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Abstract
Tractable Policies in Dynamic Robust Optimization

Omar El Housni

In many sequential decision problems, uncertainty is revealed over time and we need to
make decisions in the face of uncertainty. This is a fundamental problem arising in many
applications such as facility location, resource allocation and capacity planning under demand
uncertainty. Robust optimization is an approach to model uncertainty where we optimize over the
worst-case realization of parameters within an uncertainty set. While computing an optimal
solution in dynamic robust optimization is usually intractable, affine policies (or linear decision
rules) are widely used as an approximate solution approach. However, there is a stark contrast
between the observed good empirical performance and the bad worst-case theoretical
performance bounds. In the first part of this thesis, we address this stark contrast between theory
and practice. In particular, we introduce a probabilistic approach in Chapter 2 to analyze the
performance of affine policies on randomly generated instances and show they are near-optimal
with high probability under reasonable assumptions. In Chapter 3, we study these policies under
important models of uncertainty such as budget of uncertainty sets and intersection of budgeted
sets and show that affine policies give an optimal approximation matching the hardness of
approximation. In the second part of the thesis and based on our analysis of affine policies, we
design new tractable policies for dynamic robust optimization. In particular, in Chapter 4, we
present a tractable framework to design piecewise affine policies that can be computed efficiently
and improve over affine policies for many instances. In Chapter 5, we introduce extended affine
policies and threshold policies and show that their performance guarantees are significantly better
than previous policies. Finally, in Chapter 6, we study piecewise static policies and their

limitations for solving some classes of dynamic robust optimization problems.
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Introduction

In most sequential decision problems, uncertainty is revealed over time and we need to make
decisions in the face of uncertainty. This is a fundamental problem arising in almost every busi-
ness application where real-time decisions are based on the information revealed thus far. For
instance, in capacity planning problems, retailers need to make capacity decisions while the un-
certain demand is sequentially revealed in the market. In facility location problems, manufacturers
need to decide the location of the stores before they observe the uncertain demand requests from
customers.

Stochastic and robust optimization are two widely used paradigms to handle uncertainty. In the
stochastic optimization approach, uncertainty is modeled as a probability distribution and the goal
is to optimize an expected objective [1]. We refer the reader to Kall and Wallace [2], Prekopa [3],
Shapiro [4], Shapiro et al. [5], Birge and Louveaux [6] for a detailed discussion on stochastic op-
timization. On the other hand, in the robust optimization approach, we consider an adversarial
model of uncertainty using an uncertainty set and the goal is to optimize over the worst-case real-
ization from the uncertainty set. This approach was first introduced by Soyster [7] and has been
extensively studied in recent years. While robust optimization approach might seem conservative,
the decision maker can control the level of conservatism by choosing an appropriate uncertainty
set. Moreover, designing an uncertainty set from historical data is significantly less challenging
than estimating a joint probability distribution especially for high-dimensional uncertainty. Fur-
thermore, robust optimization leads to a tractable approach where a feasible static solution can be

computed efficiently for a large class of problems. However, computing an optimal (or dynamic)



solution can be hard in general in both the stochastic and robust paradigms due to the “curse of
dimensionality”. This intractability of computing the optimal adjustable solution necessitates con-
sidering approximate solution policies. We refer the reader to Ben-Tal and Nemirovski [8, 9, 10],
El Ghaoui and Lebret [11], Bertsimas and Sim [12, 13], Goldfarb and Iyengar [14], Bertsimas et
al. [15] and Ben-Tal et al. [16] for a detailed discussion of robust optimization.

In this thesis, we focus on the robust optimization framework to model uncertainty. Our goal
is to design and analyze tractable approximation policies and algorithms for dynamic robust op-
timization problems that have both provable theoretical guarantees and can be implemented effi-
ciently in practice. In addition to practical implementation, the worst case performance analysis
allows us to understand both the power and limitations of the approximate policies and provides
insights towards designing more general policies.

Commonly used approximations policies in robust optimization include functional policies
such as static and affine policies where the decision in any period ¢ is restricted to a static or a
linear function of the sample path until period 7. Both static and affine policies have been studied
extensively in the literature and can be computed efficiently for a large class of problems. While
the worst-case performance of such approximate policies can be significantly bad as compared to
the optimal dynamic solution, the empirical performance, especially of affine policies, has been
observed to be near-optimal in a broad range of computational experiments. In the first part of
this thesis (Chapters 2 and 3), we aim to bridge the gap between the theoretical and empirical
performance of affine policies by providing an extensive theoretical analysis of their performance
for a wide range of dynamic robust problems. While affine policies provide good theoretical and
empirical approximation in many settings, their performance could be bad for some classes of
uncertainty sets. This motivates us to consider more general policies namely piecewise policies
where we divide the uncertainty set into several pieces and specify an affine or a static solution for
each piece. A significant challenge in designing a practical piecewise policy is to construct good
pieces of the uncertainty set. Based on the insights in our analysis of affine policies, we develop

new piecewise policies that improve significantly over affine and static policies in many settings.



In particular, we present a tractable framework to design different classes of piecewise policies and
analyze their performance for a fairly general class of robust optimization problems. We discuss
piecewise affine policies in Chapter 4, threshold and extended affine policies in Chapter 5 and
piecewise static policies in Chapter 6.

This thesis is organized as follows. Chapter 1 is an introduction chapter where we present
an overview of the robust optimization problems that we discuss in this thesis. In particular, we
present the framework of two-stage adjustable robust optimization. We introduce both the two-
stage robust problems with covering constraints and with packing constraints and review couple
of preliminaries and known results in the literature. Note that most of the chapters in this thesis
would focus on covering problems. We include in Chapter 1 an extensive summary of all our con-
tributions in this thesis. In Chapters 2 and 3, we address the stark contrast between the worst-case
theoretical performance and near-optimal empirical performance of affine policies. In particular,
we present a probabilistic analysis of affine policies in Chapter 2 that provides a theoretical justifi-
cation of the good empirical performance of affine policies on random instances of a fairly general
class of robust optimization problems. In Chapter 3, we provide a theoretical study on the perfor-
mance of affine policy on realistic instances under a widely used class of uncertainty sets including
budget of uncertainty sets and intersection of budgeted sets. In Chapter 4, we present a tractable
framework to design piecewise affine policies that can be computed efficiently and improve over
affine policies for a wide range of instances. In Chapter 5, we introduce extended affine policies
and threshold policies and show that they improve significantly over the previous known policies
for many instances. Finally, in Chapter 6, we study piecewise static policies and their limitations

for solving some classes of dynamic robust optimization problems.



Chapter 1: Two-stage robust optimization

In this thesis, we focus on a fairly general class of two-stage robust optimization problems,
also known as two-stage adjustable robust optimization, that arises in many applications. The
dynamics of this class of problems are such that the decision maker takes a first stage decision
before observing the realization of uncertain parameters. Then, adversary selects the uncertain
parameters from an uncertainty set. Finally, the decision maker takes a recourse decision after
observing the realization of these uncertain parameters. In this chapter, we first introduce the class
of two-stage robust problems with covering linear constraints and review related literature. Then,
we present a summary of all our contributions in Chapters 2, 3, 4, 5 that would mainly focus on this
class of problems. At the end of this chapter, we introduce the class of two-stage robust problems
with packing linear constraints that we discuss in Chapter 6 and summarize the contributions of

Chapter 6.

1.1 Two-stage robust optimization with covering constraints

Consider the following two-stage adjustable robust linear optimization problem with uncertain
right hand side:
zaR (¢,d,A,B,U) = min ¢ x + max min dTy (h)
x hell y(h)
Ax +By(h) > h, YhelU

(1.1)
xeX

y(h) eRY, VheU,

where A € R™" B € R"",¢ € R and d € R’} . The right-hand-side 4 is uncertain and belongs

to a compact convex uncertainty set & C R’'. The recourse matrix is non-negative and fixed, i.e.,
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B belongs to the non-negative orthant and does not depend on the uncertain parameter k. The goal
in this problem is to select the first-stage decision x € X, where X is a polyhedral set and the
second-stage recourse decision, y(h), as a function of the uncertain right hand side realization, h
such that the worst-case cost over all realizations of A € U is minimized.

This model has been widely considered in the literature (see for example Bertsimas and de
Ruiter [17], Bertsimas and Goyal [18], Dhamdhere et al. [19], El Housni and Goyal [20], Gupta et
al. [21], Xu and Burer [22], Zhen et al. [23].) It captures many important applications including set
cover, capacity planning, facility location and network design problems under uncertain demand.
Here, the right hand side £ models the uncertain demand and the covering constraints capture
the requirement of satisfying the uncertain demand. However, the adjustable robust optimization

problem (1.1) is intractable in general. In fact, Feige et al. [24] show that the two-stage adjustable

logn
loglogn

problem (1.1) can not be approximated within a ratio better than €( ) under a reasonable
complexity assumption, namely, 3SAT can not be solved in time 29¢ V) on instances of size n.

In view of the intractability, several approximation policies (or decision rules) have been con-
sidered in the literature for (1.1) including static, piecewise static, affine and piecewise affine
policies. In a static policy, we compute a single optimal solution (x,y) that is feasible for all
realizations of the uncertain right hand side. Bertsimas et al. [25] relate the performance of static
solution to the symmetry of the uncertainty set and show that it provides a good approximation to
the adjustable problem if the uncertainty set verifies some symmetry properties. However, static
policy is too conservative in general and the performance of static solutions can be arbitrarily large
for a general convex uncertainty set.

Ben-Tal et al. [26] introduce affine policy approximation for (1.1), where they restrict the
second-stage decision, y(h) to being an affine function of the uncertain right-hand-side #, i.e.,
y(h) = Ph + ¢ for some decision variables P € R and ¢ € R". Affine policy can be computed
efficiently for a large class of uncertainty sets and therefore, provide a tractable approximation

for the two-stage problem. Furthermore, the empirical performance of affine policies has been

observed to be near-optimal for a large class of instances even though theoretically, optimality of



affine policies is known in only a few settings. Bertsimas et al. [27] and lancu et al. [28] show that
affine policy is optimal for multi-stage adjustable problems with a single uncertain parameter at
each stage. Bertsimas and Goyal [18] show that affine policy is optimal for the two-stage adjustable
problem (1.1) if the uncertainty set U is a simplex. However, in the particular case where we
assume only non-negativity constraints on the first stage decision variable, i.e. x > 0, they show
that the worst-case performance of an optimal affine solution is ®(+/m) times the optimal cost
of (1.1) [18]. Note that the gap could be even larger for general polyhedral constraints that involves
only x i.e., x € X. Therefore, there is a significant gap between the worst-case performance of
affine policies and the observed empirical performance.

More general decision rules have been considered in the literature for two-stage problems;
binary decision rules (Bertsimas and Georghiou [29]), adjustable solutions via iterative splitting of
uncertainty sets (Postek and Den Hertog [30]), k-adaptibility (Hanasusanto et al. [31], El Housni
and Goyal [32]), segregated linear decision rules (Chen et al. [33]), Fourier—Motzkin elimination
(Zhen et al. [34]), etc. While these decision rules can improve in some instances over affine
policies, they become computationally very challenging especially for large size instances. For a
more extensive review of the literature, we refer the reader to Bertsimas et al. [15], Ben-Tal et al.

[16] and Yanikoglu et al. [35]

1.1.1 Affine policies: Preliminaries.

Affine policies (also known as linear decision rules) are widely used in the literature of robust
optimization. They were introduced by Ben-Tal et al. [26] for the two-stage adjustable problem
(1.1). In an affine solution, we restrict the second stage decision y (k) to be an affine function of

the uncertain parameter £, i.e.,

y(h) =Ph +gq,



and we optimize over the variables P and ¢g. The affine problem is formulated as:

zai (¢, d,A,B,U) = min ¢’ x + maxd’ (Ph + q)
x,Pq hel

Ax+B(Ph+q) > h, YhelU
(1.2)
Ph+q >0, YVhel

xeX.

Affine policy has been widely used as an approximation to (1.1) due to its tractability. In fact,
Ben-Tal et al. [26] show that affine problems have an equivalent standard LP formulation when
the uncertainty set is described by a polyhedral set. The size of the LP is polynomial in the size of
the input parameters (i.e., number of variables and constraints in (1.1) and number of constraints
in U). For completeness, we briefly discuss the tractability and compact LP formulation of affine

policies. Consider the following polyhedral uncertainty set
U=1{h R} |Rh <r}, (1.3)

where R € RY™ and r € RE. The affine problem (1.2) can be reformulated as the following

epigraph formulation:

zas (¢, d,A,B,U) =min ¢ x + z
z>d (Ph+q), Yhel
Ax+B((Ph+q) > h, YhelU
Ph+q >0, Yhel

xeX,PeR"™ qeR" zeR.

Note that this formulation can have infinitely many constraints but the separation problem is

tractable. For example, the separation problem for the first set of constraints is: Given z,x,P,q



decide if

:—dlq > max {d"Ph | Rh < r). (1.4)

This can be done efficiently by solving the above maximization LP. Moreover, Ben-Tal et al. [26]
show that we can formulate (1.2) as a compact LP using standard techniques from duality. For
instance, consider the first set of constraints (1.4), by taking the dual of the maximization problem,
the constraint becomes

z—dlq> min (r'v |R"v > P'd).
V>

We can then drop the min and introduce v as a variable. Hence, we obtain the following linear
constraints:

z- qu > rly, Ry > Pld, v > 0.

We can apply the same techniques for the other constraints. For completeness, we restate the
compact LP formulation of Ben-Tal et al. [26] adapted to our problem in Lemma A.0.2. The

lemma and its proof are deferred to Appendix A.

1.1.2  Affine policies: Summary of contributions of Chapters 2 and 3

The goal of Chapters 2 and 3 is to address the stark contrast between the worst-case and em-
pirical performance of affine policies and provide a fine-grained analysis of affine policies beyond
worst-case.

Chapter 2: Beyond worst-case: a probabilistic analysis of affine policies. In this chapter, we
present a theoretical analysis of the performance of affine policies for synthetic instances of two-
stage robust optimization problem generated from a probabilistic model. More specifically, we
consider random instances of the two-stage adjustable problem (1.1) where the coefficients of the
constraint matrix B are randomly generated and analyze the performance of affine policies for a

large class of distributions. The main contributions of this chapter are summarized below.

Random Constraint Coefficients. We consider probabilistic instances of (1.1) where the columns

of B are generated from independent multivariate distributions, (i.e., for all j € [n], column B;
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is generated from the multivariate distribution ¥#; independent from the other columns) and show
that affine policy is provably a good approximation with high probability with a bound that is sig-
nificantly better than the worst-case bound for a large class of distributions including distributions

with bounded support and distributions with gaussian and sub-gaussian tails.

1. Distributions with Bounded Support. We first consider the case where the support of
distributions ¥;, j € [n] is bounded in, say [0,b]™. For all i € [m], let #;; denote the
marginal distribution of B;; where the column B; is distributed according to ¥;, and let
uij = E[B;;]. We show that for sufficiently large values of m and n, affine policy gives a

b/ u-approximation to the adjustable problem (1.1) where

More specifically, with probability at least (1 — 1/m), we have that

b
zaii(c,d,A,B,U) < ———— - zar(c,d,A,B,U),
u(l —e€)

where € = b/u+/log m/n (Theorem 2.2.1 in Chapter 2 ).

This bound is significantly better than the worst-case approximation bound of O(+/m) for
many distributions. As an example, consider the special case where all coefficients B;; are
1.1.d. according to some distribution with bounded support [0, 5] and expectation u. Then
affine policy gives b/u-approximation to the two-stage adjustable problem (1.1) with high
probability. Moreover, if the distribution is symmetric (such as uniform or Bernoulli dis-
tribution with parameter p = 1/2), affine policy gives a 2-approximation for the adjustable

problem (1.1).

2. Distributions with Sub-Gaussian tails. While the above analysis leads to a good approxi-
mation for many distributions, the ratio % can be significantly large in general; for instance,

for distributions where extreme values of the support are extremely rare and significantly
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far from the mean. In such instances, the bound b/u can be quite loose. We can tighten
the analysis by using the concentration properties of distributions and can extend the anal-
ysis even for the case of unbounded support. In particular, we consider the case where for
all j € [n], column B; is distributed according to a multivariate distribution, ¥; with (pos-
sibly) unbounded support and a sub-gaussian tail independent of other columns. Then for

sufficiently large values of m and n, with probability at least (1 — 1/m),

zaf(c,d,A,B,U) < O(+/logm +logn) - zar(c,d,A,B,U).

Here we assume that the parameters of the distributions are independent of the problem
dimension. We prove the case of distributions with sub-gaussian tails in Theorem 2.2.3 of

Chapter 2.

We would like to note that the above performance bounds are in stark contrast with the worst
case performance bound O( «/m) for affine policies that is tight. For the random instances where
columns of B are independent according to above distributions, with high probability the perfor-
mance bound is significantly better. Therefore, our results provide a theoretical justification of
the good empirical performance of affine policies and close the gap between worst case bound
of O(+/m) and observed empirical performance. Furthermore, surprisingly these performance
bounds are independent of the structure of the uncertainty set, U unlike in previous work where
the performance bounds depend on the geometric properties of Y. Our analysis is based on a
dual-reformulation of (1.1) introduced in [17] where (1.1) is reformulated as an alternate two-
stage adjustable optimization and the uncertainty set in the alternate formulation depends on the
constraint matrix B. Using the probabilistic structure of B, we show that the alternate dual uncer-
tainty set is close to a simplex for which affine policies are optimal.

We would also like to note that our performance bounds are not necessarily tight and the actual
performance on particular instances can be even better. We test the empirical performance of affine

policies for random instances generated according to uniform and folded normal distributions and
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observe that affine policies are nearly optimal with a worst optimality gap of 4% (i.e. approxi-
mation ratio of 1.04) on our test instances as compared to the optimal adjustable solution that we

compute using a mixed integer program (MIP).

Worst-case distribution for Affine policies. While affine policies give with high probability a
good approximation for random instances according to a large class of commonly used distri-
butions, we present a distribution where the performance of affine policies is Q( +/m) with high
probability for instances generated from this distribution. In particular, there is no smoothed analy-
sis for affine policies. Moreover, this bound matches the worst-case deterministic bound for affine
policies. We would like to remark that in the worst-case distribution, the coefficients B;; depend
on the dimension of the problem. This suggests that to obtain bad instances for affine policies,
we need to generate instances using a structured distribution where the structure of the distribution

might depend on the problem structure.

Chapter 3: Affine policies for budget of uncertainty sets. In this chapter, we study the performance
of affine policies for realistic instances of the two-stage adjustable problem (1.1) (in particular the
instances of (1.1) are not drawn randomly from a class of distributions as in the previous chapter).
The focus here is to analyze the performance of affine policie for an important class of uncertainty
sets widely used in practice, namely budget of uncertainty. Again, one of our important goals in this
analysis is to address the stark contrast between the observed near-optimal empirical performance
and the worst-case approximation bound of @(y/m) [18]. Towards this, we consider the class
of budget of uncertainty sets and intersection of budget of uncertainty sets that was introduced in
Bertsimas and Sim [13]. This is widely used class of uncertainty sets in practice where the decision
maker can specify a budget on the sum of adversarial deviations of the uncertain parameter from

the nominal values. In particular, a budget of uncertainty set can be formulated as follows:

(LI:{hE[O,l]m‘ iwihié 1}, (1.5)
i=1

where w; € [0,1] for all i € [m]. It is known that the two-stage adjustable problem (1.1) is hard to
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approximate under this class of uncertainty set. In particular, Feige et al. [24] show that the two-

stage adjustable problem (1.1) where U is the budget of uncertainty set (1.5) is hard to approximate

logn

within a factor Q( foglogn

) even when all w; are equal, A, B are 0-1 matrices and X = R”. The main

contributions of this chapter are the following.

(a) Optimal approximation for budget of uncertainty sets. We show that affine policy gives

an optimal approximation for the two-stage adjustable robust problem for budgeted uncer-

logn
loglogn

tainty sets. In particular, affine policy gives an O( )-approximation to the two-stage
adjustable problem (1.1) where U is a budget of uncertainty set (1.5). This performance
bound matches the hardness of approximation [24]; thereby, showing that surprisingly affine
policies give an optimal approximation (up to some constant factor) for (1.1) for budget of
uncertainty sets. In other words, there is no polynomial time algorithm with worst-case ap-
proximation guarantee better than affine policies by more than some constant factor. This
bound significantly improves over the previous known bound of O( v/m) [18, 36] for budget
of uncertainty sets. Moreover, our result holds for general polyhedral constraints on the first
stage variable x € X. In particular, we can model for example upper bounds on x, this is in

contrast with the previous bounds in the literature that have been shown only in the special

case of X = R

Our analysis relies on constructing a feasible affine solution whose worst-case cost is within
a factor 0(101;1%) of the optimal cost. In particular, we partition the components of U
into inexpensive and expensive components based on a threshold and construct an affine
solution that covers only the inexpensive components using a linear solution. The remaining

components are covered using a static solution. We show that for an appropriately chosen

logn )_
loglogn

threshold that depends on the optimal cost, such an affine solution gives an O(

approximation for the two-stage problem for the budget of uncertainty set.

Therefore, in addition to establishing the performance bound that matches the hardness of
approximation, our analysis shows there is a near-optimal affine solution whose structure is

closely related to threshold policies that are widely used in many applications. This struc-
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(b)

tural property might be of independent interest and also gives an alternate faster algorithm

for computing near-optimal affine solutions for budget of uncertainty sets as we discuss later.

Intersection of budgeted sets. We also consider a more general family of uncertainty sets,

namely the following intersection of budget of uncertainty sets:

U = he[O,l]’"| ZW&‘hiS 1 VlelL];, (1.6)

€Sy

where w; € [0,1]™,and S, C [m] for all £ € [L]. The set (1.6) is defined by the intersection of

L budget constraints. These are an important generalization of the budget of uncertainty set

(1.5) that are widely used in practice. They capture for instance CLT sets [37] and inclusion-

constrained budgeted sets [38].

@

(ii)

We first consider the case when the family of subsets S, for ¢ € [L] are disjoint. We
refer to this class of sets as disjoint constrained budgeted sets. These are essentially
Cartesian product of L budget of uncertainty sets. We show that affine policy is near-
optimal and gives an O (log2 n/loglog n)—approximation to (1.1) for this class of sets.
We would like to note that the bound is independent of L. Similar to the case of budget
of uncertainty sets, our analysis is based on constructing a near-optimal affine solution
by partitioning components of U into inexpensive and expensive components using
appropriate thresholds for each of the L budgeted sets in the Cartesian product. How-
ever, in this case, we are able to relate the performance of our affine solution to only a
lower bound of zar(U). In particular, we use an online algorithm for the fractional
covering problem to both construct thresholds (and therefore, a feasible affine solution)

as well as the lower bound of the optimal value.

For general intersection of L budgets. Under the assumption that X is a polyhedral
cone (for example X = R"), we show that affine policy gives O (log L log n/loglogn)

to (1.1) for the case where U is permutation invariant. We say that U is permuta-

13



tion invariant if for any 2 € U and any 7 permutation of [m], then h* € U where
hi = h¢i). This class captures many important sets such as CLT sets. The perfor-
mance of affine policy depends on L in this case but degrades gracefully. For general
intersection of budgeted sets and X a polyhedral cone, we show a worst-case bound of
O (Llogn/loglogn) on the performance of affine policy for (1.1). We summarize our

results in Table 1.1.

(c) Faster algorithm to compute near-optimal affine solutions. Based on the structural prop-
erties of the near-optimal affine policies constructed for analysis of performance, we present
an alternate algorithm to compute an approximate affine policy for (1.1) for budget of un-
certainty sets that is significantly faster than computing optimal affine policy by solving a
large LP. In particular, our construction partitions the components into inexpensive and ex-
pensive based on a threshold depending on the optimal cost and shows the existence of a
near-optimal affine solution that covers a fraction of inexpensive components using a linear

solution and the remaining components using a static solution.

From an algorithmic perspective, while we do not know the optimal cost and therefore, the
threshold, we can still use this structure of a near-optimal affine solution to construct a good
affine solution. In particular, our approximate affine solution can be computed efficiently by
solving a single LP covering problem with O(n + m) second stage variables as opposed to
O(nm) second stage variables in the optimal affine policy. Our algorithm scales very well
and is significantly faster than computing affine policies. For instance, for m = n = 100, it
takes several minutes to compute the optimal affine policy whereas our algorithm computes
an approximate affine policy within a few seconds. The comparison becomes even more
stark when we increase the problem size. In particular, for m = n = 200, the average
time for optimal affine policy is more than an hour, whereas our algorithm computes an
approximate affine policy in under 2 minutes. Moreover, our solution remains within 15%

of the optimal affine solution and the sub-optimality gap does not increase with dimension in
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our numerical experiments. We would like to note that since our approximate affine is based

on the construction of affine policy in our analysis, the worst-case approximation bound for

logn )

the faster algorithm is also O (i Tlogn

(d) General constraint matrices. We show that the assumption on the non-negativity of the
recourse matrix B is crucial for obtaining any non-trivial theoretical bounds on the perfor-
mance of affine policies. We give a family of instances of the two-stage adjustable problem
where the recourse matrix B is a network matrix with entries in {—1,0, 1} and show that the
gap between optimal affine and adjustable policies can be unbounded even for the single
budget of uncertainty set. The second-stage matrix being a network matrix captures impor-

tant applications including lot sizing and facility location.

