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Abstract. Inspired essentially by the work
[
H. M. Srivastava, M. A. Chaudhry and R. P. Agar-

wal [The incomplete Pochhammer symbols and their applications to hypergeometric and related
functions, Integral Transforms Spec. Funct. 23 (2012), 659–683] (see [16])

]
, we introduce the

families of the incomplete Hurwitz-Lerch Zeta functions of two variables. We then give the
integral representations including the Mellin-Barnes contour integral representation, summation
formulas, derivative formulas and recurrence relations for the incomplete Hurwitz-Lerch Zeta
functions of two variables.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The classical incomplete Gamma functions γ(s,x) and Γ(s,x) satisfy the following
decomposition formula [3, 4, 7, 16]:

γ(s,x)+Γ(s,x) = Γ(s) =
∫

∞

0
ts−1 exp(−t) dt

(
ℜ(s)> 0

)
. (1.1)

By using each of these classical incomplete Gamma functions γ(s,x) and Γ(s,x), the
incomplete Pochhammer symbols (λ,x)

ν
and [λ,x]

ν
were defined, for x= 0 and λ,ν∈

C, by Srivastava et al. (see, for details, [16]). In fact, these incomplete Pochhammer
symbols (λ,x)

ν
and [λ,x]

ν
satisfy the decomposition formula:

(λ,x)
ν
+[λ,x]

ν
= (λ)

ν
:=

Γ(λ+ν

Γ(λ)
=

1
Γ(λ)

∫
∞

0
tλ+ν−1 exp(−t) dt, (1.2)

provided that the Gamma quotient as well as the infinite integral exist. Furthermore,
Srivastava et al. [16] investigated many properties of the generalized incomplete
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hypergeometric functions by the help of these representations (see also a closely-
related recent work [23] dealing mainly with such much more general functions as
the incomplete H-functions and the incomplete H̄-functions).

Many researchers studied many different generalizations and extensions of the
familiar Hurwitz-Lerch Zeta function Φ(z,r,α) by inserting certain additional para-
meters to the series representation of the Hurwitz-Lerch Zeta function. The interested
readers can refer to these earlier publications for further researches and applications
[5,8,10–15,17–19,21,24]. Recently, Choi and Parmar [6] introduced and studied the
following extension of the generalized Hurwitz-Lerch Zeta function in two variables:

Φa,b,b′;c (z, t,r,α) =
∞

∑
k,l=0

(a)k+l (b)k (b
′)l

(c)k+l k! l!
zkt l

(k+ l +α)r (1.3)

(
a,b,b′ ∈ C; c,α ∈ C\Z0; r,z, t ∈ C when |z|< 1 and |t|< 1;

ℜ(r− c−a−b−b′)> 1 when |z|= 1 and |t|= 1
)
.

Motivated by the above-mentioned works, our aim here is to investigate an exten-
ded family of the generalized incomplete Hurwitz-Lerch Zeta functions of two vari-
ables. In particular, we obtain integral representations including the Mellin-Barnes
contour integral representation, derivative formulas, summation formulas, series re-
lations and recurrence relations. We choose to record some of our results for only
one member of the above extended family of the generalized incomplete Hurwitz-
Lerch Zeta functions of two variables. Analogous results can be derived fairly easily
for the other member of the above extended family of the generalized incomplete
Hurwitz-Lerch Zeta functions of two variables.

2. THE INCOMPLETE EXTENDED HURWITZ-LERCH ZETA FUNCTIONS OF TWO
VARIABLES

In this section, we introduce the following family of the incomplete extended
Hurwitz-Lerch Zeta functions of two variables:

φa,b,b′;c (z, t,r,α) =
∞

∑
k,l=0

(a,x)k+l (b)k (b
′)l

(c)k+l k! l!
zk t l

(k+ l +α)r (2.1)

and

ϕa,b,b′;c (z, t,r,α) =
∞

∑
k,l=0

[a,x]k+l (b)k (b
′)l

(c)k+l k! l!
zk t l

(k+ l +α)r (2.2)

(
x= 0; a,b,b′ ∈ C; c,α ∈ C\Z0; r,z, t ∈ C when |z|< 1 and |t|< 1;



A FAMILY OF INCOMPLETE HURWITZ-LERCH ZETA FUNCTIONS 403

ℜ(r− c−a−b−b′)> 1 when |z|= 1 and |t|= 1
)
.

