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Abstract

We study doubly nonlinear parabolic equation arising from the gradient flow for p-
Sobolev type inequality, referred as p-Sobolev flow from now on, which includes the
classical Yamabe flow on a bounded domain in Euclidean space in the special case
p = 2. In this article we establish a priori estimates and regularity results for the
p-Sobolev type flow, which are necessary for further analysis and classification of
limits as time tends to infinity.
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1 Introduction

Let @ C R"(n > 3) be a bounded domain with smooth boundary 9€2. For any
positive T < oo, let Q7 = Q x (0, T') be the space-time cylinder, and let 3,Qr
be the parabolic boundary defined by (92 x [0, T)) U (2 x {t = 0}). Throughout
the paper we fix p € [2,n) and set ¢ := p* — 1, where p* := —2E- is the Sobolev
conjugate of p. We consider the following doubly nonlinear parabolic equation:
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F(ult" u) — Apu = 2@ul! ' in Qoo

u=20 on 92 x (0, 00), (LD
u(-,0) =up(-) in €, .
||“(t)||Lq+l(Q) =1 forall t > 0.

Here the unknown function u = u(x, t) is a real-valued function defined for (x, t) €
Qs0, and the initial data ug is assumed to be in the Sobolev space Wé P(Q), positive,
bounded in 2 and satisfy |lugllq+1(q) = 1, and Apu = div (|Vu|”_2Vu) is the
p-Laplacian. The condition imposed in the fourth line of (1.1) is called the volume
constraint and A(¢) is Lagrange multiplier stemming from this volume constraint. In
fact, multiplying (1.1) by « and integrating by parts, we find by a formal computation

that A(z) = |Vu(x, 1)|? dx (see Proposition 5.2 below for the rigorous argument).

Q
We call the system (1.1) as p-Sobolev flow.
Our main result in this paper is the following theorem.

Theorem 1.1 Let Q be a bounded domain with smooth boundary. Suppose that the
initial data uy is positive in 2, belongs to Wé’p ()N L*®(2), and satisfies the volume
constraint ||\ugllpq+1(q) = 1. Let u be a weak solution of (1.1) in Qs = 2 x (0, 00)
with the initial and boundary data ug. Then, u is positive and bounded in Q~, and,
together with its spatial gradient, locally Holder continuous in Q2. Moreover, for
t € [0, 00),

k(t)=/|Vu(x,t)|pdx and (@) < A(0). (1.2)
Q

The definition of a weak solution is given in Definition 3.2. The global existence
of the p-Sobolev flow and its asymptotic behavior, that is the volume concentration at
infinite time, will be treated in our forthcoming paper, based on the a-priori regularity
estimates for the p-Sobolev flow, obtained in the main theorem above (refer to [22,24]
for the stationary problem).

The ODE part of the p-Sobolev flow equation is of exponential type, since the
order of solution in both the time derivative and lower-order terms are the same.
Thus, the solution is bounded for all times by the maximum principle (Proposition
3.5). On the other hand, a priori the solution may vanish in a finite time, by the
effect of fast diffusion. This undesirable behavior can be ruled out for the p-Sobolev
flow (1.1) by the volume constraint, that is the preservation of volume at all time. In
fact, we show the global positivity of solutions of (1.1) under the volume constraint
(Proposition 5.4). The positivity of solutions is based on local energy estimates for
truncated solution and De Giorgi’s iteration method. For the porous medium and p-
Laplace equations, see [6,7,27,28], and also [26]. Our task is to discover the intrinsic
scaling to the doubly nonlinear operator in the p-Sobolev flow (Corollary 4.6). Then,
the interior positivity is obtained from some covering argument, being reminiscent of
the so-called Harnack chain (Corollary 4.8). This leads to the positivity and regularity
on a non-convex domain and thus, may be of interest in geometry. Once the interior
positivity is established, the positivity near the boundary of domain follows from the
usual comparison function (Proposition 4.9). Finally, the Holder continuity reduced to
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that of the evolutionary p-Laplacian equation, by use of the positivity and boundedness
of solutions. The energy equality also holds true for a weak solution of the p-Sobolev
flow, leading to the continuity on time of the p-energy and volume.

The doubly nonlinear equations have been considered by Vespri [29], Porizio and
Vespri [20], and Ivanov [11,12]. See also [9,14,16,20,25,30]. The regularity proofs
for doubly nonlinear equations are based on the intrinsic scaling method, originally
introduced by DiBenedetto, and they have to be arranged in some way depending
on the particular form of the equation. Here, the very fast diffusive doubly nonlinear
equation such as the p-Sobolev flow (1.1) is treated, and the positivity, boundedness
and regularity of weak solutions are studied and shown in some precise way. See [19]
for existence of a weak solution.

Consider next the stationary equation for (1.1), which is described by the p-
Laplacian type elliptic equation, obtained from simply removing the time derivative
term from the first equation in (1.1). This stationary equation relates to the existence
of the extremal function attaining the best constant of Sobolev’s embedding inequal-
ity, WOl P(Q) — LIT1(Q). If the domain € is star-shaped with respect to the origin,
the trivial solution # = 0 only exists, by Pohozaev’s identity and Hopf’s maximum
principle. Thus, the p-Sobolev flow (1.1), if globally exists, may have finitely many
volume concentration points at infinite time. This volume concentration phenomenon
is one of our motives of studying the p-Sobolev flow (1.1). Moreover, if the domain €2
is replaced by a smooth compact manifold, we can study the generalization of Yamabe
problem in the sense of p-Laplacian setting. This is another geometric motive for the
p-Sobolev flow.

In fact, in the case that p = 2, our p-Sobolev flow (1.1) is exactly the classical Yam-
abe flow equation in the Euclidean space. The classical Yamabe flow was originally
introduced by Hamilton in his study of the so-called Yamabe problem [2,3,31], ask-
ing the existence of a conformal metric of constant curvature on n(> 3)-dimensional
closed Riemannian manifolds [10]. Let (M, go) be a n(> 3)-dimensional smooth,
closed Riemannian manifold with scalar curvature Ry = Rg,. The classical Yamabe
flow is given by the heat flow equation

U= — Ru = Lf%(angou — Rou) + su, (1.3)

4
where u = u(t),t > 0 is a positive function on M such that g(¢) = u(t)n-2gg is

a conformal change of a Riemannian metric g, with volume Vol(M) = / dvol,
M
2n
= / un-2dvolg, =1, having total curvature
M

iGN

. 2 2 .
s = /M(Cn|Vu|g0 + Rou”) dvolg, = /M Rdvolg, ¢y : n—2

Here we will notice that the condition for volume above naturally corresponds the
volume constraint in (1.1). Hamilton [10] proved convergence of the Yamabe flow
as t — oo under some geometric conditions. Under the assumption that (M, gg)
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is of positive scalar curvature and locally conformal flat, Ye [32] showed the global
existence of the Yamabe flow and its convergence as t — oo to a metric of constant
scalar curvature. Schwetlick and Struwe [21] succeeded in obtaining the asymptotic
convergence of the Yamabe flow in the case 3 < n < 5, under an appropriate condi-
tion of Yamabe invariance Y (M, go), which is given by infimum of Yamabe energy
E(u) = f M (cn|Vu|§0 + Rou?) dvolg, among all positive smooth function # on M
with Vol(M) = 1, for an initial positive scalar curvature. In Euclidean case, since
Rg, = 0 their curvature assumptions are not verified. In outstanding results concern-
ing the Yamabe flow, the equation is equivalently transformed to the scalar curvature
equation, and this is crucial for obtaining many properties for the Yamabe flow. In
this paper, we are forced to take a direct approach dictated by the structure of the
p-Laplacian leading to the degenerate/singular parabolic equation of the p-Sobolev
flow. Let us remark that our results cover those of the classical Yamabe flow in the
Euclidian setting.

The structure of this paper is as follows. In Sect.2 we prepare some notations and
technical analysis tools, which are used later. Section 3 provides basic definitions of
weak solutions, and also some basic study of the doubly nonlinear equations of p-
Sobolev flow type, including (1.1), and derivation of the minimum and maximum
principles. Moreover, we establish the comparison theorem and make the Caccioppoli
type estimates, which have a crucial role in Sect.4. In the next section, Sect.4, we
prove the expansion of positivity for the doubly nonlinear equations of p-Sobolev
flow type. In Sect.5 we show the positivity, the energy estimates and, consequently,
the Holder regularity for the p-Sobolev flow (1.1). Finally, in Appendices A to C, for
the p-Sobolev flow, we give detailed proofs of facts used in the previous sections.

2 Preliminaries

We prepare some notations and technical analysis tools, which are used later.

2.1 Notation

Let 2 be abounded domainin R” (n > 3) with smooth boundary 92 and for a positive
T < oolet Q7 := Q x (0, T) be the cylindrical domain. Let us define the parabolic
boundary of Q7 by

0,Qr :=0Q x[0,T)UQ x {t =0}
We prepare some function spaces, defined on space-time region. For 1 < p, g < oo,

Li(t1, tp; LP(R2))is a function space of measurable real-valued functions on a space-
time region 2 x (1, t») with a finite norm

f 1/q
(/ [DIGT VS dt) (1<gq < o0),
lllLaw,n: Lr) == 1

esssup lv(@) ) (g = 00),
n<t<n
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where

1/p
(/ lv(x, n|” d)C) (1< p<o0),
lv@ e == Q

esssup |v(x, )| (p = 00).
xe

When p = ¢, we write LP(Q2 x (t1, 1)) = LP(t1, »; LP(K2)) for brevity. For 1 <
p < oo the Sobolev space WLP(Q) consists of measurable real-valued functions that
are weakly differentiable and their weak derivatives are pth integrable on €2, with the

norm
1/p
lvllwir ) = (/Q lv|? + IVvl”dx> ,

where Vv = (vy,, ..., vy,) denotes the gradient of v in a distribution sense, and
let Wé’p(ﬂ) be the closure of C;°(£2) with resptect to the norm || - [|y1.,. Also let

Li(t1,tr; W(;’p (£2)) denote a function space of measurable real-valued functions on
space-time region with a finite norm

t 1/q
”vHLq(l‘],tz ; Wg’p(ﬂ)) = ([1 ||U(t)||W1 P(Q) > .

