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1. INTRODUCTION

Ulam [13] raised the infamous stability problem of functional equations in 1940
at the University of Wisconsin. The solution for the Ulam problem garnered world
wide attention and finally came to be identified as generalized Hyers-Ulam, gener-
alized Hyers-Ulam-Rassias, Ulam-Géavruta-Rassias and JMR stabilities of functional
equations. One can refer ([1,7,8, 10-12]).

In the probabilistic normed spaces, Mohammad Bagher Ghaemi et al. [6] analyzed
the stability for the sextic and quintic mappings.

In the quasi-B-normed spaces via fixed point method, Tian Zhou Xu et al. [15]
introduced the following functional equation of quintic type

g(m+3n) —5g(m+2n)+10g(m+n) — 10g(m)
+5g(m—n) —g(m—2n) = 120g(n)
and sextic type
g(m+3n) —6g(m+2n)+15g(m+n) —20g(m) + 15g(m —n)
—6g(m—2n)+g(m—3n) =720g(n)
and also investigated their stabilities related to Ulam problem.

(© 2020 Miskolc University Press
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In Felbin spaces, Pasupathi Narasimman et al. [9] introduced generalized sextic
and quintic functional equations

glam+n)+ g(am—n)+g(m—+an)+ g(m —an)
= (a* +a*)[g(m+n) +g(m—n)] +2(a° —a* —a® +1)[g(m) +g(n)]

alg(am+n)+ g(am —n)]|+ g(m+an) + g(m — an)
= (a*+a*)[g(m+n)+g(m—n)]+2(a® —a* —a® + 1)g(m)
with general solution and stability fora € R —{0,+1}.
Using fixed point theory, Zamani Eskandani and John Michael Rassias [5], Kitti-
pong Wongkum [14] are obtained modular stability of y—quartic and cubic functional
equations.

In quasi-B-normed spaces, In Goo Cho et al. [3] analyzed the Ulam stability prob-
lem for the quintic functional equation of the form

28(2m+n)+2g(2m—n)+ g(m+2n) + g(m—2n)
=20[g(m+n) +g(m—n)|+90g(m).

In 2015, Abasalt Bodaghi et al.[2] analyzed the general solution and stability of a
mixed type of quintic-additive functional equation of the form

g(Bm+n)—5g(2m+n)+g(2m—n)+ 10g(m+n) —5¢(m—n)
— 10g(n) +4g(2m) — 8g(m)
in real numbers.
Motivated from the above investigations on sextic and quintic functional equa-

tions, in this paper we introduce the following new generalized Euler-Lagrange rad-
ical quintic and sextic functional equations

flax+y)+ flax—y) + f(x+ay) + f(x —ay) (1.1)
=(a+a){f(x+y)+ f(x=y)} —2(a+a* —a’ —1)f(x)
+10(a* — a®) f(V/x9*) +20(a® — a) f(+/x3?),

flax+y)+ flax—y)+ f(x+ay) + f(x—ay) (1.2)
= (a+a){fx+y)+ flx—y)} —2(a+a”—a® = D{f(x) + ()}
+30(a* — a){ f(V/x*y?) + (/22 },

for a fixed real a and a # 0,£1. Mainly we obtain their general solution and in-
vestigate their stabilities related to Ulam problem in modular spaces. The definitions
related to modular space and fixed point theory to establish our main theorem can be
referred in [4].

The paper structured as follows: In Section-2, we obtain the general solution of the
functional equations (1.1) and (1.2). In Section-3 and in Section 4, authors discuss
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generalized Hyers-Ulam-Rassias, Hyers-Ulam and Hyers-Ulam-Rassias stabilities of
quintic and sextic functional equations respectively in modular spaces using fixed
point theory. Finally the conclusion given in section-5.

2. GENERAL SOLUTION OF (1.1) AND (1.2)

Theorem 1. If f satisfies (1.1), then a mapping f : X — Y is quintic and odd.

