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Abstract. In the article, we find the best possible parameters A, (1, A2 and u, on the interval
[0, 1/2] such that the double inequalities

H(a,b;A1) <aA(a,b)+ (1 —a)T(a,b) < H(a,b;111),

G(a,b;A2) <aA(a,b)+ (1 —a)T(a,b) < G(a,b;uz)
hold for all « € [0,1] and a,b > 0 with a # b, where A(a,b) = (a + b)/2, T(a,b) =
2 (712 qeos?0psin? 6 49 /7 H(a,b;A) = 2[Aa + (1—A)b][Ab + (1—A)al/(a +b), G(a,b; ) =
\/ [wa + (1 —p)b][ub + (1 — w)a] are the arithmetic, integral, one-parameter harmonic and one-
parameter geometric means of a and b, respectively.
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1. INTRODUCTION

For A, u € [0, 1], the arithmetic mean A(a, b), harmonic mean H (a,b), geometric
mean G(a,b), integral mean T (a,b) [25], one-parameter harmonic mean H(a,b; 1)
and one-parameter geometric mean G(a,b; i) of two distinct positive real numbers
a and b are given by

a+b 2ab

Alab)==——, Hl@b)=——, (1.1)
2 [7/2 2 .2
G(a,b) = vab, T(a,b)= ;/ a®s Opsin”0 g, (1.2)
0
H(a,b;:\) = H[Aa+ (1=2)b,Ab+ (1=2)b], (1.3)
G(a,b;p) = Glpa+ (1—p)b, ub + (1 —w)b, (1.4)
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respectively. The integral mean 7 (a,b) has been the subject of intensive research
in recent years due to it has been widely applied in pure and applied mathematics,
physics and other natural sciences [2,4-12, 14-16,19,21,22,24,26-30,36-38,40].

The identity
T(a,b) = Nabl, (1og \/%) (1.5)
and inequalities
A(a,b)+ G(a,b) - 2A(a,b)+ G(a,b)
2 3
for all a,b > 0 with a # b were established by Qi, Shi, Liu and Yang [18], where

L(a,b) < T(a,b) < <I(a,b) (1.6)

oo

1 ¢ 2n+v
0= e (3) .7

n=0

is the modified Bessel function of the first kind [1], I'(x) = fooo e 1t* 14t is the

classical gamma function [13,39], and L(a,b) = (b—a)/(logh—loga) and I(a,b) =

(b? /a®)V/ (=4 /¢ are respectively the logarithmic and inentric means of ¢ and b.
Yang and Chu [31,32], and Yang, Chu and Song [33] proved that the inequalities

AvL(a,b)A(a,b) < T(a,b) < u1+v/L(a,b)A(a,b),
L*?(a,b)A"2(a,b) < T(a.b) < paL(a.b) + (1 —puz)A(a.b),
T(a,b) > Lp(a,b)

A3/ L(a,b)I(a,b) <T(a,b) < pz+/L(a,b)I(a,b),
hold for all a,b > 0 with @ # b if and only if A1 < /2/m, pu1 > 1, A2 > 3/4, iy <
3/4, p <3/2, A3 < y/Je/m and u3z > 1, where Ly(a,b) = [(b? —a®)/(p(logh —
loga))]}/? is the p-order generalized logarithmic mean of a and b.
In [20], the authors proved that p; =0, g, = 1/4, p» =0and g» = 1/2—+/2/4 are
the best possible parameters on the interval [0, 1/2] such that the double inequalities

H(a,b;py) <T(a,b) < H(a,b;q1), (1.8)
G(a,b;p>) <T(a,b) <G(a,b;q2) (1.9)

hold for all a,b > 0 with a # b.
Let @ € [0,1], x € [0,1/2], a,b > 0 with a # b, f(x) = H(a,b;x), g(x) =

G(a,b;x). Then we clearly see that both the functions f(x) and g(x) are strictly
increasing on [0, 1/2]. Inequality (1.6) and the well known inequalities

H(a,b) < G(a,b) < L(a,b) < I(a,b) < A(a,b)
lead to the conclusion that
f()=H(a,b) <aA(a,b)+ (1 —a)T(a,b) < A(a,b) = f(1/2), (1.10)
g(0) =G(a,b) <aA(a,b)+ (1 —a)T(a,b) < A(a,b) = g(1/2). (1.11)
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From inequalities (1.10) and (1.11) together with the monotonicity of the functions
f(x) and g(x) on the interval [0, 1/2], it is necessary to discover the best possible
parameters A1, i1, A2 and wo on the interval [0, 1/2] such that the double inequalities

H(a,b;A) <aA(a,b)+ (1—a)T(a,b) < H(a,b; 1),
G(a,b;Ay) <aA(a,b)+ (1 —a)T(a,b) < G(a,b; u3)
hold for all ¢ € [0,1] and a@,b > O with a # b.