Let B = B,(x0) := {x € R" : |x — xo| < p} denote an open ball with radius
p > 0centered at some xg € R". Let E C R" be abounded domain. For a real number
k and for a function v in L1 (E) we define the truncation of v by

(v — k)4 :=max{(v — k),0}; (k—v);+ :=max{(k —v), 0}. 2.1
For a measurable function v in L!(E) and a pair of real numbers k < [, we set

ENnfv>1}:={xeFE :vx)>1}
ENn{v<k}l:={xeE :vx) <k}, 2.2)
Enfk<v<l}:=xeE :k<vix)<l}.

Letz = (x,t) € R" x R be a space-time variable and dz = dxdr be the space-time
volume element.

2.2 Technical Tools

We first recall the following De Giorgi’s inequality (see [6]).

Proposition 2.1 (De Giorgi’s inequality) Let v € WY1 (B) and k,1 € R satisfying
k < l. Then there exists a positive constant C depending only on p, n such that
pn+l

I—k)|BnN B = Cro—r—77
( )’ {v> }|— |Bm{v<k}| BN{k<v<l}

|Vo| dx. (2.3)
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Letg = np/(n — p) — 1 as before. Following [6], we define the auxiliary function

Atk u) = /kuq <§1/q _ k>+ de,

Y 2.4)
A=k, u) = / (k _ g‘/’f) de
ud +
for u > 0 and £ > 0. Changing a variable n = Sl/q, we have
u (u—k)4+
AT (k, u) =qfk (n—k)4n?dy =qf0 (n+k)9 ndy
and
k (k—u)+
A (k) =qf k — )4 dn =q/0 k — )t~ ndy.
u
Then we formally get
D4t = 2w 2.5)
— u)=—(u— .
at at +
and 5 Ayt
u
—A k,u)=——(k — . 2.6
o7 (k, u) a7 (k—u)y (2.6)

If kK = 0, we abbreviate as
AT(w) = AT(0,u) and A~ () = A=(0, u).

Let0 < t; < tp < T and let K be any domain in 2. We denote a parabolic cylinder
by K, .-, := K X (t1, 12). We recall the Sobolev embedding of parabolic type.

Proposition 2.2 [6] There exists a constant C depending only on n, p, r such that for
every v € L(t1, 12; L' (K)) N LP (11, 12; Wy (K)

)4
f P dz < C / |Vu|? dz (esssup/|v|'dx> .
K K1y ti<t<tr JQ

We next use so-called fast geometric convergence which will be employed later on
many times. See [6] for details.

1.1

Lemma 2.3 (Fast geometric convergence, [6]) Let {Yy,}17_, be a sequence of positive
numbers, satisfying the recursive inequlities

Y1 <CO"YIT m=0,1,..., 2.7
where C,b > 1 and a > 0 are given constants independent of m. If the initial value

Yy satisfies
Yo < C~Vap=i/e?, 2.8)
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then lim Y, =0.

m—0o0
We also need a fundamental algebraic inequality, associated with the p-Laplace
operator (see [5]).

Lemma 2.4 For all p € (1, 00) there exist positive constants C1(p, n) and C(p, n)
such that for all £, n € R"

1E1P™2E — 1P~ 2yl < C1(E] + In)P~21& — ] (2.9)

and
(E1P72E — nIP~2n) - (5 —n) = C2(IE] + InDP21E — nl%, (2.10)

where dot - denotes the inner product in R". In particular, if p > 2, then

(EIP72E — 1P~ 2n) - (5 — 1) = Cal€ — nIP. (2.11)

3 Doubly Nonlinear Equations of p-Sobolev Flow Type

Let T < oo. We study the following a doubly nonlinear equation of p-Sobolev flow
type:
O (Juli" u) — Apu = clul?"lu in Qr,

3.1
0<u<M on 9,Qr,

where u = u(x,t) : Q7 — R be unknown real valued function, and ¢ and M are
nonnegative constant and positive one, respectively. This section is devoted to some
a priori estimates of a weak solution to (3.1). Firstly, we recall the definition of weak
solution of (3.1).

Definition 3.1 A measurable function u defined on Q7 is called a weak supersolution
(subsolution) to (3.1) if the following (D1)—(D3) are satisfied:

(D) u e L0, T; WhP(Q); 8 (lul""'u) € L*(Qr).
(D2) For every nonnegative ¢ € C3°(7),

—/ |u|q4uwtdz+/ |Vu|"*2w~wdzz(s>c/ lu|? " updz.
Qr Qr Qr

(D3) 0 <u < M on 9,9 in the trace sense:
(—u@®)+, (u@)+ —M); € Wé’p(Q) for almost every t € (0, T);

/(—u(x,z))‘f‘ dx, /((u(x,t))+—M)3_+l dx > 0 as 1 \,0.
Q Q

A measurable function u defined on 2 x [0, T] is called a weak solution to (3.1) if it
is simultaneously a weak sub and supersolution; that is,

—/ lul? ug, dz—i—/ |Vu|p72Vu-V<pdz=c/. lul? ' updz
Qr Qr Qr
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for every ¢ € C3°(Q27).
Similarly,

Definition 3.2 A measurable function u defined on Q7 is called a weak solution of
(1.1) if the following (D1)—(D4) are satisfied:

(D) u e L0, T; WhP(Q); 8 (lul""'u) € L*(Qr).
(D2) There exists a function A(r) € L' (0, T) such that, for every ¢ € C°(Qr),

—/ lul " ug, dz+/ |vu|P—2vu-V¢dz=/ A0l updz.
Qr Qr Qr

(D3) ”u(t)”Lqul(Q) =1 for allt > O
(D4) u(0) = upin 2 and u = 0 on 3,82 x (0, T) in the trace sense:

u(t) € Wol’p(Q) for almost every ¢ € (0, T);
lu(®) —uollpgtigy — 0 as 0.

Remark 3.3 A solution of our p-Sobolev flow equation (1.1) is a subsolution of (3.1)
with ¢ = ||Vu0||£ (@) and a supersolution of (3.1) with ¢ = 0, respectively. See the
energy estimate (5.3) in Proposition 5.2 below.

3.1 Nonnegativity and Boundedness

We next claim that a weak supersolutions to (3.1) are nonnegative, i.e., they satisfy
the weak minimum principle.

Proposition 3.4 (Nonnegativity) A weak supersolution u to (3.1) satisfies
u>0 in Qr. (3.2)

Proof If u is a weak supersolution to (3.1), —u is a weak subsolution. We
note by (D1) in Definition 3.1 that d,(|lu|9"'u) € L*(Qr) and that (—u)y €
L0, T ; Wg*"(g)) c L1YQr) ¢ L3(Qr). Let0 < 11 < t < T be arbitrar-
ily taken and fixed. Put ;, ; = € X (#1, t). Let § be any positive number such that
8 < (t — 1t1)/3. We define a Lipschitz cut-off function on time, oy, ; such that

0<o04y,:=<1, o4:=11in (1 +68,t—68) and supp(oy ;) C (f1,1).

y
Oyt
1

1 +46 t—34
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A function (—u)o0y, ; is an admissible test function in (D2) of Definition 3.1. From
(D2) of Definition 3.1 we obtain that

/Q Or (|7~ (—u)) (—u) 401, ¢ dZ+/Q IVulP2V (=u) - V ((—u)104,1) dz

< 6/ |4~ (=) (—u) 10, 1 dz. (3.3)
Qtl t
The first integral on the left hand side of (3.3) is computed as

/Q 0, (el (=) (—t) 401, ¢ dz = / 0, A (=) )0, 1z
1.t

Q0
1

= / A+((_u)+at1,t) dx
Q

n

- / A+((_M)+)3t0t1,td1
Qtl t

1 t t+36
= — (/ —/ )f A+((—u(s))+)dxds
3 \Jis  Jy Q

(3.4)

which, as § — 0, converges to

/Q A (—u())dx — / A (—u(tr)p)dx

u(t)dx — / u()? " dx, 35
q+1f( (M)} q+ (—u(ti))} (3.5
where by (D3) in Definition 3.1 we have that

hmo (—u@)?dx - 0 as 1 — 0. (3.6)

Hn—

The second integral on the left hand side of (3.3) is bounded from below as

IV (=u)+ P01+ dz = 0. (3.7)
Q

Taking the limit in (3.3) as § N\ 0 and #; Y\ 0, and combining (3.4), (3.5), (3.6) with
(3.7), we get

q—i—l/(_ (t))q+ dx <cf f( u(r))q+] dxdt
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and, by Gronwall’s lemma,

| cuent ax <o
Q

since again, by (D3) of Definition 3.1, (—u(#));+ — Oin L2T1(Q) as t N\ 0. Thus we
have —u(x, 1) <0 for (x, t) € Q7 and the claim is verified. O

We next show the boundedness of the solution.

Proposition 3.5 (Boundedness) Let u be a weak subsolution of (3.1) such that
u@))y+ € Wé’p(Q)for almost every t € (0, T). Then

@@t lle@ < e/ uoll o). (3-8)

Proof We will follow the similar argument as in [1]. Set M := |Jugllz>(g), so that
0 < u < M on 9,Qr. Let us define, for a small § > 0, the Lipschitz truncated
function ¢s (1) by

(e"/9u — M), }

¢s(u) ;= min {1, 3

7 ; @1/ u|—M)+
y = min { 1, e

u
e(,‘[/qM ect/q(M_,’_B) | |

where we note that the support of ¢s is {u > e“//9 M}, and ¢ (u), ¢5(u) € L=®(Qr),

¢5(0) = 0, and further ¢s(u) € L0, T ; W(}’p(Q)). LetO <t <t <T and oy ;
be the same time cut-off function as in the proof of Proposition 3.4. The function
e o1,,:$s (1) is an admissible test function in (D2) in Definition 3.1. Choose a test
function as e~ oy, ;¢ps (1) in (D2) in Definition 3.1 to have

f (e ul" u)or, 1 (u) dz + f IVu|P=2Vu - V (e oy, 15 (w)) dz < 0.
Qtl,r

Qtl ot
3.9
The first term on the left of (3.9) is computed as
: ) (e=Mdu — M),
/ at(e—cl|u|q_ M) min{l, f}mm dZ. (310)
Qtl.t

Since, on the support of @5, {u > e'/9 M},
1 2
Vu - Vsu) = EX{gﬂt/qM<u§ecr/q(M+a)}|Vu| )
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the second term is estimated as

[Vul?