We also show that our results do not extend to the case of uncertainty in the left hand side.
In particular, we give a family of instances of two-stage adjustable problem with a first stage
matrix A that depends on the uncertain parameter £ and show that the gap between optimal
affine and adjustable policies can be as bad as Q(max(m,n)) even for the special case of box

uncertainty sets.

Uncertainty sets Our Bounds
1. | Budget of uncertainty set (1.5) (0] (lolgol%) ’; P ) "
2. | Disjoint Intersection of Budgeted sets (3.10) (0] (1 Olzi gn n)
3. | Permutation Invariant Intersection of Budgeted sets (1.6) | O (%) "
4. | General Intersection of Budgeted sets (1.6) (0] ( lsélfoggn P ) -

Table 1.1: Our performance bounds for affine policy under different uncertainty sets including
budget of uncertainty set and intersection of budgeted sets. * denotes that this bound mathches the
approximation hardness of (1.1). ** denotes that these bounds hold under the assumption that X is
a polyhedral cone.
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1.1.3 Piecewise policies: Summary of contributions of Chapters 4 and 5

Chapters 4 and 5 focus on the design and analysis of new policies that improve significantly
over affine policies including piecewise affine policies (Chapter 4), threshold policies and extended
affine policies (Chapter 5).

Chapter 4: Piecewise affine policies. In this chapter, we present a new framework for constructing
piecewise affine policies (PAP). In a PAP, we consider pieces U;,i € [k] of U such that U; C U
and U is covered by the union of all pieces. For each U;, we have an affine solution y (k) where
h € U;. PAP are significantly more general than static and affine policies. For problem (1.1),
with U being a polytope, a PAP is known to be optimal. However, the number of pieces can
be exponentially large. Moreover, finding the optimal pieces is, in general, an intractable task.
In fact, Bertsimas and Caramanis [39] prove that it is NP-hard to construct the optimal pieces,
even for pieceiwse policies with two pieces, for two-stage robust linear programs. Here, we focus
on the case where he first stage decision x € X = R’. We present a tractable framework to
construct piecewise affine policies (PAP) with for (1.1) with approximation bounds that improves
significantly over affine policies in many settings. Our main contributions in this chapter are as

follows.

New Framework for Piecewise affine policy. We present a new framework to efficiently con-
struct a “good” piecewise affine policy for the adjustable robust problem (1.1). As we mentioned
earlier, one of the significant challenges in designing a piecewise affine policy arises from the need
to construct “good pieces" of the uncertainty set. We suggest a new approach where instead of
directly finding an explicit partition of U, we approximate U/ with a “simple” set I/ satisfying the

following two properties:

1. the adjustable robust problem (1.1) over U/ can be solved efficiently,

2. U “dominates” U, i.e., for any h € U, there exists & € U such that h < h.

Using the uncertainty set 2/ instead of U, the domination property of U preserves the feasibility

of the adjustable robust problem. Specifically, we choose U to be a simplex dominating U.
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Therefore, the adjustable robust problem (1.1) over U can be solved efficiently since U only has

m + 1 extreme points. We construct a piecewise affine mapping between the uncertainty set ¢ and

the dominating set U4, i.e. we use a piecewise affine function to map each point & € U to a point

h that dominates k. This mapping leads to our piecewise affine policy which is constructed from

an optimal adjustable solution over 2. We show that the performance of our policy is significantly

better than the affine policy for many important uncertainty sets both theoretically and numerically.

We elaborate on the two ingredients of designing our piecewise affine policy below, namely,

constructing U/ and the corresponding piecewise map below.

a)

b)

Constructing a dominating uncertainty set. Our framework is based on choosing an ap-
propriate dominating simplex U based on the geometric structure of U. Specifically, U is

taken to be a simplex of the following form

U = B-conv(eq,...,en,v),

where 8 > 0 and v € U are chosen appropriately so that %/ dominates %/. Solving the
adjustable robust problem over U/ gives a feasible solution for problem (1.1) due to the dom-
ination property. Moreover, the optimal adjustable solution over u gives a [S-approximation
for problem (1.1), since U = B - conv (e, . ..,em,v) C B - U. The approximation bound S
is related to a geometric scaling factor that represents the Banach-Mazur distance between

U and . We note that U does not necessarily contain .

The piecewise affine mapping. We employ the following piecewise affine mapping h(h) =
Bv + (h — Bv)" that maps any k € U to a dominating point h such that b < k. Forany h €
U, h(h) is contained in the down-monotone completion of 2-7{. The piecewise affine policy
is based on the above piecewise affine mapping and gives a 2 3-approximation for problem
(1.1). In this policy, Bv is covered by the static component and (h — Sv)™ is covered by the

piecewise linear component of our policy. This is quite analogous to threshold policies that
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are widely used in dynamic optimization. Note that h does not necessarily belong to U but is
contained in the down-monotone completion of 2-7{ and therefore, we get an approximation
factor of 2 instead of 5. We can construct a set-dependent piecewise affine map between
U and U that allows us to construct a piecewise affine policy with a performance bound of

B. This bound g is not affected by the scaling introduced in Assumption 1.

Given the dominating set, I/, our piecewise affine policy can be computed efficiently; in fact,
it can be computed even more efficiently than an affine solution over ¢ in many cases because the
adjustable problem over U is a simple LP with only m + 1 constraints while the affine problem

over U is a general convex program for general convex uncertainty sets.

Results for Scaled Permutation Invariant (SPI) Sets. The uncertainty set U is SPI if U =
diag (1) - V where A € R” and V is an invariant set, i.e., if v € °V, then any permutation of
the components of v are also in V. SPI sets include ellipsoids, weighted norm-balls, intersec-
tion of norm-balls with budget uncertainty sets and more. SPI sets are commonly used in robust
optimization literature and in practice.

We show that for SPI uncertainty set 4/, it is possible to construct the dominating set U/ and
compute the scaling factor S. In particular, we give an efficiently computable closed-form expres-
sion for B and v € U that are needed to construct 2. Consequently, we can efficiently construct
our piecewise affine decision rule, having a performance bound 2.

Using this framework, we provide approximation bounds for the piecewise affine policy that
are significantly better than those of the optimal affine policy in [40] for many SPI uncertainty sets.
For instance, we show that our policy gives a O(m!/*)-approximation for the two-stage adjustable
robust problem (1.1) with hypersphere uncertainty set as in (4.1), compared to the affine policy
in [40] that has an approximation bound of O(+/m). More generally, the performance bound for
our policy for the p-norm ball is O(ml;__zl) as opposed to O(mli’) given by the affine policy in [40]
! Table 1.2 summarizes the above comparisons. We also present computational experiments and

observe that our policy also outperforms affine policy in computation time on several examples

'Remark. We note that in [40], in Tables 1 and 2, there is a typo in the performance bound for affine policies for
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of uncertainty sets considered in our experiments including hypersphere, norm-balls and certain
polyhedral uncertainty sets. However, we would like to note that our piecewise affine policy does
not a generalize affine policy and there are instances where affine policy performs better than our
policy. For instance, we observe in our computational experiments that the performance of affine

policy is better than our policy for budget of uncertainty sets.

Results for general uncertainty sets. While the dominating set U/ is given in an efficiently
computable closed-form expression for SPI sets, the construction of 7/ for general uncertainty sets
requires solving a sequence of MIPs which is computationally much harder than for the case of SPI
sets. In Section 4, we give an algorithm for constructing the dominating set 4, and a piecewise
affine policy for general uncertainty set U. Our framework is not necessarily computationally
more appealing than computing optimal affine policies. However, we would like to note that in
practice these MIPs can be solved efficiently. Moreover, the construction of the dominating set U/
is independent of the parameters of the adjustable problem and depends only on the uncertainty set,
U. Therefore, U can be computed offline and then used to construct the piecewise affine policy
efficiently.

We show that our policy gives a O( v/m)-approximation for general uncertainty sets which
is same as the worst-case performance bound for affine policy. We also show that the bound of

O(+/m) is tight. In particular, for the budget uncertainty set

‘Ll:{heR'f Zh,-:\/ﬁ,OShisl Vie[m]},
i=1

the performance bound of our piecewise affine policy is ®@(+/m). Furthermore, the bound of

®(+/m) holds even if we consider dominating sets with a polynomial number of extreme points

p-norm balls. According to Theorem 3 in [40], the bound should be

p-1

m?r +m 1
_— = O (mP ) .
p-1 1
mvpr +mr
p-t
instead of 2+ a5 mentioned in Table 2 in [40]).
mP +m
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that are significantly more general than a simplex. In Chapter 3, we have shown that affine poli-

logn
loglogn

cies give O( )-approximation for budget of uncertainty. Therefore, affine policy performs
better than our policy for budget of uncertainty sets. While this example shows that the worst-
case performance of our policy could be bad, we would like to emphasize that our policy still

gives a significantly better approximation than affine policies for many important uncertainty sets

including conic sets, and does so in a fraction of computing time (see Section 6.2).

No. | Uncertainty set Bounds in [40] Our Bounds
1 | {heRY||hl2 < 1} 0(\/%) O(m%)
2 [ {rz0|xm <1} O (ym) 0 (m?)
3 | {heRr? | h"Eh <1} — 0 (m3)
4 | {nerr I, < 1) 0 (m?) 0 m—)
5 {h eRY | kll, <1, |k, < r} 0 (r_lmé) O [ min rl_Tme;’_;l,rémqq__zl
{hero| 2 h < kf O (A5 O (min (k.%2))

Table 1.2: Comparison with performance bounds for affine policies in Bertsimas and Bidkhori [40].
The ellipsoid in Example 3 is assumed to be a permutation invariant set. There is no specialized
bound for this Ellipsoid in [40]. For intersection of norm-balls (Example 4 in the table), we assume

mé_ll’ > r > 1. Note that bounds in [40] are not necesserilly tight. For the budget of uncertainty

in Example 6, we have shown in Chapter 3 that affine policies gives O(j Og)fo';n
better than the bound in [40].

) which siginificanly

Chapter 5: Extended affine and threshold policies. In this chapter, we explore new approaches for
designing near optimal tractable policies for the two-stage adjustable problem (1.1). In particular,
we introduce extended affine policies and threshold polices. We show that that they significantly
improve over the previous known results for approximating (1.1) under some class of uncertainty

sets.

Extended Affine policies. An extended affine policy is an affine policy in a lifted space, i.e., in-
stead of restricting the second stage decision to be an affine function of the uncertain parameter
h € U, we first decompose U into several sets and run an affine policy over the new sets. More

specifically, we present a framework where we decompose an uncertainty set U into a Minkowski
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sum of budget of uncertainty sets U, Us,. .., U and define our extended affine policy as the sum
of affine policies over U; for j = 1,...,L. The choice of a decomposition into budget of uncer-

tainty sets is motivated by our results in Chapter 3 on the performance of affine policies for budget

logn
loglog

of uncertainty sets. In fact, in Chapter 3 , we show that affine policy gives O( )-approximation
to (1.1) under budget of uncertainty sets which matches the hardness of approximation for (1.1)
and therefore affine policy gives an optimal approximation to (1.1).

More formally, let U be an uncertainty set. The framework consists of decomposing U into a

a Minkowski sum of small number of budget of uncertainty sets U; such that each U; is included

in YU and U is within a constant factor from U1 & U, ... ® U, i.e.,
e Forall j € [L], U, is a budget of uncertainty set.
e Forall j € [L], U; CU.
cUCy U dU,...d» U for some constant y.

Our extended affine policy is defined as the sum of affine policies over the budgeted sets U;.

yLlogn
loglogn

We show that this extended affine policy gives O ( )—approximation to (1.1), 1.e.,

L
1 Llogn
;ZAR(W) < £

zan(Uj) < 0( ) - ZAR(U),

= loglogn

where zaf(U;) is the cost of the optimal affine policy over U;.

We give an explicit construction of this decomposition for important class of uncertainty sets

lognlogm)_

that can be computed efficiently. We show that our extended affine policy gives O( TogTog 7

approximation for the important class of permutation invariant sets that includes hypersphere and
g-norm balls. This approximation bound improves significantly over the previous results in the
literature, for instance the best known bound in the litterature is O (m%) for hypersphere and
o (mqq;zl) [41] for g-norm balls. To the best of our knowledge, the approximation bounds in this

chapter are the first logarithmic approximation bounds for (1.1) under conic uncertainty sets.
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Threshold policies. In the second part of this chapter, our goal is to characterize the structure of
near-optimal solutions for (1.1). In particular, we present threshold policies. These are particular

class of piecewise affine policies where the second-stage decision is restricted to be of the form:

y(h) = Z(hi —-0)"vi+q.

i=1

Here, 6 € R’ is the threshold parameter, g € R’} and foralli € [m] v; € R’{. Threshold policies are
widely used in practice in many settings and applications (see for instance [42]). They are highly
interpretable and easy to implement in practice. However computing optimal threshold policies is
often a hard problem. Here, our goal is not to compute optimal threshold policies, but to analyze
the structure of a near-optimal policy for (1.1) and show that it could be captured by a threshold
policy. In particular, based on insights from the construction of our extended affine policy, we
show by construction the existence of threshold policies that gives O(log n + log m) approximation
for (1.1) for hypersphere and g-norm ball uncertainty sets and give O(log n log m)-approximation
for the general class of permutation invariant sets. The construction can be computed efficiently,
however, it needs to guess the value or an approximate value of OPT. These bounds almost match
the hardness of (1.1) and therefore the structure a near-optimal solution for (1.1), could be given

by a threshold policy.

1.2 Two-stage robust optimization with packing constraints

In Chapter 6, we consider two-stage adjustable robust linear optimization problem under un-

certain packing constraints. The problem is given by

T . T
ZAR(U) = max ¢’ x + min max d’ y(B
AR(U) fun max y(B)

Ax +By(B) <h (1.7)

x €RY, y(B) e R,

22



where A € R™™ ¢ € R}, d € R'?, h € R™. Also, U C R is a full dimensional compact
convex down-monotone uncertainty set in the non-negative orthant. Following Bertsimas et al.
[43], we can assume without loss of generality that U is down-monotone and n; = ny = n (A set
S C R% is down-monotone if s € S, t € R" and ¢t < s implies ¢ € §). Note that x represents the
first-stage decisions and y (B) represents the second-stage decisions after observing the uncertain
constraint matrix B € U.

The above formulation models many interesting applications including revenue management
and resource allocation problems with uncertain demand. For instance, in a resource allocation
application, the right hand side k£ can model the fixed resource capacities and the uncertain co-
efficients in B model the uncertain requirements of resources for demand. The goal is to find an
optimal allocation of resources that maximizes the worst case profit (see Wiesemann [44]). When
m = 1, the above problem reduces to a fractional knapsack problem with uncertain item sizes. The
stochastic version of the knapsack problem has been widely studied in the literature (see Dean et
al. [45], Goel and Indyk [46], Goyal and Ravi [47]).

In general, it is intractable to compute an adjustable robust solution for (1.7). In fact, Awasthi
et al. [48] show that the two-stage adjustable robust problem (1.7) is Q(log n)-hard to approximate
if the uncertainty set of constraint coefficients belongs to the non-negative orthant. In other words,
there is no polynomial time algorithm that approximates the optimal adjustable solution within a
factor better than log n. Therefore, the goal is to construct approximate policies with good per-
formance. A static solution approach, where we give a single solution feasible for all scenarios,
has been widely studied in the literature. We can formulate the static robust optimization problem

[TRop (U) to approximate (1.7) as follows.

ZRob (U ) = max c’x + dTy
Ax+By <h VBeU (1.8)
xeR}, yeR.

An optimal static solution can be computed efficiently for large class of problems (see Bertsimas
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et al. [15], Ben-Tal et al. [16]). Ben-Tal and Nemirovski [9] show that a static solution is optimal
for (1.7) if the uncertainty set is constraint-wise where each constraint is selected independently
from a compact convex set U; (i.e. U is a Cartesian product of U;, i = 1,...,m). Bertsimas
et al.[43] generalize the result of [9] and show that a static solution is near optimal for several
interesting families of Y. In particular, they give a tight characterization on the performance of
the static solution related to the measure of non-convexity of a transformation of the uncertainty
set . While a static solution provides a good approximation in many cases, it can be as bad as a
factor m away from the optimal adjustable solution in general.

Piecewise static policies is another solution approach that has been studied in the literature. A
piecewise static policy is a generalization of the static policy where the uncertainty set is divided
into several pieces and we specify a static policy for each piece. Bertsimas and Caramanis [39]
consider a piecewise static solution approach (also referred to as finite K-adaptability) where
they propose a hierarchy of increasing adaptability that bridges the gap between the static robust
formulation, and the fully adaptable formulation. Hanasusanto et al. [31] consider a K-adaptable

solution approach for two-stage robust integers optimization problems.

1.2.1 Summary of contributions of Chapter 6

In Chapter 6, we consider the piecewise static solution approach for two-stage adjustable prob-
lem with capacity constraints (1.7). In particular, we consider a piecewise policy with p pieces (or

subsets): Uj,. .., U, of U such that

where each U; is convex, compact and down-monotone uncertainty subset. Note that U; are not

necessarily disjoint. We can formulate the two-stage piecewise robust linear optimization problem
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as follows:

zpr(U4,. .., U,) = max c'x + min(dTyl,dTyz,. .. ,dTyp)
Ax+B;y, < h Vi e[pl, VB, € U; (1.9)

xeRl, y;, eR} Vielpl

We show that the performance of the optimal piecewise static policy for given pieces is related
to the maximum of the measures of non-convexity of transformations of the pieces U;; thereby
extending the bound in [43] for piecewise static policies. Note that if the pieces U; are given
explicitly, we can efficiently compute an optimal piecewise static policy provide we can solve
linear optimization over each U; efficiently. However, one of the main challenges in designing a
good piecewise static policy, is to construct good pieces of the uncertainty set. In fact, Bertsimas
and Caramanis [39] show that it is NP-hard to construct the optimal pieces for piecewise policies
with only two pieces for two-stage robust linear programs in general.

Our main contribution in this chapter is to show that even if we ignore the computational
complexity of computing optimal pieces, surprisingly the performance of piecewise static policies
with a polynomial number of pieces is not significantly better than a static policy in general. In
particular, we show that there is no piecewise static policy with polynomial number of pieces
that gives an approximation bound better than O (m'~€) for any € > 0 for general uncertainty sets
U C R where the approximation bound for the static policy is m. We prove this by constructing
a family of instances of U for any € > 0, such that the performance of the static policy is m and
the performance of any piecewise policy with polynomial number of pieces is Q(m'~€). Our proof

is based on a combinatorial argument and structural results about piecewise static policies.
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Chapter 2: Beyond worst-case: a probabilistic analysis of affine policies

2.1 Introduction

Affine policies (or control) are widely used as a solution approach in dynamic optimization
where computing an optimal adjustable solution is usually intractable. While the worst case per-
formance of affine policies can be significantly bad, the empirical performance is observed to be
near-optimal for a large class of problem instances. For instance, in the two-stage dynamic ro-
bust optimization problem with linear covering constraints and uncertain right hand side (1.1) , the
worst-case approximation bound for affine policies is O(/m) that is also tight (see Bertsimas and
Goyal [18]), whereas observed empirical performance is near-optimal. In this chapter, we aim to
address this stark-contrast between the worst-case and the empirical performance of affine poli-
cies. In particular, we show that with high probability affine policies give a good approximation
for two-stage dynamic robust optimization problems on random instances generated from a large
class of distributions; thereby, providing a theoretical justification of the observed empirical per-
formance. The approximation bound depends on the distribution, but it is significantly better than
the worst-case bound for a large class of distributions.

The rest of this chapter is organized as follows. In Section 2.2, we present our results on
the performance of affine policies for random instances and show that affine policies give with
high probability good approximation to (1.1) for a large class of distributions. In Section 2.3, we
present a class of distributions and bad instances where affine policies perform poorly and match
the worst-case deterministic bound. Finally, we present a computational study to test affine policies

on random instances in Section 2.4.
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2.2 Random instances of two-stage robust optimization problems

Recall the two-stage adjustable problem (1.1) ,
zaR (¢,d,A,B,U) = min ¢ x + max min dTy(h)
x hell y(h)

Ax +By(h) > h, YheU
xe kX

y(h) e R}, VYhelU.

In this section, we theoretically characterize the performance of affine policies for random in-
stances of (1.1). In particular, we consider the two-stage problem where coefficients of constraint
matrix B are random and analyze the performance of affine policies for a large class of distribu-
tions. Our analysis of the performance of affine policies does not depend on the structure of first
stage constraint matrix A, cost ¢ or the choice of uncertainty set . We assume without loss of
generality that ¢ = e and d = d - e (by appropriately scaling A and B). Here, d can interpreted
as the inflation factor for costs in the second-stage. Finally, we assume in this chapter that the first
stage decision x belongs to a polyhedral cone X, i.e., if x € X then ax € X for any @ > 0 (for
example X = RY).

Therefore, we restrict our attention only to the distribution of coefficients of the second stage
matrix B. We will use the notation B to emphasize that B is random. For simplicity, we refer to
ZAR (C,d,A,B,(L[) as ZAR (B) and to ZAff (C,d,A,B,(L{) as ZAff (B)

We first consider the case when the columns of B, namely B j for j € [n], is distributed ac-
cording to a multivariate distribution #; with bounded support in [0,5]™ (for some constant b),
independent of other columns. We compare the performance of affine policies with respect to the
optimal dynamic solution and present an approximation bound that depends only on the distribu-

tion of B and holds for any uncertainty set 2. In particular, we have the following theorem.

Theorem 2.2.1 (Distributions with bounded support). Consider the two-stage adjustable problem
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(1.1) where B j for j € [n] is distributed according to a multivariate distribution, ¥; with bounded

support in [0,b]™ (for some constant b), independent of other columns. Let E[B;;] = p;; Vi €

. . . N 1
[m] Vj € [n]. For n and m sufficiently large, we have with probability at least 1 — -,
- - b -
ZAR(B) < zaf(B) £ ——— - zaR(B)
u(l —e€)
— i 1 _b [
where p = min;e(y) o Z;‘zl Mij and € = i \/ %.

For the special case where B; ; are 1.1.d. according to a bounded distribution with support in

[0,b]. We have the following corollary.

Corollary 2.2.2. Consider the two-stage adjustable problem (1.1) where B; j are Li.d. according
to a bounded distribution with support in [0, b] and expectation u. For n and m sufficiently large,

we have with probability at least 1 — %,

- - b -
ZAR(B) < zaff(B) £ ——— - zaR(B)
u(l —e€)

where € = £ wlloﬂ.
u n

The above theorem and corollary show that for sufficiently large values of m and n, the perfor-
mance of affine policies is at most b/ u times the performance of an optimal adjustable solution.
This shows that affine policies give a good approximation (and significantly better than the worst-

case bound of O( 4/m)) for many important distributions. We present some examples below.

Example 1. [Uniform distribution] Suppose for all i € [m] and j € [n] B,-j are i.i.d. uniform in

[0,1]. Then u = 1/2 and from Corollary 2.2.2 we have with probability at least 1 — 1/m,

_ _ 2 8
2AR(B) < zaii(B) < 7— - 2AR(B)

where € = 2 4/logm/n. Therefore, for sufficiently large values of n and m affine policy gives a

2-approximation to the adjustable problem in this case. Note that the approximation bound of 2 is
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a conservative bound and the empirical performance is significantly better. We demonstrate this in

our numerical experiments.

Example 2. [Bernoulli distribution] Suppose for all i € [m] and j € [n], I§ij are i.i.d. according
to a Bernoulli distribution of parameter p. Then u = p, b = 1 and from Corollary 2.2.2 we have

1
m’

with probability at least 1 — -

- . 1 .
ZAR(B) < zaf(B) £ ————— - zaR(B)
p(l—e)

]
where € = 1 /282

5 =—. Therefore for constant p, affine policy gives a constant approximation to the

adjustable problem (for example 2-approximation for p = 1/2).

Note that these performance bounds are in stark contrast with the worst case performance
bound O(+/m) for affine policies which is tight. For these random instances, the performance is
significantly better. We would like to note that the above distributions are very commonly used
to generate instances for testing the performance of affine policies and exhibit good empirical
performance. Here, we give a theoretical justification of the good empirical performance of affine
policies on such instances, thereby closing the gap between worst case bound of O(+/m) and
observed empirical performance.

While the approximation bound in Theorem 2.2.1 leads to a good approximation for many dis-
tributions, the ratio b/u can be significantly large in general. We can tighten the analysis by using
the concentration properties of distributions and can extend the analysis for the case of distributions
with sub-gaussian tails. In particular, we consider the case where B j 1s generated according to a
distribution with sub-gaussian tails and show a logarithmic approximation bound for affine poli-
cies. Note that we assume that the parameters of the distribution are independent of the problem

dimensions. We have the following theorem.

