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1. INTRODUCTION

A function f W I � R! R is said to be convex if the inequality

f .txC .1� t /y/� tf .x/C .1� t /f .y/

is valid for all x;y 2 I and t 2 Œ0;1�. If this inequality reverses, then f is said to be
concave on interval I ¤¿. This definition is well known in the literature. Convexity
theory has appeared as a powerful technique to study a wide class of unrelated prob-
lems in pure and applied sciences. Many articles have been written by a number of
mathematicians on convex functions and inequalities for their different classes, using,
for example, the last articles [3, 8–15] and the references in these papers.
f W Œa;b�! R be a convex function, then the inequality

f

�
aCb

2

�
�

1

b�a

Z b

a

f .x/dx �
f .a/Cf .b/

2

is known as the Hermite-Hadamard inequality (see [6] for more information). Since
then, some refinements of the Hermite-Hadamard inequality on convex functions
have been extensively investigated by a number of authors (e.g., [3, 4, 15]). In [20],
the first author obtained a new refinement of the Hermite-Hadamard inequality for
convex functions. The Hermite-Hadamard inequality was generalized in [17] to an
r-convex positive function which is defined on an interval Œa;b�.
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Definition 1. A positive function f W I � R! R is called r-convex function on
Œa;b�, if for each the x;y 2 Œa;b� and t 2 Œ0;1�,

f .txC .1� t /y/�

(
Œtf r .x/C .1� t /f r.y/�

1
r ; r ¤ 0;

Œf .x/�t Œf .y/�1�t ; r D 0:

If the equality is reversed, then the function f is said to be r-concave.

It is obvious 0-convex functions are simply log-convex functions, 1-convex func-
tions are ordinary convex functions and �1-convex functions are arithmetically har-
monically convex. One should note that if f is r-convex on Œa;b�, then the function
f r is a convex function for r > 0 and f r is a concave function for r < 0. We note
that if f and g are convex and g is increasing, then gof is convex; moreover, since
f D exp .log f /, it follows that a log-convex function is convex.

The definition of r-convexity naturally complements the concept of
r-concavity, in which the inequality is reversed [18] and which plays an important
role in statistics.

It is easily seen that if f is r-convex on Œa;b�,

f r
�
aCb

2

�
�

1

b�a

Z b

a

f r .x/dx �
f r .a/Cf r .b/

2
; r > 0 (1.1)

f r
�
aCb

2

�
�

1

b�a

Z b

a

f r .x/dx �
f r .a/Cf r .b/

2
; r < 0 (1.2)

Some refinements of the Hadamard inequality for r-convex functions could be
found in [2,7,16,19,21]. In [1], Bessenyei studied Hermite-Hadamard-type inequal-
ities for generalized 3-convex functions. In [16], the authors showed that if f is
r-convex in Œa;b� and 0 < r � 1, then

1

b�a

Z b

a

f .x/dx �
r

rC1

�
f r .a/Cf r .b/

� 1
r : (1.3)

Theorem 1 ([5]). Suppose that f is a positive r-convex function on Œa;b�. Then

1

b�a

Z b

a

f .t/dt � Lr .f .a/ ;f .b// :

If f is a positive r-concave function, then the inequality is reversed, where

Lr .f .a/ ;f .b//D

8̂̂̂̂
<̂
ˆ̂̂:

r
rC1

f rC1.a/�f rC1.b/
f r .a/�f r .b/

; r ¤ 0;�1; f .a/¤ f .b/
f .a/�f .b/

lnf .a/�lnf .b/
; r D 0; f .a/¤ f .b/

f .a/f .b/ lnf .a/�lnf .b/
f .a/�f .b/

; r D�1; f .a/¤ f .b/

f .a/ ; f .a/D f .b/ :
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Theorem 2. Let f W Œa;b�! .0;1/ be r-convex function and r � 1. Then the
following inequality holds:

1

b�a

Z b

a

f .x/dx �

�
f r .a/Cf r .b/

2

� 1
r

:

Lemma 1. Let a � 0; b � 0. Then .aCb/� � a�Cb�; 0 < �� 1.

