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ABSTRACT The attitude regulation of spacecraft using continuous time execution of the control law is
not always affordable for the low-cost satellites with limited wireless resources. Of late, within the ambit
of control of systems over networks, event-triggered control has proved to be instrumental in ensuring
acceptable closed-loop performance while respecting bandwidth constraints of the underlying network.
Aligned with these design objectives, a robust event-triggered attitude control algorithm is proposed to
regulate the orientation of a flexible spacecraft subjected to parametric uncertainties, external disturbances,
and vibrations due to flexible appendages. The control law is developed using a state-dependent single
feedback vector, which further assists in obeying the constrained network. The current information of this
vector is updated to the onboard controller only when the predefined triggering condition is satisfied. Thus,
the control input is updated through communication channel only when there is a need, which ultimately
helps in saving the communication resources. The system trajectories, under the proposed approach, are
guaranteed to be uniformly ultimately bounded (UUB) in a small neighborhood of origin by using a
high gain. Moreover, the practical applicability of the proposed scheme is also proved by showing the
Zeno free behavior in the proposed control, i.e., it avoids the accumulation of the triggering sequence.
The numerical simulations results are indeed encouraging and illustrate the effectiveness of the designed
controller. Moreover, the numerical comparative analysis shows that the proposed approach performs better
than periodically sampled data technique and sliding mode-based event-triggered technique.

INDEX TERMS Flexible spacecraft, attitude regulation control, limited data transmission, communication
constraints, event-trigger, robust control, Zeno behavior, modified Rodrigues parameters (MRP).

I. INTRODUCTION
The prime objective of an attitude controller is to re-orient
the attitude of the spacecraft to the desired orientation. Atti-
tude controllers have been deployed for various space-related
operations like surveillance, communication, navigation,
docking in a space station and earth observations, etc. These
operations require attitude controllers featuring high accu-
racy, high pointing precision, faster attitude convergence,
high stabilization, and maneuvering capabilities, etc. with
minimum usage of communication resources [1]–[4].

In furtherance, the spacecraft is also subjected to con-
sistent uncertainties and disturbances. Moreover, modern

The associate editor coordinating the review of this manuscript and
approving it for publication was Zhenbao Liu.

spacecrafts are often manufactured by coupling the rigid
hub of the spacecraft to the multiple flexible solar arrays
as shown in Fig. 1. These are termed as flexible space-
crafts. The attitude maneuvering performance of a flexible
spacecraft is greatly affected by the vibrations of flexible
appendages due to the coupling between the rigid and flex-
ible structures. So, all the parametric uncertainties, external
disturbances, and vibrations pose numerous challenges in
the synthesis of an attitude control law ensuring faithful and
robust output performance. Therefore, the attitude controllers
must be robust and equipped with disturbance rejection
properties [2].

The robust attitude control of flexible spacecraft has been
a promising research domain and has been studied for the last
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FIGURE 1. Sketch of a flexible spacecraft with solar arrays.

two decades. Some of the nonlinear robust control paradigms
for the flexible spacecraft are active vibration suppression
approach [5], [6], proportional derivative control [7], sliding
mode control (SMC) [8]–[10], adaptive control [11]–[13],
robust H∞ control [14], and disturbance observer based
control [15], [16], etc. Although the aforementioned control
schemes render satisfactory performance, they are devel-
oped in continuous time. Owing to the fact that analyti-
cal closed-loop solutions are impossible, the application of
these control algorithms to the spacecraft are executed digi-
tally using numerical methods with an extremely small peri-
odic sampling time to mimic the continuous time behavior.
Therefore, continuous control schemes are often not phys-
ically realizable due to restrictions on hardware support.
For instance, a low-cost wireless network has limited data
transmission and control of the system over such a network
will ultimately lead to the unsatisfactory performance of
the closed-loop system. Thus, it is imperative to explore
the alternatives to continuous control approach in such
scenarios.

In recent years, event-triggered control has emerged
as a promising approach aimed at minimizing the num-
ber of information transmissions to respect the limited
resource constraints of a communication network while
stabilizing the system [17]–[19]. The primary difference
between the event-triggered approach and the sampled
data technique is the aperiodic update of the control sig-
nal. In the event-triggered scheme, the control signal is
updated at time instants when a predefined state dependent
threshold condition is satisfied. These points in time are
termed as triggering instants. The control actuation to the
spacecraft is fixed between the two consecutive triggering
instants.

Lately, results on event-based attitude controller appear
in the works [20]–[25] and the references therein. In [20],
an event-triggered stabilization of quadrotor without any
uncertainties is proposed.Whereas the work in [21] considers
attitude regulation of rigid spacecraft affected by external dis-
turbance only. Thereafter, an observer-based event-triggered
control is developed to ensure robustness to actuator
faults and external disturbances in [22]. An event-triggered
scheme is also implemented for the attitude regulation of
multiple rigid spacecrafts in [23], [24]. Moreover, in [25],
an SMC based event-triggered attitude controller is designed
to compensate the effects of external disturbances and

parametric uncertainties while proposing semi-global stabil-
ity results.

In view of the aforementioned literature, the event-
triggered control approaches are only considered for the
rigid spacecraft attitude problems which impose fewer design
challenges compared to the flexible spacecrafts. Further,
the attitude orientation of spacecrafts are also represented
by quaternions. Although the quaternion has few advantages
over Euler angle and direction cosine matrix representation,
yet the inherent problem of unwinding [3], [26] due to the
multiple equilibrium points are not addressed in the preceding
papers. The phenomenon of unwinding if not undertaken
while designing the control law, may cause the spacecraft
to maneuver through the longest path instead of the nearest
path for some initial conditions which leads to the wastage
of fuel resources. In this paper, the spacecraft attitude is rep-
resented using three sets of variables by modified Rodrigues
parameters (MRP), which provides the global representation
(using shadow MRP) without facing the problem of unwind-
ing. Whereas, the quaternion uses four sets of variables for
global representation with an inherent problem of unwinding.
Therefore, to the best of authors’ knowledge, the study of
robust event-triggered attitude regulation control of the flex-
ible spacecraft using MRP under communication constraints
has not yet been investigated. The main contributions of this
work are stated below.

