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Abstract. In this work we give new intermediate regularity results for the solution of the follow-
ing 2m-th order parabolic equation
n
deu+ (=)™ 93"u =0,
i=1
where m is a positive integer, subject to Dirichlet condition on the lateral boundary of a cyl-
indrical domain and to a non-homogeneous initial Cauchy data.
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1. INTRODUCTION

Let £2 be an open bounded set of R” with boundary I" and Q the cylinder R x £2
with lateral boundary ¥ = Ry x I". We assume that £2 is of class C2™. Consider in
0 the following boundary value problem:

du+ (=)™ Y7 83"u =0 in Q,
Hu=0onX,j=0,1,..m—1, (1.1)

u(0,x) =ug(x), x € £2,

where m is a positive integer and 37, is the derivative of order j throughout the normal
vector v on X.

Classical results on the resolution of Problem (1.1) when the initial Cauchy data
ug belongs to L2 (£2) or to the usual Sobolev space H{" (§2) can be found in [6], see
also [1], [2], [8] and [9] and the references therein.

Our interest in this work is the regularity of the solution u of (1.1) in terms of the
regularity of the initial data uy. More precisely, we are interested on the question of
the regularity of the solution of (1.1) when u¢ is “between” H " (£2) and L?(£2).The
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results obtained here complement those obtained for the heat equation, i.e. m = 1, in

[4].

The organization of this paper is as follows. In Section 2, we begin by preliminar-
ies where we define the basic functional spaces, in which we will work and we give
some of their properties needed for our study. Then, we recall a classical result for
Problem (1.1) and we prove a fundamental lemma which will allow us to prove our
main result in Section 3.

2. PRELIMINARIES
2.1. Function spaces

In this subsection, we recall the definitions of the basic functional spaces, in which
we will work. We will need some anisotropic Sobolev spaces (see [60]), which we
recall in the following definitions

7 RY) = {ue L2 (R): [(148) 2+ (1422w e 12 (®7))
where u is the Fourier transform of u and r, s are two non-negative numbers. We put
H™ (2) ={ulg :ue H(R")},
with £2 is an open subset of R”. For 0 < r <1 and a positive integer m, we recall
that the space H"2™" (Q), where O = R x £2, can be defined by
H™™(Q)=L* (R, H*™ (2))NH" (R4, L*(£2))
and the space H (£2) is defined by
Hi(2)={ueH" (2);u=0o0nTI}
for % <r <1, I' is the boundary of 2.

1
H(; (£2) = H020 (£2)
forr = %,
H§ (2) = H' (£2)
forO<r < %
We will need also some interpolation spaces in Hilbert spaces (see [7] and [3]),
which we recall in the following definition.

Let X, Y be two Hilbert spaces with
X C Y continuously.

Here, we give one of the usual methods, namely, that of Lions-Peetre [7] which allow
us to build spaces
[X.Y]p 0<6 <1,

“intermediate” between X and Y.
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Definition 1. The space [X,Y ]y 0 < 6 < 1, is a sub-space of Y consisting of
elements a which can be written in the form

a:/oou(t)ﬂ 2.1
0 t

with
Pu()e L2(X), t* Tu@) e L2(Y). (2.2)

This space is endowed with the norm

1 1
o] dt)\ 2 0 dt\ 2
aHinf{(/ r29|u<r>|§(7’) +(/ rw—”wm@{) };
0 0

the inf is taken with respect to u verifying (2.1) and (2.2).
Here L2 (V) denotes the space of functions from ¢ > 0 with values in V, which
are square integrable for the Haar measure d¢ /.

Example 1. H™ (§2) can also be defined as a real interpolation space between
H7/=0).s/(=0) () and L2 (£2), 6 €]0,1[, (see [10])

H™ (2) = [Hr/(l—e),s/(l—e) (2).12 (_Q)] (2.3)

0
In this work, we consider the case s =2mr, 0 =1—r,
H™"(2) = [H™(2),L*(2)],_, Vrelo1]. (2.4)

The space H">2™" (£2) is well defined by Relationship (2.4) because the right hand
side term of (2.4) is well defined as an interpolation space between two well defined
spaces H 12" (2) and L? (£2).

Example 2. The usual Sobolev spaces H* (§2) (s > 0) can be defined by interpol-
ation

H (@)= [ B0 (2).L2@)] .
6 €10,1].

Hereafter some interpolation theory properties on spaces [.,.]y (see Triebel [10]),
needed for proving our main result in the following section.

