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Abstract. We first establish some fractional equalities for functions of bounded variation with
two variables. Then we derive some fractional Ostrowski and Trapezoid type inequalities for
functions of bounded variation with two variables. In addition, we give some Midpoint inequal-
ities as special cases of our main results.
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1. INTRODUCTION

The study of various types of integral inequalities has been the focus of great atten-
tion for well over a century by a number of mathematicians, interested both in pure
and applied mathematics. One of the many fundamental mathematical discoveries of
A. M. Ostrowski [22] is the following classical integral inequality associated with the
differentiable mappings:

Theorem 1. Let f : [a,b]→ R be a differentiable mapping on (a,b) whose deriv-
ative f ′ : (a,b)→ R is bounded on (a,b) , i.e. ‖ f ′‖

∞
:= sup

t∈(a,b)
| f ′(t)| < ∞. Then, we

have the inequality∣∣∣∣∣∣ f (x)− 1
b−a

b∫
a

f (t)dt

∣∣∣∣∣∣≤
[

1
4
+

(
x− a+b

2

)2

(b−a)2

]
(b−a)

∥∥ f ′
∥∥

∞
,

for all x ∈ [a,b]. The constant 1
4 is the best possible.

Ostrowski inequality has applications in quadrature, probability and optimization
theory, stochastic, statistics, information and integral operator theory. Until now, a
large number of research papers and books have been written on Ostrowski inequalit-
ies and their numerous applications. In general, the generalizations to the Ostrowski
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type inequalities are obtained by introducing arbitrary parameters in the Peano ker-
nels involved. The parameters can be so adjusted to recapture the previous results as
well as to obtain some new estimates of such inequalities.

On the other hand, the inequalities discovered by C. Hermite and J. Hadamard
for convex functions are considered significant in the literature (see, e.g.,[12], [23,
p.137]). These inequalities state that if f : I→ R is a convex function on the interval
I of real numbers and a,b ∈ I with a < b, then

f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

2
. (1.1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hermite-Hadamard inequality may be regarded as a refinement of the concept of
convexity and it follows easily from Jensen’s inequality. Over the years, many stud-
ies have focused on to establish generalization of the inequality (1.1) and to obtain
new bounds for left-hand side (Midpoint) and right-hand side (Trapezoid) of the in-
equality (1.1).

The remainder of this work is organized as follows: In Section 2, we present the
definitions of fractional integrals and functions of bounded variation. We also men-
tion some inequalities related fractional integrals. In Section 3, we establish three
identities for double fractional integrals. Finally, some new fractional Ostrowski and
Trapezoid type integral inequalities are proved for functions of bounded variation
with two variables in Section 4. We also give some fractional Midpoint type inequal-
ities in Section 4.

2. PRELIMINARIES

Firstly, we give the definitions of Riemann-Liouville fractional integrals:

Definition 1. Let f ∈ L1[a,b]. The Riemann-Liouville integrals Jα
a+ f and Jα

b− f of
order α > 0 with a≥ 0 are defined by

Jα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, x > a

and

Jα

b− f (x) =
1

Γ(α)

∫ b

x
(t− x)α−1 f (t)dt, x < b

respectively. Here, Γ(α) is the Gamma function and J0
a+ f (x) = J0

b− f (x) = f (x).

For more information and properties about fractional integrals, please refer to
([18], [21], [24]).

It is remarkable that Sarikaya et al.[30] firstly give the interesting integral inequal-
ities of Hermite-Hadamard type involving Riemann-Liouville fractional integrals.
Whereupon several papers focus on fractional Hermite-Hadamard and Ostrowski
type inequalities, for example ([1], [10], [19], [27], [29], [28]-[26], [31]).
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Now, we give the definitions Riemann-Liouville fractional integrals of two vari-
able functions:

Definition 2 ([25]). Let f ∈ L1([a,b]× [c,d]). The Riemann-Liouville fractional
integrals Jα,β

a+,c+, Jα,β
a+,d−, Jα,β

b−,c+ and Jα,β
b−,d− are defined by

Jα,β
a+,c+ f (x,y) =

1
Γ(α)Γ(β)

x∫
a

y∫
c

(x− t)α−1 (y− s)β−1 f (t,s)dsdt, x > a, y > c,

Jα,β
a+,d− f (x,y) =

1
Γ(α)Γ(β)

x∫
a

d∫
y

(x− t)α−1 (s− y)β−1 f (t,s)dsdt, x > a, y < d,

Jα,β
b−,c+ f (x,y) =

1
Γ(α)Γ(β)

b∫
x

y∫
c

(t− x)α−1 (y− s)β−1 f (t,s)dsdt, x < b, y > c,

and

Jα,β
b−,d− f (x,y) =

1
Γ(α)Γ(β)

b∫
x

d∫
y

(t− x)α−1 (s− y)β−1 f (t,s)dsdt, x < b, y < d.

