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Abstract— In this article, we show how the multimode
equivalent network (MEN) technique can be extended to the
analysis of multilayer boxed planar microwave circuits that are
built using a thick metallization. This analysis is carried out
considering the thick metallic circuit as a length of the uniform
waveguide. The problem is then divided into two waveguide steps
(or junctions). We first obtain the equivalent network of the two
junctions. Then, we cascade them to obtain the MEN of the
complete circuit, thereby including the effect of finite thickness
rigorously. A key aspect of the formulation that we propose
is that it includes ports in the transverse plane of the circuit.
In addition to theory, several shielded microwave filters using
a thick metallization are also analyzed. An in-depth study of
the numerical convergence is also performed for two practical
examples. Simulation results are shown to be in good agree-
ment with both commercial simulation tools and measurements,
thereby fully validating our theoretical formulation.

Index Terms— Integral equations, method of moments (MoM),
microwave filters, multimode equivalent network (MEN), numer-
ical methods, thick planar microwave circuits, transversal filters.

I. INTRODUCTION

IN THE microwave industry, numerical techniques are of
great interest since they allow fast and accurate analysis

of the structures under design. Several numerical techniques
are indeed described in the technical literature [1], [2] and are
also implemented in commercial tools, such as ANSYS HFSS,
CST Studio Suite, or FEST3D. Depending on the structure
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under analysis, one tool may be more suitable than another.
For example, general numerical techniques, such as the finite
element method [3] and finite-difference time domain [4], are
able to analyze complex geometries at the expense, most of
the time, of consuming significant computational resources.
Others, such as those based on modal methods and integral
equations (IEs) [5], are usually very efficient but can only
cope with a more restricted class of geometries.

Within this last family of numerical methods, we can find
the multimode equivalent network (MEN) technique [6]. This
technique is based on the analysis of each discontinuity present
in the structure through a rigorous multimode equivalent
circuit. The formulation starts by imposing the boundary
conditions for the electromagnetic (EM) fields to obtain the
integral equation that represents the problem. Once the IE
is solved through the well-known method of moments and
Galerkin procedure (MoM-Galerkin), we obtain a generalized
impedance (or admittance) coupling matrix that represents the
interaction between the modes excited on both sides of each
discontinuity. To analyze the complete structure, the individual
equivalent networks are then cascaded to form a final global
network.

It is interesting to note that the MEN technique starts with
the expansion of the EM fields as a summation of modes,
in the same way as the mode-matching (MM) technique
[1]. However, in the MM technique, the global boundary
conditions are then applied, and the solution of the expansion
coefficients is obtained directly through the solution of the
global system representing the complete device. In the MEN
technique, on the contrary, we first formulate and solve an IE
using the auxiliary magnetic current densities in the aperture.
We then relate the EM fields with the modal voltages and
currents, and we interpret the resulting relations with a MEN.
The individual networks are then cascaded to obtain the
performance of the complete device. As a result, we can verify
the convergence of each separate MEN and avoid completely
any relative convergence problem.

The MEN technique has been traditionally applied to
waveguide devices [6], [7], obtaining very efficient and accu-
rate results. Additional work has also been done to improve the
computational performance of MEN representations [8], [9].
Waveguide components are normally composed of cascaded
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uniform waveguide sections (for instance, cavities and cou-
pling windows). The various waveguide junctions are then
analyzed separately to derive the relevant MENs. In addi-
tion, in [10], metal gratings inside waveguides are analyzed
using a zero-thickness formulation. A common feature of the
formulations discussed so far is that the exciting power is
carried by modes propagating in the input and output (I/O)
waveguide sections. This is indeed appropriate for the analysis
of waveguide components. However, planar microwave circuits
are today very popular for a large number of applications.
In this context, therefore, research was recently carried out
to extend the MEN formulation to the analysis of multi-
layer boxed planar devices [11], [12] and to include also
lateral excitation ports that could model the excitation of
planar circuits through real-coaxial connectors [13], [14].
However, the formulation presented in [11], [12] is restricted
to zero-thickness metallic patches with a rectangular shape.
Gómez Molina et al. [15] extended the analysis to multi-
layer planar devices that consist of arbitrarily shaped zero-
thickness metallizations. This is possible thanks to the com-
bination of the MEN formulation and the BI-RME method
[16], similar to what has already been done for waveguide
problems [17].

