-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by MAnnheim DOCument Server

Stoch PDE: Anal Comp
https://doi.org/10.1007/s40072-020-00166-7

®

Check for
updates

Stochastic analysis with modelled distributions

Chong Liu' - David J. Promel?® - Josef Teichmann’

Received: 15 May 2019 / Revised: 22 December 2019
© The Author(s) 2020

Abstract

Using a Besov topology on spaces of modelled distributions in the framework of
Hairer’s regularity structures, we prove the reconstruction theorem on these Besov
spaces with negative regularity. The Besov spaces of modelled distributions are shown
to be UMD Banach spaces and of martingale type 2. As a consequence, this gives
access to a rich stochastic integration theory and to existence and uniqueness results
for mild solutions of semilinear stochastic partial differential equations in these spaces
of modelled distributions and for distribution-valued SDEs. Furthermore, we provide
a Fubini type theorem allowing to interchange the order of stochastic integration and
reconstruction.

Keywords UMD and M-type 2 Banach spaces - Regularity structures - Stochastic
integration in Banach spaces - Stochastic partial differential equations
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1 Introduction

Modelled distributions are the spine of Hairer’s theory of regularity structures [14]:
they constitute a way to describe locally generalized functions of certain degrees of (ir-)
regularity by means of functions (“modelled distributions”) taking values in a graded
vector space (“regularity structure”), which satisfy certain graded estimates. A good
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and simple example are Holder continuous functions, which can be locally described
by the coefficients of their Taylor’s expansion up to a certain order around each point
with respect to polynomials. One of the key insight of the theory of regularity structures
is that the solutions of some singular stochastic partial differential equations, like the
KPZ equation or the 2D parabolic Anderson model, are more suitable described using
an enlarged basis of monomials.

In the abstract setting of regularity structures, the so-called reconstruction operator
provides a way to continuously map the modelled distributions' to generalized R¥-
valued functions on space-time, which is the assertion of the celebrated reconstruction
theorem, see Theorem 3.10 in [14]. In the seminal work [14], the spaces of modelled
distributions are equipped with the direct analogues of Holder norms, which was more
than sufficient for the original applications and it is most natural from the point of view
of the reconstruction theorem.

However, with stochastic analysis and especially stochastic integration in mind, the
more general Besov and, in particular, Sobolev—Slobodeckij type norms are a more
natural choice since these norms provide a suitable geometric structure to have a rich
stochastic integration theory at hand, as we will demonstrate in the second part of the
present paper. Other motivations to work with specific Besov norms on the spaces of
modelled distributions recently arose in the work [17] of Hairer and Labbé, where
the solution to the multiplicative stochastic heat equation starting from a Dirac mass
is constructed, and in the work [6] of Cannizzaro, Friz and Gassiat, where Malliavin
calculus is implemented in the context of regularity structures.

It is the goal of the first part of the article to show that the reconstruction theorem
still holds in full generality if the spaces of modelled distributions are equipped with
Besov norms. While [16] already provide the reconstruction theorem for Besov spaces
of modelled distributions assuming the regularity parameter to be positive, we comple-
ment their result by proving the reconstruction theorem for Besov spaces with negative
regularity, see Theorem 2.11. As in the case of Hairer’s original reconstruction theo-
rem, these two regimes require different proofs but both can be proven along similar
lines of arguments as used by Hairer’s original proof on the existence of the recon-
struction operator. Let us also mention that the reconstruction theorem was recently
obtained by Hensel and Rosati [18] for Triebel-Lizorkin type spaces with positive
regularity parameter. A natural application of the reconstruction operator applied to
modelled distributions with negative regularity is Lyons—Victoir’s extension theorem
[20], cf. [11, Proposition 13.23].

The reconstruction operator R maps modelled distributions to generalized functions
in a linear and bounded way with additional continuous dependence on the underly-
ing model. The reconstruction operator can be considered as an abstract integration
operation, which depends on the particular regularity structure. It generalizes Young
integration [30] and controlled rough path integration [13,21], etc. The main result
of this article (Theorem 3.3) can be seen as a Fubini type theorem, which asserts for
modelled-distribution-valued predictable processes H and a Brownian motion W that
the order of “integration” can be interchanged

I Collections of “Taylor” coefficients around each point w.r.t. a set of abstract monomials
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<R((H W), 1//> = ((R(H), V) e W)

for every test function v, where (H e W) denotes the stochastic integral of H w.r.t. W.
This Fubini type theorem has a deeper meaning if the Besov space D}’,,q of modelled
distributions has a geometric structure such that a rich stochastic integration theory is
accessible.

There are several approaches to stochastic integration for Banach space valued pro-
cesses, some of them involve properties of the Banach space like martingale type 2
or unconditional martingale difference (UMD). It depends on the purpose in mind,
which property is actually needed, but for integrals with respect to Brownian motion
martingale type 2 or UMD is favorable and both allow for treating stochastic partial
differential equations like stochastic evolution equations in Banach spaces, see e.g.
[3,4] or [29]. We shall prove here that the Besov space D;,q of modelled distributions
(for p, g > 2) has indeed the martingale type 2 and the UMD property, respectively,
see Proposition 3.2. Since this suffices to set up a rich stochastic integration theory
as needed for the treatment of stochastic partial differential equations with Brownian
drivers like in the books of Da Prato—Peszat—Zabczyk [10,25], the results in the second
part of the article pave the way to combine the powerful tools of stochastic integration
and Hairer’s theory of regularity structure in a novel way. As an exemplary applica-
tions, we present existence and uniqueness results for mild solutions of semilinear
stochastic partial differential equations with multiplicative noise in Besov spaces of
modelled distributions and for It6 stochastic differential equations on spaces of Holder
functions with certain unbounded vector fields. Furthermore, using the reconstruction
operator and the Fubini type theorem, we show that semilinear SPDEs in classical
Besov spaces can be equivalently considered as semilinear SPDEs in suitable Besov
spaces of modelled distributions.

Organization of the paper In Sect. 2 we briefly introduce the necessary elements
of regularity structures and prove the reconstruction theorem for Besov spaces of
modelled distributions. The Banach space properties of these spaces are established
in Sect. 3 as well as the Fubini type theorem. As applications, we treat semilinear
stochastic partial differential equations in Besov spaces of modelled distributions in
Sect. 4 and distributions-valued It6 stochastic differential equations in Sect. 5.

Notation Throughout the entire paper, we are given a scaling s := (s1,...,54) €
N? and we consider the s-scaled “norm” |x|s := Sup;_i...4 lxi|V/% for x =
(x1,...,xq) € R4 and d € N. The ball in R?, around x € R with radius R > 0 and
with respect to the s-scaled norm is denoted by B (x, R). The zero is included in our
notation of natural numbers N = {0, 1, 2, ...} and for a multi-index k € N9, we set
k| :=|(k1y ... k)| :=k1 4 -+ kg, |kls := s1k1 4+ - - +5qkq, and k! := k! - kg!.

For two real functions «, b depending on variables x one writesa < bora <; b
if there exists a constant C(z) > 0 such that a(x) < C(z) - b(x) for all x, and a ~ b
ifa < band b < a hold simultaneously. By |a] for a number ¢ € R we mean
la] :=sup{beZ : b <a}.

The space of Holder continuous functions ¢ : RY — R of order r > 0 is denoted
by C", that is, ¢ is bounded if r = 0, Holder continuous for 0 < r < 1 (which amounts
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precisely to Lipschitz continuous for » = 1, the derivative does not necessarily exist).
For r > 1 not an integer the function is |r]-times continuously differentiable and
the derivatives of order |r| are Holder continuous of order r — |r|. The space C” is
equipped with the norm

[7]
Ifller ==Y ID* Flloo + Ly 1DV £l 1),

k=0

where ||-|| g denotes the B-Holder norm for 8 € (0, 1), and ||-|| denotes the supremum
norm. For integers r > 1 the (r — 1)-th derivative exists and is Lipschitz continuous. If
a function ¢ € C" has compact support, we say ¢ € (. Additionally, we use ¢ € B’ if
¢ € Cyis such that [|¢llor < 1andsuppe C B(0, 1), and ¢ € B}, forn e Nif ¢ € B
and ¢ annihilates all polynomials of scaled degree at most 7. As usual C*° = C*°(R)
stands for the space of smooth functions ¢: R — R and Co° is the subspace of
all smooth functions with compact support. The space D' = D' (R?) is the space of
(tempered) distributions, that is, the topological dual of the Schwartz space of rapidly
decreasing infinitely differentiable functions.

The space L? := L? (Rd, dx), p > 1,is the usual Lebesgue space, that is, the space
of functions f such that fRd | £(x)|? dx < oo. We also set LY := L9((0, 1), A~ 'dx)
for ¢ > 1 and write L?(R?; B) for the LP-space of functions f: R¢ — B where
B is Banach space. The notation (f, g) is used for the L?-inner product of f and g
as well as the evaluation of the distribution f against the test function g. The space
£P is the Banach space of all sequences (x,),eN such that ZneN |x,|? < oo and the
corresponding norm is denoted by || - ||¢».

2 Reconstruction operator and Besov modelled distributions

The theory of regularity structures was introduced by M. Hairer in the seminal work
[14]. Gentle introductions to this novel theory can be found, for instance, in [11,15]
or [7]. We recall here for the sake of completeness the fundamental objects in suitable
generality for the present paper. For the convenience of the reader our notation and
definitions are mainly borrowed from [14,15]. Let us start with the definition of a
regularity structure, of its models and of modelled distributions.

Definition 2.1 (Definition 2.1 in [14]) A triplet 7 = (A, T, G) is called regularity
structure if it consists of the following objects:

e An index set A C R, which is locally finite and bounded from below, with 0 € A.

o A model space T = @, To» Which is a graded vector space with each 7, a
Banach space and Ty &~ R. Its unit vector is denoted by 1.

e A structure group G consisting of linear operators acting on T such that, for every
I' e G,every @ € A, and every a € Ty it holds

I'a—ace @ Tp.

BeA; f<a
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Moreover, 'l = 1forevery I' € G.

