical mod-

els. Ph.D. thesis, Hamburg University, Hamburg, Germany.

Hasenclever, J., Morgan, J. P., Hort, M., Riipke, L. H., 2011. 2D and 3D numer-
ical models on compositionally buoyant diapirs in the mantle wedge. Earth

and Planetary Science Letters 311 (1), 53-68.

Hashiguchi, K., Yamakawa, Y., 2012. Introduction to finite strain theory for

continuum elasto-plasticity. John Wiley & Sons.

Heister, T., Dannberg, J., Gassmoller, R., Bangerth, W., 2017. High accuracy
mantle convection simulation through modern numerical methods—ii: realistic

models and problems. Geophysical Journal International 210 (2), 833-851.

Hestenes, M. R., 1969. Multiplier and gradient methods. Journal of optimization
theory and applications 4 (5), 303-320.

Hirth, G., Kohlstedt, D., 2003. Rheology of the upper mantle and the mantle
wedge: A view from the experimentalists. Inside the subduction Factory, 83—

105.

Hughes, T., 1987. The Finite Element Method: linear static and dynamic finite

element analysis, 1st Edition. Englewood Cliffs: Prentice-Hall.

Jarvis, G. T., McKenzie, D. P., 1980. Convection in a compressible fluid with
infinite Prandtl number. Journal of Fluid Mechanics 96 (3), 515-583.

Karato, S.-i., Riedel, M. R., Yuen, D. A., 2001. Rheological structure and de-
formation of subducted slabs in the mantle transition zone: implications for
mantle circulation and deep earthquakes. Physics of the Earth and Planetary

Interiors 127 (1), 83-108.

40



961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

982

983

984

985

986

987

988

Kaus, B. J., mar 2010. Factors that control the angle of shear bands in geo-
dynamic numerical models of brittle deformation. Tectonophysics 484 (1-4),

36-47.

King, S. D., Lee, C., Van Keken, P. E., Leng, W., Zhong, S., Tan, E., Tosi,
N., Kameyama, M. C., 2010. A community benchmark for 2-d cartesian com-
pressible convection in the earth’s mantle. Geophysical Journal International

180 (1), 73-87.

Kronbichler, M., Heister, T., Bangerth, W., 2012. High accuracy mantle con-
vection simulation through modern numerical methods. Geophysical Journal

International 191 (1), 12-29.

Maday, Y., Patera, A. T., 1989. Spectral element methods for the incompressible
navier-stokes equations. In: IN: State-of-the-art surveys on computational
mechanics (A90-47176 21-64). New York, American Society of Mechanical
Engineers, 1989, p. 71-143. Research supported by DARPA. pp. 71-143.

Maffione, M., Thieulot, C., Van Hinsbergen, D. J., Morris, A., Plimper, O.,
Spakman, W., 2015. Dynamics of intraoceanic subduction initiation: 1.
oceanic detachment fault inversion and the formation of supra-subduction

zone ophiolites. Geochemistry, Geophysics, Geosystems 16 (6), 1753-1770.

Moresi, L., Dufour, F., Miithlhaus, H.-B., 2003. A Lagrangian integration point
Finite Element Eethod for large deformation modeling of viscoelastic geoma-

terials. Journal of Computational Physics 184 (2), 476-497.

Morgan, J. P., 2001. The role of serpentinization and serpentinization in bending

and unbending the subducting slab. AGU 82, F1154.

Muskhelishvili, N., 1953. Some Basic Problems Of The Mathematical Theory
Of Elasticity. Oxford University Press, Bombay.

Petrunin, A., Sobolev, S. V., 2006. What controls thickness of sediments and
lithospheric deformation at a pull-apart basin? Geology 34 (5), 389-392.
URL http://geology.gsapubs.org/content/34/5/389.abstract

41


http://geology.gsapubs.org/content/34/5/389.abstract

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

Poirier, J.-P., 1985. Creep of crystals: high-temperature deformation processes

in metals, ceramics and minerals. Cambridge University Press.

Popov, A. A., Sobolev, S. V., 2008. SLIM3D: A tool for three-dimensional ther-
momechanical modeling of lithospheric deformation with elasto-visco-plastic

rheology. Physics of the Earth and Planetary Interiors 171 (1-4), 55-75.

Powell, M. J., 1967. 7 A method for non-linear constraints in minimization

problems”. UKAEA.

Quareni, F., Yuen, D. A.; Saari, M. R., 1986. Adiabaticity and viscosity in deep

mantle convection. Geophysical Research Letters 13 (1), 38—41.

Quinteros, J., Ramos, V. a., Jacovkis, P. M., 2009. An elasto-visco-plastic model
using the Finite Element Method for crustal and lithospheric deformation.

Journal of Geodynamics 48 (2), 83-94.

Revenaugh, J., Parsons, B., 1987. Dynamic topography and gravity anomalies
for fluid layers whose viscosity varies exponentially with depth. Geophysical

Journal International 90 (2), 349-368.