Hermite-Hadamard inequality and Ostrowski inequality for fractional integrals of
two-variable functions are obtained in [25] and [20], respectively. There are several
papers on fractional Hermite-Hadamard and fractional Ostrowski type inequalities
for two-variable functions, you can find some of them in the references.

Functions of bounded variation of one variable are of great interest and usefulness
because of their valuable properties, such as particularly with respect to additivity,
decomposability into monotone functions, continuity, differentiability, measurabil-
ity, integrability, and so on, have been much studied. There are many of papers on
inequalities for functions of bounded variation of one variable, some of them please
see ([2], [6], [7], [8], [11], [13],[16], [17]). Moreover Dragomir obtained some frac-
tional inequalities involving functions of bounded variation ([14], [15])

Functions of bounded variation with two variables are defined as follows:

Definition 3 ([9] ). Assume that f (x,y) is defined over the rectangle Q = [a,b]×
[c,d]. Let P be a partition of Q with

P : a = x0 < x1 < ... < xn = b, and c = y0 < y1 < ... < ym = d;

and for all i, j let

∆11g(xi,y j) = g(xi−1,y j−1)−g(xi−1,y j)−g(xi,y j−1)+g(xi,y j).

The function f (x,y) is said to be of bounded variation if the sum
n−1

∑
i=0

m−1

∑
j=0

∣∣∆11 f (xi,y j)
∣∣
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is bounded for all nets.

Therefore, one can define the concept of total variation of a function of variables,
as follows:

Let f be of bounded variation on Q = [a,b]× [c,d], and let ∑(P) denote the sum
n
∑

i=1

m
∑
j=1

∣∣∆11 f (xi,y j)
∣∣ corresponding to the partition P of Q. The number

∨
Q

( f ) :=
d∨
c

b∨
a
( f ) := sup

{
∑(P) : P ∈ P(Q)

}
,

is called the total variation of f on Q.
There are also some paper on inequalities for functions of bounded variation with

two variables ([3], [4], [5]). However, there is a few papers fractional integral inequal-
ities for functions of bounded variation with two variables. The aim of this paper is
to establish some fractional Ostrowski, Midpoint, and Trapezoid type inequalities for
functions of bounded variation with two variables.

3. SOME IDENTITIES FOR DOUBLE INTEGRALS

It is obtained three double integral identities involving Riemann-Liouville frac-
tional integrals in this section. These equalities are the main material of inequalities
developed throughout the article.

Lemma 1. Let f : Λ := [a,b]× [c,d]→R be an absolutely continuous function on
Λ in R2. Then, for any (x,y) ∈ [a,b]× [c,d] , we have

1
Γ(α)Γ(β)

b∫
a

d∫
c

Q(x, t,y,s)F(x, t,y,s)dsdt (3.1)

= Jα,β
a+,c+ f (x,y)+ Jα,β

a+,d− f (x,y)+ Jα,β
b−,c+ f (x,y)+ Jα,β

b−,d− f (x,y)

− (y− c)β +(d− y)β

Γ(β+1)
[
Jα

a+ f (x,y)+ Jα

b− f (x,y)
]

− (x−a)α +(b− x)α

Γ(α+1)

[
Jβ

c+, f (x,y)+ Jβ

d−, f (x,y)
]

+

[
(b− x)α +(x−a)α

][
(d− y)β +(y− c)β

]
Γ(α+1)Γ(β+1)

f (x,y)

where F(x, t,y,s) and Q(x, t,y,s) are defined by

F(x, t,y,s) := f (t,s)− f (t,y)− f (x,s)+ f (x,y) (3.2)

and

Q(x, t,y,s) (3.3)
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:=


(x− t)α−1 (y− s)β−1 , a≤ t < x and c≤ s < y
(x− t)α−1 (s− y)β−1 , a≤ t < x and y≤ s≤ d
(t− x)α−1 (y− s)β−1 , x≤ t ≤ b and c≤ s < y
(t− x)α−1 (s− y)β−1 , x≤ t ≤ b and y≤ s≤ d,

respectively.