TX{e"’/qM<u§e"’/‘1(M+6)}Gf1,167a > 0. (311)

Gathering (3.9), (3.10) and (3.11), we obtain

—ct/q,, _ M
/ 3 (e~ |u|9 u) min {1, %} oy,+dz <0. 3.12)
Qll.[

Since 9 (|u|9" u) = 8,u? € L*(Q) in {(u)+ > 0} by (D1) of Definition 3.1, it holds
that 9, (e~ (u)ﬂ) e L*(Qr). Taking the limit as § N\ O in (3.12), by the Lebesgue
dominated convergence theorem, we have that

/ 8, (E_Ctuq)X{u>ezrt/z1M} dz < O,
Qtl,t

namely,
/ 9 (e "u? — M%) dxdt < 0. (3.13)
Qtl,t

By (D3) in Definition 3.1

/Q(e"‘” (w(t)f — M9 4dx < /Q((u(n))i — M%), dx - 0
as 11 \ 0. Hence, we pass to the limit as 7; N\ 0 in (3.13) to have
/Q(f”(u(t))q —M7)4dx <0
if and only if (u)4+ < e/ M in Q x [0, T], and we arrive at the assertion. O

3.2 Comparison Theorem

We recall the crucial fact, addressed by Alt and Luckhaus [1], the Comparison theorem
[1, Theorem 2.2, p. 325]. For stating it without loss of generality, we define a weak sub
and super solutions. A measurable function # and v on Q27 are a weak supersolution
and subsolution, respectively, if the conditions (D1) and (D2) in Definition 3.1 are
satisfied. We say that u > v on 9, Q7 in the trace sense, if

D3’) (—u()+v()+ € Wl’p(Q), for almost every ¢ € (0, T'), and
(—lul? u@) + v/ Tv(@)y: — 0in L1(2) as t N\ 0.

Theorem 3.6 (Comparison theorem [1]) Let u and v be a weak supersolution and
subsolution to (3.1) in Q7, respectively. If u > v in the sense of (D3’) on 3,2r, then
it holds true that

u>v in Q.
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Proof As before, for a small § > 0, let us define the Lipschitz function ¢s by

¢s(x) := min [l, %} .

y=¢s(x)

Note that ¢ps(v — u) € L°°(Q7) and L0, T; Wol’p(SZ)). LetO0 <ty <t <T and
o0y,,, be the same time cut-off function as in the proof of Proposition 3.4. Choose a test
function oy, ;¢5(v — u), which is admissible, to have

f 3 (|ul? w)ps (v — uyoy, + dz + / |VulP2Vu - V(ps(v — u))oy, ; dz
Qtl,t Qtl.t

> cf || ugps (v — u)oy, ; dz (3.14)
Qtl,r
and

/ 3 (lv|?~ v)ps (v — w)oy, 1 dz +/ Vol 2V - V(gs (v — u)oy, 1) dz
Qtl,t Qtl.t

= cf w7 vgs (v — w)oy, , dz. (3.13)
Qt|.t

Notice that
%(VU—VM) O<v—u<3§g,

0 otherwise

Vs(v —u) = {

and thus, .
Vs(v —u) = E(VU - V"4))({0<v—u<5}~

Subtract (3.14) from (3.15) in Lemma 2.4 to obtain

/ 3 (117 v — |ul u)ps (v — w)oy, , dz
Qtl.t

1
<_ / (17017 ~2V0 = [Val? V) - (V0 = Vi xjou-u<t)0.1 42
Qtl,t

+ c/ (019" — w9 u) ps (v — u)ay, , dz. (3.16)
Q.
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We find that the first term on the right hand side of (3.16) is bounded above as

c/

-5 X{0<v—u<s}|Vv — VulPo; ;dz <0 (3.17)
Qtl,t

for a positive constant ¢’. Thus (3.16) and (3.17) lead to
/ 3 (w17~ v — )™ ) s (v — w4 dz
Qtl.z

= C/ (Iv1 = ulf ™ u)ps (v — u)ay, 4 dz. (3.18)

1.

Since 9, (Ju|?"'u) and 9,(Jv|?~'v) belong to L?>(27), by the Lebesgue’s dominated
convergence theorem, we can take the limit as § N\ 0 in (3.18) and then, as #; \( 0 to
obtain

t
[ w100 = i o), ax < [ (ol v — i uw), axar,
Q 0 JQ

where we used that ¢s(v — u) — X{v>u} as 6 \ 0 and that, from (2.10), u > v is
equivalent to |9~ 'u > |v|?~'v and, by the initial trace condition,

H—0

lim (|v|q*‘u(n) _ |u|‘f‘u(n)) dx = 0.
Q +
Thus Gronwall’s lemma yields that
f (017 (@) = |ul*™'u(®)) , dx < 0
Q

and thus, [v|9"'v(r) < |u|?"'u(r) in Q,0 < t < T, which is equivalent to that
v(t) <u(t)in ,0 <t < T. Hence the proof is complete. O

3.3 Caccioppoli Type Estimates

We present the Caccioppoli type estimates, which have a crucial role in De Giorgi’s
method (see Sect.4). From Proposition 3.4 we find that if ug > 0 in €2, a weak solution
u of (3.1) is nonnegative in 27. Thus we can consider (3.1) as

ou? — Apu =cu? in Qr,

(3.1°)
O<u<M on 3,Q7

In what follows, we always assume that ug > 0 in €2 and address (3.1’) in place of
3.1).
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Let K be a subset compactly contained in 2, and 0 < #; < #» < T. Here we use
the notation Ky, ;, = K x (1, t2). Let £ be a smooth function such that0 < ¢ < 1 and
¢ = 0 outside K, ;,. By use of AT (k,u) and A~ (k, u), the local energy inequality
can be derived.

Lemma 3.7 Let k > 0. Then following holds true:

(1) Let u be a nonnegative weak supersolution to (3.1’). Then there exists a positive
constant C depending only on p, n such that

esssup/ A~ (k, u);pdx+/ [V(k —u)4+¢|P dz
K x{t}

Hn<t<ty Ktl,tz

< C/ A~ (k, u)gf’dx+c/ (k —w¥ Vel dz
K x{t1} K

1.0

+C/ A™ (ke w)gP g dz. (3.19)
K

1.1

(ii) Let u be a nonnegative weak subsolution to (3.1°). Then there exists a positive
constant C depending only on p, n such that

esssupf AT (k, u)gpdx+/ IV(u — k), ¢|P dz
K x{t}

n<t<ty K’lJZ

< C/ At (k, u)¢? dx + C/ (u—kE|vePdz
Kx{t} K

1.0

+ c/ A (k, u);l’—1|;,|dz+c/ cul(u—k)ycPdz. (3.20)
K K

1.0 1.n

Proof We give the proof only for the case (i), because the case (ii) is treated by a
similar argument. We note by (D1) in Definition 3.1 and the nonnegativity of u in Qr
that 8,u? € L*(S27). Choose a test function ¢ as —(k — u)+¢? in (D2) in Definition
3.1 to have

oud )
— —(k—u)1¢Pdz — |VulP=Vu - V((k —u)1.¢7)dz
K, 01 Kip
1 1

= —c/ u?(k —u);+¢?Pdz <0. (3.21)
Ktl,t
Using the formula (2.6), the first term on the left hand side of (3.21) is computed as

dud a0
- (k—u)icPdz = Z Ak, u)cP dz
Kyt ot Ky ot

=/ A7 (k,u)c? dx
K

t
—~ p[ A™(k, w)e g dz.
I3l Ktl,t
(3.22)
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By use of Young’s inequality, the second term on the left hand side of (3.21) is estimated
from below by

1/ |V(k—u)+|p§”dz—C/ (k —wl|velPdz. (3.23)
2 Ktlvl Kt|,[

We gather (3.21), (3.22) and (3.23) to obtain, for any ¢ € (¢, f2),

/ A‘(k,u){f’dx—i—/ IV(k — u)4|P¢cP dz
K x{t}

Kll,l

< c/ A™ (k, u)c? dx + C/ A=k, w)eP7 g dz
K x{t1} Ky 1
+ c/ (k —u) 4|V P dz. (3.24)
Ky

Thus, we arrive at the conclusion. O
The following so-called Caccioppoli type estimate follows from Lemma 3.7.

Proposition 3.8 (Caccioppoli type estimate) Let k > 0. Let u be a nonnegative weak
supersolution of (3.1). Then, there exists a positive constant C depending only on p, n
such that

esssup/ (k—u)i+l§pdx+/ IV(k —u);¢|P dz
K x{t} K

t<t<ty .

5cf kq—l(k—u)'i;l’derC/ (k —w)? |Ve|P dz
K x{t1} K

n.n

+ c/ k7Y (k — u)? |¢ | dz. (3.25)
K,

1.0

k
Proof We first estimate A™ (k, u) = ¢ / (k— r))+nq_1 dn defined in (2.4). The lower

boundedness is obtained as follows:
Case 1 (u > k/2): Since % <u<n<kie,n>k—n=>0,itholds that

k
A” (k,u) > 61/ (k—mdn = L(k — ), (3.26)
u q+1
Case 2 (u < k/2): Since ’% <n<k,ie.,0<k—n <n,itholds that

k/2 k
A" (k,u) =q/ (k—n)+n"*‘dn+qfk z(k—n)+nq’] dn
/

u

k
> 61/ (k —m¥dn
k/2
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q k q+1
R <5>

q 1
> mﬁ(k — I/t)q+] s (327)

where, in the last line, we use k > k —u > O since 0 < u < k/2. Also, the upper
boundedness follows from

(k—u)+ (k—u)+ k — u)?
0 0
(3.28)
Gathering Lemma 3.7, (3.26), (3.27) and (3.28), we arrive at the conclusion. m]

4 Expansion of Positivity

In this section, we will establish the expansion of positivity of a nonnegative solu-
tion to the doubly nonlinear equations of p-Sobolev flow type (3.1’). We make local
estimates to show the expansion on space-time of positivity of a nonnegative weak
(super)solution of (3.1°).

4.1 Expansion of Interior Positivity |
In this subsection we will study expansion of local positivity of a weak solution
of (3.1"). Following the argument in [7] (see also [6,15,26]), we proceed our local

estimates.

Proposition 4.1 Let u be a nonnegative weak supersolution of (3.1°). Let B, (xg) C €
with center xo € 2 and radius p > 0, and ty € (0, T]. Suppose that

|Bo(x0) N{u(to) = L}| = a|B,| 4.1)

holds for some L > 0 and o € (0, 1]. Then there exists positive numbers §, ¢ € (0, 1)
depending only on p,n and a and independent of L such that

|B,(x0) N {u(t) > eL}| > %|Bp| 4.2)

forallt € [to, to + LI\ "PpP). Here, if ty is very close to T, then § is chosen so
small that SLIT'=PpP =T — .

