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PERIODIC STRUCTURE OF TRANSVERSAL MAPS
ON SUM-FREE PRODUCTS OF SPHERES

JAUME LLIBRE! AND VICTOR F. SIRVENT?

ABSTRACT. In this article we study the periodic structure of transver-
sal maps on the product of spheres of different dimensions. In par-
ticular we give conditions for the maps to have infinitely many even
and odd periods. Moreover we give conditions for having non-zero
Lefschetz numbers of period m, for infinitely many m’s. We gen-
eralize the results for transversal maps on rational exterior spaces
of rank 1.

1. INTRODUCTION

Let X be a n—dimensional topological manifold and f a continuous
self-map on X. The map f induces a homomorphism on the k—th
rational homology group of X for 0 < k < n, i.e. fix: Hp(X,Q) —
Hp(X,Q). The Hi(X,Q) is a finite dimensional vector space over Q
and f.; is a linear map whose matrix has integer entries.

The Lefschetz number of f is an integer defined as

n

L(f) =) _(=1)*trace(f.s)-

k=0

The Lefschetz Fized Point Theorem states that if L(f) # 0 then f
has a fixed point (cf. [2] or [9]).

The Lefschetz numbers of period m are defined by

(™) = p(r) L),

rlm
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where the sum is taken over all divisors r of m and p is the Md&bius
function defined by

1 ifm =1
u(m) =< 0 if there is a &k such that &% divides m;
(—=1)* if m =p;---ps with p; distinct primes.

By the Mobius inversion formula

L(f™) = s,

rlm

In this article we consider the product of spheres with different di-
mensions, i.e. X = 8™ x --- X S, with n; < --- < ng. Let M be the

set of sums of all the subsets of the numbers nq, ..., ng, i.e.
k
MZM(”la"'v”k) = U{n11++nzs DA < <Zs}
s=1

By elementary combinatorics we have that the cardinality of the set M
is at most 2¥ — 1. We shall assume that the cardinality of M is exactly
2% — 1, i.e. the numbers ny,...,n; are such that all the sums defined
in the set M are different. In this case we say that M is a sum free
set. In this situation, by the Kiinneth Theorem (cf. |7]), we get that
the Betti numbers of X are b; = 11if j € M and b; = 0 otherwise, i.e.

k
Hy(X,Q) =Qif j € {0} (J{ni, + -+, [in <+ <},
s=1

and trivial otherwise.

Let f: X — X be a continuous map, since the homology groups
are either 1-dimensional or trivial, its induced maps on homology are
fij = (aj) if 5 € M, fio = (1) and f,; = 0 otherwise; where the
numbers a; are integers. A study of the periodic structure of a class of
self-maps on X, was done in [12]. So the Lefschetz numbers are

) L) = Do (=1) trace(f3)

(2) = 1+ ) (=1Ya]"

jeM
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In this case the Lefschetz numbers of period m are given by:

(3) (= )L

rlm
(4) = D ulr) <1+Z "”“)
rlm JEM

Since ), u(r) =0, if m > 1 (cf. [1]), we have

(5) (fmy = S [ S ura”

jeM rim
© = 3 (-1Qulay),

where the polynomial @Q,,(z) is defined as

(7) Qux) == 3 p(r)a.

rlm

A transversal map f on a compact differentiable manifold X is a C*
map f: X — X, such that f(X) C Int(X) and for all positive integer
m at each point x fixed by f™ we have that 1 is not an eigenvalue of
Df™(x), i.e. det(Id — Df™(z)) # 0. The following theorem is one
of the main results in relation to the periodic structure of transversal
maps in the general setting.

Theorem 1 (|10, 6]). Let X be a compact manifold and f : X — X
be a transversal map. Suppose ((f™) # 0, for some m. Then

(1) If m is odd then m € Per(f).
(2) If m is even then either m or m/2 is in Per(f).

The periodic structure of transversal maps on different context was
studied in [4, 6, 11]. In the following we list our main results for
transversal maps on the product of spheres. Their proofs are in sec-
tion 2.

Theorem 2. Let X = S™ X --- X S™, withn; < --- < ng. We assume
that the set M of partial sums of the dimensions of the spheres is a
sum free set. Let f be a transversal self-map on X, with f.; = (a;) for
Jj € M, with |a,,| >1 for 1 <i<k. Then ¢(f™) # 0 with m > N, for
some positive integer N.

