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ABSTRACT 
 

In this article, effective numerical methods for the solution of fractional order delay differential equations 
(FODDEs) are presented. The fractional derivative (FD) is defined in Caputo sense. Shifted Legendre 
polynomials are used in the Collocation and Galerkin methods to convert FDDEs to the linear and/or 
nonlinear system in algebraic form of equations. Example problems are addressed to show the powerfulness 
and efficacy of the methods. 
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1. INTRODUCTION  
 

Fractional Calculus (FC) is a vital branch in 
applied mathematics. It is a generalization of the 
classical ordinary calculus (differentiation and 
integration) to an arbitrary order. FC arises in 
electromagnetism, rheology, 
electrochemistry,viscoelasticity, and so on. For 
points of interest, one may see the references [1-5]. 
In current years, physicists likewise 
mathematicians have dedicated considerable efforts 
to discover robust and stable semi-approximate, 
numerical and analytical methods aimed at solving 
the fractional differential equation of substantial 
interest. Some of the numerical techniques may be 
recorded as a generalized differential transform 
method (See [6] to [7]), Sumudu transform method 
[8], Adomian decomposition method (See [9] to 
[10]), homotopy perturbation technique (See [11] 
to [13]), Residual power series method (See [14] to 
[15]), differential transform method (See [16] to 
[18]) and Homotopy analysis method [19]. One 
may see the detailed study on fractional calculus in 
[20]. Also, a new solution method in analytical 
form has been presented in [21] to solve “The 
Time-Fractional Coupled-Korteweg-deVries 
Equations” through homotopy decomposition 

method by the same researchers. The sinc methods 
have been illustrated in [22] and extended in [23] 
by Frank Stenger. The sinc functions have been 
firstly examined in Ref. [24-25]. In Ref. [26-27], 
the sinc-Galerkin method has been applied to the 
nonlinear differential equations processing 
homogeneous and or nonhomogeneous boundary 
conditions.  

Differential Equations (DEs) are of various 
forms. They appear in several arms of disciplines 
ranging from social sciences (as in the theory of 
economics), sciences, and engineering with basic 
structures in modeling. DEs can be ordinary or 
partial in nature. In pure and applied mathematics, 
Delay Differential Equations, shortly written as 
DDEs represent a type of DE where the unknown 
derivative functions at a specific time is defined in 
terms of values of the concerned function at 
previous times. DDEs can take systematic forms. 
The delay term or function can be proportion or 
constant. substantial skill, softwares and methods 
are required to solve a realistic system of  DDEs. 
Therefore, obtatining the solutions of DDEs (if 
they exist) need reliable and effective solution 
approaches. 
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In this paper, two methods (Shifted Legendre 
polynomials and Galerkin) are proposed for 
handling the FODDEs. However, to the best of our 
knowledge, Legendre Galerkin and Legendre 
Collocation methods have not been used for the 
fractional order delay differential equations. It may 
be worth mentioning that these well-known 
methods turn out to be simpler for handling the 
titled problems by the use of the shifted Legendre 
polynomials. Fractional order delay differential 
equation may be written as [28], 
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where  denotes the fractional-order derivatives, 
BD boundary conditions, and h  represents the 
supposed continuous  function in delay form 

defined on the interval  ,a b . 

The remaining parts of the article are organized 
as follows. Some essential definitions in line with 
titled problems are introduced are contained in 
Section 2. Similarly, in Section 3, the mathematical 
expression of the Legendre series is included. 
Legendre Collocation and Legendre Galerkin 
methods w.r.t fractional order delay differential 
equation are proposed in Section 4 and 5. In 
Section 6, four cases of examples are included to 
demonstrate the effectiveness and accuracy of the 
present method. Also, a conclusion is given in 
Section 7. 