Forany t € T and « € A we denote by Q,t the projection of 7 onto T, and set

Il := 1Qutll-

The basic idea behind the model space T is to represent abstractly the information
describing the “jet” or “local expansion” of a (generalized) function at any given point,
i.e. we prescribe a certain structure of local expansions of (generalized) functions,
which we have in mind. Each T, then corresponds to the “monomials of degree o
which are required to describe a (generalized) function locally “of order «”” and the
role of the structure group G is to translate coefficients from a local expansion around
a given point into coefficients for an expansion around another point, such that the
(generalized) function does not change. To make this interpretation clearer, we present
the abstract polynomials as very simple example of a regularity structure. A more
detailed discussion of this example can be found in Section 2.2 in [14] or Section 13.2.1
in [11]. Alternatively, the reader might keep in mind the theory of (controlled) rough
paths [13,21] as an example of a regularity structure, see Section 13.2.2 in [11].

Example 2.2 The polynomial regularity structure 7 is given by the space of abstract
polynomials in d variables. In this case the index set is the set of natural numbers,
that is A = N. The model space T = R[X1, ..., X4] is indeed a graded vector space
since it can be written as

T:@Ta with T, := span {X* : k| = «},

aeA

where span {X¥ : |k| = «} is the space generated by all monomials of degree «
and X* := X% ... X% Here we use for simplicity the scaling s := (1, ..., 1). The
canonical group action is G ~ (R4, 4) which acts on T via ', P(X) := P(X + h1)
forevery h € R and P(X) € T.

In order to associate to each “abstract” element in 7 a “concrete” (generalized)
function or distribution on R, M. Hairer introduced the concept of models.

Definition 2.3 (Definition 2.17 in [14]) Given a regularity structure 7= (A, T, G), a
model (T, TT) on R? is given by:

e AlinearmapI': R? x RY — G such that 'y 'y . = T, , forevery x, y, z € RY
and I'y , = 1, where 1 is the identity operator.

e A collection of continuous linear maps I, : T — D’ such that Iy =T oy,
for every x, y € R,

Furthermore, for every compact set < C R? and for every constant y > 0, there exists
a constant Cy, x > 0 such that the bounds

(M, 9}) < CyxcA®llTlle and [TyyTlg < Cyicllx — VE P ele @)
hold uniform over (x,y) € K x K, 1 € (0,1], 7 € T, fora < y and 8 < «, and

for all ¢ € B" with r > |inf A|. Additionally, we denote by || IT||, 1 and ||IT'[|,  the
smallest constant for which the first and second inequality in (2.1) holds, respectively.
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To illustrate the definition of a model, let us come back to Example 2.2.

Example 2.4 Given the polynomial regularity structure 7 = (A, T, G) from Exam-
ple 2.2, a corresponding model (T, IT) can be defined by the concrete polynomials on
R?. More precisely, the model (I, IT) is given by the action

Iy P(X):=P(X+ (x—y) and T, P(X):=P(-—x),

for X e T and x, y e RY,

The functions which can be described by the polynomial regularity structure and
the model as introduced in Examples 2.2 and 2.4, are the Holder continuous functions.
Indeed, take a function f € C¥ for some y > 0. Using the Taylor expansion of order
Ly |, one can associate to f a map f with values in T via

2. md A f(x) g
fiRY > @ T, C T with f(x):= Z T
acA, a<y keN, |k|<y ’

Equipping a suitable subspace of functions of the form

f:Rd—> @ To

€A, a<y

with the right topology, the map f +— f turns out to be a one-to-one correspondence
as proven in Lemma 2.12 in [14].

In the general context of regularity structures the “Holder continuous” functions
relative to a given model are the so-called “modelled distributions”. This class of
distributions locally “looks like” the distributions in the model. The precise definition
reads as follows.

Definition 2.5 (Definition 3.1 in [14]) Let y € R. The space of modelled distribu-
tions D? is given by all functions f: R? — T, such that for every compact set

K c R4 one has

1f Q) = Tay fDlla _ ~

£l := sup sup || f(x)lla + sup  sup

—
xeK acA, x,yeK  acA, |lx — y||§
lx=ylls=1
Here, we used the notation 7}, := D, A, T, where one denotes A, = {a € A :

o<yl

Maybe the most fundamental result in Hairer’s theory of regularity structures is the
reconstruction theorem (Theorem 3.10 in [14]): for every f € DY with y € R there
exists a distribution R f with some (possibly negative) Holder regularity on R such
that R f “looks like IT, f(x) near x” for every x € RY. In other words, it is always
possible to obtain from an abstract map f € DY a concrete distribution R f, which
locally looks in some sense like f.
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2.1 Reconstruction theorem for Besov spaces with negative regularity

As already discussed in the Introduction, from a probabilist’s point of view it seems
more desirable to work with L?-type norms instead of L°°-norms (as used to measure
Holder regularity as in Definition 2.5) since this has the great advantage to give access
to strong and highly developed techniques as stochastic integration. Therefore, we
would like to work with a generalized version of the space of modelled distributions
which is the analogue to classical Besov spaces. In this new setting it seems to be
very natural and convenient to introduce models possessing global bounds instead of
the local ones required in Definition 2.3. Therefore, following [16] we use a slight
modified definition of models but we will come back to the original framework of
regularity structures in Sect. 2.2.

Definition 2.6 (Definition 2.8 in [16]) Given a regularity structure 7 = (A, T, G), a
model (T, TT) on R? is given by:

e Alinearmap I': R? x R — G such that LyyIy, =T, foreveryx,y,z € R4
and I'y x = 1, where 1 is the identity operator.

e A collection of continuous linear maps I, : T — D’ such that IT y=1II, 0l
forevery x, y € R4,

Furthermore, for every constant y > 0, there exists a constant C), > 0 such that the
bounds

(Mt ¢2) < Cyalitle and [Teytlp < Cyllx —ylIE Pltle (22)

hold uniform over (x, y) € R x R4, ) € O,1, t e Tyfora < y and B < «,
and for all ¢ € B” with r > |inf A|. Additionally, we denote by ||T1|| := ||IT]|,, and
TN := IT'l, the smallest constant for which the first and second inequality in (2.2)
holds, respectively. In the following, we drop the dependence on y whenever it is clear
from the context.

Given two models (T, IT) and (T, TI) for the same regularity structure 7 =
(A, T, G), anatural pseudo-metric is induced by

s

_ Mt — 11 T, A
[IT — IT|| := sup sup sup sup sup I 1T i)l
xeRd peB 2€(0,1]a€A, TeT, s haip

”Fx,yt - Fx,y77||/3

I =T| := sup sup sup sup sup pomy: ,
(x,y)eRIxRY peB” 1€(0,1] p<acdy teTy |lx = ylls "lI7lla

where werecall A, :={d € A : a < y}.

For the rest of the subsection, we fix an arbitrary regularity structure 7= (A, T, G)
with an associated model (I, IT) satisfying global bounds in the sense of Definition 2.6.
Letus recall the scaling s = (s1, ..., 84) on R? and let K C R be a Borel measurable
set. For a measurable function f: RY — Ty*, yeR ae Ay and p, g € [1, 00), we
define
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1

P
M flallLr gy == (/zc |f I8 dX> o WS lallzr == I flallLr@rdy
and introduce the Besov norm

£ llly.paic =Y M Olall oy

a€Ay

+

dh )ql
Logey IRlIE

‘ |f(x+h) — x+h A f @la |7
[l

aeA, ( heB(0,1)

where K stands for the 1-fatting of the set K and where we used shortened notation
by writing Z(Ky'meaning ZaeAy. The norm || : |||y’p7q:Rd can 'be c'onsidered as the
analogue to classical Besov norms based on their definition using integrals, cf. for
instance [26] or [27].

Definition 2.7 Let y € R and p, ¢ € [1, 0c0). The Besov space Dg’q consists of all
functions f: R? — T, such that

Ay, p.g.re = 1flly.p.qg < o0

Further, we write D;yq (K) for the space of all functions f: K — T, such that
11 £l p.q.kc < 0o, for a compact set K C RY.

Remark 2.8 We would like to point out that the general Besov spaces D%, g were first
defined by Hairer and Labbé [16]. In an early version of the present article only the
special case of Sobolev—Slobodeckij spaces (also called fractional Sobolev spaces)
of modelled distributions were introduced, which appears to be sufficient in many
situations for stochastic integration. The Sobolev—Slobodeckij spaces correspond to
the Besov spaces D%’ p- Another different L”-counterpart of the original space D” of
modelled distributions were considered in [17], which is related to Nikolskii spaces
or in other words to Besov spaces D;,oo, see Definition 2.9 in [17].

Remark 2.9 The Besov spaces D;,q enjoy similar embedding properties as the well-
known embedding theorems for classical Besov spaces. In particular, the Besov spaces
are nested in their regularity parameter, that is D}/,l,q C D%z’q for y1 > y» and p,q €
[1, 00). For more sophisticated embedding results we refer to Section 4 in [16].

Because Hairer’s reconstruction operator maps modelled distributions possessing
some Holder regularity to generalized functions again possessing certain Holder regu-
larity, one expects a similar result also for modelled distributions with Besov regularity.
Here we focus on the Besov spaces with negative regularity since this suffices for our
reconstruction theorem, see Theorem 2.11 below. For the general definition we refer
to Definition 2.1 in [16] and to introductory books about Besov spaces as, for instance,
to [27] or [2].
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Definition 2.10 (Definition 2.1 in[16]) Leta < 0, p, g € [1, o0) and r € N such that
r > |a|. The Besov space B; g = B%’ q(Rd ) is the space of all distributions & on R?
such that

ne(y) == AT = X0 AT (g — Xa))

(€, n§>|‘
)\'Dl

oo,
Lp

sup <
neB’ (RY) Ly

where

forke(0,1],x:(x1,...,xd)eRdandy:(yl,...,yd)e]Rd.

The next theorem presents Hairer’s celebrated reconstruction theorem for the Besov
space D%,q with negative regularity y. The reconstruction theorem for the Besov
spaces D;,q with positive regularity y can be found in Theorem 3.1 in [16]. While
the reconstruction operator is unique in the later case, this uniqueness is lost for the
reconstruction operator acting on modelled distributions with negative regularity.

