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Abstract. In this paper, we introduce a certain class ]—4,71";,? (€, M) of normalized analytic functions
of complex order connected with a g-analogue of integral operators. For this complex-order ana-
Iytic function class, we determine a sufficient condition in terms of the coefficients, estimates for
the coefficients and a maximization theorem concerning the coefficients. Various consequences
and applications of our main results are also considered. A brief remark about the demonstrated
equivalence of the g-calculus and the so-called (p, g)-calculus is also presented.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The theory of g-calculus plays an important role in many areas of mathematical,
physical and engineering sciences. Jackson (see [8] and [9]) was the first to have
some applications of the g-calculus and introduced the g-analogue of the classical
derivative and integral operators (see also [1]). Let A denote the class of functions
f(z) of the following normalized form:

oo

f@)=z+Y ad* (z€D), (1.1)

k=2
which are analytic in the open unit disk U given by
U={z:z€C and |7]<1}).

We also let .S denote the subclass of A4 consisting of normalized analytic functions
which are univalent in U.
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For a function f(z) given by (1.1) and the g(z) given by

g(z) :Z—i-ikak (ze ), (1.2)
k=2

the Hadamard product (or convolution) of f(z) and g(z) is defined here by
(Fx8)(@) =2+ ) abud" =: (g f)(2)- (1.3)
k=2

We use Q to denote the class of Schwarz functions w(z), which are analytic in U
and satisfy the conditions

w(0)=0  and w(z)| <1 (ze€N).
We now define the integral operator X', : 4 — 4 for o> 0 and m = 0 as follows:

Ko f () = f(2)

and o
KIf(2) = mn/ozzm—‘ <log§)a71f(t)dt. (1.4)
For f € 4, it can be easily verified that
© 1\
Kf(z) = z+k§2 <m+k> aZr. (1.5)

Next, for 0 < ¢ < 1, the g-derivative of the function K f(z) € 4 is defined by
_ K (2) — K f(gz)

so that
°°m+1ak_ < ‘m+1\% i1
D{i(m) “"Z}‘1+k§<m+k> Ho o
where
1—qk k=1
[k], := 1_q:1+2q1 and  [0], =0.
j=1

Remark 1. The first usage of the above-defined g-derivative operator D, in Geo-
metric Function Theory was made in 1990 by Ismail ez al. [7] (see also [1]). Moreover,
a firm footing of the usage of the g-calculus in the context of Geometric Function
Theory was actually provided and the basic (or g-) hypergeometric functions were
first used in Geometric Function Theory in a 1989 book-chapter by Srivastava (see,
for details, [21]). Several recent developments on various applications of the the g-
derivative operator D, in Geometric Function Theory can be found in (for example)

[’ s s s s — s ]
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It is easily seen from (1.6) that

= 1
2D { K f(2) —Z+Z<m+ ) K, aidt. (1.7)
For any non-negative integer n, the g-factorial [n] 4! 1s given by
1 (k=0)
[n],! = (1.8)
[, 2], Bly - [, (neN),

where N denotes the set positive integers. Also the g-Pochhammer symbol [A],,
(v € C) is defined by

1 (n=0)

[Vgn = (1.9)
v, V1], - V4n—1], (neN).

For A > —1, we define the operator 9\@3‘ 5 by
Mg f(2) * My (2) = 2 D { K f (2)} (1.10)

where the function M, 5 . (z) is given by

k—1
W[q,wrl =27+ Z q k'

We thus obtain

o e 1\ (K], k- 1],!
- +Z< +k> T,

z+Z T L,k 1 <m+k> az (1.11)

(a>0,A>—-1;m=20,0<qg<1).
We can easily verify from (1.11) that
A+ 1], A0 r (@) =M, 20 () +4 2D {ad5 e r @)} aa2)

We also note that

= k! 1\
lim A0 f(2) = IO f(z) =2+ Y e <m+ ) aw. (1.13)
k=2 —

g—1- m+k

In the special case when o0 = 0, we have

Norg £(2) =2 3£ (2)-
The operator in 32‘ f(z) was studied by Arif ef al. [5].
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Definition 1. We say that a function f(z) belonging to 4 is in the normalized
complex-order analytic function class

. 1
weean (cec=c\ ok ar> ;)
if and only if
N /
(M)
1—7+T—M <M (1.14)
S AR
(a>0A>—-1;m=20,0<g<1;z€U).
By letting ¢ — 1—, it follows from the work of Kulshrestha [11] that
8(z) € H0 (1, M) = F(1,9)

n,q

if and only if
28 (z) _ 1+w(z) <m:1—1' M>1'W(Z)€Q> (1.15)
g(x)  1-—mw(z) M’ 2’ '
forz e U.