Theorem 2.2.3 (Distributions with sub-gaussian tails). Suppose ¥j € [n], B; = |G| such that G;

is a sub-Gaussian, independent of G,, for all i # j. For n and m sufficiently large, we have with
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probability at least 1 — %,

zaR(B) < zai(B) < k- zar(B)

where k = O ( vlogm + log n)

We would like to note that the bound of O ( m) depends on the dimension of the
problem unlike the case of uniform bounded distributions. But, it is significantly better than the
worst-case of O(y/m) [18] for general instances. Furthermore, this bound holds for all uncertainty
sets. We would like to note though that the bounds are not necessarily tight. In fact, in our
numerical experiments where the uncertainty set is a budget of uncertainty, we observe that the
performance is much better than the bounds. We discuss the intuition and the proofs of Theorem

2.2.1 and Theorem 2.2.3 in the following subsections.

2.2.1 Preliminaries

In order to prove Theorem 2.2.1 and Theorem 2.2.3, we need to introduce certain preliminary

results. First, to develop intuition, let us consider the case of polyhedral uncertainty set U, i.e.,
U={heR]|Rh <r} 2.1

where R € RE™ and r € RE. This is a fairly general class of uncertainty sets that includes many
commonly used sets such as box uncertainty sets and budget of uncertainty sets. In section 2.2.4,
we sketch the extension of our results to general convex uncertainty sets such as ellipsoids.
We first introduce the following formulation for the adjustable problem (1.1) based on ideas in
Bertsimas and de Ruiter [17].
Zd-AR(B) = min ¢’ x + max min—(Ax) w + rfA(w)
xeX weW A(w)

RT'AW) > w, YweW (2.2)

Aw) eRE yw e W
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where the set W is defined as

W ={weR"|B'w < d). (2.3)

We show that the above problem is an equivalent formulation of (1.1).

Lemma 2.2.4. Let zar(B) be as defined in (1.1) and zq_ar(B) as defined in (2.2). Then,

ZAR(B) = z4-AR(B).

The proof follows from [17]. For completeness, we present it in Appendix B.1. Reformulation
(2.2) can be interpreted as a new two-stage adjustable problem over dualized uncertainty set ‘W
and decision A(w). Following [17], we refer to (2.2) as the dualized formulation and to (1.1) as the
primal formulation. Bertsimas and de Ruiter [17] show that even the affine approximations of (1.1)
and (2.2) (where recourse decisions are restricted to be affine functions of respective uncertainties)
are equivalent. In particular, we have the following Lemma which is a restatement of Theorem 2

in [17].

Lemma 2.2.5. (Theorem 2 in Bertsimas and de Ruiter [17]) Let zq_a5(B) be the objective value

when A(w) is restricted to be affine function of w and zps(B) as defined in (1.2). Then,

2g-aff(B) = zaH(B).

Bertsimas and Goyal [18] show that affine policy is optimal for the adjustable problem (1.1)
when the uncertainty set U is a simplex. In fact, optimality of affine policies for simplex uncer-
tainty sets holds for more general formulation than considered in [18]. In particular, we have the

following lemma.

Lemma 2.2.6. Suppose the set ‘W is a simplex, i.e. a convex combination of m + 1 affinley in-
dependent points, then affine policy is optimal for the adjustable problem (2.2), i.e. zq_ps(B) =
Zd-AR(B).
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The proof proceeds along similar lines as in [18]. For completeness, we provide it in Appendix
B.1. In fact, if the uncertainty set is not simplex but can be approximated by a simplex within a
small scaling factor, affine policies can still be shown to be a good approximation, in particular we

have the following lemma.

Lemma 2.2.7. Denote ‘W the dualized uncertainty set as defined in (2.3) and suppose there exists

a simplex S and k > 1 such that S C W C « - S. Therefore,

Z2d-AR(B) < zg-aff(B) < k- zd-AR(B).

Furthermore,

ZaR(B) < zaff(B) < k- zaR(B).

The proof of Lemma 2.2.7 is presented in Appendix B.1.

2.2.2 Proof of Theorem 2.2.1

We consider instances of problem (1.1) where the columns B ; are independently generated
according to bounded distributions with support in [0, b]™. Let E[B; i1 = pj foralli € [m],j € [n]

and

Denote the dualized uncertainty set
‘W:{weR’flﬁTwsd_-e}.

Our performance bound is based on showing that ‘W can be sandwiched between two simplicies

with a small scaling factor. In particular, consider the following simplex,

S:{WERT

;w,- < %}. (2.4)
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‘We will show that

with probability at least 1 — % where € = % logm First, we show that S C “W. Consider any

n_°

weS. Forj=1,...,n wehave

m m
Zéljwi < bZW,‘ <d.
i=1 i=1

The first inequality holds because all components of B are upper bounded by b and the second one
follows from w € S. Hence, we have B'w < de and consequently S C W.
Now, we show that the other inclusion holds with high probability. Consider any w € ‘W. We

have B w < d - e. Summing up all the inequalities and dividing by n, we get
m (¥ B _
> (L’) wi < d. 2.5)
i=1 "

logm
n

The columnds of B are independent, hence using Hoeffding’s inequality [49] with 7 = b

(see Appendix B.2), we have for all i € [m],

r.l_ Ei' -2 2 1
]P’( j=1 ‘l_luiz—r)zl—exp(l)zl__
n

b? m?

where y; = % Z;‘zl M;j. Then, a union bound overi = 1,...,m gives us

" By mo (3" By no 1
=1 J =1 J
P22 s -1 Vie >1- Y P22 <y - 21—5—:1——.

Therefore, with probability at least 1 — %, we have

m m "B m oy B . .
ZW,’ < Z 1 j=17-u oy < ‘ 1 Z j=1"4 Ty < d _ b g
; Mi—T n Min;e[m) g — T n u—7 u(dl-e€ b

i=1
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where the last inequality follows from (2.5). Note that for m sufficiently large , we have u—7 > 0.

Then, w € ﬁ .S for any w € ‘W. Consequently with probability at least 1 — 1/m, we have

. b
SCWwWc—-8
u(l —e)

Finally, we apply the result of Lemma 2.2.7 to conclude. 0

2.2.3 Proof of Theorem 2.2.3

Consider instances of problem (1.1) where the columns B ;j are independently generated ac-

cording to distributions with sub-gaussian tails. In particular, we have for all i, j, B; ;= |G; | where

Gij is a sub-Gaussian random variable. Denote
(WZ{WERT|§TWSJ-0}.

Our goal is to sandwich ‘W between two simplicies and use Lemma 2.2.7. Since G;; has a sub-

gaussian tail, there exists positive constants C and v;; such that for any ¢ > 0,

P (|Gij| > t) < Cei”,

Therefore,
- 21 ~ 21
P(BU ) M) L, _P(lGﬁl . M)
Vij V,’j
C
>1-Cexp(-2log(mn)) =1- .
(mn)?
Denote

( 210g(mn))
K = max I
i,j Vij
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We have « = O ( vlogm + log n) because v;; are positive constant independent of the dimensions

m and n of the problem. Therefore by taking a union bound over i € [m] and j € [n] we get,

P(Bj <« Vie[mlYjen])z1- <

mn’

Consider the following simplex

For any w € S, we have with probability at least 1 — %,

m m
Zéijwi < szi <k-d Vjelnl.
i=1 i=1

Hence, with probability at least 1 — % we have, S C « - ‘W. Now, we want to find a simplex that
includes “W. We follow a similar approach to the proof of Theorem 2.2.1. Consider any w € ‘W.

We have similarly to equation (2.5)

mn "B _
Z (L’) w; < d. (2.6)
. n

We have the following concentration inequality for non-negative random variables,

"_ Bij —nt? 1
j=1Pij i\
P(Tz,ui—rl)Z 1—exp<2o_2)_1—ﬁ

i

where 7; = 207 4/ 10%, Mi = % ;l:l E[B’ij] and 0'1.2 = max; Var[l?,-j]. Then, a union bound over
i € [m] gives
nop !
P(M > -1, Vie [m]) >1-—,
n m
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which implies

’.l_ Bi' 1
P(ﬁ > K, Vie [m]) >1——.
n m

where k" = maxX;e[,)(¢; — 7). Therefore, combining this result with inequality (2.6), we have with
probability at least 1 — %, W C Kl - S. Denote, 8’ = %S . We have shown that with probability at
least 1 — C/mn, 8’ C wW. Therefore, we have with probability at least 1 — %

Scwci. s

K/

where

% =0 (Vlogm+logn),

for sufficiently large values of m and n. We finally use Lemma 2.2.7 to conclude.

2.2.4 Extension to general convex uncertainty sets

In this section, we show that our results of Theorem 2.2.1 and Theorem 2.2.3 hold as well for
general convex uncertainty sets U including ellipsoids and norm-ball sets that are widely used in
robust optimization. This is based on approximating a convex uncertainty set by a polyhedral set
(possibly given by an exponential number of inequalities). In fact, in Section 2.2.2 and Section
2.2.3, we prove Theorem 2.2.1 and Theorem 2.2.3 for the case of polyhedral uncertainty set U.
Note that the approximation bounds are independent from the description of U and depend only
on the distribution of B.

Now, consider a genral convex uncertainty set & € R™. For any € > 0, Deville et al. [50]

show that there exists a polyhedral set V' (see Theorem 1.1 in [50]) such that
VCcUC(1+e)-V. 2.7)

Note that the number of polyhedral inequalities that describes V' could be exponential in m and

1/€. Consider instances of the two-stage adjustable problem (1.1) with random second-stage ma-
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trix B. Denote 8 the approximation bound given by Theorem 2.2.1 or Theorem 2.2.3 on the
performance of affine policies for polyhedral uncertainty sets. Note that 8 depends only on the
distribution of B and does not depend on the description of the polyhedral uncertainty set. There-

fore,

2aif(B,V) < B - zar(B, V),

where we use the notation z(B,V) to denote the adjustable or affine problem with random matrix

B and uncertainty set V. Combining the above inequality with (2.7), we get
2at(B,U) < (1 +€) - zp1(B,V) < B(1 + €) - zar(B,V) < B(1 +€) - zar(B,U).
Since € > 0 could be chosen arbitrary small, then
zait(B,U) < B - zar(B,U).

i.e., the same approximation bounds of Theorem 2.2.1 and Theorem 2.2.3 hold as well for general

convex uncertainty sets.

Remark 2.2.8. We would like to note that our results extend as well for two-stage robust opti-
mization problems (1.1) where the constraints matrices A and B could possibly have some neg-
ative components. In fact, the non-negativity assumption on A could be relaxed without loss of
generality since our analysis in the chapter depends only on the second stage matrix B. We can

relax the non-negativity of B under two assumptions:

1. The affine problem za6(B) is feasible.

2. For each row i € [m] of B,
n

1 -
i == E[B;;] > 0.
u n; 18]

In fact, in the proof of Theorem 2.2.1 and Theorem 2.2.3, we did not require the matrix B to be

non-negative but we used only the fact that y; — 7; > 0 for small enough 7;. Hence, our second-
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stage matrix B could have negative components as long as y; > 0 for all rows i = 1,...,m. On
the other hand, Assumption 1 is required because feasibility of the affine problem is not necessary

guaranteed if we relax the non-negativity of both matrices A and B.

2.3 Family of worst-case distribution

For any m sufficiently large, the authors in [18] present an instance where affine policy is
Q(m%‘5) away from the optimal adjustable solution. The parameters of the instance in [18] were
carefully chosen to achieve the gap Q(m%“s). In this section, we show that the family of worst-case
instances is not a measure zero set. In fact, we exhibit a distribution and an uncertainty set such
that a random instance, B sampled from that distribution achieves a worst-case bound of Q(/m)

with high probability. The coefficients B;; in our bad family of instances are independent but they

depend on the dimension of the problem. The instance can be given as follows.

n=m, A=0, ¢c=0, d=e, X=R}

1
U =conv(0,eq,...,e,,,v1,...,Vy,) Wherev, = ——(e —e;) Vi € [m].
Vm (2.8)

N 1 if i=j
B;j = where for all i # j,#;; are i.i.d. uniform[0, 1].

ﬁ-aﬁ if i#j

Theorem 2.3.1. For the instance defined in (2.8), we have with probability at least 1 — 1/m,
2af(B) = Q(Vm) - zaR(B).

As a byproduct, we also tighten the lower bound on the performance of affine policy to Q( v/m)
improving from the lower bound of Q(m%_‘s) in [18]. We would like to note that both uncertainty
set and distribution of coefficients in our instance (2.8) are carefully chosen to achieve the worst-
case gap. Our analysis suggests that to obtain bad instances for affine policies, we need to generate
instances using a structured distribution as above and it may not be easy to obtain bad instances in

a completely random setting as observed in extensive empirical studies.

38



To prove Theorem 2.3.1, we introduce the following lemma which shows a deterministic bad

instance where the optimal affine solution is ®( 4/m) away from the optimal adjustable solution.

Lemma 2.3.2. Consider the two-stage adjustable problem (1.1) where:

n=m, A=0, ¢c=0, d=e, X=R]

1
U =conv (0,eq,...,e,,V1,...,Vy) Wherev;, = ——(e — e;) Vi € [m].
Vm (2.9)
1 ifi=j
Bij: 1 oo .
v Fi#]

Then, zp(B) = Q(\m) - zar(B).

Proof. First, let us prove that zar(B) < 1. It is sufficient to define an adjustable solution only for
the extreme points of U because the constraints are linear. We define the following solution for all
i € [m],

1
x =0, y(0) =0, y(e) = e, y(vi) = s

We have By (0) = 0. For all i € [m],

1
By(e;)) =e;+ —(e—¢;) > e;

m

and

1 1 m-1 1
y(vi) . e (m m\/%)e_ me_vl

Therefore, the solution defined above is feasible. Moreover, the cost of our feasible solution is 1
because for all i € [m], we have

d'y(e)=d"y(v) = 1.

Hence, zar(B) < 1. Now, it is sufficient to prove that zaf(B) = Q(+/m). From Lemma 8 in
Bertsimas and Goyal [18], since our instance is symmetric, i.e., the uncertainty set U and the

dualized uncertainty set W are permutation invariant, there exists an optimal solution for the
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affine problem (1.2) of the following form y(h) = Ph + q for h € U where

0 u H
0 ...
p=|" a (2.10)
HoH 6

and ¢ = dle. We have y(0) = de > 0 hence

1>0. (2.11)
We know that
zai(B) > d'y(0) = Am. (2.12)
Case 1: If 1 > L, then from (2.12) we have zp1(B) > ym,
Case2: If A < \/_ We have,

y(er) =@+ e+ (u+ )(e—ep).
By feasibility of the solution, we have By(e;) > e, hence

(9+/1)+L(m—1)(,u+/1)2 1.

Vm

Therefore 6 + A > 2 or \/_(m -D(u+1) > %

Case 2.1: Suppose ﬁ(m -D(u+ ) > % Therefore,

§

a(B) > dly(e) =0+ A+ (m—1D)(u+1)> -~

where the last inequality holds because § + 4 > 0 as y(e;) > 0.
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Case 2.2: Now suppose we have the other inequality i.e., 6 + 4 > % Recall that we have 4 <

as well. Therefore,

1 1 1
6>—-— > =
2 64m 3
We have,
1
yvi) = —= 0+ m-2)u)(e—er)+ (m—1)ue;) + Ae.
\Vm
Therefore,

1
za(B) > dTy(vy) = ﬁ«m ~ 1O+ (m—1)2w) + Am

m-—1{1
> W(§+(m—l),u).

where the last inequality follows from A4 > 0 and 6 > %

Case 2.2.1: If g > 0O then from (2.13)

m-—1
zat(B) > W = Q(Vm).

Case 2.2.2: Now suppose that u < 0, by non-negativity of y(v;) we have,

i.e.,
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and from (2.13)

m-—1{(1
zaf(B) = 3 +(m - 1);1)
m-—1{1
> (54
m-1(1 1 m—1
S §_6)_6—\%_Q(Vm)'

We conclude that in all cases zag(B) = Q(+/m) and consequently zag(B) = Q(vm) - zar(B).

Proof of Theorem 2.3.1
Denote

W ={weR" | B'w < de)

and

W={(weR"|B'w < de)

where B is defined in (2.9) and B is defined in (2.8). We know for all i,j in {1,...,m} that
Bl'j < B;j. Hence, for any w € W, we have BTW < B"w < de. Therefore w € W and

consequently ‘W C “W. Now, suppose w € ‘W, we have for all i € [m],
m

1 -
Wi + —— iiw; <d. 2.14
«/%,ZI jiwj (2.14)

By taking the sum over i € [m], dividing by m and rearranging, we get

z 1 1 _
| = il < d 2.1
Zw, — mZuU <d (2.15)
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logm
m—1"

We apply Hoeffding’s inequality [49] (see appendix B.2) with 7 =

X0y 1
J# 2\ _
Pl———235-71 Zl—exp(—Z(m—l)T)—l—ﬁ,
and we take a union bound over j = 1,...,m, we get
2ty 1\" 1
2 > _rV¥j=1,...m|>[1-—=] >1-—, (2.16)
m-—1 2 m2 m

where the last inequality follows from Bernoulli’s inequality. Therefore, we conclude from (2.15)

and (2.16), that with probability at least 1 — % we have

where

for m sufficiently large. Note from (2.14) that for all i we have w; < d. Hence with probability at

least 1 — %, we have foralli =1,...,m

Therefore, w € 5 - W for any w in ‘W and consequently we have with probability at least 1 — %

that, W C 5 - W. All together we have proved with probability at least 1 — % that
WCWcSs-W.

This implies with probability at least 1 — %, that Zd_Aff(B) > 7g-aff(B) and zg_aR(B) > “%F‘(B).
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We know from from Lemma 2.2.5 and Lemma 2.2.4 that the dualized and primal are the same both
for the adjustable problem and affine problem. Hence, with probability at least 1 — %, we have
2at(B) > zag(B) and zpp(B) > 2&B),

Moreover, we know from Lemma 2.3.2 that za(B) > Q(+/m) - zar(B). Therefore, with

. |
probability at least 1 — - -,

zai(B) = Q(Vm)zar(B).

2.4 Performance of affine policy: Empirical study

In this section, we present a computational study to test the empirical performance of affine

policy for the two-stage adjustable problem (1.1) on random instances.

Experimental setup. We consider two classes of distributions for generating random instances:
i) Coefficients of B are i.i.d. uniform [0, 1], and ii) Coefficients of B are absolute value of i.i.d.

standard Gaussian. We consider the following budget of uncertainty set.

W:{he[o,l]m‘ ihis «/%} 2.17)
i=1

Note that the set (2.17) is widely used in both theory and practice and arises naturally as a con-
sequence of concentration of sum of independent uncertain demand requirements. We would like

to also note that the adjustable problem over this budget of uncertainty, U is hard to approxi-

logn
loglogn

mate within a factor better than O( ) [24]. We consider n = m,d = e. Also, we consider
¢ =0,A = 0. We restrict to this case in order to compute the optimal adjustable solution in a rea-
sonable time by solving a single MIP. For the general problem, computing the optimal adjustable
solution requires solving a sequence of MIPs each one of which is significantly challenging to
solve. We would like to note though that our analysis does not depend on the first stage cost ¢ and
matrix A and affine policy can be computed efficiently even without this assumption. We consider

values of m from 10 to 50 and consider 20 instances for each value of m. We report the ratio

r = zai(B)/zar(B) in Table 2.1. In particular, for each value of m, we report the average ratio
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ravg. the maximum ratio rmax, the running time of adjustable policy Tar(s) and the running time
of affine policy Tas(s). We first give a compact LP formulation for the affine problem (1.2) and a

compact MIP formulation for the separation of the adjustable problem(1.1).

LP formulations for the affine policies. The affine problem (1.2) can be reformulated as follows

ZAff(B)=mxincTX+Z
z>d" (Ph+q) VYhel
Ax+BPh+q) > h YhelU
Ph+q >0 YhelU
x e X.

Note that this formulation has infinitely many constraints but we can write a compact LP for-
mulation using standard techniques from duality. The LP formulation is given in Lemma A.0.2 in

Appendix A.

MIP Formulation for the adjustable problem (1.1). For the adjustable problem (1.1), we show
that the separation problem (2.18) can be formulated as a mixed integer program (MIP). The sep-

aration problem can be formulated as follows: Given % and Z decide whether
max {(h — A%)'w |we W helU}> 2 (2.18)

The correctness of formulation (2.18) follows from equation (B.1) in the proof of Lemma
2.2.4 in Appendix B.1. The constraints in (2.18) are linear but the objective function contains
a bilinear term, h”w. We linearize this using a standard digitized reformulation. In particular,
we consider finite bit representations of continuous variables, 4; nd w; to desired accuracy and
introduce additional binary variables, @, Bix Where @;; and Bj; represents the k' h bits of h; and
w; respectively. Now, for any i € [m], h;-w; can be expressed as a bilinear expression with products
of binary variables, a;; - f;; which can be linearized using additional variable v;;; and standard

linear inequalities: y;jx < Bij, Yijk < @ik, Yijk +1 = aix + B;j. The complete MIP formulation and
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the proof of correctness is presented in Appendix B.3.
For general A # 0, we need to solve a sequence of MIPs to find the optimal adjustable solution.
In order to compute the optimal adjustable solution in a reasonable time, we assume A = 0,¢ = 0

in our experimental setting so that we only need to solve one MIP.

Results. In our experiments, we observe that the empirical performance of affine policy is near-
optimal. In particular, the performance is significantly better than the theoretical performance
bounds implied in Theorem 2.2.1 and Theorem 2.2.3. For instance, Theorem 2.2.1 implies that
affine policy is a 2-approximation with high probability for i.i.d. random instances from a uniform
distribution (see Corollary 2.2.2). However, in our experiments, we observe that the optimality
gap for affine policies is at most 4% (i.e. approximation ratio of at most 1.04). The same obser-
vation holds for Gaussian distributions as well Theorem 2.2.3 gives an approximation bound of
O( W). We would like to remark that we are not able to report the ratio r for large values of
m because the adjustable problem is computationally very challenging and for m > 40, MIP does
not solve within a time limit of 3 hours for most instances . On the other hand, affine policy scales
very well and the average running time is few seconds even for large values of m. This demon-
strates the power of affine policies that can be computed efficiently and give good approximations

for a large class of instances.

m | ravg | 'max | TAR(S) Tas(s) m | ravg | 'max | TAR(S) Tas(s)

10 | 1.01 | 1.03 | 10.55 0.01 10 | 1.00 | 1.03 | 12.95 0.01

20 | 1.02 | 1.04 | 110.57 | 0.23 20 | 1.01 | 1.03 | 217.08 | 0.39

30 | 1.01 | 1.02 | 761.21 1.29 30 | 1.01 | 1.03 | 594.15 1.15

50 | ** ok wE 14.92 50 | ** ok wE 13.87
(a) Uniform (b) Folded Normal

Table 2.1: Comparison on the performance and computation time of affine policy and optimal
adjustable policy for uniform and folded normal distributions. For 20 instances, we compute
zai(B)/zar(B) and present the average and max ratios. Here, Tar(s) denotes the running time for
the adjustable policy and Tas(s) denotes the running time for affine policy in seconds. ** Denotes
the cases when we set a time limit of 3 hours. These results are obtained using Gurobi 7.0.2 on a
16-core server with 2.93GHz processor and 56GB RAM.
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Chapter 3: Affine policies for budget of uncertainty sets

3.1 Introduction.

In this chapter, we study the performance of affine policies for two-stage adjustable robust
optimization problem with fixed recourse and uncertain right hand side belonging to a budgeted
uncertainty set. This is an important class of uncertainty sets widely used in practice where we can
specify a budget on the adversarial deviations of the uncertain parameters from the nominal values

to adjust the level of conservatism. The two-stage adjustable robust optimization problem is hard

logn
loglogn

to approximate within a factor better than €( ) even for budget of uncertainty sets where # is
the number of decision variables. Affine policies, where the second-stage decisions are constrained
to be an affine function of the uncertain parameters, provide a tractable approximation for the

problem and have been observed to exhibit good empirical performance. We show that affine

logn
loglogn

policies give an O( )-approximation for the two-stage adjustable robust problem with fixed
non-negative recourse for budgeted uncertainty sets. This matches the hardness of approximation
and therefore, surprisingly affine policies provide an optimal approximation for the problem (up
to a constant factor). We also show strong theoretical performance bounds for affine policy for
significantly more general class of intersection of budgeted sets including disjoint constrained
budgeted sets, permutation invariant sets and general intersection of budgeted sets. Our analysis
relies on showing the existence of a near-optimal feasible affine policy that satisfies certain nice
structural properties. Based on these structural properties, we also present an alternate algorithm to
compute near-optimal affine solution that is significantly faster than computing the optimal affine
policy by solving a large linear program.

The rest of this chapter is organized as follows. In Section 3.2, we present our performance

analysis for affine policies on budget of uncertainty sets. Then, we focus on the analysis of a
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more general class of uncertainty sets including disjoint constrained budgeted sets (Section 3.3)
and general intersection of budgeted sets (Section 3.4). In Section 3.5, we present our new faster
algorithm to compute affine policies. Finally, we discuss the performance of affine policies for
a broader class of two-stage robust problem where we relax the assumptions on the constraints
matrices. In particular, we discuss the case of general matrix B in Section 3.6 and the case of
uncertainty in constraint matrix A in Section 3.7.