By virtue of (1.2), these families of the incomplete extended Hurwitz-Lerch Zeta
functions of two variables satisfy a decomposition formula in terms of Φa,b,b′;c (z, t,r,α),
which is the extension of the generalized Hurwitz-Lerch function of two variables in
[6].

Remark 1. The limit cases of the families of the incomplete Hurwitz-Lerch Zeta
functions of two variables are given by

φ
∗
a,b;c (z, t,r,α) = lim

b′→∞

{
φa,b,b′;c

(
z,

t
b′
,r,α

)}
=

∞

∑
k,l=0

(a,x)k+l (b)k

(c)k+l k! l!
zk t l

(k+ l +α)r (2.3)

and

ϕ
∗
a,b;c (z, t,r,α) = lim

b′→∞

{
ϕa,b,b′;c

(
z,

t
b′
,r,α

)}
=

∞

∑
k,l=0

[a,x]k+l (b)k

(c)k+l k! l!
zk t l

(k+ l +α)r (2.4)

(
x= 0; a,b,b′ ∈ C; c,α ∈ C\Z0; r,z, t ∈ C when |z|< 1 and |t|< 1;

ℜ(r− c−a−b−b′)> 1 when |z|= 1 and |t|= 1
)
.

3. INTEGRAL REPRESENTATIONS

For the parameters a,b,b′ ∈ C; c ∈ C \Z0, we make use of the following incom-
plete first Appell hypergeometric functions (see [7]):

γ1
[
(a,x) ,b,b′;c;x,y

]
=

∞

∑
k,l=0

(a,x)k+l (b)k (b
′)l

(c)k+l

xk yl

k! l!
(3.1)

and

Γ1
[
(a,x) ,b,b′;c;x,y

]
=

∞

∑
k,l=0

[a,x]k+l (b)k (b
′)l

(c)k+l

xk yl

k! l!
, (3.2)

which satisfy the following decomposition formula:

γ1
[
(a,x) ,b,b′;c;x,y

]
+Γ1

[
(a,x) ,b,b′;c;x,y

]
= F1

(
a,b,b′;c;x,y

)
(3.3)

where F1 (a,b,b′;c;x,y) is the first Appell hypergeometric function (see, for example,
[1, 2, 9, 20, 22]).
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Theorem 1. The following integral representation for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) holds true:

ϕa,b,b′;c (z, t,r,α)

=
1

Γ(r)

∫
∞

0
ur−1 exp(−αu)Γ1

[
(a,x) ,b,b′;c;ze−u, te−u] du (3.4)

(
x= 0; min{ℜ(r),ℜ(α)}> 0 when |z|5 1 (z 6= 1)

and |t|5 1 (t 6= 1); ℜ(r)> 0 when z = t = 1
)
.

Proof. Applying the following Eulerian integral (see [6]):
1

(k+ l + r)α =
1

Γ(r)

∫
∞

0
ur−1 exp(−αu− ku− lu) du (3.5)(

min{ℜ(r),ℜ(α)}> 0; k, l ∈ N0

)
to the equation (2.2) and inverting the order of summation and integration, followed
by using (3.2), we can get the desired result (3.4). �

Theorem 2. The following integral representations for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) hold true:

ϕa,b,b′;c (z, t,r,α) =
1

Γ(r)Γ(a)

∫
∞

x

∫
∞

0
ur−1 va−1

1 exp(−αu− v1)

·Φ2
[
b,b′;c;ze−uv1, te−uv1

]
du dv1, (3.6)

ϕa,b,b′;c (z, t,r,α)

=
1

Γ(r)Γ(b)Γ(b′)

∫
∞

0

∫
∞

0

∫
∞

0
ur−1vb−1

2 vb′−1
3 exp(−αu− v2− v3)

· 1Γ1
[
(a,x) ;c;ze−uv2 + te−uv3

]
du dv2 dv3, (3.7)

ϕa,b,b′;c (z, t,r,α) =
1

Γ(r)Γ(a)Γ(b)Γ(b′)

·
∫

∞

0

∫
∞

0

∫
∞

x

∫
∞

0
ur−1va−1

1 vb−1
2 vb′−1

3 exp(−αu− v1− v2− v3)

· 0F1
[

;c;ze−uv1v2 + te−uv1v3
]

du dv1 dv2 dv3, (3.8)

ϕa,b,b′;c+1 (−z,−t,r,α) =
Γ(c+1)