1) The robust event-triggered control is designed to
achieve a satisfactory attitude regulation performance
while compensating the effect of parametric uncertain-
ties, external disturbances, and vibrations of flexible
appendages under communication constraints.

2) The proposed controller uses only a single feedback
vector for its update. Thus, it further helps in reduc-
ing the data transmission through the communication
channel.

3) Moreover, the proposed event-triggered controller is
free from Zeno behavior, i.e., it avoids the accumu-
lation of triggering instants. This will guarantee the
practical feasibility of the proposed scheme.

4) Finally, results obtained from comparative simu-
lation study between the proposed event-triggered
scheme, the periodically sampled data technique, and
event-trigger based SMC technique [25] demonstrates
the superiority of the proposed algorithm in the context
of control over limited communication with less energy
utilization.

The remaining part of this paper is organized as follows.
In section II, the kinematic and dynamic equations of the
flexible spacecraft subjected to multiple uncertainties and
vibrations aremodeled. In section III, a robust event-triggered
attitude control is proposed. Then, the stability of the
closed-loop system and the Zeno free behavior of the pro-
posed control scheme are proved in section IV. In section
V, multiple simulation results of the proposed scheme and
its comparative analysis are reported. Finally, the paper is
concluded in section VI.
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II. SYSTEM MODELING AND PROBLEM FORMULATION
In this paper, orientation of the flexible spacecraft is
expressed in terms of MRP denoted by p ∈ R3. The MRP
can be written in terms of Euler axis as [27]

p = e tan(θ/4), (1)

where θ is the angle of rotation and e = [e1 e2 e3]T ∈ R3 is
the Euler axis. It is obvious from (1) that p goes to∞ when
θ = ±2π . The singularity of p at θ = ±2π has been solved
using shadow MRP denoted by ps which is defined as [27]

ps = −
p
pT p
= e tan

(
θ − 2π

4

)
. (2)

Although ps is nonsingular at θ = ±2π , it also holds a
singularity at θ = 0. Therefore, a singularity-free attitude
representation using MRP is obtained by switching between
the normal MRP (1) and the shadow MRP (2) at the cost of
discontinuity. The switching between the two parameter sets
are governed according to the following rules [28]

p =

{
p if pTω ≤ 0
ps if pTω > 0,

(3)

whereω = [ω1, ω2, ω3]T ∈ R3 is the angular velocity vector.
In the proposed work, it is considered that the switching is
executed on the surface ‖p‖ = ‖ps‖ = 1. With the help of
these two MRP sets on the switching surface, the following
unity constraint is obtained [28], [29]

‖p‖ ≤ 1. (4)

A beneficial property of ps is that it continues to follow
the kinematic equations of spacecraft defined in (5) [28].
Moreover, with the use of two MRP sets, the time derivative
of p is globally defined except for the discontinuity at the
switching boundary [28], [30].

A. FLEXIBLE SPACECRAFT MODELING
The kinematic equations of the flexible spacecraft with
respect to body-fixed frame are modeled as [31]:

ṗ =
1
4
{(1− pT p)I + 2p× + 2ppT }ω, (5)

where I is the 3 × 3 identity matrix, and the operator (·)× is
a skew symmetric matrix operator which is defined as:

p× =

 0 −p3 p2
p3 0 −p1
−p2 p1 0

 . (6)

The dynamic equations of the flexible spacecraft are
defined as follows [5], [32]:

J ω̇ + δT η̈ = −ω×(Jω + δT η̇)+ u+ d0, (7)

η̈ + C η̇ = −Kη − δω̇, (8)

where u ∈ R3 is the control input, d0 ∈ R3 is the external
disturbance, J ∈ R3×3 is the symmetric inertia matrix of the

spacecraft, η ∈ Rn represents the n number of modal coor-
dinate vector of the flexible appendages, and δ ∈ Rn×3 is a
constant matrix which represents the coupling effect between
the flexible and rigid structures. As considered in [5], in this
work also η is considered to have four modal components,
i.e., η = [η1, η2, η3, η4]T ∈ R4, and δ ∈ R4×3. The
damping and stiffness matrices are represented by C ∈ R4×4

and K ∈ R4×4, respectively which are expressed as:

C =

2ζ1 w1 · · · 0
...

. . .
...

0 · · · 2ζ4 w4

 K =

w
2
1 · · · 0
...
. . .

...

0 · · · w2
4

 , (9)

where wi and ζi are the natural frequency and the damping
ratio of ith order elastic mode, respectively for i = 1, 2, 3, 4.
Now, defining a new auxiliary variable$ ∈ R4 as

$ = δω + η̇. (10)

The time derivative of$ can be expressed by using η̈ from (8)
and η̇ from (10) as

$̇ = δω̇ + η̈, (11)

= −C η̇ − Kη = −C$ + Cδω − Kη. (12)

From (11) and (12), it can be written as

δω̇ + η̈ = −C$ + Cδω − Kη. (13)

Multiplying δT on both side of (13) and then rearranging the
terms yield

δT η̈ = −δT δω̇ − δTC$ + δTCδω − δTKη. (14)

Substituting δT η̈ from (14) into the dynamical equation (7)
yields

(J − δT δ)ω̇ = δTC$ + δTKη − δTCδω − ω×Jω

−ω×δT ($ − δω)+ u+ d0. (15)

Considering a lumped perturbation variable ψ ∈ R3 in (15)
which involves the coupling effect and rewriting it as

(J − δT δ)ω̇ = −ω×Jω + ψ + u+ d0, (16)

where

ψ = δT
[
K C

] [ η
$

]
− δTCδω − ω×δT ($ − δω). (17)

The spacecraft undergoes various operations like fuel con-
sumption, onboard solar arrays rotation, payload motion, and
out-gassing, etc. which leads to mass variations [33]. There-
fore, the inertia matrix J consists of a nominal component
J0 ∈ R3×3 and an uncertain component 1J ∈ R3×3. The
uncertain term 1J can also be written as 1J = J − J0 [34].