Notations. For simplicity, we refer in this chapter to zaR (¢,d,A,B,U) as zar (U) and to
zas (¢, d, A, B, U) as zas (U). We also assume that U C [0,1]" and Vi € [m],e; € U. This
assumption is without loss of generality since we can scale the constraint matrices A and B to

satisfy the assumption without changing the optimal.

3.2 Performance analysis for budget of uncertainty sets.

In this section, we consider the class of budget of uncertainty sets (1.5) given by

U = {h c [0,1]'") Zw,-h,- < 1}.
i=1

As we mention earlier, this class is widely used in the literature of robust optimization both in
theory and practice. It provides the flexibility to adjust the level of conservatism in terms of prob-
abilistic bounds on constraint violations. A special case of this class is when w; are all equal to %

for some parameter k € N. In particular, in this case we have

(Ll:{he[o,l]’"‘ ihisk}. 3.1)
i=1

The parameter k is the budget of uncertainty that controls the conservatism of the uncertainty
model. This special class (3.1) of budgeted sets is also known as the cardinality constrained set

or k-ones polytope. Recall the two-stage adjustable problem
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zAR (U) = min ¢’ x + max min dTy (h)
x hell y(h)

Ax +By(h) > h, YheU
xelkX
y(h) eR}, Yhel.

logn
loglogn

The two-stage adjustable problem (1.1) is known to be Q( )-hard to approximate under

the class of budget of uncertainty sets even in the special case of (3.1) (Feige et al. [24]). We show

that surprisingly the performance bound for affine policy matches this hardness of approximation.

logn
loglogn

In particular, we show that affine policy gives O( )-approximation for (1.1) under budget of

uncertainty sets (1.5).

Theorem 3.2.1. Consider the two-stage adjustable problem (1.1) where U is the budget of uncer-

tainty set (1.5) . Then,
logn

zai6(U) = O ( ) - ZAR(U).

loglogn

Our analysis significantly improves over the previous best known bound of O(+/m) for the
performance of affine policies for budget of uncertainty sets. In fact, Bertsimas and Goyal [18]
shows that affine policy gives O( +/m)-approximation to the adjustable problem (1.1) under this
class of uncertainty sets and X = R’[. Bertsimas and Bidkhori [36] provide a geometric bound

O(K2mky i the special case of (1.5) where all w; = 1/k and X = R”. This bound is also O( \/m)

kK2+m

in the worst-case for k = +/m.

The above two-stage adjustable robust problem (1.1) has also been considered in the context of
combinatorial optimization problems such as network design under demand uncertainty where the
constraint matrices, A, B € {0, 1}"" and the first-stage and second-stage decisions are constrained
to be binary (see for instance, Dhamdhere et al. [19], Feige et al. [24], Gupta et al. [21] and [51]).
Feige et al. [24] and Gupta et al. [21] give an O(log n)-approximation for (1.1) for the special
case when A = B € {0,1}"", first and second-stage costs are proportional, i.e., d = A - ¢ for

some constant A > 1 and a budget of uncertainty set with w; = 1/k. However, we would like to
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note that the focus of this stream of work is to design approximation algorithms for combinatorial
optimization problems where the decisions are constrained to be binary. Moreover, the algorithms
are not restricted to and do not necessarily give decision rules or functional policy approximations
for the two-stage problem. In contrast, the focus of our work is to analyze the performance of
affine policies for the two-stage adjustable robust problem (1.1) that are widely used in practice
and exhibit strong empirical performance.

Since our performance bound in Theorem 3.2.1 matches the hardness of approximation, affine
policy provides an optimal approximation for (1.1) for budget of uncertainty sets. In particular,
there is no polynomial time algorithm whose worst-case approximation is better than affine policies
by more than a constant factor. Note that the above statements relate to the worst-case performance.

For particular instances, it may be possible to get better solutions than affine policies.

3.2.1 Construction of our affine solution.

Our analysis is based on constructing a good approximate affine solution that has a worst-case

logn
loglogn

cost being O ( ) times the optimal cost zag(U/). In this section, we present the construction
of our affine solution and consequently prove Theorem 3.2.1. Let us first introduce the following

notations.

Notations. We consider an optimal solution x*,y*(h) where h € U, for the adjustable problem
(1.1). Let OPT be the optimal cost for (1.1) and OPT;,OPT; respectively the first stage cost and

the second stage cost associated with x*,y*(h), i.e.

OPT; = ¢’ x*

OPT, = d'y*(h
2 = max y (h)

OPT = OPT; + OPT, = zag(U).

We would like to remark that this split is not unique since there might be other optimal solutions
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for (1.1). For all i € [m], we denote

a;i =1 - (Ax");

In particular, if «; is negative the first stage solution x* covers the full unit requirement in the i-th
component, if not ; corresponds to the remaining requirement that needs to be covered eventually
by the second-stage solution y*(-).

We denote z(h), the cost of covering the requirement £ in the second-stage, i.e.
2(h) = min {dTy ‘ By > h} . 3.2)
y>0

We refer to problem (3.2) as the fractional covering problem. For any W C [m], we denote

1(‘W) € R™ the indicator of ‘W, i.e.

(W) = Z e;.

iew

For simplicity, we use the following notation

Z(L(W)) = z(W).

Our construction. For all i € [m], recall z(e;) the optimal cost to cover component e; in the

second stage as defined in (3.2). Let v; be the optimal corresponding solution, i.e.,

y; € arg min {dTy ‘ By > ei}.
y>0

We split the components {1,2,...,m} based on a threshold into two sets 7 and its complement 7 “:

a;z(e;)
Wi

I:{ie[m]’a/,->0and SB-OPT}

I =[m]\ T,
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where
_ 4logn
~ loglogn’

We cover a fraction of 1 (inexpensive components) using a linear solution and the remaining frac-
tion of 7 along with 7 ¢ (expensive components) using a static solution.
Linear part. We cover a fraction of the components of 7 using the following linear solution for
any h € U,

Yun(h) = Z @;h;v;. (3.3)

iel
Static part. We use a static solution to cover the remaining components e; where i € 7 and

(1 —aj)*e; fori € I . In particular, we consider the following static problem

(XstasYsta) € argmin{ ¢"x +d"y ‘ Ax+By> Y ei+ Y (I-aneiyp,  (34)
xeXy>0 ierc iel
and denote

T T
ZSta = € Xsta +d ygia-

Therefore our candidate affine solution is

X = XgSta 35)

y(h) =yin(h) + ysia, Yh € U.

Feasibility. We first show that our candidate solution (3.5) is feasible for the adjustable problem
(1.1). The proof is a direct consequence of our construction. In particular, we have the following

lemma.
Lemma 3.2.2. The affine solution in (3.5) is feasible for the adjustable problem (1.1).

Proof. We have,
ByLin(h) = Za’ihtii > Zaihiei,

iel iel
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and

AXxgig + BySta > Z e; + Z(l — a/i)+e,~ > Z hie; + Z hi(1 - a/,-)+e,-

iefl¢ iel iel¢ iel
where the last inequality holds because h; € [0,1] for all i € [m]. Therefore, the solution in (3.5)

verifies

Ax +By(h) > Z hie; + Z((l —a;)" +a;)he; > h.
iefc¢ iel

xe kX

y(h) >0, Yhel.

We would like to remark that the construction of the linear ans static parts not only depends on
the uncertainty set U, but also depends on all the parameters of the instance, i.e., A,B,c,d. This

is in contrast to the analysis in [18] where the construction of affine policies depends only on U

3.2.2 Performance analysis.

We analyze separately the cost of the static and linear parts. For the linear part, the cost analysis
is a direct consequence of our construction. In fact, we leave only inexpensive scenarios to the
linear part, i.e., scenarios «;e; such that a;z(e;)/w; is less than the threshold g - OPT. We know
that for all h € U, we have Zi”i , wih; < 1. Hence, the cost of linear part is at most 3 - OPT. In

particular, we have the following lemma.

Lemma 3.2.3 (Cost of Linear part). The cost of the linear part y j,(h) defined in (3.3) is at most
B - OPT forany h € U.

Proof. We have forallh € U,

d"yin(h) = Z aihid v; = Z a;h;iz(e;) < - OPT - Z wih; < B - OPT,
iel iel iel
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where the first inequality holds because @;z(e;) < w;8-OPT for alli € 7 and the second inequality
follows as Y jcr wih; < 1 forallh € U.

O

The key part is to analyze the cost of the static part. In fact, we show that the cost of the
static part is also O(f) - OPT. This relies on a structural result on fractional covering problems.
Intuitively, let us explain the structural result in the special case (3.1) of the budget of uncertainty
set and a; are 0 or 1. We show that if the cost of covering every single component e;, fori € J
is expensive, 1.e. z(e;) > B - OPT/k and the cost of covering any k components is inexpensive,
i.e. less than 20PT. Then, the cost of covering all components of J is not too costly and can not

exceed S - OPT. The formal general statement is given in the following lemma.

Lemma 3.2.4 (Structural Result). Consider B € R, d € R} and J C [m]. Let z(h) be the
cost of covering h as defined in (3.2). Suppose there exists y > 0 and w; € (0,1], Vi € J such

that the following two conditions are satisfied:

1. foralli € 7,

z(e;) o 4. logn ’
wi loglogn
2. forall'W C 9,

Z w; < 1 implies z(‘W) <.
iew

Then,

logn

AT =4y oo
oglogn

Lemma 3.2.4 is a generalization of the result in Gupta et al. [21] for the set covering problem
(see Theorem 7.1 in [21]). In particular, our result hold for any constraint matrix B and a budgeted
set with general w; for i € [m], whereas the Gupta et al. [22], discuss the special case when
B € {0,1}™", and a budget of uncertainty set with w; = 1/k. Furthermore, we improve the
approximation bound from O(log n) in [21] to O(log n/ loglog n). We present the proof of Lemma

3.2.4 later in Section 3.2.3. But let us first use the structural result to show that the cost of the static
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part is O(B) - OPT and consequently prove Theorem 3.2.1. In particular, we have the following

lemma.

Lemma 3.2.5 (Cost of Static part). The cost zgiy of the static part (Xsia,Ysta) defined in (3.4) is
O(pB) - OPT.

Proof. Consider the following sets
j]:{ie[m]‘aiSO}.

and
a;z(e;)

1

[E:Ic\jl:{ie[m]'a,->0 and >ﬁ-OPT}.

Fori =1,...,m, denote BL.T the i-th row of B and let l?iT = Bl.T/a,-. We have fori € [m],
a;z(e;) = min {dTy ' l§y > e,-} .
y=>0
We apply the structural Lemma 3.2.4 with the parameters B,d, % and y = OPT. Let us verify the

assumptions of Lemma 3.2.4. For all i € 9>, we have

iz(e; 1
W) | g OPT = 4y 28"
wi loglogn

For any ‘W C % such that }};cqy w; < 1, we have h = 1(‘W) € U. By feasibility of the optimal
solution, we know that

Ax* + By*(h) > h,

which implies,

By*(h) > Z e — y (I-aye; = Z ae; + Z(Oﬁ - De;
-1

iew i iew igW
In particular, we have for all i € ‘W, (By*(h)); > a;. Moreover, B and y* are non-negative which
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implies that

By*(h) > Z a;e;,

iew
and therefore,

By')z ) ei=h.

ieWwW
This means that y*(h) is a feasible solution for the covering problem (3.2) with constraint matrix

B and requirement k. Therefore,

min {dTy ’ By > h} < d"y*(h) < OPT, < OPT = y.
y=

This verifies the second assumption of Lemma 3.2.4. Therefore, from the structural result, we have

logn

in{d’ ‘B > L <4y—=" = 5.0OPT.
fyn:al{ y ij} ioglogn =
2

Denote y, an optimal solution corresponding to the above minimization problem. In particular, we

have d’y, < - OPT and

By, > Z a;e;.

i€h

Furthermore, by feasibility of the optimal solution for (1.1), we have
Ax* + By*(0) > 0,
and we know that By*(0) > 0. This implies,

By*(0) > ) (ai - D'e;.
i=1
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Putting all together, we have

Ax*+By"(0) + By, > > (1 -apei+ ) (ai—D'ei+ ) aie;
i=1 i=1

[I=N))
m
= Z(l —a)'e; + Z aje;
i=1 i€h
= 2(1 —a) e + Z(l —aj)e; + 2(1 —a) e + Z aje;
iel i€ i€ i€h
> Z(l — ai)+e,~ + Z e; + Z e;
iel i€ i€h
= Z(l —ai)'e; + Z €
iel iefc

where the last inequality holds because «; < 0 for alli € J; and (1 — ;)" + a; > 1 foralli € J,.
Moreover, x* € X and (y*(0) + y,) is non-negative. Hence, we have (x*,y*(0) + y,) is a feasible

solution for the static problem in (3.4), therefore

zsta < ¢ x*+d"y*(0) +d"y, < OPT + 8- OPT = O(p3) - OPT.

Proof of Theorem 3.2.1. Lemma 3.2.2 show that our affine solution (3.5) is feasible for the
adjustable problem (1.1). Lemma 3.2.3 and 3.2.5 show that the cost of the affine solution (3.5) is

less than g - OPT + O(B) - OPT = O(B) - OPT which implies that

logn

za(U) = O ( ) - ZAR(U).

loglogn

3.2.3 Proof of the Structural Result.

We give a proof by contradiction. The assumptions in Lemma 3.2.4 can be interpreted as fol-

4logn
loglogn*

lows. Letn = The first assumption states that the cost of covering any single component,

e; fori € J is large (at least w;n - v). The second assumption states that the cost of any feasi-
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ble (integral) scenario, W C J with };cqy w; < 1 is at most y. We need to show that the cost
of covering all the components, J is at most n - y. For the sake of contradiction, suppose that
z2(J) > ny. We will construct a feasible scenario, W C J (where h; = 1 foralli € W and
Yiew Wi < 1) where the cost, z(‘W) > v violating the second assumption in Lemma 3.2.4. To
construct this scenario, we consider the dual of the primal covering problem z(J). The dual is
a packing problem where the ratio of the right hand sides and the constraint coefficients is large
(from the first assumption in the lemma). This allows us to construct an approximate integral dual
solution of the problem (using randomized dual rounding) where we lose only a factor 7 in the ob-
jective value as compared to the optimal (fractional) dual solution. We then use this approximate
integral dual to construct a scenario ‘W with cost greater than vy that gives us the contradiction.
Details of the proof are provided below.

For all k € 7, recall v the optimal solution corresponding to z(e;). We have ||[vi|lo = 1, 1.e.
z(er) = dgvie where

. J
{ = argmin ——.
j=l,..n kj
Bkj¢0

In particular, we have for all j € [n] such that By; # 0,
dj S dy

— > — =dvie = z(er) > nywyg,
Brj Bkt

i.e., for all j € [n],
d; > . By ).
iz ny II?E?-}((Wk kj)
For j € [n], denote

d; = i
7 ny - maxkeg (Wi Byj)’

and foralli € J,j € [n],
é-- _ W,'Bij
Y maxgeg (Wi Byj)

In particular, we have for alli € J,j € [n], l§,-j € [0,1] and for all j € [n], d ;i > 1. For any
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W C g, consider the following problem

AT A
5 = mi > e v, i
Z2(W) I;lzl{]l {d y ‘ By > i;y w,e,} 3.6)

We show that for any ‘W C J, 2(‘W) is just a scaling of z(‘W). In particular, we have,

Claim 3.2.6. z(‘W) =ny - Z(W).

We present the proof of Claim 3.2.6 in Appendix C.1. To show that z(J) < ny, we show equiv-
alently that Z(J) < 1. For the sake of contradiction, suppose that Z(J) > 1. Our goal is to
construct a scenario that contradicts condition 2 of the lemma. We use ideas on dual rounding and

randomized solutions from [24] and [21]. In particular, let the dual problem of Z(J) be

Ay = max {Zwlzi‘ ZB,-jzl- <d; Vje [n]}. 3.7)
i€eg ieg

Denote z* the optimal solution for the dual problem (3.7). By strong LP duality, we have
Ag =2(9),

and therefore,

Aj :Zwizgk > 1.

We define the following randomized solution for all i € T,
Zi =1z 1 + &,
where §;, for i € J are independent Bernoulli variables with parameter z; — [z |, i.e.,

& =Ber(z; — Lz D).
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Claim 3.2.7. With probability at least 1 — O(1/n),

(2Zi,iej),
n

is a feasible solution to the dual problem (3.7).

We show that (%l eyg ) satisfies the constraints of (3.7) with high probability by using Chernoff
bound concentration inequalities. The proof of Claim 3.2.7 is presented in Appendix C.1. Fur-
thermore, we show that the cost of our randomized solution (%,i eqg ) is greater than Tl] with a

constant probability. In particular, we have the following claim.

ool—

Claim 3.2.8. P (Sicqg wiZ > 3) 2 1 - €.

We use a concentration bound to prove Claim 3.2.8. The proof is presented in Appendix C.1.

Putting Claim 3.2.7 and Claim 3.2.8 together, we have that
27Z;
(_l9l € j) s
n

is feasible for (3.7) with high probability and has a cost }};c wi% strictly greater than % with
a non-zero constant probability. Therefore, there exists a deterministic solution for problem (3.7)
with a cost at least % For simplicity of notations, let us assume that (%l eg ) is such a solution.

Let us order w; Z; in an increasing order, i.e.,
wnZay 2wl 2 ... 2 wigpZ(g)-

We know that };c 7 wiZ; > % Denote L the index such that

L-1 1 L 1
ZW(,')Z(,') < E and Zw(i)Z(i) > E
i=1 i=1
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Note that Z;y are integral and Z(;) # 0. Hence foralli = 1,...,L, Z;) > 1. Therefore,

L-1 L-1 1
Z W) < Z wiyZy < ok
i=1 i=1

Note that if L = 1, ZiLzl w() = w() < 1 because all w; are in [0,1]. On the other hand, if L > 2,
then
L-1

W) S wyZw) < waZay < Z Wiy Zy <
i=1

1
2’

and therefore,

L L-1 1 1
ZW(,') :Zw(i)+W(L) < —+§ =1.
i=1

i=1

[\

Therefore, in both cases we have Zl (W) < 1. Denote W C J the set of indices corresponding

to the top L of w(;)Z;). In particular, we have,

Zwiﬁl.

iew

Note that };eqy wiZ; > 5, and consequently,

> w2

iew

Consider the following problem

Aqy = max{z WiZi | Z Bjzi<d; Vjeln ]} (3.8)

iew

and its dual,

sy - AT | g .
Z(W) —I;’lzl{)l{d y ‘By > Zw,e,}. (3.9

iew
We have shown the existence of a solution (%)ie(w to problem (3.8) with a cost strictly greater
than % Hence, by LP duality

1
2(W) > —.
n
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Note that z(‘W) = ny - Z(‘W). Hence, z(‘W) > y which contradicts condition 2 of our lemma.

3.3 Intersection of disjoint budget constraints.

In this section, we consider more general uncertainty sets that are defined by intersection of
budget constraints that model many practical settings. We first consider the case where the budget

constraints are disjoint. In particular, consider Sy, S»,...,Sr a partition of {1,2,...,m}, i.e.

L
Usg: [m]  and  SNS;=0,Vi#j.
=1

We define disjoint constrained budgeted sets as follows

U=1hepo,17" ' > wahi <1 Vee[L]}. (3.10)
i€Se
where Sy, = 1,...,L is a partition of [m]. This is an important class of uncertainty sets that

generalizes the budget of uncertainty set (1.5). These are essentially Cartesian product of L budget
of uncertainty sets. A special case of this class of uncertainty sets where all wy; are equal has been
considered for example in Gupta et al. [51] and Feige et al. [24]. Recall for L = 1, namely the
budget of uncertainty set (1.5), affine policy gives the optimal approximation to (1.1) (see Theorem
3.2.1). Our result in this section show that the performance of affine policy remains near-optimal

for the more general class (3.10). In particular, we have the following theorem.

Theorem 3.3.1. Consider the two-stage adjustable problem (1.1) where U is the disjoint con-
strained budgeted set (3.10). Then,

log? n

zai(U) = O ( ) - ZAR(U).

loglogn

Our analysis relies on constructing a feasible affine solution for (1.1) and relating the worst-

case performance to a lower bound of (1.1). In particular, we consider the online fractional
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covering problem and use an online algorithm with O(logn)- competitive ratio to both construct
a feasible affine and also a lower bound for (1.1). The performance bound of our feasible affine
is related to the competitive ratio of the online algorithm. We first introduce some preliminaries

before discussing our construction and analysis.

3.3.1 Online fractional covering.

. . ~ . ~T
Recall, fori = 1,...,m, @; = 1 — (Ax*);. We consider B € R”" where the i-th row B, =
. ~T . - ) ) )
Bl.T /a;if @; > 0and B;, = BZ.T otherwise. Note that B is a non-negative matrix. We consider the

(offline) fractional covering problem
©(h) = min {d"y | By > h},
y=0

for any requirement i € {0, 1}"". The online fractional covering problem is an online version of the
covering problem where the requirements are revealed online in a sequential manner. In particular,
at each step we get a new constraint Z;’zl B; ;y; = 1 for some i and the algorithm needs to augment
the current solution to satisfy the new requirement in each step.

This problem has been studied in the literature. We refer the reader to Buchbinder and Naor
[52] for an extensive discussion of the problem. Buchbinder and Naor [53] give an online al-
gorithm A for the online fractional covering problem that is O(log n)-competitive (see Theorem
4.1 in [53]). In other words, the cost of the solution given by A for any set and sequence of re-
quirements is at most O (log n) times the cost of the optimal solution of the corresponding offline
covering problem where all the requirements are known upfront. In particular, for any sequence of
requirements 7, we have

x —— = O(logn),

A7)
O(7)

<
where A(7) is the online covering cost and O(7) is the offline covering cost. Note that the com-

petitive ratio guarantee also holds for the case where in each step, we get a subset of constraints

instead of just a single constraint. We consider the algorithm A of Buchbinder and Naor [53] for
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our analysis. Let us introduce some notations that we will use for our construction and analysis.

Notations. Consider a sequence of subsets of constraints given by (Si,...,Sg) where S, C [m]

and S, N S, = 0 for all r # . In particular, in step r we get subset S, of constraints
n
D Byyi=1  Vies,.
Jj=1
For brevity of notations, let

h, =1(S,).

In particular, the sequence (hy,h;,. .., hg) verifies h, € {0,1}" for all r € [R] and Zle h, <e.

We introduce the following definitions.

1. Online cost. We denote A(h,h,,. .., h,) the (online) cost of covering the sequence

(hyi,h,,. .., h,) using the online algorithm A.

2. Online augmenting cost. We denote A(h, .| hy,h,,...,h,) the extra cost to cover h, |
using the online algorithm A when the algorithm have already covered the sequence

(hyi,h,,..., h,). By definition, the online augmenting cost is given by
Ahriilhiho,. .. hy) = A(hy by, .o ke heyy) = Ak b, k). (3.11)
3. Greedy augmenting cost. We denote Aug(h, 1| hi,h»,. .., h,) the optimal cost to cover

h,. given that the sequence (hi,h;,...,h,) was already covered by the online algorithm

A. In particular, the greedy augmenting cost is given by

Aug(hrsi| hiha,. .. hy) =min{d"y | B (y +y]) 2 by |, (3.12)
y=>0
where y;ﬂ is the online solution corresponding to the cost A(hky,h,,. .. h,).
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4. Offline cost. Denote @(hy,h,,. .., h,) the optimal (offline) cost to cover (hy,h,,... ,h,)

1.e.,

O(hy,ha,. .. h,) = @(Z h,-) = min {dTy ‘ By > Zh} .
- i=1

i=1
Since A is O(log n)-competitive. Then for any sequence (k,h>,...,h,),

A(hy,ha,. .. h,) = O(ogn) - @(Z h) (3.13)
i=1

3.3.2 Construction of our affine solution.

Similar to the proof of Theorem 3.2.1, we construct a feasible affine solution where we split the
components of [m] into two subsets and cover one using a linear solution and the remaining com-
ponents using a static solution. Consider 1,2,...,L the blocks of components of the the disjoint
constrained budgeted set (3.10). For each block of components, we construct a threshold using the
online fractional covering algorithm A. This threshold defines the expensive components that we

cover using a static solution and inexpensive components that we cover using a linear solution.

Construction of thresholds. Let
T:{ie[m]‘aisO},
TC=[m]\T.

For¢ =1,...,L, denote

S{ =S, NTE.

Let us define the following sets for all £ € [L],

Wg:{hE{O,l}m| Zw&-higl and h; =0 Viezﬁg}.

€Sy

Note that @éz U € U. We construct a greedy sequence (aj,a»,...,ar) where each a, is cho-
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sen from some set U, such that it maximizes the online augmenting cost (3.11) of the sequence.

Algorithm 1 describes the procedure in details.

Algorithm 1 Computing a greedy scenario a

1: Initialize £ = {1,2,...,L}.
2. for £=1,...,Ldo

3: (s,b) = argmax A | ay,as,...,a,-1)
seL, bel,
4: Setap, = b,update L =L \s

5. end for

Algorithm 1 constructs the greedy sequence when the covering constraint matrix is B and

therefore, the guarantee of the online algorithm ‘A gives us a bound of O(log n) between the online

cost, A(a) and offline cost, ®(a) of the covering problem with B for the greedy sequence, a. The

following lemma relates this cost with OPT for (1.1).