2. PRELIMINARIES 

Definition 2.1 (See [4] and [5]): 

According to Riemann-Liouville, the fractional 

differential (FD) operator D   of order   is 
defined as: 
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where ,n Z   R  and 
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(3)  

Definition 2.2 (See [1], [2] and [5]): 

In fractional order form, the Riemann-Liouville 

integral operator J  is described as 
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Following Podlubny [5] we may have 
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Definition 2.3 (See [2], [4] and [5]): 

The Caputo FD operator D of order  is given 
as 
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3. MATHEMATICAL EXPRESSION FOR 
LEGENDRE SERIES  

 
The Legendre polynomials are well-defined on a 

given interval  1,1 .I    The following 

recurrence formula yields these polynomials [29] 
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where 1)(0 xp  and xxp )(1 . The 

analytic form of the Legendre polynomial of order 
n  is given by 
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In order to handle the title problem on the 

defined interval,  0,1 , )(xn  is defined as the 

shifted Legendre polynomials. These are defined in 

term of Legendre polynomials )(xpn  by the 

following relation 

)12()(  xpx nn , and the recurrence formula 

for this is 
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where 1)(0 x  and 12)(1  xx . The 

shifted Legendre polynomial )(xk of degree k   

in analytic form is given by 
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where   (1) 1,  and (0) 1
k

k k    .  

Thus, the condition for orthogonality is: 
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It may be noted that Legendre polynomials can 
easily approximate the solution of a given 
differential equation with dependent variable, 
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4. LEGENDRE GALERKIN METHOD  

 
Consider the FODDE of the form [28] 
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We assume the following as an approximate 
solution for (12): 
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where  xh  controls the boundary conditions and 
,

i s  are the shifted Legendre polynomials. 

Substituting Eq. (13) in Eq. (12) one may get the 
residual R as [30]. 
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Eq. (14) gives  1n  system of equations 

involving  1n  unknown variables, that can be 

resolved by using any known method. Thereafter, 

substituting the estimated constants 0 1, , , nc c c
 

in Eq. (13) one may get the approximate solution 
for Eq. (12). 

 
5. LEGENDRE COLLOCATION METHOD  

 
Consider the FODDE of the form [28] 
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Again, an approximate solution of (15) is assumed 
to satisfy the boundary condition with the unknown 

constants  :  0 1ic i n   as: 
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where  xh  controls the boundary conditions and 
,

i s are the shifted Legendre polynomials 

Substituting Eq. (16) in Eq. (15) one may get the 
residual R  as [30] 
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In this method, we force the residual, R  to 
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Here also, Eq. (17) gives  1n  system of 

equations involving  1n  unknown variables 

that can be resolved by any known method. 

Substituting the estimated constants 0 1, , , nc c c  

in Eq. (16) one can get the solution approximation 
for the original Eq. (15). 

6. NUMERICAL RESULTS   
 

Here, the proposed methods are implemented for 
both linear and nonlinear examples of FODDEs. 
The first two examples are solved by Legendre 
Galerkin method, and examples 3 and 4 are solved 
by using Legendre Collocation Method. Solutions 
of these examples are thereafter compared with 
those from Legendre Pseudospectral method. 
 
Example 1. Consider the nonlinear FODDE of the 
form [28]: 
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where  h x x  which will control the boundary 

conditions. 
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where  10  , and 121  x  are the shifted 

Legendre polynomials in the domain [0 1]. 

Using the function )(xh , 0  and 1 in Eq. (20), 

we have 
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Now by using Legendre Galerkin Method, we have 
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Solving the above two nonlinear systems of 
equations, we obtain 
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So, the following solves the FODDE: 
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One may see that the exact solution of Eq. (18) 
agrees precisely by taking two terms. The 
numerical results of the present solution and 
solution solved by Legendre pseudospectral 
method are given in table 1. The behavior of the 
exact and present solutions of this example has 
been presented in figure 1 
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Figure 1: Graphic Of Exact And Present Solutions Of Example 1.

Table 1: Comparison Of The Present Solution With 

Ref. [28] 

 

Example 2. Here, the following form of linear 
FODDE is considered [28]: 
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Here we take 4 term solution as till 3 term solution 
it was not converging. 

As such let us take 
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                                                                            (26) 

where xxh )( , which will control the boundary 

conditions. 

The residual 
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.                                           (27)     

where 3210 &,,  are the shifted Legendre 

polynomials of order zero, one, two, and three. 