Let 0 < a < b, throughout this paper we will use

A.a;b/D
aCb

2
; G .a;b/D

p
ab

Lp .a;b/D

�
bpC1�apC1

.pC1/.b�a/

� 1
p

; a¤ b; p 2 R; p ¤�1;0

for the arithmetic, geometric, generalized logarithmic mean, respectively. Also for
shortness we will use the following notation:

I .a;b;n;f /D

n�1X
kD0

.�1/k

 
f .k/ .b/bkC1�f .k/ .a/akC1

.kC1/Š

!
�

Z b

a

f .x/dx

where an empty sum is understood to be nil.

2. MAIN RESULTS

We will use the following Lemma for obtain our main results.

Lemma 2 ([14]). Let f W I � R! R be n-times differentiable mapping on I
ı

for
n 2N and f .n/ 2 LŒa;b�, where a;b 2 I

ı

with a < b, we have the identity

I .a;b;n;f /D
.�1/nC1

nŠ

Z b

a

xnf .n/ .x/dx:

where an empty sum is understood to be nil.

Theorem 3. For n 2N; let f W I � .0;1/! R be n-times differentiable function

on I
ı

, r > 0 and a;b 2 I
ı

with a < b. If f .n/ 2 LŒa;b� and
ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is

r-convex function on Œa;b�, then the following inequality holds:

jI .a;b;n;f /j �
b�a

nŠ
Lnnp.a;b/L

1
qr

1
r

�ˇ̌̌
f .n/ .a/

ˇ̌̌qr
;
ˇ̌̌
f .n/ .b/

ˇ̌̌qr�
Proof. If

ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is r-convex function on Œa;b� and r > 0, using Lemma

2, the Hölder integral inequality andˇ̌̌
f .n/.x/

ˇ̌̌q
D

ˇ̌̌̌
f .n/

�
x�a

b�a
bC

b�x

b�a
a

�ˇ̌̌̌q
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�

�
x�a

b�a

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
C
b�x

b�a

ˇ̌̌
f .n/ .a/

ˇ̌̌qr� 1
r

;

we have

jI .a;b;n;f /j

�
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

�
x�a

b�a

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
C
b�x

b�a

ˇ̌̌
f .n/ .a/

ˇ̌̌qr� 1
r

dx

! 1
q

D
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z jf .n/.b/j

qr

jf .n/.a/j
qr
u

1
r

b�aˇ̌
f .n/ .b/

ˇ̌qr
�
ˇ̌
f .n/ .a/

ˇ̌qr du
! 1

q

D
1

nŠ
.b�a/

�
bnpC1�anpC1

.npC1/.b�a/

� 1
p

0BB@
ˇ̌̌
f .n/ .b/

ˇ̌̌qr. 1
r
C1/
�

ˇ̌̌
f .n/ .a/

ˇ̌̌qr. 1
r
C1/

�
1
r
C1

��ˇ̌
f .n/ .b/

ˇ̌qr
�
ˇ̌
f .n/ .a/

ˇ̌qr�
1CCA

1
q

D
1

nŠ
.b�a/Lnnp.a;b/

0BB@
ˇ̌̌
f .n/ .b/

ˇ̌̌qr. 1
r
C1/
�

ˇ̌̌
f .n/ .a/

ˇ̌̌qr. 1
r
C1/

�
1
r
C1

��ˇ̌
f .n/ .b/

ˇ̌qr
�
ˇ̌
f .n/ .a/

ˇ̌qr�
1CCA

1
q

D
1

nŠ
.b�a/Lnnp .a;b/L

1
qr

1
r

�ˇ̌̌
f .n/ .a/

ˇ̌̌qr
;
ˇ̌̌
f .n/ .b/

ˇ̌̌qr�
:

This completes the proof of theorem. �

Remark 1. The results obtained in this paper reduces to the results of [14] in case
of r D 1:

Corollary 1. Under the conditions Theorem 3 for n D 1 we have the following
inequality:ˇ̌̌̌
ˇf .b/b�f .a/ab�a

�
1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp .a;b/L 1

qr

1
r

�ˇ̌
f 0 .a/

ˇ̌qr
;
ˇ̌
f 0 .b/

ˇ̌qr�
:

Proposition 1. Let a;b 2 .0;1/ with a < b, q > 1 and m� 1, r � 1 we have

L
m
q
C1

m
q
C1
.a;b/� Lp .a;b/L

1
qr

1
r

�
amr ;bmr

�
:
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Proof. Under the assumption of the Proposition, let f .x/ D q
mCq

x
m
q
C1, x 2

.0;1/. Then jf 0 .x/jq D xm is r-convex on .0;1/ and the result follows directly
from Corollary 1. �

Remark 2. Under the assumption of the Proposition 2.1, If r D 1; m D 1; then
the results obtained in this paper reduces to the results of [14].

Theorem 4. For n 2N; let f W I � .0;1/! R be n-times differentiable function

on I
ı

, r > 0 and a;b 2 I
ı

with a < b. If f .n/ 2 LŒa;b� and
ˇ̌̌
f .n/

ˇ̌̌q
for q � 1 is

r-convex function on Œa;b�, then the following inequality holds:

jI .a;b;n;f /j

�

8̂̂<̂
:̂

1
nŠ
.b�a/1�

1
q
� 1

qrL
n
�

q�1
q

�
n .a;b/

h
C1

ˇ̌̌
f .n/ .b/

ˇ̌̌q
CC2

ˇ̌̌
f .n/ .a/

ˇ̌̌qi 1
q

; r � 1

1
nŠ
.b�a/1�

1
q
� 1

qrL
n
�

q�1
q

�
n .a;b/

h
C r1

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
CC r1

ˇ̌̌
f .n/ .a/

ˇ̌̌qri 1
qr

; r � 1

where

C1 D C1 .a;b;r;n/D

Z b

a

xn.x�a/
1
r dx;C2 D C2 .a;b;r;n/D

Z b

a

xn.b�x/
1
r dx:

Proof. From Lemma 2 and Power-Mean integral inequality, we get

jI .a;b;n;f /j

�
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

xndx

!1� 1
q
 Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

�
1

nŠ

 Z b

a

xndx

!1� 1
q
 Z b

a

xn
�
x�a

b�a

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
C
b�x

b�a

ˇ̌̌
f .n/ .a/

ˇ̌̌qr� 1
r

dx

! 1
q

:

Here, using Lemma 1 we obtain respectively,
For r � 1

jI .a;b;n;f /j

�
1

nŠ

 Z b

a
xndx

!1� 1
q

�

 Z b

a
xn

(hx�a
b�a

ˇ̌̌
f .n/ .b/

ˇ̌̌qri 1
r
C

�
b�x

b�a

ˇ̌̌
f .n/ .a/

ˇ̌̌qr� 1
r

)
dx

! 1
q

D
1

nŠ

�
1

b�a

� 1
qr

 
bnC1�anC1

nC1

!1� 1
q
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�

 Z b

a
xn.x�a/

1
r

ˇ̌̌
f .n/ .b/

ˇ̌̌q
dxC

Z b

a
xn.b�x/

1
r

ˇ̌̌
f .n/ .a/

ˇ̌̌q
dx

! 1
q

D
1

nŠ

�
1

b�a

� 1
qr

.b�a/
1� 1

q

 
bnC1�anC1

.nC1/.b�a/

!1� 1
q

�

h
C1 .a;b;r;n/

ˇ̌̌
f .n/ .b/

ˇ̌̌q
CC2 .a;b;q;n/

ˇ̌̌
f .n/ .a/

ˇ̌̌qi 1
q

D
1

nŠ
.b�a/

1� 1
q�

1
qr L

n
�

q�1
q

�
n .a;b/

h
C1

ˇ̌̌
f .n/ .b/

ˇ̌̌q
CC2

ˇ̌̌
f .n/ .a/

ˇ̌̌qi 1
q
;