Now rearranging all the uncertainties as a single lumped
uncertainty in (16) as

(J0 − δT δ︸ ︷︷ ︸
J0

+1J )ω̇ = −ω×(J0 +1J )ω + ψ + u+ d0.

93200 VOLUME 7, 2019



S. M. Amrr et al.: Event-Triggered Robust Attitude Control of Flexible Spacecraft With MRP

For the stabilizing control law u, one needs to design the
system such that J0 > 0 ∈ R3×3. Therefore,

(J0 +1J )ω̇ = −ω×J0ω − ω×1Jω + ψ + u+ d0. (18)

Taking the inverse of (J0 +1J ) in (18)

ω̇ = (J0+1J )−1{−ω×J0ω − ω×1Jω+ψ+u+d0}. (19)

The inverse of (J0 +1J ) can be written as [35]

(J0 +1J )−1 = J −10 +1Ĵ , (20)

where 1Ĵ = −J −10 1J (I3×3 + J −10 1J )−1J −10 . Using (20),
the equation (19) can be rewritten as:

ω̇ = J −10 {−ω
×J0ω − ω×1Jω + ψ + u+ d0}

+ 1Ĵ{−ω×J0ω − ω×1Jω + ψ + u+ d0}. (21)

The equation (21) can further be simplified by combining all
the uncertainty terms in a single term d as:

ω̇ = −J −10 ω×J0ω + J −10 u+ J −10 d, (22)

where d ∈ R3 represents the total disturbance which com-
prises of inertial uncertainties, external disturbances, and
flexible vibrations. The expression of d is given as:

d=−ω×1Jω+(I3×3+J01Ĵ )ψ − J01Ĵω×(J0 +1J )

×ω + J01Ĵu+ (I3×3 + J01Ĵ )d0. (23)

Therefore, the complete attitude kinematics and dynamics of
the flexible spacecraft are governed by (5) and (22).

B. PROBLEM STATEMENT
The objective of this work is to regulate the attitude of the
flexible spacecraft to a set point under limited utilization
of control updating frequency. This means less number of
transmission of feedback information. Moreover, the pro-
posed controller is also required to compensate for the effects
of parametric uncertainties, external disturbances, and vibra-
tions due to flexible appendages. The problem statement can
be summarized as, design a robust event-triggered control
under communication constraints for the flexible spacecraft
model (5) and (22) so that the closed loop system trajectories
converge into a small bound near the neighborhood of origin,
i.e.,

lim
t→∞

p = [0, 0, 0]T , and lim
t→∞

ω = [0, 0, 0]T . (24)

III. CONTROL METHODOLOGY AND DESIGN STRUCTURE
Before discussing the proposed controller, let’s briefly
describe the primary difference between the traditional peri-
odically sampled data approach and the event-triggered
approach. In a periodically sampled data technique, the time
of sampling is constant, i.e., computation and update of the
control input data are at a fixed sample time. The periodic
sample time is determined as T = ti+1 − ti, where T > 0,
and ti is the ith time of triggering (or sampling) instant for
i = 0, 1, 2, . . .. So, the execution of controller input is carried
out at every T interval. In contrast, the sampling time in

FIGURE 2. Proposed robust event-driven attitude control system
structure.

the event-trigger technique is not constant, and it is termed
as inter-update time, Ti = ti+1 − ti. So, the control signal
herein is updated at every triggering instant which is decided
by a specific predefined triggering condition. The value of
u(t) between the two triggering instant is kept constant for
time Ti. Therefore, the control lawwill update whenever there
is a requirement for the change in the control input. Thus,
the aperiodic update will significantly reduce the burden on
the communication network.

A. PROPOSED EVENT-TRIGGERED CONTROL LAW
The basic schematic representation of the proposed control
scheme is depicted in Fig. 2. As seen in Fig. 2, the overall
system is divided into two parts, physical system, and cyber
system. The physical system comprises of the physical plant,
sensors, and physical measurements, whereas the cyber sys-
tem transmits the feedback data of the system states through
the communication channel.

The feedback vector σ is defined as:

σ = ω + α p+ α(pT p)p, (25)

where σ = [σ1 σ2 σ3]T ∈ R3, α > 0 is a constant which is to
be designed.

The proposed robust event-triggered attitude control law is
developed using the event-triggered feedback vector σ (ti) as:

u(t) = −kσ (ti), for t ∈ [ti, ti+1), i = 0, 1, . . . (26)

where k > 0 is a gain constant which needs to be designed.
The value of control input u(t) is kept constant between every
two consecutive triggering instants, i.e., ti and ti+1.

An additional benefit of the designed controller is its ability
to regulate the attitude of flexible spacecraft using a single
feedback vector σ (ti). Thus, it helps in easing the burden
of communication resources by transmitting a single vector
for the update of the control input to the actuator module.
On the contrary, the update of the control input in the existing
literature is often required to have the individual information
of p and ω through the communication network.

B. THE WORKING OF THE PROPOSED SCHEME
The triggering instants of the proposed controller (26) signif-
icantly depend upon the measurement error which is defined
as:

4 = σ (ti)− σ , t ∈ [ti, ti+1), (27)
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FIGURE 3. Flowchart of the proposed robust event-triggered control
scheme.

where 4 = [41 42 43]T ∈ R3. The increment of 4 is
closely monitored approximately in a continuous way. So,
the next triggering instant ti+1 occurs when 4 crosses the
threshold of a predefined state-dependent condition which is
defined as

ti+1=min[t ≥ ti : ‖4‖≥β ‖σ‖+%], i = 0, 1, 2, . . . (28)

where % > 0 & β ∈ (0, 1). The parameter % is incorporated
to avoid Zeno behavior, as explained in the next section.

The general working of the proposed scheme to the flexible
spacecraft regulation problem is demonstrated with the help
of the flowchart given in Fig. 3.
Remark 1: The inter-update time Ti is dependent on the

value of β. The parameter β is directly proportional to Ti.
So, a higher value of β will generate larger Ti, which means
less number of data transmission, but at the same time, it will
produce higher steady-state attitude control errors. There-
fore, while designing the value of β, an acceptable trade-off
between the steady-state errors and the communication bur-
den needs to be established. Thus, a suitable value of β will
put less stress on the transmission network while achieving
better steady-state performance.