In many cases of practical interest, however, the thickness of
the metallization cannot be neglected, and the zero-thickness
formulation described in [15] is no longer accurate. If the
thickness is nonnegligible but is electrically small, alterna-
tive IE techniques, like the one described in [18], can be
used to transform the thin aperture or metallization into an
equivalent zero-thickness object. However, if the metallization
is electrically thick, a more accurate formulation is required.
This is indeed the case, for instance, when planar circuits are
analyzed at very high frequencies. In this situation, the thick-
ness becomes electrically important and, therefore, it must be
included explicitly in the computations in order to obtain accu-
rate results. Furthermore, a new class of thick bar resonators
has been recently proposed to implement wideband filters
[19]. The thicker metallic resonators exhibit better unloaded
quality factors than regularly printed microstrip resonators.
Moreover, higher coupling levels (between resonators and with
the I/O ports) than the ones obtained with thinner (stan-
dard) planar microstrip technology can be achieved. However,
since the thickness of the resonators is electrically large
even at microwave frequencies, the zero-thickness formulation
described in [15] is not suitable anymore. In this context,
therefore, the objective of this article is to extend the state-
of-the-art of the analysis of planar microwave circuits by dis-
cussing a MEN formulation that can analyze rigorously planar
microwave circuits based on thick metallizations, including
also coaxial I/O ports, and several dielectric layers, as shown
in Fig. 1. The effect of losses due to metal and dielectric
materials of the multilayer circuits will also be accounted for.

This article is organized as follows. In Section II, we first
describe the analysis of thick discontinuities, including ports
in the transverse plane. We then explain how to cascade the
equivalent networks to build the final model that describes
the complete structure. In Section III, we study the numerical
convergence of the formulation for two in-line microwave

Fig. 1. Three-dimensional view of the structure under analysis. The
metallization has a nonnegligible thickness (h2). The structure is excited by
two lateral ports (Ports 1 and 2), at the interface z = 0.

Fig. 2. Top view of the two discontinuities present in the structure shown in
Fig. 1. (a) First discontinuity (at z = 0) contains the lateral excitation ports
(dark areas) that excite the structure. (b) Second discontinuity (at z = h2)
only contains the metallizations (gray areas).

filters implemented with thick coupled lines. In Section IV,
we compare the simulation results for a transversal four-
pole filter with measurements obtained from a manufactured
prototype, showing very good agreement, and thereby fully
validating the new MEN formulation. Finally, a summary of
the results obtained is provided in the conclusions.

II. MEN THEORY

The goal of this section is to extend the MEN technique
to the analysis of devices containing transverse ports and
a combination of several thick metallizations and dielectric
layers, as shown in Fig. 1. Since the metallizations have a
nonnegligible thickness (h2 in Fig. 1), the zero-thickness MEN
formulation described in [15] cannot be used to analyze such
structures. As we can see in Fig. 1, the structure can be
decomposed into two discontinuities (one at z = 0 and the
other one at z = h2).

A top view of the two discontinuities is shown in Fig. 2. The
first discontinuity [see Fig. 2(a)] is analyzed using the MEN
formulation with transverse ports, as described in Section II-A.
It should be emphasized that the transverse ports can be either
external or internal, as discussed in [15]. In Fig. 2(a), we show
two external ports to model the coaxial I/O connectors used
to excite real-microwave components [13], [14]. However, the
treatment of internal ports, which can be used to connect
the metallization to external lumped-element components,
is identical. The second discontinuity present in the structure
of Fig. 1 [see Fig. 2(b)] is analyzed using the traditional MEN
for waveguide junctions [6].

