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Abstract. As pointed out in the monographs [5, 6] on semirings, ideals play an important role
despite the fact that they need not be congruence kernels as in the case of rings. Hence, having
two commutative semirings S and S,, one can ask whether an ideal / of their direct product
S =8 xS, can be expressed in the form /1 x I where I; is an ideal of S; for j = 1,2. Of course,
the converse is elementary, namely if /; is an ideal of S; for j = 1,2 then I} X I is an ideal of
S1 X S,. Having a congruence ® on a commutative semiring S, its O-class is an ideal of S, but
not every ideal is of this form. Hence, the lattice IdS of all ideals of S and the lattice KerS of all
congruence kernels (i.e. O-classes of congruences) of S need not be equal. Furthermore, we show
that the mapping ® — [0]@® need not be a homomorphism from ConS onto KerS. Moreover,
the question arises when a congruence kernel of the direct product S; x S; of two commutative
semirings can be expressed as a direct product of the corresponding kernels on the factors. In
the paper we present necessary and sufficient conditions for such direct decompositions both
for ideals and for congruence kernels of commutative semirings. We also provide sufficient
conditions for varieties of commutative semirings to have directly decomposable kernels.
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1. INTRODUCTION

The importance of the investigation of semirings is based on the fact that they form
a concept which covers both distributive lattices with O and rings. Hence, several
results known for rings can be transformed to distributive lattices and vice versa.
Of course, the concept of a semiring is much more general than that of a ring and
hence not all the results known for rings can be extended to semirings. In particular,
rings are congruence permutable contrary to the case of semirings. Further, for rings,
congruences are in a one-to-one correspondence with ideals. This does not hold for
semirings. However, important results on rings motivate the investigation of similar
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results on semirings. In the present paper we study the relation between ideals and
congruence kernels with respect to direct decomposability.

There exist two different versions of the concept of a semiring, namely semirings
having a unit element ([5]) and those without such an element ([3, 6]). Since the
second version is mostly used in applications, we define the basic concept of this
paper as follows:

Definition 1 (see [0]). A commutative semiring is an algebra S = (S,+,-,0) of
type (2,2,0) satisfying

(S,4,0) is a commutative monoid,
(S,-) is a commutative semigroup,
(x+y)z = xz+yz,

Ox =~ 0.

If S is a commutative semiring containing an element 1 satisfying the identity
1x ~ x then S is called unitary, and if it satisfies the identity xx ~ x then it is called
idempotent. A (semi-)ring (S,+,-,0) is called zero-(semi-)ring if xy = 0 for all x,y €
S.

It is evident that every (unitary) commutative ring is a (unitary) commutative
semiring and that every distributive lattice L = (L,V,A,0) with least element 0 is
an idempotent commutative semiring.

In the following let N denote the set of non-negative integers. Then clearly, N =
(N,+,-,0) is a unitary commutative semiring. For every positive integer a let aN
denote the set {0,a,2a,3a,...} of all non-negative multiples of a. It is evident that
aN = (aN,+,-,0) is again a commutative semiring which is unitary if and only if
a=1.

We recall the following definition from [5]:

Definition 2. Let S = (S,+,-,0) be a commutative semiring. An ideal of S is a
subset / of § satisfying

e D€,
e ifa,bclthena+bel,
e ifaclands e Sthenasel.

Note that in case that S is a ring, the ideals of S in the sense of Definition 2 need not
be ring ideals. Consider e.g. the zero-ring whose additive group is the group (Z,+,0)
of the integers. Then the ideals of this zero-ring in the sense of Definition 2 are the
submonoids of (Z, +,0), whereas the ring ideals are the subgroups of (Z,+,0).

The converse is, of course, trivial for any ring S: Every ring ideal of S is an ideal
in the sense of Definition 2.

Let IdS denote the set of all ideals of a commutative semiring S = (S, +, -, 0). Itis
clear that IdS = (IdS, C) is a complete lattice with smallest element {0} and greatest
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element S. Moreover, for I,J € IdS we have
IVI=I1+J={i+jl|iel, jeJ},
INT=INJ.