Rockafellar, R. T., 1974. Augmented lagrange multiplier functions and duality
in nonconvex programming. STAM Journal on Control 12 (2), 268-285.

Schmalholz, S., Podladchikov, Y., Schmid, D., 2001. A spectral/finite differ-
ence method for simulating large deformations of heterogeneous, viscoelastic

materials. Geophysical Journal International 145 (1), 199-208.

Schmid, D. W., Podladchikov, Y. Y., 2003. Analytical solutions for de-
formable elliptical inclusions in general shear. Geophysical Journal Interna-

tional 155 (1), 269-288.

Shewchuk, J. R., 1996. Triangle: Engineering a 2d quality mesh generator and
delaunay triangulator. In: Applied computational geometry towards geomet-

ric engineering. Springer, pp. 203-222.

42



1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

Spiegel, E. A., Veronis, G., 1959. On the Boussinesq approximation for a com-
pressible fluid. Astrophysical Journal 131, 442.

Suckale, J., Nave, J.-C., Hager, B. H., 2010. It takes three to tango: 1. simulating
buoyancy-driven flow in the presence of large viscosity contrasts. Journal of

Geophysical Research: Solid Earth 115 (B7).

Thielmann, M., May, D., Kaus, B., 2014. Discretization errors in the hybrid
finite element particle-in-cell method. Pure and applied geophysics 171 (9),
2165-2184.

Turcotte, D. L., Schubert, G., 2014. Geodynamics. Cambridge University Press.

van Keken, P., King, S., Schmeling, H., Christensen, U., Neumeister, D., Doin,
M.-P., 1997. A comparison of methods for the modeling of thermochemical
convection. Journal of Geophysical Research: Solid Earth 102 (B10), 22477
22495.

von Tscharner, M., Schmalholz, S.; 2015. A 3-D Lagrangian Finite Element
algorithm with remeshing for simulating large-strain hydrodynamic instabil-
ities in power law viscoelastic fluids. Geochemistry, Geophysics, Geosystems

16 (1), 215-245.

Yuen, D. A., Quareni, F., Hong, H.-J., 1987. Effects from equation of state and
rheology in dissipative heating in compressible mantle convection. Nature

326 (6108), 67.

Zhong, S., 1996. Analytic solutions for stokes’ flow with lateral variations in

viscosity. Geophysical Journal International 124 (1), 18-28.

Zienkiewicz, O., 1985. Iterative method for constrained and mixed approxima-
tion. An inexpensive improvement of F.E.M. performance. Computer Methods

in Applied Mechanics and Engineering 51, 3-29.

Zienkiewicz, O. C., Taylor, R. L., 2005. The Finite Element Method for Solid

and Structural Mechanics, 6th Edition. Elsevier.

43
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O Velocity bubble
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D Pressure node

Figure .1: Crouzeix-Raviart triangular element. This element is characterised by continuous
quadratic velocities with cubic bubble function in the barycenter of the triangle and discon-
tinuous linear pressure and show quadratic convergence.
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Figure .2: Global workflow of the code.
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Figure .3: The information stored at the integration points of the elements of the old mesh
is mapped onto the new elements using the shape functions as interpolation functions. For
simplicity, the field ¥(z,y) depicted in this sketch is assumed to be linear.
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Figure .4: a) Set-up for the cantilever problem and flexure and stress field after loading for
v = 0.25. b) and c)Relative errors of the maximum deflection and bending stress for a thin
beam embedded in one side and subjected to a uniform loading.
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Figure .5: L1 and Lo norms for velocity and pressure with respect to the mesh resolution for
the a) SolCx and b) SolKz tests.
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Figure .6: a) Set-up of a viscous inclusion within a homogeneous matrix. b) Pressure and
velocity rms errors with increasing number of DoFs. Comparison of the analytical and nu-
merical solutions along the plane z = 0 for the ¢) pressure and d) velocity fields. The inset
in d) shows the smooth transition of the velocity field along the matrix-inclusion interface.
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Figure .7: Analytical solutions of the a) pressure and b) velocity fields; and distribution
of the logarithmic rms error of ¢) pressure and d) velocity. The zoom-in in d) shows the
zero velocity error in the boundaries of the domain. Due to the symmetry of the pressure
and velocity fields, only the upper-right corner of the domain (€' = [0,1] x [0,1]) is shown
in this figure. The results shown here correspond to a mesh with 6.65 - 10> DOF. Note: as
log10(0) — —oo, values of logio(ew = 0) are forced to be zero in panel c.
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Figure .8: a-e) Temporal evolution of the Rayleigh-Taylor instability. f) Evolution of wrms.
Remeshing of the domain is necessary when the mesh becomes highly distorted. Note that the
red lines overlap with the blue line. g) and h) Comparison between the second invariant of
the accumulated strain £77¢ in a mesh with heavily distorted elements, and £%¢¢ interpolated
into a new mesh. i) Histogram showing the logarithm of the error between the accumulated