The9rem 2.11 Suppose that_oz =minA <y < 0,and [ € D%,q. If g = oo,
let & = «, otherwise take & < a. Then, there exists a continuous linear operator
R: Dg’q — B‘[’,,q such that

|

uniformly over all f € D}/,,q and all models (I1, ') in the sense of Definition 2.6.
Furthermore, let (T1, F_) be another model in the sense of Definition 2.6 for T_:
(A, T, G) and denote by ’D;’ p the Besov space of modelled distributions w.r.t. (I1, T").

Then, there exist continuous maps R : D%,q — B‘;’q and R : 5;,(] — B‘;’q which
satisfy the reconstruction bound (2.3) for (I1, I") and (T1, T), respectively, and

|

for f € D;,q and g € 5;’(1, where

(Rf — T f(x), )]
sup AV ”LP
neB’

SITA TN g 23)

q
LA

sup (Rf —Rg— Ty f(x) + Teg(x), n})| ‘
neB’ AV

Lr

1y 2.4)

S 15 gl g + gl . (T =TT + |7 = T

£ 8l g

= (v —seore],

+( /
B(0,1)

|f O+ h) — g(x +h) — xppa £ + T g0l
)L

q dn )i,>
LP@x) ||| '
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The proof works similarly to the one of the original reconstruction theorem (The-
orem 2.10 in [15]). However, the relevant estimates need to be generalized to the
new L7-setting provided by the Besov space D%,q, which, in particular, requires a
new/modified definition of the reconstruction operator, cf. (2.5). Before proving The-
orem 2.11, some preliminary discussion is in order:

First, we would like to remark that given f € Df,yq, forany C > 0Oand ¢ € A it
holds that

(/ |LG+D = Penef Ol e _h
heBO.C) e Lr(dx) |||

1
q
) S A+ TDIF Ny g

Indeed, if C € (0, 1], then the above inequality is trivial due to the definition of
|||f|||y,p,q. Now suppose that C = 2. Then we note that

1
</ Hlf(x+h) Cathox f ()¢ |14 dh >q
heB(0.2) e LP @) |2
1

- (/ ‘ |f (x4 2h) = Tponx f ()¢ 4 dh )q
~ \JheBo.1) A Loy |ple]

Since

|f (x4 2h) = Uxqan,x f(0)]g
< fG+2h) = Toponxan f(x + Mg + Txgonxn(f (X +h) = Tognx fO))e,

the triangle inequality yields that

(/ ’ | f(x +2h) — Uxqonx f(X)]e
heB(0,1) e

< (/ ” [ f(x +2h) — Txyonxtn f(x +h)l¢
~ \Jheno,1) e

n (/ H Iy 2nx4n(f(x +h) = Copnx fOO)e ‘
heB(0.1) (AL —¢

q dh )é
Lr@x) [pke!

1
q dh )q
Lo | )|

dh \7
Lr@o |ipg/)

Clearly, the first term in the right hand side of the above inequality is bounded by
Il £, p.q- On the other hand, since

ITx2nx4n(f(x +h) = T f ()¢
<ITH . 1f@+h) = Tepnx fOIplikllE ™,

y>B=¢
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the second term in the right hand side of the above inequality is bounded by

1
NI (/ |Vt =P f@lgpe )
y>p=z¢ ~IneBO.D lh|L " Lr@y) ||l

ST p g

Hence, summing both terms up, we obtain the desired estimate for C € (1, 2]. Then
we can easily extend this result to any C > 2.

Secondly, we need some elements of wavelet analysis for the proof of Theorem 2.11.
For more detailed discussions we refer to Section 3.1 in [14] and the works of Meyer
[22] and of Daubechies [9].

Let r > O be a finite real number. We consider a wavelet basis associated to a
scaling function ¢ : R — R with the following four properties:

(i) The function g is in Cj,.
(ii) For every polynomial P of degree at most r, one has

Z/RP(zw(z —Ndzp(x —y) = P(x), xeR.

yEZ

(iii) For every y € Z? one has [ p(x)¢(x — y) dx = §y..
(iv) There exist coefficients (ax)rez With only finitely many non-zero values such that

p(x) =Y arpx —k), x €R.
keZ

The existence of such a function ¢ can be found in Theorem 13.25 in [11] and was
originally ensured by Daubechies [9]. We define

d
or( =[]27 @™ (i —x))
i=1

forx = (x1,...,x4),y=O1,...,Y4) € R4 and an s-scaled grid of mesh size 27"
by

A, = {(2—"51k1,...,2—”5dkd) k€T, i= 1,...,d}.

The linear span of (¢! ) xca» is denoted by V,, C C" and the L?-orthogonal complement

of V,_1 in V,, is denoted by 17”. The subspaces Vn can be likewise described than
the subspaces V,,. Indeed, it is a standard fact coming from wavelet analysis [22]:
there exists a finite set W of compactly supported functions in C", that annihilate all
polynomials of degree at most r, and such that for every n > 0, the set

{of tx e AUy t Yy eV, x € Ay, m>n}
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constitute an orthonormal basis of L. Notice that the subspace \7,1+1 C L?is generated
by (¥ 1 Yy e W, x € Ay}

Proof of Theorem 2.11 Let r € N such that r > |«| and assume that ¢ and ¢ € ¥
are the father and mother wavelet(s) in Cj, respectively, with the above discussed
properties.

In view of [14, (3.38)], a natural choice for R f is

RFf=Y 3 Y LT @yl + Y (LT . 0¢%  25)

neNxeA, yev xelAg
where ?n is given by
) = /B( i )2’1‘5‘Fx,yf(y) dy, xe€A,,
x,27"
cf. [16, (2.3)].

Step 1 Let us first verify that the so-defined R f belongs to Bi, g foranya < o. We
set for every n > 0, x € A, and ¥ € W a real number

atV = (R, YT = (L f (x), Y1),

and for x € Ay, bg =(Rf, gog) = (l'lx?o(x), (pg). Invoking [16, Proposition 2.4], it
suffices to show that

where £} stand for the Banach space of all sequences u(x), x € A, such that

ny
Ay 0
<oo and |b;

ep

1z 0

< 00,

H 2—n%—n6¢ b

1
@iy = (3 27" ul?)” < oo,

XEA,

To this end, we remark that by the construction of 7"

a™v) < / 2" (M Ty £ (), i) | dy.
B(x,27")

Then, since ¥ = 2_”% wffn, from the definition of model we deduce that

—ne—nlsl
ST Y Ty f)e 27775

LeAy,

SIIEE Y, Y 1rmip2 =%

(€A, y>B=¢

(T Ty f (0, )
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uniformly over alln > 0, all x € A, and all y € B(x,27"). As a consequence, we
get

SY X [ o2y,

‘ ‘5‘ —na

teAy y>pzg Y BE2T
which in turn implies that
n, 1
Gy ( n|s| )F
™ — 2~
HZ nﬂﬂla b g\: 2= nﬂfnot
X n
1
<Y (X / 21200 gy) )7
BeA, xeA, (.27
1
5 Z ( Z 2—n\5| / (|f()’)|/3 2n(&—ﬁ))p2n|5| dy) P
BeA, xeA, B(x,27")
L
<3 ([ 1roar) e,
BeA, e

where we used Jensen’s inequality in the third line for the finite measure 2"/ dy| B(x.2-")
and the convex function z — z”. Since_: a=minAand @ < o, forall B € A, one
has @ — B < 0 and therefore ) _, . 21@=F) < 1. Tt follows that

Q=

|

o—n m—ncc

S(Z(E o], 7))

n>0

=Y Hlf(y)lﬂHL,,(ZZ”(&_’S)[’y
BeA, n>0

SISl g < 00,

El’
" | pq

as claimed. Similarly we can also prove that ||bg||eg < WrIly, pg < o0
In the particular case g = oo, we have

due to the relation thatoe — 8 < O forall B € A,. Hence, we have R f € B%,oo in this
case.

Step 2 We will establish the reconstruction bound (2.3) for R f. For fixed x € R,
A€ (0,1]1and n € B", we have

|

S

1
Ssup Y ( / |f<y>|,’;dy) 72" SNy, g

n>0ﬁ A,

e,‘fe
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(Rf=TLfG).mh) = DD Y (RF = T f(x), ) (W )

YeW n>0yeA,

+ Y (Rf =T f (). @y) @y 1),

y€AQ

where

(Rf = T f(x), ¥)) = (T, £ (y) = T f(x), ¥7)
= [ L@ = T f ) )
B(y,27")

and the same expression holds for (R f — I, f(x), ¢y). It follows that

(R = TLef o, v3)

< / 2n|5|
B(y,27")

Cnr—nlsl
SIY [ I, @) - D ol dz27 S
B

ceA, »,27")

(M (Tyo f (@) = Ty f)), w2 )| dz27

Isl

it Y Y [ 2@ - T wlglz -y dz2ns
B(y,27")

teAy y>B=¢
sl
SY Y [ 2@ - fwldz2 2.6)
reA, y>p=¢* BO2™")

uniformly over all x € R4 ,n>0andy € A,.
As in the proof of Theorem 3.1 in [16], for a given A € (0, 1], there exists ang > 0
such that A € (2770~1 2770] Let | - | LY, @) denote the L?-norm with respect to the

finite measure (with the total mass In 2) A~ 15-no-1 p-ny dA, we first bound the term

Since for n < ng one has A < 27" and consequently

| eme Syen, (RS = T GO, Y2 (0, n)|
sup ¥
neBb’

2.7
LP(dx) 7

Lif, (dh)

Is|
() S 207,

uniformly over all y € Ay, all n < ng, alln € B  and all x € R4, Moreover, this
inner product vanishes as soon as ||x — y|ls > C27" for some constant C > 0 only
depending on the size of the support of 1r. Hence, using all estimates above we get
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) sup | 2 neng 2oyen, (R — T f(x), ¥ )( ;’,nﬁ)ll

neB’ AV LP(dx) 11 (dA,)

< Z Z H / 2n|5||f(2) Iz x f(0)lp dz 2P

~ i 2 JB(y.27") 2—noy LP(dx)
= vy Y€Anly x||5<C2

< Z Z Z(no—n)yH/ Hnls| [f(x+h) —Trgnx f(X)lg dh
n<ng BeA, B(0,C7271) 2-n(y—p) LP(dx)