It is important to note that this is only an example of a
possible microwave planar circuit with thick metallizations.
The formulation presented in this work is not restricted to
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any particular shape. In fact, the shape can be arbitrary thanks
to the use of the BI-RME method [17]. Once both MENs
are obtained, they are cascaded, as explained in Section II-B,
to compute the final network that characterizes the complete
structure in Fig. 1.

A. MEN for Discontinuities of Thick Junctions Including
Transverse Ports

In this section, we derive the general MEN formulation for
2-D discontinuities of thick junctions that include transverse
ports [as shown in Fig. 2(a)]. The formulation starts by apply-
ing the boundary conditions on the tangential components of
the magnetic field H(δ)

t in the aperture at z = 0, where δ
represents the regions on both sides of the discontinuity (δ = 1
or δ = 2 for z < 0 or z > 0, respectively). In this condition,
we include the lateral excitation through the surface electric
current density Jexc as follows [15]:

H(1)
t (s) − H(2)

t (s) = z0 × Jexc(s). (1)

In (1), s indicates a point in the waveguide cross section of
the discontinuity, and z0 is the unit vector in the direction of
the z-axis (see Fig. 1).

For simplicity, only one transverse port is considered explic-
itly in this development, but the extension to more than one
port (either external or internal) is straightforward. To con-
tinue, we use the well-known modal expansion formalism
in [6] to expand the magnetic field, and the pulse model
in [20] for the surface electric current density representing
the excitation [see Fig. 2(a)]. We also separate the accessible
modes from the localized ones, as indicated in [6], to obtain

N(1)�
n=1

I (1)
n h(1)

n (s) −
N(2)�
n=1

I (2)
n h(2)

n (s)

+ I0

�y

� �
x − x0

�x

� �
y − y0

�y

�
y0

=
+∞�

m=N(1)+1

Y (1)
m V (1)

m h(1)
m (s) +

+∞�
m=N(2)+1

Y (2)
m V (2)

m h(2)
m (s)

(2)

where h(δ)
m (s) is the magnetic vector modal function of mode

m in the medium (δ), and I (δ)
m represents the total modal

current. In (2), V (δ)
m and Y (δ)

m represent the total modal voltage
and the characteristic modal admittance, respectively. In addi-
tion, N(δ) is the number of accessible modes considered in
each region [9]. Regarding the pulse, (x0, y0) denotes the
position of the center of the pulse, and �x and �y are the
widths of the pulse in the x-axis and y-axis, respectively
[see Fig. 2(a)].

It is now important to note a difference between the zero-
thickness formulation presented in [15] and the formulation
discussed in this article. The difference is that the modal
voltages on both sides of the discontinuity V (1)

m and V (2)
m are

not equal. In addition, the magnetic vector modal functions
in medium 1, i.e., h(1)

m (s), are those corresponding to the
rectangular waveguide, while, in medium 2, the functions

h(2)
m (s) are the modes of the aperture (with the arbitrary shape)

that are obtained using the BI-RME method.
To continue the formulation, we now use the relation

between the modal voltage V (δ)
m and the unknown electric field

in the aperture E

V (δ)
m =

�
ap

[z0 × E(s�)] · h(δ)∗
m (s�) ds� (3)

where ap is the aperture at the junction (see Fig. 2). Due
to the linearity of the problem, the electric field E must be
proportional to the excitation, so that we can write

[z0 × E(s�)]

=
N(1)�
n=1

I (1)
n M(1)

n (s�) −
N(2)�
n=1

I (2)
n M(2)

n (s�) + I0 M0(s
�) (4)

where M(γ )
n and M0 are the unknowns of our problem, and γ

represents the regions on both sides of the discontinuity from
the source point of view (γ = 1 or γ = 2 for z < 0 or
z > 0, respectively). Substituting now (4) into (3), and using
the resulting equation in (2), we obtain the system of IEs that
represents the problem under study

h(γ )
n (s) =

�
ap

M(γ )
n (s�) · K(s, s�) ds� (5)

1

�y

��
x − x0

�x

� �
y − y0

�y

�
y0 =

�
ap

M0(s
�) · K(s, s�) ds�

(6)

where K(s, s�) is the kernel of the two previous IEs

K(s, s�) =
2�

δ=1

+∞�
m=N(δ)+1

Y (δ)
m h(δ)∗

m (s�) h(δ)
m (s). (7)

To increase the computational efficiency, the kernel is eval-
uated using Kummer’s technique, as described in [8]. Thanks
to this transformation, the kernel in (7) is split into a dynamic
and a static part. As a result, the dynamic part, that needs to be
recomputed for each frequency point, exhibits a much faster
convergence rate. Furthermore, the important computational
burden in the static part of the kernel is independent of
frequency, and it just needs to be computed only once for
all the analysis frequency range.

