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Abstract

A second-order Galton—Watson process with immigration can be represented as a coor-
dinate process of a 2-type Galton—Watson process with immigration. Sufficient conditions
are derived on the offspring and immigration distributions of a second-order Galton—
Watson process with immigration under which the corresponding 2-type Galton—Watson
process with immigration has a unique stationary distribution such that its common
marginals are regularly varying. In the course of the proof sufficient conditions are given
under which the distribution of a second-order Galton—Watson process (without immigra-
tion) at any fixed time is regularly varying provided that the initial sizes of the population
are independent and regularly varying.

1 Introduction

Branching processes have been frequently used in biology, e.g., for modeling the spread of an in-
fectious disease, for gene amplification and deamplification or for modeling telomere shortening,
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see, e.g., Kimmel and Axelrod [I8]. Higher-order Galton—Watson processes with immigration
having finite second moment (also called Generalized Integer-valued AutoRegressive (GINAR)
processes) have been introduced by Latour [I9] equation (1.1)]. Pénisson and Jacob [21] used
higher-order Galton—Watson processes (without immigration) for studying the decay phase of an
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epidemic, and, as an application, they investigated the Bovine Spongiform Encephalopathy epi-
demic in Great Britain after the 1988 feed ban law. As a continuation, Pénisson [20] introduced
estimators of the so-called infection parameter in the growth and decay phases of an epidemic.
Recently, Kashikar and Deshmukh [16, [I7] and Kashikar [I5] used second order Galton—-Watson
processes (without immigration) for modeling the swine flu data for Pune, India and La-Gloria,
Mexico. Kashikar and Deshmukh [16] also studied their basic probabilistic properties such as
a formula for their probability generator function, probability of extinction, long run behavior
and conditional least squares estimation of the offspring means. Higher-order Galton—Watson
processes with immigration are special multi-type Galton—Watson processes with immigration,
and to give an example for an application of such processes for modeling epidemics, for exam-
ple, we can mention Dénes et al. [7], where a 17-type Galton—Watson process with immigration
has been applied to describe the risk of a major epidemic in connection with the 2012 UEFA
European Football Championship took place in Ukraine and Poland between 8 June and 1 July
2012.

Let Z,, N, R, R, R,,, and R__ denote the set of non-negative integers, positive
integers, real numbers, non-negative real numbers, positive real numbers and negative real
numbers, respectively. For functions f:R,, - R,, and ¢g:R,, — R,,, by the notation

f(x) ~g(x), f(x) =o0(g(x)) and f(z) = O(g(x)) as = — oo, we mean that lim, ., % =1,
lim, 00 % =0 and limsup,_, % < o0, respectively. The natural basis of R? will be

denoted by {ei,...,eq}. For z € R, the integer part of z is denoted by |z|. Every
random variable will be defined on a probability space (f2,.4,P). Equality in distributions of

: : : D
random variables or stochastic processes is denoted by =.

First, we recall the Galton—Watson process with immigration, which assumes that an indi-
vidual can reproduce only once during its lifetime at age 1, and then it dies immediately. The
initial population size at time 0 will be denoted by X,. For each n € N, the population
consists of the offsprings born at time n and the immigrants arriving at time n. For each
n,i € N, the number of offsprings produced at time n by the " individual of the (n —1)%
generation will be denoted by &,;. The number of immigrants in the n'™

denoted by €,. Then, for the population size X,, of the n'" generation, we have

generation will be

Xn-1

(1.1) Xo=) &uiten, neEN,
i=1

where Z?Zl :=10. Here {XO, Enjis En 1M, 1 E N} are supposed to be independent non-negative
integer-valued random variables, and {&,; : n,i € N} and {e, : n € N} are supposed to
consist of identically distributed random variables, respectively. If ¢, =0, n € N, then we
say that (X,)nez, is a Galton-Watson process (without immigration).

Next, we introduce the second-order Galton—Watson branching model with immigration.
In this model we suppose that an individual reproduces at age 1 and also at age 2, and
then it dies immediately. For each n € N, the population consists again of the offsprings born
at time n and the immigrants arriving at time n. For each n,7,7 € N, the number of



h

offsprings produced at time n by the i*" individual of the (n — 1) generation and by the

J™ individual of the (n —2)"! generation will be denoted by &,; and n,;, respectively,

h

and &, denotes the number of immigrants in the n' generation. Then, for the population

size X,, of the n'™ generation, we have

anl Xn72

(12) Xn = Z gn,i + Z Tin,j + €n, n e N7
i=1 Jj=1

where X_; and X, are non-negative integer-valued random variables (the initial population
sizes). Here {X_l,Xo, Eniis Mnjr En = M,1,J € N} are supposed to be non-negative integer-
valued random variables such that {(X_I,Xo), Ensis Mnjyr €n = N4, J € N} are independent,
and {&,; : n,i € N}, {n,; : n,j € N} and {e, : n € N} are supposed to consist of
identically distributed random variables, respectively. Note that the number of individuals
alive at time n € Z, is X, + X,,_1, which can be larger than the population size X, of
the n'™ generation, since the individuals of the population at time n — 1 are still alive at
time n, because they can reproduce also at age 2. The stochastic process (X, ),>_1 given
by (L2) is called a second-order Galton—Watson process with immigration or a Generalized
Integer-valued AutoRegressive process of order 2 (GINAR(2) process), see, e.g., Latour [19].
Especially, if & ; and 7, are Bernoulli distributed random variables, then (X,,),>_1 is also
called an Integer-valued AutoRegressive process of order 2 (INAR(2) process), see, e.g., Du
and Li [§]. If e, =0, then we say that (X,),>_1 is a second-order Galton—Watson process
without immigration, introduced and studied by Kashikar and Deshmukh [16] as well.

The process given in (2) with the special choice 17,; = 0 gives back the process given
in (L), which will be called a first-order Galton—Watson process with immigration to make a
distinction.

For notational convenience, let £, n and ¢ be random variables such that ¢ 2 11, 1 2 M1
and ¢ Z¢e;, and put me := E(€) € [0,00], m, :=E(n) € [0,00] and m. :=E(c) € [0, 00].

If (X,)nez, is a (first-order) Galton-Watson process with immigration such that me €
(0,1), Pe =0) <1, and > 72 P(e = j)log(j) < oo, then the Markov process (X, )nez,
admits a unique stationary distribution u, see, e.g., Quine [22]. If ¢ is regularly varying with
index a € Ry, ie, Ple>z)eR,, foral ze€ R, and

. Ple>qr)
xll_)n;lo W =(q for all qc R++,
then, by Lemma [E.5, 77 P(e = j)log(j) < oo. The content of Theorem 2.1.1 in Basrak et
al. [3] is the following statement.

1.1 Theorem. Let (X, )nez, be a (first-order) Galton—Watson process with immigration such
that me € (0,1) and ¢ is reqularly varying with index « € (0,2). In case of o € [1,2),
assume additionally that E(£%) < co. Then the tail of the unique stationary distribution



of (Xn)nez, satisfies

,u((x,oo))fv;m? Ple > x) = [ P(e > x) as x — 00,

and hence 1 18 also reqularly varying with index «.

Note that in case of a = 1 and m. = oo Basrak et al. [3, Theorem 2.1.1] assume
additionally that e is consistently varying (or in other words intermediate varying), but,
eventually, it follows from the fact that e 1is regularly varying. Basrak et al. [3, Remark
2.2.2] derived the result of Theorem [I1] also for a € [2,3) under the additional assumption
E(£3) < oo (not mentioned in the paper), and they remark that the same applies to all
a € [3,00) (possibly under an additional moment assumption E(£[+1) < o0).

In Barczy et al. [2] we study regularly varying non-stationary (first-order) Galton—Watson
processes with immigration.

As the main result of the paper, in Theorem 2] in the same spirit as in Theorem [T, we
present sufficient conditions on the offspring and immigration distributions of a second-order
Galton—Watson process with immigration under which its associated 2-type Galton—Watson
process with immigration has a unique stationary distribution such that its common marginals
are regularly varying. According to our knowledge, such a result has not been established so
far, e.g., we could not find any reference which would address regularly varying GINAR(2)
processes. Our result and the applied technique might be extended to a p-th order Galton—
Watson branching process with immigration, however such an extension is not immediate, for
example, it is not clear what would replace the constant » .~ m¢ in Theorem 2I1 More
generally, one can pose an open problem, namely, under what conditions on the offspring
and immigration distributions of a general p-type Galton—Watson branching process with
immigration, its unique (p-dimensional) stationary distribution is jointly regularly varying. We
also note that there is a vast literature on tail behavior of regularly varying time series (see,
e.g., Hult and Samorodnitsky [12]), however, the available results do not seem to be applicable
for describing the tail behavior of the stationary distribution for regularly varying branching
processes. The link between GINAR and autoregressive processes is that their autocovariance
functions are identical under finite second moment assumptions, but we can not see that it
would imply anything for the tail behavior of a GINAR process knowing the tail behaviour of a
corresponding autoregressive process. Further, in our situation the second moment is infinite,
so the autocovariance function is not defined.

Very recently, Bésze and Pap [5] have studied regularly varying non-stationary second-order
Galton—Watson processes with immigration. They have found some sufficient conditions on the
initial, the offspring and the immigration distributions of a non-stationary second-order Galton-
Watson process with immigration under which the distribution of the process in question is
regularly varying at any fixed time. The results in Bosze and Pap [5] can be considered as
extensions of the results in Barczy et al. [2] on not necessarily stationary (first-order) Galton—
Watson processes with immigration. Concerning the results in Bésze and Pap [5] and in the
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present paper, there is no overlap, for more details see Remark

The paper is organized as follows. In Section B first, for a second-order Galton—Watson
process with immigration, we give a representation of the unique stationary distribution and its
marginals, respectively, then our main result, Theorem 2.1 is formulated. The rest of Section
is devoted to the proof of Theorem 2.1l In the course of the proof, we formulate an auxiliary
result about the tail behaviour of a second-order Galton—Watson process (without immigration)
with a regularly varying initial distribution at time 0 and with value 0 at time —1, see
Proposition We close the paper with seven appendices which are used throughout the
proofs. In Appendix [Al we recall a representation of a second-order Galton—Watson process
without or with immigration as a (special) 2-type Galton—Watson process without or with
immigration, respectively. In Appendix [Bl we derive an explicit formula for the expectation of
a second-order Galton—Watson process with immigration at time n and describe its asymptotic
behavior as n — oo. Appendix[Clis about the existence and estimation of higher order moments
of a second-order Galton—Watson process (without immigration). In Appendix [Dl we recall a
representation of the unique stationary distribution for a 2-type Galton—Watson process with
immigration. In Appendix [E] we collect several results on regularly varying functions and
distributions, to name a few of them: convolution property, Karamata’s theorem and Potter’s
bounds. Appendix [ is devoted to recall and (re)prove a result on large deviations for sums of
non-negative independent and identically distributed regularly varying random variables due
to Tang and Yan [20], part (ii) of Theorem 1]. Finally, in Appendix [Gl we present a variant of
Proposition 23] where the initial values X_; and X are independent and regularly varying
together with a second type of proof, see Proposition