Γ(r)Γ(a)Γ(b)Γ(b′)

·
∫

∞

0

∫
∞

0

∫
∞

x

∫
∞

0
ur−1v

a− c
2−1

1 vb−1
2 vb′−1

3
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· exp(−αu− v1− v2− v3)
(
ze−uv2 + te−uv3

)− c
2

· Jc

(
2
√

ze−uv1v2 + te−uv1v3

)
du dv1 dv2 dv3 (3.9)

and

ϕa,b,b′;c+1 (z, t,r,α) =
Γ(c+1)

Γ(r)Γ(a)Γ(b)Γ(b′)

·
∫

∞

0

∫
∞

0

∫
∞

x

∫
∞

0
ur−1v

a− c
2−1

1 vb−1
2 vb′−1

3

· exp(−αu− v1− v2− v3)
(
ze−uv2 + te−uv3

)− c
2

· Ic

(
2
√

ze−uv1v2 + te−uv1v3

)
du dv1 dv2 dv3 (3.10)(

x= 0; min{ℜ(r),ℜ(α)}> 0; max{ℜ(z),ℜ(t)}< 1; ℜ(a)> 0 when x = 0
)
,

provided that conditions analogous to those that are listed above with (3.10), are
satisfied also for all the assertions (3.6) to (3.9), Jν(z) and Iν(z) being the Bessel and
the modified Bessel functions, respectively.

Proof. If we use following integral representation of the incomplete first Appell
hypergeometric function Γ1 in (3.4) and interchange the order of summation and
integration, we can obtain the desired result (3.6):

Γ1
[
(a,x) ,b,b′;c;z, t

]
=

1
Γ(a)

∫
∞

x
va−1

1 exp(−v1)Φ2
[
b,b′;c;zv1, tv1

]
dv1,

where, for convergence, ℜ(a)> 0.
In the same way as above, by using the other integral representations of the in-

complete first Appell hypergeometric function Γ1 in [7], we can obtain the equations
(3.7) to (3.10). �

Theorem 3. The following integral representations for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) hold true:

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(r)Γ(a)Γ(b)Γ(b′)Γ(c−b−b′)

·
∫ 1

0

∫ 1

0

∫
∞

x

∫
∞

0
ur−1va−1

1 µb−1
σ

b′−1

· exp
(
−αu− v1 + ze−uv1µ+ te−uv1 (1−µ)σ

)
· (1−µ)c−b−1 (1−σ)c−b−b′−1 du dv1 dµ dσ, (3.11)

ϕa,b,b′;c (z, t,r,α) =
Γ(δ)

Γ(r)Γ(a)Γ(b)Γ(b′)Γ(δ−b−b′)
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·
∫ 1

0

∫ 1

0

∫
∞

x

∫
∞

0
ur−1va−1

1 µb−1
σ

b′−1

· exp
(
−αu− v1 + ze−uv1µ+ te−uv1 (1−µ)σ

)
· 1F1

[
c−δ;c;−ze−uv1µ− te−uv1 (1−µ)σ

]
· (1−µ)δ−b−1 (1−σ)δ−b−b′−1 du dv1 dµ dσ, (3.12)

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(r)Γ(a)Γ(δ1)Γ(b′)Γ(c−δ1−b′)

·
∫ 1

0

∫ 1

0

∫
∞

x

∫
∞

0
ur−1va−1

1 µδ1−1
σ

b′−1

· exp
(
−αu− v1 + ze−uv1µ+ te−uv1 (1−µ)σ

)
· 1F1

[
δ1−b;δ1;−ze−uv1µ

]
· (1−µ)c−δ1−1 (1−σ)c−δ1−b′−1 du dv1 dµ dσ, (3.13)

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(r)Γ(a)Γ(δ1)Γ(b′)Γ(c−δ1−b′)

·
∫ 1

0

∫ 1

0

∫
∞

x

∫
∞

0
ur−1va−1

1 µδ1−1
σ

b′−1

· exp
(
−αu− v1 + ze−uv1µ+ te−uv1 (1−µ)

)
· 1F1

[
b−δ1;c−δ1−b′;ze−uv1 (1−µ)(1−σ)

]
· (1−µ)c−δ1−1 (1−σ)c−δ1−b′−1 du dv1 dµ dσ, (3.14)

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(r)Γ(a)Γ(δ1)Γ(δ2)Γ(c−δ1−δ2)