Proof. Consider f satisfies (1.1). Setting (x,y) = (0,0) in (1.1), we get f(0) = 0.
Replacing (x,y) by (x,0) in (1.1), we arrive
flax) =a f(x) 2.1)

for all x € X. Therefore f is quintic. Setting (x,y) by (0,x) in (1.1) and using (2.1)
leads

f(=x) =—=fx) 2.2)
for all x € X and hence f is odd. O

Theorem 2. If f satisfies (1.2), then a mapping f : X — Y is sextic and even.
Proof. Consider f satisfies (1.2). Setting (x,y) = (0,0) in (1.2), we get f(0) = 0.
Replacing (x,y) by (x,0) in (1.2), we arrive
flax) = aSf(x) (2.3)

for all x € X. Therefore f is sextic. Setting (x,y) by (0,x) in (1.2) and using (2.3)
leads

f(=x) = f(x) (2.4)
for all x € X and hence f is even. O
3. STABILITY OF FUNCTIONAL EQUATION(1.1)

In this section, we determine the generalized Hyers-Ulam stability concerning
the generalized Euler-Lagrange radical quintic functional equation (1.1) in modular
spaces by using fixed point theory.

For mapping p : M — Xg, consider

Dyf(x,y) == flx+ay) + flx—ay) + flax+y) + f(ax—y)
—(@+a){fx+y) +fx=y)}+2a+a® —a’ — 1)f(x)
—10(a* —a®) f(V/y*) = 20(a* — a) f(V/)?)
for all x,y € M witha # 0,+1
Theorem 3. Consider a mapping p : M> — [0, +o0) such that

1
V}E}(}oaﬁap{an-xvan}]} = 07 (31)
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and
p{ax,ay} < a>yp{x,y},Vx,y € M, (3.2)
Jory < 1. If f: M — X fulfill the inequality
S (Dqf(x,y)) < p(x,y), (3.3)
Vx,y € M. Then Q, : M — X¢ a unique quintic mapping exists, such that
E(Ql) = ) < 5577 =7 PR0). Ve M. (3.4)

Where M is linear space and X is modular space which is complete with Fatou
property.
Proof. Consider N = &' and define &’ on N as,
€(q) = inf{a > 0: E(f(y)) < ap(x,0),Vx € M}.

One can easily prove &' is convex modular with Fatou property on N and Ng is
E—complete, see [5]. Consider the function 6 : Nz — Ng defined by

1
o/ () = % flav), 65)
forallx € M and a € Ng.. Let p,r € Ny and a € [0, 1] with &' (p —r) < a. By definition
of &', we get

&(p(x) —r(x)) < ap(x,0) (3.6)
for all x € M. By (3.2) and (3.6), we obtain

6 (70 - M) < B(p(an) @) < J5ap(an0) < avp(0),

for all x € M. Hence, G is a § —contraction. From (3.3), we obtain

f(ax) 1
&( = —f(x)) < S+p(x,0), 3.7)
for all x € M. Substituting x by ax in (3.7), we get
2 0
o (f(st) —f(ax)> < p(;’z; ) weem. (3.8)
We obtain from (3.7) and (3.8) that
2
: (f @ —f(x)) (3.9)
2
o1 1) 120y
1 1
< mp(ax, O) + gp(x, O), VxeM
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We get by induction,

n

(L)1) <X ot 50

p(x,0), Vx € M. (3.10)

We obtain from (3.10),

(10 1) 1100 ) e (100 ) o
- <f (ai,f) —f(x)) + 3¢ (ﬂcféx) -/ <x>>
<31 )p(x,O), VxeM
where n,s € 0. Thus
! n S K
E(o"f—0o'f) < m,

hence the boundedness exists of an orbit of G at f. {7"f} is & —converges to Q, € Ng
by Theorem 1.5 in [5]. By &' —contractivity of o, we get

& (c"f —0Q.) <WE'(c"' f — Qu).
Allowing n — o and by Fatou property of &', we get
E(00,—0Q.) < 1i_r>n inf€ (6Q, — 6" f)
<y lim inf&/(Q, — 6" f) =0.