< Z Z o (mo—n)y / onls |f(x+h)—Taqpnxf(0)lg dn,
fen nam heB(,C'271) s LP(d)

where we used Minkowski’s integral inequality. Since y < 0, wehave )", <no 2(mo—n)y
< 1 uniformly over all ny > 0, (Note, that this step constitute the main difference
compared to the construction of the reconstruction operator with positive regularity,
cf. [16].) Therefore, we can apply Jensen’s inequality for finite discrete measures

nef0,...,ny} — 200=MY to obtain
‘ “ | D nng Loyen, (RS = T fO0), i) (W, )| H
nelli)’ AY LP(dx)

S (T (X

peA, “np=0 “n=no

/ 2n|5|
heB(0,C'27 ")

$ 3 (X xam

BeA, “np=0n<ng

(/ onls]
heB(0,C'2771)

< T (T x o

peA, “n=0nozn

/ Hnls|
heB(0,C'2—™)

1
q
LP(dx) )
< /
~ Z < heB(0,C)

dh >$
Is]
Ferd LP(@) Rl
SAFITIDIFIL, g 2.8)

Litg @) [ gq (49>0)

1

N\ q
an) )
L (dx)

|G +h) = Topnn f(0)]g
)z ~"

1

9N\ g
LP(dx) >>

1fx+h) — x+hxf<x>|,s‘
h||L ="

1fx+h) — x+hxf(x)|,s‘
e

‘ |G +h) = Doy f0lg ‘
AL ="

where we used Jensen’s inequality in the third line for the finite measure 25 d
h|p(,c2-n) and the definition of || f1ll,, , , for f € ’D;,q in the last line; and from the
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fourth line to the fifth line we implicitly applied repeated decompositions of B(0, C")
into the disjoint union of annuli 27*~1 < ||A||s < 27" and the obvious relation

that 275! < 2=KIsl1 /|| n||*! for all 2 with 2="=%=1 < ||h||s < 2~"¥. Obviously, the
same bound holds if we replace 3, _, >\, (RS — T f(x), ¥y (¥, n’) by

SO R =T f ). YN0+ Y (RS — T f(x), @y) @y 7).

n=npyelA, yeAQ
Now we turn to the term

‘ wup |2 nong oyen, (RS = T f @), Y)W, )| H

el LY
In this case, we have (cf. the proof of [14, Theorem 3.10])

(2.9)

LP(dx)

Lijy (d2)

|(w§t’ 7];\‘” g Z—n%—rnk—hl—r

uniformly overalln > ng, all A € (2_”0_1, 27"0] and all n € B". Moreover, this inner
product vanishes as soon as ||y — x|ls > CA for some constant C only depending on
the size of the support of vr. Hence, as we have shown that

S Z/B 281 £(2) = T, f(x0)|g dz 27"F 5

e, y>p=¢ I BOZT

(Rf =T f@). v

it yields that

H up | Y g yen, (RS = T fO0), Y3 (Wi, )|

r Y
neB A LP(dx) L, @
DI >
BeAy =10 ye Ay, [ly—x]s<C27"0
onlsl [f(z) — Fz,xf(x)|/3 dz o—n(ls|+B+r)
B(y,Z—”) 2_"0(V+\5\+r) ’ LP(dx)

onls| [fx+h) — Fx+h,x.f(x)|/3 dh 2~ (sl+B+r)

<
~ Z Z H v/hEB(O,C/Z_'IO) 2_7’0(]/"1“5"""')

pen, n=no LP(dx)
< Z Z H/ 2n0|5||f(x+h)_rx+h,xf(x)|/3 dh
'BeAy n=ro heB(0,C'27"0) ”h”gfﬁ LP(dx)

2= (n=no)(B+7)
where we implicitly used the relation that

> 1p(y.2n) S 1p(e.cramoy
YEA,[ly—x[s=<C27"0
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holds uniformly for all n > ng. Then, using Jensen’s inequality for the finite measure
2718l dp| B(0,c’2-n and Minkowski’s integral inequality for the || - ||L»-norm and the
integral with respect to z, we can further deduce that

| Zn>n0 Zye[\n <Rf - fo(x)’ 1#;1)( ;;1’ 77;‘)

‘ sup AV ‘LP d
el @) L, @)
Sy Y / Jnolsl| 1 G M) = T f )1

fen, nom heBO.C2770) R =" LP (@)

dh 2~ (n=no)(B+r)

Since r € N satisfies that » > |«| and since y < 0 such that @ < 8 < 0 holds for all
p € A,,onehas § +r > 0forall B8 € A,. This implies that we can apply Jensen’s
inequality for the discrete finite measures n € {ng + 1,...} > 27705+ apd
obtain that

H‘ - oy Syen, (RF = T £G0), Y1) (0, 02| |

neB’ AY
< Z (Z Z 9= (n—no)(B+r)

BeA, “np=0n>no
o </ omolsl | f(x+h)— Fx+h,xf(x)|/3
heB(0,C7270) h)1Z "

[fOe+h) = Tipn e f(X)g
<
Nﬁgy (/heB(O,C’ H )L

SA+ITDIA My g

LP(dx)

Litg @) || g (40 >0)

1

N\
an) )
LP(dx)

1
q dh )q
Lo | )| 1!

where we used Jensen’s inequality in the third line, and used the same reasoning as in
the inequality (2.8) (from the fourth line to the fifth line) in the last step.

Now we note that for any measurable function g defined on (0, 1], it holds that
lele = [ elg L s

"0 1129 (no>0) LriiLd

equal to the sum of the £7-norms of (2.7) and (2.9), therefore it is bounded by ||| f ||| V.
due to the above estimates. This proves (2.3).

Step 3: Now suppose that (T1, T") is another model and we use D p.q to denote the
corresponding space of modelled distributions in the sense of Deﬁnmon 2.7. Fix a
wavelet analysis {¢, ¥ € W} in ], for given f € Dp,q and g € Dp’q we define R f

and ﬁg as in (2.5):

Rf=D 3 Y (L ). yhvr+ Y (L7 (), )Y

neNxeA, yev¥ xelAg

. This implies that ” H SUp, cpr
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Rg=) > Y ("0 yMvr+ Y (Me'x). ¢de

neNxel, ye¥ xeNg

From the results obtained in Step 1 and Step 2 we see that R f, Rg are elements in
B"‘ and satisfy the bound (2.3) for (IT, I') and (TI,T), respectively.

Now, foreveryn >0, x € R4, y € A, and ¥ € W, we can check that
(Rf —Rg — My f(x) + Mg (x), ¥y)
= (I, " (") = TLE" () = ML f(0) + Tag(0), ¥7)
= / 2" NI, Ty 2 (f(2) = Tox f(x)) — Ty Ty (g (2)
z€B(y,27")

— T2 xg()), ¥y) dz

(2.10)

Since

M,y - (f(2) = Tox f(0) = Ty 2(8(2) — T2 g(x))
=TIy (f(@) = Tox f(x) — g(2) + T2 g(x))
+ (I, —Hy)Fy :(g(z) =T xg(x))
+,(Ty; — T, 2)(g() — T xg(x)),

we can get the following bound for (2.10):
(Rf —Rg — T f(x) + g ), ¥})]

< mry Yy Zf 2Bl f(2) = Toa f(x) — g(2)

teAy y>p=¢ T IEBG2T

+ T g ()lpdz 2"

eI Z/ 2"1ol[g(2) — Trg () ]p dz 27"~ "%

reA, y>p=¢ 7 E€BB2T
+ITC =T ) Z/ 2"¥l|g(z) = T cg(x)|pdz 27"
reA, y>pzg IEBO2T)

Hence, by replacing the integrand | f(z) — I'; x f(x)|g by | f(2) =Tz« f(x) — g(2) +
T, g(x)|g and |g(z) — T'; vg(x)|p in the estimate (2.6), we can apply the same
arguments for establishing (2.3) in the Step 2 to obtain the bound (2.4), and complete
the proof. O

Remark 2.12 While we equip the spaces of modelled distributions with Besov norms,
we kept the original definition of models, which comes with Holder type estimates.
This seems to be the reason why the reconstruction operator in Theorem 2.11 maps, in
general, modelled distributions to generalized functions with a slightly lower Besov

@ Springer



Stoch PDE: Anal Comp

regularity, cf. Remark 3.2 in [16]. However, to generalize the definition of models
to models with Besov type estimates is outside the scope of the present article and
left for future research since the Holder type estimates allow for various Besov type
generalizations and the natural choice might depend on the specific application in
mind.

2.2 Reconstruction theorem for models with local bounds

The original definition of models (recall Definition 2.3) requires the bounds in (2.1)
to hold only locally, that means to hold on every compact set. In the light of stochastic
integration it seems to be natural to assume global bounds in the definition of models
(recall Definition 2.6), see Sect. 3. However, using the same arguments as in the proof
of Theorem 2.11 or of Theorem 3.1 in [16], one can obtain the reconstruction theorem
for models with local bounds and, consequently, for local Besov spaces of modelled
distributions. The only difference is to carry out the arguments on every compact
set K C R? instead of R,

For the rest of this subsection we fix a regularity structures 7 = (A, T, G) with a
model (IT, I') in the sense of Definition 2.3. The local Besov spaces are defined in the
obvious manner.

Definition 2.13 Let y € R and p,q € [1,00). Let « € R and r € N be such that
r> |o.

e The local Besov space DZ’}?C of modelled distributions consists of all functions
f:RY T, such that [[[ fll, .4, < oo for every compact set K C R4,

e For o < 0 the local Besov space Bg:g’c is the space of all distributions & on R¥
such that, for every compact set L C R?,

e For o > 0 the local Besov space B‘;*‘lqoc is the space of all distributions & on RY

sup
neB’

Snxl‘

LP(K) L4

such that, for every compact set L C R?,

sup
:
UGBM

|<€,n§>|‘

< o0 and H‘

sup [(£, )]

UGB' Lp (]C) L‘I

LP(K)

Based on these local versions of Besov spaces, the reconstruction theorem for
modelled distributions with negative regularity reads as follows.

Corollary 2.14 Let 7= (A, T, G) be a regularity structures with a model (I1,T") in
the sense of Definition 2.3.