2 Tail behavior of the marginals of the stationary distri-
bution of second-order Galton—Watson processes with
immigration

Let (Xp)n>—1 be asecond order Galton—-Watson process with immigration given in (I2]), and
let us consider the Markov chain (Y'j)rez, given by

Yn-1,1 Yn-1,2
Yn Xn 7 n,i Y n.,j En
Y, = | "= =Y 5’ + 3 "™+, nen,

which is a (special) 2-type Galton-Watson process with immigration, and (e]Yj)rez, =
(Xk)kez, (€3 Yis1)ks—1 = (Xp)k=—1 (for more details, see Appendix [A). If me € Ry,
my € Ry, me+m, <1, P(e=0) <1 and E(L{z0log(e)) < oo, then there exists a unique
stationary distribution 7 for (Y ,)nez,, see Appendix [D] since then My, is primitive due

to the fact that )
A e | mg +m,  mem,
SO T

2
e RL ..

e my



Moreover, the stationary distribution 7 of (Y,)nez, has a representation

™ 2 f: Vgi)(Ei),

=0

where (V,(;)(si))kez ., @ € Zy, are independent copies of a (special) 2-type Galton-Watson
process (Vi(€))kez, (without immigration) with initial vector V(e) = ¢ and with the same
offspring distributions as (Y )rez,, and the series » .-, VZ@ (e) converges with probability 1,
see Appendix [Dl Using the considerations for the backward representation in Appendix [A], we
have (ef Vi(€))rez, = (Vi(e))rez, and (€3 Viii(€))rz—1 = (Vi(e))kz-1, where (Vi(e))kz-1
is a second-order Galton—Watson process (without immigration) with initial values Vy(e) = ¢
and V_i(e) =0, and with the same offspring distributions as (X )r>_1. Consequently, the
marginals of the stationary distribution 7r are the same distributions 7, and it admits the
representation

@ 2 Z V;(Z) (Ei)a
=0

where (V}ﬂ(i)(ei))kezw i € Z,, are independent copies of (Vj(¢))g=—1. This follows also from
the fact that the stationary distribution 7 is the limit in distribution of Y, as n — oo and

Xn
Yn — 5 n E ZJ’_,
Xn—l

thus the coordinates of Y, converge in distribution to the same distribution 7 as n — oc.

Note that (X,),>_1 is only a second-order Markov chain, but not a Markov chain. More-
over, (X,)n>_1 Iis strictly stationary if and only if the distribution of the initial population
sizes (Xo, X_1) coincides with the stationary distribution 7 of the Markov chain (Y4)rez, .

Indeed, if (Xo, X_1)7 2 m, then Y 2 m, thus (Yj)pez, Iis strictly stationary, and hence

for each n,m € Zy, (Yo,...,Y,) 2 (Yo, - Yim), yielding

<X07 X—h X17 X07 L 7Xn7 Xn—l) 2 (Xma Xm—h Xm+17 Xmu cee 7Xn+m7 Xn—l—m—l)-

D

Especially, (X_1, X0, X1,...,Xn) = (Xom-1, Xy Xont1s - - s Xnom), hence (X,,),>_1 is strictly
stationary. Since (X, Xono1, X1 Xons - - s Xowm, Xnem—1) s a continuous function of
(Xm—1, Xy Xonat1, - s Xntm), these considerations work backwards as well. Consequently,

7t is the unique stationary distribution of the second-order Markov chain (X,),>_1.

2.1 Theorem. Let (X,,)n>-1 be a second-order Galton—Watson process with immigration such
that me € Ry, my, € Roy, me+m, <1 and ¢ is reqularly varying with index o € (0, 2).
In case of « € [1,2), assume additionally that E(£?) < oo and E(n?) < co. Then the tail
of the marginals m of the unique stationary distribution 7 of (X,)n>—1 satisfies

((x,00)) ~ me P(e > x) as T — 00,
=0
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where mg:=1 and

01 g AR+ k] - mg + /Mg +4my, . me — y/mZ +4m,

A — A o 2 ’ ' 2

for k€ N. Consequently, m s also reqularly varying with index .

Note that A} and A_ are the eigenvalues of the offspring mean matrix Mg, given in
(B.2)) related to the recursive formula (B.)) for the expectations E(X,), n € N. For each
k € Zy, the assumptions m¢ € Ryy and m, € Ryy imply my € Ri,. Further, by (B.4),
for all k€ Zy, we have my = E(V,o), where (V,0)n>—1 is a second-order Galton-Watson
process (without immigration) with initial values Vpo =1 and V_;0 =0, and with the same
offspring distributions as (X,),>_1. Consequently, the series ) > m appearing in Theorem
210 is convergent, since for each i € N, we have m; = E(V;o) < X, <1 by (BX) and the
assumption mg +m, < 1.

We point out that in Theorem [Z1] only the regular variation of the marginals = of 7 is
proved, the question of the joint regular variation of 7t remains open.

2.2 Remark. Note that there is no overlap between the results in the recent paper of Bésze
and Pap [5] on non-stationary second-order Galton-Watson processes with immigration and in
the present paper. In [5] the authors always suppose that the initial values X, and X_;
of a second-order Galton-Watson process with immigration (X,,),>_1 are independent, so in
the results of [5] the distribution of (Xy, X 1) can not be chosen as the unique stationary
distribution 7r, since the marginals of 7 are not independent in general. O

For the proof of Theorem 2.1l we need an auxiliary result on the tail behaviour of second-
order Galton—Watson processes (without immigration) having regularly varying initial distri-
butions.

2.3 Proposition. Let (X,)n>-1 be a second-order Galton—Watson process (without immigra-
tion) such that X, is regularly varying with index [y € Ry, X_; =0, me € Ry and
my, € Ry, In case of By € [1,00), assume additionally that there exists r € (fy,00) with
E(¢") <oo and E(n") < oo. Then for all n € N,

P(X, > z) ~ mPP(Xy > ) as T — 0o,

where my, 1 € Zy, are given in Theorem[21, and hence, X, 1is also reqularly varying with
index [y for each n € N.

Proof of Proposition Let us fix n € N. In view of the additive property (A.4), it is
sufficient to prove

1=1

Xo
(n) Bo
E , 0 ,
IP’( Gio >x>~mn P(Xy > x) as T — 00
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This relation follows from Proposition [E13] since E(Cl(flo)) =m, €R,, neN, by (B4). O

In Appendix [G, we present a variant of Proposition 2.3, where the initial values X_; and
Xy are independent and regularly varying together with a second type of proof, see Proposition
G 1]

Proof of Theorem 2.1l First, note that, by Lemma [E.5], E(Ly..0log(e)) < co. We will use
the ideas of the proof of Theorem 2.1.1 in Basrak et al. [3]. Due to the representation (A4,

for each i € Z,, we have
Vo) 23
7j=1
(i) .

where {51, 0 J € N} are independent random variables such that {CJ(O j € N} are
independent copies of V; o, where (Vi o)r>—1 is asecond-order Galton-Watson process (without
immigration) with initial values Voo = 1 and V_;, = 0, and with the same offspring
distributions as (Xj)g>—1. For each i € Z,, by Proposition 23] we obtain IP’(V( (e;) >
x) ~m{P(e > z) as z — oo, yielding that random variables V e, i€ Z,, arealso
regularly varying with index «. Since V;.( (€;), @ € Zy, are independent, for each n € Z,,
by Lemma [E.10, we have

(2.2) IP’(Z Vi(i) (g;) > :)3) ~ me‘ P(e > z) as T — 00,
i=0 i=0

and hence the random variables Z?;o Vi(i) (€5), n € Z,, are also regularly varying with index
a. For each n € N, using that Vi(l) (€;), © € Z,, are non-negative, we have

. em((x00)) L PO, V-(i)(ai) > x) .. PO, V
- 77 — ? ? > 1=
11;’[1 inf P(g > ) = 11%’[1 inf P(&f N ) = 11;’[1 inf P(g S E m

hence, letting n — oo, we obtain

o0

(2.3) lim inf T2 %) Z ms

T—00 P€>ZE

Moreover, for each n € N and ¢ € (0,1), we have

P(Xr) Vie) + 22, V() > o)

lim sup = lim sup

P TR Ple>2)
< i i Vi =n i < Lin(g) + Lan
i Sup P(e > x) ) b
with

P V) > (1= g)a) B, V) > )
Ly, (q) == h;rl_igp P > 7) , Ly, (q) := h;rl_igp P> 1) .




Since ¢ is regularly varying with index «, by (2.2]), we obtain

L P(Cis ViV(e) > (1—q)2) Ple>(1—q)z) _ a”
Lial) =limswp == 00 Bes ) e

>_A

and

L ( ) — limsu P(Zzoin V;'(i)(gi) > q:c) . P(&? > q:L’) — ¢~ limsup P(Zzn Vi(i) (81) > qx)
T B ) Besa) ¢ TR B s )

Y

and hence

lim Ly ,(¢) = (1 —q)” Zm

n— o0

N Wt AR CY B )
i Leala) =0l B == sy

The aim of the following discussion is to show

P> Vi (e;) > qz)
2.4 lim i =n !
(24) e l?_igp P(e > qx)

=0, g€ (0,1).

First, we consider the case « € (0,1). Foreach x € R,,, n€N and § € (0,1), we have

P (i V(i) > x)

:P<Z‘/;(i)(5i> > @, Suinéi (1-— >+P<ZV(2 >z, sup p'e; < (1= )

>
=n i>n =n

= P(Z Vi(i) (ei) >, sup o'e; > (1 — 5)3:)

- =n
i=n -

+P<Z V€)1 eica-ne-in) > . sup e < (1 —5):6)

>
i=n L=n

i=n

< P(sup o'e; > (1— 5):6) + P(Z Vi(i) (€)Lei<(i=6)o-ia} > SL’) =: P ,(x,0) + Py, (2, 6),

i=n
where ¢ is given in (B.G]). By subadditivity of probability,

P, (z,0) < ZPQ&?Z ZIP’5> (1—0)o "z).

i=n =n

Using Potter’s upper bound (see Lemma [E.12), for ¢ € (0,5), there exists xy € Ry, such
that
Ple > (1 —0)o 'x)

(25) P(e > x)

<L+ =0 T < (1 +0)[L—-0)o ] E



if © € [rg,00) and (1 —4§)o" € [1,00), which holds for sufficiently large i € N due to
€ (0,1). Consequently, if ¢ € (0,5), then

lim lim sup L’n (z,9)

< i _ —i-% _
500 pee Pe > 1) < lim y (1+0)[(1-0)e7] % =0,

since 02 <1 (dueto g € (0,1)) yields > °°,(07")"/? < co. Now we turn to prove that

;2(';(;5)) = 0. By Markov’s inequality,

Py (2,0) ZE V(Z €1)L{e,<(1-8)0a}) -

izn

lim,, o0 limsup,,_, o

By the representation Vi(i) (€4) 2 >y C](io), we have

E(V;" () Liei<-s)o-a}) (ZCgol{sz«l 5o lw})