Finally, we write the modal voltages in terms of the modal
currents as

V0 = Z0,0 I0 +
N(1)�
n=1

I (1)
n Z (1)

0,n +
N(2)�
n=1

I (2)
n Z (2)

0,n (8)

V (δ)
m = Z (δ)

m,0 I0 +
N(1)�
n=1

I (1)
n Z (δ,1)

m,n +
N(2)�
n=1

I (2)
n Z (δ,2)

m,n (9)

where Z0,0, Z (γ )
0,n , Z (δ)

m,0, and Z (δ,γ )
m,n are the elements of the

multimode impedance coupling matrix for the discontinuity
under study.

As shown in (6), the inclusion of the transverse port as the
excitation of the structure leads to a new IE, where the excita-
tion is the pulse function introduced in (1). This is an important
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Fig. 3. Final equivalent network representation for the structure shown in Fig. 1, using the MEN formalism. The discontinuities are characterized by their
MEN coupling matrices. The modes are characterized by transmission lines in different regions. Modes in media 1 and 3 are terminated with a short-circuit
to model the top and bottom metal covers of the box enclosure (see Fig. 1). The coaxial excitations are represented with transmission lines of characteristic
impedances Z p1 and Z p2 for Ports 1 and 2, respectively.

difference with respect to the traditional waveguide junctions
normally used in the analysis of waveguide components [6].
Note that the presence of the new excitation term results into
the new elements (Z0,0, Z (γ )

0,n and Z (δ)
m,0) in the coupling matrix

that take into account the interactions between the modes on
both sides of the discontinuity and the new lateral excitation
port.

Finally, the MoM-Galerkin procedure can be used to solve
the system of IEs in (5) and (6), as reported in [6] and [15].
In this case, we use the magnetic vector modal functions of
modes in medium 2 (see Fig. 1) as basis and test functions.
The required modes are computed very efficiently using the
BI-RME method [16], [17].

B. Final MEN Assembly

Once we have computed the equivalent network for both
discontinuities in Fig. 2, we can cascade them, as shown in
Fig. 3.

The first discontinuity contains, in addition, two ports
that represent the lateral excitations of the structure
[Ports 1 and 2 in Fig. 1, represented with dark areas in
Fig. 2(a)]. The modes in the different media are represented
by transmission lines (where the propagation constant and
the characteristic impedance are those corresponding to the
mode in that medium). The lengths of the transmissions lines
correspond to the heights (h1, h2 and h3) in Fig. 1. As we
can see in Fig. 3, the modes that represent the first and the
last layer (h1 and h3) are short-circuited to represent the top
and bottom covers of the external metal housing. To analyze
the complete structure using this final network, we write the
external voltages (V (1)

n and V �(2)
n ) and the port voltages (Vp1

and Vp2) in terms of the external current (I (1)
n and I �(2)

n ) and

the port currents (Ip1 and Ip2), obtaining the following system
of linear equations:⎡
⎢⎢⎢⎢⎢⎢⎣

Vp1
0
0
.
.
0

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z T
p1,p1 Z T

p1,p2 Z T
p1,1 . Z T

p1,N
Z T

p2,p1 Z T
p2,p2 Z T

p2,1 . Z T
p2,N

Z T
1,p1 Z T

1,p2 Z T
1,1 . Z T

1,N
. . . .
. . .

Z T
N,p1 Z T

N,p2 Z T
N,1 . Z T

N,N

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ip1
Ip2

I (1)
1
.
.