·
∫ 1

0

∫ 1

0

∫
∞

x

∫
∞

0
ur−1va−1

1 µδ1−1
σ

δ2−1

· exp
(
−αu− v1 + ze−uv1µ+ te−uv1 (1−µ)σ

)
· 1F1

[
δ1−b;δ1;−ze−uv1µ

]
1F1
[
δ2−b′;δ2;−te−uv1 (1−µ)σ

]
· (1−µ)c−δ1−1 (1−σ)c−δ1−δ2−1 du dv1 dµ dσ (3.15)

and

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(r)Γ(a)Γ(δ1)Γ(δ2)Γ(c−δ1−δ2)

·
∫ 1

0

∫ 1

0

∫
∞

x

∫
∞

0
ur−1va−1

1 µδ1−1
σ

δ2−1

· exp
(
−αu− v1 + ze−uv1µ+ te−uv1 (1−µ)σ

)



A FAMILY OF INCOMPLETE HURWITZ-LERCH ZETA FUNCTIONS 407

·Φ2
[
b−δ1,b′−δ2;c;−ze−uv1 (1−µ)(1−σ) , te−uv1 (1−µ)(1−σ)

]
· (1−µ)c−δ1−1 (1−σ)c−δ1−δ2−1 du dv1 dµ dσ, (3.16)

provided that the second member of each of the assertions (3.11) to (3.16) exists.

Proof. We recall from [2] that

Φ2
[
b,b′;c;z, t

]
=

Γ(c)
Γ(r)Γ(a)Γ(b)Γ(b′)Γ(c−b−b′)

·
∫ 1

0

∫ 1

0
µb−1

σ
b′−1 exp

(
zµ+ t (1−µ)σ

)
· (1−µ)c−b−1 (1−σ)c−b−b′−1 dµ dσ. (3.17)

If we use (3.17) in (3.6) and interchange order of summation and integration, we
can get the desired result (3.11).

In the same way as above, by using the other integral representations of the Hum-
bert function of two variables Φ2 (see [2]), we can obtain the equations (3.12) to
(3.16). �

4. MELLIN-BARNES CONTOUR INTEGRAL REPRESENTATION

In this section, we give the Mellin-Barnes contour integral representation for the
families of the incomplete Hurwitz-Lerch functions defined by (2.1) and (2.2).

Theorem 4. The Mellin-Barnes contour integral representation for (2.2) is given
by

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(a)Γ(b)Γ(b′)
1

2πi

∫
Lz

∫
Lt

· Γ(−µ)Γ(−ν)Γ(a+µ+ν,x)Γ(b+µ)Γ(b′+ν) [Γ(µ+ν+α)]r

Γ(c+µ+ν) [Γ(µ+ν+α+1)]r

· (−z)µ (−t)ν dµ dν
(
|arg(−z)|< π; |arg(−t)|< π

)
, (4.1)

where it is assumed that the poles of the integrand in (4.1) are simple and the Mellin-
Bernes type contours Lz and Lt of integration are so chosen that the poles of Γ(−µ)
and Γ(−ν) can be separated from those of Γ(b+µ) and Γ(b′+ν) with indentations,
if needed.

Proof. Taking the sum of the residues at the poles of Γ(−µ) at the points µ = k
(k ∈ N0) and the poles of Γ(−ν) at the points ν = l (l ∈ N0) in the equation (4.1), we
readily get the following series expansion:

ϕa,b,b′;c (z, t,r,α) =
Γ(c)

Γ(a)Γ(b)Γ(b′)
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·
∞

∑
k,l=0

Γ(a+ k+ l,x)Γ(b+ k)Γ(b′+ l)
Γ(c+ k+ l)k! l!

zkt l

(k+ l +α)r ,

which completes the proof of Theorem 4. �

5. A SUMMATION FORMULA

Theorem 5. A summation formula for the function ϕa,b,b′;c (z, t,r,α) defined by
(2.2) is given, for |β|< α and r 6= 1, by

ϕa,b,b′;c (z, t,r,α−β) =
∞

∑
p=0

(r)p

p!
ϕa,b,b′;c (z, t,r+ p,α)β

p. (5.1)

Proof. Using the definition (2.2) in the left-hand side of the assertion (5.1), we
find that

ϕa,b,b′;c (z, t,r,α−β)

=
∞

∑
k,l=0

[a,x]k+l (b)k (b
′)l

(c)k+l k! l!
zkt l

(k+ l +α)r

(
1− β

k+ l +α

)−r

=
∞

∑
k,l=0

[a,x]k+l (b)k (b
′)l

(c)k+l k! l!
zkt l

(k+ l +α)r

(
∞

∑
p=0

(r)p

p!
βp

(k+ l +α)p

)

=
∞

∑
p=0

(r)p

p!