€
E|E (Z GOl (e 1-t)0-ia)
j=1

)

=
=E (Z E(Cl(?()))]l{ezg(l—is)glw}) = E(Cl(?())) E(gi]l{&é(l—é)g*ix})a
j=1
since {CJ(ZS :j7 €N} and ¢; are independent. Moreover,

E(eilie,c-s0-iz) = B(ele<-0)0-ia}) = /0 P(eLie<u-apo-iay > t) dt

(1-5) ' (1-5)
- / P(t <& < (1—0)o 'z)dt < / P(z > t) dt.
0 0

By Karamata’s theorem (see, Theorem [E.T]), we have

fo (e>t)dt 1
y—>oo yPle>y) 1—-a

Y

thus there exists 7y € Ry, such that

y 2y P
/P(a>t)dt<y1(#zy), Y € [yo, 00),
; —

hence

/(1_5)9 - P(e > 1) dt < 2(1—08)o "z P(e > (1 — )0 'z)

0 1 -«

whenever (1 — §)o ™'z € [yp,00), which holds for ¢ > n with sufficiently large n € N

and z € [(1 —d)'o"yp,0) due to o € (0,1). Thus, for sufficiently large n € N and
€ [(1—0)"'o"yo, ), we obtain

P2 n(za 5) /(1 Dot
’ < E( P
P(e > x) 5>xz (e>8)de

=>n

2(1-9) Ple > (1—-10)o 'x)
S l—-a Z
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since E(Cl(l)) <o, i €Z,, by (BF) and Clo = 1. Using (2.5), we get

Pyp(z,0) _2(1—94 e
p<g(>x>)< (1_@);1%)[(1—5)@ =%

for 6 € (0,2), for sufficiently large n € N and for all z € [max(zg, (1—3)"'0"ys), 00). Hence

3
for 6 € (0,5) we have

o P(xd) . 21— e
iy timsup 0 < Jim S D M1 - 9T =0,

where the last step follows by the fact that the series >_°° (%)% is convergent, since g € (0, 1).

Consequently, due to the fact that P(>.° V() > 2) < P (z,6)+ Pyy(x,6), v € Ry,
neN, 0 € (0,1), we obtain (Z4)), and we conclude lim, o L2,(q) =0 for all ¢ € (0,1).
Thus we obtain

limsupM < lim Ly ,(¢) + lim Lo, (¢) = (1 —q)~ Zm

=00 ]P)({;‘ > ;U) n—o00 n—00

for all ¢ € (0,1). Letting ¢ 0, this yields

o0

- 7((z,00))
1 T 00) « §™ e,
TP Ble > ) ;m

Taking into account (2.3)), the proof of (2.4]) is complete in case of a € (0,1).
Next, we consider the case « € [1,2). Note that (24]) is equivalent to

oo 1@ (. oo 1/(0) (- \\2
lim lim sup P(Zi:”Vi (82) - \/5) = lim limsup ]P)((Zi:n V; (51)) > f)

= 0.

Repeating a similar argument as for « € (0,1), we obtain

P((i v (a)) > :c)
= P((i Vi(i) (@)) >z, sup 0%e? > (1 — 5):B)

—l—IP((iV;(i)(ai)) >z, sup oe? < (1 —0)x )

=>n
=n

- 2
Z Vi(i) (@)) >z, sup 0%e? > (1 — 5):B)

i=n

- 2
(Z ‘/i(l)(gi)]l{egg(l_é)gmw}> > x, sup 0*e? < (1 —0)x )
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2
< P(sup 0¥e? > (1 — ) ((Z V( II.{EQ<(1 5)o 2%}) > x)
=n

=: P, (2,0) + Pap(x,0)

foreach x € R,,, n€N and 0 € (0,1). By the subadditivity of probability,
Py (z,0) < ZIP’95>1— ZIP’5>1— Yo %)

for each z € Ry, n €N and ¢ € (0,1). Since &? is regularly varying with index

(see Lemma [E3), using Potter’s upper bound (see Lemma [E12) for § € (0,9), there exist
xp € Ry such that

RS D 491 - ) < (L 8)[(1 - )

(521}

9]

if x € [rg,00) and (1 —40)o % € [1,00), which holds for sufficiently large ¢ € N (due to
€ (0,1)). Consequently, if 6 € (0,%), then

)
. . Pl,n(xu(s) . = _9j1—&
Jim Hmsup e gy < 2 (1 9[-0 =0,

since 92 < 1 (due to o € (0,1)). By Markov’s inequality, for = € R,,, n € N and
§ € (0,1), we have

2
; < E V i ]]- foin — —2ig
P(e2>x) =~ xP(e? > x) ((Z i (€) Lie2<(1-5)0-2i}

1=n

1 - () 2
ECET) E(ZV% =) ﬂ{eg<<1_a>92m}>

(2
T pg2>x ( Z Vi SCH) TR %}1{5;«1—6)@%})

1,j=mn, 1#£]

= J271,n($lf, 5) + J272,n(l’, (S)

foreach x € Ry, n €N and ¢ € (0,1). By Lemma[C2] (B.4)) and (BE) with X, =1 and
X_1 =0, we have

n

E(V,"(n)*) =E <Z<§fg> =D E(GD) + > E(G)E(GD)

JA=1,5#L

Csub Z Q + Z Q Q Csuan + (n - H)Q2 < Csubg n + Q2Zn2
Jit=1, j#¢L
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for i,n € N. Hence, using that (e, V;.(i) (1)) Z (e, > (;Zg) and that ¢; and {CJ(ZS :j € N}
are independent, we have

f: E(V;" () izca-9p2a))

T2in(e,0) = rP(e? > z)

£; i)\ 2
B f: (S50 G0 Ty hy oty
B P rP(e? > o)
N2
Re ZO<£<(1—5)%Q%$% E((Zﬁﬂ C](o)) ) P(e; = 1)
B Z xP(e? > x)

i=n

< S ZOSZg(l—(S)%inx% (Coup 0™l + 0*0*)P(e = ()
=~ Z IP(€2 > :L’)

i=n

. ZC E(51{€2<(1 5 21w} Z % 6 ]].{52< 1— 5) 22:2})
b’ rP(e2 > ) rP(e? > )

=: Jo11.0(x,0) + Jo12,(2, ).

Since € is regularly varying with index $ € [3,1) (see Lemma [EZ3), by Karamata’s theorem
(see, Theorem [E.TT)), we have

fo e? > t)dt 1
y—>oo yP(e? > y) 1—%’

thus there exists yo € R,, such that

v 2yP(e? >
/ IP)(€2 > t) dt < 4y 1(8 o y>a Yy e [yOaOO)a
0 T2

hence

E(€21{€2<(1_5)9—2i$}) = / P(€21{€2<(1_5)972i$} > y) dy
0

(1-6)o=% '
= / Ply <e® < (1—0)o ¥x)dy
0

(1-8)o~ %z 21 = No2xP(e2 > (1 = 8o %
0 T2

whenever (1 —4)o %*x € [yp,00), which holds for 7 > n with sufficiently large n € N, and
e [(1—=0)""0*"yp,00) dueto o€ (0,1). Thus for 6 € (0,%), for sufficiently large n € N
(satisfying (1 — )™ € (1,00) as well) and for all x € [max(xg, (1 —36)*0*"yy), ), using
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([2.6), we obtain
J2’172’n(x’5) < 2(1 — 5) Z P(€2 ;((1 — 5)9—2i1’) < 2(1 - 6) Z(l + 5)[(1 - 5)9—22‘]—%

1-5 & €2 > 1) T ol-g &
21— 5%) &
:1_7&2[(1—5)02] T
2 i=n

Hence for 6 € (0,F), we have

2 o,
lim limsup Jy 19, (2,0) < (1__ hmz [(1—0)o %% =0,

n—o0 T—00 n—oo

yielding lim,, o limsup, ., Jo12,(2,0) =0 for 6 € (0,%). Further,if a € (1,2), or a=1
and m. < oo, we have

m
J M 5 su —
2,1,1 (1’ < ¢ bZQa:IP’(52>x)

and hence, using that lim, ,., xP(e? > 1) = co (see Lemma [E.4]),

lim limsup Jo11,(2,9) < csupme lim (Z Q) lim sup =0,
n—oo

n—00 4 soo — T—00 IP(&fz > .flf)

yielding lim,, o limsup, . Jo11.(2,0) =0 for 6 € (0,1).
If a=1 and m. = oo, then we have

Licaogbeiady)
:L"IP’(52 > 1)

J211nx5 chubg

for x e Ry, ne€N and § € (0,1). Note that

Y

o] Yy
E(e?]l{ggy}) < / ]P)(E]l{egy} > t) dt = / ]P)(t <e < y) dt < / P(t < E) dt =: L(y)
0 0

0
for y € Ry. Because of a =1, Proposition 1.5.9a in Bingham et al. [4] yields that L isa
slowly varying function (at infinity). By Potter’s bounds (see Lemma [E.12)), for every § € Ry,
there exists zp € Ry, such that

—— < (149) (%)5

for z > 2y and y > z. Hence, for = > z g, we have

E(cl, _ ) < L((1- )20 w?) < L(o7'w?) < (1+8)0 ®L(x?),  i>n,

(e<(1=8) b g-iz?
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where we also used that L is monotone increasing. Using this, we conclude that for every
§ € Ry, there exists 2o € R, such that for = > 22, we have

o

L(zz) —i6
< (2 < ) -
Joaaal) < (L ean 3 s S 0

Here, since ¢ € (0,1) and § € Ry, we have lim, ,o Y oo 0% =0, and

Lva) _Lwe 1
cP(E2>x) o/ B3AP(e > JT) 0

as T — 00,

by Lemma [EL4] due to the fact that L is slowly varying and the function Ry, >z — P(e >
Vvx) is regularly varying with index —1/2. Hence lim, . limsup, . J211.(z,0) =0 for
€ (0,1) incaseof =1 and m. = oc.

Consequently, we have lim,_,limsup, . Jo1n(2,6) =0 for 0 € (0, %).

Now we turn to prove lim, . limsup,_, Joon(x,0) =0 for § € (0,1). Using that
{(&i, V;-(Z) (¢;) :i € N} are independent, we have

1 - i :
J22n(7,0) € 55— E E(V; )(Ei)l{azg(l—é)g*%x})E(‘/j(])(Ej)]l{az-g(l—é)g*zjx})'
zP(e?2 > x) Wy Y ‘ !

