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1. INTRODUCTION

A function f : I € R — R is said to be convex if the inequality

Sx+A=0)y)<tf(x)+A-1)f(y)

is valid for all x,y € I and ¢ € [0, 1]. If this inequality reverses, then f is said to be
concave on interval / # @. This definition is well known in the literature. Convexity
theory has appeared as a powerful technique to study a wide class of unrelated prob-
lems in pure and applied sciences. Many articles have been written by a number of
mathematicians on convex functions and inequalities for their different classes, using,
for example, the last articles [3, 8—15] and the references in these papers.

f :]a,b] — R be a convex function, then the inequality

a+b 1 b f(a)+ f(b)
f( ) )EEL f(x)dxf—z

is known as the Hermite-Hadamard inequality (see [0] for more information). Since
then, some refinements of the Hermite-Hadamard inequality on convex functions
have been extensively investigated by a number of authors (e.g., [3,4, 15]). In [20],
the first author obtained a new refinement of the Hermite-Hadamard inequality for
convex functions. The Hermite-Hadamard inequality was generalized in [17] to an
r-convex positive function which is defined on an interval [a, b].

(© 2019 Miskolc University Press
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Definition 1. A positive function f : I € R — R is called r-convex function on
[a,b], if for each the x,y € [a,b] and ¢ € [0, 1],

[fT () + A =0) fT(]7, r £0,
1— <
Fet =00 =y orLron. r=0.

If the equality is reversed, then the function f is said to be r-concave.

It is obvious 0-convex functions are simply log-convex functions, 1-convex func-
tions are ordinary convex functions and —1-convex functions are arithmetically har-
monically convex. One should note that if f is 7-convex on [a, b], then the function
f7 is a convex function for r > 0 and f" is a concave function for r < 0. We note
that if f and g are convex and g is increasing, then gof is convex; moreover, since
f =exp(log f), it follows that a log-convex function is convex.

The definition of r-convexity naturally complements the concept of
r-concavity, in which the inequality is reversed [18] and which plays an important
role in statistics.

It is easily seen that if f is r-convex on [a, b],

b r ]
fr(a+b)< ! /f,(x)dxiw,po (1.1)
alg 2

2 ~bh—

b r r
o (“+b) . ;[ Fraydes OO o g
2 b—al, 2
Some refinements of the Hadamard inequality for r-convex functions could be
found in [2,7,16,19,21]. In [1], Bessenyei studied Hermite-Hadamard-type inequal-
ities for generalized 3-convex functions. In [16], the authors showed that if f is
r-convex in [a,b] and 0 < r < 1, then

b 1
7 [ f0ax =Sl @+ o). 13

Theorem 1 ([5]). Suppose that f is a positive r-convex function on [a,b]. Then

1 b
[ =L@ 61,
If f is a positive r-concave function, then the inequality is reversed, where

ALt Al S0 S0
Le(f@.f®) =y W@-mr@y - "= 0. f@#f®)
f(a)f(b)W7 r=-l, fla) # f(b)

A OR fa)y=f®).
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Theorem 2. Let f :[a,b] — (0,00) be r-convex function and r > 1. Then the
following inequality holds:

1ot fr@+fr )"

Lemmal. Leta >0, b > 0. Then (a+b)* <a*+b*, 0<A<1.

Let 0 < a < b, throughout this paper we will use

A(a.b) = #, G (a.b) = vab

) pPHl _ g+l N\ » ) R
L =— -1,0
p(a’ ) ((p+1)(b—a)) ’ a# ’pe ’ p?é )

for the arithmetic, geometric, generalized logarithmic mean, respectively. Also for
shortness we will use the following notation:

n—1 k) k+1_ r(k) k+1 b
L @b f) = Z(_l)k<f (b)DF+1 — £ ®) (@) ak+ )_/ Foods
k=0 a

(k +1)!

where an empty sum is understood to be nil.

2. MAIN RESULTS
We will use the following Lemma for obtain our main results.

Lemma 2 ([14]). Let f : I € R — R be n-times differentiable mapping on Iofor
n € N and f(”) € Lla,b], where a,b € I° witha < b, we have the identity
(_1)n+1 b
Haba f) =2 [ 57 ® @ax.
n! a
where an empty sum is understood to be nil.