For a € S let I(a) denote the ideal of S generated by a. Obviously, /(a) = aN + asS.
The lattice Id S need not be modular as the following example shows:

Example 1. The Hasse diagram of the ideal lattice of the commutative zero-semiring
S=(S,+,-,0) on {0,a,b,c,d,e, f,g} defined by

+10 a b ¢c d e f g
0 a b c¢c d e f g
ala b ¢c 0 e f g d
b|b ¢c 0 a f g d e
clc 0 a b g d e f
d|d e f g d e f g
ele f g d e f g d
fl1f g d e [ g d e
g8/ d e f g d e f
looks as follows (see Figure 1):
S
{O7b7d7e’f7g}
{0,a,b,c} {0,d,e,f,8}
{0,b} {0.d, f}
{0,d}
{0}

FIGURE 1.
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and hence this lattice is not modular. Observe that (S,+,0) is isomorphic to the
direct product of its submonoids {0,a,b,c} (four-element cyclic group) and {0,d}
(two-element join-semilattice). The ideals of the semiring S are the submonoids of
(S,4,0).

Let ConS = (ConS, C) denote the congruence lattice of a commutative semiring
S. A congruence kernel of S is a set of the form [0]® with ® € ConS. It is well
known (cf. [5]) that every congruence kernel is an ideal of S, but not vice versa. Let

KerS = (KerS,C) = ({[0]® | ® € ConS},C)

denote the (complete) lattice of congruence kernels of S. In contrast to rings, ConS
and KerS need not be isomorphic as the following example shows, in which two
different congruences have the same kernel.

Example 2. Consider the three-element lattice D3 = (Ds3,V,A,0) =
({0,a,1}, V,A,0). Then the Hasse diagram of ConDj3 looks as follows (see Fig-
ure 2):

@1 ®2

A
FIGURE 2.

where
©; = {0,a}*U{1}? and ®, = {0}* U {a,1}>.
However, A and ®; have the same kernel {0}. Hence

KerDs; = ({{0}7 {0>a}>D3}7 g)

is a three-element chain and ConD3; 2 KerD3;. Moreover, even the mapping ® —
[0]@ is not a homomorphism from ConD3 onto KerDj since

[0(©1V ©;) = [0]V = D3 #{0,a} = {0,a} v{0} = [0]®; V [0]©,.
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2. IDEALS OF DIRECT PRODUCTS OF COMMUTATIVE SEMIRINGS

In the following we are interested in ideals on a direct product of two commutative
semirings. Let S; and S, be commutative semirings. Of course, if /; € IdS; and
L €1dS; then I} x I € Id(S; X S3). Anideal I of S; x S, is called directly decom-
posable if there exist I} € IdS; and I, € IdS, with I} x I, = [. If I is not directly
decomposable then it is called a skew ideal. The aim of this paper is to characterize
those commutative semirings which have directly decomposable ideals.

Example 3. If Ry = (Ry,+,-,0) = ({0,1},+,-,0) denotes the two-element zero-
ring and Dy = (D2, V,A,0) = ({0,1},V, A,0) the two-element lattice then S := R, X
D, has the non-trivial ideals

{0} X DQ,

R2 X {0},

{(0,0),(0,1),(1,1)}
and hence IdS = N5 which is not modular and, moreover, the last mentioned ideal is
skew.

Example 4. If Ry = (R4, +,-,0) = ({0,a,b,c},+,-,0) denotes the zero-ring whose
additive group is the Kleinian 4-group defined by

+‘0ab c
0|0 a b ¢
ala 0 ¢ b
b|b ¢ 0 a
clc b a O

then S := R4 x D, has the non-trivial ideals

0,a} x {0},
0,6} x {0},
{0,c} x {0},

R4 x {0},

{0} x Dy,

{0,a} x Dy,

{0,b} x Dy,

{0,¢} x Dy,
{(0,0),(0,1),(a, 1)},
{(0,0),(0,1),(b, 1)},
{(0,0),(0,1),(c, 1)},
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{(0,0),(0,1),(a, 1), (b, 1), (¢, 1)},

{(0,0),(a,0),(0,1),(a; 1), (b, 1), (¢, 1)},
{(0,0),(5,0),(0,1),(a; 1), (b, 1), (¢, 1)},
{(0,0),(¢,0),(0,1), (a, 1), (b, 1), (¢, 1)}

the last seven of which are skew.

For sets A and B let w; and 7, denote the first and second projection from A x B
onto A and B, respectively. Note that for any subset C of A x B we have C C ;(C) X
7,(C). Furthermore, if C is of the form A; x B} withA; C A and B; C Bthen m;(C) =
A1 and TCQ(C) = Bi.