It can easily be shown that f(z) € 7—63,”,?‘ (§, M) if and only if there exists a function
g(z) € lim H,0(1, M) = F(1,M)
q—1— ’
such that

¢
N8 f(z) =2 [g(z)] - (1.16)

<
Thus, from (1.15) and (1.16), it follows that f(z) € %ﬁgg(g M) if and only if

AN () 1+ [5(1+m) —m]w(2)

1.17
g\&:gf(z) 1 —mw(z) (1.17)
<m—1—9‘1/[; .‘M>;;w(z)€£2>

forz e U.
By giving specific values to the parameters A, o and {, we obtain the following
interesting subclasses:
) lir? ﬂ-ﬂ,l,jg(c, M) =F (L, M) (seeNasrand Aouf [17]);
g—1-
(ii) lim HJ (1, M) = F(1,M) (see Singh and Singh [19]);
g—1-

. T
(if) lim #y(cos he ™, M) = F; o (|x| < 5) (see Kulshrestha [11]);
q—1- ’
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(iv) lim #((1 - @) coshe™,00) = §* (@) (|x| < g; 0<o< 1)
g—1-
(see Libera [12]; see also Chichra [6] and Sizuk [20]);

W) Tim 50 ((1- o) coshe ™, M) = Fag (ha) (Al < g; 0<a<)
g—1-
(see Aouf [3] and Aouf [4]).

We also have the following presumably new function classes:

(i) lim H (G, ) =: S5 (G, M), where
g—1-

RN (1)

S ()

1
<M>2;CG(C*;OL>O;7\.>—1;m§0;zEU> };

Shg M) = {f:f(z)eﬂl and — M| <M

(i1) (C M) :Z;‘(C,M), where

b 23@)

et M

FHE M) = {f fz) €4 and

1
<M>2;Z;e(C*;k>—1;m20;0<q<1;z€TU>}-

From the above definitions of the function classes F ({, M) and 5—62‘7’,? (§, M), we note
that

f2) € HYHE,M) =  N)Ef(z) € F(GM). (1.18)

The purpose of the present paper is to determine a sufficient condition in terms
of the coefficients for functions belonging to the normalized complex-order analytic

function class 5’-4,7,“ ’a(C M), estimates for the coefficients and a maximization theorem
involving ‘a3 — ,ua2’ for the class (C M) for complex values of the parameter u.

2. SUFFICIENT CONDITION FOR A FUNCTION TO BE IN THE CLASS }6,7,“;[‘,”(@, M)

Unless otherwise mentioned, we assume throughout this paper that

oa>0, A>—1, m=20, 0<g<1, {eC",

m=1 M,M>f and zeU.
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Theorem 1. Ler the function f(z) be defined by (1.1). Also let the following in-
equality holds true:

= N fme1\®
k;z{(k—l)+IC(1+m)+m(k—1)!}Iak\ MH]"%H <mi]1€> 1C(1+m)|.
2.1)

Then f(z) belongs to the class normalized complex-order analytic function class
Hog (€ 90).
Proof. Suppose that the inequality (2.1) holds true. Then we find for z € U that
!
2(2r@) — A @)
.- [],! m+1\*
2:' [7\‘+1]qk 1 <m+k> e
[k] ! m+1 ¢ k
1
‘C( tm {HZ . (m+k> i
> [],! m+1\*
k—1 q k
+m{,§2( )[7\,+1]q7k_1 (m+k> <
> [],! m+1\*
k—1 q k
g( ) A+1], <m+k) e
— C(1+m)z+Z{C(l+m)+m(k—l)}~ [ ]q <m+ ) arZ
=2 K-
= Kt (m+1\®
<Y (k-1 Z k
_Z( )[x+1]qk1<m+k) |ak|r

KN /ma1\®
SOt m)r— ¥ E (1 )|+ (k= 1)} - s (22) rk}

= [C U m) A2+ m {2 (N ()~ A (@)}

k=2 A1), \m+k

,_/HN

S k! m o
—Z{(k—1>+|c<1+m>|+m<k—1>}'[M”‘f (25) o A= 1]
k=2 _

Letting r — 1— in the above equation, we get
(A £ (@) = A2 ()|~ [ (1 m) A r2) +m {2 (N2 A (2) = Ak r (@)}

o0 - ek Wl [k}q! m+1 oc_ i
< T+ mleme Dl gt — (25 ) om0
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where we have made use of the assertion (2.1) of Theorem 1. Consequently, we
obtain

If we now set

then w(0) = 0, w(z) is analytic in the open unit disk U and
w(z)| < 1 (zeU).