Hence, Q, is a fixed point of 6. In (3.3), changing (x,y) by (a"x,a"y), we obtain

1 1
S <aSnDaf(a"x,a"y)> < ﬁp(a"x,a”y), Vx,y € M. (3.12)

By Theorem 1 and allowing n — oo, Q, is quintic and using (3.10), we arrive (3.4).
For the uniqueness of Q,, consider another quintic mapping Q : M — X satisfying
(3.4). So that, Q is fixed point of G.

§(0u—0) =8 (00, —0Q) <wE'(0.— Q). (3.13)
From (3.13), we get O, = Q. Hence the proof. O

Proof of following Corollaries 1 and 2 follows that, all normed space implies mod-
ular space of modular &(x) = ||x||.
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Corollary 1. Assume p is a mapping from M? to [0, 4-0) for

.1
r}grolo ﬁp{a"x,a"y} =0, (3.14)
and
plax,ay} < a’yp{x,y}, Vx,y e M,y < L. (3.15)
If f : M — X satisfies the condition for X is Banach space
Hqu(xay)H SP(X,Y), (316)
Vx,y € M. Then a unique Q, : M — X quintic mapping exists, hence
p(x,0)
— < 3.17
10u(x) ~ 111 < 581 4 (3.17)
forall x € M.
Theorem 4. Assume that,
S (X l) _
lim " (2.2 ) =0, (3.18)
where p is a mapping from M? to [0, +o0) and
p(52) < optuyh vryeMy <1, (3.19)
aa 2a
If f: M — X fulfills the inequality
g(qu(xay)) S p(xay)a (320)
Vx,y € M. Then a unique Q, : M — X; quintic mapping exists, such that
v
§(Qu(x) — f(x)) < mp(xa 0), vxe M. (3.21)
Proof. Considering x by 7 in (3.5) of Theorem 3 and proceeding similar to that of
Theorem 3, we complete the proof. U
Corollary 2. Assume that,
lim 6*"p (i, l) —0, (3.22)
N—sc0 a'’ at
where p is a mapping from M? to [0, +eo) and
p(2.2) < Xotxyh vryeMmy <1, (3:23)
a'a a
If f: M — X fulfills the inequality
Vx,y € M. Then a unique Q, : M — X quintic mapping exists, such that
10u(x) = F ()] < 55 —P(x,0), W€ M. (3.25)

2a°(1 - )
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Using Corollaries 1 and 2, the Hyers-Ulam and generalized Hyers-Ulam stabilities
of (1.1) are obtain in the following corollaries.

Corollary 3. Assume p is a mapping from M? to [0,+o0), X be a Banach space
and € > 0 be a real number such that

3 1 n n
l}glolo ﬁp{a x,a"y} =0, (3.26)
and
plax,ay} < a’yp{x,y}, Vx,ye M,y < 1. (3.27)
If f M — X fulfills
[Dgf(x,y)[| <&, (3.28)
Vx,y € M. Then a unique Q, : M — X quintic mapping exists and defined by Q,(x) =
lim,, e0 ! (a“;x) so that
€
a(X) — < —F, 2
10(6) ~ £ < 3753 (3.29)

forallx e M and a # 0,+1.

Corollary 4. If f : M — X fulfills the inequality for M and X are linear space and
Banach space, respectively.

1Dgf (e y) [ < e([lxl” + Iy, (3.30)

Vx,yeMwith0 < p,q<5orp,q>>5for some € > 0. Then a unique quintic mapping
Qq: M — X exists and defined by Q,(x) = lim,,_,c0 fa X), so that

an
€

1Qa(x) — f(x)]| < (@ —ar)| ]|, Vx €M, a#0,+1. (3.31)

For p =5 in Corollary 4, we will provide an counter example to prove that the
functional equation (1.1) is not stable.