Some of the necessary properties and assumptions which
are essential for the controller design are stated in the subse-
quent development.
Property 1 ( [3]): Any symmetric positive-definite matrix

J satisfies the condition (29) for any vector
v = [v1 v2 v3]T ∈ R3:

λmin(J ) ‖v‖2 ≤ vT Jv ≤ λmax(J ) ‖v‖2 , (29)

where λmax(J ) and λmin(J ) are the maximum and minimum
eigenvalues of J , respectively.

Throughout this paper, the following assumptions are con-
sidered.
Assumption 1: The coupling effect variable ψ defined

in (17) is considered as a lumped perturbation and assumed
to be bounded as it is considered in [7], [32], [36], [37]. The
bound on ψ(t) satisfies ‖ψ(t)‖ ≤ r1+ r2 ‖ω‖2 where r1 > 0
and r2 > 0. The bound can also be expressed as ‖ψ(t)‖ ≤ r1
where 1 = 1+ ‖ω‖2 and r = max(r1, r2) [33].
Assumption 2: The overall disturbance d in (23) is

assumed to be bounded, i.e., ‖d‖ ≤ d̄ where d̄ > 0 represents
the upper bound of d .

Assumption 3: The measurements of MRP and angular
velocity are accessible for the feedback control.
Remark 2: Generally, the sources which emanate the dis-

turbances in the spacecraft are from aerodynamic drag, mag-
netic forces, pressure due to solar radiation, gravitation, etc.
All these sources of disturbances are assumed bounded [36].
Remark 3: In this paper, the actuator dynamics is consid-

ered to be faster than the plant dynamics. This implies that
the time constants of the actuators are very small. There-
fore, the actuator dynamics can be ignored in designing the
controller [38].

IV. STABILITY ANALYSIS AND THE FEASIBILITY OF THE
PROPOSED CONTROLLER
In this section, two theorems are proposed. Theo-
rem 1 demonstrates the stability analysis of the closed-loop
system and the theorem 2 shows the Zeno free behavior in the
proposed scheme.
Theorem 1: Consider the flexible spacecraft dynamics (5),

(22) under the assumption 1 and 2, with the event triggering
condition (28). Then the proposed event-triggered control
law (26) will guarantee that the closed-loop system trajec-
tories p and ω are uniformly ultimately bounded (UUB), and
hence resides within a small set in the vicinity of the origin
defined by limt→∞ ‖ω(t)‖ ∈ fω and limt→∞ ‖p(t)‖ ∈ fp,
where fω and fp are expressed as

fω =

{
ω

∣∣∣∣ ‖ω‖ ≤
√

28
λmin(J0)ς

}
, (30)

fp =

{
p
∣∣∣∣ ‖p‖ ≤

√
8

kας

}
, (31)

where ς and 8 are positive constants which are defined as

ς =
2[k(1− β)− ν]
λmax(J0)

, (32)

8 =
4kα[k(1− β)− ν]

λmax(J0)
+

(k% + 2kαβ + d̄)2

4ν
. (33)

Proof: Consider a positive Lyapunov function

V = 2kαpT p+
1
2
ωTJ0ω. (34)

Substituting (5) and (22) in the time derivative of (34) yields

V̇ = 4 kαpT ṗ+ ωTJ0ω̇, (35)

= 4 kαpT
1
4
{(1− pT p)I + 2p× + 2ppT }ω

+ωT (−ω×J0ω + u+ d). (36)

Applying the property of skew symmetric matrix, i.e.,
ωTω× = 0 or pT p× = 0 [3], results

V̇ = kα{pTω + pT ppTω} + ωTu+ ωT d. (37)

Substituting the control input (26) into (37)

V̇ = kα{pTω + pT ppTω} − kωTσ (ti)+ ωT d. (38)
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From (25) and (27), V̇ can be expressed as

V̇ = kα{pTω + pT ppTω} − kωT (4+ σ )+ ωT d,

= kα{pTω + (pT p)pTω} − kωT {4+ ω + α p

+α (pT p)p} + ωT d,

= −kωTω − kωT4+ ωT d,

≤ −k ‖ω‖2 + k ‖ω‖ ‖4‖ + d̄ ‖ω‖ . (39)

The triggering condition (28) is used in (39) to get

V̇ ≤ −k ‖ω‖2 + k ‖ω‖ (β ‖σ‖ + %)+ d̄ ‖ω‖ . (40)

With the help of the unity constraint (4), ‖σ‖ can further be
simplified as

‖σ‖ =

∥∥∥ω + α p+ α(pT p)p∥∥∥ ,
≤ ‖ω‖ + ‖α p‖ +

∥∥∥α (pT p)p
∥∥∥ ,

≤ ‖ω‖ + 2α. (41)

Substituting (41) into (40) gives

V̇ ≤ −k ‖ω‖2 + k ‖ω‖ {β(‖ω‖ + 2α)+ %} + d̄ ‖ω‖ ,

= −k(1− β) ‖ω‖2 + (k% + 2kαβ + d̄) ‖ω‖ . (42)

Now, adding and subtracting a positive term ν ‖ω‖2 in (42),
such that 0 < ν < k(1− β)

V̇ ≤ −k(1− β) ‖ω‖2+ν ‖ω‖2+(k%+2kαβ+d̄) ‖ω‖

+
(k%+2kαβ+d̄)2

4ν
−

(k%+2kαβ+d̄)2

4ν
− ν ‖ω‖2 ,

= −[k(1− β)− ν] ‖ω‖2+
(k%+2kαβ+d̄)2

4ν
− {ν ‖ω‖2

− (k%+2kαβ+d̄) ‖ω‖+
(k%+2kαβ+d̄)2

4ν
},

= −[k(1− β)− ν] ‖ω‖2+
(k%+2kαβ+d̄)2

4ν

−

{
√
ν ‖ω‖ −

(k%+2kαβ+d̄)
2
√
ν

}2
,

≤ −[k(1− β)− ν] ‖ω‖2+
(k%+2kαβ+d̄)2

4ν
. (43)

Using the Property 1 to express ‖ω‖2 as

‖ω‖2 ≥
1

λmax(J0)
ωTJ0ω. (44)

Applying (44) into (43) and rewriting it as

V̇ ≤−
2[k(1−β)−ν]
λmax(J0)

(
1
2
ωTJ0ω)+

(k%+2kαβ+d̄)2

4ν

+
2[k(1−β)−ν]
λmax(J0)

{
2 kα pT p

}
−
2[k(1−β)−ν]
λmax(J0)

×

{
2 kα pT p

}
, (45)

= −
2[k(1−β)−ν]
λmax(J0)

{
1
2
ωTJ0ω+2kα pT p

}
︸ ︷︷ ︸

V

+
2[k(1−β)−ν]
λmax(J0)

{
2kα pT p

}
+
(k%+2kαβ+d̄)2

4ν
.