Here: 

x  Present solution 
1n   

solution [28] 

0.0 0.000 0.00 

0.1 0.0099 0.01 

0.2 0.040 0.04 

0.3 0.090 0.09 

0.4 0.160 0.16 

0.5 0.250 0.25 

0.6 0.360 0.36 

0.7 0.490 0.49 

0.8 0.640 0.64 
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Substituting the shifted Legendre polynomials 
given in [28] and ( )h x x , in Eq. (27), we have 
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Using Legendre Galerkin Method, we have 
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Solving Eqs. (29) to (32) we have 
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The following solution solves the original Eq. (25): 
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One may see that the exact solution of Eq. (25) 

agrees by taking four terms. The numerical results 

of the present solution and the solution solved by 

Legendre Pseudospectral method are given in table 

2. The behavior of the exact and present solutions 

of this example has been represented in figure 2. 
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Figure 2:  Graphic Of Exact And Present Solutions Of Example  2. 

 
Table 2: Comparison Of The Present Solution With Ref. [28]. 

x   Present solution  Ref.[28] 

1n   2n   3n  

0.0   0.0   0.0   0.0   0.0  

1.0   31812.00292 10   49.99999 10   31.00000 10   31.00000 10  

2.0   33595.02821 10   7.9999910 3  
38.00000 10   38.00000 10  

3.0   35349.07587 10   310*99999.26    310*00000.27    310*00000.27   

4.0   37074.14590 10   310*99999.63    310*00000.64    310*00000.64   

5.0   310*23829.8770    124.99999*10 3   310*00001.125    310*00000.125   

6.0   210*73530.1043    310*99999.215  310*00001.216  310*00000.216 

7.0   210*54901.1207    310*99999.342    310*00001.343    310*00000.343   

8.0   210*46496.1368    310*99999.511    310*00001.512    310*00000.512   

Example 3.  In this case, we consider the 

nonlinear fractional order delay differential 

equation [28] 
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  (33)                                                                                       

Now taking two terms guess solution, we have 
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where xxh )(  which will control the boundary 

conditions. 
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(34)            

The suitable collocation points which are the roots 

of the shifted Legendre polynomials )(2 x  and 

their values may be taken as [28] 
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As such 0x in Eq. (34) gives 
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Also at the point 1x , Eq. (34) becomes, 
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Solving the system of nonlinear Eqs. (36) and (37) 
we have 
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One may see that the exact solution of Eq. (33) 
agrees well by taking two terms only. The 
numerical results of the present solution and the 
solution solved by Legendre pseudospectral 
method [28] are given in table 3. The behavior of 
the exact and present solutions of this example has 
been presented in figure 3. 

 
Figure 3: Graphic Of Exact And Present Solutions Of Example 3. 
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Table 3: Comparison Of The Present Solution With Ref. 
[28]. 

x  Present solution 
1n  

Solution [28] 
 

0.0 0.000 0.00 

0.1 0.0099 0.01 

0.2 0.0399 0.04 

0.3 0.0899 0.09 

0.4 0.1599 0.16 

0.5 0.2499 0.25 

0.6 0.3599 0.36 

0.7 0.4899 0.49 

0.8 0.6399 0.64 

 

Example 4. Here, the following form of  linear 
FODDE is considered [28]: 
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 (38)                                                                        

Taking four terms guess solution, we have 
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(39) 

where  h x x  will control the boundary 

conditions. 

Here: 
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For collocation point, we use the roots of the 

shifted Legendre polynomials )(5 x and )(2 x . 

Accordingly putting: 
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
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in Eq. (39),  we have
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                                                                            (40) 

Similarly substituting: 

 1 2 3

3 3
,  0.5,  and 0.769

6
2x x x


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in Eq. (39) we have the following respectively: 
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a a       (42)               

and 

1 2

3 0
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a a

a a      (43) 

Solving Eqs. (40) to (43) we get 
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As such, the solution to Eq. (38) may be written as 
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One may see again that the exact solution of Eq. 
(38) agrees fully by taking four terms. The 
numerical results of the present and exact solution 
solved by Legendre Pseudospectral method [28] 
are given in table 4. The behavior of the exact and 
present solutions of this example has also been 
represented in figure 4. 

 

 

Figure 4: Graphic Of Exact And Present Solutions Of Example 4. 