I
�(2)
N(2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(10)

where we have loaded the modes with the corresponding
total impedance, and Port 2 is loaded with the appropriate
reference impedance (in our case Z p2). We then excite through
Port 1 and solve the linear system to obtain the input admit-
tance (Yin = Ip1/Vp1) and the transadmittance between ports
(Ytran = Ip2/Vp1). The S-parameters are then calculated in
terms of Yin and Ytran, as shown in the following:

S11 = 1 − Z p1Yin

1 + Z p1Yin
(11)

S21 = Ytran
(−2Z p2)

1 + Z p1Yin



Z p1

Z p2
. (12)

III. NUMERICAL CONVERGENCE STUDY

In this section, we analyze two filters that are based on
the basic geometry shown in Fig. 1. The filters are described
in detail in [19]. A general schematic of the structure under
analysis is shown in Fig. 4.

The filters use three thick metallic bars as resonators. The
first and the third bars are coupled by proximity to the second
bar. Due to the nonnegligible thickness of the resonators
(h2), a strong capacitive coupling is induced between bars,
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Fig. 4. Side (left) and top (right) views of the filters under study. Dark areas
(lp ) represent lumped ports that model the direct connection of the coaxial
pins to the first and last resonators (Ports 1 and 2). In this case, �x = lp and
�y = Wr1.

TABLE I

PHYSICAL DIMENSIONS OF THE TWO IN-LINE FILTERS STUDIED

IN THIS SECTION, AS DEFINED IN FIG. 4

obtaining higher interresonator couplings in comparison to
standard microstrip filters. In [19], it is also demonstrated
that the unloaded quality factor of these thick resonators
is substantially higher as compared with regularly printed
microstrip resonators. Moreover, the I/O couplings are imple-
mented through the direct connection of the lateral ports (that
model the coaxial connectors) to the first and last thick bars.
Following this approach, the traditional I/O feeding lines are
not required. A foam substrate with (εr = 1.05) is used to
avoid the excitation of box modes. The resonators of the filters
are, thus, formed by the three thick bars. The result is two
third-order in-line filters, whose dimensions are collected in
Table I.

The numerical behavior of the MEN technique for standard
waveguide problems has been extensively studied in other
publications, for instance, in [9]. For this new problem, the
computational novelty is the study of the number of accessible
modes that are required as a function of the thickness h2
(medium 2, see Fig. 3) for accurate characterization of the
whole circuit. As shown in Fig. 3, the number of accessible
modes determines the size of the equivalent network. It is
important to remember that the higher order modes (localized
modes) that have been loaded with their corresponding modal
admittances are taken into account rigorously in (7) by using
Kummer’s transformation [8].

Fig. 5. Number of accessible modes that are necessary according to the
specified threshold (dBth). This test is carried out for an operating frequency
of f0 = 5 GHz and thickness h2 equal to 2 mm.

To show the behavior of this MEN formulation, we now
perform two numerical studies. In both of them, we use the
theory described in [9] that allows selecting the right number
of accessible modes [N(1) = N(2) = N(3) = N] according
to a power attenuation threshold in dB (called dBth). Using this
strategy, the number of accessible modes in each region will be
composed of all propagating modes plus the evanescent modes
that undergo a total attenuation level, when reaching the next
discontinuity, that is smaller than the specified threshold dBth.

A. Number of Accessible Modes According to dBth

In the first test, we study the numerical convergence of this
formulation according to the parameter dBth, for a fixed value
of the metallization thickness. For this test, we use the first
in-line filter shown in Table I. In this case, the metallizations
that compose the filter have a thickness of h2 equal to 2 mm.

Based on the mechanism proposed in [9], we show in Fig. 5
the required number of accessible modes as a function of
the specified threshold dBth. As shown in Fig. 5, when the
parameter dBth is larger, more evanescent modes need to be
considered as accessible ones. This will increase the size of the
total matrix in (10), thus increasing the computational effort.
This is confirmed in Table II that specifies the number of
accessible modes required to reach different levels of threshold
and the related computational time for each case. To check
how the value of the threshold affects the numerical accuracy
of the technique, we plot in Fig. 6 the filter response for
different values of dBth.