(46)

Further taking the upper bound of (46) yields

V̇ ≤ −
2[k(1− β)− ν]
λmax(J0)

V +
4 kα[k(1− β)− ν]

λmax(J0)

∥∥∥pT p∥∥∥
+
(k% + 2kαβ + d̄)2

4ν
, (47)

V̇ ≤ −
2[k(1− β)− ν]
λmax(J0)

V +
4kα[k(1− β)− ν]

λmax(J0)

+
(k% + 2kαβ + d̄)2

4ν
, (48)

V̇ ≤ −ςV +8, (49)

where

ς =
2[k(1− β)− ν]
λmax(J0)

> 0, (50)

8 =
4kα[k(1− β)− ν]

λmax(J0)
+

(k% + 2kαβ + d̄)2

4ν
> 0, (51)

and λmax(J0) > 0 is the maximum eigenvalue of the positive
definite matrix J0.

From the solution of (49), the largest invariant set in which
the trajectories of the closed loop system resides can be
defined as

9 =

{
(p,ω)

∣∣∣∣V (p,ω) ≤ 8ς
}
. (52)

With assumption 1 and 2 under a high gain controller,
the bound 8 can be narrowed down to a small bound in the
vicinity of zero. So, the largest invariant band 9 will also be
narrowed down to a smaller set near the neighborhood of zero.
Therefore, the Lyapunov function V will ultimately resides in
the small set 9 in the vicinity of origin. Whereas, the closed
loop system states ultimately converges within the following
ultimate bounds:

‖p‖ ≤

√
8

kας
=

√
9

kα
, (53)

‖ω‖ ≤

√
28

λmin(J0) ς
=

√
29

λmin(J0)
. (54)

Thus, the overall closed loop system will remain uniformly
ultimately bounded (UUB). This completes the proof of
theorem 1. �

As mentioned in the previous section, the event-triggered
technique involves the use of consecutive triggering sequence
ti for i = 0, 1, 2, . . . . So, it might face a situation where
the accumulation of triggering instants occur, which is called
a Zeno behavior. The practical applicability of the contin-
uous attitude controller depends upon the admissibility of
the triggering sequence. Therefore, it is necessary that the
event-triggered attitude controller must be free from Zeno
behavior. The condition, i.e., ‘the inter-update time Ti of the
controller must always be lower bounded by a positive value’
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will guarantee the nonexistence of Zeno behavior [39]. Thus,
the practical feasibility of the triggering sequence depends
upon consistently positive Ti.
The following comparison lemma is used in the proof of

theorem 2.
Lemma 1 ( [40]): Suppose ẋ = g(t, x), x(t0) = x0, where

g(t, x) is continuous in t and locally Lipschitz in x, ∀ t ≥ 0
and ∀ x ∈ J ⊂ R. Let [t0,T ) (T can be∞) be the maximal
interval of existence of the solution x(t) ∈ J ∀ t ∈ [t0,T ). Let
ϑ(t) be a continuous function whose upper right-hand deriva-
tive D+ϑ(t) satisfies the following differential inequality

D+ϑ(t) ≤ g(t, ϑ(t)), ϑ(t0) ≤ x0, (55)

with ϑ(t) ∈ J ∀ t ∈ [t0,T ). Then ϑ(t) ≤ x(t) ∀ t ∈ [t0,T ).
Theorem 2: While considering the assumption 1 & 2,

the flexible spacecraft dynamics (5) and (22) with the pro-
posed event-triggered control scheme (26), the event trigger-
ing rule (28) guarantees that the inter-update time Ti is always
lower bounded by a positive value apart from the origin.

Proof:Under the proposed scheme, the inter-update time
Ti at a particular triggering instant is defined as the time taken
by ‖4‖ to ascent from 0 to β ‖σ‖+ %. The inter-update time
at the (i+ 1)th time instant is defined as Ti = ti+1 − ti. Now,
defining 2 as a time instant where 2 := {t ∈ [ti, ti+1) :
‖4(t)‖ = 0}. So, for t ∈ [ti, ti+1)\2, the derivative of ‖4(t)‖
with respect to time is defined as

d
dt
‖4(t)‖ ≤

∥∥∥∥ ddt [σ (ti)− σ (t)]
∥∥∥∥ ,

=

∥∥∥∥ ddt σ (t)
∥∥∥∥ . (56)

Using ṗ from (5) and ω̇ from (22), the time derivative of J0σ

from (25) can be expressed as

J0σ̇ = J0ω̇ + αJ0 ṗ+ 2αJ0 (pT ṗ)p+ αJ0 (pT p)ṗ,

J0σ̇ = J0ω̇ + α(1+ pT p)J0ṗ+ 2αJ0 (pT ṗ)p,

J0σ̇ = −ω
×J0ω + u+ d +

α(1+ pT p)
4

J0{(1− pT p)I

+2p× + 2ppT }ω +
2
4
αJ0{pT [(1− pT p)I + 2p×

+2ppT ]ω}p. (57)

Further simplifying the equation (57) yields

J0σ̇ = −ω
×J0ω + u+ d +

αJ0

4
{1− (pT p)2}Iω

+
αJ0

4
(1− pT p)(2p× + 2ppT )ω +

αJ0

2
{(pT I

+ pT ppT )ω}p. (58)