Lemma 3.3.2. For all ¢ € [L], denote vy the cost of covering the sequence (ai,a,,...,ar) using

the online algorithm A, i.e.,

ve = Alay,ay,...,ar).
We have
ve = O(logn) - OPT.
Proof. We suppose wlog that the sequence (aj,as,...,ar) belongs respectively to Uy, U, . . .
and let
L
a= Z a, €U.

=1

Then,

Ax* + By*(a) > a.

Denote a = ) ;cs e;. Hence,
m

By*(a) > Z e — Z(l - aj)e;,

i€S i=1
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1.e.,

By'(a) 2 ) aiei- ) (1-ae;.

€S i¢S

Moreover, B and y*(a) are non-negative. Hence, By*(a) > 0 and therefore,
By*(a) 2 Zaiei,
ieS

which is equivalent to

By*(a) > Z e, =a.

i€S
Therefore,
®(a) = min {dTy ‘ By > a} < d"y*(a) < OPT.
y>
Finally,
vp = O(logn) - ©(a) = O(logn) - OPT,

where the first equality follows from (3.13). m|

Now, we are ready to construct our feasible affine solution that has a cost O (léz‘i g" n) times

zaR(U) using a linear and a static part. Recall for all i € [m], z(e;) the cost of covering component
e; in the second stage as defined in (3.2) and v; an optimal corresponding solution. For all £ =

1,...,L, we consider the following sets of components

z'g:{iesg'a,-w and €0 sﬁ-(w—w_l)},
Wei
where
8logn
B=—",
loglogn
and
ve—veo1 = Alaglay,az,. .. ,ar-1),
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as defined in (3.11). Denote

and 7 ¢ its complement, i.e., 7€ = [m] \ 7.

Linear part. We cover a fraction of the components of 7 using the following linear solution for
any h € U,

Yun(h) = ) aihivi. (3.14)
iel

Static part. We use a static solution to cover the remaining components e; where i € 7 and

(1 —a;)"e; fori € I . In particular, similar to (3.4) we consider the following static problem

(Xsta>Ystg) € arg min {ch + dTy ’ Ax + By > Z e; + Z(l — a/,-)+el-} , (3.15)
xeX.y20 iefe iel

and denote zg, = ¢/ xgia + d'y sta- Our affine solution is given by

X = Xsta
(3.16)

Y(h) = yLin(h) + ysta Yh e U.

We can show that the affine solution (3.16) is feasible for (1.1). In particular, we have

Lemma 3.3.3 (Feasibility). The affine solution in (3.16) is feasible for the adjustable problem
(1.1).

The proof is similar to the proof of Lemma 3.2.2.

3.3.3 Cost analysis.

In the following two lemmas, we analyze the cost of the linear and static parts in our affine

solution (3.16).

Lemma 3.3.4 (Cost of Linear part). The cost of the linear part y|;,(h) defined in (3.16) is
O(Blogn) - OPT forany h € U.
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Proof. We have,

L L L

d"yLin(h) = Z Z aihd y; = Z Z a;hiz(e;) < Z B (ve—ve1) Z weih;

=1 iely =1 iely =1 iely
L
<p Z(W = Ve-1)
(=1
= ﬁ . VL

= O(Blogn) - OPT.

where the first inequality holds because a;z(e;) < Bwy; - (ve — ve—1) for alli € Iy and € € [L], the
second inequality holds because };c7, weih; < 1 for any h € U and the last equality follows from

Lemma 3.3.2.

Lemma 3.3.5 (Cost of Static part). The cost of the static part (Xsia,Ysta) defined in (3.15) is
O(Blogn) - OPT.

Proof. Denote y 4 the solution provided by the online algorithm A that covers the sequence

(ay,ay,...,ar). Consider
. . 1
jl={l€[m]‘(3yﬂ)i2§ and ozl->0}.

We have for alli € i, 2By 4 > aje;, i.e.,

2Byﬂ > Z a;e;.
i€

and from Lemma 3.3.2,

2d"y 4 = 2v; = O(logn) - OPT.
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Now, we focus on the set of the remaining components. Denote

Fo =1 \{T Vi)

and for £ = 1,...,L denote

V=5 NSy

For each ¢ € [L], we apply the structural result in Lemma 3.2.4 for the subset V, with parameters
wei, ¥ = 2(ve — ve—1), cost vector d and constraint matrix B. The first condition of Lemma 3.2.4 is

satisfied because for any i € V},

logn

a;z(e;)  O(e;)
= > Bve—ve) =dy—.
Wei Wi loglogn

Consider any ‘W C V; such that }};cqy wp < 1. We have 1(‘W) € U,. Moreover, y 4 covers less

than %IL(‘W ). Therefore,

1

5@ (W) < AUg (]l((W)l ap.a,. .. ,aL) .
Furthermore,

Aug (L(‘W)| ay,az,...,ar) < Aug (L(W)| ay,a,,...,a,)
< A(L(W)|ar,ay,....a. )
<Al(ac ay,as,...,a;)

=VYe— V-1,

where the first inequality holds because the cost of covering 1(‘W) given the online solution for
(ay,as,...,ayr) is smaller than the cost of covering 1(“W) given the online solution for
(a,ay,...,ar—1). The second inequality holds because the cost of the online algorithm is less than

the offline cost and the third one follows from Step 3 in the construction of the greedy scenario a
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in Algorithm 1. Hence,

O (W) <2(ve—ve-1) = .

Therefore, the second condition of Lemma 3.2.4 is also satisfied and consequently,

logn
loglogn

O(V,) <4y = B(ve = ve-1).

By taking the sum overall £ = 1,...,L, we get
L
> 0(V,) < v = O(Blogn) - OPT.
=1
For ¢ € [L], denote y, an optimal solution corresponding to @(V;). In particular,
L
Z Byg > Z a;e;.
=1 i€h

By feasibility of the optimal solution, we have
Ax* + By*(0) > 0,

1.e.,

By*(0) > Z(a/i - De;.

i=1

Moreover, since B and y*(0) are non-negative, we have

m

By (0) > Z(a,- e,

i=1
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Therefore, we have the following candidate static solution for (3.15):

3k
XSta = X

L
Ysa =¥ O + 2y 4+ > ye.

Putting it all together,

=1

L m m
Ax' +By"(0) +2By s+ » By, 2 Y (I-aei+ Y (@i—D'ei+ Y aiei+ Y are;
=1 i=1 i=1

1

=S -ap
i=1

=) (-’
iel

=) (-’
iel

> ) (1-a)’
iel

=) (1-a)'
iel

i€ ieh

e; + Z a;e;

IISNION])

e; + Z(l—ai)+ei+ Z a;e;

iefc ISNISN/}

e; + Z(l - al-)+e,- + Z (1 - ai)+el- + @;e;
i€t SN SN/)

ei+Zei+ Z e;

iet i€ FU%

e,-+2e,-

iefl¢

where the last inequality holds because a; < Oforalli € Tand (1-a;)"+a; > 1 foralli € J1U%.

Therefore,

L
zsa < ¢l x*+d y*(0) +2d y 4 + Z 2(Vy)

t=1

< OPT + O(logn) - OPT + O(Blog n) - OPT

= 0(Blogn) - OPT.
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Proof of Theorem 3.3.1. Lemma 3.3.3 show that our affine solution (3.16) is feasible for the
adjustable problem (1.1). Lemma 3.3.4 and 3.3.5 show that the cost of the feasible affine solution

is less than

1 2
O(Blogn) - OPT + O(Blogn) - OPT = O (M) . OPT
loglogn
which implies that,
log” n
za(U) = O (lg_) - ZAR(U).
oglogn

We would like to note that Gupta et al. [51] give O(log n)-approximation to (1.1) in the special
case A,B € {0,1}", d = Ac and wy; = w are all £,i for some constant w. Therefore, for
this special case the bound of [51] is stronger than our bound in Theorem 3.3.1. However, their
algorithm does not give a functional policy approximation. Here, our focus is different, namely,
to analyze the performance of affine policies that are widely used in practice and exhibit strong
empirical performance. Our analysis shows that the performance of affine policies for disjoint
constrained budgeted sets is near-optimal and nearly matches the hardness of the problem. Note
that our bound in Theorem 3.3.1 is not necessarily tight. It is an interesting open question to
study if affine policies also give an optimal approximation for this more general class of budgeted

uncertainty sets.

3.4 General intersection of budgeted uncertainty sets.

In this section, we consider the general intersection of budget of uncertainty sets given by (1.6)

U = {h e[O,l]’”| Znghi <1 Vle [L]},

€Sy

where w, € [0,1]" and Sy for € € [L] is a general family of subsets of [m]. This class is a general-
ization of the single budget of uncertainty set (1.5). It captures many important sets including CLT
sets considered in Bertsimas and Bandi [37] and inclusion-constrained budgeted sets considered

in Gounaris et al. [38]. In this section , we study the performance of affine policies for intersection
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of budget of uncertainty sets (1.6) and show strong theoretical guarantees. We start by the case
when the set (1.6) verifies some symmetric properties ( permutation invariant sets) and then we

give our results for the general form (1.6).

3.4.1 Permutation Invariant Sets.

We consider intersection of budgeted sets that are permutation invariant.

Definition 3.4.1 (Permutation Invariant Sets). We say that U is a permutation invariant set if

x € U implies that for any permutation 7 of {1,2,...,m}, x™ € U where x| = x(;).

This class of sets captures many important sets including CLT sets that have been considred in

Bertsimas and Bandi [37]. Note that a CLT set is given by

ﬂ:{he[o,l]m| Zhisf VSQ[m],lSI:k}, (3.17)
ieS
for some k € N. The following theorem gives our performance bound for affine policies under the

class of intersection of budgeted sets that are permutation invariant.

Theorem 3.4.2. Consider the two-stage adjustable problem (1.1) where U is the intersection of L
budget constraints (1.6). Suppose that U is permutation invariant set and X is a polyhedral cone.
Then,

z2a6(U) = O (IOgL - ) - ZAR(U).

loglogn
Proof. Our proof relies on a geometric property that we show for budgeted uncertainty sets that
are permutation invariant. In particular, we show that for any U permutation invariant, there exists

a (single) budget of uncertainty set V' of the form (1.5) such that

VU c2v. (3.18)
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Since U is permutation invariant,
ye € arg max {eTh ‘ h e ‘L[} ,

for some y € [0, 1]. Consider

ii.d.

&~ Ber(y) i=1,....m,
ie., £1,&2,...,&y, are i.i.d. Bernoulli random variables of parameter y. Let
f = (fl,é‘:Z" .- ’fm)

Consider the following budget of uncertainty set

Note that V is random depending on the realization of &1,&>,. .. ,&, . We show that

for some constant € > 0 which implies the existence of P such that (3.18) is verified. For that
purpose, we show first that the right inclusion holds with a constant probability and then the left

one holds with high probability.
Claim 3.4.3. P (U C2V) > 1 - 78,

Let us prove the above claim. Note that,

ym = max e’ h.
held
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Suppose that,

ym < 2el €.
Then forall h € U,
e’h <2e'¢
i.e,forallh e U
he2vV.

Hence, ym < 2e’ & implies that U C 2V. Therefore,

P(Uc2V) 2P (2 & > ym)

= P(i& > %ym)

i=1

We know that E ( i .fi) = ym. Therefore, from the Chernoff inequality in Lemma C.2.2, we

have,
¢ 1 ym I
]P’(;f,- > Eym) >1-exp (—?) >1—-e75.

where the last inequality holds because ym > 1 since e; € U for all i and U is convex.
Claim 3.44. P(V C4logL-U) > 1- 1.

Note that & is an extreme point of ‘V and that all pareto extreme points of V are just permutation of
&. Moreover, we know that U is permutation invariant set, hence if U contains & then U contains

all pareto extreme points of U and consequently contains U by down-monotonicity. Therefore,

]P’((l7 - 410gL-(LI) >P(§edlogl-U)
=P (vi& <4logL, vVl e [L])

=1-P(3IelL], vj£ >4logL)
L

> 1—ZP(v§§ > 4logL),

=1
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where the last inequality follows from a union bound. We have E(v?{;‘ ) = vgye <1 < loglL for

L > 2 because vye is a feasible point in U. Therefore, from Lemma C.2.1 with 6 = 3.

log L
P(vi€ >4logL) < (i—i) N < (e-Z)IOgL - é

We conclude that,

Hence, from Claim 3.4.3 and Claim 3.4.4, there exists a budget of uncertainty set V with a non

zero probability that verifies the inclusion in (3.18). Therefore,

2a(U) <2 zp5(V)

1 -
=2.0(—22_ ). pr (D)
loglogn

logn logn

32.0( )-4logL-zAR(1l):0( -logL)-ZAR(W),

loglogn loglogn

where the first inequality holds because U C 27V and 2 - X C X (X is a polyhedral cone). The
first equality follows from Theorem 3.2.1 because V is a budget of uncertainty set, and finally the

last inequality holds because V C 4log L - U and 4log L - X C X (X is a polyhedral cone). O

We would like to note that the result of Theorem 3.4.2 extends as well to the class of intersection
of budgeted sets that are scaled permutation invariant. We say that U is a scaled permutation

invariant set if there exists 4 € R and V' a permutation invariant set such that
U =diag(1) - V.
In fact, for a given scaled permutation invariant set U, it is possible to scale the two-stage ad-
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justable problem (1.1) and get a new problem where the uncertainty set is permutation invariant.
Indeed, suppose U = diag(d) - V where V is a permutation invariant set; by multiplying the
constraint matrices A and B by diag(1)~!, we get a new problem where the uncertainty set now
is permutation invariant. The performance of affine policy is not affected by this scaling and the

bound given by Theorem 3.4.2 still hold.
3.4.2 General intersection of budgets.
Consider the general intersection of budgeted sets (1.6) which is given by
U= {h e[0,11" | > wehi <1 Ve e [L]}.
€Sy

. _logn
loglogn

We show that affine policy gives a worst-case bound of O (L ) where L is the number of

constraints in U. In particular, we have the following theorem.

Theorem 3.4.5. Consider the two-stage adjustable problem (1.1) where U is the intersection of L

budgeted sets given by (1.6). Suppose that X is a polyhedral cone. Then,

logn
ar(U) =0 [L- == - ZAR(U).
loglogn
Proof. Denote forall € € [L],
We = Z Wei€i
i€Sy
and let
2
w=— We.
L =1
Consider the following budget of uncertainty set,
V= {h e[0,11" | w'h < 1}.

We show that U € V C L - U. Suppose h € U. Then, for any ¢ € [L], we have w?h <1
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Therefore, by summing up all these inequalities and dividing by L, we get w h < 1,i.e., h € V.
Hence U C V. Conversely, suppose h € V. For any ¢ € [L], we have wTh < 3 wlh < L,

hence h € L - U and consequently V C L - U. Therefore,

zat(U) < zp(V)

logn
=0 (IL) - zaR(V)
oglogn

<0 logn

<O|t——| L-zar(Y),
loglogn

where the first inequality holds because U C YV, the second one is a consequence of Theorem
3.2.1 since V is a budget of uncertainty set of the form (1.5), and finally the last inequality holds

because V € L-U and L - X € X (X is a polyhedral cone).

3.5 Faster algorithm for near-optimal affine solutions.

In this section, we present an algorithm to compute an approximate affine policy for (1.1) un-
der budget of uncertainty sets, that is significantly faster than solving the optimization program
(A.1) that computes the optimal affine policy. Our algorithm is based on the analysis of the per-
formance of affine policies that shows the existence of a good affine solution that satisfies certain
nice structural properties. In particular, our construction of approximate affine solution in Section
3.1 partitions the components into expensive and inexpensive components based on a threshold.
We cover a fraction of the inexpensive components using a linear solution and the remaining com-
ponents using a static solution. In particular, we show that there exists an affine solution with such
a structure and cost at most O (logn/loglogn) times the optimal optimal cost of (1.1) for some
partition of components into expensive and inexpensive. Based on this structure, we give a faster

algorithm to compute an approximate affine solution for budget of uncertainty sets.
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3.5.1 Our algorithm.

Let U be the budget of uncertainty set (1.5) given by

U = {h € [0,1]’”] iw,-h,- < 1}.

i=1

Recall from the proof of Theorem 3.2.1, we construct our candidate affine solution by partitioning
the components of [m] into two subsets 7 and its complement J ¢. The linear solution (3.3) is given
by

Yiin(h) = Z a;hiv;

iel
where

:{ze[ ]‘alz(e) <,8-OPT},

and for all i € [m],

a; =1-(Ax"),
y; € arg min {dTy ‘ By > e,-}.
y>0
Let
Y=[vi|val|...|vml

Based on the structure of the linear part, we propose the following approximate affine solution:

y(h) =Y -diag(@) -h + ¢q

where Y is a constant that can be computed efficiently upfront and «; for i € [m] are non-negative
variables. This structure captures our candidate solution (3.3). Hence, we reduce the number of
second stage variables from O(nm) in (1.2) to O(n + m). Moreover, the non-negativity constraint

on y(h) reduces to @ > 0 and ¢ > 0 in this special class of affine solutions. Restricting to the
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above class of affine solutions, we have the following optimization problem.

min ¢’ x + max d? (Y - diag(@) - h + q)

x.a.q held

Ax + B (Y -diag(e@) -h+q) > h, VheU (3.19)

xe X, e R}, q eR].

Using similar reformulations as in Lemma (A.0.2), the above problem can be formulated as the
following LP:
min ¢’ x + z
z—dlg>rly
Ry > Y -diag(a)’d
Ax +Bg>V'r (3.20)
RV >1I,, - BY -diag(a)
xeX,veRl UeRX v eRbm

acR!qeR}, zeR.

The above formulation is significantly faster than solving (1.2) as we observe in our numerical

experiments. Algorithm 2 describes the detail of our algorithm.
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Algorithm 2 Computing Approximate Affine Policy

I: for i=1,...,mdo
2:
y; € arg min {dTy ‘ By > e,-}.
y>0
3: end for
4:

Y=[vil|val|... vl
5: Solve the LP:
ZAlg = min c’x+z
z—dg>rly
Ry > Y - diag(a)'d
Ax +Bg>V'r
R'V > I,, - BY - diag(a)
xeX,veRl UeRMX v eRLxm
aecR qeR}, zeR

6: return zajg.

We would like to note that since our approximate affine solution is based on the construction

of affine policy in our analysis, the worst-case approximation bound for our approximate affine

logn )

solution is also O (3057

3.5.2 Numerical experiments.

We study the empirical performance of our algorithm for budget of uncertainty sets both from

the perspective of computation time and the quality of the solution.

Experimental setup. We use the same test instances as in Ben-Tal et al. [41]. In particular, we

choose n = m, ¢ =d = e and A = B where B is randomly generated as B = I, + G, where I, is
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the identity matrix and G is a random normalized Gaussian, i.e. G;; = |Y;;|/ \/m where Y; j are 1.1.d.

standard Gaussians. Let consider the following budget of uncertainty sets:

Uu, = {he[o,l]’" Zh,-sk} (3.21)
i=1

U = {he[o,l]’” Zwihisl}. (3.22)
i=1

For our numerical experiments, we choose k = ¢ v/m with ¢ a random uniform constant be-
tween 1 and 2 for the first uncertainty set U;. For the second uncertainty set U,, we choose w
a normalized Gaussian vector, i.e., w; = |G;|/||G||» where G; are i.i.d. standard Gaussians. We
consider values of m from m = 10 to m = 200 in increments of 10 and consider 20 instances for
each value of m.

We compute the optimal affine solution by solving the LP formulation (A.1). We compute our
approximate affine solution returned by Algorithm 2. We denote za1q(T{) and zag(U) respectively
the cost of our affine solution returned by Algorithm 2 and the cost of the optimal affine solution.
For each m from m = 10 to m = 200, we report the average ratio zaig(U)/zas(U), the running
time of Algorithm 2 in seconds (Taig(s)) and the running time of the optimal affine policy in
seconds (Tx(s)). We present the results of our computational experiments in Table 3.1. The
numerical results are obtained using Gurobi 7.0.2 on a 16-core server with 2.93GHz processor and

56GB RAM.

Results. We observe from Table 3.1 that our algorithm is significantly faster than the optimal affine
policy. In fact, Algorithm 2 scales very well and the average running time is only a few seconds
even for large values of m. On the other hand, computing the optimal affine solution becomes
computationally challenging for large values of m. For example, for m = 100, the average running
time is around 3 minutes for U and more than 11 minutes for U,. For m = 200, the average

running time is more than an hour for U; and more than 3 hours for U,. Furthermore, we observe
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that the gap between our affine solution and the optimal one is under 15%. Moreover, this gap does
not increase with the dimension of m, thereby confirming that our affine solution performs well

even for large values of m.

m | Tas(s) | Taig(s) | zaig/zas m | Tas(s) | Taig(s) | zaig/zas
10 | 0.009 | 0.022 1.146 10 | 0.011 | 0.021 1.108
20 | 0.137 | 0.105 1.111 20 | 0.200 | 0.110 1.092
30 | 0.304 | 0.300 1.155 30 | 1.219 | 0.353 1.103
40 | 1.268 | 0.692 1.126 40 | 4.887 | 0.812 1.093
50 | 4.007 | 1.370 1.120 50 | 17.13 | 1.388 1.096
60 | 9.461 | 3.089 1.135 60 | 54.03 | 2.259 1.086
70 | 17.38 | 3.417 1.147 70 | 129.7 | 3.625 1.088
80 | 44775 | 5.626 1.103 80 | 248.1 | 5.069 1.082
90 | 80.20 | 10.18 1.114 90 | 3909 | 6.381 1.080
100 | 153.3 | 13.23 1.149 100 | 692.9 | 8.705 1.082
200 | 5137 69.33 1.061 200 ** 68.62 *%
(a) Budget of uncertainty (3.21) (b) Budget of uncertainty (3.22)

Table 3.1: Comparison on the performance and computation time of the optimal affine policy and
our approximate affine policy. For 20 instances, we compute zaig(U)/zas(U) for U the budget
of uncertainty sets (3.21) and (3.22). Here, Tag(s) denotes the running time for our approximate
affine policy and T4 (s) denotes the running time for affine policy in seconds. ** denotes the cases
when we set a time limit of 3 hours. These results are obtained using Gurobi 7.0.2 on a 16-core
server with 2.93GHz processor and 56GB RAM.

Remark. The formulation (3.19) provides an approximate affine policy for solving our two-stage
adjustable problem under any uncertainty set and not only a single budget of uncertainty set. This

approximate affine policy is significantly faster than computing optimal affine policy and has a

logn
loglogn

worst-case approximation bound of O( ) for single budget of uncertainty set. While our
analysis does not provide theoretical guarantees on the performance of this approximate affine
policy for general uncertainty sets, it still gives a feasible policy that is significantly faster than
computing the optimal affine policy. Moreover, we observe in our extended numerical experiments
in Appendix C.3 that the empirical performance of our approximate solution is still good even for
intersection of budget of uncertainty sets and the gap is within 20% of the optimal affine policy.

However, for general conic sets including ellipsoidal uncertainty sets, the gap between optimal

affine policy and our approximate affine policy could be large for some cases (up to a factor of
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two). We refer the reader to Appendix C.3 for more details.

3.6 General case of recourse matrix

In this section, we consider the two-stage adjustable problem (1.1) with general recourse matrix
B where we relax the non-negativity assumption on B. In particular, we consider cases where some
of the coefficients in B could be negative. We show that in this case, the gap between the optimal
affine policy given by (1.2) and the optimal adjustable problem (1.1) could be arbitrary large.
Therefore, the non-negativity assumption on the coefficients of B is crucial for affine policies to
have a good performance with respect to the optimal adjustable solution.

We consider a two-stage lot-sizing problem to construct a family of instances of (1.1) with
general recourse matrix B such that the gap between the optimal adjustable solution and optimal

affine policies is unbounded.

Two-stage robust lot-sizing problem. We are given a set of m nodes with pairwise distances d;;
between node i and node j. Each node i € [m] has cost ¢; per unit inventory at node i and has a
capacity of K;. Each node i faces an uncertain demand #; that is realized in the second-stage. In the
first-stage, the decision maker needs to decide the inventory levels, x; for each node i € [m]. We
model uncertain demand as an adversarial selection from a pre-specified uncertainty set U after
the adversary observes the first-stage inventory decisions. In the second-stage, the decision maker
can make recourse transportation decisions after observing the uncertain demand to satisfy it using
the first-stage inventory. The goal is to make the first-stage inventory decisions such that the sum of
first-stage inventory costs and the worst case second-stage transportation costs is minimized. This
problem has been studied extensively in the literature (see for example Bertsimas and de Ruiter
[17]).

We can formulate the above problem in our framework of (1.1) where the recourse matrix B is
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a network matrix with entries in {—1,0, 1}. The epigraph formulation is the following.

m
min Z CiXi+ 2
Xz

1=

zz Z Z dijyij(h)

i=1 j=1

n n (3.23)
yjith) = > yij(h) > h;, Vi€ [m), VheU

J=1 J=1

X; +

0<x;<K; Vie[m]

y(h) eR™, Vhe.