Theorem 3. Forn € N; let f : I C (0,00) — R be n-times differentiable function
onI°, r>0anda,b e I° witha <b. If f™ e Lla,b] and |f<")

r-convex function on [a,b), then the following inequality holds:

Fabn =" e @hiy (| 1w 1w

q
for g >1lis

q
Proof. 1f ‘ f (")| for ¢ > 1 is r-convex function on [a, b] and r > 0, using Lemma
2, the Holder integral inequality and

‘f(n)(x)‘q — ‘f(n) (x—ab+ b—xa)

q

b—a b—a
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1
7
l

<[ipeol e

we have

|l (a,b,n, f)|
1 1

b
S%/a x"
’ £ (x)‘qu)q

1 b p b
<— / x"Pdx /
n!\J, a
1 b
<— [ x"Pdx
n!'\J,

1 b
=— / x"Pdx
n'\ J,
ar(3+1)

bnp+1_anp+1)z @ =] @)
or NGO ) G (e e -l @)

£ (x)|dx

1

st izimor])

S

b—a —a

S

N =

| Fm @) b—a ‘
d
/|f<m<a>|‘" T O[T @ @

1
ar(F+1)\ ¢

=i(b—a)(
n!

o4 ar(b+)\ 7

£ @)
E+) (@@ -] @)

1
=—(b-a)L},(a.b)

1 L ar qr
= b-a L, @iy (@[ s ).
This completes the proof of theorem. 0

Remark 1. The results obtained in this paper reduces to the results of [14] in case
of r =1.

Corollary 1. Under the conditions Theorem 3 for n = 1 we have the following

inequality:

f®B)b—f(a)a 1
b—a b—a

b 1
[ rex| = Ly@rty (15 @l [ e,

Proposition 1. Let a,b € (0,00) witha <b, g > 1 andm > 1, r > 1 we have

2+1 L
L%H (a,b) <L, (a,b)Li (a™". ™).
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Proof. Under the assumption of the Proposition, let f (x) = mL_i_q xatl x e
(0,00). Then | f/(x)|? = x™ is r-convex on (0,00) and the result follows directly
from Corollary 1. g

Remark 2. Under the assumption of the Proposition 2.1, If r =1, m =1, then
the results obtained in this paper reduces to the results of [14].
Theorem 4. Forn € N; let f : I C (0,00) — R be n-times differentiable function
° o q
onl’, r>0anda,bel” witha<b. If f® e L[a,b] and ‘f(”) forq>1is

r-convex function on [a,b], then the following inequality holds:

|1 (a,b,n, f)l

q—1

yo-a-F 0 wnalroo el 2

£ (a)

qriar
] ,r=<1

qg—1

ni,(b—a)l—é—#LZ( a )(a,b) [C{

P (b)(qr el

where

b b

x"(x—a)idx,Cz=C2(a,b,r,n):/ x”(b—x)%dx.

a

Ci=Ci(a,b,r,n) :/

a

Proof. From Lemma 2 and Power-Mean integral inequality, we get
|1 (a,b.n, f)l

1 rb
=— | x
n!J,

(o) ()
L) (Tl o o)

Here, using Lemma 1 we obtain respectively,
Forr >1

|1 (a,b.n, f)]

1
b -3 b _ 1 B 1 7
51,(/ d) X(/ {[ o) [ )] }d)
n!'\Jq a b—a b—a
1 1-1
1/ 1 Nar [(prtl_gntlyo 4
:a(b—a) ( n+1 )

£ ()| dx

f(n) (x))qu) '
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x (/‘;bx"(x—a)l

1 -1
_ 1 1 ar 1-% b"+1—a”+1 q
_E(b—a) (b—a) ((n+1)(b—a)

x [Cl (a’b’r’”)‘f(n) (b)‘q +Cy (a,b,qvn)‘f(n) (a)‘q]é

b
a

£ (b)‘qu +/ b—x)F

1
f(n) (a)’qu)

1
q

1 1 (et
——(b-a)'" b Jan el o'+l
For r < 1, using Minkowski inequality, we have

|1 (a,b,n, f)]

1{ rb -7 1 \&
SE(/‘Z x”dx) (b—a)

« (/b [ (x~a) )f('” (b)‘qr X" (b —x) ‘f(") (a)‘qr]}dx)q
1 bn+1_an+1 l_é
()