Theorem 1 ([10]). Let Ag, A1 be two Hilbert spaces with

Ag C Aq continuously.

Then
[L2 (40),L%(A1)]y = L?([40. A1lp).
0<6<1.

A direct consequence of Theorem 1 is
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Corollary 1. For each 0 <r <1 and any positive integer m, we have
[L? (R4, H>™(2)).L* (R4, H™ (2))],_, = L*(Ry.[H>™(2).H™(2)],_,)
= L2(Re H™OHD (2)).
with §2 an open bounded set of R".
2.2. Lemmas
The next result is well known ( cf. Lions and Magenes [6]).

Lemma 1. /) For given ug in H{' (§2), Problem (1.1) has a unique solution u in
H2™ (Q) defined by

HY™(Q) = L*(Ry, H*™ (2))NH' (R4, L*(2)).
2) For given ug in L? (2), Problem (1.1) has a unique weak solution u in
L* (R, HY' (2))NH (R, H ™ (2)) N L®° (R4, L (£2)) .

We will need the following lemma for proving our main result in the following
section.

Lemma 2. Let ug € L2 (2). Then the solution u of Problem (1.1) associated to

1
ug isin H2 (R4, L2 (£2)) . Moreover, there exists a positive constant C (independent
+ )4 P

of up) such that
<
||u||H%(IR+,L2(.Q)) < Clluolz2()-
Proof. Consider a sequence of spectral elements (Ag, @), k € N of the Dirichlet
n 2m
ax

problem for the operator (—1)™ > 7_,
(=)™ iy 03 ok = Ao

ok € HY' (£2)

okl 2@ =1-

The sequence (¢ )gep is a basis of L2 (£2). If ug € L? (£2) we may write
uo (x) = Y argr (¥)
keN
with ||u0||i2(9) =) keN a,zc. The solution associated to ug is
u(t,x) =Y agexp(—Aet) g (x).
keN

Note u the extension of u to R, i.e.,

U(t,x)= Zak exp |—Art|@r (x).
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By the Fourier transform

u(Gx) = CZ§2 Azgok(x)

where C is a constant, from which

[real = et ks
and by elementary calculations, we check easily that

el ac=cryat.

where C’ is a constant. Consequently

e H? (R, L2(2)),
then

ue H? (Ry,L2(2))

by restriction of u to ¢ > 0. O

3. MAIN RESULT

In the sequel, we will assume that ug € Hy™ (£2),0 <r < 1. Thus Hj™ (£2) is the
interpolation space of order 1 —r between H(" (§2) and L?(£2). Indeed, it suffices
to take 6 = 1 —r and s = rm in Example 2. We look for the regularity of u in term
of 7. Our main result in this work is

Theorem 2. For given ug in HJ™ (£2) 0 < r <1, Problem (1.1) has a unique
weak solution u in H*3-m1+7) (Q).

Proof. Letug € H}™ (£2) 0 <r <1 then ug € L?(£2) and consequently (1.1) ad-
mits a unique weak solution (see Lemma 1) u in L? (R4, H{" (£2)) . In order to show

that this solution is in L2 (IR+, Hm+7) (.Q)) it suffices to interpolate the operator

S which associates u to ug. Indeed S : ug — u is linear continuous from H(;" (£2)
to L2 ([R+, H2™ (.Q)) and from L2 (£2) to L? (R4, H™ (£2)). By interpolation, it is
linear continuous from

[H (2).L7(2)],_, into [L* (Ry, H*™ (£2)),L* (R, H™ (22))],_,

1—r

Thanks to Corollary 1, S is linear continuous from

HI™(2) into L2 ([R+, HmA+D) (.(z)) .
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We can interpolate again S for proving that u € H = (R4, L?(£2)) . Indeed, S is lin-
ear continuous from L2 (£2) into H? (IR+, L? (.Q)) (see Lemma 2) and from H{* (§2)
into H! ([R+, L? (.Q)) (see Theorem 1). By interpolation, it is linear continuous from
[H (2),L%(2)],_, into [H% (Ry.L2(2)). H' Ry, L2 (9))]1 .
—r
But, (see Triebel [10])

1 r+1
(13 (R 22(@) 1 (ReL2(@)] = Ry L2(2).
Then, S is linear continuous from Hj™ (§2) into H = (IR+, L? (.Q)) . This ends the
proof of Theorem 2. U

Remark 1. Note that the anisotropic Hilbert spaces used in this work may be ex-
tended to the case of parabolic Sobolev spaces built on L?, p # 2. An idea for this
extension can be found in [5].
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