Example 1. If ¢y : M — X fulfills the inequality for M and X are linear space and
Banach space, respectively. Let k > 0 be a real number such that

@ ke, if x| < 1,
X)) =
v k, otherwise,
and a function f : M — X is defined by
-~ Pa'x)
fx) =
s;() (aS)s

for all x € M. Then f satisfies the functional inequality
|[f(ax+y) + flax—y) + f(x+ay) + f(x—ay)
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—(a+a){fx+y)+ fx—y)}+2(a+a>—a —1)f(x)

—10(a* —a®) f(/xy*) —20(a® —a) f(§ x3y2)‘
2a'% — 16a'! — 6a'? +20a'3 + 10a'* — 24"
< o )k(yx5+ ) (3.32)

for all x,y € M. Then there do not exist a quintic mapping Q : M — X and a constant
o, > 0 such that

<

|f(x) — O(x)| < alx|’ forall x € M. (3.33)
Proof. Now
> (@) ok dk
< E = E —_ = .
‘f('x)‘ — for |a5s| = aSS as — 1

Therefore we see that f is bounded. We are going to prove that f satisfies (3.32).
If x =y =0, then (3.32) is trivial. If ||+ [y|> > 5. then the left-hand side of (3.32)
2a°—16a°—6a" +20a8 +10a° —24a'°
n—1

Then there exists a positive integer ¢ such that

1 5 5
@y <P+ <

1
is less than ( k). Now suppose that 0 < x> +[y]’ < —.
a

1
=T (3.34)

so that

and, consequently,
d ' (x),d (ax+y), dax—y), d " (x+ay), d " (x—ay), d 7 (x+y),
d N (x—y), 7 (Vot), d7(V/x?) € (-1,1).
Therefore for each s =0,1,...,f — 1, we have
a’(x),a’(ax+y), a’(ax—y), a’(x+ay), a’(x—ay), a*(x+y),
a*(x—y), a*(v/xy%), a*(v/x3y?) € (—1,1).
and
y(d'(ax+y)) +y(a’(ax—y)) +y(a’(x+ay)) +y(a’(x—ay))
—(a+a){y(@(x+y) + (@' (x—y)) } +2(a+a® —a® = 1)y(a'x)
— lO(a4 —az)lp( > as(xy“)) —2O(a3 —a)l|l( > as(x3y2)) =0
for s =0,1,...,t — 1. From the definition of f and (3.34), we obtain that
flax+y)+ flax—y) + f(x+ay) + f(x—ay)

—(a+a){f(x+y)+fx—y)}+2(a+a>—a’ —1)f(x)
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—10(a* —a)f(?/2%) = 20(a* =) £ (3/47)|

oo

<, e ) (e o) +v(e e o) vl o)

—(a+d® {\V( (x+y) +y(a’(x—y )}+2(a—|—a2—a5—1)\|l(asx)

—10(a Yy (a'v/xy*) —20( (@®—a \|!(ax\5/x3y2)‘
< i %)\p(a%ax%—y)) +y(a’(ax—y)) +y(a’ (x+ay)) + y(a’(x—ay))

—(a+d® Hw(@(x+y) +w(a’(x—y)) }+2( ata*—d° — 1)y(a’x)

—10(a* — d? YW (a’v/xy*) —20( (a® —a) qI(aS\S/x3y2)‘

> 1
< Zt ﬁ(—ZaS +10a* 4+ 20a° — 6a* — 16a+2) k
S=

(—2a'% +10a° +20a% — 6a’ —16a% +2a°)k 1

X
a’—1 at

(—2a"5 +10a'* +20a'"® — 6a'> —16a'' +2a'%) k , s 5
- — (1 + ).

Thus f satisfies (3.32) for all x,y € M with 0 < |x|° + |y]> <

In Corollary 4, our claim is to prove (1.1) is not stable for p = 5. Since f is
continuous and bounded for all x € M, Q is continuous and bounded at the origin. In
view of Corollary 4, Q(x) must have the form Q(x) = ¢x° for any x in M. Thus we
obtain

F ()] < (ot e]) x [« (3.35)

Ifxe (0, = 1) then a*x € (0,1) for alls=0,1,...,n— 1. Therefore, we get

n KIAW)
Z wass Z k(z;sc) = nkx® > (o + [t]) x x°

which contradicts (3.35). Hence (1.1) is not stable if p = 5 in the inequality (3.30).
O