(
∞

∑
k,l=0

[a,x]k+l (b)k (b
′)l

(c)k+l k! l!
zkt l

(k+ l +α)r+p

)
β

p, (5.2)

which readily gives the desired result (5.1). �

6. DERIVATIVE FORMULAS

In this section, we consider the derivative formulas for the families of the incom-
plete Hurwitz-Lerch functions defined by (2.1) and (2.2). In view of the above-
mentioned decomposition formula resulting from (2.1) and (2.2), we choose to re-
cord here the derivative formulas for the function ϕa,b,b′;c (z, t,r,α) defined by (2.2).
The corresponding results for the function φa,b,b′;c (z, t,r,α) defined by (2.1) can be
derived fairly easily.

Theorem 6. Each of the following derivative formulas for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) holds true:

∂k

∂zk {ϕa,b,b′;c (z, t,r,α)}=
(a)k(b)k

(c)k

·ϕa+k,b+k,b′;c+k (z, t,r,α+ k) (k ∈ N0) , (6.1)

∂l

∂t l {ϕa,b,b′;c (z, t,r,α)}=
(a)l (b

′)l
(c)l
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·ϕa+l,b,b′+l;c+l (z, t,r,α+ l) (l ∈ N0) (6.2)

and
∂k+l

∂zk∂t l {ϕa,b,b′;c (z, t,r,α)}=
(a)k+l (b)k (b

′)l

(c)k+l

·ϕa+k+l,b+k,b′+l;c+k+l (z, t,r,α+ k+ l) (k, l ∈ N0) . (6.3)

Proof. Differentiating both sides of the series definition (2.2) with respect to the
variable z, which is valid under the conditions in (2.2), we obtain

∂

∂z
{ϕa,b,b′;c (z, t,r,α)}=

∞

∑
l=0

∞

∑
k=1

[a,x]k+l (b)k (b′)l

(c)k+l (k−1)! l!
zk−1 t l

(k+ l +α)r . (6.4)

Putting k−1 = k′ in (6.4) and dropping the prime on k, we get

∂

∂z
{ϕa,b,b′;c (z, t,r,α)}=

∞

∑
l=0

∞

∑
k=0

[a,x]k+l+1 (b)k+1 (b′)l

(c)k+l+1 k! l!

· zk t l

(k+ l +1+α)r . (6.5)

Next, by applying the following identities:

[λ,x]k+1 = λ [λ+1,x]k and (λ)k+1 = λ (λ+1)k (k ∈ N0)

in the last equation (6.5), we have

∂

∂z
{ϕa,b,b′;c (z, t,r,α)}=

ab
c

ϕa+1,b+1,b′;c+1 (z, t,r,α+1) . (6.6)

Finally, if we successively differentiate the right-hand side of (6.6) k− 1 times
with respect to the variable z, we have the assertion (6.1) of Theorem 6.

In a similar manner, we can derive the derivative formulas (6.2) and (6.3) asserted
by Theorem 6. �

Theorem 7. The derivative formulas for the function ϕa,b,b′;c (z, t,r,α)
defined by (2.2) are given by

Dn
t

{
tb′+n−1

ϕa,b,b′;c (z, t,r,α)
}
= tb−1 (b′)n ϕa,b,b′+n;c (z, t,r,α) , (6.7)

Dn
t
{

tc−1
ϕa,b,b′;c (zt, t,r,α)

}
= (−1)n tc−n−1 (1− c)n ϕa,b,b′;c−n (zt, t,r,α) (6.8)

and

Dn
t

{
tc−b−1

ϕa,b,b′;c (z, t,r,α)
}
= (−1)n tc−b−n−1 (b− c+1)n

·
n

∑
p=0

(
n
p

)
(a)p(b′)p t p

(c)p(c−b−n)p
ϕa+p,b,b′+p;c+p (z, t,r,α) , (6.9)
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where

Dn
t
{

f (z, t)
}
=

∂n

∂tn

{
f (z, t)

}
. (6.10)

Proof. Using the definition (2.2) in the left-hand side of the assertion (6.7), we
have

Dn
t

{
tb′+n−1

ϕa,b,b′;c (z, t,r,α)
}

= Dn
t

{
tb′+n−1

∞

∑
k,l=0

[a,x]k+l(b)k(b′)l

(c)k+l k! l!
zkt l

(k+ l +α)r

}

=
∞

∑
k=0

(a)k(b)k

(c)k

zk

k!
·Dn

t

{
tb′+n−1

∞

∑
l=0

[a+ k,x]l(b′)l

(c+ k)l

t l

l!