(s

qg—1

1 11 n(T=
Loyt Ve

Q|

£ (a)‘qd){| } r

o (b)‘qu}r + be"(b—x)i

oo+t @"]”

This completes the proof of theorem. n

Corollary 2. Under the conditions Theorem 4 for n = 1 we have the following
inequalities:

|/ (a.b, )]

1
414 (a.b) { rb [ £/ (b1 | ' ())] 4 1AL QL oS @F] } S

1
-4 2(a+b)+br \" qr 2(a+b)tar " qr\ "
A (a’b){((rr+a1)(2r+1r)> /" &) +((rr+a1)(2r+a1r)) /" (@)] } =1

=

where J (a,b, f) = W.



SOME NEW INTEGRAL INEQUALITIES 1003

Proposition 2. Let a,b € (0,00) witha < b, g > 1 and m > 1, we have the fol-
lowing inequalities:

1
-1 2rA(a oMt | 2r2G2(ab)A(a™ Lo |9
+1 Al7a (a,b)[ ( 2r¥1 ' (r+1)((2r+1) )] o rzl
m 41@b) = 1 , . , , 1
1-1 +b)+b +b)+ ar
A7 b | (s ) o+ (gs) | <.
Proof. The result follows directly from Corollary 2 for function
1
fx)= m—+qxq+ x € (0,00). O
Corollary 3. Using Proposition 2 for m = 1, we have following inequalitieS'
2 12
L 4, b)[2r+l (a2.0?) + g G @, b)} >1
1 (a b) <
q

1
1-1 r2(a+b)+br r2(a+b)+ar ar
A4 (a,b){(m) b" + (m) Clr} o<1
Corollary 4. Using Proposition 2 for ¢ = 1, we have following inequalities:
2rA(am e 272G2(a,b)A(a™ 1 b T)

, r>1
L%i} (@.b) < 22r+1 ) GFDCEr+D ) L
r=(a+b)+br pmr 4 r2(a+b)+ar amr\ o<
G+D)2r+1) G+D)2r+1) =4

Corollary 5. Using Corollary 4. for m = 1, we have following inequalities:
_2r 2 12 2
. A( b )+ mG (a,b), r>1

Bab=<] 7 5 1
= r<(a+b)+br (a+b)+ar r
{((r+1)(2r+1)) br+((r+1)(2r+1)> ar} =1L

Corollary 6. Under the conditions Theorem 4 for ¢ = 1 we have the following
inequalities:
] r>1

m”@‘} r<l

_1
oo [C1|r @ ®)| + 6|1 @)
(b—a) " a) ’ [Cr
Theorem 5. Forn € N; let f : 1 C (0,00) — R be n-times differentiable function

0 o q
onl ,r>0anda,bel witha<b.Iff(”)eL[a,b]and|f(”) for g > 1is
r-convex function on [a,b], then the following inequality holds:

=

|l (a,b,n, f)| <
(”)(b)‘ +crlr

|1 (a,b,n, )| < (b a)p (‘f(n)(b)‘ Dl—l-‘f(n)(a)‘ Dz):], r>1
= %(b_a)f_ﬁ()f(n)(b)‘ D{+|f(n)(a)‘ D;)W,i’fl

where

b
Dy =Dy (a,b,r,n,q) :/ x"q(x—a)%dx
a
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b 1
Dy =Ds(a,b,r,n,q) = / x"(b—x)rdx.

a

q
Proof. Since ‘ f (”)‘ for g > 1 is r-convex function on [a, b], using Lemma 2 and
the Holder integral inequality, we have the following inequality:

|1 (a,b,n, f)

1 b
<— 1.x"
n!'J,

Sni!(/ab ll’dx)p</aban
A (ol o]

Here, using Lemma 1 we obtain respectively,

£ ()| dx

f(n) (x)‘qu)q

Forr > 1,

|l (a,b,n, )|
T,
SO (5 6| D+ @ )

Q=

1 1_1 q q
=—-ayr o (|fP @) D+ @] D),
n!
For r < 1, using Minkowski inequality, we have

[/ (a.b,n, f)]

1

< b—a)r (/ab [ —a) [ F@ @)+ -0 1 (a))qr]i) '

1 1_1
=—(b—a)p qr
n!