From Theorems 1 and 2 we get the following corollary.
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Corollary 3. Under the assumptions of Theorem 2 there exists an
integer N such that

(1) If m > N and odd then m € Per(f).
(2) If m > N and even then either m or m/2 is in Per(f).

In the following theorem we weaken the hypothesis of Theorem 2,
allowing that some of the a; = 1. However we need to introduce some
extra notation, which is given in the statement.

Theorem 4. Let X = S™ X -+ X S"™, with ny < --- < ng, and [ be
a transversal self-map on X, with f.; = (a;) for j € M there is an
1 <i <k such that |a,,| > 1. Assume that M, the set of partial sum

of the indexes ny, ..., ng, is a sum-free set. Let
M =<4 € M : aj = max{|a; .
{7e 0y = mastio)

(a) In the case of a; = 1 whenever |a;| = 1. If 3.\ (=1) # 0
then £(f™) # 0 with m > N for some positive integer N.

(b) Let M' = Mj U M;, where a; > 0 if j € M{, and a; < 0 if
je M. If

D[ D1 £,

JjeEM] jeM)
then £(f™) # 0 with m > N for some positive integer N.
c) If M| and M) are not empty and
1 2

POICEE DBICH D SICHIEN DU Bl

JjEM] JEM; JjEM] JEM;

Then £(f™) # 0 with m > N for some positive integer N.

Using Theorems 4 and 1 we get the following corollary:

Corollary 5. Let X =S™ X -+ X 8™, with ny < --- < ng. and [ be
a transversal self-map on X, with f.; = (a;) for j € M, with |a,,| > 0
for all 1 <i <k and |ay,| > 1 for some 1 <i < k. Let

) g, — )
M = {j eM: a Ijré&}@f{‘a]‘}}'
(a) In the case of a; # 1 for all 1 < i < k and ZjeM/(_l)j # 0.

Then there exists an integer N such that
(1) If m > N and odd then m & Per(f).
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(2) If m > N and even then either m or m/2 is in Per(f).
(b) If

Sy e o
JjeM] JEM)
Then there exists an integer N such that

(1) If m > N and odd then m € Per(f).
(2) If m > N and even then either m or m/2 is in Per(f).

Moreover if

JeM] JEM)

Then there are infinitely many odd or even periods.

Corollaries 3 and 5-(a)-(b) state that under the hypotheses men-
tioned there are infinitely many even and odd periods, moreover, all
odd numbers greater than N are periods of the map.

In section 3 we give a generalization of Theorem 2 and Corollary 3
to rational spaces of rank 1, which is stated in Corollary 10.

2. PROOFS OF THE RESULTS

Before proving Theorem 2, we need to introduce and prove some
preliminary results. Throughout this section we set X = S™ x---xS",
with n; < --- < ng, and M the set of partial sums of ny, ..., ng.

Proposition 6. If k € M, with k = n;,+---+n;_, then ax, = a,, - - a,

s”

Proof. Let fun: +niy) ¢ Hny1niy (X, Q) = Hy, 4y (X,Q) be the in-
duced map of f in the corresponding homology space. Since Hy, 1, (X, Q) =
H,, (X,Q)® H,, (X,Q), we have

f*(nil—s—niz)(gjl A x2) = Qn;, +ny, ($1 A fI)Q),

i1

where z; € Hni],. On the other hand, using the properties of the wedge
product:

f*(m-1+m-2)($1 Nxy) = fena, (@1) A f*mz(ﬂh) = (amlfﬁl) A (a%@)
= (an,, An,, )71 N\ T

Hence ay,, 4n;, = n; an,,. The statement follows by induction on the
index s. U
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Proposition 7. Let { P, () }m>1 be a family of polynomials with bounded
coefficients indexed by their degree. Given 5 € C, with |3| > 1. Then
there exist a positive integer N and positive constants Cg, Dg such that

(8) CslBI™ < [Pn(B)| < Dg| 8™, form > N.
If |B] = 1 then there exists a positive constant Cy

9) |Pn(B)] < Chm.

Proof. Let

Pm(x) = Cm,mxm + -+ Cm,1T + Cm,0,

with ¢, # 0 and |c,, ;| < K for all m > 0 and 0 < j < m and some
K independent from m.

Given (3, with || > 1, we can write

j2) — |Bm™ Cmm-1 CmoO|

[P (B)] = |BI™ |cmm + 3 + + B
It is quite clear that there exist a positive integer N and positive
constants Cj and Dg, satisfying (8). We remark that the values of
N, C3, Dg depends only of 8 and K.