Proof. From the definition of Q(x, t,y,s), we write the equality

1
Γ(α)Γ(β)

b∫
a

d∫
c

Q(x, t,y,s)F(x, t,y,s)dsdt

=
1

Γ(α)Γ(β)

x∫
a

y∫
c

(x− t)α−1 (y− s)β−1 F(x, t,y,s)dsdt

+
1

Γ(α)Γ(β)

x∫
a

d∫
y

(x− t)α−1 (s− y)β−1 F(x, t,y,s)dsdt

+
1

Γ(α)Γ(β)

b∫
x

y∫
c

(t− x)α−1 (y− s)β−1 F(x, t,y,s)dsdt

+
1

Γ(α)Γ(β)

b∫
x

d∫
y

(t− x)α−1 (s− y)β−1 F(x, t,y,s)dsdt.

Using the elementary analysis operations for the first integral in the right hand of the
above identity, due to the definition of F(x, t,y,s), we get the equality

1
Γ(α)Γ(β)

x∫
a

y∫
c

(x− t)α−1 (y− s)β−1 [ f (t,s)− f (t,y)− f (x,s)+ f (x,y)]dsdt

= Jα,β
a+,c+ f (x,y)− (y− c)β

Γ(β+1)
Jα

a+, f (x,y)

− (x−a)α

Γ(α+1)
Jβ

c+, f (x,y)+
(x−a)α (y− c)β

Γ(α+1)Γ(β+1)
f (x,y).

If we combine the resulting integrals after having been similarly analysed the other
integrals, then we reach the desired equality (3.1). �
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Lemma 2. Let f : Λ := [a,b]× [c,d]→R be an absolutely continuous function on
Λ in R2. Then, for any (x,y) ∈ [a,b]× [c,d] , we have

1
Γ(α)Γ(β)

b∫
a

d∫
c

Q(t,s)F(x, t,y,s)dsdt (3.4)

= Jα,β
x+,y+ f (b,d)+ Jα,β

x+,y− f (b,c)+ Jα,β
x−,y+ f (a,d)+ Jα,β

x−,y− f (a,c)

− (d− y)β +(y− c)β

Γ(β+1)
[
Jα

x+ f (b,y)+ Jα
x− f (a,y)

]
− (b− x)α +(x−a)α

Γ(α+1)

[
Jβ

y+, f (x,d)+ Jβ

y−, f (x,c)
]

+

[
(b− x)α +(x−a)α

][
(d− y)β +(y− c)β

]
Γ(α+1)Γ(β+1)

f (x,y)

where F(x, t,y,s) is defined as in (3.2) and Q(t,s) is defined by

Q(t,s) (3.5)

:=


(t−a)α−1 (s− c)β−1 , a≤ t < x and c≤ s < y
(t−a)α−1 (d− s)β−1 , a≤ t < x and y≤ s≤ d
(b− t)α−1 (s− c)β−1 , x≤ t ≤ b and c≤ s < y
(b− t)α−1 (d− s)β−1 , x≤ t ≤ b and y≤ s≤ d.

Proof. By the definition of Q(t,s), we find that

1
Γ(α)Γ(β)

b∫
a

d∫
c

Q(t,s)F(x, t,y,s)dsdt

=
1

Γ(α)Γ(β)

b∫
x

d∫
y

(b− t)α−1 (d− s)β−1 F(x, t,y,s)dsdt

+
1

Γ(α)Γ(β)

b∫
x

y∫
c

(b− t)α−1 (s− c)β−1 F(x, t,y,s)dsdt

+
1

Γ(α)Γ(β)

x∫
a

d∫
y

(t−a)α−1 (d− s)β−1 F(x, t,y,s)dsdt

+
1

Γ(α)Γ(β)

x∫
a

y∫
c

(t−a)α−1 (s− c)β−1 F(x, t,y,s)dsdt.
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Using the elementary analysis rules for the first integral in the right hand of the above
equality, owing to the definition of F(x, t,y,s), we obtain

1
Γ(α)Γ(β)

b∫
x

d∫
y

(b− t)α−1 (d− s)β−1 [ f (t,s)− f (t,y)− f (x,s)+ f (x,y)]dsdt

= Jα,β
x+,y+ f (b,d)− (d− y)β

Γ(β+1)
Jα

x+ f (b,y)

− (b− x)α

Γ(α+1)
Jβ

y+, f (x,d)+
(b− x)α (d− y)β

Γ(α+1)Γ(β+1)
f (x,y).