For r � 1, using Minkowski inequality, we have

jI .a;b;n;f /j

�
1

nŠ

 Z b

a

xndx

!1� 1
q�

1

b�a

� 1
qr

�

 Z b

a

h
xnr .x�a/

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
Cxnr .b�x/

ˇ̌̌
f .n/ .a/

ˇ̌̌qri 1
r

dx

! 1
q

D
1

nŠ

�
bnC1�anC1

nC1

�1� 1
q

�

0@("Z b

a

xn.x�a/
1
r

ˇ̌̌
f .n/ .b/

ˇ̌̌q
dx

#r
C

"Z b

a

xn.b�x/
1
r

ˇ̌̌
f .n/ .a/

ˇ̌̌q
dx

#r) 1
r

1A
1
q

D
1

nŠ
.b�a/1�

1
q
� 1

qrL
n
�

q�1
q

�
n .a;b/

h
C r1

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
CC r2

ˇ̌̌
f .n/ .a/

ˇ̌̌qri 1
qr

:

This completes the proof of theorem. �

Corollary 2. Under the conditions Theorem 4 for n D 1 we have the following
inequalities:

jJ .a;b;f /j

�

8̂̂<̂
:̂
A1�

1
q .a;b/

�
r.b�a/
2rC1

�
jf 0 .b/j

q
�jf 0 .a/j

q�
C
rŒajf 0.b/jqCbjf 0.a/jq�

rC1

� 1
q

; r � 1

A1�
1
q .a;b/

n�
r2.aCb/Cbr
.rC1/.2rC1/

�r
jf 0 .b/j

qr
C

�
r2.aCb/Car
.rC1/.2rC1/

�r
jf 0 .a/j

qr
o 1

qr

; r � 1

where J .a;b;f /D I.a;b;1;f /
b�a

.
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Proposition 2. Let a;b 2 .0;1/ with a < b, q � 1 and m � 1, we have the fol-
lowing inequalities:

L
m
q C1
m
q C1

.a;b/�

8̂̂̂<̂
ˆ̂:
A
1� 1

q .a;b/

�
2rA.amC1;bmC1/

2rC1 C
2r2G2.a;b/A.am�1;bm�1/

.rC1/.2rC1/

� 1
q

; r � 1

A
1� 1

q .a;b/

��
r2.aCb/Cbr
.rC1/.2rC1/

�r
bmr C

�
r2.aCb/Car
.rC1/.2rC1/

�r
amr

� 1
qr

; r � 1:

Proof. The result follows directly from Corollary 2 for function
f .x/D q

mCq
x

m
q
C1, x 2 .0;1/. �

Corollary 3. Using Proposition 2 for mD 1, we have following inequalities:

L
1
q
C1

1
q
C1
.a;b/�

8̂<̂
:

A1�
1
q .a;b/

h
2r
2rC1

A
�
a2;b2

�
C

2r2

.rC1/.2rC1/
G2 .a;b/

i 1
q
; r � 1

A1�
1
q .a;b/

n�
r2.aCb/Cbr
.rC1/.2rC1/

�r
brC

�
r2.aCb/Car
.rC1/.2rC1/

�r
ar
o 1

qr

; r � 1:

Corollary 4. Using Proposition 2 for q D 1, we have following inequalities:

LmC1mC1 .a;b/�

8̂<̂
:

2rA.amC1;bmC1/
2rC1

C
2r2G2.a;b/A.am�1;bm�1/

.rC1/.2rC1/
; r � 1n�

r2.aCb/Cbr
.rC1/.2rC1/

�r
bmrC

�
r2.aCb/Car
.rC1/.2rC1/

�r
amr

o 1
r

; r � 1:

Corollary 5. Using Corollary 4. for mD 1, we have following inequalities:

L22 .a;b/�

8<:
2r
2rC1

A
�
a2;b2

�
C

2r2

.rC1/.2rC1/
G2 .a;b/ ; r � 1n�

r2.aCb/Cbr
.rC1/.2rC1/

�r
brC

�
r2.aCb/Car
.rC1/.2rC1/

�r
ar
o 1

r

; r � 1:

Corollary 6. Under the conditions Theorem 4 for q D 1 we have the following
inequalities:

jI .a;b;n;f /j �

8̂<̂
:

1
nŠ
.b�a/�

1
r

h
C1

ˇ̌̌
f .n/ .b/

ˇ̌̌
CC2

ˇ̌̌
f .n/ .a/

ˇ̌̌i
; r � 1

.b�a/�
1
r

nŠ

h
C r1

ˇ̌̌
f .n/ .b/

ˇ̌̌r
CC r2

ˇ̌̌
f .n/ .a/

ˇ̌̌ri 1
r

; r � 1

Theorem 5. For n 2N; let f W I � .0;1/! R be n-times differentiable function

on I
ı

, r > 0 and a;b 2 I
ı

with a < b. If f .n/ 2 LŒa;b� and
ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is

r-convex function on Œa;b�, then the following inequality holds:

jI .a;b;n;f /j �

8̂<̂
:

1
nŠ
.b�a/

1
p
� 1

qr

�ˇ̌̌
f .n/ .b/

ˇ̌̌q
D1C

ˇ̌̌
f .n/ .a/

ˇ̌̌q
D2

� 1
q

; r � 1

1
nŠ
.b�a/

1
p
� 1

qr

�ˇ̌̌
f .n/ .b/

ˇ̌̌qr
Dr1C

ˇ̌̌
f .n/ .a/

ˇ̌̌qr
Dr2

� 1
qr

; r � 1

where

D1 DD1 .a;b;r;n;q/D

Z b

a

xnq.x�a/
1
r dx
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D2 DD2 .a;b;r;n;q/D

Z b

a

xnq.b�x/
1
r dx:

Proof. Since
ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is r-convex function on Œa;b�, using Lemma 2 and

the Hölder integral inequality, we have the following inequality:

jI .a;b;n;f /j

�
1

nŠ

Z b

a

1:xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

1pdx

! 1
p
 Z b

a

xnq
ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

�
1

nŠ

 Z b

a

1pdx

! 1
p
 Z b

a

xnq
�
x�a

b�a

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
C
b�x

b�a

ˇ̌̌
f .n/ .a/

ˇ̌̌qr� 1
r

dx

! 1
q

:

Here, using Lemma 1 we obtain respectively,
For r � 1,

jI .a;b;n;f /j

�
1

nŠ

 Z b

a

1pdx

! 1
p
 Z b

a

xnq

"�x�a
b�a

� 1
r
ˇ̌̌
f .n/ .b/

ˇ̌̌q
C

�
b�x

b�a

� 1
r
ˇ̌̌
f .n/ .a/

ˇ̌̌q#
dx

! 1
q

D
.b�a/�

1
qr

nŠ
.b�a/

1
p

�ˇ̌̌
f .n/ .b/

ˇ̌̌q
D1C

ˇ̌̌
f .n/ .a/

ˇ̌̌q
D2

� 1
q

D
1

nŠ
.b�a/

1
p
� 1

qr

�ˇ̌̌
f .n/ .b/

ˇ̌̌q
D1C

ˇ̌̌
f .n/ .a/

ˇ̌̌q
D2

� 1
q

;

For r � 1, using Minkowski inequality, we have

jI .a;b;n;f /j

�
1

nŠ
.b�a/

1
p
� 1

qr

 Z b

a

h
xnqr .x�a/

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
Cxnqr .b�x/

ˇ̌̌
f .n/ .a/

ˇ̌̌qri 1
r

! 1
q

D
1

nŠ
.b�a/

1
p
� 1

qr

�

( ˇ̌̌
f .n/ .b/

ˇ̌̌q Z b

a

xnq.x�a/
1
r dx

!r
C

 ˇ̌̌
f .n/ .a/

ˇ̌̌q Z b

a

xnq.b�x/
1
r dx

!r) 1
qr

D
1

nŠ
.b�a/

1
p
� 1

qr

�ˇ̌̌
f .n/ .b/

ˇ̌̌qr
Dr1C

ˇ̌̌
f .n/ .a/

ˇ̌̌qr
Dr2

� 1
qr

:
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This completes the proof of theorem. �

Corollary 7. Under the conditions Theorem 5 for n D 1 we have the following
inequalities: ˇ̌̌̌

ˇf .b/b�f .a/ab�a
�

1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ

�

(
.b�a/

1
p
� 1

qr
�1
�
jf 0 .b/j

q
D1Cjf

0 .a/j
q
D2
� 1

q ; r � 1

.b�a/
1
p
� 1

qr
�1
�
jf 0 .b/j

qr
Dr1Cjf

0 .a/j
qr
Dr2
� 1

qr ; r � 1:

Proposition 3. Let a;b 2 .0;1/ with a < b, q > 1 and m� 1, we have

L
m
q
C1

m
q
C1
.a;b/�

(
.b�a/

1
p
� 1

qr
�1.bmD1Ca

mD2/
1
q ; r � 1

.b�a/
1
p
� 1

qr
�1
�
bmrDr1Ca

mrDr2
� 1

q ; r � 1:

Proof. The result follows directly from Corollary 7 for f .x/D q
mCq

x
m
q
C1, x 2

.0;1/. �

Corollary 8. For mD 1 from Proposition 3, we obtain the following inequality:

L
1
q
C1

1
q
C1
.a;b/�

(
.b�a/

1
p
� 1

qr
�1.bD1CaD2/

1
q ; r � 1

.b�a/
1
p
� 1

qr
�1
�
brDr1Ca

rDr2
� 1

q ; r � 1:

Theorem 6. For n 2N; let f W I � .0;1/! R be n-times differentiable function

on I
ı

(interior of I ), r > 0 and a;b 2 I
ı

with a < b. If f .n/ 2 LŒa;b� and
ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is r-convex function on Œa;b�, then the following inequalities holds:

jI .a;b;n;f /j

�

8̂̂̂̂
<̂
ˆ̂̂:
2

1
qr b�a

nŠ

�
r
rC1

� 1
qLnnp .a;b/A

1
qr

�ˇ̌̌
f .n/ .a/

ˇ̌̌qr
;
ˇ̌̌
f .n/ .b/

ˇ̌̌qr�
;0 < r � 1;

b�a
nŠ
Lnnp .a;b/A

1
qr

�ˇ̌̌
f .n/ .a/

ˇ̌̌qr
;
ˇ̌̌
f .n/ .b/

ˇ̌̌qr�
; r � 0;

1
nŠ
.b�a/Lnnp .a;b/

�
Lr

�ˇ̌̌
f .n/ .a/

ˇ̌̌q
;
ˇ̌̌
f .n/ .b/

ˇ̌̌q�� 1
q

; r > 0;

Proof. For 0 < r � 1, since
ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is r-convex function on Œa;b�, with

respect to Hermite-Hadamard inequality we haveZ b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx � .b�a/

r

rC1

hˇ̌̌
f .n/ .a/

ˇ̌̌qr
C

ˇ̌̌
f .n/ .b/

ˇ̌̌qri 1
r

:

Using Lemma 2 and the Hölder integral inequality we have

jI .a;b;n;f /j
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�
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 
.b�a/

r

rC1

hˇ̌̌
f .n/ .a/

ˇ̌̌qr
C

ˇ̌̌
f .n/ .b/

ˇ̌̌qri 1
r

! 1
q

D2
1

qr
b�a

nŠ

�
r

rC1

� 1
q
�
bnpC1�anpC1

.npC1/.b�a/

� 1
p

264
ˇ̌̌
f .n/ .a/

ˇ̌̌qr
C

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
2

375
1

qr

D2
1

qr
b�a

nŠ

�
r

rC1

� 1
q

Lnnp .a;b/A
1

qr

�ˇ̌̌
f .n/ .a/

ˇ̌̌qr
;
ˇ̌̌
f .n/ .b/

ˇ̌̌qr�
:

For r � 1, since
ˇ̌̌
f .n/

ˇ̌̌q
for q > 1 is r-convex function on Œa;b�, with respect to

Theorem 2 we get

Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx � .b�a/

264
ˇ̌̌
f .n/ .a/

ˇ̌̌qr
C

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
2

375
1
r

:

Using Lemma 2 and the Hölder integral inequality we have

jI .a;b;n;f /j �
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

D
b�a

nŠ

�
bnpC1�anpC1

.npC1/.b�a/

� 1
p

264
ˇ̌̌
f .n/ .a/

ˇ̌̌qr
C

ˇ̌̌
f .n/ .b/

ˇ̌̌qr
2

375
1

qr

D
b�a

nŠ
Lnnp .a;b/A

1
qr

�ˇ̌̌
f .n/ .a/

ˇ̌̌qr
;
ˇ̌̌
f .n/ .b/

ˇ̌̌qr�
:

For r > 0, using Lemma 2, Theorem 1 and the Hölder integral inequality we have

jI .a;b;n;f /j �
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx
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�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

�
1

nŠ

 Z b

a

xnpdx

! 1
p �
.b�a/Lr

�ˇ̌̌
f .n/ .a/

ˇ̌̌q
;
ˇ̌̌
f .n/ .b/

ˇ̌̌q�� 1
q

D
1

nŠ
.b�a/Lnnp .a;b/

�
Lr

�ˇ̌̌
f .n/ .a/

ˇ̌̌q
;
ˇ̌̌
f .n/ .b/

ˇ̌̌q�� 1
q

:

This completes the proof of theorem. �

Corollary 9. Under the conditions Theorem 6 for n D 1 we have the following
inequalities:ˇ̌̌̌

ˇf .b/b�f .a/ab�a
�

1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ

�

8̂̂<̂
:̂
2

1
qr
�
r
rC1

� 1
qLp .a;b/A

1
qr
�
jf 0 .a/j

qr
; jf 0 .b/j

qr�
;0 < r � 1

Lp .a;b/A
1

qr
�
jf 0 .a/j

qr
; jf 0 .b/j

qr�
; r � 1

Lp .a;b/
�
Lr
�
jf 0 .a/j

q
; jf 0 .b/j

q�� 1
q ; r > 0:

Proposition 4. Let a;b 2 .0;1/ with a < b, q > 1 and m 2 Œ0;1�, we have

L
m
q
C1

m
q
C1
.a;b/�

8̂̂<̂
:̂
2

1
qr
�
r
rC1

� 1
qLp .a;b/A

1
qr .amr ;bmr/ ; 0 < r � 1

Lp .a;b/A
1

qr .amr ;bmr/ ; r � 1

Lp .a;b/.Lr .a
m;bm//

1
q ; r > 0

Under the assumption of the Proposition, let f .x/D q
mCq

x
m
q
C1, x 2 .0;1/. Then

jf 0 .x/j
q
D xmis r-convex on .0;1/ and the result follows directly from Corollary

9.

Corollary 10. FormD 1 from Proposition 4, we obtain the following inequalities:

L
1
q
C1

1
q
C1
.a;b/�

8̂̂<̂
:̂
2

1
qr
�
r
rC1

� 1
qLp .a;b/A

1
qr .ar ;br/ ; 0 < r � 1

Lp .a;b/A
1

qr .ar ;br/ ; r � 1

Lp .a;b/.Lr .a;b//
1
q ; r > 0

Theorem 7. For n 2N; let f W I � .0;1/! R be n-times differentiable function

on I
ı

, r > 0 and a;b 2 I
ı

with a < b. If f .n/ 2 LŒa;b� and
ˇ̌̌
f .n/

ˇ̌̌q
r

for q > 1 is
r-convex function on Œa;b�, then the following inequality holds:

jI .a;b;n;f /j �
1

nŠ
.b�a/Lnnp .a;b/A

1
q

�ˇ̌̌
f .n/ .a/

ˇ̌̌q
;
ˇ̌̌
f .n/ .b/

ˇ̌̌q�
:
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Proof. If
ˇ̌̌
f .n/

ˇ̌̌q
r

for q > 1 is r-convex function on Œa;b� and r > 0, using (1.1)
inequality, Lemma 2 and the Hölder integral inequality respectively, we haveZ b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx D

Z b

a

�ˇ̌̌
f .n/ .x/

ˇ̌̌q
r

�r
dx � .b�a/

ˇ̌̌
f .n/ .a/

ˇ̌̌q
C

ˇ̌̌
f .n/ .b/

ˇ̌̌q
2

and

jI .a;b;n;f /j �
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

D
1

nŠ

�
bnpC1�anpC1

npC1

� 1
p

0B@.b�a/
ˇ̌̌
f .n/ .a/

ˇ̌̌q
C

ˇ̌̌
f .n/ .b/

ˇ̌̌q
2

1CA
1
q

D
1

nŠ
.b�a/Lnnp .a;b/A

1
q

�ˇ̌̌
f .n/ .a/

ˇ̌̌q
;
ˇ̌̌
f .n/ .b/

ˇ̌̌q�
:

This completes the proof of theorem. �

Corollary 11. Under the conditions Theorem 7 for nD 1 we have the following
inequality:ˇ̌̌̌
ˇf .b/b�f .a/ab�a

�
1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp .a;b/A 1

q

�ˇ̌
f 0 .a/

ˇ̌q
;
ˇ̌
f 0 .b/

ˇ̌q�
:

Proposition 5. Let a;b 2 .0;1/ with a < b, q > 1 and m 2 Œ0;1�, we haveˇ̌̌̌
ˇf .b/b�f .a/ab�a

�
1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp .a;b/A 1

q
�
amr ; bmr

�
:

Proof. Under the assumption of the Proposition, let f .x/ D q
mrCq

x
mr
q
C1, x 2

.0;1/. Then jf 0 .x/j
q
r D xm is r-convex on .0;1/ and the result follows directly

from Corollary 11. �

Corollary 12. For mD 1 from Proposition 5, we obtain the following inequality:ˇ̌̌̌
ˇf .b/b�f .a/ab�a

�
1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp .a;b/A 1

q
�
ar ; br

�
:

Theorem 8. For n 2N; let f W I � .0;1/! R be n-times differentiable function

on I
ı

, r > 0 and a;b 2 I
ı

with a < b. If f .n/ 2 LŒa;b� and
ˇ̌̌
f .n/

ˇ̌̌q
r

for q > 1 is
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r-concave function on Œa;b�, then the following inequality holds:

jI .a;b;n;f /j �
b�a

nŠ
Lnnp .a;b/

ˇ̌̌̌
f .n/

�
aCb

2

�ˇ̌̌̌
:

Proof. If
ˇ̌̌
f .n/

ˇ̌̌q
r

for q > 1 is r-concave function on Œa;b� and r > 0, using
Lemma 2, the Hölder integral inequality andZ b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx D

Z b

a

�ˇ̌̌
f .n/ .x/

ˇ̌̌q
r

�r
dx � .b�a/

ˇ̌̌̌
f .n/

�
aCb

2

�ˇ̌̌̌q
we have

jI .a;b;n;f /j �
1

nŠ

Z b

a

xn
ˇ̌̌
f .n/ .x/

ˇ̌̌
dx

�
1

nŠ

 Z b

a

xnpdx

! 1
p
 Z b

a

ˇ̌̌
f .n/ .x/

ˇ̌̌q
dx

! 1
q

�
1

nŠ

 Z b

a

xnpdx

! 1
p�
.b�a/

ˇ̌̌̌
f .n/

�
aCb

2

�ˇ̌̌̌q� 1
q

D
1

nŠ
.b�a/Lnnp .a;b/

ˇ̌̌̌
f .n/

�
aCb

2

�ˇ̌̌̌
:

This completes the proof of theorem. �

Corollary 13. Under the conditions Theorem 8 for nD 1 we have the following
inequality:ˇ̌̌̌

ˇf .b/b�f .a/ab�a
�

1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp.a;b/

ˇ̌̌̌
f 0
�
aCb

2

�ˇ̌̌̌
:

Proposition 6. Let a;b 2 .0;1/ with a < b, q > 1 and m 2 Œ0;1�, we haveˇ̌̌̌
ˇf .b/b�f .a/ab�a

�
1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp .a;b/Amr

q .a; b/ :

Proof. Under the assumption of the Proposition, let f .x/ D q
mrCq

x
mr
q
C1, x 2

.0;1/. Then jf 0 .x/j
q
r D xm is r-concave on .0;1/ and the result follows directly

from Corollary 13. �

Corollary 14. For mD 1 from Proposition 6, we obtain the following inequality:ˇ̌̌̌
ˇf .b/b�f .a/ab�a

�
1

b�a

Z b

a

f .x/dx

ˇ̌̌̌
ˇ� Lp .a;b/A r

q .a; b/ :
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E-mail address: mahirkadakal@gmail.com
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