2. LEMMAS

Lemma 1 (Theorem 2.18 in [3]). The identity

r(n+1)— et

2] 22np)

holds for all n € N.

Lemma 2 ([17]). Let {an},~, and {by |2, be two real sequences with b, > 0 and
limy— o0 n /by = s. Then the power series Z;o:O ant™ is convergent for all t € R

and ~
lim Zn=0fn” _

t—00 Zn:O byt

if the power series Y oo o byt™ is convergent for all t € R.
Lemma 3 (Lemma 2.2 in [35]). The double inequality
1 I'(x+a) 1
< <
x+a)l=@ I'(x+1) xl-a

holds for all x > 0 and a € (0,1).

Lemma 4 ([34]). Ler A(t) = Zzo:oaktk and B(t) = Y zep brt* be two real
power series converging on (—r,r) (r > 0) with by > 0 for all k. If the non-constant
sequence {ar /by iy, is increasing (decreasing) for all k, then the function t
A(t)/ B(t) is strictly increasing (decreasing) on (0,r).

Lemma S ((3.5) in [23]). The identity

o0 F(2n+k+ﬂ+l) (t)2n+k+u

L)1) :;n!F(n+/\+;L+1)F(n FA+ DI +p+1)\2

holds for all A,y > —1 and t € R.

Lemma 6. The identity

= @n)!

cosh(?)Io(?) = Z 22n[(2n)13

n=0

holds for all t € R, where cosh(t) = (e’ +e~")/2 is the hyperbolic cosine functions.
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Proof. 1t follows from (1.7) and Lemmas 1 and 5 that

2 X g2 2
I-1y2(0) = \/;ZO (;n)! - \/;C(’Sh(t)’

cosh(t)lo(t) = \/EI—I/Z(Z)IO(I)

@n+3) (V2 S ),
\/>Z [n!T (n + 1 (5) _,;,22"[(211)!13’ '

Lemma 7. The function

cosh?(1) — cosh(¢) Io(?)
sinh?(t)

is strictly increasing from (0,00) onto (1/4,1), where sinh(t) = (e —e™")/2 is the
hyperbolic sine function.

fo)y= 2.1)

Proof. Letn € N, and {a, } and {b, } be defined by
(4n +4)! 22n+2

= , =, 2.2
=203 " T 2n+2)! 22)
respectively.
Then simple computations lead to
ao 3
b 8 (2.3)
an _ (4n +4)! 2.4)
b,  24n+4[(2n +2)12’ ‘
an+1 _a_n:_(n+2)(2n+3)(8n+13)(4n +4)! -0 25)
forall n € N.
It follows from Lemmas 1, 2, 3 and 6 together with (2.1)-(2.4) that
2[cosh(?)Ip(t) —1]
f=1-
cosh(2t)—1
4
=1- 2Xn= 22”([(;lzl)']3t2n =1- 23 5 oant®" (2.6)
Z;’lo ) éi")'th Z;T:o bnt2” s .
2 1
foh=1-=2 @.7)

Do 4
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1 _an _ T@n+5/2) _ 1
JT@n+5/2) b JAMQn+3)  Jz@n+2)
f(o0) = 1_2,,13‘30% —1. 2.8)

n

From Lemma 4, (2.5) and (2.6) we clearly see that the function f(¢) is strictly
increasing on (0, 00). Therefore, Lemma 7 follows from (2.7) and (2.8) together with
the monotonicity of f(¢) on the interval (0, c0). O

Lemma 8. The function

cosh?(t) — IOZ(I)