As we can see, the results are stable with values of the
threshold dBth > 4 dB. Selecting dBth = 4 dB requires N =
23 accessible modes. The S-parameters simulated using the
MEN formulation are compared with the results obtained with
HFSS in Fig. 7. As we can see, the two software tools provide
similar results. This validates, at the same time, both the theory
and the threshold value we have selected.

In Fig. 7, we also show the simulation results for this filter
using the zero-thickness MEN formulation discussed in [15].
As we can see, the zero-thickness results are clearly different
from the responses obtained using both HFSS and the pro-
posed thick MEN formulation. This is because the thickness of
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TABLE II

NUMBER OF ACCESSIBLE MODES AND COMPUTATION TIME
ACCORDING TO THE SELECTED THRESHOLD dBth

Fig. 6. S-parameter response of the first in-line filter (with h2 = 2 mm) for
different values of the threshold dBth.

Fig. 7. Magnitude of the S-parameters for the first in-line filter (with h2 = 2
mm) computed using the thick MEN formulation as compared with the results
from HFSS. The simulation results using the zero-thickness MEN formulation
described in [15] are also included for comparison.

the metallizations (h2 = 2 mm) is electrically large and cannot
be neglected. This result confirms that for this filter, zero-
thickness approximations are not accurate. Therefore, it also
demonstrates the importance of the formulation proposed in
this article to analyze this kind of microwave components.

B. Number of Accessible Modes According to the Thickness
h2

The second test is related to the number of accessible
modes required according to the thickness of the metallizations

Fig. 8. Necessary number of accessible modes according to the thickness
of the metallization (h2, see Fig. 4). This test is done for different power
thresholds and for an operating frequency equal to f0 = 5 GHz.

(h2, medium 2 in Fig. 1) for a fixed value of the power
threshold dBth. In Fig. 8, we show the required number of
accessible modes according to this thickness (h2), and for
different values of the power threshold.

As we can see in Fig. 8, more accessible modes are required
when the metallization is thinner. According to this test,
a filter with metallization thickness h2 = 0.5 mm would
require 260 accessible modes in the equivalent network to
maintain the same power attenuation threshold, as in the
previous example (i.e., dBth = 4 dB). This indicates that
the proposed technique becomes less efficient for thinner
metallizations. However, when the thickness decreases, the
condition on the power threshold can be relaxed. To show
that this is indeed the case, we have designed a second in-line
filter but with a thinner metallization of h2 = 0.5 mm. After
optimization, the dimensions of this filter are shown in Table I
(second filter). A similar numerical study for this new filter
leads to a required power threshold of only dBth = 1 dB to
obtain good convergence. As shown in Fig. 8, this threshold
value requires only N = 23 accessible modes. In Fig. 9
we show the S-parameters of this filter simulated using
the thick MEN formulation with these numerical parameters
(dBth = 1 dB). The results are also compared with simulations
obtained using HFSS.

From Fig. 9, we can see that the MEN results, obtained
using 23 accessible modes, are in good agreement with respect
to HFSS. The number of accessible modes required in this
case (for h2 = 0.5 mm) is the same as for the first in-line
filter (with h2 = 2 mm). This indicates that the efficiency of
the technique does not substantially degrade if the thickness of
the metallization decreases. As demonstrated, in this situation,
more accessible modes are needed to maintain a certain level
of the power threshold parameter (dBth = 4 dB). However, this
increment is compensated by the fact that the power threshold
can be lowered to obtain good numerical convergence (dBth =
1 dB for h2 = 0.5 mm).