Proof By a parallel translation invariance of the equation (3.1’) we may assume
(x0, %) = (0,0). Fork > Oand r > 0, let

Ag o(t) == B, N{u(t) < k}.
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Take a cutoff function ¢ = ¢ (x) satisfying
=1 B V¢l < —1
= on —o)ps Y% R
(I—0)p

where o is to be determined later. Applying the Caccioppoli type inequality (3.25)
over QT (0p?, p) := B, x (0, 8p7) to the truncated function (L — u) and above ¢,
we obtain, for any ¢t € (0, 6pP),

/ (L —u())t™ dx+C/ V(L — u);¢|P dz
B(1—a)p QF(6pP,p)
1 p
< / L9 NL — u(0))2 dx + C/ (L —uw? (—) dz
By 0+ (6p?.p) op
5Lq+1(1—a)|3p|+c(;ipm|3p|, 4.3)

where we use the assumption (4.1) for #(0), and thus, for any ¢ € (0, 6p?),

J

We will estimate the left hand side of (4.4). Firstly, we obtain that

J

Since Agr p(1) \ AeL,(1—0)p(t) C By \ B(1—¢)p and

gLP—(g+D)
(L — u(t))‘JIrJrl dx < 191! l(l —a)+ CT |Bp|. 4.4)

(1=0)p

(L —u@)? dx > / (L —u)?" dx

(1-0)p B(1—a)p Mu(t)<eL}

> LI — ) Aur (1201 (1) (4.5)

|Bo \ B(1—0)p| = |B1(0)|p"{1 — (1 — 0)"}
=< B1(0)|p"{1 = (1 — no)}

S napr|’
we have

|A8L,/J(t)| =< |A£L,(1—U)p(t)| + |A8L,p(t) \ AsL,(l—a)p(t)l
< |AeL,(1-0)p ()| + no|By|. (4.6)

From (4.5) and (4.6), we have

/ (L —u@) de = L9 (1 — )7 (|4 (1) — na|Byl) . (4.7)
B,

(I1-0)p
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and thus, (4.4) and (4.7) yield that, for any 7 € (0, 6p?),

A < ! 1 CGLP_(qH) B 4.8
| sL,p(t)|_m (I—-oa)+ G—I,*I—HU |Bpl. (4.8)
Here we choose the parameters as
p+l1
q+1-p Y -
6 < 8L , 8 < e ° T 3 (4.9)
and ¢ with 1

1 - %a 4+t

e<1— . 4.10)
1— %a

Then we find from (4.8)—(4.10) that, for any ¢ € [0, 6p”],

3 1
[AeL,p(D)] < . <1 - Za) |By| = <1 - §a> [Byl, (4.11)
lf%a
that is, (4.2) is actually verified under (4.9), and thus the proof is complete. m|

Lemma4.2 Let u be a nonnegative weak supersolution of (3.1°). Let Q4,(z0) =
Bap (x0) x (to, to + SLIT1=PpP)y  Qr, where 8 is selected in Proposition 4.1. Then
for any v € (0, 1) there exists a positive number ¢, depending only on p,n,a,§,v
such that

|Qap(z0) N {u < &y L}| < v[Quy.

Proof We may assume zg = 0 as before. By Proposition 4.1, there exist positive
numbers §, € € (0, 1) such that

|Bap () = oL} = 5 - 47" By | .12)

forall t € [0, LIT!=PpP].
Setd = 8LIT!1"P andlet¢ = ¢(x) be a piecewise smooth cutoff function satisfying

0<¢=<1, ¢=0 oustside Bgp,
t=1 on Qup |VEZ|<(@p) . (4.13)

From (4.13) and the Caccioppoli type inequality (3.25), applied for the truncated
solution (k; — u)4 over Q4, with the level k; = %SL (j=0,1,...), we obtain
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/ IV(kj —u)4|P¢P dz < / kq_l(kj - u)igpdx
Q4p Bg, x {t=0} /

—i—C/ (kj —w?|Ve|Pdz
0

8p
1 —
= € (K Byl + k7105, 14p) ")
Pyg+i- -
< Ck7 LI 7P Bgy| (1+27785)

kP kP
< C$|Q8p| = c$|Q4p|. (4.14)

Here we note that the constant C depends only on n, p and, in particular, is independent
of p, L. On the other hand, applying De Giorgi’s inequality (2.3) in Proposition 2.1
tok =kji1and! = kj, we have, forall 7,0 <t < 8L‘7+1_Pp1’ = 0p?,

(kj = kj+1)|Bap N {u(r) > k;}|
pn+1

T [ Bap N {ult) < kjr}] BapNikj 1 <u(t)<kj}

IVu@)|dx.  (4.15)

Let Aj(t) := B4y N{u(t) < k;} and then, by (4.12), it holds that
o —n
|Bap \ Aj(1)| = 54 |Bap|. (4.16)

Combine (4.16) with (4.15) to have that

. n+1
Slajmo = =2 V(1)) dx
21 T Bap \ Aj (O] J By, 0tk <uty<k;)

C

o \/;34pﬂ{kj+1<u(t)<kj}

IA

[Vu(t)|dx. “4.17)
Integrating above inequality (4.17) in ¢ € (0, 6p?) yields

k; (o
?|Aj+1| <—p [Vu|dz, (4.18)
« QapNikjy1<u<k;}

0pP
where we put |A ] := / [A;(@)|dt = |Q4p N{u(t) < kj}|. By use of Holder’s

0
inequality, (4.14) and (4.18), we have
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k; c oo b=t
Sl = Zol | IV -0 de [Aj\Aj] 7
4

P

C kj 1 p=1
< —p 1047 (1Aj] = |Aj31l)
o 8510
C 1 =1
= _lkj|Q4p|p (1A= 1AjH1l) 7 4.19)
adP
and thus,
_P_
r_ c \"' i
[Ajpr]P T < T |Qup | 77T (1A = [Aj11]) - (4.20)
adp
Let J € N be determined later. Summing (4.20) over j =0, 1, ..., J — 1, we obtain

.
p c \"'
JIAJIP‘1§< ) |04
adP

Indeed, by use of |Ag| > |A;| > |Ay| for j € {0, 1, ..., J}, we find that

= 4.21)

J-1 J—1
N 1Al = JIAPT and > (1471~ 1A 1) < Aol < | Qapl.
j=0 Jj=0

Therefore, from (4.21), it follows that

1 C
Asl < — (—1>\Q4p!. 4.22)
J r adp

Thus, for any v € (0, 1), we choose sufficiently large J € N satisfying

_P_
1 C c \"!
p1< 1)5‘)‘:’]2( 1) . (4.23)
J P \adr vasr

Here we note that J depends only on p, n, «, § and v. We finally take ¢, = ;—J and
then (4.22) yields that

|Q4p N{u < &,L}]
‘Q4p|

which is the very assertion. O

<,
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Remark 4.3 Look at the choice of § in (4.9) and ¢ in (4.10) in the proof of Proposition
4.1, from which we can choose ¢ such that

5\ 7 7
e=(5r (4.24)

for some large positive integer /. In the proof of Lemma 4.2 and the choice of k;, we
also choose k; as follows:

L
kj= ——— for j=0,1,..., /. (4.25)

24q+1-p

_1
Under such choice as above we note that k; = ( 2,%) "7 I and obtain that

SLITI"PpP A+
(kypyati=rpp

)

which is a positive integer.

Following a similar argument to [7, p. 76], we next divide Q4,(z0) into finitely many
subcylinders. For any v € (0, 1), let J be determined in (4.23). We divide Q4,(z0)
along time direction into parabolic cylinders of number 5o := 2/*/ with each time-

length k(frl*pp”, and set

0 := By, (xo) x (ro ARy (e 1)k‘;+‘*1’pp)

fore =0,1,...,50 — 1.

to +8LITI=P P

+1-
A -
e I height: (k417 P

fo+ k4TI TP pp

fo
Byp(x0)

x eR"

Figure: Image of 0®
Then there exists a Q©) which holds that
109N {u <k} <vQY]. (4.26)

The following theorem enables us to have the positivity of a solution of (3.1’) in a
small interval.
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Theorem 4.4 (Expansion of local positivity) Let u be a nonnegative weak superso-
lution of (3.1°). Let Q4,(z0) = Bap(x0) X (19, to + SLIH1=PpPy C Qr, where § is
chosen in Proposition 4.1. Suppose that (4.1). Under (4.26) there exists a positive
number n < 1 such that

1 _ _
u>nL a.e. By,(xg) X (to + (Z + 5) k?“ PoP to+ (L + l)k?+l pp”) .
(4.27)

Proof Hereafter we fix the parameters p, £ and k;. By translation we may assume
to shift (xo, 70 + (£ + 1)/(3“—1’,017) to the origin and thus, Q) is transformed to
Bap(x0) x (=k4T' 7P pP 0). Form =0, 1,2, .., let

feld 1 0 1
Tm=—7 1+, pm=§ 1+2_m 3 Bm: =B4,0m’ Om : =Bpm X (=074, 0),

where 0 = kg“fp , and also set

1 1
Km = <E+W>k1

PP =10=Tn U Toc = 0P/2, P =p0= Pm \ Poo = P/2,
Q0= 0" > Qu \\ Qoo = B2y x (=36, 0),
kj =Ko > Kkm \ Koo =kj/2.

It plainly holds true that

The cutoff function ¢ is taken of the form ¢ (x, ) = ¢1(x)¢2(2), where ¢; (i = 1,2)
are Lipschitz functions satisfying

1 in By 1 2m+2
= M vy < =
0 in R"\ B, Pm — Pm+1 p
and
0 for t < —01, 1 2p(m+2)
&= , 0=, < <
1 for t> =0Ty O(tm — Tm+1) Op?