We borrow the method from [4] (which was used also in [2]) to prove the following
theorem:

Theorem 1. Let S| = (S1,+,-,0) and Sy = (S2,+,-,0) be commutative semirings
and I € 1d(S; X Sy) and consider the following assertions:
(1) 1 is directly decomposable,
(i) (S x{0})N(({0} x82)+1) CTand ((S1x{0})+I)N({0} xS,) C1,
(iii) if (a,b) € I then (a,0),(0,b) €1,
(i) (51 % {0}) + D)1 ({0} x $2) +1) = 1.
Then (iii) < (i) = (iv) = (ii).
Proof.
(iii) = (i): If (a,b) € m;(I) x W2 () then there exists some pair (c,d) € S| x S, with
(a,d),(c,b) €I, hence (a,0),(0,b) € I which shows (a,b) = (a,0)+ (0,b) € 1.
(i) = (iii): This is clear.
(1) = (v): If I =1, x I, then
((S1x{0}) +1) N (({0} x $2) +1) =
= ((S1x{0}) + (h x L)) N ({0} x $2) + (h x b)) =
= (S] Xlz)ﬂ(ll ><S2) =L xh=1
(iv) = (ii): This follows immediately. ]
Remark 1. That (ii) does not imply (iii) can be seen by considering the ideal I :=
{(0,0),(0,1),(a,1)} of S in Example 4. Since
(S x {0} N(({0} x $2)+1) ={(0,0)} < 1,
((S1x{0}) +1) N ({0} x $2) ={(0,0),(0,1)} <1,
(ii) holds. Because of (a,1) € I and (a,0) ¢ I, (iii) does not hold. This shows that (ii)

does not imply (iii). It is worth noticing that the implication (ii) = (iii) holds in the
case of commutative rings since in this case

((1,0) = (Oa _b) + (aab>7
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(0,b) = (—a,0) + (a,b).
So in this case (i) and (ii) are equivalent.

Example 5. According to (iii) of Theorem 1, the ideal 1(4,6) of 2N x 2N is not
directly decomposable since

(4,0),(0,6) ¢ I(4,6) = (4,6)N+ (4,6)(2N x 2N) = (4,6)N+ (8N x 12N) =
= (8N x 12N) U ((4+8N) x (6+ 12N)).

Next we present several simple sufficient conditions for direct decomposability of
ideals.

Corollary 1. Let S| and S, be commutative semirings such that one of the follow-
ing conditions hold:

(1) S; and S; are unitary,
(ii) Sy is unitary and S, is idempotent,
(iii) S; and S, are idempotent,
(iv) Sy and S; are rings and Id(S| x S;) is distributive.

Then every ideal of S| X S is directly decomposable.

Proof. Assume (a,b) € I € Id(S; x S;). Then
(a,0) = (a,b)(1,0) € I and (0,b) = (a,b)(0,1) € I in case (i),
(a,0) = (a,b)(1,0) € I and (0,b) = (a,b)(0,b) € I in case (ii) and
(a,0) = (a,b)(a,0) € I and (0,b) = (a,b)(0,b) € I in case (iii)
showing direct decomposability of I according to condition (iii) of Theorem 1. In
case (iv), direct decomposability of I follows from condition (ii) of Theorem 1 to-
gether with Remark 1. O

If a field F = (F,+,-) is considered as a ring then it has no proper ideals. However,
the same is valid also in the case of semiring ideals. Namely, if / is a non-zero
semiring ideal in F and d € I'\ {0}, then for each x € F we have x =dd 'x € I
proving I = F.

Proposition 1. If' S is a commutative semiring and F a field then every ideal of
S x F is directly decomposable.

Proof. Assume S = (S,+,-,0) and F = (F,+,-,0), let / € Id(S x F) and put J :=
i (1). f 1 C S x {0} then I =J x {0}. Now assume I Z S x {0}. Then there exists
some (a,b) € I with b # 0. If (c,d) € J X F then ¢ € J = m;(I). Thus there exists
some e € F with (c,e) € I and hence

(c;d) = (c,e) +(a,b) (0,5 (d—e)) € 1
showing I = J X F. Hence, S x F has directly decomposable ideals. U
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3. CONGRUENCE KERNELS OF DIRECT PRODUCTS OF COMMUTATIVE
SEMIRINGS

Now we draw our attention to congruence kernels.
If ®; € ConS; and ®, € S, then

01 x O 1= {((x1,x2), y1,52)) | (x1,¥1) € O1,(x2,y2) € @2} € Con(S; xS,)

and [(0,0)](®; x ©,) = [0]®; x [0]®,. However, there may exist congruences ® on
S| x S such that [(0,0)]® # [0]®; x [0]@, for all possible ®; € ConS; and O, €
ConS,. It should be noted that Fraser and Horn (cf. [4]) presented necessary and
sufficient conditions for direct decomposability of congruences. In the following we
will modify these conditions for congruence kernels.