Here, using that (=5, V(=) 2 (1, 3251, ¢9), where & and {¢{: j € N} are independent,
and (B.A) with Xy =1 and X_; =0, we have

E(V;? (€)1 2c1syo-2i2)) = ((ZC )11{52<1 So- }>
7j=1
[(1-6)2 012 | ¢
- E (Z c§33> P(e; = 0)
j=1

< L' P(e; = {) = 0" E(eil 2 c(1_5)p-2i0))
for x € Ryy and 0 € (0,1). If a€(1,2), or a=1 and m. < oo, then

82 > x) Z o E( 811{€2<(1 e 2’96}) E(Ej]l{ek(l—é)m?jz})

1,j=n,i1#]
i+7
0 < 52>x (ZQ)

J2,2,n(337 5)

2
me

< - =
zP(e? > x)

Mg

ij=n, i
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for x€Ry, and § € (0,1), and then, by Lemma [E.4],

n—00 4 v~ T—500 .CL’]P)(82 > .CL’)

Q2n
< (fm ) 0

yielding that lim,, . limsup, . Joon,(z,d) =0.

lim limsup Jo,.(7,6) < m? lim (Z 0 ) lim sup
n—oo

If « =1 and m. = oo, then we can apply the same argument as for Jy;1,(x,0). Namely,

(149) (1=8)(i+3) (T, (g3
< i+j) 5))2
Joon(z,0) < TP > 1) ij:En i#Q (L(z2))

<(1+9 A=0)+i) — (1 4+ 6 (1-6)i
(+)a:IP’52>:): Z 0 (+)a:IP’52>:): ZQ
1,j=n,i1#] i=
for x € Ry, and 0 € (0,1), where
-~ 1 -~ 1 2
L(z2))? L(x2 1
(L(z2)) = (:1712) 3 — 0 as T — 00,
rP(e? > ) x? 1 P(e > /7)

yielding that lim, . limsup, . Joon(x,0) =0 for 6 € (0,1) incase of a =1 and m. = oo
as well.

Consequently, lim,,_,o limsup,_, ];2(;% 0 for 6 € (0,%) yielding (Z4) in case of
a € [1,2) as well, and we conclude lim, o La2,,(q) =0 for all ¢ € (0,1). The proof can be

finished as in case of « € (0,1). O

2.4 Remark. The statement of Theorem 2.1l remains true in the case when mg € (0,1) and
m, = 0. In this case we get the statement for classical Galton-Watson processes, see Theorem
2.1.1 in Basrak et al. [3] or Theorem [[LT1 However, note that this is not a special case of
Theorem 2] since in this case the mean matrix My, is not primitive. O

Appendices

A Representations of second-order Galton—Watson pro-

cesses without or with immigration

First, we recall a representation of a second-order Galton—Watson process without or with
immigration as a (special) 2-type Galton—Watson process without or with immigration, respec-
tively. Let (X,)n>—1 be a second-order Galton—Watson process with immigration given in
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(L2), and let us introduce the random vectors

Y, X,
(A1) Y, = o= : ne .
Yn,2 Xn—l
Then we have
(A.2) 5’” Z 7’"’] il neN,
=1 7j=1 0

hence (Y ,)nez, is a (special) 2-type Galton-Watson process with immigration and with initial
vector

In fact, the type 1 and 2 individuals are identified with individuals of age 0 and 1, respectively,
and for each n,i,j € N, at time n, the *" individual of type 1 of the (n—1)*® generation
produces &,; individuals of type 1 and exactly one individual of type 2, and the j** individual
of type 2 of the (n—1)"™ generation produces 7, ; individuals of type 1 and no individual of
type 2.

The representation (A.2)) works backwards as well, namely, let (Y')rez, be a special 2-type
Galton—Watson process with immigration given by

Y11 5 . Yi_1,2 5 ' -
(A.3) Yi= Y. [ '“’]1’1’1] + 3 [ ’“’82’1] + [ ’5’1] . keN,

J=1 J=1

where Y is a 2-dimensional integer-valued random vector. Here, for each k,j € N and
i € {1,2}, & i1 denotes the number of type 1 offsprings in the k'™ generation produced by
the ;" offspring of the (k — 1) generation of type i, and &, denotes the number of type
1 immigrants in the k™ generation. For the second coordinate process of (Yj)kez,, we get
Yio="Yi_11, k €N, and substituting this into (A.3)), the first coordinate process of (Y'j)rez,
satisfies

Y11 Yi_21
Vi1 = Z Ej1,1 + Z Ej2,1 €k 1, k> 2.
j=1 J=1
Thus, the first coordinate process of (Yi)rez, given by (A3) satisfies equation (L2)) with
Xn =Y, &= &nitts Mg = &nj21s €n = En1, N,0,7 € N, and with initial values

Xo:=Yp1 and X_; := Yo, i.e., it is a second-order Galton-Watson process with immigration.
Moreover, the second coordinate process of (Y ')rez, also satisfies equation (L2) with X, :=
Yot12, &ni = &nints Mny = &nj21, €ni=En1, N,4,J €N, and with initial values X := Y,
and X_;:=Yjo, ie, it is also a second-order Galton-Watson process with immigration.

Note that, for a second-order Galton—Watson process (X,,),>—1 (without immigration), the
additive (or branching) property of a 2-type Galton—Watson process (without immigration) (see,
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e.g. in Athreya and Ney [I, Chapter V, Section 1}), together with the law of total probability,
for each n € N, imply

Xo X_1
D n n
(A1) X, 23>,
i=1 j=1

where {(Xo, X_1), C C] Y, 4,j € N} are independent random variables such that {C i€

N} are independent copies of V,, o and {Cy(,_1 : j € N} are independent copies of V,, _1, where
(Vio)k=—1 and (Vi _1)k>—1 are second-order Galton—Watson processes (without immigration)
with initial values Voo =1, Vo190 =0, V-1 =0 and V_;_; =1, and with the same
offspring distributions as (Xg)k>—_1.

Moreover, if (X,),>_1 is a second-order Galton—Watson process with immigration, then
for each n € N, we have

(A.5) X, = V" (X, X +Zv<’“ (£:,0

where {VO(") (Xo, X_1), Vi("_i) (,0) 3 € {1,..., n}} are independent random variables such
that VO(")(XO, X_41) represents the number of newborns at time n, resulting from the initial
individuals X, at time 0 and X_; at time —1, and for each i€ {1,...,n}, Vi(n_i) (¢:,0)
represents the number of newborns at time n, resulting from the immigration &; at time .
Indeed, considering the (special) 2-type Galton-Watson process (Y)rez, with immigration

given in ([A.])) and applying formula (1.1) in Kaplan [14], we obtain

€

(A.6) Y,=VI(Yo) +) VI e)  with e = [O

i=1

], 1 €N,

for each n € N, where {V (Yo), VI (&) i € {1,....n}} are independent random

vectors such that V((] (Y) represents the number of individuals alive at time n, resulting
from the initial individuals Yy at time 0, and for each i € {1,...,n}, Vgn_i)(si) represents
the number of individuals alive at time n, resulting from the immigration e; at time i.
Clearly, (V(()k)(Yo))keZ+ and (ng)(si))kem, i €{1,...,n}, are (special) 2-type Galton—
Watson processes (without immigration) of the form ([A.3]) with initial vectors V(()O)(Yo) =Y,
and VZ(O)(EZ-) =g;, @ € {l,...,n}, respectively, and with the same offspring distributions
as (Yi)rez,. Using the considerations for the backward representation presented before,
the first coordinates in ([A.6) gives ([A.]), where (Vo(k)(Xo,X_l))@_l and (V( (€6,0))k>—1,
i €{1,...,n}, are second-order Galton-Watson processes (without immigration) with initial
values Vi(Xo, X_1) = Xo, VI(Xo, X_1) = X1, V9e,,0) =& and V(e 0) =0,
ie{l,...,n}, and with the same offspring distributions as (Xj)r>—1.
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B On the expectation of second-order Galton—Watson

processes with immigration

Our aim is to derive an explicit formula for the expectation of a second-order Galton—Watson
process with immigration at time n and to describe its asymptotic behavior as n — oc.

Recall that &, 1 and e are random variables such that ¢ 2 11, M z m, and € 2 1,
and we put mg = E(§) € [0,00], m, =E(n) € [0,00] and m. =E(e) € [0,00]. If me € Ry,
my, € Ry, m. e Ry, E(Xy) € Ry and E(X_;) € Ry, then (L2Z) implies

E(Xn | fri(—l) = Xn—1m§ =+ Xn—2m77 + M, n e N,
where FX :=o0(X_1,Xo,...,X,), n€Z,. Consequently,
E(Xn) = me B(Xp1) +my E(Xp2) + me,  meN,

which can be written in the matrix form

E(X, E(X, - <
(B.1) (Xn) | _ . Kol mel e,
E(X,-1) E(X,_2) 0
with
me My
B.2 M, = .
( ) &m [ 1 0 ]

Note that M, is the mean matrix of the 2-type Galton-Watson process (Y ,,)nez, given in
(AJ)). Thus, we conclude

E(X) | _ g
E(Xn—l) &m

E(Xo)

(B.3) Ry

- n—k |
+y Mg, [o] neN.

k=1

Hence, the asymptotic behavior of the sequence (E(X,))nen depends on the asymptotic
behavior of the powers (M gn)nEN, which is related to the spectral radius ¢ of Myg,, see
Lemmal[B.Iland (B.6). If (X,),>—1 is asecond-order Galton—Watson process with immigration
such that me € Ry and m, € Ry, then (X,),>_1 is called subcritical, critical or supercritical
if o<1, p=1 or p>1, respectively. It is easy to check that a second-order Galton—Watson
process with immigration is subcritical, critical or supercritical if and only if m¢ +m, < 1,
me +m, =1 or mg+m, > 1, respectively. We call the attention that for the classification
of second-order Galton—Watson process with immigration we do not suppose the finiteness of
the expectation of X,3, X_; or e.

B.1 Lemma. Let (X,),>_1 be a second-order Galton—Watson process with immigration such
that me c R+, my < R+, me € R+, ]E(XO) < R+ and E(X_l) € R+.

If m¢=0 and m, =0, then, for all n € N, we have E(X,)=m..
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If me+my, >0, then, for all n € N, we have

)\n-i-l - )\n+1 A\ C ()\ >\_)
B4 ]E Xn — i ]E X e ]E X_ n —+ .
( ) ( ) >\+_)\_ ( 0)+)\+_>\_m77 ( 1>+ )\+_)\_ m
with . o
=N —= if A 1,
Cn()\—i-a )\_) _ +1—)\+1_)\n 1-X f + ;é
n= Aoy if A =1,
where Ay and A_ are giwen in (2.1), and hence
o O if A€ (0,1),
E(X,) = ¢ Zn+ O(1) if A =1,

o (A E(Xo) + my B(X_y) + 575me) XNp+ O+ [A[") i As € (1,00)

-
as n — oo. Moreover, A s the spectral radius o of Meg,.

Further, in case of m. =0, we have the following more precise statements:

If mg=0, m,>0 and m.=0, then, for all k €N, we have E(Xo,_1) =E(X_1)A?"

If me¢>0, m;=0 and m.=0, then, for all n € N, we have E(X,) =E(Xy)\].
If me>0, my>0 and m. =0, then

_ A E(Xo) +my B(X 1)
A — A

E(X,) AL+ O(IAZ") as n — 0o.

If m.=0, 1u.e., there is no immigration, then
(B.5) E(X,) < 0"E(Xo) + 0" 'm, E(X_1), n € N.