Family of large gap instances. We consider the following family of instances for the robust
lot-sizing problem (3.23). Consider a bipartite network (Jy,J2) where |J1| = |J2| = m/2 (m is
even). We consider a budget of uncertainty set to model demand uncertainty. The inventory cost
¢, capacity K; for all i € [m], distances d;;, i,j € [m] and the formulation for the uncertainty set

are given as follows.

0 ifiEJl

{
|

1 ifi € b

Ki=1 Vie[m]

(3.24)
0 ifi € Jl,j e
dl'j =
00 otherwise.
U = {h € [0,1]" Zhi < m/Z}.
i=1

For the above family of instances (3.24), we show that the gap between optimal affine and ad-

justable policies is unbounded. In particular, we have the following lemma.
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Lemma 3.6.1. For the family of instances (3.24), the optimal adjustable solution is zar(U) = 0
and the optimal affine solution is zag(U) = m/2 — 1. In particular the gap between affine and

adjustable policies is unbounded.

The proof of Lemma 3.6.1 is presented in Appendix C.4. Lemma 3.6.1 shows that the assump-
tion on the non-negativity of the recourse matrix B is necessary and crucial to obtain the theoretical
bounds in Table 1.1. Relaxing this assumption can result in an unbounded gap. It is an interest-
ing question to develop approximation algorithms and policies for two-stage robust problem with
provable theoretical guarantees when the recourse matrix has negative components, or in particular

is a network matrix.

3.7 General case of uncertainty in the constraint matrix.

In this section, we consider the case where the left hand side constraint matrix A in (1.1) depend
on the uncertain parameter 2. We show that even in the case where A(h) is an affine function of
h, the gap between the optimal affine solution and the optimal adjustable solution can be bad and
scales linearly with the dimensions of the problem n and m. This shows that our results in Table
1.1 do not extend to the case of uncertainty in the left hand side. Recall the two-stage adjustable
problem (1.1) and suppose that the first stage constraint matrix A depends on h, i.e.,

zar(U) = n}in c’x + ;{g}z{c Erglr)l dTy (h)
A(h)x + By(h) > h, YheU

(3.25)
xeX

y(h) eR}, VYheU.

Suppose that A(h) € R™" is an affine function of A, i.e.,

A(h) = > hiA; + Ao
i=1

87



where foralli =0,...,m, A; € R™",
Family of Large Gap Instances. We consider the following family of instances of problem
(3.29),
n=m X =R" c=0 d=e
Ag=0  A;=(e—e)e’, Vie[m] B=1, (3.26)
U =1{h €[0,1]"}.
Note that the uncertainty set U is a box of uncertainty set which is a special case of the budget of
uncertainty set (3.1) with k = m. Even under this special case, we show that the gap between the
optimal affine solution and the optimal adjustable solution is bad and grows linearly with m. In

particular, we have the following lemma.

Lemma 3.7.1. For the family of instances (3.26), the optimal adjustable solution is zpr(U) =
1 and the optimal affine solution is zp(U) = m/2. In particular, the gap between affine and

adjustable policies grows linearly with the dimension of the problem m.

The proof of Lemma 3.7.1 is presented in Appendix C.5. Lemma 3.7.1 shows that our results
on the performance of affine policies in Table 1.1 do not extend to the class of problems with left

hand side uncertainty where the gap could be as bad as Q(m).
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Chapter 4: Piecewise affine policies

4.1 Introduction

We consider the problem of designing piecewise affine policies for two-stage adjustable robust
linear optimization problems under right-hand side uncertainty. It is well known that a piecewise
affine policy is optimal although the number of pieces can be exponentially large. A significant
challenge in designing a practical piecewise affine policy is constructing good pieces of the uncer-
tainty set. Here we address this challenge by introducing a new framework in which the uncer-
tainty set is “approximated” by a “dominating” simplex. The corresponding policy is then based
on a mapping from the uncertainty set to the simplex. Although our piecewise affine policy has
exponentially many pieces, it can be computed efficiently by solving a compact linear program
given the dominating simplex. Furthermore, we can find the dominating simplex in a closed form
if the uncertainty set satisfies some symmetries and can be computed using a MIP in general. The
performance of our policy is significantly better than the affine policy for many important uncer-
tainty sets, such as ellipsoids and norm-balls, both theoretically and numerically. For instance,
for hypersphere uncertainty set, our piecewise affine policy can be computed by an LP and gives a
O(m'/*)-approximation whereas the affine policy requires us to solve a second order cone program
and has a worst-case performance bound of O( v/m).

More specifically, recall the two-stage adjustable robust problem (1.1) with covering con-

straints and uncertain right-hand side:

89



zAR (U) = min ¢’ x + max min dTy (h)
x hell y(h)

Ax +By(h) > h, YheU
x eR}
y(h) eR}, Vhel,

As expressed in the above formulation, we refer to zag (¢,d, A, B, U) as zar (U) in this chap-
ter for the sake of simplicity. Moreover, we assume in this chapter that the first-stage decision x
belongs to the non-negative orthant, i.e., x € X = R’. We assume that the uncertainty set U

satisfies the following assumption.

Assumption 1. U C [0,1]™ is convex, full-dimensional with e; € U foralli = 1,...,m, and

down-monotone, i.e.,h € U and 0 < h’ < h implies that b’ € U.

We would like to emphasize that the above assumption can be made without loss of generality
since we can appropriately scale the uncertainty set, and consider a down-monotone completion,
without affecting the two-stage problem (1.1).

Recall that in a Piecewise affine policies (PAP), we consider pieces U;,i € [k] of U such that
U; € U and U is covered by the union of all pieces. For each U;, we have an affine solution y (k)
where h € U;. PAP are significantly more general than static and affine policies. For problem
(1.1), with U being a polytope, a PAP is known to be optimal. However, the number of pieces can
be exponentially large. Moreover, finding the optimal pieces is, in general, an intractable task. In
fact, Bertsimas and Caramanis [39] prove that it is NP-hard to construct the optimal pieces, even
for pieceiwse policies with two pieces, for two-stage robust linear programs. In this chapter, we do
not attempt to directly find a partition of U, but we present a tractable new framework to construct
piecewise affine policies (PAP) via dominating the uncertainty set with a simplex, solving our
robust problem over the simplex and recovering a solution over U.

The rest of this chapter is organized as follow. In Section 4.2, we present the new framework for

approximating the two-stage adjustable robust problem (1.1) via dominating uncertainty sets and
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constructing piecewise affine policies. In Section 4.3, we provide improved approximation bounds
for (1.1) for scaled permutation invariant sets. We present the case of general uncertainty sets in
Section 4.4. In Section 4.5, we present a family of lower-bound instances where our piecewise
affine policy has the worst performance bound and finally in Section 4.6, we present a computa-

tional study to test our policy and compare it to an affine policy over U.

4.2 A new framework for piecewise affine policies

We present a piecewise affine policy to approximate the two-stage adjustable robust prob-
lem (1.1). Our policy is based on approximating the uncertainty set U with a simple set U such
that the adjustable problem (1.1) can be efficiently solved over /. In particular, we select 2/ such
that it dominates U and it is close to U. We make these notions precise with the following

definitions.

Definition 4.2.1. (Domination) Given an uncertainty set 7 C R”, U/ C R" dominates U if for

all h € U, there exists i € U such that i > h.
Definition 4.2.2. (Scaling factor) Given a full-dimensional uncertainty set 7 C R” and U C R”
that dominates 7. We define the scaling factor S(U, ) as following

BU.U) =min{B>0|UCp-U}.

For the sake of simplicity, we denote the scaling factor (U, ) by S in the rest of this chapter.
The scaling factor always exists since U is full-dimensional. Moreover, it is greater than one
because U dominates . Note that the dominating set U4 does not necessarily contain 4. We

illustrate this in the following example.

Example. Consider the uncertainty set

U ={h e RY | ||kl < 1}. (4.1)
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which is the intersection of the unit £>-norm ball and the non-negative orthant. We show later in

this chapter (Proposition 4.3.6) that the simplex 2/ dominates 7 where
n 1 1
U =m?*-conv |ey,...,e,,,—e]. “4.2)

Figures 4.1 and 4.2 illustrate the sets U and U for m = 3. Note that ¥ does not contain U but

only dominates U. This is an important property in our framework.

Figure 4.1: The uncertainty set (4.1) Figure 4.2: The dominating set U/ (4.2)

The following theorem shows that solving the adjustable problem over the set U gives a 3-

approximation to the two-stage adjustable robust problem (1.1).

Theorem 4.2.3. Consider an uncertainty set U that verifies Assumption 1 and U C R’ that
dominates U. Let B be the scaling factor of (U, U). Moreover, let zar(U) and zar(U) be the

optimal values for (1.1) corresponding to U and U, respectively. Then,

ZAR(U) < zaR(U) < B+ z2pR(U).

The proof of Theorem 4.2.3 is presented in Appendix E.1.
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42.1 Choice of U

Theorem 4.2.3 provides a new framework for approximating the two-stage adjustable robust
problem ITar () (1.1). Note that we require 1 to be such that it dominates U and that HAR((L? )
can be solved efficiently over U. In fact, the latter is satisfied if the number of extreme points of
U is small and is explicitly given (typically polynomial of ). In our framework, we choose the

dominating set to be a simplex of the following form

U =p-conviei,...,emv), (4.3)

for some v € U. The coefficient 8 and v € U are chosen such that 7/ dominates U/. For a given
U (i.e., B and v € U), the adjustable robust problem, I1pg ((L7 ) (1.1) can be solved efficiently as it

can be reduced to the following LP:

zAR(U) =min e¢’x + 2
z>d'y;, Vie[m+1]
Ax + By, > Be;, Vi € [m]
Ax +By,,.; = Bv

xeRl, y, eR}, Vie[m+1].

4.2.2  Mapping points in U to dominating points

Consider the following piecewise affine mapping for any h € U:

VheU, hh) =pBv+h-py),.. (4.4)

We show that this maps any 2 € U to a dominating point contained in the down-monotone com-

pletion of 2 - U. First, the following structural result is needed.
Lemma 4.2.4. (Structural Result) Consider an uncertainty set U that verifies Assumption 1.
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a) Suppose there exists 3 and v € U such that U = B -conv(ey,...,ey,v) dominates U.

Then,

%Z (hi— Bvi)* <1, Yh € U. (4.5)
i=1

b) Moreover, if there exists B and v € U satisfying (4.5). Then,

2B -conv(ey,...,ey,v) dominates U.

The proof of Lemma 4.2.4 is presented in Appendix E.2.
The following lemma shows that the mapping in (4.4) maps any k& € U to a dominating point

that belongs to the down-monotone completion of 2 - Uu.
Lemma 4.2.5. Forall h € U, h(h) as defined in (4.4) is a dominating point that belongs to the
down-monotone completion of 2 - U.

Proof. It is clear that ﬁ(h) dominates h because ﬁ(h) > Bv + (h — Bv) = h. Moreover, for all

h € U, we have

N 1 &
() = B + 5 ) (hi = pri)” e,
i=1
< pr s % ;mi _ By Bes + (1 - % ;;(h,- BBy e2-U

eu

eu
where the inequality

1 m
1-— (h; — ,3V,')+ > 0.
52
follows from part a) of Lemma 4.2.4. Therefore, h(h) belongs to the down-monotone completion
of 2-U. O
4.2.3 Piecewise affine policy

We construct a piecewise affine policy over U from the optimal solution of TIag (/) based on

the piecewise affine mapping in (4.4). Let X, ﬁ(ﬁ) for i € U be an optimal solution of TIaR(TY).
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Since U is a simplex, we can compute this efficiently.

The piecewise affine policy (PAP)

x =2k

1 & . 4.6)
y(h) = 2 D (hi= Bu)" 5(Ben + 5 (). VheU.
i=1

The following theorem shows that the above PAP gives a 2 S-approximation for (1.1).

Theorem 4.2.6. Consider an uncertainty set U that verifies Assumption 1 and
U= B-conv(eq,...,en,V)

be a dominating set where v € U. The piecewise affine solution in (4.6) is feasible and gives a

2 B-approximation for the adjustable robust problem (1.1).

Proof. First, we show that the policy (4.6) is feasible. We have,

Ax + By(h) = 2A% + B (% ; (hi — Bvi)* §(Be;) + y(ﬁv)>

= (A% +BY(B) + A%+ 5 D (1= f)" B3 (Be)

i=1

1 m
> (A% + By (Bv)) + 3 D (hi— pvi)* (By(Be:) + A%)
i=1

> By + Z (hi = Bvi)" e
i=1

2ﬁv+2(h,-—ﬁvi)e,- =h,
i=1

where the first inequality follows from part a) of Lemma 4.2.4 and the non-negativity of X and A.

The second inequality follows from the feasibility of X, y (h).
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To compute the performance of (4.6), we have for any h € U,
. 1< . 1.
"x+d y(h) =2 (ch +d’ (ﬁ D (hi = pvi) " 9 (Ben) + §y<,8v)))
i=1

A 1
<2l + d'yh)[— > (hi-pvi)" +=
[y a5 3003

2 (chc + max dTﬁ(ﬁ))
held

IA

=2 zar(U),

where the second last inequality follows from part a) of Lemma 4.2.4. From Theorem 4.2.3,

z2aAR(U) < B - zar (U). Therefore, the cost of the piecewise affine policy for any & € U

cIx+d'yh) <28 zpr (U),

which implies that the piecewise affine solution (4.6) gives a 2 3-approximation for the adjustable

robust problem (1.1). O

The above proof shows that it is sufficient to find 8 and v € U satisfying (4.5) in Lemma 4.2.4
to construct a piecewise affine policy that gives a 2 8-approximation for (1.1). In particular, we

summarize the main result in the following theorem.

Theorem 4.2.7. Let the uncertainty set U satisfy Assumption 1. Consider any 3 and v € U
satisfying (4.5). Then, the piecewise affine solution in (4.6) gives a 2[-approximation for the

adjustable robust problem (1.1).

We would like to note that our piecewise affine policy in not necessarily an optimal piecewise
policy. However, for a large class of uncertainty sets, we show that our policy is significantly better

than affine policy and can even be computed more efficiently than an affine policy.
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4.3 Performance Bounds for Scaled Permutation Invariant Sets

In this section, we present performance bounds of our policy for the class of scaled permutation
invariant sets. This class includes ellipsoids, weighted norm-balls, intersection of norm-balls and

budget of uncertainty sets. These are widely used uncertainty sets in theory and in practice.
Definition 4.3.1. Scaled Permutation Invariant Sets (SPI)

1. U is a permutation invariant set if x € U/ implies that for any permutation 7 of {1,2,...,m},

x* € U where x] = x¢(;).

2. U is a scaled permutation invariant set if there exists 4 € R/ and V a permutation

invariant set such that U = diag(1) - V.

For a given SPI set U, it is possible to scale the two-stage adjustable problem (1.1) and get
a new problem where the uncertainty set is permutation invariant (PI). Indeed, suppose U =
diag(A) - V where V is a permutation invariant set; by multiplying the constraint matrices A and
B by diag(1)~', we get a new problem where the uncertainty set now is PI. The performance of
our policy is not affected by this scaling. Therefore, without loss of generality, we consider in the
rest of this section, the case of permutation invariant uncertainty sets.

We first introduce some structural properties of PI sets. Let U be PI satisfying Assumption 1.

Forall k =1,...,m,let

k
1
y(k) = - - max {; hi | h efu}. 4.7)
The coefficients, y(k) for all k = 1,...,m affect the geometric structure of U. In particular, we

have the following lemma.

Lemma 4.3.2. Le U be a permutation invariant set and y(-) be as defined in (4.7). Then,

M=~

v(k) - e, e U, Yk=1,....m

i=1
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We present the proof of Lemma 4.3.2 in Appendix E.3. For the sake of simplicity, we denote

v(m) by 7 in the rest of the chapter. From the above lemma, we know thaty - e € U.

4.3.1 Piecewise affine policy for Permutations Invariant Sets

For any PI set U, we consider the following dominating uncertainty set, U of the form (4.3)
withv = ye, i.e.,

U = B-conv (ey,e,... emye) (4.8)

where g is the scaling factor guaranteeing that U dominates U. This dominating set U is moti-
vated by the symmetry of the permutation invariant set ¢/. In this section, we show that one can
efficiently compute the minimum }3 such that 7/ in (4.8) dominates /. In particular, we derive an
efficiently computable closed-form expression for S, for any PI set U.

From Theorem 4.2.7 we know that to construct a piecewise affine policy with an approximation

bound of 2, it is sufficient to find S such that
1 m
— h; — <1 4.9
5 max ; (hi = By)" < (4.9)

and any B implies that 23 - conv (e, ez,. . .,e,,ye) dominates U (see Lemma 4.2.4b). Finding

the minimum g that satisfies (4.9) requires solving:

€

min{ﬁ21|ézna}32(hi_’3y)+sl}. (4.10)

i=1

The following lemma characterizes the structure of the optimal solution for the maximization prob-

lem in (4.9) for a fixed S.

Lemma 4.3.3. Consider the maximization problem in (4.9) for a fixed B. There exists an optimal

solution h* such that
k
b =yk)- ) e,
i=1

forsome k =1,...,m.
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We present the proof of Lemma 4.3.3 in Appendix E.4. The following lemma characterizes the

optimal S for (4.10).

Lemma 4.3.4. Let U be a permutation invariant uncertainty set satisfying Assumption 1. Then

the optimal solution for (4.10) is given by

k
B = max 7 )1 4.11)
k=1,....m Y+ i
Proof. Using Lemma 4.3.3, we can reformulate (4.10) as follows.
1 k
min {/3 > 1] Ekg;ygm; (y(k) = By) < 1},
1.e.,
k
m1n{,8>1|,82 7 )1 Vk =1, m}
Y*tz
Therefore,
k
B = max ¥ )1 .
k=1,...m Y+ a
|

The above lemma computes the minimum £ that satisfies (4.9). Therefore, from Theorem 4.2.7,

we have the following theorem.

Theorem 4.3.5. Let U be a permutation invariant set satisfying Assumption 1. Let y = y(m) be

as defined in (4.7) and B be as defined in (4.11), and

U =pB-conv(ei,...,enye).

Let J’é,j"(ﬁ) for h € U be an optimal solution for TIAR(U) (1.1). Then the following piecewise
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affine solution

A

x =2x
| & (4.12)
¥ = 2 ) (hi=B7)" 5(Bep) + 5 (Bye) Vh e U,

i=1
gives a 2 B-approximation for (1.1). Moreover, the set 2 - U dominates U.

The last claim that 2 - 2/ dominates U is a straightforward consequence of part(b) of Lemma
4.2.4.

As a consequence of Theorem 4.3.5, for any permutation invariant uncertainty set, U, we
can compute the piecewise-affine policy for (1.1) efficiently. In fact, for many cases, even more

efficiently than an affine policy.

4.3.2 Examples

We present the approximation bounds for several permutation invariant uncertainty sets that are
commonly used in the literature and in practice, including norm balls, intersection of norm balls
and budget of uncertainty sets. In particular, it follows that for these sets, the performance bounds
of our piecewise affine policy are significantly better than the best known performance bounds for

affine policy.

Propostion 4.3.6. (Hypersphere) Consider the uncertainty set & = {h € R"! | ||k||, < 1} which

is the intersection of the unit hypersphere and the nonnegative orthant. Then,

A

U=m

—

1
- conv (el,ez,. .. ,em,_e) P

\m
dominates U and our piecewise affine solution (4.12) gives O(mflt) approximation to (1.1).

Proof. We have fork =1,...,m,

| =

y(k) =

k
-maX{Zhilh ew}: L
i=1
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In particular, y = ﬁ From Lemma 4.3.4 we get,

B = max —Y(k)
Tl 1
k=1,....m 'y(m) + T

. We conclude from Theo-

1
. . i
The maximum of this problem occurs for k = +/m. Then, g = 5~

rem 4.3.5 that Y dominates U and our piecewise affine policy gives O(m%) approximation to the

adjustable problem (1.1). O

Remark. Consider the following ellipsoid uncertainty set

{h 20 | > rih? < 1}. (4.13)

i=1
This is widely used to model uncertainty in practice and is just a diagonal scaling of the hyper-

sphere uncertainty set. As we mention before, the performance of our policy is not affected by
scaling. Hence, our piecewise affine policy gives an O(mélt )-approximation to the adjustable prob-
lem (1.1) for ellipsoid uncertainty sets (4.13) similar to hypersphere. We analyze the case of more

general ellipsoids in Proposition 4.3.9.

Propostion 4.3.7. (p-norm ball). Consider the p-norm ball uncertainty set
U={heRy R, <1}

where p > 1. Then

N _1
U =24 -conv (el,ez,. . lm,M Pe)

dominates U with
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p-
2

1
Our piecewise affine solution (4.12) gives O(m »” ) approximation to (1.1).

Proof. We have fork =1,...,m,

We conclude from Theorem 4.3.5 that ¥/ dominates U and our piecewise affine policy gives
p-1
O(m »* ) approximation to the adjustable problem (1.1). O

Propostion 4.3.8. (Intersection of two norm balls) Consider U the intersection of the norm balls
U = {h e R? | ||k|j, < 1} and

U, = {h eRY |kl < r} where p > g > 1 and mé_ﬁ > r > 1. Then,

A _1
U = B -conv (el,ez,...,em,(rm q)e),

where
. lp p-1 14l
B =min(B1,B2), Bi=r? mpa,and B =rimae .

Our piecewise affine solution (4.12) gives a 28 approximation to (1.1).

Proof. To prove that U dominates U, N U, it is sufficient to consider & in the boundary of U or
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U, and find aq,a2,...,@me1 = 0with @y + ... + ;41 = 1 such that for all i € [m],
_1
hi < B (a/i +rm qozm+1).

Case 1: B = ;.
P
Let h € Ui such that ||k|, = 1, we take a; = %i fori € [m] and a,,4+1 = ’%1. First, we have

"1 @; = 1and forall i € [m],

_1 hi p—l _1
,B(Qi+rm qam+1):ﬂ1 — + rm 4

where the inequality follows from the weighted inequality of arithmetic and geometric means

(known as Weighted AM-GM inequality). Therefore I/ dominates U; N U,.

Case 2: 8 = (3;.
h . — .
Let h € U, such that |||, = r, we take a; = @ fori € [m] and @41 = qu. First, we have

"l @; = 1and forall i € [m],

q

_1 hi g-1 _1
ﬁ(a,-+rm qam+1):,82 — + rm 4
riq q

B\ %
> B (—’) (rm_5) = h;,
rd

where the inequality followed from the weighted AM-GM inequality. Therefore, U dominates

U, NU,. O

We also consider a permutation invariant uncertainty set that is the intersection of an ellipsoid
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and the non-negative orthant, i.e.,
U=1{heR} h"Eh <1} (4.14)

where X > 0. For U to be a permutation invariant set satisfying Assumption 1, X must be of the

following form

1 a a
a l ... a

X = 4.15)
a a 1

where 0 < a < 1.

Propostion 4.3.9. (Permutation invariant ellipsoid) Consider the uncertainty set U defined in

(4.14) where X is defined in (4.15). Then

U = B-conv (e, es,...,enve),

dominates U with

| -1
a (I -a)? 2
ﬁ =| -+ ] = 0 ms
(2 (am? + (1 —a)m)‘_‘) ( )

1
- v (am? + (1 —a)m)'

and

Y

Our piecewise affine policy (4.12) gives O (m%) approximation to the adjustable robust problem

(1.1).
The proof of Proposition 4.3.9 is presented in Appendix E.5.

Propostion 4.3.10. (Budget of uncertainty set) Consider the budget of uncertainty set

U = {h e[0.11"] Y hi < k}. (4.16)

i=1
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Then,

N k
U =p-conviey,ez,...,em—e
m

where = min (k, %) In particular, our piecewise affine policy (4.12) gives 28 approximation to

the adjustable problem (1.1).

The proof of Proposition 4.3.10 is presented in Appendix E.6.

4.3.3 Comparison to affine policy

Table 1.2 summarizes the performance bounds for our piecewise affine policy and the best
known performance bounds in the literature for affine policies [40]. As can be seen, our piece-
wise affine policy performs significantly better than the known bounds for affine policy for many
interesting sets, including hypersphere, ellipsoid and norm-balls. For instance, our policy gives
O(mﬁlt )-approximation for the hypersphere and O(mi’_i21 )-approximation for the p-norm ball, while
affine policy gives O(m%)—approximation for hypersphere and O(m%)—approximation for the p-
norm ball [40], respectively. However, as we mentioned before, our policy is not a generalization of
affine policies and, in fact, affine policies may perform better for certain uncertainty sets. However,
we present a family of examples where an optimal affine policy gives an Q( +/m)-approximation,

while our policy is near-optimal for the adjustable robust problem (1.1). In particular, we consider

the following instance motivated from the worst-case examples of affine policy in [18] and [20].

n=m, r=[m- \m], Nz(’f)

1 if i=j
Bij: 1 [P .
W 1fl¢]
1 “4.17)
A:B = — =
, € 15e, d=¢
U =conv (0,eq,....,e,,Vi,...,VN)
1
where v, = — - [1,...,1,0...,0];
1 N [ ]

r
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v1 has exactly r non-zero coordinates, each equal to —=. The extreme points v; of v;, are permu-

TR
tations of the non-zero coordinates of v;. Therefore, U has exactly (’f) + m + 1 extreme points.
Lemma 4.3.11. Our piecewise affine policy (4.6) gives an O(1 + ﬁ)-approximation for the ad-

justable robust problem (1.1) for instance (4.17).