Should we add the finding statements side by side after having been similarly ex-
amined the other integrals, we can easily deduce the required identity (3.4). �

Lemma 3. Let f : Λ := [a,b]× [c,d]→R be an absolutely continuous function on
Λ in R2. Then, for any (x,y) ∈ [a,b]× [c,d] , we have

1
4

1
Γ(α)Γ(β)


b∫

a

d∫
c

[
(t−a)α−1 (s− c)β−1 +(t−a)α−1 (d− s)β−1 (3.6)

+(b− t)α−1 (s− c)β−1 +(b− t)α−1 (d− s)β−1
]

F(x, t,y,s)dsdt
}

=
Jα,β

b−,d− f (a,c)+ Jα,β
b−,c+ f (a,d)+ Jα,β

a+,d− f (b,c)+ Jα,β
a+,c+ f (b,d)

4

− 1
2
(d− c)β

Γ(β+1)
[
Jα

b− f (a,y)+ Jα
a+ f (b,y)

]
− 1

2
(b−a)α

Γ(α+1)

[
Jβ

d−, f (x,c)+ Jβ

c+, f (x,d)
]
+

(b−a)α (d− c)β

Γ(α+1)Γ(β+1)
f (x,y)

where F(x, t,y,s) is defined as in (3.2).

Proof. By the definition of F(x, t,y,s) and simple calculations, for the first expres-
sion, we find that

1
Γ(α)Γ(β)

b∫
a

d∫
c

(t−a)α−1 (y− c)β−1 [ f (t,s)− f (t,y)− f (x,s)+ f (x,y)]dsdt

= Jα,β
b−,d− f (a,c)− (d− c)β

Γ(β+1)
Jα

b− f (a,y)

− (b−a)α

Γ(α+1)
Jβ

d−, f (x,c)+
(b−a)α (d− c)β

Γ(α+1)Γ(β+1)
f (x,y).
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If we similarly observe the other expressions and later we add all these identities side
by side, then the desired equality can be obtained. �

Corollary 1. Under the assumptions of Lemma 1 with x = a+b
2 and y = c+d

2 , then
the following Midpoint type equality holds:

1
Γ(α)Γ(β)

b∫
a

d∫
c

Q
(

a+b
2

, t,
c+d

2
,s
)

F
(

a+b
2

, t,
c+d

2
,s
)

sdt

= Jα,β
a+,c+ f

(
a+b

2
,
c+d

2

)
+ Jα,β

a+,d− f
(

a+b
2

,
c+d

2

)
+ Jα,β

b−,c+ f
(

a+b
2

,
c+d

2

)
+ Jα,β

b−,d− f
(

a+b
2

,
c+d

2

)
− (d− c)β

2β−1Γ(β+1)

[
Jα

a+ f
(

a+b
2

,
c+d

2

)
+ Jα

b− f
(

a+b
2

,
c+d

2

)]
− (b−a)α

2α−1Γ(α+1)

[
Jβ

c+, f
(

a+b
2

,
c+d

2

)
+ Jβ

d−, f
(

a+b
2

,
c+d

2

)]
+

(b−a)α (d− c)β

2α+β−2Γ(α+1)Γ(β+1)

(
a+b

2
,
c+d

2

)
where F

(a+b
2 , t, c+d

2 ,s
)

and Q
(a+b

2 , t, c+d
2 ,s

)
are defined as in (3.2) and (3.3), re-

spectively.

Corollary 2. With the assumption of Lemma 2, we have the Midpoint type identity

1
Γ(α)Γ(β)

b∫
a

d∫
c

Q(t,s)F
(

a+b
2

, t,
c+d

2
,s
)

dsdt

= Jα,β
a+b

2 +, c+d
2 +

f (b,d)+ Jα,β
a+b

2 +, c+d
2 −

f (b,c)+ Jα,β
a+b

2 −,
c+d

2 +
f (a,d)+ Jα,β

a+b
2 −,

c+d
2 −

f (a,c)

− (d− c)β

2β−1Γ(β+1)

[
Jα

a+b
2 +

f
(

b,
c+d

2

)
+ Jα

a+b
2 −

f
(

a,
c+d

2

)]
− (b−a)α

2α−1Γ(α+1)

[
Jβ

c+d
2 +,

f
(

a+b
2

,d
)
+ Jβ

c+d
2 −,

f
(

a+b
2

,c
)]

+
(b−a)α (d− c)β

2α+β−2Γ(α+1)Γ(β+1)
f
(

a+b
2

,
c+d

2

)
where F

(a+b
2 , t, c+d

2 ,s
)

and Q(t,s) are defined as in (3.2) and (3.5), respectively.
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Corollary 3. Suppose that all the assumptions of Lemma 3 hold. If we choose
x = a+b

2 and y = c+d
2 , then we possess

1
4

1
Γ(α)Γ(β)


b∫

a

d∫
c

[
(t−a)α−1 (s− c)β−1 +(t−a)α−1 (d− s)β−1

+(b− t)α−1 (s− c)β−1 +(b− t)α−1 (d− s)β−1
]