Proof. We are going to use (B.3). The matrix My, has eigenvalues

me + (/Mg +4m,, me — \/mi +4m,
Ay = A=

2 2 ’

satisfying A € Ry and A_ € [-A4,0], hence the spectral radius of My, is

me + (/Mg +4m,,

2

In what follows, we suppose that mg+m,, > 0, which yields that Ay € Ry, and A_ € (=4, 0].
One can easily check that the powers of M, can be written in the form

Ay my A —A_ —my,
_|_
I =X | A=A | =1 A

no_ AL
(B.7) M, =5 [

], n€Z+
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Consequently,
o "M, —
Moreover, (B.3]) and (B.1) yield

E(X,) [AFh—antt
Ay — A AL — A

E(Xn)
E(Xn—l)

L E(X) my (A7 — A™)
Ap = A [ =AAT + A AT

Y

[)\n k1l \n—k+1
k=1

)\C‘rk—)\’_‘_k ], n ez,

and hence, we obtain (B.4) and (B.5)). Indeed, by (B.Z) and by A\, € R, and —A; < A_
for each k € Z,, we have

)\2k+1 )\2k+1 k ' ' ' '
A T A Z )\2 >\2k i )\ik + Z(}\%J—l)\ik—%-l-l + )\%j)\ik—%) < )\ik’
j=1
since  AYTINZETHL L \W\RT BN 4 A1) <0, and, in a similar way,
A2kH2 _ )\zk+2 2k+1 LI _ . .
+)\ Z AL NI \2he1 +Z()\2_3—1)\ik—2g+1 A2\ g gL b
j=1
Further, if Ay € (0,1), then
me Ay — A AL = 1) + AP =AY

Me

—Ch(A,A0) =
)\+—)\_C(+ ) Ay — A (1—XA)(1=X)
Me
= + O(A
T T
as n — oo. The other statements easily follow from (B.4]). O

C Moment estimations

The first moment of a second-order Galton-Watson process (X,),>—1 (without immigra-
tion) can be estimated by (B.). Next, we present an auxiliary lemma on higher moments of

(Xn>n>—1-

C.1 Lemma. Let (X,)n>—1 be a second-order Galton—Watson process (without immigration)
such that E(X";) < oo, E(X{) <oo, E({") <oo and E(n") < oo with some r>1. Then
E(X]) < oo forall neN.
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Proof. By power means inequality, we have

Xn—1 KXn—2

(G5

Xn—2

<2’“—1E<X7” 1555 X 52%

= 2" (X5 E(€) + XL, E(n) < o0

)
)

for all n € N. Hence E(X]) <2 (E(X!_))E(")+E(X._,)E(n")), neN. By induction
we obtain the statement. O

Moreover, we present an auxiliary lemma on an estimation of the second moment of a second-
order Galton-Watson process (without immigration). This lemma is valid for the subcritical,
critical and supercritical cases as well, however, in the proofs we only use it for the subcritical
case.

C.2 Lemma. Let (X,),>—1 be a second-order Galton—Watson process (without immigration)
such that Xo=1, X_ 1 =0, E(£?) <o and E(n?) <oco. Then for all n €N,

Csub Qna Zf S (07 1)?
(Cl> E(szz) < Cerit 10, Zf 0= 1;

Csup Q2n7 Zf Q € (1700)7
where

Var (&) Var(n)
o(1—0) *(1-0)

Var(€) Var(n)
ole—1) o e—1)

Coub 1= 1+ Carit := 1+ Var(§)+Var(n), cop =1+

Proof. By formula (A2) in Lemma A.1 in Ispany and Pap [13], we have

Var(Y Z ML, [(ef M7 le))Ve+ (eg M, ')V, | (M.,),
where (Y ,)nez, is given by (AJ]) with Y, =[10]", and

i]) = Var(£)ese; V', = Var ( g]) = Var(n)ee ,

where ¢ and 7 are random variables such that ¢ 2 &1 and 7 z n,1. Here we note
that formula (A2) in Lemma A.1 in Ispany and Pap [I3] is stated only for critical processes,

V¢ = Var (
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but it also holds in the subcritical and supercritical cases as well; the proof is the very same.
Consequently;,

Var(X,,) = Var(e; Y,) = e] Var(Y,)e,

=e, Z M Mg‘;j_lel) Var(¢)ere] + (e;M?’;j_lel) Var(n)e, e, } (M5 n)Jel

[asry

n—

(eTM] 1)? [Var(g)(elTMg;j_lel) + Var(n)(e;Mg;j_lel)},

<.
I
[en]

where we used that e (MT Ve, = elTMj e;. Using (B3) with Xo=1 and X_; =0, we

have e M] e; = E(X;) and e, Mj =E(X;_;) foreach j € Z,, hence
n—1 n—2
Var(X,) = Var(¢) Y [E(X;)]* E(X,_j—1) + Var(n) > _[E( X j_a),
j=0 j=0

where we used that X_; = 0. We note that the above formula for Var(X,,) can also be found
in Kashikar and Deshmukh [I6, page 562]. Using (B.5]) with Xy =1 and X_; =0, we obtain

—_
)

n—

E(X?) = Var(X,,) + [E(X,)]> < Var(¢) Y 0"t +Var(n) Y o™ 724 o™

n—

j=0 Jj=0
| nVar(¢ —I—(n—l)Var( )+ 1, if o=1,
Var(€) €72 + Var(n) £72"= + g?, if 9 #1,

yielding (CJl). Indeed, for example, if o € (1,00), then

Qn—Z o Q2n—3 - Q2n—3(1 _ Q—n-‘rl) . Q2n—3 B QZn

= < = , n € N.
1—p o—1 o—1 0*(o—1)

D Representation of the unique stationary distribution
for 2-type Galton—Watson processes with immigra-
tion

First, we introduce 2-type Galton—Watson processes with immigration. For each k,j € Z,

and i,¢ € {1,2}, the number of individuals of type ¢ born or arrived as immigrants in the

k™ generation will be denoted by Xj.;, the number of type ¢ offsprings produced by the ;%

individual who is of type i belonging to the (k —1)™ generation will be denoted by & iy,
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and the number of type i immigrants in the k™ generation will be denoted by ;. Then

we have
Xk,1 1 kal 2
X1 D€k T k20 €k,1
(D.l) El — Z 7.]7 ) —l— Z 7.]7 ) —l— ) , k 6 N.
X2 0 ka2l T [Sk2e Ek.2

Here {XO, & €nikjeN i€ {1,2}} are supposed to be independent, and {§, ;,: k,j €
N}, {& 2k j €N} and {e,: k € N} are supposed to consist of identically distributed
random vectors, where

Xo1 X1 &k jil €k
Xy = , Xy = , Epji = o € 1= .
Xo,2 X2 &k ji 2 €k2
For notational convenience, let &,, &, and & be random vectors such that &, z &1

£, 2 €., and € 2 ¢, and put me, = E(&) € [0,00]%, mg, := E(&,) € [0,00]?, and
m. :=E(e) € [0,00]?, and put

M& = |:m§1 m§2] € [O,OO]2X2.

We call M, the offspring mean matrix, and note that many authors define the offspring mean
matrix as Mg If mg €RY, mg, € RZ, and m. € R3, then for each n € Zy, (D)
implies

E(X,|FX)=Xu11me, + Xy1ome, +me = Mg X, 1 +me, n €N,

where FX :=0(Xo,...,X,), n€Z,. Consequently, E(X,)=M:E(X,)+m., neN,
which implies
E(X,)=M{EX,)+Y M;*m., neN
k=1

Hence, the asymptotic behavior of the sequence (E(X,)),cz, depends on the asymptotic
behavior of the powers (M} ),en of the offspring mean matrix, which is related to the spectral
radius r(M¢) € Ry of Mg (see the Frobenius-Perron theorem, e.g., Horn and Johnson [I1]
Theorems 8.2.8 and 8.5.1]). A 2-type Galton-Watson process (X, )nez, with immigration is
referred to respectively as subcritical, critical or supercritical it r(Mg) <1, r(Mg) =1 or
r(M¢) > 1 (see, e.g., Athreya and Ney [I, V.3] or Quine [22]). We extend this classification
for all 2-type Galton—Watson processes with immigration.

If me € R, me, € RY, r(Mg) <1, My is primitive, i.e., there exists m € N such that
M € RZ? P(e =0) <1 and E(Lczo)log((er + e2)"€)) < oo, then, by the Theorem in
Quine [22], there exists a unique stationary distribution 7 for (X, )nez,. As a consequence
of formula (16) for the probability generating function of 7 in Quine [22], we have

Z VZ@(EZ') r as n — 0o,
1=0
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where (V,(j) (€:))kez,, i@ € Zy, are independent copies of a 2-type Galton—Watson process
(Vi(€))rez, (without immigration) with initial vector V() = e and with the same offspring
distributions as (X)rez,. Consequently, we have

[e.9]

1=0

where the series > 7, Vgi)(si) converges with probability 1, see, e.g., Heyer [10, Theorem
3.1.6]. The above representation of the stationary distribution = for (X,)nez, can be
interpreted in a way that we consider independent 2-type Galton—Watson processes without
immigration such that the i*" one admits initial vector €;, i € Z,, evaluate the i*® 2-type
Galton-Watson processes at time point 4, and then sum up all these random variables.

E Regularly varying distributions

First, we recall the notions of slowly varying and regularly varying functions, respectively.

E.1 Definition. A measurable function U : R,y — Ry, s called regularly varying at infinity
with index p € R of for all g € Ry,

lim Ulgz) =
A% U@

In case of p=0, U s called slowly varying at infinity.
Next, we recall the notion of regularly varying random variables.

E.2 Definition. A non-negative random variable X s called reqularly varying with index
aceR,y if Ulkx):=P(X >x) Ry, foral v €R .y, and U is reqularly varying at infinity
with index —a.

E.3 Lemma. If ( s a non-negative reqularly varying random variable with inder o € R,

then for each c € Ry, (¢ is regularly varying with index <.

Proof. For any g€ R,,, we have

P >qx) . P((>gYeale)
hm —_—— = [1IN — q ,
a0 P(CC> 1)  amoo P(C > xl/e)

as desired. O
E.4 Lemma. If L:R,, — R, is a slowly varying function (at infinity), then

lim 2°L(x) = oo, lim 2~ °L(x) = 0, deRy ;.

T—r00 T—r00
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For Lemma [E.4] see, Bingham et al. [4, Proposition 1.3.6. (v)].

E.5 Lemma. If ¢ is a non-negative reqularly varying random variable with index o € R,
then E(Li.z0log(e)) < oo and E(log(e +1)) < oo.