Defining a new variable G(·) as

G(·) = −ω×J0ω + d +
αJ0

4
{1− (pT p)2}Iω

+
αJ0

4
(1− pT p)(2p× + 2ppT )ω +

αJ0

2
{(pT I

+ pT ppT )ω}p. (59)

The upper bound of G(·) using unity constraint (4) can be
expressed as

‖G(·)‖ =
∥∥−ω×J0ω∥∥︸ ︷︷ ︸
≤c1‖ω‖2

+

∥∥∥∥αJ0

4
{1− (pT p)2}Iω

∥∥∥∥︸ ︷︷ ︸
≤c2‖ω‖

+

∥∥∥∥αJ0

4
(1− pT p)(2p× + 2ppT )ω

∥∥∥∥︸ ︷︷ ︸
≤c3‖ω‖

+‖d‖

+

∥∥∥∥αJ0

2
{(pT I+pT ppT )ω}p

∥∥∥∥︸ ︷︷ ︸
≤c4‖ω‖

, (60)

≤ c1 ‖ω‖2 + c2 ‖ω‖ + c3 ‖ω‖ + c4 ‖ω‖ + d̄, (61)

= c1 ‖ω‖2 + c24 ‖ω‖ + d̄, (62)

≤ max{c1, c24, d̄}(‖ω‖2 + ‖ω‖ + 1), (63)

‖G(·)‖ ≤ 0�, (64)

where 0 = max{c1, c24, d̄} > 0, � = ‖ω‖2 + ‖ω‖ + 1,
c24 = c2 + c3 + c4, and ci > 0 for i = 1, 2, 3, 4.

Therefore, the equation (58) can be rewritten as

J0σ̇ = G(·)+ u,
or, σ̇ = J −10 [G(·)+ u]. (65)

Substituting σ̇ from (65) into (56) results in

d
dt
‖4(t)‖ ≤

∥∥∥J −10

∥∥∥ ‖G(·)+ u‖ . (66)

The control input u from (26) is substituted into (66) to yield

d
dt
‖4(t)‖

≤

∥∥∥J −10

∥∥∥ ‖G(·)− kσ (ti)‖ ,
≤

∥∥∥J −10

∥∥∥ ‖G(·)‖ + ∥∥∥J −10

∥∥∥ ‖kσ + k4‖ ,
≤

∥∥∥J −10

∥∥∥0�+ k ∥∥∥J −10

∥∥∥ ‖σ‖ + k ∥∥∥J −10

∥∥∥ ‖4‖ . (67)

The comparison lemma from [40] (Lemma 1) is employed
to obtain the solution of (67) with ‖4(t)‖ = 0 as the initial
condition. Therefore, the solution of ‖4(t)‖ is expressed as

‖4(t)‖ ≤ 0�+k‖σ (t)‖
k [exp{k

∥∥∥J −10

∥∥∥ (t − ti)} − 1]. (68)

The occurrence of next triggering instance at ti+1 time can be
visualized mathematically using the triggering condition (28)
and the expression of ‖4(ti+1)‖ from (68) as

β ‖σ (ti+1)‖ + % = ‖4(ti+1)‖ , (69)

≤
0�+ k ‖σ (ti+1)‖

k
[exp{k

∥∥∥J −10

∥∥∥Ti)} − 1]. (70)

Rearranging (70) to obtain the lower bound by Ti as

Ti ≥
1

k
∥∥∥J −10

∥∥∥ ln
{
1+

k ‖4(ti+1)‖
0�+ k ‖σ (ti+1)‖

}
. (71)
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Also, the lower bound of4(ti+1) can be determined from (28)
as

‖4(ti+1)‖ ≥ %. (72)

Therefore, substituting (72) into (71) will results in

Ti ≥
1

k
∥∥∥J −10

∥∥∥ ln
{
1+

k%
0�+ k ‖σ (ti+1)‖

}
> 0. (73)

It has been already established from theorem 1 that ω is
ultimately bounded within a small region around the origin,
and hence the term 0� > 0. Moreover, the parameters like k ,
%, and

∥∥∥J −10

∥∥∥ are all positive constants. This indicates that all
the terms within the natural log in (73) is always greater than
1. Therefore, one can conclude from (73) that Ti will always
be lower bounded by a positive value away from the origin.
This completes the proof of theorem 2. �

V. SIMULATION AND RESULTS
In this section, the effectiveness of the proposed robust
event-triggered attitude control (26) has been demonstrated
by numerical simulations for the flexible spacecraft dynam-
ics (5), (22). Furthermore, the performance of the proposed
controller has been compared with the existing periodically
sampled data technique and the event-trigger based SMC
scheme [25] to illustrate the better performance of the pro-
posed scheme. The nominal inertia matrix of the flexible
spacecraft is given as:

J0 =

350 3 4
3 270 10
4 10 190

 kg.m2, (74)

and the parametric uncertainty matrix1J is considered as [5]

1J =

 4.20 0.900 0.600
0.900 −7.00 2.50
0.600 2.50 5.89

 kg.m2. (75)

The external disturbances experienced by the spacecraft are
taken as [21]

d0(t) =

 1+ 2 sin(0.005t)
−1− 5 cos(0.005t)
2− 4 sin(0.005t)

× 10−4 N.m. (76)

The coupling matrix of the spacecraft is given as [5]

δ =


6.45637 1.27814 2.15629
−1.25619 0.91756 − 1.67264
1.11678 2.48901 − 0.83674
1.23637 − 2.6581 − 1.12503

 kg
1
2 .m/s2. (77)

Table 1 presents the damping ratios and the natural frequen-
cies of the individual elastic mode.

The parameters of the proposed schemes are designed
according to [21], [41] which are given as

k =
16ζ̄
ts
‖J0‖2 , kα =

320
t2s
‖J0‖2 , (78)

TABLE 1. Parameters of flexible dynamics [5].

TABLE 2. Controller and system parameters.

FIGURE 4. Modified Rodrigues parameter response under proposed
control (26).

where ζ̄ = 1 is the damping ratio and ts = 100 s is the settling
time. The closed loop parameters are shown in table 2.
The initial conditions of the system states are:

p(0) = [−0.037 0.039 0.071]T and

ω(0) = 10−3 × [0.965 0.283 0.151]T rad/s.