8 sinh?(t) =9
is strictly increasing from (0,00) onto (1/2,1).
Proof. Letn € N, and {c,,} and {d, } be defined by
2 2! 22n+2
=D 2 (2.10)
22n2[(n 4+ 1)N)*4 (2n+2)!
respectively. Then simple computations lead to
Co 1
Cn [(2n +2)1)?
L , 2.12
dy, 24n+4[(n + 1)!]4 ( )
Cnt1 Cn _ (n+T7)(m+2°[Cn+2)1? 2.13)
dp1 dn 24mF0[(n + 1)1 '
for alln € N.
From Lemmas 1, 2, 3 and 5 together with (2.9)-(2.12) one has
o0
@2n)! ,
1§@) = opsgt™
14
= 221 (n!)
2151 —1]
gt)y=1--29"~-_—~-
cosh(2¢)—1
2n)! 2
=1- 22 =1 gy _1_223;06,,;2" (2.14)
= 220 o 32 o dnt?n’ '
Zn 1 (2n)'t n=0%n
2C() 1
g(0") = - =7 (2.15)
1 ¢ T*(n+3/2) 1

w(n+3/2) = dy  Al2(n+2) = a(n+1)°
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g(00) =1-2 lim & =1, (2.16)
n—00 n
Therefore, Lemma 8 follows easily from Lemma 4 and (2.13)-(2.16). ]

3. MAIN RESULTS
Theorem 1. Let A1, 41, A2, 2 € [0,1/2]. Then the double inequalities
H(a,b;A1) <aA(a,b)+(1—a)T(a,b) < H(a,b; 1), 3.
G(a,b;Ay) <aA(a,b)+(1—a)T(a,b) < G(a,b; u») (3.2)
hold for all a € [0,1] and a,b > 0 with a # b if and only if A1 < 1/2—/1—a/2,
1= 1/2=VT—a/4 Ay <1/2—1—a2/2and iy > 1/2—/2(1—a)/4.

Proof. Let p,q € [0,1/2]. Without loss of generality, we assume that » > a > 0
and t =log+/b/a > 0 due to A(a,b), T(a,b), H(a,b; p) and G(a,b;q) are sym-
metric and homogeneous of degree one with respect to @ and b. From (1.1)-(1.5) one
has

A(a,b) = «/Ecosh(t),
T(a,b) = VabIy(1).

L2
H(a,b; p) = Vabcosh(t) |:1 —(1—2p)? Slnhz(;) :| |
cosh“(¢)
-2
G(a,b;q) = vabcosh(r) \/1 —(1—2q)2 Slnhz(t) ’
cosh” (1)
th2
by ladia by (et = @?Tn(l;)m [(1—0) £() — (1-2p)*]. (3.3)

G(a,b;q)—[aA(a,b) + (1 —a)T(a,b)]
_ Vab[(1—a)?(cosh®(t) — I3 (1)) + 2a(1 —a)(cosh® () — cosh(t) o (1)) — (1 —2¢)?)]

cosh(z) \/1 —(1 —2q)2% +acosh(?) + (1 —a)lo(t)

_ Vabsinh®(1) [2a(1-0) (1) + (1-a)g() — (1-2¢)?] 3.4)

cosh(?) \/1 —(1 —2q)2M +acosh(t) + (1 —a)lo(t)

cosh2(¢)

where f(¢) and g(¢) are defined by Lemmas 7 and 8, respectively.
Therefore, Theorem 1 follows easily from (3.3) and (3.4) together with Lemmas 7
and 8. ]

Remark 1. Let @ = 0. Then inequalities (3.1) and (3.2) reduce to inequalities (1.8)
and (1.9), respectively.
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Corollary 1. Let Ay =1/2—~/1—a/2 and puy = 1/2—~/1—a /4. Then inequal-
ity (3.1) leads to
3cosh(t 1
— < Iy(t) < cosh(®)
cosh(?) 4 4 cosh(z)

forallt > 0.

Corollary 2. Let Ay = 1/2—~1—0a2/2 and pp = 1/2— /2(1 —«a)/4. Then
inequality (3.2)) leads to

\/1 — a2 + a2 cosh?(1) — o cosh(t) \/1%0‘ + HT“ cosh?(¢) —a cosh(t)
<Ip(t) <

-« -«
forallx € (0,1) and t > 0. In particular, if « = 1/2, then one has

3+ cosh?(t) —cosh(t) < Io(t) < 1/ 1+ 3cosh?(¢) —cosh(¢)

forallt > 0.
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