We can prove Lemma 4.3.11 by constructing a dominating set within a scaling factor O(1+ ﬁ)

from U . We present the complete proof of Lemma 4.3.11 in Appendix E.7.

Lemma 4.3.12. Affine policy gives an Q(~/m)-approximation for the adjustable robust prob-

lem (1.1) for instance (4.17). Moreover, for any optimal affine solution, the cost of the first-

T ,.%
X ptf

stage solution X is Q( \m) away from the optimal adjustable problem (1.1), i.e. ¢

Qm'?) - zar(U).

We present the proof of Lemma 4.3.12 in Appendix E.8. From Lemma 4.3.12 and 4.3.11, we
conclude that our policy is near-optimal whereas affine policy is Q( +/m) away from the optimal
adjustable solution for the instance (4.17). Hence our policy provides a significant improvement.
We would like to note that since U is a simplex, an affine policy is optimal for HaR(T). In

particular, we have the following
A A 1
Z2AR(U) < zpR(U) = za(U) < O (1 + —) - ZAR(U),
\m

where the first inequality follows as U dominates U and the last inequality follows from Lemma 4.3.11.

Moreover, from Lemma 4.3.12, we know that for instance (4.17),

2 (U) = Q(Vm) - zar(U).

Therefore,

2a(U) = Q(Vm) - zag(U),

which is quite surprising since U dominates U. We would like to emphasize that T/ only domi-

nates U and does not contain it and this is crucial to get a significant improvement for our piecewise
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affine policy constructed through the dominating set.

Comparison to re-solving policy: In many applications, a practical implementation of affine
policy only implements the first stage solution x7 ¢ and re-solve (or recompute) the second-stage
solution once the uncertainty is realized. The performance of such a re-solving policy is at least
as good as affine policy and in many cases significantly better. Lemma 4.3.12 shows that for in-
stance (4.17), such a re-solving policy is Q( v/m) away from the optimal adjustable policy whereas
we show in Lemma 4.3.11 that our piecewise affine policy is near-optimal. Hence, our piecewise

affine policy for instance (4.17) is performing significantly better not only than affine policy but

also the re-solving policy.

4.4 General uncertainty set

In this section, we consider the case of general uncertainty sets. The main challenge in our
framework of constructing the piecewise affine policy is the choice of the dominating simplex, Uu.
More specifically, the choice of S and v € U such that g - conv (ey,...,e,,v) dominates U . For
a permutation invariant set, U, we choose v = ye and we can efficiently find g using Lemma 4.3.4
to construct the dominating set. However, this does not extend to general sets and we need a new
procedure to find those parameters.

Theorem 4.2.7 shows that to construct a good piecewise affine policy over U, it is sufficient to
find B and v € U such that for all h € U

1o

3 D (hi-pr) <. (4.18)
i=1

In this section, we present an iterative algorithm to find such 8 and v € U satisfying (4.18). In
each iteration ¢, the algorithm maintains a candidate solution, 8’ and v' € U. Let u’ = B’ -v'. The

algorithm solves the following maximization problem:

m

max > (hi —uf)” (4.19)

held e
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Algorithm 3 Computing S and v for general uncertainty sets

1: Initializet = 0, u® = 0
2: while {max »m (hi - ut.)+ > t} do
hey <=1 !

33 h'eargmax}”, (hi - uf)+
held

4 for i=1,...,mdo

5 if u! = 1 then il = 0

6: end if

7: u!*! = min(1,u! + h!)

8 end for

9: r=t+1

10: end while

11: return 8 =t, v = %

The algorithm stops if the optimal value is at most 8’ in which case, Condition (4.18) is verified
for all h € U. Otherwise, let A’ be an optimal solution of problem (4.19). The current solutions
are updated as follows:

ﬁt+1 — ﬂt +1

u/*! = min (1Lu} + 7).

This corresponds to updating v**! = —Lo . u*1_ Algorithm 3 presents the steps in detail.

= o
The number of SB-iterations is finite since U is compact. The following theorem shows that v
returned by the algorithm belongs to U and the corresponding piecewise affine policy is a O (/m)-

approximation for the adjustable problem (1.1).

Theorem 4.4.1. Suppose Algorithm 3 returns 3, v. Then v € U. Furthermore, the piecewise
affine policy (4.6) with parameters 3 and v gives a O(~m)-approximation for the adjustable
problem (1.1).

Proof. Suppose Algorithm 3 returns S,v. Note that § is the number of iterations in Algorithm 3.

First, we have

Moreover % . Zi _01 h' € U since U is convex. Therefore v = % € U by down-monotonicity of
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U.
Let us prove that 8 = O(+/m). First, note that, when we set i} = 0 for u! = 1, the objective
of the maximization problem in the algorithm does not change and A’ still belongs to U by down-

monotonicity. Then, forany =0,...,5 -1

¢ +
(hf —uf) > f.
—

1

Moreover, i} > 0 and u; > 0, hence A} > (h; — u!)* and therefore forall7 = 0,...,8 -1

Then,

}:m> t:%BW—I) (4.20)

h<u’+1<2. 4.21)

Hence, from (4.20) and from (4.21) we get, 2m > %,8(,8 -1),i.e., B-(B—1) < 4m,which implies,
B =0(~\m). O

We note that the maximization problem (4.19) that Algorithm 3 solves in each iteration ¢ is not
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a convex optimization problem. However, (4.19) can be formulated as the following MIP:

m
max Z Zi
i=1

zi < (hi—u)) + (1 - x;) Vie[m],

zi < x; Vi €[m] (4.22)
z; >0, Vi€ [m]

x; € {0,1} Vi € [m]

hedl.

Therefore, for general uncertainty set U, the procedure to find 8 and v € U is computationally
more challenging than for the case of permutation invariant sets.

Remark. Since the computation of 8 and v depends only on U, and not on the problem
parameters (i.e., the parameters A, B, ¢ and d), one can compute them offline and then use them to

efficiently construct a good piecewise affine policy.

Connection to Bertsimas and Goyal [18]. We would like to note that Algorithm 3 is quite anal-
ogous to the explicit construction of good affine policies in [18]. The analysis of the O(+/m)-
approximation bound for affine policies is based on the following projection result (which is a

restatement of Lemma 8 and Lemma 9 in [18]).

Theorem 4.4.2. [Bertsimas and Goyal 2011] Consider any uncertainty set U satisfying Assump-

tion 1. There exists B < \m, v € U such that

> hi<p Vel

jIIBVj<1

Suppose J = {j | Bv; < 1}. The affine solution in [18] covers Bv using the static component
and the components J using a linear solution. The linear solution does not exploit the coverage

of Bv; for i € J from the static solution. The approximation factor is O(f) since for all h € U,
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2jeshi < B.

Our piecewise affine solution given by Algorithm 3 finds analogous S, v € U such that

Z(h,- — Bvi)s < B, YR € U.
i=1

In the piecewise affine solution, the static component covers Sv and the remaining part (h— 8v), is
covered by a piecewise-linear function that exploits the coverage of Sv. This allows us to improve
significantly as compared to the affine policy for a large family of uncertainty sets. We would like
to note again that our policy is not necessarily an optimal one and there can be examples where

affine policy is better than our policy.

4.5 A worst case example for the domination policy

From Theorem 4.4.1, we know that our piecewise affine policy gives an O( \/m)-approximation
for the adjustable robust problem (1.1). In this section, we show that this bound is tight for the

following budget of uncertainty set:

ﬂ:{heR’f Zhi:\/E,Osh,-sl\ﬁe[m]}. (4.23)
i=1

We show that our dominating simplex based piecewise affine policy gives an Q( +/m)-approximation

to the adjustable robust problem (1.1). The lower bound of Q( +/m) holds even when we consider

more general dominating sets than simplex. We show that for any € > 0, there is no polynomial

number of points in U such that the convex hull of those points scaled by m2~€ dominates U. In

particular, we have the following theorem.

Theorem 4.5.1. Given any 0 < € < 1/2, and k € N, consider the budget of uncertainty set,

U (4.23) with m sufficiently large. Let P(m) < mk. Then for any z1,22,...2pum) € U, the set

A

1_
U = m27¢ - conv (21,225 .. zP(m))) ,
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does not dominate U.

Proof. Suppose for a sake of contradiction that there exists z1,z2,...,2pm) € U such that U =
1 .
mz~€-conv (z1,z2,...2pm)) dominates U.
By Caratheodory’s theorem, we know that any point in U can be expressed as a convex com-

bination of at most m + 1 extreme points of U. Therefore
U C m2¢ - conv (yl,yz,. . ,yQ(m))) ,
where y,¥5,. . .,¥ o) are extreme points of U and

Q(m) < (m+1) - P(m) = O(m*™).

Consider any I C {1,2,...,m} such that |I| = /m. Let h be an extreme point of U corre-
sponding to [, i.e., h; = 1 if i € I and h; = 0 otherwise. Since we assume that U dominates U ,

there exists & € U such that h < k. Let

) | Q(m)
h=m2"¢ Z a;y;,
j=1

where 520" @; = 1 and @; > 0 forall j = 1,2,...,Q(m). We have

l=h<h Viel

1.e.
| Q(m)
1 <m2¢ Z a;yji, Yi € I.
j=1
Summing over i € I, we have,
: Q(m)
MZ |I| < mi_ez Z ajyji.
iel j=1
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Therefore,
Q(m)

o< S S
j=1 i€l
Q(m)
< a;l- max i
Z / j=1,2,...,Q(m)Zy”
]_1 iel
=  max ;=
./:1,2,...,Q<m>zy” Zy’ '
iel iel

where the second inequality follows from taking the max of the inner sum over indices j and j* is
the index corresponding to the maximum sum.
Therefore, for any I C {1,2,...,m} with cardinality |I| = /m, there exists j = 1,2,...,0(m)

such that

Z Vji 2 mE.

iel
Denote ¥ = {I c{1,2,...,m} ||| = \/ﬁ} which represents the set of all subsets of {1,2,...,m}

with cardinality +/m. Note that the cardinality of F is

|71 = (3’%)

We know that for any I € F there exists y; € {y1,¥5,...Yo(m)} such that
Z yji = m-.
i€l

We have ( \;%) possibilities for I and Q(m) possibilities for y ;, hence by the pigeonhole principle,

there exists a fixed y € {y,¥2,.-- Yo} and F C F such that

~ 1 m

(4.24)
Zyi >me, VIl € F.

i€l
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Note that y is an extreme point of U. Hence, y has exactly /m ones and the remaining compo-

nents are zeros. The maximum cardinality of subsets / C [m] that can be constructed to satisfy

Sier yi 2 m€ is .
2 (V) (&%)

By over counting, the above sum can be upper-bounded by

(o) (e}

Therefore, cardinality of # should be less that the above upper bound, i.e.,

(;/7) | (xl/%_—mm) > 1712 Q(lm)(\’/nﬁ)

k=m¢€

Then, - .
() (') > 1 (4.25)
)

which is a contradiction. The contradiction is derived by analyzing the order of the fractions in

(4.25)) (see Appendix E.9). O

4.6 Computational study

In this section, we present a computational study to compare the performance of our policy
with affine policies both in terms of objective function value of problem (1.1) and computation
times. We explore both cases of permutation invariant sets and non-permutations invariant sets.

4.6.1 Experimental setup

Uncertainty sets. We consider the following classes of uncertainty sets for our computational

experiments.
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1. Hypersphere. We consider the following unit hypersphere defined in (4.1),

U =th eRY ||k]l2 < 1}.

2. p-norm balls. We consider the following sets defined in Proposition 4.3.7.
U=1{heR}||hl,<1}.

For our numerical experiments, we consider the cases of p = 3 and p = 3/2.

3. Budget of uncertainty set. We consider the following set defined in (4.16),

Zm:/’li < k}
i=1

U = {h € [0,11"

Here, k denotes the budget. For our numerical experiments, we choose k = ¢ \/m where c is

a random uniform constant between 1 and 2.

4. Intersection of budget of uncertainty sets. We consider the following intersection of L

budget of uncertainty sets:

U= {h e[0,11™ | > aijhy <1, ¥i=1,. L} (4.26)

Jj=1

Here, a;; are non-negative scalars. Note that the intersection of budget of uncertainty sets are
not permutation invariant. For our numerical experiments, we generate a;; i.1.d. according
to absolute value of standard Gaussians and we normalize ||;||, to 1 for all i (i.e. a@; =

|Gil|/||Gil|l» where G; are i.i.d. according to N'(0,1,,)). We consider L = 2 and L = 5 for

our experiments.
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5. Generalized budget of uncertainty set. We consider the following set

U = {h e [0,11"

he < 1+60(h; + hj) \ﬁij}. (4.27)
=1

This is a generalized version of the budget of uncertainty set (4.16) where the budget 6 is not
a constant but depends on the uncertain parameter k. In particular, the budget in the set (4.27)
depends on the sum of the two lowest components of &. For our numerical experiments, we

choose 8 = O(m).

Instances. We construct test instances of the adjustable robust problem (1.1) as follows. We

choose n =m,c =d = e and A = B where B is randomly generated as
B=1,+0aG,

where I,, is the identity matrix and G is a random normalized gaussian. In particular, for the
hypersphere uncertainty set, the budget of uncertainty set, the intersection of budget of uncertainty
sets and the generalized budget, we conisder G;; = |Y;;|/ y/m. For the 3-norm ball, G; i = Y1/ m3
and for the %—norm ball, G;; = Y, jl/m%, where ¥;; are i.i.d. standard gaussian. We consider values

of m from m = 10 to m = 100 in increments of 10 and consider 50 instances for each value of m.

Our piecewise affine policy. We construct the piecewise affine policy based on the dominating
simplex U as follows. For permutation invariant sets, we use the dominating simplex that can be
computed in closed form. In particular, for the hypersphere uncertainty set, we use the dominating
set U in Proposition 4.3.6. For the p-norm balls, we use the dominating set U in Proposition 4.3.7.
For the budget of uncertainty set, we use the dominating set 7/ in Proposition 4.3.10 and for the
generalized budget of uncertainty set (4.27), we use the dominating set 2/ in Proposition E.11.1
(see Appendix E.11).

For non-permutation invariant sets, we use Algorithm 3 to compute the dominating simplex.

In particular, we get 8 and v that satisfies (4.5) and 2 - conv (ey,...,e,,v) is a dominating set

116



(see Lemma 4.2.4-b). We can also show that the following set (4.28) is a dominating set (see

Proposition E.10.1 in Appendix E.10),
U=pB-conv(v,ei+v,....em+7). (4.28)

While the worst case scaling factor for the above dominating set can be 28 and therefore the
theoretical bounds do not change, computationally (4.28) can provide a better policy and we use

this in our numerical experiments for the intersection of budget of uncertainty sets (4.26).

4.6.2 Results

Let zp_aff(U) denote the worst-case objective value of our piecewise affine police. Note that
the piecewise affine policy over U is computed by solving the adjustable robust problem over U
and zp_aff(U) = zAR(‘L? ). For each uncertainty set we report the ratio r = % for m = 10
to 100. In particular, for each value of m, we report the average ratio (Avg), the maximum ratio
(Max), the minimum ratio (Min), the quantiles 5%, 10%,25%,50% for the ratio r, the running
time of our policy (Tp_af(s)) and the running time of affine policy (T4 (s)). In addition, for the
intersection of budget of uncertainty sets, we also report the computation time to construct U via

Algorithm 3 (Tajg1 (s)). The numerical results are obtained using Gurobi 7.0.2 on a 16-core server

with 2.93GHz processor and 56GB RAM.

Hypersphere and Norm-balls. We present the results of our computational experiments in
Tables 4.1, 4.2 and 4.3 for the hypersphere and norm-ball uncertainty sets. We observe that the

piecewise affine policy performs significantly better than affine policy for our family of test in-

zait(U)

stances. In Tables 4.1, 4.2 and 4.3, we observe that the ratio r = (D)
p-a

increases significantly
as m increases which implies that our policy provides a significant improvement over affine policy
for large values of m. We also observe that the ratio for the hypersphere is larger than the ratio

for norm-balls. This matches the theoretical bounds presented in Table 1.2 which suggests that the

improvement over affine policy is the highest for p = 2 for p-norm balls.
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We note that for the smallest values of m (m = 10), the performance of affine policy is better
than our policy. However, for m > 10, the performance of our policy is significantly better for all
these three uncertainty sets: hypersphere, 3-norm ball and 3/2-norm ball.

Furthermore, our policy scales well and the average running time is less than 0.1 second even
for large values of m. On the other hand, computing the optimal affine policy over U becomes
computationally challenging as m increases. For instance, the average running time for computing
an optimal affine policy for m = 100 is around 9 minutes for the hypersphere uncertainty set,

around 17 minutes for the 3-norm ball and around 16 minutes for the 3/2-norm ball.

Budget of uncertainty sets. We present the results of our computational experiments in Tables
4.4,4.5, 4.6 and 4.7 for the single budget of uncertainty set, the intersection of budget sets and the
generalized budget.

For the budget of uncertainty set (4.16), we observe that affine policy performs better than our
piecewise affine policy for our family of test instances. Note that as we mention earlier, our policy
is not a generalization of affine policies and therefore is not always better. For our experiments,

we use k = ¢ \/m which gives the worst case theoretical bound for our policy (see Theorem 4.5.1),

zai(U)

Zo-art (T over all

but the performance of our policy is still reasonable and the average ratio r =
instances is around 0.88 as we can observe in Table 4.4. On the other hand, as in the case of conic
uncertainty sets, our policy scales well with an average running time less than 0.1 second even
for large values of m, whereas affine policy takes for example more than 6 minutes on average for
m = 100.

Tables 4.5 and 4.6 present the results for intersection of budget of uncertainty sets. We observe
that affine policy outperforms our policy as in the case of a single budget. This confirms that

affine policy performs very well empirically for this class of uncertainty sets. We also observe that

the performance of our policy improves when we increase the number of budget constraints. For

2t (U)

increases from 0.79 in the case of L = 2 to
Zp—aff((u)

example, for m = 100, the average ratio r =
0.88 for L = 5. This suggests that the performance of our policy gets closer to the one of affine

policy as long as we add more budgets constraints. While affine policy performs better than our
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policy for budget of uncertainty sets, we would like to note that this is not necessarily true for any
polyhedral uncertainty set. In particular, we also test our policy with the generalized budget (4.27)
and observe that our policy is significantly better than affine even when the set is polyhedral.

Table 4.7 presents the results for the generalized budget set (4.27). We observe that our piece-
wise affine policy outperforms affine policy both in terms of objective value and computation time.
The gap increases as m increases which implies a significant improvement over affine policy for
large values of m. Furthermore, unlike the piecewise affine policy, computing an affine solution
becomes challenging for large values of m.

For the intersection of budget of uncertainty sets (4.26) that are not permutation invariant, we
compute the dominating set (in particular 8 and v) using Algorithm 3. We report the average
running time, Taig1 of Algorithm 3 which solves a sequence of MIPs in Tables 4.5 and 4.6. We
note that there is no need to solve MIPs optimally in Algorithm 3; one can stop when a feasible
solution with an objective value greater than ¢ is found. We observe that the running time of
Algorithm 3 is reasonable as compared to that of affine policy. For example, the average running
time of Algorithm 3 for m = 100 and L = 5 is 7 min whereas affine policy takes 10 min in average.
For large values of m and a large number of budget constraints, the running time of Algorithm 1
might increase significantly and exceed the computation time of affine policy. However, we would
like to emphasize that 8 and v given by Algorithm 3 do not depend on the parameters (A, B, c,d)
and only depend on the uncertainty set. Therefore, they can be computed offline and can be used

to solve many instances of the problem parameters for the same uncertainty set.
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m |Avg |Max |Min | 5% |10% |25% |50% | Ty ai(s) | Tai(s)
10 | 0.955 | 1.006 | 0.875 | 1.003 | 0.988 | 0.971 | 0.960 | 0.001 | 0.221
20 | 1.120 | 1.168 | 1.076 | 1.152 | 1.141 | 1.132 | 1.122 | 0.002 | 0.948
30 | 1.218 | 1.251 | 1.180 | 1.243 | 1.238 | 1.225 | 1.221 | 0.003 | 2.753
40 | 1.288 | 1.328 | 1.238 | 1.318 | 1.312 | 1.299 | 1.291 | 0.006 | 6.479
50 | 1.349 | 1.382 | 1.319 | 1.375 | 1.370 | 1.357 | 1.349 | 0.009 | 14.678
60 | 1.399 | 1.429 | 1.366 | 1.418 | 1.415 | 1.408 | 1.398 | 0.013 | 32.323
70 | 1.443 | 1.472 | 1.454 | 1.460 | 1.457 | 1.451 | 1.440 | 0.019 | 58.605
80 | 1.485 | 1.509 | 1.485 | 1.505 | 1.499 | 1.491 | 1.482 | 0.033 | 107.898
90 | 1.523 | 1.549 | 1.527 | 1.539 | 1.532 | 1.530 | 1.525 | 0.040 | 200.134
100 | 1.557 | 1.578 | 1.560 | 1.574 | 1.570 | 1.564 | 1.557 | 0.081 | 564.772

Table 4.1: Comparison on the performance and computation time of affine policy and our piece-

wise affine policy for the hypersphere uncertainty set. For 50 instances, we compute

zai(U)
Zp—aff('u)

and present the average, min, max ratios and the percentiles 5%, 10%,25%,50%. Here, To—aft(s)
denotes the running time for our piecewise affine policy and T4(s) denotes the running time for
affine policy in seconds.

m | Avg | Max |Min |5% | 10% |25% | 50% | Ty ai(s) | Tas(s)
10 | 0975 | 1.049 | 0.907 | 1.023 | 1.017 | 0.991 | 0.971 | 0.001 0.743
20 | 1.082 | 1.141 | 1.042 | 1.128 | 1.119 | 1.097 | 1.080 | 0.002 | 3.714
30 | 1.157 | 1.195 | 1.094 | 1.190 | 1.177 | 1.167 | 1.158 | 0.003 | 12.386
40 | 1218 | 1.247 | 1.184 | 1.236 | 1.233 | 1.226 | 1.219 | 0.006 | 31.687
50 | 1.270 | 1.294 | 1.245 | 1.293 | 1.284 | 1275 | 1.271 | 0.009 | 69.302
60 | 1.312 | 1.346 | 1.274 | 1.335 | 1.325 | 1.319 | 1.312 | 0.013 | 117.949
70 | 1.345 | 1.363 | 1.323 | 1.361 | 1.358 | 1.351 | 1.347 | 0.020 | 258.862
80 | 1.378 | 1.402 | 1.356 | 1.396 | 1.393 | 1.384 | 1.378 | 0.031 | 435.629
00 | 1.408 | 1.429 | 1.389 | 1.421 | 1.418 | 1.413 | 1.409 | 0.043 | 728.436
100 | 1.434 | 1.457 | 1.419 | 1.447 | 1.443 | 1.438 | 1.433 | 0.050 | 1033.174

Table 4.2: Comparison on the performance and computation time of affine policy and our piecewise
affine policy for the 3-norm ball uncertainty set.
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m |Avg |Max |Min | 5% | 10% |25% | 50% | Tpan(s) | Taf(s)
10 | 0.904 | 0.952 | 0.817 | 0.939 | 0.932 | 0.918 | 0.905 | 0.001 | 0.728
20 | 1.028 | 1.058 | 0.992 | 1.051 | 1.044 | 1.036 | 1.031 | 0.002 | 3.462
30 | 1.115 | 1.144 | 1.095 | 1.132 | 1.128 | 1.122 | 1.115 | 0.003 | 10.896
40 | 1.174 | 1.190 | 1.161 | 1.184 | 1.183 | 1.177 | 1.174 | 0.005 | 29.209
50 | 1.226 | 1.244 | 1.204 | 1.240 | 1.235 | 1.232 | 1.227 | 0.009 | 70.099
60 | 1.266 | 1.278 | 1.255 | 1.275 | 1.274 | 1.269 | 1.267 | 0.013 | 123.518
70 | 1.303 | 1.311 | 1.292 | 1.310 | 1.309 | 1.305 | 1.303 | 0.019 | 267.450
80 | 1.335 | 1.345 | 1.328 | 1.341 | 1.339 | 1.337 | 1.335 | 0.034 | 458.791
90 | 1.363 | 1.372 | 1.353 | 1.370 | 1.369 | 1.366 | 1.363 | 0.044 | 701.262
100 | 1.387 | 1.395 | 1.381 | 1.392 | 1.391 | 1.389 | 1.387 | 0.056 | 967.773

Table 4.3: Comparison on the performance and computation time of affine policy and our piecewise
affine policy for the 3/2-norm ball uncertainty set.