4. STABILITY OF FUNCTIONAL EQUATION(1.2)

In this section, we determine the generalized Hyers-Ulam stability concerning the
generalized Euler-Lagrange radical sextic functional equation (1.2) in modular spaces
by using fixed point theory. In this section we will not provide the proof of theorems
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and corollaries, since it is similar to that of proof of Theorems and Corollaries in

section 3.
For mapping p : M — Xg, consider

Dsf(x,y) := flax+y) + flax—y) + f(x+ay) + f(x — ay)

—(a+a){f(x+y)+ f(x=y)}+2(a+a”—a® = D){f(x)+ f(y)}

—30(a* = a) {f (V) + (V) }
for all x,y € M witha # 0,+1

Theorem 5. Consider a mapping p : M> — [0, +o) such that

1
lim —ap{a"x,d"y} =0,

H—s00 O
and
plax,ay} < a®yp{x,y},Vx,y € M,
Jory < 1. If f: M — X fulfill the inequality

g(DYf(xvy)) S p(X,y),
Vx,y € M. Then S, : M — X a unique sextic mapping exists, such that

E(Sulx) — f()) < M(f_w)p(x, 0), Vi € M.

4.1

4.2)

(4.3)

4.4)

Where M is linear space and X is modular space which is complete with Fatou

property.

All normed space implies modular space of modular §(x) = ||x|| gives the follow-

ing Corollaries 5 and 6

Corollary 5. Assume p is a mapping from M? to [0, 4-0) for

1
lim —p{a"x,a"y} =0,

n—eo g
and

p{ax,ay} < aSyp{x,y}, Vx,y e M,y < 1.
If f : M — X satisfies the condition for X is Banach space

HDSf(xay)H g p(x7y>a
Vx,y € M. Then a unique S, : M — X sextic mapping exists, hence

p(x,0)
[[Sa(x) = f(x)[| < m7

forall x € M.

4.5)

(4.6)

4.7)

(4.8)
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Theorem 6. Assume that,

lim kp ( r Y ) ~0, 4.9)

N—yo0 a’ ’ a’

where p is a mapping from M? to [0, +oo) and

Xy v
— A<= M 1. 4.10
p (ava) < 5 sPleyh Vaye My < (4.10)
If f: M — X fulfills the inequality
g(DSf(x?y)) Sp(x7y)a (411)
Vx,y € M. Then a unique S, : M — X quintic mapping exists, such that
\
Sa(x) — < ——p(x,0), Vx e M. 4.12
E(S(x) — 1) < 57t P 0), Y @12
Corollary 6. Assume that,
lim 6®p (i, l) —0, (4.13)
N—so0 at’ at

where p is a mapping from M? to [0, +o0) and

Xy v
22 < £ . .
p(2.2) < Splxy} wryeMy <1 (4.14)
If f: M — X fulfills the inequality
[Dsf (e, )| < p(x,y), (4.15)
Vx,y € M. Then a unique S, : M — X sextic mapping exists, such that
v
o (x) — <——p(x,0), Vxe M. 4.16
1846) = £ < gy =gy PE0) e (4.16)

The Hyers-Ulam and generalized Hyers-Ulam stabilities are obtain in the follow-
ing corollaries using Corollaries 5 and 6.

Corollary 7. Assume p is a mapping from M? to [0,+e0), X be a Banach space
and € > 0 be a real number such that

: 1 n n
r}g&ﬁp{a X, d y}:()’ (417)
and
p{ax,ay} < ayp{x,y}, Vx,y e M,y < 1. (4.18)

If f M — X fulfills
|Dsf(x,y)]| <, (4.19)
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Vx,y € M. Then a unique S, : M — X sextic mapping exists and defined by S,(x) =

lim,, _ye0 i (;mx) so that

Ia6) £ < 55—y (4.20)

forallx e M and a # 0,+1.

Corollary 8. If f : M — X fulfills the inequality for M and X are linear space and
Banach space, respectively.

1Dsf (e, ) < & ([1xll” + lIy117) (4.21)

Vx,y e M with0 < p,q < 6 or p,q > 6 for some € > 0. Then a unique sextic mapping
Sa : M — X exists and defined by S,(x) = lim,_, fla x), so that

abn

€
154 (2) = fF ()| < mlhl!”, VxE€M, a#0,£1. (4.22)

In Corollary 8, we are providing counter example for (1.2) is not stable for p =6 .