Thus, applying the local energy inequality (3.25) over B, and Q,, to the truncated
solution (k,, — u)+ and above ¢, we obtain

ess sup (km — u(t))‘fr];pdx —i—/ |V (cm —u)p PP dz

—0t,<t<0J B,

< c/ (ki — ) VE|P dz + C/ & e — 2511 dz

m m
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q+1—p

2m+2 P <4
§c< . ) K,,’;/ L ) X120 42

2m+2 p
< C( ) K / Xiom—u) 1 >0} 42, (4.28)
P o

where we used that

(4.28), we have

1_
Kb P <K

q+1-p
= k_m> < 1. Combining Proposition 2.2 with
J

/ [ (ke — u)+§|q+1 dz

Om
n+q+1

:/ [(km —w):£ |7 dz
Om

< C(/ |V (cm — u)+§]|pdz>( ess sup f (ko — u(t))4-¢ 97 dz)
Om —01,<t<0JB

)i

n

m

2 P
om+2\ PU+5) 142 142
= C( P ) Ky (/Q X{(em—10) 4 >0} dz) , (4.29)

where we note that g + 1 = w in the second line.
The left hand side of (4.29) is estimated from below as

'/Q [(em — M)+§]q+1 dz > /Q [(km — ”)+§]q+1X{(Km+1—u)+>0} dz

+1
> lkm — km+1? / X{ (e 1—1) 1 >0} dz
Qm+1

ky q+1
= <2m+2> / " X{(Km+1—u)+>0} dZ~ (430)

Hence, by (4.29) and (4.30), we have

/ X{(Km+]*14)+>0} dZ
Qm+1

. 1ym ]+£

(27t p(I+2)—(g+1) n

O M X{(oem—w)1 >0y d2 . (431
p n m

where we compute

(1+2) »
e ky )@+ 2mHIN P (POHD _ [PUTratm ey g4
2m+2 0 J - ,Op(l+%) J .
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Dividing the both side of (4.31) by |Q/,+1| > 0, we have

+2
E n
][ X{Gems1—u), >0y dz < C[2PIHw)tatlym <][ X{(xmu>+>0}dz> . (4.32)
Qm+l Qm

where

1+2
|Q | <C p(1+”)(kq+l 17)*
1Omiil

and p(1+£)—(g+1)+(g+1—p)£ = Oareused. Letting ¥, :=][ X{ G —u)5 >0} A2,
Om

the above inequality (4.32) is rewritten as

P
Y, <CH"Y T" . m=0.1,...

where b := 2PU+D+4+1 From Lemma 2.3, we find that if the initial value Y satisfies

Yo < C~ Wb =, (4.33)

then
Y > 0 as m — oo. (4.34)
Eq.(4.26) is equivalent to (4.33) by taking v = vp, and then (4.34) leads to the con-
clusion (4.27) by putting n = lg—,{ < 1. O

Remark 4.5 Theorem 4.4 asserts that the positivity propagates after the lapse of some
time. If a solution is positive at some time fy, its positivity expands in space-time
without “waiting time”, which is in the next corollary.

Corollary 4.6 Let u be a nonnegative weak supersolution of (3.1°). Assume that u(ty) >
0 in B4y (xo) C 2. Then there exist positive numbers ng and to such that

u>mno ae in By,(xg) X (fo, o + 70)-
Proof Suppose that (xg, fo) be the origin, as before. Let L := infp, . u(0) > 0. Since

|B, N {u(0) > L}| = |B,l, by Proposition 4.1, there exist positive numbers §, &
depending only on 7, p and independent of L such that

1
[{u(t) > eL} N B,| > E|Bp| (4.35)
for all r € [0, 8L9t1=PpP]. Let Qﬁp(z()) = By4,(x0) x (0,0p") € Qr, where 0 <

9 <sLItI-P, By Lemma 4.2 with some minor change, for any v € (0, 1) there exists
a positive number ¢, depending only on p, n, § and v such that

|04, (z0) N {u < &, L}| < v|Qf,]. (4.36)
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Here we notice that in the proof of Proposition 4.1 and Lemma 4.2, we do not need to
use the cutoff on time. In the following we modify the proof of Theorem 4.4 to that
without any cutoff on time.

By translation, we may assume xo = 0 as before. Form =0, 1, ..., we put

Pm = <2+ >p, O = By, x (0,0p7), 6 <§LIT'~P

(11
Ky = §+W kj,

where k; = ;—5 and J is to be determined in (4.23).
Clearly it holds true that

om—1

and also set

4p = po = pm "\ Poo =2p, QoD Qm\Qoo:BLoX(O»epp);
ky =Ko > km \ koo =kj/2.
A cutoff function ¢ is chosen of the form ¢ (x, ) = ¢1(x), where

1 xeB 1 om+1
{1 = { Pl Ve ()] < =

0 x e R"\ B, Pm — Pm+1 pm

From the Caccioppoli type inequality (3.25), applied for the truncated solution
(km — u)+ in Oy, again, we obtain that

esssup [ e —u)i ! cr x| 1900, - w4 17e dz
0<t<6p? J B, Om

5/ x$‘<xm—u(0)>i;"dx+c/Q (e — )" IVE|7 dz

P\
S C (2m+1> Km / X{(Km —u)4+>0} dZ, (437)
Ql‘”

where, in the second line, we used (x,,, —u(0))+ = Oin By,. By the very same argument
as in the proof of Theorem 4.4, we have that

1+£
E n
][ X{(mr1—u)+>0} dz < C[ZP(1+n)+q+l]m (][ X{Gem—u)4>0} dZ) - 439
Qm+1

m

Letting ¥y, := ][ X{(km—u)4 >0} dz, the above inequality (4.38) is rewritten as:

m

142
Yot < CH"Yp ", m=0,1,...,
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where b := 2P+ DFa+l o By Lemma 2.3 on fast geometric convergence if
_n _(2)2
Yo<C rb P =1y (4.39)

then
Yy > 0 as m — oo. (4.40)

Eq. (4.39) is equivalent to (4.36) by taking v = v, and then (4.40) yields that
u>nL ae.in By, x (0,0p7),

where n = %zi, and 6 < §L9t!~P_ Thus, letting 19 := nL and 19 := 6pP, we reach

the conclusion. O

4.2 Expansion of Interior Positivity Il

We continue to study the expansion of positivity of a nonnegative solution. Let Q' be
a subdomain contained compactly in 2. Using Theorem 4.4 and a method of chain of
finitely many balls as used in Harnack’s inequality for harmonic functions, which is
so-called Harnack chain (see [8, Theorem 11, pp. 32-33] and [4,17] in the p-parabolic
setting), we have the following theorem. Here we use the special choice of parameters,
as explained before Theorem 4.4.

Theorem 4.7 Let u be a nonnegative weak supersolution of (3.1°). Let Q' be a sub-
domain contained compactly in Q. Let 0 < p < dist(Q',0Q)/4, and to € (0, T].
Suppose that

|Q N {uty) = L}| = a|Q] (4.41)
holds for some L > 0 and o € (0, 1]. Then there exist positive integer N = N (),
positive real number families {8,"},]:{:0, {nm}fxill c (0, 1), {Jm}gzo, {Im},]:{:o CcCN
depending on p, n, a and independent of L, and a time ty > ty such that

u>=nnN+i1L

almost everywhere in

1\ Sy L)7+=7 Sy L)+ P
!
Q' x (tN+<k+§> 211v—+11v’0p’ tN+(k+1)2JN—+INPp

for some k € {0, 1,...,2/n+ I _ 1}, where ty is written as

N
3\ Sm—1(qm1 L)IH17P

In=1o+ Z (Z + Z) - 21:_1+1m_1 o’

m=1

for some £ € {0, 1, ..., 2om-1HIn-1—1y
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Proof We will prove the assertion in five steps.
Step 1: Since Q' is compact, it is covered by finitely many balls { B o(x j)}ﬁyzl (xj €
Q,j=1,2,...,N), where N = N(Q'), such that

N
@ =|JB,(xj), p<Ixi—xipil <2p, Bay(xi) CQ, forall 1 <i <N,
j=1

where we put xyy1 = xi. For brevity we denote B,(x;) by B; for each
Jj=1,2,...,NandletoBj := Bs,(x;) foroc =2 and 4.

Figure: Harnack’s chain argument Figure: Relations of two balls

By (4.41), there exists at least one B; = B,(x;), denoted by x; = x; and By = Bj,
such that o
[Bi NA{u(to) > L} = 2—,,|Bll,
Thus, by Proposition 4.1, there exist positive numbers 8¢, g9 € (0, 1) depending only
on p, n and @gp = « and independent of L such that

[B1 0 () = eoL)| = 57| Bil-

forallt € [y, t0+8()Lq+1_ppp].Let Q4p(21) := 4B x(ty, t0+50Lq+1_ppp) C Q/T
By Lemma 4.2, for any vy € (0, 1), there exists a positive number ¢,, depending only
on p, n, oo, 6, Vo, & such that

[Qap(z1) N{u < ey L} < vl Qap(z1)I. (4.42)

Here ¢,, 1= &o /2’0, where Jy is determined in (4.23) replaced v by vyp. In particular,
1

as noted in (4.24), we choose gp as g9 = (287%) ‘HH’, where Iy is sufficiently large

positive integer. Following the same argument as before, we next divide Q4,(z1)

along time direction into finitely many subcylinders of number so := 2% with

each time-length

g+1-p
ga+i=r p _ %L p
Jo 2Jo+1o

@ Springer



T. Kuusi et al.

via (4.25) and put

SoLat=p oLt pp>

() —
Q (Z]) = 4B1 X (l()-i-ﬁwpp, t0+(£+1)2~]0—+10

for =0,1,...,s0 — 1. Thus, by (4.42), there exists a Q“) (z1) such that
10O (z1) N {u < ey L} < vol QP (z1)1.

Therefore it follows from Theorem 4.4 that

1\ 8oLit1=P SoLat1—P
u>nL ae. in 2By X (to + (Z + 5) —— P 0+ (L + 1)—p1’> ,

2Jo+1o 2Jo+1o
(4.43)
1
where 01 = —ky,.
Step 2: By p < [x1 — x2| < 2p,
D ;=B NB #0
holds.
’)
/}//
Figure: Intersection of two balls
Via (4.43), we have
u=mL ae Dy x Iy, (4.44)
1- 1—
where let I(g() = (to + (E + %) SOZL,ZLOP,OP, to+ (€ + 1)502621,0"/)”). Let #; be a

middle point in I(ge) and, by (4.44), we observe that
Dy N {u(t1) = ni L} = |Dil,

. . D1l
which is, setting o) := —— € (0, 1),
| B2

|By N {u(ty) = niL}| = a1| Bal.
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By the very same argument as Step 1, there exist positive numbers §; € (0, 1), I1, J; €
N depending only on p, n and o and independent of L, and v; € (0, 1) such that

u>mnlL ae.