Hence we have

2267 1(2)" _ 1+ [G(1+m) —m]w(z)
7 f(2) L=mw(z)
which shows that the function f(z) belongs to the class %3,‘ (L, M). O

In the limit when ¢ — 1— in Theorem 1, we obtain the following corollary.

Corollary 1. Let the function f(z) be defined by (1.1). Also let the following
inequality holds true:
> k! <m +1

L {k= D180 m) +mE= Dl 75— (g

o
) Slam).
(2.2)
Then the function f(z) belongs to the class Sy™(C, M).
If we set oo = 0 in Theorem 1, we obtain the following corollary.

Corollary 2. Let the function f(z) be defined by (1.1). Also let the following
inequality holds true:
= [K],!

Y (k= 1)+ [C(1+m) +m(k— 1)} al

< C(1+m). (23
Py [7~+1]q,k,1_m m)| (2.3)

Then the function f(z) belongs to the class qu(C, M).



424 H. M. SRIVASTAVA AND SHEZA M. EL-DEEB

3. COEFFICIENT ESTIMATES

In this section, we first state and prove the following result.

Theorem 2. Let the function f(z) given by (1.1) be in the normalized complex-
order analytic function class 5—63) (L, M).
(a) If

2m(k—=1)R () > (k= 1) (1 —m)  [¢* (1 +m),
let
G [ 2m(k — DR ()
(k=12(1=m) = [¢[* (1 +m)

where N = [G| (the Gaussian symbol) and [G] is the greatest integer not greater
than G. Then

(k:273a4>"'aj_1)7

A . J
jaj] = [m_tll]q’&l [TIE01+m)+m(k—2)] (3.1
7 (25) G-
(j=2,34,--- N +2)
and
A . AN+3
|aj| < [ J;:k-ila T 1861 +m) +m(k—2)|. (3.2)
G0 (25) @tk 2
(J>AN+2)
(b) If
2m(k—1R(E) < (k—1)*(1—m) = [¢* (1+m),
then

A1), (14+m)|]
m+1\%

— |1 (j—1
<m+j> ! G=1)
The inequalities (3.1) and (3.3) are sharp.

jaj| =

(j22). (3.3)

Proof. Let us assume that f(z) € %ng (, M). Then we find from (1.16) that
= [Kl,! (m+1\®
k—1 t g
E6Y m, <m+k> “

o K m o
:{§(1+m)z+k22{§(1+m)+m(k—1)}-[xll]f%kl (mili) akzk}w(z), (3.4)
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which is equivalent to

J k]! m+1\¢ >
L= (hig) o+ L o

k=2 k=j+1

= [4],! m+1\"
:{C(l—km)z—ké{@(l—i—m)—i—m(k—1)}-pLJrl]q%k1 (erk) akzk}w(z),

[S)

where the coefficients ¢; are some complex numbers and the series ), cxzk con-
k=j+1
verges when z € U. Then, since

w(z)| <1 (ze€l),

we have
J [k],! m+1\* >
k—1 4 ( ) i + ot
l§2( ) A+1] 4 \m+k ‘ k:;rl ¢
o [k],! m+1\*
< — 1)) q k
< c(1+m)z+1§2{c(1+m)+m(k 1)} (e (m+k> arZ"|. (3.5)
Squaring both sides of (3.5), we get
. 2
/ [k],! m+1\** ad
Z(k_1)2 ([k—i—l]q ) <m+k> la |2 o Z |Ck‘2 -
k=2 q,k—1 k=j+1
o K\
SSU+mP[CP P+ Y (G +m) +mk— 1) | ——F—
= A+ 1]
m+1 2 2/(
<m+k> ]
We now let r — 1—. Then, on some simplification, we obtain
. 2
(j_1>2‘a~‘2 [.]]q' <m+1>2a
/ A1, m+ j
) D 2 2
< (L+mP OP + ¥ {160 +m) +mlk— D = (k= 1) |
k=2
K\ m1ye
o | oy ( ) . (3.6)
A+1], 4 m+k
The following two cases arise:
(a) Let

2m(k—DR(E) > (k—1)*(1—m) = [ (1 +m).
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Suppose also that j < A+ 2. Then, for j = 2, the equation (3.6) gives
(1+m)[A+1], [T