For these two examples, we have used 180 basis and test
functions in the MoM-Galerkin procedure, and 40 dynamic
terms and 5000 static terms to compute the kernel of the IEs
[8]. As previously mentioned, the shape of the metallization
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Fig. 9. Magnitude of the S-parameters for the second in-line filter (with
h2 = 0.5 mm) computed using the thick MEN formulation and compared with
HFSS results. The MEN calculations are obtained with a threshold dBth =
1 dB. The simulation results using the zero-thickness MEN formulation
described in [15] are also included for comparison.

can be arbitrary since the modes in medium 2 are computed
using the BI-RME method. From the computational point of
view, we first run the BI-RME module to obtain the modes
of the arbitrary waveguide. We then execute the MEN code to
perform the analysis of the complete structure. Using an Intel
Core i7-6500U CPU @ 2.50 GHz with 12 GB of RAM, the
computational time required by the BI-RME code is 4 min
and 46 s, and the MEN code for 100 frequency points takes
only 14.30 s.

In Fig. 9, we have included the response obtained using
the zero-thickness MEN formulation described in [15]. The
zero-thickness MEN code takes 8.5 s for the same full-wave
analysis. This significant reduction in time is due to the fact
that when the zero-thickness MEN formulation is applied to
single-layer microwave circuits, just one accessible mode is
required in the equivalent network [15]. However, as we can
see in Fig. 9, the response is not very accurate as compared
with the one obtained using HFSS or the thick MEN formula-
tion proposed in this contribution. If we compare the results in
Fig. 7 for h2 = 2 mm and in Fig. 9 for h2 = 0.5 mm, we can
see that, as the thickness decreases, the response obtained with
the zero-thickness MEN formulation is more similar to the one
of the thick MEN formulation. This is confirmed in Fig. 10,
where we show the responses of the same filter (second filter
in Table I) but with a smaller thickness (h2 = 0.1 mm).
In this case, the analysis is performed again using both the
thick formulation and the zero-thickness formulation described
in [15].

As we can see in Fig. 10, the resonant frequencies of the
resonators and the interresonator couplings have changed with
the thickness, and the filter response is not equalized anymore.
However, this example shows that for thin metallizations,
the response obtained using the zero-thickness formulation is
similar to the thick response. When the thickness is decreased,
more basis and test functions are needed to obtain accurate
results, since the currents in the metallization become more
singular at the edges. This, together with the required number
of accessible modes (N = 23), results in a significant increase
of the computational time for the thick formulation. On the

Fig. 10. Magnitude of the S-parameters for the second in-line filter but with
h2 = 0.1 mm, computed using the thick MEN formulation and compared
to HFSS results. The MEN calculations are obtained with N = 23. The
simulation results using the zero-thickness MEN formulation described in [15]
are also included for comparison.

other hand, the zero-thickness formulation just needs one
accessible mode in the equivalent network, which leads to a
reduction of 90% in the computational time required to achieve
the same result.

From these tests, we can conclude that, when this thickness
is electrically very small, the zero-thickness MEN formulation
described in [15] can be used directly to analyze the structure.
On the contrary, when the metallizations have a nonnegligible
thickness, the MEN technique proposed in this work should
be used for obtaining results with optimal accuracy. It is
important to note that the formulation that we propose remains
rigorous for large thicknesses, as no approximations have been
introduced in the formulation of the IEs. As a consequence, the
MEN remains valid even if the thickness of the metallization
is increased.

IV. VALIDATING EXAMPLE

In this section, we validate through measurements the MEN
theory that we propose in this contribution. For this purpose,
we analyze another filter implemented using the same scheme,
as the one shown in Fig. 4. However, in this case, the use of
Teflon (εr = 2.1) as a dielectric in media 1 and 2 allows
the box modes to resonate. By using the first resonance of
the box, transversal coupling topologies can be implemented,
as described in [19]. In order to implement a wideband
response with high unloaded quality factors, the thickness
of the metallic bars in this filter is h2 = 2 mm. After
optimization, the dimensions of the design filter are reported
in Table III.