. simLy" " sonLyr=r
in By x <t1+<k+2> Wﬁ 7f1+(k+1)wp )

(4.45)
for some

ke{o,1,...,20+ 13,

1
where 71y 1= ﬁk s, and Ji is chosen that

J1 > max

===

1)10518

Step 3: We will proceed by induction on m. Assume that for some m €
{1,2...., N}

u>nul ae in B, x IV (4.46)
Here we let
1\ 81 (g1 L)1
(O m—1Nm—1
T, = <tm 1+ (K + E) Y P, w1
Bm— l(nm Lattr
+E+ 1 P e,

where &,,—1, tm—1 € (0,1) and J,,,—1, I,,—1 € N are determined inductively, and
te{o,1,... 211 — 1} By p < |xpy — Xm41| < 2p again,

Dy = Bu N Bpyi # O
and thus, (4.46) yields that
u>nul ae. in D, x I . (4.47)
Letting t,, be a middle point of Z, © _ | again and, by (4.47), we obtain that

‘Berl N A{utm) = nmL}} = am’Bm+1|,
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D,

where we let «;, := % € (0, 1). Again, using the very same argument as in Step
m+1

1 and 2, there exist positive numbers §,,, 1, € (0, 1), Ji, I, € N depending only on

p, n and o, and independent of L and some v, € (0, 1) such that

U > nNme L ae.in By x IO, (4.48)
where
1\ S L)1t =P Sm (L)1 1P
(k) . |y im=  p miim=) P
Iy = (tm + (k+ 2) Sty Pt ke D=
for some
ke{o,1,..., 2+ m _ 1),
where |
1 b g+1—p
it = 5k, = (2,%) Mo (4.49)
and J,, is chosen that
pl
=
C
Jp = max { | — s Im—1
VinCm S/

Step 4: We next claim the following:
Forany k € {0,1,..., 2" —1}and ¢ € {0, 1,..., 20m-1Hm-1 — 7},

VA SALS (4.50)
70

/ ml\/?_ei

& t
1, a
z_e\l_r(:)

Figure: Relations of Il(f)_l and I,(,f)

Since this (4.50) is equivalent to

Sm—1 (1 L)IT 7P S (M L)1
a=ty_1+E+1)2 ZJZL_IH,,,_I pp>l‘m+(k+l)m2”;Tpp= i
4.51)
1
we will verify (4.51). Using 1 = 5pks,, = (37258 ) " fin—1 via (4.49) and
3\ St (1 L)I+1=P
tw = tm—1 + <£ T Z) m 12(’]7"ili1 )71 o? :  middle point of I,(,fll,
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we find that a — b is estimated as follows:

Bl (Sm (Sm—] (nrn—lL)q+l_p
a—b= Z — (k + 1)2‘]m+lm:| 2Im—1+In—1

_l — 2dmtim S dm—1 (nmflL)q—H_p
= 4 . 2Im+In 2m=1+In—1

M1 Sm—1(m—1 L)+ P
> |- — <Sm

-4 2]m—1+1m71
>0

+1
since §,, = o < 4—1‘ by (4.9). Thus, (4.50) is actually valid.

23rH3Cnr

Step 5: By Step 3, we have, forallm =1,2,..., N,
U>nNp+1 L ae. in By X I,(,f),

where we put By 41 := Bj. Since {ﬁm},],\;i]l is decreasing this inequality plainly yields
that, forallm =1,2,..., N,

u>nye1L ae. in By x I®. (4.52)
By (4.50) in Step 4, we furthermore find that
79 5. 51W (4.53)

where € € {0,1,...,20%0 — 1} and k € {0, 1,...,2/¥* /v — 1}, From (4.52) and
(4.53) it follows that
u>nyp1L ae. in Q' x Il(\f)

and thus, we arrive at the conclusion. O

As mentioned in Corollary 4.6, if a solution of (3.17) is positive in €2 at some time
1o, its positivity expands in space-time without “waiting time”.

Corollary 4.8 Let u be a nonnegative weak supersolution of (3.1°). Let Q' be a sub-
domain contained compactly in Q2. Suppose that u(ty) > 0 in Q for some ty € [0, T).
Then there exist positive numbers 0y and Tty such that

u>no ae in Q x(ty, to + 10).
Proof Since ' is compact, it is covered by finitely many balls {B, (x j)}j‘\’:1 (xj €

Q,j=1,2,...,N), where N = N(Q') is a positive integer such that

N
Q= UB_p(xj), p < lxi —xit1l <2p, Bap(xj) C Q, forall 1 <i <N,
j=1
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where we put xy41 = xi. For brevity we denote B,(x;) by B; for each j =
1,2,..., N and let 2B; := B,(x;). By assumption, # > 0 in each ball 2B},
j =1,...,N.Corollary 4.6 yields that there exist positive numbers 11 and t; such
that

u>mnp a.e.in By x (fp, ty + 11).

Similarly as above, it follows that there exist positive numbers 1, < 71, 172 < 11 such
that
u > a.e.in By X (ty, to + 12).

Iterative this argument finitely, there existny > 2 > -+ > gy and 7y > 10 > -+ >
Tn such that
u>ny ae.in Bj x (f, to + Tn).

forall j =1,..., N. Thus, letting no := ny and 79 := T, we complete the proof. O

4.3 Positivity Near the Boundary

We next study the positivity of the solution to the doubly nonlinear equations of p-
Sobolev flow type (3.1°) near the boundary. In what follows, assume that the bounded
domain 2 satisfies the interior ball condition, that is, for every boundary point§ € 9€2,
there exist a point xo € 2 and some p > 0 such that

B, (x0) N2 = {£},

where B, (x¢) denotes the closure of B, (xp).

Proposition 4.9 (Positivity of the solution near the boundary) Assume ug > 0 in Q.
Then every nonnegative weak supersolution u to (3.1°) is positive near the boundary.

Proof We will follow the similar idea as [23]. Since, 2 satisfies the interior ball
condition, we have, for every boundary point § € 9€2,

B,(xp) N 02 = {&}.
Take p’ € (0, p) and define the annulus

A == By (x0) \ By (x0)-
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Figure: Interior ball condition Figure: Graph of v(z)

We define a function v for (x,t) € A x [0, T] as

) 2
v(ix, ) =v(x)i=e Y —e ¥, (4.54)
where r := |x — xg| < p and @ > 0 is to be determined later. Since
2 .
vxj=—2a(xj—x0,j)e_‘” , j=1,...,n
o2 —ar? s
Uyx; = —2adije” " + do®(x; —x0,))(xj —xo,)e ", i,j=1,...,n,

we have

Apv = (p —2)|V|P e 8a3 2 (=1 + 2ar)
1 VulP2e 20 (—n 4 2ar?) (4.55)

and thus, we can choose a sufficiently large « so that
Apv(x,t) >0 in A x [0, T],
where « is chosen depending on p and p’. Therefore, by 3;v7 = 0
9v! — A,y <0 in Ax[0,T].

Now, let m := min{ming ug, minaBp, (xo)x[0,7] 4}. We will show that mv(x, ) is a
lower comparison function for the solution. We note that the solution u is uniformly
(Holder) continuous in 27 = Q x (0, T) (see Sect.5.2 below), again, we can choose
a > 0 to be so large that, on the initial boundary A x {t = 0},

u(x, 0) = ugp(x) > mv(x, 0) = m(e~" — ¢=@%), (4.56)

Also,
u(x,t) > mv(x,t) on dB,(xg) x (0, T), 4.57)
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since, on 0B,(xg) x [0, T], v = 0 by definition and u > 0 by Corollary 4.6. On
0B (x0) x [0, T], by the very definition of m,

2

u(x, 1) > m(e " — ") = mu(x, 1) on 3B, (xo) x (0, T) (4.58)

From (4.56), (4.57) and (4.58), we find that
u>mv ondyAr,

where A7 := A x (0, T') and 9, At is the parabolic boundary of A7 and thus, we have
that mv(x, t) is lower comparison function for u in Ar = A x (0, T). By Theorem
3.6, we arrive at

u>mv>0 in Ayp. (4.59)

Thus the assertion is actually verified. O

5 The p-Sobolev Flow
5.1 Positivity of the p-Sobolev Flow

In what follows, we consider the p-Sobolev flow (1.1). We first notice the nonnegativity
of a solution of the p-Sobolev flow.

Proposition 5.1 (Nonnegativity of the p-Sobolev flow) Suppose uy > 0 in Q2. Then,
a weak solution u of (1.1) satisfies

u>0 in Q. .1)

Proof Let0O < t; <t < T bearbitrarily taken and fixed. Let oy, ; be the same Lipschitz
cut-off function on time as in the proof of Proposition 3.4. The function —(—u) oy, ;
is an admissible test function in (D2) of Definition 3.2, since 9, (ju|?"'u) € L*(Q7)
by (D1) of Defintion 3.2 and, —(—u) 407, ; is in L91(Q2 x (11, 1)). Thus, we have

f 0e (el (=) (—t) 4 01, 1 dz

1

+f |Vul?72V (~u) - V ((—u) 401, ;) dz

Qtl.t

=/Q Al (—u)(—u) 0, ¢ dz. (5.2)
11,1

Applying the very same argument as in the proof of Proposition 3.4 to (5.2), we obtain
that

q

t
1 _ q+1 _ q+1
q+1/;2( u(t))y dx S/(; (A(r))+fg( u(r))y dxdr.
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From the Gronwall lemma it follows that
/ (—u(e)? dx <0
Q
since (D4) in Definition 3.2, (—u(#))+ — Oin LaT1(Q) as t \ 0. Therefore we have
—u(x,t) <0 for (x, t) € Q7 and the claim is actually verified. m]
We now state the fundamental energy estimate.

Proposition 5.2 (Energy equality) Let u be a nonnegative weak solution to (1.1). Then
the following identities are valid:

()
)\(z):/ |Vu(x, )P dx, te[0,T];
Q
(ii)
q/ u‘l*l(a,u)zdzjtl)\(z):l/\(O), tel0,T].
Q0,1 P p

In particular,
A1) =1(0), t€l[0,T]. (5.3)

The proof of this proposition is postponed, and will be given in Appendix B.

Proposition 5.3 (Boundedness of the p-Sobolev flow) Let u > 0 be a weak solution
of the p-Sobolev flow equation (1.1). Then u is bounded from above in Qr and

()4 llzo@) < e OT/ Jug| Lo ().