Proof. Since E(IL{..)log(e)) < E(log(e 4+ 1)), it is enough to prove that E(log(e +1)) < oc.
Since log(e 4+ 1) > 0, we have

E(log(c + 1)) = /OOO Plog(c + 1) > #) dz = /Ooo P(e > " — 1) da

1 o0
:/ P(a}ex—l)dx—i-/ Ple > e* —1)de := 1) + L.
0 1
Here I; <1, and, by substitution y =e* — 1,

o0 1
I =/ Yy “L(y)——dy,
? e—1 ( >1+y

where L(y) := y*P(e > y), y € Ry, is a slowly varying function. By Lemma [E.4] there
exists 1o € (e — 1,00) such that y~2L(y) <1 for all y € [yo,00). Hence

vo 1 o0 1
I = / y “L(y)——dy + / y “L(y)——dy
e—1 1 + Y Yo 1 + Y

/yo L(y) ! d . d
< Yy “L(y)—— y+/ y 2 y
e—1 1+y Yo 1+y

o 1 o
</ y‘“L(y)—der/ y 2 ' dy
e—1 1+y Yo

voo ] <,
</ —dy+/ y 2 M dy < oo,
0—11+y Yo

since y “L(y) =Pe >y) <1 forall y e Ry,. O

E.6 Lemma. If n is a non-negative reqularly varying random variable with index « € (1,2),
then for every o € (a,00), there exist yo € Ry, and B € Ry, such that

4
MéBG) ; Y =z 2 Yo,
P(n>y) y
or equivalently,
P(n > 0y) - Yo
———2 < BA?, 0 € (0,1], T
P(n>y) 0.1 0

For Lemma [E.6] see Proposition 2.2.1 in Bingham et al. [4].

For the next lemma, see Faj et al. [9 Lemma 4.4]. Here we present a proof as well, since
we state their result in a little bit extended form.
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E.7 Lemma. Let h: R, — R, be a function such that lim, .. h(x) = 0. Then there
exists a monotone increasing, left-continuous, slowly varying (at infinity) function L such that
L(z) > 1, z € Ry, limy o L(x) = 00 and lim, .o L(z)h(x) = 0. One can also choose a
verston of L which is right-continuous with all the other properties remaining true.

Proof. We can construct L as follows. Let L(z) := 1 for x € [0,x9], where zy :=
sup{y € Ry : h(y) > 1}, and we define supf) := 0. Since lim, . h(x) = 0, we have
o € Ry. Let L(x):=2 for z € (x9,71], where z; := max{2x¢,sup{y € R, : h(y) > 272}}.
Let L(z) :=3 for x € (x1,79], where x5 := max{3z;,sup{y € R, : h(y) > 37%}}, and
continue this construction in the straightforward way: L(z):=k+1 for x € (xx_1, x|, where
zp = max{(k + 1)zp_1,sup{y € Ry : h(y) > (k+1)"2}}, k € N. Since h takes positive
values and lim, o A(x) = 0, we have lim, .., L(x) = oo, and, since for all k € Z, and
xr > Ty,

> k42
Z L ]]-(wl Zit1]( ZZ i+ 2 2 ]]'(xz zit1](w) < (k + 1)2’

we have lim, .., L(z)h(x) = 0. It remains to check that L is slowly varying (at infinity).
For this it is enough to verify that for any ¢ € R,, and sufficiently large x € R,,, we have
x and qx are either in the same interval of type (zx_1, )] or in two neighbouring intervals
of this type, since in this case for sufficiently large = € R, :

L(qx) by  ky+1
€l
L(x) ke +1 k,

with some k, € N, and for sufficiently large x € R,, and for y >«

1 1 1
—_1 {0 k‘y‘l’ . ’ ky _1 }:{O’—’ }’
ky k,+1 ky k,+1
where k, >k, and lim, . k, = oo, yielding that lim, . LL((‘”)) = 1. To finish the proof, if

x € (Tg_1,7;] with some k€ N, then in case of ¢ > 1, we have qx € (xp_1, x| U (Tg, Tpr1]
provided that k42 > ¢, and in case of ¢ € (0,1), we have qr € (xy_o,x_1] U (zx_1, Tk
provided that k& > %. Indeed, xp > (k + 1)xyp_ 1, ke N, and if k+2 > ¢, then
qr < qry < (k4 2)xy < x4, as desired, and if k > —, then gz > qxp_q1 > éxk_l > Xp_o, as
desired. O

E.8 Lemma. If X and Y are non-negative random variables such that X is reqularly
varying with index « € Ry and there exists r € (a,00) with E(Y") < oo, then P(Y >
z) =0o(P(X >z)) as = — oc.

For a proof of Lemma [E.8 see, e.g., Barczy et al. [2, Lemma C.6].

E.9 Lemma. If X; and X5 are non-negative reqularly varying random variables with index
a; € Ry and as € Ry, respectively, such that oy < ag, then P(Xy > z) = o(P(X; > x))
as T — 00.
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For a proof of Lemma [E.9] see, e.g., Barczy et al. [2 Lemma C.7].

E.10 Lemma. (Convolution property) If X; and X, are non-negative random variables
such that Xy is regularly varying with index oy € Ry and P(Xy > z) = o(P(X; > z)) as
x — 00, then P(X;+ Xo >x) ~P(X; >2x) as © — oo, and hence Xi+ Xo is reqularly
varying with index oy .

If X1 and X, are independent non-negative reqularly varying random variables with index
ar € Ry and as € Ry, respectively, then

P(X; > x) if o < oo,
PXi+Xo>2)~ S P(X) >2)+P(Xy >2) if ap = as,
P(X, > ) if 1> o,

as x — 00, and hence Xy + Xs is reqularly varying with index min{oy, as}.

The statements of Lemma [E. 10 follow, e.g., from parts 1 and 3 of Lemma B.6.1 of Buraczewski
et al. [6] and Lemma [E.9] together with the fact that the sum of two slowly varying functions
is slowly varying.

E.11 Theorem. (Karamata’s theorem) Let U :R,, — R, be a locally integrable func-
tion such that it is integrable on intervals including 0 as well.

(i) If U is regularly varying (at infinity) with index —a € [—1,00), then R,, > z —
Jo Ut)dt is regularly varying (at infinity) with index 1 —a, and

(i) If U is reqularly varying (at infinity) with index —a € (—oo,—1), then Ry, > x —
[ZUt)dt s reqularly varying (at infinity) with index 1 — o, and

_ xU(x)
lim ———+—— = -1 )
200 [ZU(t)dt o

For Theorem [E.11] see, e.g., Resnick [23, Theorem 2.1].

E.12 Lemma. (Potter’s bounds) If U : R., — R, s a regularly varying function (at
infinity) with index —a € R, then for every 6 € Ry, there exists xo € Ry such that

(1— 5)q_°‘_5 < Ulgz) < (14 5)q_°‘+5, T € [x9,00), ¢qE€[l,00).

For Lemma [E.12] see, e.g., Resnick [23| Proposition 2.6].

Finally, we recall a result on the tail behaviour of regularly varying random sums.
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E.13 Proposition. Let 7 be a non-negative integer-valued random variable and let {(,(; :
i € N} be independent and identically distributed non-negative random variables, independent
of T, such that T s reqularly varying with index [ € Ry and E(() € Ryy. In case of
B € [l,00), assume additionally that there exists r € (f,00) with E((") < oco. Then we have

P(Z@ > x) ~ IP<T > ﬁ) ~ EQ))PB(r > 1)  as x— oo,
i=1
and hence Y._, ¢ is also regularly varying with index .

For a proof of Proposition [E.13] see, e.g., Barczy et al. [2, Proposition F.3].

F Large deviations

We recall a result about large deviations for sums of non-negative independent and identically
distributed regularly varying random variables, see, Tang and Yan [26, part (ii) of Theorem 1].
We use it in the second proof of Theorem in case of @ € (1,2). Here we present a complete
proof as well, since the one in Tang and Yan [26, part (ii) of Theorem 1] contains a gap.

F.1 Theorem. (Large deviations) If (7;)jen are independent, identically distributed non-
negative regularly varying random variables with indexr « € (1,2), then for each ~ €
(E(m),00), there exists a constant C € Ry, such that

P+ +m0 >y) <CnP(m > y)
forall n € N and y € [yn,0).

Proof. We will follow the proof of part (ii) of Theorem 1 in Tang and Yan [26]. Let ¢ € (0, 1)
and

j
M= Nlin<qy, 7 EN, Sj = Zﬁi’ jen.
i=1
Then for all n € N,
Pop+ -+ +m0 > y)

ZP(U1+---+nn>y,g§%w>qy)+IP’(m+---+nn>y,1rnaxnj<qy)

<Jsn

S P(max 75 > qy) + P+ 41 >y, max 1; < qy)

1<j<n

< P(max n; > qy) + P(S, > y)

1<j<n

n

<SPy > qy) +P(S, > y)

j=1

= nP(n > qy) + P(S, > y), yeR,.
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Here

P(m > qy)

P(n; > = —— " .P(n >vy), eR .,

(m > qy) Pl > 1) (m >y) yEeR
and since lim Pin>qy) _ . ~a  there exists an € R such that 2> o o,

Y00 P >y) q ) Y ++ Pl >y) X q

for all y > y,. Now we check that % is bounded on the interval [0,y.]. Since
lim, o % =1, there exists an 1; € Ry, such that y; <y, and ]I?I;(?;;qyy)) < 2 on the
interval [0,71]. On the interval [y;,v.] the quantity % can be bounded from above by
%. Hence the function R, >y — % is bounded, and consequently, there exists a

constant C1(q) € Ry, (depending possibly on the distribution of 7; as well) such that
(F.2) nP(m > qy) < Ci(gnP(m >y), yeRy, neN

Let a(n,y) := max{—log(nP(n > vy),1}, n € N, y € R,,. Then a(n,y) tends to oo
uniformly for y > yn as n — oo, ie., lim,_ . inf,>,,a(n,y) = oo, since, by Lemma [E.4]

(F.3)
Ly, (yn)
L771 (n)

as n — 0o, where L, (y):=y*P(n >vy), y € Ry., isaslowly varying (at infinity) function.
Forany y e R,,, he R,, and n € N, we have

nP(n >y) < nP(p > yn) = n(yn)"“Ly, (yn) =+ *n' "L, (n) -7 0-1=0

P(S, > y) _ e E (M) e (B (M)
nP(m >y) h nP(n > y) nP(n > y)

_ e U e Fnldt)” e (o7 — 1) F(dt) +1)°
nP(m > y) nP(m > y)
< e M exp {n oqy(eht —1) Fm(dt)}

o—a(my) )

where the last step follows from (1 +y)" < €%, y € Ry, n € N, and from a(n,y) >
—log(nP(n > y)), yielding e ™% < nP(n > y). Using that a(n,y) > 1, n € N,
y € Ry, let us consider the decomposition

qy % qy
[ -y = [T -+ [T @) =L L
0 0

qy
a(n,y)
Using the inequality eV — 1 < yeY, y € R,, we have

) aTnw)
I, = / 7 (eht — 1) F,, (dt) < / " hteh F,, (dt)
0 0

hqy

ey _hay
< ea(n,y) / ht F771 (dt) < hea(m,y) ]E(Th)
0

30



Now we turn to treat I,. Applying Lemma [E.6] for all ¢ > «, there exist 3, € Ry, and
B € R, (possibly depending on p and on the distribution of 7;) such that

(0> o)
n.9) <B< q

-0
whenever y >
P(m >y) a(n, y))