1. Suppose that o := min A < y < 0. If g = o0, let @ = «, otherwise take & < «.
. . . 1 o
Then, there exists a continuous linear operator R : ’D%jqoc — B‘;:g’c such that
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STy s+ 1T N fIl, g

WRf — T f(x), n)] ’
sup
L

nes” AY

LP(K)

@2.11)

holds uniformly over all f € D}/,’,lqoc and for every compact set KK C RY.
2. Suppose that y > 0and o := min(A\N) Ay. Ifqg = oo, let & = «, otherwise take
o < . Then, there exists a unique continuous linear operator R : nglqoc — B‘;j:lqoc

such that (2.11) holds uniformly over all f € D;:lqoc and for every compact set
K c RY.

Furthermore, let R be a reconstruction operator w.r.t. to another model (_ﬁ , F) in
the sense of Definition 2.3 for T = (A, T, G). Then, in both above cases, R and R
satisfy the localized version of (2.4) for every compact set K C R,

Proof 1. The reconstruction operator R is constructed as before, see (2.5). In order
obtain the reconstruction theorem for local Besov spaces of modelled distribution,
the only change in the proof of the convergence, of the bound (2.11) and of con-
tinuity with respect to the models (i.e. (2.4)) is to replace the norm || - ||z» with
Il L (k) and carry out exactly the same arguments for every compact set C C R4,

2. In case of positive regularity y, the reconstruction operator is defined as on
page 2603 in [16] and again the estimates and arguments as given in the proof
of Theorem 3.1 in [16] transfer line by line to the setting of local Besov spaces.
This observation was already made in the case of Sobolev—Slobodeckij in an early
version of the present article and also pointed out for the more general case of
Besov spaces in [16], see Remark 2.9 in [16]. Secondly, let us remark that the
assumption that the polynomial regularity is included in the considered regularity
structure 7= (A, T, G) is not necessary, see also page 2596 in [16].

O

3 Stochastic integration on spaces of modelled distributions

This section is devoted to prove that the Besov spaces D’;,, ¢ of modelled distributions
are UMD Banach spaces and of martingale type 2. These Banach space properties open
the door to apply highly developed stochastic integration theory on the spaces D;,q .For
example one can integrate predictable ’D;,q -valued processes with respect to Brownian
motion. One successful application of stochastic integration on Banach spaces lies in
the area of stochastic partial differential equations, see e.g. [4,28], which we will
discuss in more details in Sect. 4 below. For a more comprehensive introduction and
treatment of stochastic integration on Banach spaces we refer for instance to [8,23].

Let (2, F, F, P) be acomplete filtered probability space, I C R,F := (F;);c; bean
increasing family of sub-o -algebra of 7 and X be a Banach space withnorm |- || x. The
expectation operator with respect to IP is denoted [E and the corresponding conditional
expectation by E[ - | F;] fort € 1. A process (M;):cy is a X-valued martingale if and
only if M; € LY (Q, F;,P; X) forall r € I and
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E[M;|Fs] = My P-a.s., foralls,t e I withs <t.

A sequence (&;);en is called martingale difference if (Z?:o & nen 1s a X-valued
martingale. To rely on stochastic integration theory on Banach spaces, one needs to
require some additional properties on the Banach space X. The definitions are taken
from [4], see Definition 2.1 and Definition B.2 therein.

Definition 3.1 Let (2, F, P) be a complete probability space.

e A Banach space (X, || - || x) is of martingale type p for p € [1, 0o) if any X-valued
martingale (M, ),enN satisfies

sup E[[| M, |51 < Cp(X) ZE[”Mn — My_1lI%]
n neN

for some constant Cj, (X) > Oindependent of the martingale (M;,),en and M :=
0.

e A Banach space (X, || - ||x) if of type p for p € [1, 2] if any finite sequence
€1,...,€,: Q — {—1, 1} of symmetric and i.i.d. random variables and for any
finite sequence x1, . .., x, of elements of X the inequality

n
E|: Z €i X;
i=1

holds for some constant K ,(X) > 0.

e A Banach space (X, || - ||x) is called an UMD space or is said to have the uncon-
ditional martingale difference property if for any p € (1, 00), for any martingale
difference (&;) jen and for any sequence (€;);en C {—1, 1} the inequality

n n V4
] S >
i=1

i=1
holds for all n € N, where K p(X) > 0 1is some constant.

Let us remark that Hilbert spaces and finite dimensional Banach spaces are always
UMD spaces.

Coming back to a regularity structure 7 = (A, T, G) with an associated model
(IT, I') and let us assume now additionally that each 7,, is an UMD space for « € A.
Under this assumption the space 7, = @My T, is again an UMD space (Theo-
rem 4.5.2 in [1]) since A is locally finite and 7 is a finite product of UMD spaces.

p n
] < K,(X) ) llxlly
X

i=1

] < EP(X)E[

p
X

Proposition3.2 Let T= (A, T, G) be a regularity structure with a model (I1, T') as
in the Definition 2.6. Suppose that y € R and that the Banach space Ty is an UMD
space for every o € A. Then, the space D;,q is an UMD spaces, too, for 1 < p < oo
and 1 < q < oo. If the Banach space T, is additionally of type 2, then D;,q is of
martingale type 2 for every p > 2 and g > 2.
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Proof Since every T, witha € A, is an UMD space by assumption, by Theorem 4.5.2
in[1]every L? (R?; T, ) is also an UMD space. Furthermore, let 11 be the Borel measure
on R defined by

the corresponding L9-space LZ(B(O, 1); LP(R?; T,)) is again an UMD space for
every o € Ay, due to Theorem 4.5.2 in [1]. Consequently the finite product space

[T (Lr@’: 7o) x LLBO. D; LP®': T,)

acAy,
is an UMD space. We will show that D;,q is a closed linear subspace in the above
product space and then by Theorem 4.5.2 in [1] again we can conclude that D%,q is

an UMD space.
For this purpose we define for every o € A,, the following mappings

®Y: Dy, — LPRYT,) via fi> f©

and

his feC+h) - (F~+h,~f(‘))“]’

®3: Dy — LL(BO, D LR T) via f > | (G
5

d LA —Copn fO)

= is an element in
I7lls

where f¢ is the projection of f onto 7, an
LP(RY; T,) such that

FECAR) = o O FC 4 h) — (T f )
WL = T

forall x € RY,

Clearly, the mapping (QJ‘I" X CD%‘)%A is an isometry from DZ, ¢ onto its image in
Y

the product space

[T (Lr@": 7o) x LEBO. D; LP®': T ),

acAy,

so that we can embed Dg,q into the above product space as a closed linear subspace. By
Theorem 4.5.2 in [1] the space D;, 4 1s therefore UMD, too. The previous construction
is similar to Lemma A.5 in [4]. Since every UMD space of type 2 is a Banach space of
martingale type 2 as shown in Proposition B.4 in [4], one concludes that L” (R?; T,)
and LZ(B(O, 1); LP(R?; T,)) are of martingale type 2 for every p € [2,00), ¢ €
[2,00) and @ € A, and the same argument as before applies. O
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We can now formulate and prove our main theorem. Like in the Fubini theorem the
order of reconstruction and stochastic integration can be interchanged:

Theorem3.3 Let y > ag := infA, g ¢ Z and T = (A, T, G) be a regularity
structure together with a model (I1, I') as in Definition 2.6 and T, is an UMD space
forevery a € A. Let (2, F,F, P) be a complete filtered probability space and W be
Brownian motion on [0, T] for some T € (0, 00). Let H be a D;yq-valuedprocessfor
some 1 < p < ooand 1 < q < oo which is locally L*-stochastically integrable with
respect to W, then the order of “integration” can be interchanged

<R((H o)), w> = ((R(H), V)e W) (3.1

for every test function W € B withr > |ag|. Here (H o W) stands for the stochastic
integral of H with respect to W and R denotes a reconstruction operator for T =
(A, T, G)and (I1, T).

Proof Step 1: First we assume that H is an elementary process which can be written

as
N M
H.0) =Y > 14,1114, (@) fun
n=1m=1
where 0 =10 <ty < --- <ty =T,Ap, € Fy, forallm = 1,..., M and

are pairwise disjoint, f,,, € D}, for all m and n. Here 1,,,, denotes the indicator
function of the set A, ;.
Then it holds that for all ¢ € [0, T],

N M
(HeoeW) = Z Z lAm,,(WtAt,, - sz,,,l)fmn,
n=1m=1
and therefore R((H e W);) = Z,};’:] Z,A,:’:l 14,,, Wint, — Wint, )R fn as well as

N M
<R((H i W)t), 1/f> = Z Z 1Am,, (thn - WlAtn_|)<Rfmn’ ¥).

n=1m=1

On the other hand, we have

N M
(RCH)Y (@, 0, ¥) =YY 1y 01O 14, (@) (R fonn, ¥)
n=1m=1

which is an real-valued elementary process. Hence, we indeed have

N M
(<R<H>, V)e W) =3 a, Winsy, = Wins, )R fun, ).
! n=1m=1
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Obviously now we obtain (3.1) for all elementary processes H.