square root of second invariant of the strain rate, pre- and post-remeshing
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Figure .9: a) Set-up for the stress build-up experiment: a rectangular body is deformed with a
constant background strain rate under pure shear boundary conditions. b) Comparison of the
stress between the analytical solution and the numerical results. ¢) Zoom in the stress-time
curve in the visco-elastic regime.
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Figure .10: a) Set-up for Couette flow: the velocity at the bottom is u=0 and constant velocity
u* is prescribed at the top boundary. b) Analytical and numerical relationship between
the Brinkman number and the non-dimensional temperature at the top of the Couette flow.
Vertical ¢) temperature and d) viscosity profiles after 425 - 103 years.
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Figure .11: Comparison of the number of non-linear (upper left panel) and linear (ALM)
iterations (upper right panel), residual velocity (lower left panel) and computational time
(lower right panel)between Approach 1 and Approach 2 for a) Test A and b) Test B. The
average computational times per time iteration for Test A are 15.43 s for Approach 1 and
18.34 s for Approach 2, whereas Test B yields average computational times of 89.68 s and
77.20 s for Approach 1 and 2, respectively.

o4



a)

-16.5 -16 -15.5 -15
logﬂ)(él\)
o]
T 3
=,
N
4
-20 20 g
= -40 — -40 E
£ €
< -60 < -60 &
N g0 /B=40% N 80/ B= 40% /\ e
-100 L—t—t 100 L——
-150 -100 -50 0 50 100 150 -150 -100 -50 0 50 100 150 3
x [km] x [km]
b) c) os
-20 0.6
— -40 — 0.4
£ £
N 60 N o2
—— 3 = 40 % (Boussinesq) [
-80 —3=40% 0
3=20%
—3=0%
-100 -0.2
0 50 100 150 200 -150  -100 -50 0 50 100 150
T, [MPa] x [km]

Figure .12: a) Results for different values of 8. The density depends linearly on the degree of
serpentinisation: 8 = 0,20 and 40%. The color maps represent the square root of the second
invariant of the stress and the thick black lines are isolines of the velocity field. The change
of density occurs within the area delimited by the dashed red rectangle. b) Vertical profile of
777 at X = 0; the dashed lines represent the yield stress given by a pressure dependent yield
envelope: T, = psin¢ + C cos ¢, with C = 20 MPa. c¢) Comparison of the topographic relief
for different degrees of serpentinisation. All the results shown here correspond to ¢t = 1 Myr.
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Figure .13: a) Snapshots of the subducting slab at 3.5 and 8.3 Myr for compressible (v = 0.3)
and near-incompressible materials (v = 0.499). The solid black lines represents total pressure
isolines, in GPa. b) Density variations, in absolute value, with respect to the reference state
at 8.3 Myr. The ”fingers” at the bottom of the compressible slab at 8.3 Myr are material that

has been removed from the tip of the slab.
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Figure .14: a) Model set-up, boundary conditions and vertical temperature and viscosity
profiles of Test A. b) Model set-up and boundary conditions of Test B.
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Table .1: Values of growth rate, maximum rms velocity and its corresponding time, obtained
with an unstructured mesh of Crouzeix-Raviart elements. with respect to the methods HS,
CND, SNK, and PvK presented in[van Keken et al.| (1997)). The results are also in agreement
with repetitions of this test employing more modern techniques, e.g. DynEarth2D (Choi et al.,
2013)), and ”level sets” (Suckale et al.| [2010)
Code Elements (DOF) 0 umer tmax
LaCoDe (this study) 1808 (10754) 0.01221  0.003110 215
7093 (2592) 0.01222  0.003080 212

17960 (107468)  0.01222  0.003075 211

HS 81 x 81 0.01177 0.0030916 208.99
CND 48 x 48 0.01106 0.0030943  208.5

SK 160 x 160 0.01220  0.0028970 207.84
PvK 80 x 80 0.01225  0.003091  207.84
DynEarth2D - - 0.003106  215.25
Level sets 120 x 132 0.01252  0.00301 211.2
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Table .2: Rheological parameters.

Wet quartzite from |Gleason and Tullis (1995) and dry

olivine and wet olivine from [Hirth and Kohlstedt| (2003), respectively.

Parameter Units Wet Olivine Dry Olivine Wet Quartzite
c M Pa 20 20 20

p kgm=3 3300 3300 2850
G GPa 74 74 36

o - 3-107° 3-107° 2.4-107°
Hg Wm™3 0 0 0.2-106
K Wm3K=3 3.3 3.3 2.5
log10(A) Pa="s1 -15.56 -15.56 -28

E KJmol™3 480 530 223
log10(Vs) m3mol =3 -6 -6 1
Ndis - 3.5 3.5 4

Ni f - 1 1 0
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