2l <mi;> |

which yields (3.1) for j = 2. We establish the assertion (3.1) by appealing to the
principle of mathematical induction. Suppose (3.1) is valid for k =2,3,4,--- ,j— 1.
Then, clearly, it follows from (3.6) that

o () (2

<(l+m 2y —I—Z( [k] ! >2<m+1>2a
= Pt 1, ) \mtk
AJem) 4 me=1)P = (k- 1)}

laz| <

2
A+1], k
- 2<m+129 [TIe1+m)+m(p—2)P
(1,) (m+k) (=17
1
:WH|C1+m)+m(k ).
We thus find that
A+1] J
o P Fiem -2
i (2) G-t

which completes the proof of the assertion (3.1) of Theorem 2.
We next suppose that j > A+ 2. Then (3.6) gives

2
. 20'2 [jaqp m+1 20
(=17 (M+¢bjl> ()

<(1 K\ (me1\
= (e m‘*z o) ()
{mu+m+mw—nf—w—u}mw

+ Z (K], 2<m+1>20c
kmags \ A g m+k
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Al my +me=1)P = (k= 1) il

A2 o 2 m 20
< (1+m)? |G + Z <7»+H]qk ]> <mjrrll<>

{mu+m+m@—n|—w—w}mm.

Upon substituting the above-derived upper estimates for az,as, -+ ,aq.4, if we sim-
plify the resulting equations, we obtain the assertion (3.2) of Theorem 2.

(b) If we let
2m(k—1R(E) < (k—1)*(1—m) = [¢* (1+m),
then it follows from (3.6) that

T 2, -
([7\,4—[{]3 ) (mii) =D < +mP2lgf (122),

q,j—1

which proves the assertion (3.3) of Theorem 2. ]
Taking ¢ — 1— in Theorem 2, we obtain the following corollary.

Corollary 3. Let the function f(z) defined by (1.1) be in the class Sx*(C, M).

(a) If
2m(k = 1)R(C) > (k—1)*(1—m) = [¢* (1 +m),

let
2m(k—1)R(€)

[(k 12(1—m) = [L* (1 +m)

where N = [G]| (the Gaussian symbol) and [G] is the greatest integer not greater
than G. Then

g: (k:273747"'7j_1)7

OVt e 4m) +mk—2)] (3.7)

ol <m+1> k’(]l'—l)!kz

m-+

(j:273747"' 7N+2)

and s
H |C(1+m) +m(k—2)] (3.8)

(]—1 ( ) (N +1)! *=2

(J>N+2).
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(b) If
2m(k— DR(G) < (k—1)7(1—m) — ¢ (1+m),

then
4] < (A+ 1),y (14+m)[T]
J

The inequalities (3.7) and (3.9) are sharp.

(j22). (3.9)

If we set o = 0 in Theorem 2, then we obtain the following corollary.
Corollary 4. Let the function f(z) be defined by (1.1) be in the class Tq}‘(c, M).
(a) If
2m(k— DR(E) > (k—1)*(1—m) = [ (1 +m),
let
2m(k—1)R(Q)

- k=234 j—1),
S e —m P Grm] e

where N = [G| (the Gaussian symbol) and |G| is the greatest integer not greater
than G. Then

A+1], 01 I
il < e oy LIS +m) + ik =2)] (3.10)
(j=2,3,4,-- ,N+2)
and
_ A1, AL
|aj|§m - )(N+1.H]Cl+m)+m(k 2)| (3.11)
(J>N+2).
(b) If
2m(k— DR(G) < (k—1)7(1—m) — [§ (1+m),
then

1] ., (1
0 G=1)
The inequalities (3.10) and (3.12) are sharp.

(j=2). (3.12)
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4. MAXIMIZATION OF |a3 — uaj|
In this section, we shall need the following lemma in our discussion.

Lemma 1 ([10]). Let

oo

w(z) = Z a eQ.
k=1

If u is any complex number, then
|2 —uct| < max {1, |ul} (4.1)
for any complex number u. Equality in (4.1) may be attained with the functions
w(z) = 22 and w(z) = z for |u| < 1 and |u| = 1, respectively.
We now state and prove our main result in this section.