Step 2: Now suppose that H is a L>-stochastically integrable process. By Theo-
rems 3.5 (Itd isomorphism) and Theorem 3.6 in [28], there exists a sequence (H,);>1
of elementary processes such that

H, — H in L*(Q,P;y(L*([0, T1,dr); D} ,)),

where y (L%([0, T], dr); DZ,[,) denotes the space of y-radonifying operators from the
space L2([0, T1], dr) into D;yq (see Section 2.2 in [28]) and

(H e W) =lim(H, e W) in L*(Q;C(0,T]; D%,q)).
Now we choose an @ < ag with @] = |ag]. By Theorem 3.1 in [16] (for y > 0)
and Theorem 2.11 (for y < 0) we know that R : D%,q — B;’ q is a continuous linear

mapping, which implies that

R((H e W)) = lim R((H, o W))

uniformly in ¢ € [0, T'] with respect to the Besov topology on B‘[", ¢~ Since B‘["7 ¢ can
be embedded in the dual of Cf, for r > @] = ao], we can derive that

<R((H o W), w> = lim_ <R((Hn o W), w>
in L2(Q; C([0, T]; R)) forany ¢ € B” C C}.
On the other hand, since the operator R and the dual pairing (-, ¥) are continuous,

the ideal property of y-radonifying operators (cf. Proposition 2.3 in [28]) implies that
(R(H), ¥) is L>-stochastically integrable with respect to W and

E[I{R(H), ) = (RCED. N0 7141

20112 2
= IRIFIY e, E[||Hn - HIIV(LZ([O,T],d,);D%_q)],

which implies that (R(H,), V) converges to (R(H), ¥) in L>(2 x [0, T], P x dt) as
n tends to infinity and therefore by Itd isometry we obtain that

((R(H), V)e w) = lim ((R(H,,), U)e W>
in L>(; C([0, T]; R)) forany ¥ € B" C Cj- Since we have
<R((H,, o W), w> = ((R(H,,), V)e W)

for every n by the result from Step 1, we obtain (3.1) for such H.
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Step 3: Now suppose that H is locally L2-stochastically integrable with respect
to W. A standard localization argument together with the result from Step 2 then
provides that (3.1) holds for all such H. O

Remark 3.4 1t is fairly straightforward to verify with the presented arguments that
Proposition 3.2 and Theorem 3.3 still hold if one replaces the space D}, , with D}, , (K)
for a compact set L C R<. This allows to derive analogue versions of Proposition 3.2
and Theorem 3.3 for the local space D%jg)c. In particular, the space D%’,lqoc is locally
an UMD space and of martingale type 2, which just means that the space D%’ ¢ appro-
priately factorized by functions (v;) with vanishing norm satisfies the properties.

4 Semilinear SPDEs in spaces of modelled distributions

A corner stone of the theory of regularity structures are the existence and uniqueness
results for mild solutions of semilinear (stochastic) partial differential equations in
spaces of modelled distributions, see Sections 7 and 8 in [14]. Hence, in order to get
unique mild solutions for singular SPDEs like the KPZ equation or the stochastic
quantisation equation, these equations are considered as semilinear (S)PDEs in the
space of modelled distributions as opposed to classical function spaces.

Having shown that the Besov spaces of modelled distributions are UMD spaces
and of M-type 2, gives us access to the solution theories of SPDEs in these Banach
spaces, see e.g. [3—-5,29], and, consequently, we obtain novel existence and uniqueness
results for mild solutions of semilinear SPDEs in spaces of modelled distributions. In
the following we briefly illustrate this for SPDEs with finite dimensional noise but we
would like to emphasize that the theory of SPDEs in Banach spaces works, of course,
also in the case of infinite dimensional noises, cf. [3,29].

4.1 Existence and uniqueness of mild solutions

Throughout this section we assume: 7 = (A, T, G) is a regularity structure with an
associated model (IT, I') in the sense of Definition 2.6, Ty_ = G}(KV T, is of M-type
2,each Ty, isan UMD space fora € A,y € Ry\Nand2 < p, g < oo. Recall that the
corresponding spaces D}’,,q of modelled distributions are UMD spaces and of M-type
2 by Proposition 3.2. Furthermore, let (2, F, F, P) be a complete filtered probability
space and W = (W', ..., W") be n-dimensional Brownian motion on [0, T'].

Let us consider the semilinear SPDEs defined in D}, ,:

n
dY, = —AY,dt + Z, + ZE”Yt dw!, Yo=yy, te€l0,T], 4.1

i=1
where Z is a function taking values in D%,q, B' is a linear (generally unbounded)
operator on D},;,q fori =1, ..., n,and —A is the infinitesimal generator of an analytic

semigroup S(1) = exp(—tA) on D;,q such that:
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(H1) There is an M > 0 such that for all A > 0, (A + A1)~! exists and

- M
1A+ 2D~ < ——, (4.2)
1+ A

where I denotes the identity map.
(H2) For all s € R, AY=1$ exists and is a bounded linear operator on D),

p.q>

{A(;/j]‘v}ng is a Cp-group on D}/,,q and for some K > 0 and 9; < 7/2
an

IAY=1) < Kexp4ls), s €R. 4.3)

Definition 4.1 A stochastic process (¥;)¢[o,7] is called mild solution of the semilinear
SPDE (4.1) if

t n t )
Y,:S(r)yo+f S'(t—s)ZSds+Z/ St —s)B'Y,dW;(s), t €0, T].
0 i1 Y0

L~et Dj; (%, 2) be the real interpolation space between D;,q and D(A), the domain
of A, that is

1 ~

1 00 - 12dr
D;(5,2) = {x €D, / ﬁAexp{—tA}x‘ — < oo}.
2 0 t

. .. 1~ e
The norm on this space is given by |x |DA(%’2) = fooo |12 A exp{—tA}x|? %. Note that

D(A) and D A(%’ 2) are UMD spaces and of M-type 2 since D’I’,’q possesses these
properties, cf. [4]. Let us assume that Bi ,i=1,...,n, satisfies that

n
ni 2 2 2
DB, 1) = Cilxly g+ Calxly, o (4.4)

i=1
for some constants C;, C; and for all x € D(A). Furthermore, we assume that Z e

M0, T; D;(L,2),ie., fi 1Z/*dr < 0o, and xg € LA(D;(1,2)). Using the same
notation as in [4], let Z1 (A) denote the space

Zr(A) :== M0, T; D(A)) N c(o, T L2<DA(%, 2))).

In the present setting there is an equivalent notion of solutions to the semilinear
SPDE (4.1) which is called strict solution, see Definition 4.1 in [4].
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Definition 4.2 A strict solution to the semilinear SPDE (4.1) is a stochastic process
Y € Z7(A) satisfying

t n t t
Y,+/ Asts:xo—i—Z/ B’Yde;+/ Zyds, 1€l0,T].
0 = Jo 0

Indeed, it was shown in Proposition 4.2 in [4] that the notion of strict solutions is
equivalent to the notion of mild solutions under the above stated conditions. The
following corollary is a direct application of Theorem 4.6 in [4] to the SPDE (4.1) in
the space of modelled distributions.

Corollary 4.3 Under the conditions of the present subsection, there exists a unique mild
solution Y € Z1(A) to the SPDE (4.1). Equivalently, Y is the unique strict solution
to (4.1).

4.2 Mild solutions: modelled distributions and classical functions

In general, for a (singular) stochastic partial differential equation it is a rather delicate
task to find a suitable regularity structure with an appropriate model and to set up the
corresponding partial differential equation in the space of modelled distributions.

In this section, we present how semilinear SPDEs defined in classical Besov spaces
with positive regularity whose linear parts are induced by infinitesimal generators of
a Co-semigroup can be lifted to semilinear SPDEs in a suitable space of modelled
distributions. As an application of the Fubini type theorem (Theorem 3.3) and the
reconstruction operator, we show that it is equivalent to solve the SPDEs in classical
Besov spaces or in a certain “abstract” Besov space of modelled distributions.

Let B’;,,q be the Besov space on R with y € R;\Nand 1 < p, g < oo and thus
B}/,,q satisfies the UMD property. Moreover, we suppose that F : B%,q — B}/,,q and
G;: B},;,q — B}/,,q, i = 1,...,n, are measurable maps, and W = WL ... W
is an R"-valued Brownian motion defined on a complete filtered probability space
(2, F,F,DP).

We consider the semilinear SPDE in the classical Besov space

n
dX, = (“AX; + F(X))dt + Y Gi(X)dW/, Xo=x0€ By, (45

i=1

and recall that (X;);¢[0,7] 1S a cadlag mild solution if it satisfies
t n t )
X, =S)Xo +/ St —s)F(Xg)ds + Z/ St —5)Gi(Xs)dW,;, (4.6)
0 i—1 0

forall r € [0, T, and (X;);e[0,7) has almost surely cadlag (i.e. right-continuous with
left limits) sample paths, where S(#) denotes the Cp-semigroup of bounded linear
operators on B;,q generated by the operator —A. Note that the stochastic integral
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in (4.6) is well-defined since the underlying Banach space Bqu satisfies the UMD
property.

In order to obtain the semilinear SPDE in a space of modelled distributions cor-
responding to (4.5) we choose the polynomial regularity structure 7 on R? and the
corresponding polynomial model as defined in Examples 2.2 and 2.4. Recall that by
Proposition 3.2 the space D}, , = D7, ,(7) of modelled distributions is an UMD space.

Assuming y > 0, recall that there exists a unique reconstruction operation R
acting on D%,q, precisely defined in Theorem 3.1 [16], cf. Corollary 2.14. Moreover,
the reconstruction operator R is continuous isomorphism between Dz,q and B;,q, see
Proposition 3.4 in [16].

In order to lift the semilinear SPDE (4.5) to an equivalent SPDE in the space of
modelled distributions, we introduce the conjugation mapping Cr from E(B}/,,q), the
space of all bounded linear operators on B}’,,q, onto E(D%,q), induced by R:

Cr(L) =R 'oLoR.

Notice that Cr is a continuous isomorphism and, by verifying the corresponding
definitions, we obtain that:

(i) S(¢) is a Cp-semigroup on B%,q if and only if
T(t):=Cr(S@®) =R 'oSt)oR

is a Co-semigroup on D}, .

(i) —A is the infinitesimal generator of a Cy-semigroup S(¢) on B}/,,q if and only if
Cr(—A) :== R~ o (—A) o R is the infinitesimal generator of a Cp-semigroup
T(t) = Cr(S(t)) on D} ,.

(iii) Let —A be the infinitesimal generator of a Cy-semigroup S(7) on B}/,,q. Then the
resolvent set p(—A) of —A is equal to the resolvent set of Cr (—A). Moreover,
for every A € p(—A), the resolvents R(A : —A) and R(A : Cr(—A)) satisfies
that R(A : Cr(—A)) = Cr(R(A : —A)). The converse also holds true.

Due to these elementary facts and the Fubini type theorem (Theorem 3.3), we can
establish the following equivalence result for mild solution of semilinear SPDEs in
classical Besov spaces and Besov spaces of modelled distributions, respectively.

Theorem 4.4 Let — A be the infinitesimal generator of a Co-semigroup S(t) on B%,q.
If (Xi)te[o,17 is a cadlag mild solution to the semilinear SPDE (4.5), then Y; =
R (Xy), t € [0, T, is a cadlag mild solution to the semilinear SPDE on Dz,q

n
dY, = (AY, + F(Y)dt + Y Gi(¥)dW/, Yo=R 'xo €D}, @7
i=1
where —A = Cr(—A) := R 1o(=A)oR, F := R 'oFoRandG; := R 'oG;oR.