F
(

a+b
2

, t,
c+d

2
,s
)

dsdt
}

=
Jα,β

b−,d− f (a,c)+ Jα,β
b−,c+ f (a,d)+ Jα,β

a+,d− f (b,c)+ Jα,β
a+,c+− f (b,d)

4

− 1
2
(d− c)β

Γ(β+1)

[
Jα

b− f (a,
c+d

2
)+ Jα

a+ f (b,
c+d

2
)

]
− 1

2
(b−a)α

Γ(α+1)

[
Jβ

d−, f (
a+b

2
,c)+ Jβ

c+, f (
a+b

2
,d)
]

+
(b−a)α (d− c)β

Γ(α+1)Γ(β+1)
f
(

a+b
2

,
c+d

2

)
where F

(a+b
2 , t, c+d

2 ,s
)

is defined as in (3.2).

4. DOUBLE INTEGRAL INEQUALITIES FOR FUNCTIONS OF BOUNDED
VARIATIONS

In this section, we establish some fractional Ostrowski and trapezoid type inequal-
ities for function of bounded variation.

Theorem 2. Let f : Λ→ R be a function of bounded variation on Λ in R2. Then
we have the inequality∣∣∣Jα,β

a+,c+ f (x,y)+ Jα,β
a+,d− f (x,y)+ Jα,β

b−,c+ f (x,y)+ Jα,β
b−,d− f (x,y) (4.1)

− (y− c)β +(d− y)β

Γ(β+1)
[
Jα

a+ f (x,y)+ Jα

b− f (x,y)
]

− (x−a)α +(b− x)α

Γ(α+1)

[
Jβ

c+, f (x,y)+ Jβ

d−, f (x,y)
]

+

[
(b− x)α +(x−a)α

][
(d− y)β +(y− c)β

]
Γ(α+1)Γ(β+1)

f (x,y)

∣∣∣∣∣∣
≤ (x−a)α (y− c)β

Γ(α+1)Γ(β+1)

x∨
a

y∨
c
( f )+

(x−a)α (d− y)β

Γ(α+1)Γ(β+1)

x∨
a

d∨
y
( f )



180 S. ERDEN, H. BUDAK, AND M. Z. SARIKAYA

+
(b− x)α (y− c)β

Γ(α+1)Γ(β+1)

b∨
x

y∨
c
( f )+

(b− x)α (d− y)β

Γ(α+1)Γ(β+1)

b∨
x

d∨
y
( f )

≤ 1
Γ(α+1)Γ(β+1)

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣]α

×
[

1
2
(d− c)+

∣∣∣∣y− c+d
2

∣∣∣∣]β b∨
a

d∨
c
( f )

for any (x,y) ∈ Λ.

Proof. If we take absolute value of both sides of the equality (3.1), due to the
definition of Q(x, t,y,s) and the well-known triangle inequality, we get∣∣∣Jα,β

a+,c+ f (x,y)+ Jα,β
a+,d− f (x,y)+ Jα,β

b−,c+ f (x,y)+ Jα,β
b−,d− f (x,y) (4.2)

− (y− c)β +(d− y)β

Γ(β+1)
[
Jα

a+ f (x,y)+ Jα

b− f (x,y)
]

− (x−a)α +(b− x)α

Γ(α+1)

[
Jβ

c+, f (x,y)+ Jβ

d−, f (x,y)
]

+

[
(b− x)α +(x−a)α

][
(d− y)β +(y− c)β

]
Γ(α+1)Γ(β+1)

f (x,y)

∣∣∣∣∣∣
≤ 1

Γ(α)Γ(β)

b∫
a

d∫
c

|Q(x, t,y,s)| |F(x, t,y,s)|dsdt

and

1
Γ(α)Γ(β)

b∫
a

d∫
c

|Q(x, t,y,s)| |F(x, t,y,s)|dsdt

=
1

Γ(α)Γ(β)

x∫
a

y∫
c

(x− t)α−1 (y− s)β−1 |F(x, t,y,s)|dsdt

+
1

Γ(α)Γ(β)

x∫
a

d∫
y

(x− t)α−1 (s− y)β−1 |F(x, t,y,s)|dsdt

+
1

Γ(α)Γ(β)

b∫
x

y∫
c

(t− x)α−1 (y− s)β−1 |F(x, t,y,s)|dsdt
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+
1

Γ(α)Γ(β)

b∫
x

d∫
y

(t− x)α−1 (s− y)β−1 |F(x, t,y,s)|dsdt

for any (x,y) ∈ Λ.
Seeing that f : Λ→ R is of bounded variation on [a,x]× [c,y] , we get

|F(x, t,y,s)|= | f (t,s)− f (t,y)− f (x,s)+ f (x,y)|

≤
x∨
t

y∨
s
( f )≤

x∨
a

y∨
c
( f ).