Table 4: Comparison Of The Present Solution With The Solution Of Ref. [28]. 

x  Present solution Ref.[28] 
 

1n  2n  3n  

0.0  0.0  0.0  0.0  0.0  

1.0  31687.53452 10  49.99999 10  31.00000 10  31.00000 10  

2.0  33349.86327 10  37.99999 10  38.00000 10  38.00000 10  

3.0  34986.98624 10  326.99999 10  327.00000 10  327.00000 10  

4.0  36598.90343 10  363.99999 10  364.00001 10  364.00000 10  

5.0  38185.61485 10  3124.99999 10  3125.00000 10  3125.00000 10  

6.0  39747.12049 10  3215.99999 10  3216.00004 10  3216.00000 10  

7.0  21128.34203 10  3342.99999 10  3343.00007 10  3343.00000 10  

8.0  21279.45144 10  3511.99999 10  3512.00001 10  3512.00000 10  
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7.0  CONCLUSIONS 

In this present paper, two proposed methods 
have been successfully applied to the fractional 
delay differential equations (FDDEs). It is 
remarked to the best of our knowledge, that 
Legendre Galerkin and Legendre Collocation 
methods have not been used for solving the 
FDDEs. Furthermore, these well-known methods 
appear simpler in application for handling the titled 
problems by the use of the shifted Legendre 
polynomials. From the above results, one may 
draw the following conclusions: 

(i) The present solutions are in excellent 
agreement with the exact solutions. 

(ii) The accuracy of present methods may be 
improved by taking more terms of shifted 
Legendre polynomials in different other 
problems. 

(iii) These methods are used in linear and 
nonlinear fractional differential equations, 
and the solutions are validated. 

CONFLICT OF INTERESTS 

No conflict of interest is declared by the authors. 
 
ACKNOWLEDGEMENTS 
 

The first author1 acknowledges the Department 
of Science and Technology of Govt. of India for 
providing INSPIRE fellowship (IF170207) to 
perform the present research. Similarly, the 
authors3,4 appreciate the CUCRID department of 
Covenant University for supporting this research. 

 
REFERENCES 

[1] A.A. Kilbas, H.M. Srivastava and J.J. 
Trujillo. Theory and Applications of 
Fractional Differential Equations, Elsevier 
Science B.V, Amsterdam, (2006). 

[2] V. Kiryakova. Generalized Fractional 
Calculus and Applications, Longman 
Scientific & Technical, Harlow co-
published in the United States with John 
Wiley & Sons, Inc., New York (1994). 

[3] V. Lakshmikantham and A.S. Vatsala. 
Basic theory of fractional differential 
equations, Nonlinear Anal. 69 (2008), 
2677-2682. 

[4] K.S. Miller and B. Ross. An Introduction 
to the Fractional Calculus and Differential 
Equations. John Wiley, New York (1993). 

[5] I. Podlubny. Fractional Differential 
Equation, Academic Press, San Diego 
(1999). 

[6] S. Momani, Z. Odibat and V.S. Erturk. 
Generalized differential transform method 
for solving a space- and time-fractional 
diffusion-wave equation, Physics Letters 
A. 370 (2007), 379–387. 

[7] Z. Odibat and S. Momani. A generalized 
differential transform method for linear 
partial differential equations of fractional 
order, Applied Mathematics Letters. 
21.(2008), 194–199. 

[8] R.M. Jena and S. Chakraverty. Analytical 
solution of Bagley-Torvik equations using 
Sumudu transformation method, SN 
Applied Sciences. 1(3) (2019), 246. 

[9] S.O. Edeki, T. Motsepa, C.M. Khalique 
and G.O. Akinlabi. The Greek parameters 
of a continuous arithmetic Asian option 
pricing model via Laplace Adomian 
decomposition method, Open Phys. 16 
(2018), 780–785. 

[10] M. Yavuz and Ozdemir. N. A Quantitative 
Approach to Fractional Option Pricing 
Problems with Decomposition Series, 
Konuralp Journal of Mathematics. 6 (1) 
(2018), 102-109. 

[11] R.M. Jena and S. Chakraverty. Solving 
time-fractional Navier–Stokes equations 
using homotopy perturbation Elzaki 
transform, SN Applied Sciences. 1(1) 
(2019), 16. 