Conversely, if (Y;)ie[0,1] is a cadlag mild solution to the semilinear SPDE (4.7)
on ’D%,q related to the infinitesimal generator —A of a Co-semigroup T (t) on ’D%,q,
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vector fields F and éi and initial value Yy € D;,q, then X; == R(Y;),t €[0,T), isa
cadlag mild solution to the equation (4.5) with —A = Cp-1 (—A) =Ro(—A)oR™!,
F=RoFoR !, Gi=RoG;oR ! and Xo = R(Yp).

Proof We will prove the second part, the first assertion follows by using a similar
argument.

Suppose that — A is the infinitesimal generator of a Co-semigroup 7 (¢) of bounded
linear operators on D%,q and (Y;):e(0,7] 1s a cadlag mild solution to the SPDE (4.7)
associated with vector fields F and Gi, that is,

t n t
Y, = T(t)Yo~|—/ T(t—s)I:"(Ys)ds+Z/ T(t —$)G;(Y,)dW!, te][0,T].
0 i—1 0

Let S(t) := Cr-1(T(t)) = RoT(1) oR 1. As we have checked, itis a Cop-semigroup
of bounded linear operators on B;‘q with the generator —A = R o (—A) o R\,
For any smooth compactly supported test function v, using Theorem 3.3, we deduce
that X; := R(Y;) satisfies the following dynamics (with F = R o FoR™!, G; =
RoGjoR and Xg = R(¥)):

R ) = (R(T0)Y). ) +</0t7e(r(r —)F(¥))ds, w>
+i2::/0t (R(T¢ = Gix). v)awi
= (5)Xo, V) +</0t St —s)F(Xy)ds, w>

n t
+ Z/ (S(t — $)Gi(Xy), ¥) dW],
i=1 70

for t € [0, T]. Since the dual pairing (-, ¥) with respect to a test function  is a
continuous linear functional on B;,q, the above observation ensures that X; satisfies
that

t

(X1, ¥) = (S() X0, V) +</O

n t
+Z</ St —5)Gi(X) dW, w>,
iz \J0

St —s)F(X,)ds, w>

where fé St —5)Gi(Xy) dWSi is the stochastic integral defined on the UMD space
B}/,, q- Since the above equation holds for any test function ¥ and (¥;):¢[o, 77 is cadlag,
we indeed have
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t n t
X, = S(z)xo+/ S(t—s)F(XS)ds—i—Z/ St —s5)Gi(X5)dW!, tel0,T],
0 —1 70

which shows that (X;);c[0,7] is a cadlag mild solution to the SPDE (4.5). O

4.3 Strict solutions: modelled distributions and classical functions

Coming back to the semilinear SPDE (4.1), an equivalence result analogously to
Theorem 4.4 holds also for strict solutions of semilinear SPDEs in classical Besov
spaces and Besov spaces of modelled distributions, respectively. In this subsection we
again work with the polynomial regularity structure and keep the setting of Sect. 4.2.

For simplicity, we consider the Besov space Bz’z(Rd) withy > 0,2 < p <

and the semilinear SPDEs defined in B;,z(Rd):

n
dX, = —AX,dt + Z, + ZBfX,dW,", Xo=x0, tel[0,T], (4.8)
i=1

where Z is a function taking values in B;,z(Rd ), B! is a linear (generally unbounded)

operator fori = 1,...,n, and —A is the infinitesimal generator of an analytic semi-
group S(¢) = exp(— tA) on BV (Rd) satisfying (H1) and (H2). Note that By (Rd) is
a Banach space having the M- type 2 and UMD properties, see Corollary A. 6 in[4]. All
the ingredients fulfill analogous conditions as stated in Sect. 4.1 or [4], respectively.
We will show that if (X;);c[0,7] is a strict solution to the SPDE (4.8) on BV 2> then

Y, =R~ 1X,, t € [0, T1, is a strict solution to SPDE (4.1) on Dy 2 of the form

n
dY, = —AY,dt + Z, + Y _BY,dW]. Yo=R 'x, (4.9)
i=1

where A := Cr(A) = R '0AoR,Z, ;=R 'Z and Bi = Cr(B') = R 'oBioR.
To this end, let us first check that A, Z and B! satisfy the same properties on D;z
as for A, f and B’ on B;,z First notice that, if Z satisfies that f(; | Zs |2 ds < oo, then

the boundedness of R~ will ensure that Z = R~ Z is also square integrable.

Let us now focus on the linear operator A. As we have noticed, the resolvent
R(: : —A) satisfies that Cr(R(A : —A)). It follows that for any n > 1, we have
R(A : —A)" = Cr(R(A : —A)") and AR(A : —A)" = Cr(AR(A : —A)") on
D(A) = R™'(A). Therefore, since —A is the infinitesimal generator of an analytic

semigroup exp{—tA} on B’ b2 using [24, Theorem 5.5] we can immediately deduce
that — A generates an analytic semigroup, say, exp{—tzi}, on the modelled distribution

space D” .. The same argument implies that if for all A > 0, (A + )»I)_1 exists
p P2 g p

and satisfies the bpund (4.2), then for all A > 0, (A + )J)’l exists (note that (A +
A1)~! = R(x; —A)) and it satisfies the bound (4.2) with M replaced by M||R||[R "]
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Repeating this procedure once again we can show that for all s € R, A** form a Co-
group on DZQ and the bound (4.3) holds with K replaced by K| R|[|R™"|; and
D A(%’ 2) = R! (Dy (%, 2)). As a consequence, it holds that the linear operators Bi

satisfy the bound (4.4) as for B'’s but with different constants determined by || R || and
[R]~L. In particular, we conclude that

Zr(A) = R™'(Zr(A)).

Now we are in the position to prove the following result:

Proposition4.5 Let A, f and B,i=1,....n be defined on B;Z and satisfy all

above conditions listed in Sect. 4.1. Let A, f and B, i = 1,...,n, be defined as
above. Then, X € Z1(A) is a strict solution to semilinear SPDE (4.8) associated with
(A, f, (BY) if and only if Y = R7'X € Zr (A) is a strict solution to semilinear
SPDE (4.9) on D}, , associated with (A, f, (BY)).

Proof Let X € Zr(A) be a strict solution to problem (4.8) associated with
(A, f,(B")). Then as we have shown, R™'X takes values in Z7(A). By Theo-
rem 4.4, it holds that R !X is a mild solution to problem (4.9) on D;l associated

with (A, f, (Bi)). Since we have checked that (A, f. (Bi)) satisfy all conditions
listed in [4] on the modelled distribution space D; , as the conditions fulfilled by

(A, f,(B")) on the Besov space B),;,z’ using Proposition 4.2 in [4] we can con-

clude that R™'X is also a strict solution to problem (4.9) on D;l associated with

(A, f, (éi)). The converse can be proved by using the same reasoning, just by notic-
ing that A = Cp-1(A) =RoAoR ™ o

5 Distribution-valued It6 stochastic differential equations
As atoy example of distribution-valued stochastic differential equations, we consider
dY; = (Y; - @) dW;, Yo =§, (5.1

for ¢ € CP(K) with B > O and € € C*(K) with o < 0 satisfying « + 8 > O,
where K c R? is a compact set and W = (W;)s¢[0,7] is a Brownian motion. Recall
that C#(K) := 850,00(16) stands for the usual space of B-Holder continuous functions
restricted to the compact set . The product mapping - denotes the continuous bilinear
map from C* (K) x C# (K) into C* (K) which continuously extends the classical product
of smooth functions (f, g) — fg, see e.g. [14, Proposition 4.14].

While the linear SDE (5.1) might look rather simple at the first glimpse, neither
an approach based on stochastic integration nor a rough path based approach directly
provides an existence and uniqueness result for (5.1). Indeed, since C*(K) is neither
an UMD Banach space nor of martingale type 2, the It integral fo'(Y, <) dW; is
not defined via classical stochastic integration theory (e.g. [28]). To overcome, this
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issue one could embed the Hélder space C*(K) into a suitable Sobolev space and
consider (5.1) as an equation on Soblev spaces. However, in this way the obtained
solution a priori has not optimal regularity in space, which is expected to be C* (K) for
each 7. Alternatively, we may interpret equation (5.1) as an random rough differential
equation (RRDE) with respect to the It rough path W = (W, W) with WIS{ =
[H(Wi — W) dW/ being the Ito integral. However, since the underlying vector field
n — ¢ - n is a bounded linear mapping, we can only conclude that there exists a
unique local solution to the RRDE (5.1) by using classical rough path theory (e.g.
[11, Chapter 8]). In fact, global existence and uniqueness results for rough differential
equations (RDEs) with linear vector fields are a delicate challenge. Let us mention
that linear RDEs have been considered by several authors since they are an essential
tool for studying the derivative of the It6 map and its flow properties. In particular,
[21] shows that linear RDEs driven by geometric rough paths admit global unique
solutions, but not covering non-geometric rough paths like Itd rough paths. A similar
result can be found in [12] for linear RDEs driven by weakly geometric rough paths
in finite dimension. For further results in this direction and references, see, e.g., [19].

In the following we provide a unique global solution for the stochastic differential
equation (5.1) with optimal Holder regularity in space based on a “mixed” approach
using regularity structures and stochastic integration in UMD Banach spaces.

As afirst step, we formulate a differential equation, corresponding to the SDE (5.1),
on the space of modelled distributions for a specific regularity structure. This relies on
the observation that the product mapping - from C* x C? into C* can be constructed
in an elegant way via regularity structures, see Proposition 4.14 in [14]. Following the
construction in the proof of Proposition 4.14 in [14], we build a regularity structure
T = (A, T, G) such that

e A=NUN+),

e T =V @U, where V = 7, is the canonical polynomial model space (see
Example 2.2) spanned by monomials X*, k € N, and U is isomorphic to V but
with canonical basis ZX*,

e G is the canonical structure group for the polynomial model space 7.