Hence, if we consider the first integral in the right hand side of the statement (4.2),
then we can easily conclude that

1
Γ(α)Γ(β)

x∫
a

y∫
c

(x− t)α−1 (y− s)β−1 |F(x, t,y,s)|dsdt

≤ (x−a)α (y− c)β

Γ(α+1)Γ(β+1)

x∨
a

y∨
c
( f ).

Should the other integrals are also observed by taking account of the fact that f :
Λ→ R is of bounded variation on [a,x]× [y,d] , [x,b]× [c,y] and [x,b]× [y,d] , one
can readily attain the first inequality in (4.1).

The second inequality is obvious from the facts that

max{ac,ad,bc,bd}= max{a,b}max{c,d} , (4.3)

max{an,bn}= (max{a,b})n =

(
a+b+ |a+b|

2

)n

for a,b,c,d,n > 0. This completes the proof. �

Corollary 4. Under the assumptions of Theorem 2 with x = a+b
2 and y = c+d

2 , we
have the midpoint type inequality∣∣∣∣Jα,β

a+,c+ f
(

a+b
2

,
c+d

2

)
+ Jα,β

a+,d− f
(

a+b
2

,
c+d

2

)
+ Jα,β

b−,c+ f
(

a+b
2

,
c+d

2

)
+ Jα,β

b−,d− f
(

a+b
2

,
c+d

2

)
− (d− c)β

2β−1Γ(β+1)

[
Jα

a+ f
(

a+b
2

,
c+d

2

)
+ Jα

b− f
(

a+b
2

,
c+d

2

)]
− (b−a)α

2α−1Γ(α+1)

[
Jβ

c+, f
(

a+b
2

,
c+d

2

)
+ Jβ

d−, f
(

a+b
2

,
c+d

2

)]



182 S. ERDEN, H. BUDAK, AND M. Z. SARIKAYA

+
(b−a)α (d− c)β

2α+β−2Γ(α+1)Γ(β+1)
f
(

a+b
2

,
c+d

2

)∣∣∣∣∣
≤ (b−a)α (c−d)β

2α+βΓ(α+1)Γ(β+1)

b∨
a

d∨
c
( f ).

Theorem 3. Let f : Λ→ R be a function of bounded variation on Λ in R2. Then,
one has the following inequality∣∣∣Jα,β

x+,y+ f (b,d)+ Jα,β
x+,y− f (b,c)+ Jα,β

x−,y+ f (a,d)+ Jα,β
x−,y− f (a,c) (4.4)

− (d− y)β +(y− c)β

Γ(β+1)
[
Jα

x+ f (b,y)+ Jα
x− f (a,y)

]
− (b− x)α +(x−a)α

Γ(α+1)

[
Jβ

y+, f (x,d)+ Jβ

y−, f (x,c)
]

+

[
(b− x)α +(x−a)α

][
(d− y)β +(y− c)β

]
Γ(α+1)Γ(β+1)

f (x,y)

∣∣∣∣∣∣
≤ (x−a)α (y− c)β

Γ(α+1)Γ(β+1)

x∨
a

y∨
c
( f )+

(x−a)α (d− y)β

Γ(α+1)Γ(β+1)

x∨
a

d∨
y
( f )

+
(b− x)α (y− c)β

Γ(α+1)Γ(β+1)

b∨
x

y∨
c
( f )+

(b− x)α (d− y)β

Γ(α+1)Γ(β+1)

b∨
x

d∨
y
( f )

≤ 1
Γ(α+1)Γ(β+1)

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣]α

×
[

1
2
(d− c)+

∣∣∣∣y− c+d
2

∣∣∣∣]β b∨
a

d∨
c
( f )

for any (x,y) ∈ Λ.