}
1

(k+ l +α)r

= (b′)n tb′−1
∞

∑
k,l=0

[a,x]k+l(b)k(b′)l

(c)k+l k! l!
zk t l

(k+ l +α)r , (6.11)

which yields the desired result (6.7) asserted by Theorem 7.
In the same way, we can get the other derivative formulas (6.8) and (6.9) asserted

by Theorem 7. �

Corollary 1. The following derivative formulas for the first Appell hypergeometric
functions Γ1 in (3.2) hold true:

Dn
t
{

Γ1
[
(a,x) ,b,b′;c;z, t

]}
=

(a)n (b
′)n

(c)n
Γ1
[
(a+n,x) ,b,b′+n;c+n;z, t

]
, (6.12)

Dn
t

{
tb′+n−1

Γ1
[
(a,x) ,b,b′;c;z, t

]}
= tb′−1 (b′)n Γ1

[
(a,x) ,b,b′+n;c;z, t

]
, (6.13)

Dn
t
{

tc−1
Γ1
[
(a,x) ,b,b′;c;zt, t

]}
= (−1)n tc−n−1 (1− c)n Γ1

[
(a,x) ,b,b′;c−n;zt, t

]
(6.14)

and

Dn
t

{
tc−b−1

Γ1
[
(a,x) ,b,b′;c;z, t

]}
= (−1)n tc−b−n−1 (b− c+1)n

·
n

∑
p=0

(
n
p

)
(a)p (b

′)p t p

(c)p (c−b−n)p
Γ1
[
(a+ p,x) ,b,b′+ p;c+ p;z, t

]
, (6.15)

where Dn
t
{

f (z, t)
}

is given by (6.10).
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Proof. Differentiating both sides of the equation (3.2) with respect to t for n times,
we can derive the required result (6.12). By using the same operations, we can deduce
the desired results (6.13), (6.14) and (6.15). �

Remark 2. The special cases of (6.12) to (6.15) when x = 0 are easily seen to
reduce to the known derivative formulas for the Appell hypergeometric function F1
(see, for details, [2]).

7. RECURRENCE RELATIONS

In this section, we will give the recurrence relation for the extended family of the
incomplete Hurwitz-Lerch functions defined by (2.1) and (2.2).

Theorem 8. The following recurrence relation for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) holds true:

ϕa,b,b′;c (z, t,r,α) = ϕa,b,b′;c−1 (z, t,r,α)

+
abz

c(1− c)
ϕa+1,b+1,b′;c+1 (z, t,r,α+1)

+
ab′t

c(1− c)
ϕa+1,b,b′+1;c+1 (z, t,r,α+1) . (7.1)

Proof. Applying the following well-known contiguous formula for the function
0F1 given in [9, 20, 24]:

0F1 [ ;c−1;z]− 0F1 [ ;c;z]− z
c(c−1) 0F1 [ ;c+1;z] = 0 (7.2)

to the integral representation in (3.8), we can derive the required result (7.1). �

Corollary 2. The following recurrence relations for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) hold true:

Γ1[(a,x),b+n,b′;c;z, t] = Γ1[(a,x),b,b′;c;z, t]

+
az
c

n

∑
m=0

Γ1[(a+1,x),b+m,b′;c+1;z, t]. (7.3)

Γ1[(a,x),b−n,b′;c;z, t] = Γ1[(a,x),b,b′;c;z, t]

− az
c

n−1

∑
m=0

Γ1[(a+1,x),b−m,b′;c+1;z, t] (7.4)

and

Γ1[(a,x),b,b′;c−n;z, t] = Γ1[(a,x),b,b′;c;z, t]

+abz
n

∑
m=0

Γ1[(a+1,x),b+1,b′;c+2−m;z, t]
(c− p)(c−m+1)
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+ab′t
n

∑
m=0

Γ1[(a+1,x),b+1,b′;c+2−m;z, t]
(c−m)(c−m+1)

. (7.5)

Proof. Using an obvious identity for (b+ 1)k in terms of (b)k in the definition
(3.2) of the incomplete Appell hypergeometric function Γ1, we obtain

Γ1
[
(a,x) ,b+1,b′;c;z, t

]
= Γ1

[
(a,x) ,b,b′;c;z, t

]
+

az
c

Γ1
[
(a+1,x) ,b+1,b′;c+1;z, t

]
. (7.6)

Appropriate iteration of this procedure for n times on Γ1 with the parameter b+ n,
we can get the desired result (7.3).