The aim of the following discussion is to show that for each n € N, there exists yo(n) € R,
such that y > ﬁ > yo holds for all y > yo(n). For each n € N, the first inequality holds
for sufficiently large y, since lim, . a(n, y) 00. Moreover, for each n € N, the second
inequality holds for sufficiently large y, since lim, o “(Z’y) = 0. Indeed, for each n € N we

have a(n,y) = —log(nP(n > y)) for sufficiently large y, and hence

a(n,y) _ —log(nP(m >y))  —log(ny "Ly (y)) _ —log(n) + alog(y) —log(Ly, (y))
y y y y '

By Lemma[E4] for any § € Ry, wehave y=° < L, (y) < y° for sufficiently large . Taking

logarithm, dividing by v, and using that lim, logy(y) =0, one concludes lim, a(" Y — .
Set Kol
b h(n,y. K) = an,y) — Kelog(a(n, y))
Kaqy
where o > a and K > 1 will be chosen later. We show that there exists N; € N such that

log(z)

h >0 and a(n,y) > 1 for all y>~yn and n > N;. Since lim, .. =0, there exists

M > 0 such that @ < K for all x > M. Since lim,_, inf,>., a(n,y) = oo, there exists

no(M) € N such that a(n,y) > M for all y > ~yn with n > no(M). Hence % < Kig
for all y > yn with n > nog(M), as desired. Hence for all ¢ > a and y > max{yy(n),yn}

with n > N;, we have

qy

I, = / (" — 1) F, (dt) < ¥ P (171 > 1 )

i a(n,y)
< exp {a(n, y) — Kélog(a(n,y)) } B (a(i y))_QIP’(m - )

_ o a(ny) _ _ 1
= Bg % %" P(ny > y) = Bq ¢{(nP(n > ) % Pl > y),

where we used that 1 < a(n,y) = —log(nP(n; > y)). Putting together the bounds for I

and [y and using that aé‘r‘fy) < for y > ~yn with n > N;, we obtain that

1
K

P(gn > y)

(F-4) nP(n > y)

< exp {nh E(n)e® + Bg2(nP(ny > )% — hy + a(n, y)}

for y > max{yo(n),yn} with n > N;. Noting that nP(n; > y) — 0 uniformly for y > yn
as n — oo (see, (E.3))), we obtain that there exists Co € Ry, such that the right-hand side
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of (E4) can be bounded by

Cyexp {nh E(m)e% — hy + a(n, y)}

:Cgexp{hy<6KnTE(nl) )—i—any}

<C2exp{< y) - Kfé’éog(( >>< E(m)”)”(”’y)}

for all ¢ > «, sufficiently large n € N (greater than N;) and y > max{yo(n),yn}. Since
v > E(n;), we can choose K > 1 sufficiently large such that %e% E(n) < 1, then we choose
g > 0 sufficiently small such that

1(%

S —1]+2<0,
Kq v )

ie., q<—(1——eKIE( 1)). Then we have

P(gn > y)

TEo s ) < oo {(any) — Kelog(a(n,y)(=2) + a(n.y)}

= Cyexp {QKQ log(a(n, y)) - a(n> y)}

for all o > «a, sufficiently large n € N (greater than N;) and y > max{yo(n),yn},
where we used that a(n,y) — Kplog(a(n,y)) > 0 for y > yn with n > N;. Here
Cyexp{2Koplog(a(n,y)) —a(n,y)} tends to 0 uniformly for y >yn as n — oo, i.e.,

sup exp (2K glog(a(n, 1) — )} = exp { sup (2K log(aln, 1) — ) = 0

as n — oo. Indeed, this will be a consequence of sup,.., (2Ke¢log(a(n,y)) — a(n,y)) — —oc
as n — co. We have

(F.5) sup (2K ¢log(a(n, y)) — a(n,y)) < Si(n) + Sa(n),

y=n

where

Si(n) := sup (QKglog(a(n, y)) — %a(n, y)),

y=yn

1 1
Sa(n) := sup (——a(n,y)) = —— inf a(n,y) —» —oc0 as n — 0o.
y=yn 2 2 y=n
Moreover, lim,_, . % = 0 implies that there exists M >0 such that log(x) < 1 for all

x> M. Since lim, o inf,>., a(n,y) = oo, there exists no(M) € N such that a(n y) M

for all y > yn with n > no(M). Hence % < ﬁ for all y > yn with n > nO(M)
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thus 2K plog(a(n,y)) < 2a(n,y). Consequently, we obtain Si(n) < 0 for all n > nO(M),
and hence, by (E3), we conclude sup,..,(2K¢log(a(n,y)) — a(n,y)) — —oo as n — oo, as

desired. So we have ~
P(S,, >
lim sup u =0
n=00 > N P(n > y)
Consequently, there exists an N € N such that
P §n >
sup LY
n=N,yzym NP > y)

This, together with (E.Il) and (E.2)) yield that
P(S, >
(F.6) sup PS> y)
=N, yzn 1 P(m > y)

Finally, using the convolution property (see, Lemma [E.10]),

P(S,, > al P(S,, >
(F.7) sup PO > y) < sup PS> y) <
1<n<N, yzon N P(m > y) oLy nP(m >y)
The desired statement readily follows from (E.0) and (E.7]). O

G Tail behavior of second-order Galton—Watson pro-
cesses (without immigration) having regularly vary-

ing initial distributions

G.1 Proposition. Let (X,),>—1 be a second-order Galton—Watson process (without immi-
gration) such that X, and X_1 are independent, X, is regularly varying with index
Bo € Ry, X_y s reqularly varying with index -, € Ry and m¢,m, € Ry . In case of
max{fy, -1} € [1,00), assume additionally that there exists r € (max{fy,_1},00) with
E(¢") < oo and E(n") <oo. Then for each n €N,

mPP(Xy > ) if 0<Bo<pP-1,
P(X, > ) ~ § mf P(Xo > 2) +m,imi- P(X_y > x) if Bo=p1,
m,ﬁ:lmg*l P(X_q > x) if B-1< 5o

as © — 0o, where m;, i € Zy, are given in Theorem[21 and hence, X, is reqularly varying
with index min{pfy, 5_1} for each n € N.

First proof of Proposition Let us fix n € N. In view of the additive property
(A.4), the independence of Xy and X_;, and the convolution property of regularly varying
distributions described in Lemma [E.10] it is sufficient to prove

Xo X_1
(G.1) IP’(Z ¢ > x) mP P(Xy > z), P(Z ¢, > x) ~mhAmi (X > x)

i=1 j=1
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as x — 0o. These relations follow from Proposition [E.13] since E( 1%)) =m, € R,y and
E(Cl(,n—)ﬁ = Myp_1My € R.H_, n < N, by (M) 0

Second proof of Proposition Let us fix n € N. In view of the additive property
(A.4), the independence of Xy and X_;, and the convolution property of regularly varying

distributions described in Lemma [E.T0, it is sufficient to prove (G.IJ). We show only the first
relation in ([(G.1J), since the second one can be proven in the same way. Note that E(Cf%)) =m,

by ([B.4)). First, we prove

P(C5 Go > z)
2 lim inf =2 2 > Bo
(G-2) e T P(Xy > a) W

Let ¢ € (0,1) be arbitrary. For sufficiently large = € R,,, we have [(1+ q)z/m,| > 1,
since m, > 0. Using that for each ¢ € N, CZ-(B) is non-negative, we obtain

Xo o) k
P(Z ¢y > :c) > Y P <Z ¢ > :c) P(Xo = k)
i=1 k=|

=[(ta)z/mn]  \i=l

LA+g)z/mn] oo
>P ¢ > x> > P(Xo=k)
i=1 k=1(1+q)e/ma
1 [(A+g)z/mn ] - "
P > P(Xo = [(1 +q)x/m,,
Graem] 2 7T +q>x/an> o2 Lt awfmd)
1 L(A+q)z/mn ] - "
> P Sy > P(Xy > (1 +q)x/m,
Grgom] 2 %7710 +q>x/an> o= L ape/m)

Mmn

for sufficiently large = € R, . For sufficiently large x € Ryy, we have @ +q)m ] S T

since W”M — 17 as ¥ » 00 and 7% < g +(q 5y Hence, for sufficiently large x € R, .,
we have
Xo [ (1+q)z/mn |
n 1 n My (1+q)x
P Cz()>95 >P Ci()>7 IP’(XO>7).
(; 0 ) (L(l +qz/m,] = 0T 14 (q/2) m,

We have

T
(G.3) I ZCZ-%)& E( 1%)) =m, as N — o0

i=1

by the strong law of large numbers, hence % < m, Yyields

L(A+g)z/mn |

Ci(%) > n )> — 1 as x — oQ.

1
P(L(Hq)x/mu 2o 50T T (g
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Thus, using that X is regularly varying with index Sy, we have

LA+q)z/mn ]
1 (n) M, (1+ q)x) N ( (1+ q):v)
P(m Toem] 2 S9TE <q/2>> P> 027 ) ~p (x> B8

as x — o0o. Consequently,

P(Z?S)l C‘(%) > x) My o
lim inf i=1 54, >( n)’ 0,1),
Pt P(Xy > x) 1+4¢ 1€ (0.1

and, by ¢} 0, we conclude (G.2).

Next, we prove

P(YX, ¢ > x)
G.4 li =1 <mbo,
(G-4) ol T P(X, > ) i

Let g € (0,1) be arbitrary. For sufficiently large = € R, ,, we have |(1—¢)x/m,] > 1, and
hence

Xo [A—q)x/mn | k
P(Z o > ) <P(Xo > [(1—qz/m, )+ D> P <Z Go > ) P(X, = k)
i=1

i=1 k=1

(=g 0m)
:IP<X0> . )+ ; P> G0 > | P(Xy=k).

i=1

Since X, is regularly varying with index fJy, we have

1 N
IP’<X0> ﬂ) ~ (m_) OIP’(XO > ) as T — 00,

hence, by taking the limit ¢ | 0, we get (G4) provided we check

l(A=q)z/mn | k
(G5) plag= > P (Z ¢ > :c) P(Xg=k)=0(P(Xo>2z)) as z— oo
k=1 =1

for all sufficiently small ¢ € (0,1). (In fact, it will turn out that (G.H) holds for any ¢ € (0,1).)