The S-parameters simulated using the MEN code and HFSS
are compared with measurements (from [19]) in Fig. 11. In the
MEN simulation, losses due to the dielectric in media 1 and
2 have been considered, as explained in [15]. In addition,
losses due to the finite conductivity of the metallic box are
also taken into account. For the rectangular waveguide modes
in media 1 and 3 (see Fig. 4), these losses are included
using an attenuation term calculated, as in [21]. To consider
the losses due to the metallic box walls in medium 2, the
theory explained in [22] is used to compute the complex
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TABLE III

PHYSICAL DIMENSIONS OF THE TRANSVERSAL FILTER,
ACCORDING TO FIG. 4

Fig. 11. Magnitude of the S-parameters for the transversal filter computed
using the MEN formulation as compared with the HFSS results and to
measurements from the prototype discussed in [19]. The thickness of the
metallizations is h2 = 2 mm. The MEN results are obtained with dBth = 4 dB,
leading to N = 28 accessible modes. We have used tan δ = 0.0037 and
σ = 3.8 · 107 S/m to model the losses. Inset: Zoomed-in view of the |S21|
parameter in the passband. In the zoomed-in view, the black curve is the
HFSS result, the green curve is the measured response, and the red curve is
the MEN simulation.

propagation constant for the arbitrary waveguide modes. This
is an important difference with respect to the formulation
presented in [15], where these losses are not considered
because this waveguide was zero-thickness. Finally, the modes
in media 1 and 3 of Fig. 3 are terminated with a surface
impedance instead of a short circuit to model the losses in
the top and bottom covers of the box enclosure (see [15] for
more details). According to these considerations, we have used
in the MEN results of Fig. 11, a loss tangent for the Teflon
of tan δ = 0.0037, and a conductivity for the box equal to
σ = 3.8 · 107 S/m. A zoom of the insertion losses (IL) in the
passband is shown in the inset of Fig. 11.

As can be seen, good agreement between simulations and
measurements is also observed in this case. The IL in the
MEN simulation agrees well with the IL reported in [19]
(IL = 0.16 dB at the center frequency fc = 3.26 GHz). The
small differences between the simulations (MEN and HFSS)
and the measured response could be due to manufacturing
issues. For these simulations, we have selected dBth = 4 dB,
which leads to 28 accessible modes in the network of Fig. 3.
In the MoM-Galerkin procedure, 200 basis and test functions

have been used to expand the unknowns of the problem.
Finally, 40 dynamic terms and 5000 static terms have been
used in the kernel of the integral equations. The computational
time required by the BI-RME code is 6 min. The MEN code
for 100 frequency points takes only 20.1 s. For completeness,
HFSS takes more than 10 min to perform the same full-wave
analysis. Note that for situations where the metallization does
not change (for example, if we only modify the ports or the
dielectric layers), then we would not need to recompute the
BI-RME module and the total computational time would just
be that corresponding to the MEN analysis (20.1 s).

In this example, we have also studied the effect of the thick-
ness of the metallization on the numerical convergence of the
algorithm. We have found that also for this structure, the condi-
tion on the power threshold can be relaxed when the thickness
h2 is reduced. Therefore, the number of accessible modes
that need to be considered in the equivalent network does not
increase substantially for thinner metallizations. In particular,
the convergence study shows that if the bar resonators have a
reduced thickness of h2 = 1 mm, then the needed dBth value
is equal to 2 dB, leading again to 28 accessible modes.

From this numerical example, we can conclude that the
MEN technique for this kind of structure is both accurate
and efficient. The results presented in Sections III and IV
fully validate the MEN formulation applied to the analy-
sis of microwave circuits composed of thick metallizations,
including loss effects and the excitation through lateral coaxial
connectors represented by transverse ports.

V. CONCLUSION

In this contribution, we have extended the MEN formulation
to the analysis of shielded microwave devices consisting of
several thick metallizations and dielectric layers, including the
excitation through lateral ports representing coaxial connec-
tors, internal ports, and loss effects. To rigorously account for
the thick metallizations, the structure is decomposed into two
discontinuities, which are characterized through their corre-
sponding MENs. One of them contains the transverse ports
that excite the structure. The two MENs are then cascaded to
obtain the final network that models the complete structure.
The numerical convergence of the technique with respect to
the thickness of the metallizations has also been confirmed.
Finally, several practical filters have been discussed, showing
good agreement with respect to results from other commercial
software tools and measurements, thereby fully validating the
theoretical approach proposed in this contribution.
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