In the same way as above, we can obtain the recursion relations (7.4) and (7.5).
�

Theorem 9. The following recurrence relations for the function
ϕa,b,b′;c (z, t,r,α) defined by (2.2) hold true:

ϕa,b+n,b′;c (z, t,r,α) = ϕa,b,b′;c (z, t,r,α)

+
az
c

n

∑
m=0

ϕa+1,b+m,b′;c+1 (z, t,r,α) , (7.7)

ϕa,b−n,b′;c (z, t,r,α) = ϕa,b,b′;c (z, t,r,α)

− az
c

n−1

∑
m=0

ϕa+1,b−m,b′;c+1 (z, t,r,α) (7.8)

and

ϕa,b,b′;c−n (z, t,r,α) = ϕa,b,b′;c (z, t,r,α)

+abz
n

∑
m=0

ϕa+1,b+1,b′;c+2−m (z, t,r,α)
(c−m)(c−m+1)

+ab′t
n

∑
m=0

ϕa+1,b,b′+1;c+2−m (z, t,r,α)
(c−m)(c−m+1)

. (7.9)

Proof. If we use the equation (7.3) in (3.4) , after some simple rearrangements,
we can get the desired result (7.7) .

In the same way as above, by using the other recursion formulas (7.4) and (7.5) of
the incomplete first Appell hypergeometric function Γ1, we get the equations (7.8)
and (7.9). �

Corollary 3. The following recurrence relations for the function
Γ1 [(a,x) ,b,b′;c;z, t] defined by (3.2) hold true:

Γ1
[
(a,x) ,b+n,b′;c;z, t

]
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=
n

∑
p=0

(
n
p

)
(a)p

(c)p
Γ1
[
(a+ p,x) ,b+ p,b′;c+m;z, t

]
zp (7.10)

and

Γ1
[
(a,x) ,b−n,b′;c;z, t

]
=

n

∑
p=0

(
n
p

)
(a)p

(c)p
Γ1
[
(a+ p,x) ,b,b′;c+ p;z, t

]
(−z)p . (7.11)

Proof. Using the recursion relation (7.6), we can compute the incomplete first
Appell hypergeometric function Γ1 with the parameter b+2 as follows:

Γ1
[
(a,x) ,b+2,b′;c;z, t

]
= Γ1

[
(a,x) ,b,b′;c;z, t

]
+

2az
c

Γ1
[
(a+1,x) ,b+1,b′;c+1;z, t

]
+

(a)2
(c)2

z2
Γ1
[
(a+2,x) ,b+2,b′;c+2;z, t

]
.

Now, by iterating this procedure for n times on Γ1 with the parameter b+n, we ob-
tain the recursion formula (7.10). Similarly, by making use of the same calculations,
we can deduce the desired result (7.11). �

Theorem 10. The following recurrence relations hold true:

ϕa,b+n,b′;c (z, t,r,α) =
n

∑
m=0

(
n
m

)
(a)m

(c)m

·ϕa+m,b+m,b′;c+m (z, t,r,α+m)zm (7.12)

and

ϕa,b−n,b′;c (z, t,r,α) =
n

∑
m=0

(
n
m

)
(a)m

(c)m

·ϕa+m,b+m,b′;c+m (z, t,r,α+m)(−z)m. (7.13)

Proof. If we use the equation (7.10) in (3.4), after some simple rearrangements,
we can derive the desired result (7.12). In precisely the same way, by using the other
recursion formula (7.11) for the incomplete first Appell hypergeometric functions Γ1,
we get the equation (7.13). �

Remark 3. The special cases of our results (7.3) to (7.5), (7.10) and (7.11) when
x = 0 are easily seen to reduce to the known recursion formulas for the Appell hyper-
geometric function F1 (see [25]).
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Oğuz Yağcı
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