Proof. Taking modulus of both sides of the equality (3.4), on account of the defin-
ition of Q(t,s) and the triangle inequality, we find that∣∣∣Jα,β

x+,y+ f (b,d)+ Jα,β
x+,y− f (b,c)+ Jα,β

x−,y+ f (a,d)+ Jα,β
x−,y− f (a,c) (4.5)

− (d− y)β +(y− c)β

Γ(β+1)
[
Jα

x+ f (b,y)+ Jα
x− f (a,y)

]
− (b− x)α +(x−a)α

Γ(α+1)

[
Jβ

y+, f (x,d)+ Jβ

y−, f (x,c)
]
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+

[
(b− x)α +(x−a)α

][
(d− y)β +(y− c)β

]
Γ(α+1)Γ(β+1)

f (x,y)

∣∣∣∣∣∣
≤ 1

Γ(α)Γ(β)

b∫
a

d∫
c

|Q(t,s)| |F(x, t,y,s)|dsdt

and

1
Γ(α)Γ(β)

b∫
a

d∫
c

|Q(t,s)| |F(x, t,y,s)|dsdt

=
1

Γ(α)Γ(β)

b∫
x

d∫
y

(b− t)α−1 (d− s)β−1 |F(x, t,y,s)|dsdt

+
1

Γ(α)Γ(β)

b∫
x

y∫
c

(b− t)α−1 (s− c)β−1 |F(x, t,y,s)|dsdt

+
1

Γ(α)Γ(β)

x∫
a

d∫
y

(t−a)α−1 (d− s)β−1 |F(x, t,y,s)|dsdt

+
1

Γ(α)Γ(β)

x∫
a

y∫
c

(t−a)α−1 (s− c)β−1 |F(x, t,y,s)|dsdt.

for any (x,y) ∈ Λ.
Inasmuch as f : Λ→ R is of bounded variation on [x,b]× [y,d] , one possess

|F(x, t,y,s)|= | f (t,s)− f (t,y)− f (x,s)+ f (x,y)|

≤
x∨
t

y∨
s
( f )≤

b∨
x

d∨
y
( f ).

For the first integral in the right hand side of the statement (4.5), we deduce that

1
Γ(α)Γ(β)

b∫
x

d∫
y

(b− t)α−1 (d− s)β−1 |F(x, t,y,s)|dsdt

≤ (b− x)α (d− y)β

Γ(α+1)Γ(β+1)

b∨
x

d∨
y
( f ).

In a similar way, taking into account the other three integrals in the right hand side of
(4.5) by considering that f : Λ→ R is of bounded variation on [a,x]× [c,y] , [a,x]×
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[y,d] and [x,b]× [c,y] , we reach the desired first inequality in (4.4). The second
inequality in (4.4) is proved above. �

Corollary 5. With the assumption of the Theorem 3, we have the midpoint type
inequality∣∣∣Jα,β

a+b
2 +, c+d

2 +
f (b,d)+ Jα,β

a+b
2 +, c+d

2 −
f (b,c)+ Jα,β

a+b
2 −,

c+d
2 +

f (a,d)+ Jα,β
a+b

2 −,
c+d

2 −
f (a,c)

− (d− c)β

2β−1Γ(β+1)

[
Jα

a+b
2 +

f
(

b,
c+d

2

)
+ Jα

a+b
2 −

f
(

a,
c+d

2

)]
− (b−a)α

2α−1Γ(α+1)

[
Jβ

c+d
2 +,

f
(

a+b
2

,d
)
+ Jβ

c+d
2 −,

f
(

a+b
2

,c
)]

+
(b−a)α (d− c)β

2α+β−2Γ(α+1)Γ(β+1)
f
(

a+b
2

,
c+d

2

)∣∣∣∣∣
≤ (b−a)α (c−d)β

2α+βΓ(α+1)Γ(β+1)

b∨
a

d∨
c
( f ).

Theorem 4. Let f : Λ→ R be a function of bounded variation on Λ in R2. Then,
for any (x,y) ∈ Λ, we have∣∣∣∣∣J

α,β
b−,d− f (a,c)+ Jα,β

b−,c+ f (a,d)+ Jα,β
a+,d− f (b,c)+ Jα,β

a+,c+− f (b,d)

4

− 1
2
(d− c)β

Γ(β+1)
[
Jα

b− f (a,y)+ Jα
a+ f (b,y)

]
−1

2
(b−a)α

Γ(α+1)

[
Jβ

d−, f (x,c)+ Jβ

c+, f (x,d)
]
+

(b−a)α (d− c)β

Γ(α+1)Γ(β+1)
f (x,y)

∣∣∣∣∣
≤ 1

4

{
A(x)C(y)

x∨
a

y∨
c
( f )+A(x)D(y)

x∨
a

d∨
y
( f )

+B(x)C(y)
b∨
x

y∨
c
( f )+B(x)D(y)

b∨
x

d∨
y
( f )

}

≤ 1
4Γ(α+1)Γ(β+1)

[
(b−a)α +

∣∣(x−a)α− (b− x)α
∣∣]

×
[
(d− c)β +

∣∣∣(y− c)β− (d− y)β

∣∣∣] b∨
a

d∨
c
( f )

where

A(x) =
(b−a)α− (b− x)α +(x−a)α

Γ(α+1)
,
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B(x) =
(b−a)α− (x−a)α +(b− x)α

Γ(α+1)
,

C(y) =
(d− c)β− (d− y)β +(y− c)β

Γ(β+1)
,

D(y) =
(d− c)β− (y− c)β +(d− y)β

Γ(β+1)
.