Theorem 3. Let the function f(z) defined by (1.1) be in the normalized complex-

order analytic function class ﬂ-ﬂ,}g (§, M). Suppose also that u is any complex num-
ber. Then

> 8(1+m)]
|a3 —pa3| < 5 Bly! <m—|—1>oc max {1,[3[}, “@.2)
A1, \m+3
where
B, (m+1\*
2 uG(1+m)
5— 1 o () S[gm) . @)

() (z)

Proof. Since f(z) € }43;3‘(@, M), we have
2(2rg f(2)) — Nows £ (2)
[G(1+m) —m] Nors' £(2) + mz(Nows £(2))]

The result is sharp.

w(z) =

_ k=2 [A+1],,

a & [£],! m+1\%
§(1+m)+k§2[§(l+m)+m(k—1)] [7»+1]qq,k71 <m+k> k!
> [],! m+1\*

:kgz(k_l)pu—i-l}:k_l <m—|—k> ad!

C(1+m)
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- [],! m+1\*
JE4m) e <m+k) -

]
C(1+m)

-1

1+ (4.4)

We now compare the coefficients of z and z% on both sides of the last equation (4.4).
We thus obtain
G +m) A+ 1], e

ay = & 4.5)
2] ‘<m+1>
T \m+2
and X
az = 2[3]5!( Jr:::_l sl +[C(1+m) +mlci}. (4.6)
A+1],, (m+3)
Hence Q( )
2 1+m 2
S TE N <m+1>°‘{62_¢cl}’ @7
A+1],, \m+3
where 203
g m—|—1>a 1
At 1 ( ) HedEm)
o= PF 1o \m : 61+ m) +m]. 4.8)
2],! <m+1>2°°
[7»4—1]11 m+2
Taking the modulus on both sides of (4.7), we have
1
|as — pa3 | < St m) 5| le2 —oct]. 4.9)

A—+1] g2 \Mm=+ 3
Now, by using the above lemma in (4.9), we have

C(1+m)

2[3]q! <m+1)°°
A+ l]%2 m—+3
where 0 is given by (4.8).

Finally, the assertion (4.2) of Theorem 3 is sharp in view of the fact that the asser-
tion (4.1) of the above lemma is known to be sharp. ]

max {1, (0]},

a3 — a3 <
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5. CONCLUDING REMARKS AND OBSERVATIONS

In our present investigation, we have introduced and systematically studied the
general class %,7{3((:, M) of normalized analytic functions of complex order, which
are connected with a g-analogue of integral operators. For this complex-order ana-
Iytic function class, we have successfully determined a sufficient condition in terms
of the coefficients and the estimates for the coefficients and a maximization theorem
concerning the coefficients. Our main results are stated and proved as theorems (see
Theorems 1, 2 and 3). Various interesting consequences and applications of our main
results are stated as corollaries.

In conclusion, it seems to worthwhile to reiterate the now well-understood fact
that the results for the g-calculus, which we have considered in this presentation for
0 < g < 1, can easily be translated into the corresponding results for the so-called
(p,q)-calculus (with 0 < g < p < 1) by applying some obviously trivial parametric
and argument variations, the additional parameter p being redundant. As a matter of
fact, the so-called (p,q)-number [n], , is given (for 0 < g < p < 1) by

pn_qn
— (ne{1,2,3,---})
Mpg=4q 74 5.1)
0 (n=0)
= p! s, (5.2)

where, for the classical g-number [n],, we have (see also Section 1 above)

[n]q := Lo

(5.3)
I—q
_ (p —(rq) >
p—(pq)
=0 1o pg)- (5.4)

Furthermore, the so-called (p,q)-derivative or the so-called (p,q)-difference of a
suitable function f(z) is denoted by (D), f)(z) and defined, in a given subset of
C, by

f(pz) — f(qz)
=2 (zeC\{0};0<g<p=1)
(Dpg f)(2) = (P=q)z ) = (5.5)

f'(0) (z=0:0<g<p=1),
so that, clearly, we have the following connection with the familiar g-derivative
(Dgf) (z) used in (1.6):

0 N6 = (03 7) () a2 D= (2)  59)



432 H. M. SRIVASTAVA AND SHEZA M. EL-DEEB

(zeC;0<g<p=s).

Remarkably, therefore, any claimed extensions of at least some investigations in-
volving the classical g-calculus to the corresponding obviously straightforward in-
vestigations involving the (p,q)-calculus are somewhat inconsequential. The inter-
ested reader will find a recent investigation [25] which is intended here to provide an
illustration of such transitions from the classical g-calculus to the (p,g)-calculus.

Further investigations on the applications of the g-calculus to meromorphic uni-
valent and meromorphic multivalent functions along the lines of a recent work [15]
may be worthy of consideration.
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