. { (‘f(”) (b)‘q/ban(x_a)}dx)r 4 (‘f(n) (a)‘q[ban(b—x)»l-dx)r; ar

= by (|r P w)[" i+ |1 (a)\q'Dé)ql’-
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1005
This completes the proof of theorem. g
Corollary 7. Under the conditions Theorem 5 for n = 1 we have the following
inequalities:
SO~ f@a 1 (°
‘ b—a _b—a/ J@x)dx
1
<) - a);_ﬁ_l(lf ) D1+ f" (@] D2)?, r =1
(b—a)7 = (I f" (D)7 D} + | /' @) D5) 7 . r <1.
Proposition 3. Leta,b € (0,00) witha < b, g > 1 and m > 1, we have
% (@.b) < b- a)P ar (me1+amD2)q r>1
i | (—a)p @ B DI am DY), <1,
m+1
o Pro)of The result follows directly from Corollary 7 for f (x) = .- i qx ax ;
,00).

Corollary 8. For m = 1 from Proposition 3, we obtain the following inequality

L? l(a by < b— a)P ar~ (bD1+aD2)q,r>1
gt1 (b—a)P ar (er’—i—arD ) r<1.

Theorem 6. Forn € N; let f : 1 C (0,00) — R be n-times differentiable function

0 o q

on I’ (interior of I), r > 0 and a,b € I° witha <b. If f™ € L[a,b] and | f™

for q > 1 is r-convex function on [a,b], then the following inequalities holds

|1 (a,b,n, f)]|
2<1r

() Ly @047 (|10 @[ o w)f) 0<r =t
ey, @by (| @[ roe"),

Lo-a Ly, @b (L (|r@ @[] ro o) ))
Proof. For 0 <r <1, since | f |

r >0,
r>0,

for ¢ > 1 is r-convex function on [a, b], with
respect to Hermite-Hadamard inequality we have

b
) ol |l
a 1
Using Lemma 2 and the Holder integral inequality we have

|1 (a.b.n, )]

N =

O



1006 HURIYE KADAKAL, MAHIR KADAKAL, AND IMDAT ISCAN

“uf
) %
( "de) -l Hf(n)(a)) ‘f(n)(b)’qr]l)q

ab—af r prptl_gnptl ‘f(n) (a)‘ ‘f(n) (b)‘qr
= (r+1) [(np+1>(b—a)} 2

dx

f(n) (x)’qu)q

(Y L ab (0 @] o)),

q
For r > 1, since ‘ F®|" for ¢ > 1 is r-convex function on [a,b], with respect to

Theorem 2 we get

r

Using Lemma 2 and the Holder integral inequality we have

‘f(n) (a)‘qr + )f(n) (b)|qr

q
dx <(b—a) 2

1 b
|I(a,b,n,f)|§—'/ x" dx
n

cJa

= /abxnpdx)‘l”( [

p—apprrr g [r @ @[+ oo
o) 2

f(n) (x))qu) '

ol

:bn;!aLZp (a,b)A‘%’ (‘f(n) (a))qr"f(n) (b))qr).

For r > 0, using Lemma 2, Theorem 1 and the Holder integral inequality we have

1 b
'”"’b’”’f)'fa/a x| 10 () dx
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(o) (1
([l ) ol o))

=Ll @b (Lo (| 1@ @[ 1 o) ).

This completes the proof of theorem. g

f(n) (x)‘qu) '

Q=

Corollary 9. Under the conditions Theorem 6 for n = 1 we have the following

inequalities:
— 1 b
f ()b~ f @a / oo
b—a —a
1
2‘"(,“)%,) (@.b) A7 (If" @7 f' B)T).0<r <1

<\ Ly@bh)Aw (L @1 f (b)lqr?, r>1

Lp (a.b) (L (11" @I% 1 £ (D)), r>0.

Proposition 4. Let a,b € (0,00) witha < b, ¢ > 1 and m € [0, 1], we have

- 29 (-55) ¥ Ly (a,b) AT @ B™T), 0 <r <1
Liy @D) <1 Ly (a.b) A7 (@7 o). r> 1

Lp(a,b)(Ly (am,bm))é, r>0

Under the assumption of the Proposition, let f (x) = Wx 7Tl xe (0,00). Then

| £/ (x)|? = x™is r-convex on (0,00) and the result follows directly from Corollary
9.