If 8] = 1 taking C}; = K the inequality (9) holds. O
Proposition 8. Let 51, -+, 3, be complex numbers such that |5;] > 1
and

’BTl > maX{L ‘61’7 R ’/Br—l‘}‘
Let { P,,(z) }m>1 be a family of polynomials indexed by their degree. Let

i=1

for some d;’s. Then there exists N, which only depends on the [(;’s
and the bound of the coefficients of the polynomial family, such that
|A,| >0, for allm > N.

Proof. Using the triangular inequality we can write

|Am‘ Z |dTPm<ﬂ7‘)‘ - |d1Pm(ﬁl)‘ - ’dr—1Pm<5r—1)‘-

If we assume that |3;| > 1 for 1 <4 < r, and apply Proposition 7, for
each f3;, There exists a positive integer N; that if m > N
m)

|Am| > Dr|dr||5r|m - C’1|dl||51|m - r71|dr71||ﬁr71|m

= |B7“‘m (Dr|dr| —Cl|d1| é ﬁ;l

m

— e = Oy ldy|

Br
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Since |5;| < |B:], for 1 <@ < r —1, there exists Ny such that if m > N,
then |A,,| > 0.

If we suppose that one §; has norm equal 1, say |5,_1| = 1. Then, it
follows from (9):

[Aml = Dyldy[|5r[™ = Chlda||Ba|™ = - - Craldra||Br—a|™ — CF_ym

Br
57“72 " ’ m )
—Craldr 2| | == _Cr— dr—1|5—= | -
2| dr—2| 5, 1 1||Br!m

Hence there exists N3 such that if m > N3 then |4,,| > 0.

Note the previous argument can be extended when there are at most
r— 1, Bi’S with |52| = 1. U

In the previous proposition we assume the general case that the
coefficients of the polynomials P,,(z) are complex, the numbers f; and
d; are complex. However in the applications that we use through out
the article, the numbers 5; are integers and the coefficients of P,,(z) as
well as the numbers d;’s are in the set {0,1, —1}.

Proposition 9. Let 51, , 5, be real numbers such that |5;| > 1 and

B =+ = 1fel > maxtl, 1B, ., Bl

Let {P,,(x)}m>1 be a family of polynomials with bounded coefficients
and indexed by their degree. Let

for some d;’s.

(a) If B ="+ =B, and dj+ - - - +d, # 0 then there exists a positive
integer Ny such that |A,,| > 0 for m > Nj.
W) IfBi==B1=-Ps=-=-PBrand dj+ - +ds_1 +

(=1)"™(ds+---+d,) # 0, for all m; then there exists a positive
integer Ny such that |Ap,| > 0 for m > Ns.

(© [ffr= = for=—Pom =B and dy+ -+ dyy —
(ds+---+d,)=0o0rd+---+ds_1+ds+---+d. = 0 then there
exists a positive integer N3 such that |A,,| > 0 for m > N3 for
m odd or even.
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Proof. Using the triangular inequality we have:

(10) [Am| = [Sm(B)] = |d1 P (B1)| = - -+ = |11 P (Bi—1)]
where S,,(8) = d.Pp(B,) + -+ + di P (5)).
If 5, =---=p,=p then

Sm(ﬁ) = drpm(ﬁr> et lem(ﬁl) = Pm(ﬁ)(dr + dl)'

By Proposition 7, if d.+- - -+d; # 0, then there exists positive constants
D >0, Cy,...,C;_1 such that

|A| > |8 Dld, + - - -+ di| — Ch|d||f1|™ — -+ - — Cioaldi—a || Bi—a | ™.

Using similar computations as in the proof of Proposition 9, we con-
clude statement (a).

Ifpg = =pBs-1=—Bs=--+=—3 = —0, then

Sm(ﬁ) = lem(ﬁl) + -+ dsflpm(ﬁsfl) - dspm(ﬁs) - der(ﬁr>
= P.B)di+ - -+ds1)+ Pu(=p)ds + - -+ d,).
Therefore S,,(5) is a polynomial of degree m in [, and the coefficient
of ™ is
di+ -+ dsor + (=1)"ds + -+ + d.
fd+---+ds1+ds+---d. #0and d+---+ds_ 1 — (ds+---d,) #0,
using the same argument as in (a), we get statement (b).