Moreover, we define a model (IT¢, I') for T by

o (MiXN)(y) = (y — x)F and (MEEXY) (y) = (v — x)*E(),
o I X=X +x—yrand T, ,EXF = BE(X +x — p)k,

for all x, y € RY. The product * between V and U is given by the natural identity
(EXH) x (X1 = ExFH,

Let R be the reconstruction operator in [16, Theorem 3.1] defined on space of
modelled distributions D}, , = D}, ,(T¥) fory > 0, p, g € [1, oc]. Since the constant
map ZE belongs to Dgo’oo for all y > 0 and HE(E) = £ holds for all x € RY, the
uniqueness property of R¢ implies that R* (8) = £. Finally, by Proposition 3.4 in
[16] or [14, (2.6)] there exists a ¢ € Dgo,oo such that R¢ (@) = .
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The counterpart of (5.1) on the space of modelled distributions is

In a similar spirit as for the semilinear SPDEs of Sect. 4, we first obtain a unique
global solution Z using stochastic integration on the space of modelled distributions.
Applying the reconstruction theorem and the Fubini type theorem (Theorem 3.3)
we deduce the existence of a unique global solution Y of the stochastic differential
equation (5.1).

Theorem 5.1 Leta <0, B > 0 be suchthata + 8 > 0, ¢ € C'B(IC), & e C%(K), and
(T, (18, I)) be the regularity structure induced by & defined as above. Let § € Dﬁo,oo
be the modelled distribution for (Té (T, ) satisfying RE (¢) = @. Then, there exists
a unique solution Z taking values in D‘;;fﬁo(u ) to the differential equation (5.2) and
the process Y; := RE (Z;), t € [0, T), is the unique solution to the SDE (5.1) defined
on the Holder space C*(K).

Proof To simplify the notation we omit /C in the following and w.l.o.g. we assume
that B € (0, 1) as the general case can be handled in an analogous way. The lifted
modelled distribution ¢ € Dﬁom of ¢ can be written as ¢(x) = ¢(x)1, where 1 is the
basis of Vp >~ R, and ¢ is Holder continuous of regularity §. The norm of ¢ in cPis
denoted by ||¢||g and given by

lellg = llllo + lolp,
lplg :=inf {C = 0:p(x) — (| < Clx — yI¥ Vx,y e K}.

Step 1:LetU, := span(E) C U.Notethateach f € Dgofgo(Ua)canbe represented
by f(x) = fo(x)E, where fy € CP and I1f Mo+, 00,00 = Il fall g In other words, we

have Dgofgo(Ua) ~ CP is a Banach space. Then we have
) @) = fa@)e(x)E and I f * @llgtp,00,00 = €1 I1f Mlatp,00,000

and thus the linear vector field from Dggfoﬁo(Ua) into itself: f — f * ¢ is continuous.
Since E as a constant map belongs to Dggfgo(Ua) as well, the standard results from
rough path theory (see e.g. [11]) ensure that RRDE (5.2) (w.r.t. the It6 lift of Brownian
motion) admits a unique solution Z; taking values in Dgofgo(Ua) with Zg = E on
some subinterval [0, 7;) with t; < T. Moreover, Z; has p-Holder continuous sample
paths in time ¢ € [0, #1) for any p < 1/2.

Next let us consider the process Y; := RE (Z;). By the reconstruction theorem
([14, Theorem 3.10]), ¥; is uniquely determined by Z; and takes values in C*(R%).
Moreover, by the It6’s formula for rough path integration applied to the bounded linear
mapping RE, see Proposition 5.6 in [11], one has that Y;, t € [0, 1) satisfies

t
Y, =Yo+/ RE(Z, + @) dW,, Yo =RE5(E) =&. (5.3)
0

@ Springer



Stoch PDE: Anal Comp

Step 2: In this step we will show that Y; = RE(Z,) solves the stochastic differential
equation (5.1), as long as Z; is a solution to (5.2). In view of equation (5.3), it suffices
to show that for each r such that Z; is well-defined, one has RE (Zixp) = RE (Z))-o =
Y .

Let us first recall how the product - is constructed via regularity structures. In view
of Proposition 4.14 in [14], for each RE(Z)) =: £ € C*(RY) we denote by &; the
formal basis of the level-o space of the regularity structure (7%, (ITé, ")) which is
defined exactly as (7%, (IT¢, T)) by replacing E through Z,, then it holds that

RE(Z) -9 = R¥ (B % @),

where R¥ is the reconstruction operator associated with (7%, (115, T")). Now we need
to check that RE (Z, * @) = Ré (&, = ¢) forall 1 € [0, T].

Towards this aim, we first note that both Z; x¢ and E; * ¢ are in nggo for respective
regularity structures, with y := o + 8 > 0 the reconstruction theorem (Theorem 3.10
in [14]) tells us that the following bounds are valid:

(RE(Z: 5 §) = TE(Zs D)), 1))

<AV and

(R (2, % §) — T (8, + D)), n})| S 47

where proportionality constants are uniform in x € R?, A € (0,1] and n € B
for r > || but may depend on the norms of (M8, ), (TTé,T), Z, x @ or B * .
On the other hand, if we write Z,(x) = Z¥(x)E, then it holds that (Z; * ¢)(x) =
Z{(x)e(x)E, and therefore Hi(Z, *@)(x) = Z¥(x)@(x)&. The same reasoning yields
that Hi’(E, * @)(x) = p(x)&. However, since & = RE(Z,), the reconstruction
theorem applied to R* (Z,) gives that

(RE(Zy) — ZX(0)E, )| S 07,

where we used the fact that Hi (Z:)(x) = Z¥ (x)&. To summarize, now we obtain that

(T5(Z; % @) (x) — TIE (B % @) (x), )

= [ ORE(Z) - 7806, 1)

< llpllo| (RS (Z0) = Z5 )E. 1)

<A
Combining all the above bounds, we deduce that

(RE(Zy % §) — R¥ (8, % @), 1)

S

uniformly in x € R, A € (0,11 and n € B for r > |«|. Then, since y > 0, the
same argument used in the proof of the uniqueness of reconstruction operator, see [ 14,
Theorem 3.10] shows that R¢ (Z, Q) = RE (B, * @) forallt € [0, T'], as we claimed
at the beginning of this part. As a consequence, Y; = RE(Z,) solves (5.1).
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Step 3: Let 00 > p > 1. Due to the compactness of K, the constant mapping E

belongs to D;J;,ﬂ(U ) forany B < B and B + o > 0. Since D‘H’S(U )~ B’f;,p is an
UMD Banach space we are able to consider equation (5.2) as a stochastic differential

equation on D (U ).

Let us con51der the multiplication map f +— f x ¢ for f € Da+ﬁ (Uy). As for the
Holderian case, f can be written as f(x) = fo(x)E and f(x) * (p(x) fa(X)p(x)E.
As a consequence, we obtain that

1 * = ([
nep heB(0,1)

with  := « + . An application of triangle inequality shows that

I %@l pp < </heB(0 ) |

n (/ ‘ [fa(Dex +h) = fa(x)p()] )P ﬂ)
heB(0,1) |h|7—o LP(K.dx) |h|4

‘ Ifa(x + Me(x + 1) — fa(x)px)] ’

dh )%
|7~

LP(K.dx) |h|¢

‘ |fa(x + W)o(x +h) — fa(X)p(x +h)| P

1
) ﬂ)?
|7~

LP(K,dx) |h|¢

The first term on the right-hand side is bounded by |¢|coll| f * <Z>|||y’ . For the second
term, note that by the assumption that ¢ € C?, one has for any x € K that

lp(x +h) — p(x)| < lplglhl?,

and consequently that

(/ H |fa(ex +h) — fa()e()| |7
heB(0,1)

, h}7 =
SWWWMM(L

Since B — B > 0 and p > 1, the integral fheB(o 1 |h|”(’3_ﬁ)_d dh can be uniformly

dh )%
LP(KC,dx) |h|¢

_ 1
|h|17(/3—/3)—ddh> P

€B(0,1)

bounded by a constant only depending on 8 — 8 for all p > 1. Therefore, we conclude
that there is a constant C(¢) only depending on the norm of ¢ (and our choice of B)

such thatforall p € (1, 00), the linear map f +— fx¢for f € D‘;,;ﬂ (Uy) is bounded
with the operator norm bounded by C(¢).

As a result, the SDE (5.2) defined on Dp p_, namely,

dzl =zl x¢)dw,, Z{ =E,

possesses a unique solution Z! DZ;ﬂ defined on [0, 7] for any p € (1, 00), by
standard argument from the theory of SDEs. By Proposition 5.1 in [11] we further
conclude that Z? is also the unique global solution to the RRDE (5.2) with respect to
the It6 lift.
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Now we choose p € (1, 00) large enough such that o + B —1/p > 0. Since

a+ﬁ 'y (Ug) = Bp »» a classical Besov embedding argument shows that DOH”6 (Ug) C
D‘H_ﬂ p Uy) =~ cB=1/p continuously, we can consider Z” as the unique global

solution of the RDE (5.2) defined on DO‘J”S YP(U,). Let YF := RE(ZP) forall ¢ €
[0, T']. Then the same argument as we established in Step2withy =a+8—1/p >0
gives that Y,P is a continuous curve in C* such that it solves equation (5.1) (with respect
to the Ito lift), i.e.,

t
Y/ :/ Yl -paw,, vl =¢ 1te[0,TI
0

Moreover, since the multiplication with ¢ is a bounded linear vector field, we can
apply the continuity of It6—Lyons map (see e.g. Chapter 8 in [11]) to deduce that the
RDE (5.1) admits a unique solution (as long as it exists). This implies that the solution
Y? actually does not depend on the choice of p, and the proof is completed. O

Remark 5.2 The SDE (5.1) with the linear vector field V (Y;) := Y; - ¢ can be con-
sidered as one toy example where it has advantages to work with a mixed stochastic
integration—regularity structure approach. Other examples of distribution-valued Itd
stochastic differential equations, which could be treated similarly to (5.1) and the
“mixed‘ approach has its advantage, are stochastic differential equations (on the plane)
with vector fields like

V() = /0 (W) dX, or V() =T,

where Y is the unique solution to 17,(~) =Y:(-) + fo g(?t (u)) dX,, for a given rough
path X and a vector field g with suitable regularities.
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