Corollary 10. For m = 1 from Proposition 4, we obtain the following inequalities:

247 (L2)7 Ly (a,b) AT (@b, 0 <r <1
(@.b) <9 Lp(a.b) A7 (a’.b"), r>1
Ly (a.b)(Ly (a.b)7, r>0

‘+

1+1

Theorem 7. Forn € N; let f : I C (0,00) — R be n-times dlﬁ”erentlable function
onl’, r>0anda,bel’ witha<b. If f™ € Lla,b] and|f(”)

r-convex function on |a, b] then the following inequality holds:

@b = b-a Ly @b 4% (| 1@ @] | 1@ o).

forqg>1is
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4q
Proof. If ‘f(") " for ¢ > 1 is r-convex function on [a,b] and r > 0, using (1.1)
inequality, Lemma 2 and the Holder integral inequality respectively, we have

b q b a\ T ‘f(n) (a)‘q + ‘f(n) (b)‘q
L fmnm\dx=1;0fmkwr)dx5w—¢> -
and

1 b
|1 (a,b,n, f)] S—/ x"
n!

a

1 b % b
n!'\Ja a

1
q a\ 7
1 [ pnp+1 _ gnp+1 » ., ’f(”)(a)’ +‘f(”)(b)’ !
( np+ 1 ) (b-a 2

£ (0| dx

f(n) (x)‘qu)q

“n!

1 1 q q
=—-aL;,@n) s ([P @|. |1 o))
This completes the proof of theorem. O

Corollary 11. Under the conditions Theorem 7 for n = 1 we have the following
inequality:

f®b—f(@a 1 [P
b—a _b—a/a J(x)dx

Proposition 5. Leta,b € (0,00) witha < b, ¢ > 1 and m € [0, 1], we have

f®b—f@a 1 [°
b—a _b—a/a J(x)dx
M-‘rl

Proof. Under the assumption of the Proposition, let f (x) = ﬁ_i_qx q

= Ly (@) a7 (| @[, [/ ®)]).

< L, (a.b) At (a™ . b™").

, X €

(0,00). Then | f/ (x)|% = x™ is r-convex on (0,00) and the result follows directly
from Corollary 11. g

Corollary 12. For m = 1 from Proposition 5, we obtain the following inequality:

fb)b—f@a 1 (b
b—a _b—a/(; S (x)dx

Theorem 8. Forn € N; let f : I C (0,00) — R be n-times differentiable function

onl’,r>0anda,bel’ witha <b. If f™ e Lla,b] and|f(”)

< L,(a.b) A7 (a". D).

4q
" forq>1is
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r-concave function on [a,b], then the following inequality holds:
(n) a—+ b
()
Q‘
Proof. If | f™|" for ¢ > 1 is r-concave function on [a,b] and r > 0, using

Lemma 2, the Holder integral inequality and
b b aNT q
q r b
£ )| dx:/ (\f‘”)(x)| ) dx < (b—a) f(")(a“; )
a

| (a,b,n, f)|<—L” (a,b)

we have

£ ()| dx

1 b
Ta@ban = [ 2
n

cJa

b v b 3
5%(/ x"pdx) (/ f(")(x)(qu)

b N s
5%(/ x”pdx) ((b—a) ™ (#)r)

:—(b Q)L @, b)'f(")(aer)‘.

This completes the proof of theorem.

O

Corollary 13. Under the conditions Theorem 8 for n = 1 we have the following
inequality:
s [ (<)
Proposition 6. Leta,b € (0,00) witha < b, g > 1 and m € [0, 1], we have
f(b)b_f(a)a—biafabf(x)dx

S Lp(a,b)

<Lp(a.b)Ad (a, b).

b—a
Proof. Under the assumption of the Proposition, let f (x) = mrq_’_qx%‘H, X €
(0,00). Then | f/ (x)|% = x" is r-concave on (0, 00) and the result follows directly

from Corollary 13. U

Corollary 14. For m = 1 from Proposition 6, we obtain the following inequality:

b)b— 1 b
f(b) f(a)a_b_a/ F)dx

- <Lp(a,b)Ad (a, b).
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