A. RESULTS OF THE PROPOSED CONTROLLER
The simulation results under the action of the proposed con-
trol scheme are presented in Figs. 4−12. The MRP response
is shown in Fig. 4. The trajectories of p are smoothly con-
verging to the small neighborhood of origin within 100 s of
the order |p(t)| ≤ 2.5× 10−4 under the presence of multiple
uncertainties and vibrations. Moreover, the attitude response
in Euler angles (φ, θ , ψ) under the proposed scheme is also
presented in Fig. 5. The Euler angles φ, θ , ψ represents the
roll, pitch, and yaw angles, respectively. It is evident from
Fig. 5 that the Euler angles are also effectively and smoothly
converging into the neighborhood of origin within 100 s.

The angular velocity response of the flexible spacecraft is
given in Fig. 6. The transient response of ω is smooth with
the settling time of around 100 s within a bound of |ω(t)| ≤
2.0× 10−4 rad/s. As seen in the enlarged plots of Figs. 4−6,
the system states are converging to a very small bound in the
neighborhood of origin.

Fig. 7 represents the proposed event-triggered control
response (26). It can be observed from Fig. 7 that between
the two adjacent triggering instances, the value of u(t) is kept
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FIGURE 5. Attitude of spacecraft in Euler angle under proposed
control (26).

FIGURE 6. Angular velocity response under proposed control (26).

the same. The change in the value of u(t) are occurring when
the triggering condition is violated (see Fig. 8). Furthermore,
the plot of control input also illustrates the smooth transient
response even in the presence of various uncertainties. The
control input value converges to a small bound |u(t)| ≤
2 × 10−3 N.m in 100 s. The number of triggering instants
of control input during the whole simulation run of 1000 s
is 270. That means the information of σ is updated 270 times
through the communication channel.

The time response of ‖4‖ and the triggering condition
β ‖σ‖ + % are shown in Fig. 8. As seen in Fig. 8, whenever
‖4‖ = β ‖σ‖+%, then in the next iteration the value of ‖4‖
becomes 0. This is due to the update in the value of σ (ti) to the
current value of σ (t) as described in (27). The settling time
of state dependent parameter β ‖σ‖ + % to the neighborhood
of zero is around 80 s. The steady state response of both the
parameters are shown in the magnified plot in Fig. 8 which
shows % < ‖4‖ ≤ 1× 10−5 and agreeing with (72).

The time history of feedback vector σ (t) is presented
in Fig. 9. As seen from Fig. 9, the trajectories of σ (t)
converges to a small neighborhood of zero within 100 s.

FIGURE 7. The response of the proposed control input torques (26).

FIGURE 8. The evolution of norm of error ‖4‖ and the state dependent
parameter β ‖σ‖ + % under the proposed control (26).

The bound of σ (t) during the steady state is 2×10−5. The plot
of overall disturbance experienced by the flexible spacecraft
is depicted in Fig. 10. It is evident from Fig. 10 that under
the action of the proposed controller, the overall disturbance
is effectively reduces to a very small bound in the range of
2 × 10−5 N.m within 50 s. The steady state response of
disturbance is also shown in the enclosed plot in Fig. 10which
is within the range of 5× 10−6 N.m.

Furthermore, the displacement of the flexible modes are
displayed in Fig. 11 and 12. The proposed controller con-
verges the vibrations of flexible modal η to a small magnitude
of less than 4×10−3 in 50 s. The time of convergence of η can
further be reduced by using sufficiently large controller gain.
The Euclidean norm of vector η during the steady state is
2.6 ×10−4. Moreover, the energy utilized to regulate the
spacecraft is measured using the energy index function
defined as E =

∑3
i=1

∫ t
0 |ui(τ )|

2 dτ . The proposed con-
troller achieves the desired attitude by using the energy of
2.56 N2m2.

The steady state performance of the spacecraft under the
proposed controller (26) is summarized in Table 3. In addi-
tion, Table 3 shows the system performance under different
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TABLE 3. System performance under the proposed control (26) at different values of parameter % during the steady state.

FIGURE 9. The response of the feedback vector trajectory (25).

FIGURE 10. Overall disturbances subjected to the flexible spacecraft (23).

values of the parameter %. It can be observed from the Table 3
that with the smaller value of %, the system performance
is better at the cost of higher number of triggering instants
and vice versa. Therefore, one has to identify the controller
constraints and specifications while selecting the appropriate
value of % to achieve the desired performance objective.

B. RESULTS OF THE PERIODICALLY SAMPLED DATA
TECHNIQUE
For comparison, the traditional periodically sampled data
technique is also simulated for the same initial conditions and
the controller gain k . The corresponding control structure is
similar to (26) and the only difference is that the control is
updated at a fixed sample time T and not according to the

FIGURE 11. Modal displacement of η1 and η2.

FIGURE 12. Modal displacement of η3 and η4.

event triggering condition (28). The performance of period-
ically sampled data technique for the attitude regulation at
different sampling time is presented in Table 4. It can be seen
from the first row of measurements in both the Table 3 and 4,
the performance of the periodically sampled data technique is
slightly better than the proposed controller but at the cost of
higher number of transmissions (i.e., the control is updated
230 times more through wireless network) and 0.36 N2m2

of more energy than the proposed scheme (26). Furthermore,
as the sampling time increases in Table 4, the performance
of the periodically sampled data technique degrades and also
it consumes more energy. In contrast, the proposed method-
ology (26) achieves the satisfactory results even with only
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TABLE 4. System performance using periodically sampled data technique
at different sampling time T during the steady state.

FIGURE 13. Modified Rodrigues parameter response under the control
algorithm of [25].

97 updates of the control input. Moreover, there is no signifi-
cant change in the energy consumption for all the simulation
results under the proposed scheme as shown in Table 3.
Therefore, it is evident that under the constraint of limited
transmission, the proposed control (26) is performing better
than the periodically sampled data technique.