IfS; = (S1,+,-,0) and Sy = (S, +, -,0) are commutative semirings, ® € Con(S; X
S;) and i € {1,2} then we put

1(0) = {(mi(x), mi(y)) | (x,y) € O},
IT; = {(x,y) € (S1 x $2)” | mi(x) = m(y)}-

Note that ®; := m;(®) € Con(S;), IT; € Con(S; x Sz) and IT; NIT, = {(x,x) | x €
S x Sa2}. Let us remark that in general [0]®; # 7;([(0,0)]®), namely e.g. a € [0]®,
is equivalent to the fact that there exist b, ¢ € S, with (a,b) € [(0,c)]®.

We call the kernel [(0,0)]® directly decomposable if

[(0,0)]© = m1([(0,0)]©) x m2([(0,0)]©),
and furthermore, we call the kernel [(0,0)]® strongly directly decomposable if
[(0,0)]6 = [0]©; x [0]6,.
Note that
([(0,0)]©) € [0]O; fori = 1,2,
[(0,0)]© € 1, ([(0,0)]0) x 2([(0,0)]®),

thus strongly direct decomposability implies direct decomposability (cf. also the fol-
lowing Theorems 2 and 4).
We characterize strongly directly decomposable congruence kernels as follows:

Theorem 2. IfS; = (S1,+,-,0) and S; = (S2,+,-,0) are commutative semirings
and ©® € Con(S| x Sy) then [(0,0)]® is strongly directly decomposable if and only if
the following holds:

If (a,b)©(0,c) and (d,e)O(f,0) then (a,e) ©(0,0)
for (a,b),(0,¢),(d,e),(f,0) € S| x S».
Proof. 1f [(0,0)]® is strongly directly decomposable and
(a,b)®(0,c) and (d,e) O(f,0)
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for (a,b),(0,¢),(d,e),(f,0) € S; x S, then (a,e) € [0]0; x [0]®, = [(0,0)]O. If,
conversely, the condition of the theorem holds and (g,/) € [0]®; x [0]®; then there
exist i,j € Sy and k,l € S, with (g,k)®(0,/) and (i,h)©(/,0) and hence (g,h) €
[(0,0)]® showing [0]@; x [0]@, C [(0,0)]®. The converse inclusion is trivial. O

Using this result we can prove the following
Theorem 3. If S| and S, are commutative semirings, ® € Con(S; x S,) and
[(0,0)]((©VI1;) NTI,) € [(0,0)]6,
[(0,0)](©VIT) "II}) € [(0,0)]©
then [(0,0)]0 is strongly directly decomposable.

Proof. Let (a,b),(0,c),(d,e),(f,0) € S; x S, and assume (a,b)®(0,c) and
(d,e)O(f,0). Then

(a,0)11;(a,b) ®(0,c)I1;(0,0) and (a,0)I1,(0,0)

and hence
(a,0) € [(0,0)](®VIIL})NII;) C[(0,0)]O.
Analogously,
(0,e)Ix(d,e)O(f,0)I1,(0,0) and (0,e)I1;(0,0)
and hence
(0,e) € [(0,0)]((®VIL) NII;) C [(0,0)]@.
Therefore
((a,0) +(0,e))©((0,0) +(0,0)).
Since
a7e (a70) —"_ 7e )
) = 07 0) ) b
we obtain
(a,e) €1(0,0)]©.
Now the assertion follows from Theorem 2. O

Recall that an algebra A with 0O is called distributive at 0 (see e.g. [1]) if for all
0,0, %Y < ConA we have
0]((@VE)NY)=[0]((BNY)V (PNY)).
A class of algebras with 0 is called distributive at 0 if any of its members has this
property. Applying Theorem 3 we can state:

Corollary 2. If S| and S, are commutative semirings and S| X S; is distributive
at (0,0) then the kernel of every congruence on S| X S is strongly directly decom-
posable.
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¢ have
(6NIL) VvV (I, NI1;)) = [(0,0)|(@NI],) C

£

—~

Now the result follows from Theorem 3. O

Recall the Mal’cev type characterization of distributivity at O from [I]
(Theorem 8.2.2):

Proposition 2. A variety with 0 is distributive at 0 if and only if there exist some
positive integer n and binary terms ty, . .. ,t, such that

to(x,y) = 0,
1i(0,y) = 0 fori € {0,...,n},
1i(x,0) = tiy1(x,0) foreveni € {0,...,n—1},
ti(x,x) = tip1 (x,x) forodd i € {0,...,n—1},
tn(x,y) = x.

We can apply Proposition 2 to idempotent commutative semirings.