[12] Q. Wang. Homotopy perturbation method 
for fractional KdV Burgers equation, 
Chaos, Solitons and Fractals. 35 (2008), 
843–850. 

[13] O. Abdulaziz, I. Hashim and E.S. Ismail. 
Approximate analytical solution to 
fractional modified KdV equations, 
Mathematical and Computer Modelling. 
49 (2009), 136–145. 

[14] R.M. Jena, and S. Chakraverty. A new 
iterative method based solution for 
fractional Black–Scholes option pricing 



Journal of Theoretical and Applied Information Technology 
29th February 2020. Vol.98. No 04 

 © 2005 – ongoing  JATIT & LLS   

 

ISSN: 1992-8645                                                                  www.jatit.org                                                      E-ISSN: 1817-3195 

 
547 

 

equations (BSOPE),  SN Appl. Sci. 1 
(2019), 95. 

[15] R.M. Jena and S. Chakraverty. Residual 
Power Series Method for Solving Time-
fractional Model of Vibration Equation of 
Large Membranes, J. Appl. Comput. 
Mech. 5(4) (2019), 603-615. 

[16] A. Secer, M.A. Akinlar and A. Cevikel. 
Efficient solutions of systems of fractional 
PDEs by the differential transform 
method, Advances in Difference 
Equations,  2012 (2012), 7pages. 

[17] S.O. Edeki, O.O. Ugbebor and E.A. 
Owoloko.  Analytical Solutions of the 
Black–Scholes Pricing Model for 
European Option Valuation via a 
Projected Differential Transformation 
Method, Entropy, 17 (2015), 7510-7521. 

[18] M. Kurulay, M.A. Akinlar and R. 
Ibragimov. Computational solution of a 
fractional integro-differential equation, 
Abstract and Applied Analysis, 2013 
(2013), 4pages. 

[19] R.M. Jena, S. Chakraverty and  S.K. Jena, 
Dynamic Response Analysis of 
Fractionally Damped Beams Subjected to 
External Loads using Homotopy Analysis 
Method, J. Appl. Comput. Mech., 5(2) 
(2019), 355-366. 

[20] A. Atangana and A. Secer. A note on 
fractional order derivatives and table of 
fractional derivatives of some special 
functions, Abstract and Applied Analysis, 
2013 (2013), 8pages. 

[21] A. Atangana and A. Secer. The time-
fractional coupled-Korteweg-de-Vries 
equations, Abstract and Applied Analysis, 
2013 (2013), 8pages. 

[22] F. Stenger. Approximations via 
Whittaker’s cardinal function, Journal of 
Approximation Theory, 17 (1976), 222–
240. 

[23] F. Stenger. A sinc-Galerkin method of 
solution of boundary value problems, 
Mathematics of Computation, 33 (1979), 
85–109. 
 

[24] E.T. Whittaker. On the functions which 
are represented by the expansions of the 
interpolation theory, Proceedings of the 
Royal Society of Edinburgh, 35 (1915), 
181–194. 

[25] J. M. Whittaker. Interpolation Function 
Theory, Cambridge Tracts in 
Mathematics and Mathematical Physics,  
Cambridge University Press, London, UK, 
33 (1935). 

[26] M. El-Gamel and A.I. Zayed. Sinc-
Galerkin method for solving nonlinear 
boundary-value problems, Computers & 
Mathematics with Applications, 48 
(2004), 1285–1298.  

[27] M. El-Gamel, S.H. Behiry, and H. 
Hashish. Numerical method for the 
solution of special nonlinear fourth-order 
boundary value problems, Applied 
Mathematics and Computation, 145 
(2003), 717–734. 

[28] M. M  Khader and A.S Hendy. The 
approximate and exact solution of the 
fractional-order delay differential 
equations using Legendre seudospectral 
method, International Journal of Pure 
and Applied Mathematics, 74 (2012), 287-
297. 

[29] W.W. Bell. Special Functions for 
Scientists and Engineers, Great Britain, 
Butler and Tanner Ltd, Frome and 
London (1968). 

[30] R.B. Bhat and S. Chakraverty. Numerical 
analysis in engineering, Alpha Science 
International Ltd, (2007). 
 

 
 