C. RESULTS OF THE EVENT-TRIGGERED SMC
Another comparative simulation analysis is performed
with a recently proposed controller on the event-triggered
SMC [25]. The event-triggered control law is designed using
a linear sliding surface structure s = ω + Kp where
K = diag[2 2 2]. The triggering condition is expressed as:
ti+1 = inf{t : t > ti, ‖e(t)‖1 ≥ ε ‖ω(ti)‖1 + r} where
e(t) = ω(ti)− ω(t), ε = 0.5, and r = 1× 10−6. The control
law is given as u = −{J∗µ ‖ω(ti)‖1 + C(ω(ti))}sign(s(ti))
for all t ∈ [ti, ti+1). The parameter C(ω(ti)) and the signum
function sign(s(ti)) are sampled at every triggering instant ti.
The parameter C(ω(ti)) is defined as C(ω(ti)) ≥ dmax+α1+

β1 ‖ω(ti)‖1 where J
∗
= 360, µ = 3, dmax = 1, α1 = 0.001,

β1 = 530.
The simulation results under the control algorithm of [25]

are presented in Figs. 13−20. The attitude states in terms
of MRP and Euler angles are illustrated in Fig. 13 and 14,
respectively whereas the angular velocity is presented
in Fig. 15. Although the transient response of the system
trajectories is fast due to the high magnitude of control input
(see Fig. 16), the behavior of the transient response is not
smooth and even in 100 s, the system states are only able
to converge within a bound of |p(t)| ≤ 7.4 × 10−3 and
|ω(t)| ≤ 1.2× 10−2 rad/s.

FIGURE 14. Attitude of spacecraft in Euler angle under the control
algorithm of [25].

FIGURE 15. Angular velocity response under the control algorithm of [25].

The magnitudes of the control input during the transient
response in Fig. 16 are too high compared to the proposed
controller (Fig. 7). The value of the control input converges
to a bound |u(t)| ≤ 6 × 10−3 N.m in 100 s. The energy
utilized under this scheme is 6.96 × 103 N2m2 which is too
excessive compared to the proposed technique. Furthermore,
the control law is updated 2118 times through communication
channel in 1000 s, which is too high as compared to the
proposed technique. The control algorithm of [25] ultimately
loses the objective of minimal utilization of energy and com-
munication resources with this high magnitude and high rate
of data transmission.

The sliding surface response is presented in Fig. 17. The
transient response of the sliding surface is non-smooth, and it
takes approximately 60 s for s to converge in the vicinity of
origin with a bound 1× 10−3. The steady-state convergence
accuracy of s is ≤ 8 × 10−5. The initial magnitude of the
overall disturbance, as shown in Fig. 18, is also high due to
the high magnitude of control input. In the proposed tech-
nique (26), themaximum value of d is less than 2×10−4 N.m,
whereas in case of [25], it reaches to 1.7×10−2 N.m. During
the steady state, d is limited within the bound of 3×10−6 N.m
as seen from the steady-state response given within Fig. 18.
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TABLE 5. System performance under the control algorithm of [25] at different values of parameter r during the steady state.

FIGURE 16. The response of the control input torque under the control
algorithm of [25].

FIGURE 17. The response of the sliding surface under the control
algorithm of [25].

The modal displacement responses of the first two and the
last two components are shown in Fig. 19 and 20, respec-
tively. It is evident from Fig. 19 that η1 is settling down to
a magnitude of 5 × 10−2 in 50 s which is a higher value as
compared to the proposed scheme where |η1| ≤ 5 × 10−3

in 50 s (Fig. 11). Moreover, during the steady state, the pro-
posed controller is performing better than the control of [25]
in suppressing the vibration of flexible modes to a smaller
bound. The Euclidean norm of vector η during the steady state
is 1.1×10−2, whereas in case of the proposed technique (26),
it is 2.6× 10−4.

The performance of the control algorithm of [25] is sum-
marized in Table 5. Similar to the proposed technique,
the control of [25] is also tested under different values of

FIGURE 18. Overall disturbances subjected to the flexible spacecraft (23)
under the control algorithm of [25].

FIGURE 19. Modal displacement of η1 and η2 under the control algorithm
of [25].

parameter r and its performance is also tabulated in Table 5.
Unlike the proposed scheme where the controller exhibits
acceptable performance even with % = 1× 10−4, the control
performance of [25] gets deteriorate with r > 1× 10−5. The
scheme of [25] consumes more communication resources by
utilizing high control updating frequency than the proposed
scheme. For instance from Table 5 with r = 1 × 10−5,
the controller updates the input 1168 times with an average
Ti = 0.68 s. On the other hand in Table 3 with % = 1×10−5,
the proposed controller updates the input 178 times with an
average Ti = 10.08 s. Even then the performance of the
proposed scheme is better than the scheme of [25].

It is observed based upon the above simulation results that
although the algorithm of [25] generates a faster transient
response by consuming more control input, the proposed
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FIGURE 20. Modal displacement of η3 and η4 under the control algorithm
of [25].

technique (26) exhibits smooth transient response and better
steady state performance by utilizing lesser energy and data
transmission. Moreover, the proposed controller is effectively
suppressing the flexible vibrations to a smaller convergence
bound than the control scheme of [25].

VI. CONCLUSION
This paper designed a robust event-triggered attitude regula-
tion control of the flexible spacecraft where the attitudes are
represented byMRP. The spacecraft has the constraint of lim-
ited utilization of control updating frequency. Furthermore,
the spacecraft is subjected to the parametric uncertainties,
external disturbances, and flexible modal vibrations due to
solar appendages. The proposed controller is developed by
using a novel state dependent feedback vector. The informa-
tion of the feedback vector gets updated to the on-board atti-
tude controller whenever the predefined triggering condition
is satisfied. The stability of the closed-loop system using the
Lyapunov theory guarantees the UUB convergence of system
states where the system state reside in the small bounds near
the neighborhood of origin. Moreover, it is also proved that
the inter-update time under the proposed methodology is
always lower bounded by a positive value which establishes
that the proposed scheme is free from the Zeno behavior.
Finally, the numerical simulation results illustrate the effec-
tiveness and validity of the proposed control approach under
various uncertainties and disturbances. Few potential future
extension of this work could be: incorporating the adaptive
based event-trigger control, extending this approach for the
attitude tracking problem, etc.
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