Observe that dj+---+ds_1+(—1)"(ds+- - - d,) = 0, cannot occur for
m even and odd, unless in the trivial case. Suppose that d;+---+d,_ 1+
(—1)™(ds+---d,) = 0for meven, so d;+- - -+ds_1+(—=1)"(ds+ - - d,.) #
0 odd. By using the arguments of Proposition 8, we get |A,,| > 0, for
arbitrary large odd m. U

Proof of Theorem 2. If all |ay,| > 1 then |an, - an,| > |an, - an, |,
with 1 < s < k, with equality only in the trivial case. From Proposi-
tion 6,

|a7l1 o 'ank| - r]%%\;[(ﬂa]” > 1?

and moreover if j € M and j # nq + -+ - + ny then |a;| < |an, - an, |-

We apply Proposition 8 to ¢(f™), since its expression given in (6) is
in the same format as A,, in this proposition. By (7) the polynomial
Q(z) is of degree m and its coefficients are 0 or £1. Therefore if we
substitute the polynomial @,,(z) by P, (z) in Proposition 8, we can
conclude that there exists N such that ¢(f™) # 0, for m > N. O
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Proof of Theorem 4. From Proposition 6 the number n;, +--- 4+ n;, is
an element of M’ and it has more elements if there are |a,,| = 1, for
some 1 < j <k,

In the case a,;, = 1 whenever |a,,| = 1, we have a; = ay if j,j" €
M'. From Proposition 9-(a) it follows that if 37, (~1) # 0, then
0(f™) # 0, for m sufficiently large. Proving statement (a).

If there are a,, = —1, for some j. We consider the partition of the
set M’ into M{ and M where a; > 0 if j € M{ and a; < 0 if j € Mj.
From Proposition 9(b) it follows that if

YD (1| £,

JjeEM] jeEM)
then ¢(f™) # 0, for m sufficiently large. Proving statement (b).
If the sets M| and M} are not empty and

S | S =00 | Do (1Y | =0

jeM] jeM) jeM] JEM)

Then £(f™) # 0, for m sufficiently large odd numbers or even numbers.
Proving statement (c). O

3. RATIONAL EXTERIOR SPACES OF RANK 1

In this section we generalize the previous results for maps on ratio-
nal exterior spaces of rank 1. Those spaces were introduced by Duan
in [3]. In order to define them, we need to introduce some concepts
and notation, for this we follow [3] and [5].

Let X be a topological space and H"(X, Q) is n-th cohomology over
the rationals and H*(X,Q) = ®@H"(X,Q) is the cohomology algebra
of X over the rationals, with respect of the cup product. We say
that € H"(X,Q) is decomposable is there is (z;,y;) € H?(X,Q) x
H%(X,Q), where p; and ¢; are positive integers such that p; +¢; =n
and z = ) z; Uy;, where U is the cup product of H*(X,Q). Let
D™(X) be the the subspace of H"(X, Q) of all decomposable elements,
AM(X) = H(X,Q)/D™"(X) and A(X) = ®A™(X), which is a graded
vector space over Q. The dimension of A(X) over Q is called the rank
of X.
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Let f be a continuous self-map on X, we denote by A"(f) the in-
duced homeomorphism on A™(X) and A(f) the induced graded home-
omorphism on A(X).

We say that X is a rational exterior space if X is a connected
topological space with homogenous elements z; € H°(X,Q), with
i =1,...,7r such that the inclusions x; — H*(X,Q) give rise to a ring
isomorphism Ag(z1,...,z,) = H*(X,Q), where Ag(xy,...,2,) is the
exterior algebra generated by the x;’s.

All finite dimensional Lie groups are rational exterior spaces. The
rank of the n-dimensional torus is n. The rank of S” x S™ is 2. The rank
of the space consider in this article is 1, i.e. X =S" x --- x S™, with
the set of partial sums of the n;’s being a sum free set. The following
Lie groups are rational exterior spaces of rank 1: SU(2), SU(3), SU(4),
SO(3), SO(5), SO(7), Sp(1), Sp(2) and Sp(3) (cf. [13]).

The proof of Corollary 3 can be adapted vis-a-vis for transversal
maps on rational exterior spaces of rank 1, which are compact mani-

folds.

Corollary 10. Let X be a compact manifold, which is a rational ex-
terior space of rank 1 and f be a transversal self-map on X, with
AI(f) = (a;), whenever HI (X, Q) is not trivial. If there exists i such
that |a;| > |a;| > 1 for all j # i. Then there exists an integer N such
that

(1) If m > N and odd then m € Per(f).
(2) If m > N and even then either m or m/2 is in Per(f).
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