Example 2. If v : M — X fulfills the inequality for M and X are linear space and
Banach space, respectively. Let k > 0 be a real number such that

kx®, if x| < 1,
wwz{ .

k, otherwise,

and a function f : M — X is defined by

f@=Y “’((ai)’?
s=0

for all x € M. Then f satisfies the functional inequality
| flax+y) + flax—y) + f(x+ay) + f(x—ay)
—(a+a®){f(x+y) + flx=y)} +2(a+a® —a® = D){f(x) + f()}
=30(a* — a){f(V?) + (V)]
(—54a'3 + 6a'* — 4a'® + 60a'®) k
<
a®—1

for all x,y € M. Then there do not exist a sextic mapping S : M — X and a constant
o, > 0 such that

(Ixl°+1y1°) (4.23)

|£(x) —S(x)| < alx|® forall xe M. 4.24)

Proof. Now

= S >k 6k
s RO _§ k _ dh

6s
s=0 |a | s=0
Therefore we see that f is bounded. We are going to prove that f satisfies (4.23).
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If x = y = 0, then (4.23) is trivial. If [x|®+ |y|® > . then the left-hand side of

(4.23) is less than (‘54“7+6“86_4”12+60“10 k). Now suppose that 0 < |x|® + [y|® <

a®—1
Then there exists a positive integer ¢ such that

1
(a®)"

<+ y[° <

(4.25)

so that

and, consequently,
a” 1( ),d ™ (y),d " ax+y), dHax—y), a (x+ay),
Tla—ay), d 7 xty), d T (x-y),
a,,1(6 Ay2), d (/2 € (-1,1).
Therefore for each s =0,1,...,f — 1, we have
a'(x),d’(y),a'(ax+y), @’ (ax—y), a’(x+ay), a'(x—ay), @’ (x+),
a*(x—y), @ (V) @ (V¥ € (-1, 1).
and
y(d' (ax+y)) +y(d’(ax—y)) +y(a’ (x+ay)) +y(a’(x—ay))
—(a+d® {W( (x+y) +y(a’(x—y)}
+2(a+d®—a®—1) y(a’x+a'y)
—30(a* —a){w(aém) +y(a’ W)} =0
fors=0,1,...,t — 1. From the definition of f and (3.34), we obtain that
flax+y)+ flax—y) + f(x+ay) + f(x—ay)
—(a+a@){flx+y)+f(x=)}
+2a+a*—a® = D{f(x)+ ()}
—3o<a4—a>{f<W>+f<W>}\

<Lw
(@5 @)— (0 W@+ 0) + V(@ )
+2(a+a*—ad®—1) W(a'x+a'y)

—30(a* —a){y(a*V/x*?) +y(a’ \/;Ty*)}]

ax—|—y)) —i—\y(as(ax—y)) +\|l(as(x+ay)))
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< ial&’\v(as(ax+y)) +vy(a’(ax—y)) +y(a’(x+ay))

+y(a'(x—ay)) — (a+a) {y(@' (x+y)) +y(a'(x—y)) }
+2(a+d*—a® - Dy (a’x+a'y)

—30(a* — a){y(a’v/x*y?) +y(a’ v/x2y*) ‘
> 1
<Y —(—54a+ 64> — 4a® + 60a*) k
_s;,aﬁs( a+6a” —4a” 4 60a")
(—=54a’ +6a® —4a'? +60a'%)k 1
>< —_—

a®—1 ad

(—54a'3 4+ 6a'* — 4a'® +60a'%) k

- —— (1510 +151°).

1
Thus f satisfies (4.23) for all x,y € M with 0 < |x|° + [y[® < —.
a

The remaining part of proof is similar to that of previous Example 1. U

5. CONCLUSION

Mainly, we introduced new generalized Euler-Lagrange radical sextic and quintic
functional equations with their general solution and investigated their generalized
Hyers-Ulam stability in modular spaces by using fixed point theory with suitable
counter examples.
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