Proof By (5.3) we have that A(t) < A(0). Therefore, u is a weak subsolution of (3.1)
with M = |lug|| L~ (q) and ¢ = A(0). The result then follows by Proposition 3.5. O

In general, the solution to (3.1°) may vanish at a finite time, however, under the
volume constraint as in (1.1), the solution may positively expand in all of times (see
Corollary 4.8). This is actually the assertion of the following proposition.

Proposition 5.4 (Interior positivity by the volume constraint) Let Q' be a subdomain
compactly contained in 2 and very close to Q. Let T be any positive number and
assume that uy > 0 in Q2. Let u be a nonnegative weak solution of (1.1). Then there
exists a positive constant 1 such that

ux,t) >7n in Q x[0,00).
Proof of Proposition 5.4 By the volume constraint together with Proposition 5.3, letting

M = OT/4||y ]| o (), we have, for a positive number L < M and any ¢ € [0, 00)
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1:/ w1 (1) dx =/ uq+‘(t)dx+/ udt (1) dx
Q Q'N{u(r)>L) Q'N{u(r)<L)

+/ w1l (1) dx
Q\Q

< MITHQ N {u@) > LY + L7+ M7 Q\Q';

ie.,

1 — L9t Q) — M Q\ Q|
Ma+1

< |Q Nfu) = L}|.

Choose ' such that |Q2\Q'| < W and L > 0 satisfying LIT1|Q| < }T. Under
such choice of " and L, we find that, for any ¢ € (0, 00),

Q' < | N{u@) = L)

, 54

where o = 2M‘/+1|Q’|' Using (5.3), for a nonnegative weak solution u# of (1.1),
we see that u is a weak supersolution to (3.1’) with ¢ = A(T). Thus, from Propo-
sition 4.7, there exist positive integer N = N (') and positive number families
8N _os i dNEL € (0, 1), (N _, {In}_, C N depending on p, n, @ and inde-
pendent of L, a time ¢t > ¢ such that, for any ¢ € [0, 00),

u>nyiil ae in @ x I8 (1)

where
1\ Sy(pnyL)9t1=P Sy(nyL)ati-r
k) oy 1Y) on(nn » N (N p
Iy'(@):= <IN+(k+2> R Y/ ol tN—i-(k—}—l)—zJNHN P
for some k € {0, 1,...,2/VFv — 1} 0 < p < dist(, 02)/4 and ty is written as
N 1—
3 Sm—l(nm—lL)q+ L P
IN=1+ Z <€ + Z) 2Im—1+1In-1 p
m=1
for some £ € {0, 1, ..., 2Im—1+In-1 _ 1}. On the other hand, from ug > 0 in Q and

Corollary 4.8, there exist positive numbers 7 and t such that

u>n ae. in Q x (0, 1).
Here we can choose that II(\;‘) (0) C (0, 7) from the proof of Proposition 4.7 and
Corollary 4.8. Since ¢ € [0, 00) is arbitrarily taken, letting  := min{n, ny+1L}, we

have that

u(x,t) >1n ae. in Q x [0, 00),
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which is our assertion of Proposition 5.4. O

Proposition 5.5 (Positivity around the boundary for p-Sobolev flow) Suppose that
ug > 0in Q. Let u be any nonnegative weak solution to (1.1). Then u is positive near
the boundary.

Proof Since a nonegative weak solution of (1.1) is a nonnegative weak supersolution
of (3.1”) in Q4 with ¢ = 0, we can apply the proof of Proposition 4.9. Thus the proof
is complete. O

5.2 Holder and Gradient Holder Continuity

In this section, we will prove the Holder and gradient Holder continuity of the solution
to p-Sobolev flow (1.1) with respect to space-time variable.

Suppose ug > 0 in . Then by Propositions 5.4 and 5.3, for any €’ compactly
contained in 2 and T € (0, 00), we can choose a positive constant ¢ such that

0<é<u<M= Oyl x in @ xI[0,T] (5.5)

Under such positivity of a solution in the domain as in (5.5), we can rewrite the first

1
equation of (1.1) as follows : Set v := u9, which is equivalent to # = v and put
g = qlvl/ 9= and then, we find that the first equation of (1.1) is equivalent to

dv — div(IVulP2gP V) = a(t)v in Q' x [0, T] (5.6)

and thus, v is a positive and bounded weak solution of the evolutionary p-Laplacian
equation (5.6). By (5.5) g is uniformly elliptic and bounded in .. Then we have a
local energy inequality for a local weak solution v to (5.6) in Appendix C.1 (see [6]).

The following Holder continuity is proved via using the local energy inequality,
Lemma C.1 in AppendixC.1 and standard iterative real analysis methods. See [6,
Chap. III] or [26, Sect.4.4, pp. 44—47] for more details.

Theorem 5.6 (Holder continuity) Let v be a positive and bounded weak solution to
(5.6). Then v is Holder continuous in Q. with a Hélder exponent g € (0,1) on a
parabolic metric |x| + |t|'/P.

By a positivity and boundedness as in (5.5) and a Holder continuity in Theorem
5.6, we see that the coefficient g” —1 is Holder continuous and thus, obtain a Holder
continuity of its spacial gradient.

Theorem 5.7 (Gradient interior Holder continuity) Let v be a positive and bounded
weak solution to (5.6). Then, there exist a positive exponent o < 1 depending only on
n, p, B and a positive constant C depending only onn, p, ¢, M, A(0), 8, ”VU”L[}(Q’T),
[g]ﬂ’QrT and [v]ﬁ’Q/T such that Vv is Holder continuous in Q’T with an exponent a on
the usual parabolic distance. Furthermore, its Holder constant is bounded above by
C, where [ g denotes the Holder semi-norm of a Hélder continuous function f with
a Holder exponent B.
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The outline of proof of Theorem 5.7 is presented in Appendix C.

By an elementary algebraic estimate and an interior positivity, boundedness and a
Holder regularity of v and its gradient Vv in Theorems 5.6 and 5.7, we also have a
Holder regularity of the solution # and its gradient Vu.

Theorem 5.8 (Holder and Gradient Holder continuity of solutions to the p-Sobolev
flow) Let u be a positive and bounded weak solution to the p-Sobolev flow (1.1).
Then, there exist a positive exponent y < 1 depending only on n, p, B, a and a
positive constant C depending only on n, p, ¢, M, 1(0), B, «, ||Vu||Lp(Q/T), [g]ﬂ’Q/T
and [v] B2, such that u and Vu is Holder continuous in Q. with an exponent y on

a parabolic metric |x| + |t|'/? and on the parabolic one, respectively. The Holder
constants are bounded above by C, where [ f1g denotes the Hilder semi-norm of a
Holder continuous function f with a Holder exponent f.
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Appendix A: Some Fundamental Facts
A.1: L2 Estimate of the Time Derivative

We will show the existence in L2(27) of time-derivative for a weak solution to (1.1).

Lemma A.1 Let u be a nonnegative solution to (1.1).Then there exists o;u in a weak
sense, such that d;u € L>(Q7).

Proofof LemmaA.1 Let a > 0 and ¢ > 0 be arbitrary given. Let u > 0 be a weak
solution to (1.1). Let us define a truncated Lipschitz function ¢, (x) by

0 0=<x=<a),
pe(x):=11(x—a) (@<x=<a+e),
1 (x>a+e).

We also set i (v) := v'/4 for v > 0. For any ¢ € C3° (1),
/ uge (u)d,p dz = — / 0 (uepe () dz = — f 0 ()9 g () dz
Qr Qr Qr
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= —/;2 [0:h(u?)pe (1) + ud e (u)]p dz
1
= —/Q |:3th(uq)¢s(l/i) + M?X{“5“§a+8}3t((u‘1)1/‘1):| (pdz
1
= _fQ d:h(u?) <¢5(M) + M?X{a<u<a+s}) @dz. (A.1)

We note that 4(v) = v'/9 is locally Lipschitzon {v = u? : u > a}and 8;u? € L*(Qr)
by the very definition (D1) of Definition 3.2 and thus, a composite function 4 (u?) is
weak differentiable in {# > a} and

ahw?) = h'(u?) - du? € L*(Qr N{u > a)),
since h'(u4) = éul_‘f < %al_q on {u > a}. Taking into account of
ahu)pe () — 3hu?) xuzay (& \0),
|0:h(uD) e )] < 3h(U?) X(uza) € L' (Q7)

and using the Lebesgue dominated convergence theorem, we have, for the first term
on the right hand side of (A.1),

— lim Oh(u)p:(w)pdz = —/ h(?) Xu=a)p dz. (A2)
e\0 Qr Qr

By Lemma A.2 the second term on the right hand side of (A.1) is computed as

. u
lim Oh(u?) — X(a<u<a+ey 9 dz = a/ d:h(u?)pdz. (A3)
eNO Jqop € Qrn{u=a}

By Lebesgue’s dominated convergence theorem, the left hand side of (A.1) is computed
as

/ u¢s(u)3z§0dz—>/ U X (u=a} 0 dz. (A4
Qr Qr

Passing to the limit as ¢ N\ 0 in (A.1) and gathering (A.2), (A.3) and (A.4), we have

/ W) Brp dz = — / 0yh () K pusay@ 4z + a / 0,h(u")g dz.
Qr Qr Q

rN{u=a}

Again, by Lebesgue’s dominated theorem, taking the limit as a N\ O in the above
formula, we have

/ udpdz = —/ 0:h(u?)pdz = —/ O;u - pdz,
Qr Qr Qr

which completes the proof. O
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In the proof above, we used the following lemma as for the convergence of Dirac
measure.

LemmaA.2 Leta > 0 and ¢ > 0 be arbitrary given. Then

1 .
gX{asusa-s-s} — 8@y as e \\0 in 7'(R),

where we denote by 9'(R) the distribution function space, which is the dual space of
the space 9 of smooth functions with compact support in R.