Corollary 3. The variety of idempotent commutative semirings is distributive at 0
and hence has strongly directly decomposable congruence kernels.

Proof. If

n:=72,
to(x,y) =0,
1 (x,y) = xy,
r(x,y) :=x
then
fo(x,y) =0,
1(0,y) =~ 0,
11(0,y) ~ 0y =~ 0,
1(0,y) =0,
1o(x,0) ~ 0 ~ x0 ~ 11 (x,0),
11 (x,x) = xx = x & tp(x,x),
t(x,y) ~x

and hence, by Proposition 2, we obtain the result. O
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The following characterization of directly decomposable congruence kernels is
similar to the characterization presented in Theorem 2.

Theorem 4. For commutative semirings Sy = (S1,+,-,0) and Sy = (S2,+,-, 0)
and © € Con(S; X S;) the kernel [(0,0)]O is directly decomposable if and only if

(a,b),(c,d) € [(0,0)]® implies (a,d) € [(0,0)]©. (3.1)
Proof. 1f the kernel [(0,0)]® is directly decomposable and (a,b), (c,d) €
€[(0,0)]0 then
a € m([(0,0)]®) and d € m,([(0,0)]®)
whence
(a,d) € 11 ({(0,0)]0) x 2({(0,0)]®) = [(0,0)]®
proving (3.1). Conversely, assume (3.1) to be satisfied and let
(a,d) € 1 ({(0,0)]0) x m2([(0,0)]©).
Then there exist b € S and ¢ € S| with (a,b),(c,d) € [(0,0)]®. Using (3.1) we
conclude (a,d) € [(0,0)]® proving
1 ({(0,0)]0) x m2([(0,0)]©) < [(0,0)]©.
The converse inclusion is trivial. g
It is evident also from the conditions of Theorems 2 and 4 that if a direct product of
semirings has strongly directly decomposable congruence kernels then it has directly
decomposable congruence kernels.
We say that a class C of algebras of the same type containing a constant O has dir-
ectly decomposable congruence kernels if for any A|,A; € C and each ® € Con(A| X

A»), [(0,0)]O is directly decomposable.
The following Mal’cev type condition was derived in [1]:

Proposition 3 (Theorem 11.0.4 in [1]). A variety of algebras with O has directly
decomposable congruence kernels if there exist positive integers m and n, binary
1erms Si, ..., Smytlyeen ... Jtm and (m—+2)-ary terms uy, . .. ,u, satisfying the identities

uy (%)’751 (X,y), s 7Sm(x7)’)) ~ X,
Uy (yvxvtl (X,y), se a%(%)’)) ~ X,
Ui (y,2, 81 (X, )5+ oy Sm(,)) & i1 (6,3, 81(x,), ..., Sm(x,y)) for i =

=1,....n—1,
ui(xayatl(xvy)a cee 7tm(xay)) ~ ui+1(yaxat1(xay)" .. atm(xay))fOri:
- 9 '7n 17

”n(y7x751 (x7y)7 . .,sm(x,y)) %'x7
Un (X, 3,11 (X,¥), .., tm(X,¥)) = y.
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Corollary 4. The variety of unitary commutative semirings has directly decom-
posable congruence kernels.

Proof. If
m:=3,
n:=2,
si(xy) =1,
s2(x,y) =0,
53(x,y) :==0,
11(x,y) :==0,
r(x,y) =1,
13(x,y) =y,
uy(x,y,z,u,v) := xz+ yu,
up(x,y,z,u,v) :==yz+v
then
up(x,,1,0,0) =~ x14y0 =~ x,
up(y,x,0,1,y) = y0+x1 ~ x,
uy(y,x,1,0,0) ~ yl +x0 = y =~ y1 + 0 =~ us(x,y,1,0,0),
up (%,,0,1,y) #x0+yl =y ~x0+y ~ us(y,x,0,1,y),
uz(y,x,1,0,0) =~ x1 40~ x,
uz(x,,0,1,y) = y0+y~y
and hence, by Proposition 3, we obtain the result. U

4. CONCLUSION

Although not all ideals of a commutative semiring are congruence kernels, we ob-
tained a characterization of direct decomposability of ideals on a direct product of
commutative semirings analogous to that by Fraser-Horn for congruences. Using a
Mal’cev type condition characterizing varieties which are distributive at 0, we have
shown that the variety of idempotent commutative semirings has strongly directly
decomposable congruence kernels. Moreover, we proved that the variety of unitary
commutative semirings has directly decomposable congruence kernels. This gener-
alizes the corresponding result for the variety of unitary commutative rings which is
well known.
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