First, we consider the case [y € (0,1). Let 0 < 0 < (1 —¢)/m,. Then for sufficiently
large z € R,;, we have |0z] < |[(1 —q)z/m,|, and then

[0z k [(A=g)z/mn | k
p(z,q) = ZIP’ ( ) > a:) P(Xo=k)+ Z P (Z g}fo‘) > a:) P(X, = k)
k=1 1= i=1

k=|0z|+1

=:p1(x,0) + pa(x, 0, q).
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At first, we show that py(z,9,q) = o(P(Xg > z)) as =z — oo forall 0 < < (1—q)/m,.
Here, using that CZ-(B) is non-negative for each i € N, we obtain

L[(A=g)z/mn | L(A=g)z/mn |

p2(w,6,q) < IP( Yooy S P(Xo=k)
1=1

k=|d0z]+1

[(A-g)a/m ] (-g)z/mn ]
S P( >, o> 93) P(Xo > [0z]) = IP’( >y > a:) P(X, > 6x).
=1 i=1

T Mn

For sufficiently large = € R,,, we have =)z > (o) SICe (AT o as

r— oo and % > %. Hence, for sufficiently large = € R,,, we have
IP)(L(l—qz)ﬂc:/ﬂ"wd C(n) N x) _ P( 1 L(l—qz)x:/an C(") N v )
e (1= q)e/m,] = 7 (1 -q)a/ma]
1 l(1=q)z/mn ] ®) m,
< P(m e S <q/2>>‘
Again by the strong law of large numbers (see ((G.3))), % > m,, yields
. 1 [(1=g)z/mn | - m,
<L(1 “gefma] 2 07T <q/2>> o0

hence we obtain

[(1=g)z/mn ]
(G.6) IP’( Z CZ-(B) > x) —0 as T — o0.

i=1

Using that X, is regularly varying with index 3y, we have P(Xy > dz) ~ § P P(X, > z)
as T — 00, hence po(x,d,q) = o(P(Xg > x)) as =z — oo forall 0 <d < (1—gq)/m, and
q € (0,1). Now we turn to prove

lim sup lim sup M =
640 T—00 P(X(] > LE‘)

By Markov’s inequality;,

k k
P > o) < 23w -
i=1 i=1
forall ke N and x € R,,, and hence
[o]

my mp my *
pl(x75> < 7 ;kP(XO = ]{7) = 7E(X0]]-{X0<L51‘J}) = 7/0 P(XOJI-{XogL&cJ} > t) dt
|6 [oz]
- %/ P(XoLixy< 50y > ) dt < %/ P(X, > t) dt.
0 0
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Since Ry 3 x — P(Xy > z) is locally integrable (due to the fact that it is bounded), it is
integrable on intervals including 0 as well, and since it is regularly varying (at infinity) with
index —fy, by Karamata’s theorem (see Theorem [E.11]),

. ZL’]P)(X() > ZL’)
| =1-
P JoP(Xo > t)dt bo,
and hence
[0z 1 1
/ P(Xo > t)dt ~ [0x] P(Xy > [dz]) = 10z] P(Xy > 0x)
0 1 -5 1 -5

as x — oco. Then using that P(Xy > dz) ~ 5P P(Xy > ) as x — oo, we have

p(0) _ma [PRXy >t m, P(Xe>02)  ma

— X ~ ~ 51_50
]P)(XO > ZE') x ]P)(XQ > ZL’) 1-— 50 ]P)(XQ > ZL’) 1-— 60

as x — oo. Consequently,

. pi(z,0) My g l1—q
lim su < o forall 0<d < ,
and hence limsups o limsup, ., P’E%Zﬁ;) < limgjo 174 0'=P = 0. Combining the parts we get

p(z,q) = o(P(Xy > x)) as  — oo forany ¢ € (0,1), as desired.

Next, we consider the case [y € (1,2). Using Lemma [E.7] we check that there exists a
non-negative random variable (™ having the following properties:

e (™ is regularly varying with index o,

P((Ly > 2) SP™ > 2), o € Ry,

IP’(E(”) > 1) =0o(P(Xy > x)) as = — oo,

E(¢) <E(CM) < 0.

By Lemma [C.T] E((Cl(fg))r) < 0o, and hence, by Lemma [E.8] IP’(CI%) > x) =o(P(Xy > x)) as
x — oo. Thus, by Lemma [E.7] there exists a monotone increasing, right-continuous, slowly
varying (at infinity) function Lz, such that Lz (z) 21, z € Ry, limy oo Lgm () = 00

P(¢(y >2)

Px,say — V- Hence, using also that P(Xo > z) <1, x € R, there

P(C{T:))>x) P(Xo>x) /
FXosT) <1 and Tom @ <1 hold for all z > 2’. Let

and  limg o0 Lz (2)
exists 2’ € Ry such that Lz, (2)

E (") be a random variable such that

p(F 1 if <,
Mo> )=
(C ) ]P(;Xo>w) lf T > x/‘
Lz(n ()
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. . . . P(Xo>z) - :
Such a non-negative random variable exists, since R, 3 = L(N( 0) (j)) is monotone decreasing,
C n

converges to 0 as x — oo and right-continuous. For all ¢ € R, .,

P(¢ ™) L=, (z) P(X
mu_hm Zm (@) P(Xo > qz)

i =1 q—ﬁo — q—ﬁo7
a=00 P((M) > ) 2% Lo (qz) P(Xo > @)

yielding that (™ is regularly varying with index f,. For z < #/, we have IP’(CI%) > 1) <
1=P(™ > z). For x> a', we have

P > x)

Further,

b PCW>a) P(Xo>2)
T—00 IP(XO > :L’) x50 Lg(n)(llf) IP’(XO > :5) o

since  limg o0 L) (x) = oo. Since P(Cl(flo) > z) < P(Z(n) > 1), z€R,, we have
E(Q(,%)) = / P( 1%) > z)dr < / [P(Z(n) > z)dz = E(Z(n))7
0 0

and since (™ is regularly varying with index 8, € (1,2), we have E(E ) < o0.

Let (E](-"))jeN be a sequence of independent identically distributed random variables with

common distribution as that of Z("). By some properties of first order stochastic dominance
(see, e.g., Shaked and Shanthikumar [25, part (b) of Theorem 1.A.3 and Theorem 1.A.4]), we
have

k k
(C.7) P (Z ¢ > x) <P (Z (> :c)
=1

i=1

forall z € Ry and k€ N. Put m, :=E((™). Let us consider the decomposition

L(A~g)z/mn] k
+ P(Zgz(fol) >I> ]P)(onk) ::pl(x7Q>+p2(x7Q)v $€R+.
k=[(1—q)z/mn]+1 =1

Here m, < m,, and hence |(1—q)z/m,| < |(1—q)z/m,|, € R,, g€ (0,1). Applying
Theorem [E.1] with ~ := %’; > m,, we conclude the existence of a constant C(q,n) € R,
(not depending on k£ and z, but on ¢ and n) such that

k
(G.8) P (Z (> a:) <C(g,n)kP(C™ >z)  forall x>~k keN.

1=1
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Using (G.7) and (G.8), we obtain

(-q)e/mn) [ K
plrg < Y, P (Z G > x) P(Xo = k)
i=1

k=1
L=q)z/mn] B
<Clgn) Y kPE™ >2)P(Xo=k) < Clg,n)E(X)P(™ > 2),  zeR,.
k=1

Hence for each ¢ € (0,1),

. pi(x,q) . P(C™ > )
1 = < CO(g,n) E(Xo)] >~ —,
msup 5~y S Clen) E(Xo) limsup prm—"v =0

where the last step follows by the corresponding property of E ("), Moreover,

l(1=q)z/mn | [(1=q)z/mn ]
pa(z) <P Y (Y >a > P(Xe=k)
i=1 k=|(1—¢)x/mn|+1

[A—q)z/mn]
<P Y Y > e | P(Xo> [(1—g)z/iin))

i=1

=P > e P(X0>(1:7q>x).

m
i=1 n

Since X is regularly varying with index Sy, we have

P(Xo>L120) o\
lim A (—") ,

z—oo  P(Xy > x) 1—g¢q

hence, for each ¢ € (0,1), applying (G.6), we conclude

~ Bo
. p2(x7Q) mpy
1 =<0 (——] =0
e B(X > @) (1 - Q)

Finally, we turn to the case 5 = 1. For each ¢ € (0,1), we have

((—q)a/mn] [/ &
pleg)= > P (Z ¢y > :c) P(X, = k)
k=1 =1
((—q)a/ma] [/ &
= > P (Z ¢ — kmy > — kmn> P(X, = k).
k=1 =1

Let 7" € (1,2]. According to Lemma 2.1 in Robert and Segers [24] with ~y = T2I, there

exist positive numbers v and C = C(v,q,n) such that for all = € R, and k € N with
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k< [(1—q)x/mn],
C

(x — kmy,)"

k
P (Z CZ-(B) —km, >z — kmn) < kIP’(Cl%) —my, > v(r — kmn)) +
i—1

since @ —km,, >~k forall x € Ry and k€N with k£ < [(1 —q)z/m,]|. Consequently,
L(1=q)z/mn |

k
plx,q) = Z P (Z CZ-(B) —km, >x — kmn) P(Xy = k)
i=1

(n) ¢
< = - N (z — kmy,)"”
< 2 P(Xy = k) (kP(CLo My > v(z —kmy,)) + (z — kmn)T')
L(1=q)a/mn ] ) C
< P(X, = P(Cil ) ey
>, Po=h (k (G > vl —kma)) + )
[(1-q)/mn ] C
<P >que) > RP(Xo=k)+ —;
— (qz)
C

< P(Cl%) > qua) B (Xol{xo<|(1—g)e/mn]}) T (G2)”

where for the last but one step, we used that = — km,, > qz for ke {1,...,[(1 —q)z/m,]}.
Since 7' € (1,2], by Lemma [E4, we have C/(qz)" = o(P(Xy > 7)) as x — 0o, so we only
have to work with the first term. If E(X,) < oo, then E (XoLixo<|(1—qu/mn)}) < E(Xp) < 00
also holds, and

PGy > qur) _ P(Xo > qua) P(GY > qua)

P(Xo >z  PXo>z) PXoSqua) 0 BIT®

where we used that X is regularly varying with index 1, and that IP’(CI%) > x) =o(P(Xy > x))
as x — oo also holds (as it was already proved earlier). Now we consider the case E(X) = oo.
By Markov’s inequality, P(Cf%) > qur) < E(( fz))r)/(qvx)r (note that in this case, E((Cl(flo))’")
exists, see LemmalC.Tl), and using the fact that limsup,_, . % =0 forsome 1 <s<r

(see the remark after Theorem 3.2 in Robert and Segers [24]), we have

P(Q%) > quz) E (XOJl{XoéL(l—q)m/an}) < E(( 1%))")1}3 (Xo]l{XogL(l—q)m/an})

P(Xy > ) = (quz)" P(Xo > x)
_E(G)) E(Xolixosia-ge/magy) 1
 (qu)r s P(Xy > 1) xrs
_E(G)) (1= g)z/ma)* P(Xo > [(1—q)a/mn))
(qu)r s P(X, > )
E (XoI{xo<i0-g)s/mn}) 1

—0 as T — 00.

(1= q)z/ma " P(Xo > [(1 — @)z/my]) a7
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Putting parts together, we have p(z,q) = o(P(Xy > x)) as z — oo, as desired. a

G.2 Remark. For a corresponding result for (first-order) Galton—-Watson processes (without
immigration), see Barczy et al. [2, Proposition 2.2]. A formal application of Proposition
also gives this result, namely, for each n € N, we have P(X, > z) ~ m?ﬁ ‘P(Xy > x) as
x — oo. In case of mg =0 and m, € Ry,, Proposition 2.2 in Barczy et al. [2] gives
that P(X, > z) ~ m,?ﬁo P(Xy >z) as  — oo if n € N iseven, and P(X, > x) ~

n+1
My, BilIP’(X_1>:c) as © — oo if ne€ N isodd. O
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