Proof For any € 2, we have

x® 1 1 a+e

/ ~Xla<u<a+e)¥ du = —f Vv du — y(a) = (8@, ¥)
oo € € Ja

as ¢ \( 0. Therefore we have for any € &

. 1
lim <‘X{a§u§a+s}’ ‘/f> = <8(a)’ v,

eNo0\¢e

which is our claim. O

A.2: Regularization

In this subsection, we will show the following regularization, Lemma A.3. Before stat-
ing assertion, we prepare some notations. For f € L}o -(827), we denote the mollifier
of f by

fen(z) := / pen(@ —2)f()dZ.
Qa,h(Z)

Heree > 0,z = (x,1), Qen(2) = Be(x) x (t —h,t +h) C Qr, and

1 t\ 1 X
Pe.n(2) 1= 7P <E> pri (;) ,

where pj and p, are smooth symmetric in the following sense:

p1(t) = p1(=1), p2(x) = p2(|x]),

and satisfies

supp(o1) C (=1, 1), /R pi(di = 1; supp(pa) C B1(0), /R =1,

LemmaA.3 Let0 <t <t < T. For the weak solution u to (3.17),

t

1
/ IVul?"2Vu - V ((3u)e.1) L, dz— [ —|VulPdx| as e h\0.
Qtl.t

& QP

3]
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Proof From (D1) in Definition 3.2 and Fubini’s theorem, it follows that

/ |Vu|p*2Vu -V ((atu)a,h)g _pdz
Qtl,t ’

=f (|W|P—2w) YV (@u)ep dz
er,t &h

—/ [div (|W|"—2w) |- div (|w8,h|"—2wg,h) }a,ue,h dz
Qtl‘z &,n

+ / Ve s P Vitg - 0 (Vi) dz
er,t

=1+J. (A.S)
Since div(|Vu|P~2Vu) € L*(Qr) by (D1) and (D2) again, we have, as &, h \ 0,
(div (|W|/’—2w) )&h, div(|Vite P2 Vig ) — div <|Vu|”_2Vu)
strongly in L2(QT), (A.6)
and, by Lemma A.1, as g, h \( 0,
(du)e., — du strongly in L2(Qr). (A7)
It follows from (A.6) and (A.7) that
I -0 as & h N\ 0. (A.8)

By (D1) in Definition 3.2 we have, as ¢, h — 0,

! 1
—>/ —|Vu|? dx
f QP

and thus, gather (A.8), (A.9) and (A.5) to complete the proof. m]

t

1
J:/ —|Vug pl? dx (A9)
QP

4l

Appendix B: Proof of Proposition 5.2

This section is devoted to prove Proposition 5.2.

Proof of Proposition 5.2 (i) Let0 < t; <t < T be arbitrarily taken and let oy, ; be the
same time cut-off function as in the proof of Proposition 3.4. The function oy, (u is
in L®(1y, t; wlp (£2)), and nonnegative by Proposition 5.1 and thus, is an admissible
test function in (D2) for (1.1). Choose a test function as o7, ;u in (D2) for (1.1), to
have
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/ 9 oy, qudz +/ [Vu|?~2Vu -V (o,l,,u) dz = / 2o uloy sudz.
Qtl.t Qtl.t Q

1.t
(B.1)
By the very definition of A™ () for u > 0, the first term on the left hand side of (B.1)
is computed as

/ 3z (u?)or, sudz =/ 9 AT (woy 1 dz
Q’l-’ Qtl,t

= f AT (u)oy, , dx
Q

t
- / AT (u)d, 0y, 4 dz
151 er,t

q 1 q 1
— t‘”d—/ )4 dx as 8§\ 0.
/Qq+1“() x QqHu(l) x .
(B.2)

The second term on the left hand side of (B.1) is treated as

/ [VulP~2Vu - v (o4,ru) dz = /
Qtl,r

|VulPoy, 1dz — / |[VulPdz as 8N\, 0.
Q1 Q.

(B.3)

Using (B.2), (B.3) and the volume preserving condition/ u(x, t)qul dx =1, t>0,
Q
we take the limit as § N\ 0 in (B.1) to obtain that

/ |Vu|P dz = / A)udt! dz.
Qtl’t Qtl,r

Dividing above formula by ¢ — 71, we have

1 t 1 t
f / [Vu(x, 7)|Pdxdt = —/ /k(t)uq“(x,t)dxdt.
t—1nJy Ja t—1nJy Ja

According to the volume preserving condition again, passing the limit as ¢ \( #1 in
the formula above, we obtain that

A(tr) =/ |Vu(x, 11)]” dx,
Q

which is our first assertion.

(i) We notice the boundedness of the solution u of the p-Sobolev flow. This is shown
as follows: By Proposition 5.2 (i) above, A(¢) = ||Vu(t)||€,,(m and thus, A(t) €
L*°(0, T) by (D1) in Definition 3.2. We also have that (1) is bounded in Q7 as
in Proposition 5.3, and thus, u itself bounded by Proposition 5.1. Consequently, the
function oy, ;d;u is an admissible test function in (D2) of Definition 3.2 by Lemmata
A.1 and A.3. We now take a test function as oy, ;0;u in (D2) of Definition 3.2 and then
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/ o )y, 10pu dz + / |VulP"2Vu - v (Utl,tat”) dz
Q’N er,t

= / )L(t)uqotl’,atu dZ, (B4)
Q,],

Note that the integral on the right hand side in (B.4) is finite by Proposition 3.5 and
Lemma A.1. Using the Lebesgue dominated theorem with Proposition 3.5 and Lemma
A.1, the first term on the left hand side of (B.4) is computed as

f duloy dudz = ‘]/ u?™! (at“)z o114z
Q,l,, Qtl,t
—q f ud Y Qu)>dz as 8\ 0. (B.5)
Q.
The second term on the left hand side of (B.4) is treated as
/ [VulP=2Vu - v (aﬁ,,a,u) dz
Q

1.t

= / |Vu|p72VI/t . 3,Vu6;1,, dZ
Qtl.t

1
:/ o (—|Vu|p> oy, dz
Q.1 p
1
—/ —|Vu|p8,0tl’t dZ

t
1
= —|Vu|p0t|’tdx
QP f Q,],,

1 1
— | —|Vulx,t)|Pdx — | —|Vulx,t)|Pdx as §\ 0
QP QP

1 1
= —A(t) — —A(n), (B.6)
p p

where the manipulation in the second and third lines are justified by Lemma A.3 in
Appendix A. By the volume conservation [, u(x, 14t =1, ¢ > 0, the right hand
side of (B.4) is calculated as

t d Mq+1
r(ulo, 8udz=/kt0 —</ dx)dt:O. B.7
/Q 0y 13, oong ([0 ®.7)

From (B.5), (B.6) and (B.7), it follows that

-1 2 1 1
q ul= Bu) dz + —r() — — () = 0.
Q.1 p p
Letting #; = 0, we have the desired result. O
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Appendix C: Notes on Holder Regularity

C.1: A Local Energy Estimate for (5.6)

We will derive a local energy estimate for (5.6) here.

LemmaC.1 Let 0 > 0 be a parameter. For any z9 = (xg, tg) € Qy, take p > 0

such that Q(0, p)(z0) = B,(xg) x (fp — ,09, ty) C Q’T Let ¢ be a piecewise smooth
function on Q(60, p)(zo) satisfying

0<¢<1, |V¢|l<oo, ¢(x,t) =0 outside Q(, p)(z0).
Furthermore, take a positive number 8y such that

esssup |[(k—v)4|, esssup |(v—k)+| <o
0(0,p)(z0) 0(6,p)(z0)

for some k > 0. Then the following inequality holds true.

(1) Let v be a weak supersolution to (5.6). Then it holds that

ess sup / (k—v)ié‘pdx+/ [V(k —v)4|PcP dz
By (x0) 0(0,p)(z0)

to—pf <t <ty

5/ (k—u)igpdx+0/ (k—v)!1VePdz
B, (x0)x{to—p?} 0(0,p)(z0)

+ / (k —v)2eP7 g dz + C8o / Xit—v)s=0ydz,  (C.1)
Q(0,0)(z0) 0(0,p)(z0)

where C is a positive constant depending only on n, p, ¢, M, L(0).
(i) Let v be a weak subsolution to (5.6). Then it holds that

€ss sup / (v—k)ig“pdx—i-/ V(v —k)y|PeP dz
to—p? <t <t Y Bp(x0) 0(0,p)(z0)

5/ (v-k)i;!’dx+c/ -k |VelPdz
B (x0) x{tg—p?} 0(0,0)(z0)

+ f (w—k2¢P g dz + Coo f Xiw—ky,~0ydz, (C.2)
Q(0,p)(z0) 0(0,p)(z0)

where C is a positive constant depending only on p,n,c, M, A(0).

Proof We give the proof only for the case (i). Take a test functionas ¢ = —(k —v)+¢”
in the weak form of (5.6); i.e.,
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—/ va,godz—f—/ [Vu|P"2Vv-Vedz = c/ vpdz, (C3)
0:(0,p)(z0) 0:(0,p)(z0) 0:(0,0)(20)

where Q,(0, p)(z0) := B,(xp) x (1o — ,09, t)foranyt € (tp — ,09, to). The first term
on the left hand side of (C.3) is computed as

t
1
- f Lh—vlprrln s (C4)
to—6 o

1
—(k — v)%_{p dx
/Bpo:o)x{r} 2 10,0) 2

Meanwhile, by use of (5.5) and Young’s inequality, the second term of (C.3) is esti-
mated from below as

/ g" M VulP AV - V(= (k — v)1¢P) dz
Q:(0,0)(20)
=/ g7V = v)1 P2V (k= v)4 - V(k = v)457 dz
0:(8,0)(z0)
+ / 8"V (k = v) 4 1PV (k = v)4 - ((k — v) 4 p£P7'VE) dz
0:(0,0)(z0)

> co/ |V(k —v)|P¢Pdz — ¢y / lk —v)! Ve |Pdz, (C.5)
0:(0,0)(z0) 0:(6,0)(z0)

where ¢ and ¢ are positive constants depending only on p, n, M and p, n, ¢, respec-
tively. By using (5.3) in Proposition 5.2 the right hand side of (C.3) is bounded above
by

')\(t) v(=(k —v)45P)dz
0:(0.p)(z0)

< 6230/ X{k—v),>01dz,  (C.6)
0:(0,p)(z0)

where c; is a positive constant depending only on ¢, A(0). Gathering (C.4), (C.5) and
(C.6), we arrive at the desired estimate (C.2). m]

C.2: Outline of Proof of Theorem 5.7
We recall the outline of proof of Theorem 5.7 here.

Proof By the Holder continuity in Theorem 5.6, Eq.(5.6) is an evolutionary p-
Laplacian system with Holder continuous elliptic and bounded coefficients g and
lower order terms v. We apply the gradient Holder regularity for the evolutionary
p-Laplacian systems with lower order terms in [18, Theorem 1, p. 390] (also see
[13]). Here the so-called Campanatto’s perturbation method is applied to the gradient
Holder regularity for the evolutionary p-Laplacian systems with Holder coefficients
and lower order terms. We also refer to the book in [6, Theorem 1.1, p. 245]. O
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