Proof. Should we take absolute value of (3.6), from the modulus property of the
integral, we get the inequality∣∣∣∣∣J

α,β
b−,d− f (a,c)+ Jα,β

b−,c+ f (a,d)+ Jα,β
a+,d− f (b,c)+ Jα,β

a+,c+− f (b,d)

4
(4.6)

− 1
2
(d− c)β

Γ(β+1)
[
Jα

b− f (a,y)+ Jα
a+ f (b,y)

]
−1

2
(b−a)α

Γ(α+1)

[
Jβ

d−, f (x,c)+ Jβ

c+, f (x,d)
]
+

(b−a)α (d− c)β

Γ(α+1)Γ(β+1)
f (x,y)

∣∣∣∣∣
≤ 1

4
1

Γ(α)Γ(β)


b∫

a

d∫
c

[
(t−a)α−1 (s− c)β−1 +(t−a)α−1 (d− s)β−1

+(b− t)α−1 (s− c)β−1 +(b− t)α−1 (d− s)β−1
]
|F(x, t,y,s)|dsdt

}
.

Considering that f : Λ→R is of bounded variation on Λ when calculating integral of
the first of the four expressions given in the summation form in the right-hand side of
the above inequality, it is easy to see that

1
4

1
Γ(α)Γ(β)

b∫
a

d∫
c

(t−a)α−1 (s− c)β−1 |F(x, t,y,s)|dsdt

≤ 1
4

1
Γ(α)Γ(β)

 x∨
a

y∨
c
( f )

x∫
a

y∫
c

(t−a)α−1 (s− c)β−1 dsdt

+
x∨
a

d∨
y
( f )

x∫
a

d∫
y

(t−a)α−1 (s− c)β−1 dsdt

+
b∨
x

y∨
c
( f )

b∫
x

y∫
c

(t−a)α−1 (s− c)β−1 dsdt
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+
b∨
x

d∨
y
( f )

b∫
x

d∫
y

(t−a)α−1 (s− c)β−1 dsdt

 .

If the above integrals are calculated, one has the inequality

1
4

1
Γ(α)Γ(β)

b∫
a

d∫
c

(t−a)α−1 (s− c)β−1 |F(x, t,y,s)|dsdt

≤ 1
4
(x−a)α

Γ(α+1)
(y− c)β

Γ(β+1)

x∨
a

y∨
c
( f )+

1
4
(x−a)α

Γ(α+1)
(d− c)β− (y− c)β

Γ(β+1)

x∨
a

d∨
y
( f )

+
1
4
(b−a)α− (x−a)α

Γ(α+1)
(y− c)β

Γ(β+1)

b∨
x

y∨
c
( f )

+
1
4
(b−a)α− (x−a)α

Γ(α+1)
(d− c)β− (y− c)β

Γ(β+1)

b∨
x

d∨
y
( f ).

If we sum all the resulting inequalities side by side after having been similarly cal-
culated integrals of the other three expressions in (4.6), the first inequality can be
readily obtained.

The second inequality can be easilly proved by using the facts (4.3). The proof is
thus completed. �

Corollary 6. Suppose that all the assumptions of Theorem 4 hold. If we choose
x = a+b

2 and y = c+d
2 , then we have

∣∣∣∣∣J
α,β
b−,d− f (a,c)+ Jα,β

b−,c+ f (a,d)+ Jα,β
a+,d− f (b,c)+ Jα,β

a+,c+− f (b,d)

4

− 1
2
(d− c)β

Γ(β+1)

[
Jα

b− f (a,
c+d

2
)+ Jα

a+ f (b,
c+d

2
)

]
− 1

2
(b−a)α

Γ(α+1)

[
Jβ

d−, f (
a+b

2
,c)+ Jβ

c+, f (
a+b

2
,d)
]

+
(b−a)α (d− c)β

Γ(α+1)Γ(β+1)
f
(

a+b
2

,
c+d

2

)∣∣∣∣∣
≤ 1

4
(b−a)α (c−d)β

Γ(α+1)Γ(β+1)

b∨
a

d∨
c
( f ).
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