m |Avg |Max |Min | 5% | 10% |25% | 50% | Tpai(s) | Ta(s)
10 | 0.906 | 0.989 | 0.766 | 0.986 | 0.974 | 0.957 | 0.915 | 0.001 | 0.014
20 | 0.897 | 0.963 | 0.780 | 0.957 | 0.951 | 0.939 | 0.916 | 0.002 | 0.207
30 | 0.891 | 0.961 | 0.765 | 0.957 | 0.945 | 0.923 | 0.906 | 0.004 | 0.803
40 | 0.882 ] 0.954 | 0.753 | 0.950 | 0.946 | 0.928 | 0.900 | 0.006 | 2.997
50 | 0.899 | 0.954 | 0.763 | 0.950 | 0.947 | 0.937 | 0.914 | 0.011 | 11.687
60 | 0.879 | 0.956 | 0.772 | 0.953 | 0.948 | 0.932 | 0.896 | 0.015 | 26.760
70 | 0.887 | 0.958 | 0.911 | 0.951 | 0.950 | 0.936 | 0.909 | 0.020 | 71.167
80 | 0.882 | 0.954 | 0.768 | 0.951 | 0.946 | 0.937 | 0.902 | 0.047 | 147.376
90 | 0.890 | 0.953 | 0.765 | 0.950 | 0.949 | 0.936 | 0.917 | 0.039 | 220.809
100 | 0.886 | 0.955 | 0.750 | 0.946 | 0.943 | 0.931 | 0.900 | 0.066 | 397.981

Table 4.4: Comparison on the performance and computation time of affine policy and our piecewise
affine policy for the budget of uncertainty set with a budget k = ¢ v/m where for each instance
we generate ¢ uniformly from [1,2].
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m Avg Max | Min 5% 10% | 25% | 50% | To_att(s) | Taig1(s) | Tas(s)
10 | 0.814 | 0.881 | 0.700 | 0.861 | 0.851 | 0.833 | 0.821 | 0.002 0.191 0.013
20 | 0.805 | 0.866 | 0.716 | 0.850 | 0.838 | 0.825 | 0.807 | 0.016 0.723 0.227
30 | 0.770 | 0.847 | 0.701 | 0.827 | 0.808 | 0.787 | 0.773 | 0.091 0.386 0.931
40 | 0.801 | 0.839 | 0.702 | 0.832 | 0.828 | 0.814 | 0.810 | 0.270 1.399 3.731
50 | 0.781 | 0.825 | 0.726 | 0.818 | 0.814 | 0.803 | 0.784 | 0.656 2.081 12.056
60 | 0.805 | 0.841 | 0.752 | 0.829 | 0.824 | 0.817 | 0.811 | 1.406 4.093 32.695
70 | 0.789 | 0.839 | 0.706 | 0.820 | 0.809 | 0.802 | 0.795 | 2.595 1.798 80.342
80 | 0.774 | 0.844 | 0.725 | 0.825 | 0.816 | 0.789 | 0.770 | 4.484 5.096 163.257
90 | 0.807 | 0.838 | 0.756 | 0.832 | 0.828 | 0.818 | 0.807 | 7.628 8.734 354.598
100 | 0.790 | 0.821 | 0.750 | 0.817 | 0.812 | 0.801 | 0.791 | 5.235 6.391 646.136

Table 4.5: Comparison on the performance and computation time of affine policy and our piecewise
affine policy for the intersection of 2 budget of uncertainty sets (4.26).

m Avg Max | Min 5% 10% | 25% | 50% | To_aft(s) | Taig1(s) | Tas(s)
10 | 0.869 | 0.932 | 0.824 | 0.920 | 0.910 | 0.884 | 0.871 | 0.002 0.043 0.015
20 | 0.852 | 0.924 | 0.795 | 0.909 | 0.893 | 0.870 | 0.852 | 0.021 0.058 0.309
30 | 0.864 | 0.898 | 0.820 | 0.888 | 0.880 | 0.872 | 0.865 | 0.100 0.343 1.024
40 | 0.856 | 0.896 | 0.802 | 0.883 | 0.882 | 0.874 | 0.861 | 0.290 0.464 4.010
50 | 0.857 | 0.891 | 0.794 | 0.891 | 0.886 | 0.876 | 0.861 | 0.706 3.546 12.535
60 | 0.880 | 0.900 | 0.860 | 0.894 | 0.892 | 0.885 | 0.881 | 1.471 18.474 | 33.693
70 | 0.873 | 0.896 | 0.809 | 0.894 | 0.890 | 0.882 | 0.878 | 2.800 13.125 | 82.961
80 | 0.858 | 0.889 | 0.825 | 0.886 | 0.881 | 0.872 | 0.858 | 4.809 21.780 | 167.753
90 | 0.859 | 0.890 | 0.818 | 0.885 | 0.881 | 0.877 | 0.866 | 8.004 144.808 | 344.924
100 | 0.885 | 0.902 | 0.865 | 0.900 | 0.896 | 0.893 | 0.888 | 5.821 459.436 | 632.483

Table 4.6: Comparison on the performance and computation time of affine policy and our piecewise
affine policy for the intersection of S budget of uncertainty sets (4.26).
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m |Avg |Max [Min [5% |10% |25% |50% | Tpa(s) | Tan(s)
10 | 1.015 | 1.067 | 0.983 | 1.053 | 1.045 | 1.025 | 1.006 | 0.001 0.046
20 | 1.107 | 1.159 | 1.100 | 1.147 | 1.142 | 1.127 | 1.106 | 0.003 | 0.840
30 | 1.148 | 1.214 | 1.092 | 1.189 | 1.179 | 1.163 | 1.155 | 0.004 | 3.933
40 | 1.173 | 1.220 | 1.105 | 1.206 | 1.198 | 1.188 | 1.175 | 0.009 | 18.097
50 | 1.191 | 1.227 | 1.154 | 1216 | 1.213 | 1.201 | 1.189 | 0.016 | 62.668
60 | 1.209 | 1.259 | 1.193 | 1.238 | 1.225 | 1.215 | 1.210 | 0.021 | 145.552
70 | 1.225 | 1.254 | 1.190 | 1.247 | 1.239 | 1.228 | 1.224 | 0.019 | 237.448
80 | 1.237 | 1.275 | 1.213 | 1.264 | 1.260 | 1.245 | 1.235 | 0.044 | 573.342
00 | 1.248 | 1.284 | 1.223 | 1.268 | 1.260 | 1.254 | 1.249 | 0.050 | 1168.928
100 | 1.257 | 1.274 | 1.240 | 1.271 | 1.268 | 1.261 | 1.257 | 0.053 | 1817.940

Table 4.7: Comparison on the performance and computation time of affine policy and our piecewise
affine policy for the generalized budget of uncertainty set (4.27).
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Chapter 5: Extended affine and Threshold policies

5.1 Introduction

Recall the two-stage adjustable robust problem (1.1)!
zaR (U) = min ¢ x + max min dTy (h)
x hel y(h)
Ax +By(h) > h, YVheU
x eR}

y(h) €R", VheU.

In the previous chapter, we give a tractable framework to design a class of piecewise affine policies
for the two-stage adjustable problem (1.1) that improves significantly over affine policy for many
important uncertainty sets such as hypersphere and g-norm-balls. In this chapter, we significantly
improve over the previous results and explore new approaches for designing near optimal tractable
policies. In particular, we introduce extended affine policies and threshold polices. An extended
affine policy is an affine policy in a lifted space, i.e., instead of restricting the second stage decision
to be an affine function of the uncertain parameter k € U, we first decompose U into several sets
and run an affine policy in the new sets. More specifically, we present a framework where we de-
compose an uncertainty set U into a Minkowski sum of budget of uncertainty sets Uy, Uy, ..., UL
and define our extended affine policy as the sum of affine policies over U; for j = 1,...,L. We

give an explicit construction of this decomposition for important class of uncertainty sets that can

lognlogm

be computed efficiently. We show that our extended affine policy gives O( TogTog 1

)-approximation

for the important class of permutation invariant sets that includes hypersphere and g-norm balls.

IFollowing the previous chapter, we assume that the first-stage decision x belongs to the non-negative orthant, i.e.,
x € X = R} and we refer to to zaR (¢,d,A,B,U) as zar (U) for the sake of simplicity.
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This approximation bound improves significantly over the previous results in the literature, for

g-1

instance the best know bound in the litterature is O (mi) for hypersphere and O (m a ) [41] for
g-norm balls. To the best of our knowledge, the approximation bounds in this chapter are the first
logarithmic approximation bounds for (1.1) under conic uncertainty sets.

In the second part of this chapter, our goal is to characterize the structure of near-optimal solu-
tions for (1.1). In particular, we present threshold policies. These are particular class of piecewise

affine policies where the second-stage decision is restricted to be of the form:
m
y(h) =) (hi=0)vi +q.
i=1

Here, 6 € R’ is the threshold parameter, ¢ € R’} and foralli € [m] v; € R’l. Threshold policies are
widely used in practice in many settings and applications (see for instance [42]). They are highly
interpretable and easy to implement in practice. However computing optimal threshold policies
is often a hard problem. Based on insights from the construction of our extended affine policy,
we show that the structure of a near-optimal solution for (1.1), is given by a threshold policy. In
particular, we show by construction the existence of threshold policies that gives O(log n + log m)
approximation for (1.1) for hypersphere and g-norm ball uncertainty sets and give O(log n log m)-
approximation for the general class of permutation invariant sets.

Following the previous chapter, we assume that the uncertainty set U satisfies the following
assumption: U C [0, 1] is convex, full-dimensional with e; € U foralli = 1,...,m, and down-
monotone, i.e., h € U and 0 < h’ < h implies that h’ € U. We would like to emphasize that
the above assumption can be made without loss of generality since we can appropriately scale
the uncertainty set, and consider a down-monotone completion, without affecting the two-stage
problem (1.1).

The rest of this chapter is organized as follows. In Section 5.2, we present extended affine
policies and show their performance for (1.1). In Section 5.3, we present our construction for

threshold policies and analyze their performance for two-stage adjustable problem (1.1) under the
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class of permutation invariant sets.

5.2 Extended affine policies

The construction of our extended affine policy relies on our results in Chapter 3 on the perfor-

mance of affine policies for budget of uncertainty sets. In fact, in Chapter 3 , we show that affine

logn
log log

policy gives O( )-approximation to (1.1) under budget of uncertainty sets which matches the
hardness of approximation for (1.1) and therefore affine policy gives an optimal approximation to
(1.1). The idea in this section is to decompose the uncertainty set U into a a Minkowski sum of
small number of budget of uncertainty sets U; such that each U; is included in U and U is within
a constant factor from U @ U, . .. ® U;. Our extended affine policy is defined as the sum of affine

policies over the budgeted sets U;. More formally, let us define a y-budgeted decomposition of U

as follows.

Definition 5.2.1. Let U be an uncertainty set and y > 1. We say that (U, U,,...,...UL) is a

v-budgeted decomposition of U if and only if:
e Forall j € [L], U, is a budget of uncertainty set.
e Forall j € [L], U; CU.

Uy - UoU...oU;.

Recall that the definition of a budget of uncertainty set V is given by

i wih; < F}
i=1

V= {h e [0,1]"

and a Minkoswki sum of sets is defined as

L
UWeol.. oU, = {Zh] hjeU;,Vje [L]}.
j=1
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Extended Affine policy. Let U be an uncertainty set and (U, Us,...,...UL) a y-budgeted
decomposition of U as defined in 5.2.1. Let (x/, yﬁﬁ(.)) be the optimal affine policy for (1.1)

under U; for j € [L]. Our extended affin policy is given by

L
x :nyJ
=1

L

Jj=1

S.D)

where h = yz‘,]@:lhj for some h; € U;, j € [L].

It is clear that the extended affine policy defined in (5.1) is feasible for (1.1). Moreover, it can
be computed efficiently by solving the affine policies over the sets U}, j € [L]. Note that an affine

policy over U; can be computed by solving a single compact LP (see Chapter 1). In the following

theorem, we show that our extended policy gives O (10g lgin) approximation to (1.1).
Theorem 5.2.2. Let U be an uncertainty set and (U, Ua,. ..,...UL) a y-budgeted decompo-

sition of U as defined in 5.2.1. The extended affine policy defined in (5.1) gives O (;{f;gi:’l)

approximation to (1.1), i.e.,

1 L
;ZAR((H) < Z zaif(U;) < O

( Llogn
=1

- zAR(U),
loglogn

where zpit(U;) is the cost of the optimal affine policy over U;.

Proof. Let h € U. Then, there exists h; € U; for j € [L], such that h = yZJL:] h;. For j € [L],

consider (x;f, y;f(.)) an optimal solution for zar(U;). Therefore,

Y

L
]:

L
Ax +By](h]) > Z
1 =1
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Hence, (y Z/L.zl xj.,y ZJLZI y?(.)) is a feasible solution for zaoR () and therefore

L
2AR(U) < ) 2aR(U)).

J=1

Moreover, we know that zar(U;) < za(U;) which implies the first inequality. On the other hand,

logn )_

we know from the main result in Chapter 3 (Theorem 3.2.1) that affine policy gives 0(10g Tog 7

approximation for (1.1) under budget of uncertainty sets. Therefore,

logn

zai(U;) < 0( ) - ZaR(U)).

loglogn

Moreover, since U; € U, then zaor(U;) < zar(U). By taking the sum over j, we get the second

inequality. m|

In this chapter, we focus on the class of permutation invariant sets. This is a class that includes

many important sets used in the literature of robust optimization.

Definition 5.2.3 (Permutation invariant sets). U is said to be permutation invariant if # € U
implies that for any permutation o~ of {1,...,m}, h’ € U where for all i € [m] h? = ho)-

This class of uncertainty sets contains in particular g-norm balls. Note that the best known

q-1

bound for approximating (1.1) under g-norm balls is O(m «* ) [41] and the best known bound for
approximating (1.1) under g-norm balls using affine policies is O(mé) [36].

We present an explicit construction of an extended affine policy that gives O(%) ap-
proximation for (1.1) for permutation invariant sets. This improves scientifically over the previous
known bound and almost matches the hardness of the problem. It is sufficient to show the exis-
tence of a y-budgeted decomposition where y is a constant and the number of budgeted sets in
the decomposition is O(log m) and then apply Theorem 5.2.2. In particular, let ¢/ be an uncer-

tainty set that is permutation invariant. For all j € {0,. .., [log m]}, define the following budget of

uncertainty sets
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. 11" k;
where

k
kj:max{ke[m]‘%ZeiE(Ll}. (5.3)

i=1

Intuitively, k; can be seen as how many components in U can be equal to 2%
Claim 5.2.4. Forall 0 < j < [logm1, we have (LA[j cU.

Proof. Let 0 < j < [logm]. It suffices to show that all extreme points of U/ ; are in U. Let us
rewrite the set U/ ; as follows

U = V]

2j
where

q/j:{he[O,l]m‘Zhiskj}.
i=1

Since k; is an integer, V; is a k-ones set and all its extreme points are in {0, 1}™. Therefore, all the

k;
i=1

. A. o _ L
pareto extreme points of U; are of the form $7 =5 D

e, (i) where o € §™ and §™ 1s the set of
permutations of [m]. Note that by definition of k;, there exists a permutation o9 € S™ such that

s}f" € U. Since U is permutation invariant, this implies that s7 € U for all o= € §™. Hence U

contains all pareto extreme points of u ; and therefore by down-monotonicity u i CU. i

Claim 5.2.5. We have U C 2 - 7/70 &) 7/72 ...® ﬂ[log m]-
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Proof. Leth € U and L = [logm]. We have

where for0 < j < L -1,

and

We have for0 < j < L -1,

and therefore

Hence,
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which implies that /2 j€2- u i forall 0 < j < L — 1. Moreover,

R m m 2 2 R
th](’zLJ%l sz ( yILﬂSZ“”%*

Therefore, h L € 2(L7L and

h€2~(LA[oEB(LA[2...®7/A[L.

From Claim 5.2.4 and Claim 5.2.5, we conclude that ((L?o,(L?z . ,ﬂrlog m1) 18 a 2-budgeted

lognlogm )_

decomposition of U and therefore by applying the result in Theorem 5.2.2, we get O(55 oTog n

approximation to (1.1). In particular, we have the following theorem.

Theorem 5.2.6. Let U be an uncertainty set that is permutation invariant. Then, our extended

lognlogm

affine policy (5.1) with the budgeted decomposition defined in (5.2) gives O(==—=— TogTog 1

)-approximation

for the adjustable problem (1.1).

5.3 Threshold policies

In this section, we introduce threshold policies and study their properties and performance
for the two-stage adjustable problem (1.1). Let U be an uncertainty set. Threshold policies are

piecewise affine policies of the form:

y(h)=Ph-0)"+q VheU,

where @ € R”', P € R and ¢ € R’. Note that (h — 6)" is a vector in R” of i-th coordinate
(h; — 6;)*. Threshold policies are a generalization of affine policies, where the recourse decision
is a threshold function. In particular, for each component, the policy is affine in the i-th coordinate
h; of the uncertain parameter if h; exceeds a threshold 6; and static otherwise. In our problem

(1.1), threshold policies with a threshold parameter 6 consists of covering the threshold using a
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static solution and the residual demand (h — )" using an affine solution. However, it is hard
in general to compute optimal threshold policies due to the non linearity in (h — 6)". Here, our
goal is not to compute optimal threshold policies, but to analyze the structure of a near-optimal
policy for (1.1) and show that it could be captured by a threshold policy. In particular, we show
the existence of threshold policies that give a logarithmic approximation bound to the two-stage
adjustable problem (1.1) and almost matches the hardness of (1.1) under the important class of
permutation invariant sets. We present an explicit construction of threshold policies based on our
insights from the previous section on extended affine policies. However, the construction needs to
guess the value or an approximate value of OPT.
Consider the two-stage adjustable robust optimization problem with covering constraints (1.1).
When we restrict the second-stage decision to be a threshold policy, the problem becomes,
z1(U) = min ¢’ x + max min dTy (h)
x hell y(h)

Ax +By(h) > h, YVheU
m 5.4)

y(h)y= > (hi=0)"p;+q, YheU
i=1

xeR}, 0 R qeR,p, R, Vie[m].

Again, we focus on the class of permutation invariant sets. In the section, we show that thresh-
old policies provide strong performance bounds that are logarithmic in the dimension of the prob-
lem for the class of permutation invariant sets. The performance of the threshold policy depends
on a factor 7(U) that characterizes the geometry of the set ¢. This factor ranges between 1 and
O(logm). We present the exact definition of 7(U) later on. The main result in this section is

presented in the following theorem.

Theorem 5.3.1. Consider the two-stage adjustable problem (1.1) where U is permutation invari-

ant set. Then,

z7(U) = O (r(U)logn + logm) zar(U)
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where T(U) = O(log m) is a factor that depends on the geometry of the set U.

For g-norm balls, we show that 7(U) < 2, therefore we have the following corollary.
Corollary 5.3.2. Consider the two-stage adjustable problem (1.1) under g-norm ball uncertainty
set, i.e., U = {h € R} | Zi"il h? < 1} where q > 1. Then,

z1(U) = O (logn + logm) zar(U).

Theorem 5.3.1 implies that threshold policies are at most within O(log m log n) from the opti-
mal solution to (1.1) in the general case of permutation invariant sets. We prove Theorem 5.3.1 by

constructing explicitly the threshold policy giving a guess on the value of OPT.

5.3.1 Construction of the threshold policy

In a first part, we present the global structure of our threshold policy and show its feasibility.
We then specify how to explicitly construct the threshold parameter € given an uncertainty set U
and show that our choice lead to a near-optimal threshold policy. Let @ € R and for all i € [m],

define v; as the optimal static decision to cover requirement e;, i.e.,

y; € argminyzo {dTy ‘ By > e,-} . (5.5

Our policy is composed of a piecewise linear part and a static part.

Piecewise Linear Part.

yeL() = Y (hi = 0)vi,  VheU. (5.6)
i=1

Static Part.

(X¥stasYsta) € argminx’yzo {ch + dTy ’ Ax + By > Z Hl-e,-} . 5.7

i=1
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Threshold Policy. Our threshold policy is given by,

X = XSta
(5.8)
y(h) = pr(h) + YSta> Yh e U.
Lemma 5.3.3. The threshold policy given in (5.8) is feasible for problem (1.1).
Proof. Let h be in U. For all i € [m] we have,
(Ax + By(h)); = (Axsta + Bysa)i + (BypL(h));
>0, + (h, - 9,’)+
> h.
Therefore, our policy is feasible. O

Construction of threshold 6.

The threshold policy in (5.8) is feasible for any value of 6. Here, we present the construction
of the parameter 6 for which the threshold policy gives O (7(U)logn + log m)-approximation
to (1.1) and therefore show Theorem 5.3.1. Consider an uncertainty set U that is permutation

invariant. Recall the coefficient k; defined in (5.3), for all j € {0,. .., [logm]},

k
1
kj:max{ke[m]‘EZeie(L{}.

i=1

Intuitively, k; can be seen as how many components in U can be equal to 2% Define

Jmax = min{j > 0 | k; = m}.

1

Intuitively, jmax is the smallest j such that the hypercube [0, g]m C U. By assumption, e; € U

for all i € [m], hence by convexity and down-monotonicity, [O, %]m C U and therefore jmax is
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well defined and jmax < [logm].

Lemma 5.3.4. Let k; be as defined in (5.3). Then, the sequence (i—l

‘ ) is decreasing.
T/ 0<j<jmax

Proof. The lemma is equivalent to show that k;,; > 2k; for all j such that j + 1 < jmax. By

definition of k;, we have,
kj

1
Z —é€yr € U.
=1 2/

Because U is permutation invariant and down-monotone, we get
min(2k; m) 1
—ereU.
Z 27t

t=kj+1

Therefore by convexity of U, we have

1 k; 1 1min(ij,m) 1 min(2k; ,m) 1
PILEAS PN LD s
=1 t=k;+1 =1

This implies by definition of k;,; that

kj+1 > min(2kj,m).

If m < 2kj, then kj,; > m, which contradicts the fact that j + 1 < jmax. Hence, m > 2k; and

therefore k; > 2k;.

From now on, we set

(a,B) = (8,81logn).

We consider an optimal solution x*, y*(h) where h € U, for the adjustable problem (1.1). Let OPT

be the optimal cost for (1.1) and OPT, OPT), respectively the first stage cost and the second-stage
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cost associated with x*,y*(h), i.e.,

OPT; = ¢’ x*
OPT, = max d’ y*(h)
held

OPT = OPT; + OPT; = zaor(U).
For all i € [m] define,

2J
d'v; < F,B ~ OPT}

J; = max {0 < J < Jmax
J

where v; is defined in (5.5) and the convention max ® = —co. Now set for all i € [m],

5.3.2  Cost analysis

(5.9)

Let us analyze the cost of the threshold policy in (5.8) where the threshold parameter 6 is given

by (5.9). We first analyze the cost of the piecewise linear part (5.6) and then the cost of the static

part (5.7). But first, let us introduce the following notations and definitions.

We denote z(h), the cost of covering the requirement % in the second-stage, i.e.,

2(h) = min {dTy ‘ By > h} .
y=>0

(5.10)

Our cost analysis depends on a constant 7(U) that characterizes the geometry of the uncertainty

set U which is defined as follows.
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Definition 5.3.5. The geometric factor 7(U) is defined as,

jmax
i(h
7(U) = max u;h)
hell 4 k;
j=0

(5.11)

where for 0 < j < jmax — 1,
SPYA! 1
uj(h):21(§ < hi < 2]—_1)
i=1

and

¢ 1
l/tjmax(h) = Z (/’l < D= 1)

i=1
Note that, by definition, k; is the maximum number of - that we can fitin U. Hence, u;(h) <

k; and therefore 7(U) < jmax + 1 < [logm] + 1. In particular, we have the following lemma.
Lemma 5.3.6. For any uncertainty set U that is permutation invariant, we have T(U) = O(log m).

Example. For g-norm balls, i.e., U = {th € R} | 3", hq < 1} where ¢ > 1, we have 7(U) < 2.

In fact, for g-norm balls we have, for all j, k; = 274 Therefore, for any h € U,

Jmax (h) m  jmax—1 | | | . . 1
]Zzlob(ljzj)q ZZ ( _h,-<F)2J—.q+1(h,-<2jmax1)a ; Z;ZS

i= j=0

Cost of the piecewise linear part. The cost of the piecewise linear part depends on the geometric

factor 7(U). In particular, we have the following lemma.

Lemma 5.3.7. The cost of the piecewise linear part (5.6) is bounded by 2t(U) - 5 - OPT.
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Proof.

d"ypL(h) = ) (hi = 6)"d",
i=1

= (hi = 6))*d"v;
ie[m],J;>0
1\" 2/
< > (h,-——) -2 . BOPT
Ji
ielm] J;>0 2 ks,
Jmax + 7
1 1 1 1 27
= Z Z(I(ZShl<?)+l(hl< F _1))(1’”—?) k—ﬁOPT
ie[mlJ; =0 j=0 2 2/max l Ji
where the first equality holds because if J; = —oo, then 6; = 1 and therefore (h; — 6;)* = 0. The

first inequality follows from the definition of J;. We have for 0 < j < jmax — 1,

1 1 1" 27 1 Ly 20
1(2 _hl<F)(hl_ﬁ) k_JlSI(EShi<F FI(JSJi)k—Ji
1 J
2] 2/=1) 2i=1 k;
1
=1|= < I’ll‘ < L 3
2J 271 kj
where the second inequality follows from Lemma 5.3.4. Moreover, for j = jmax,
1 1\* 2/ 1 . 5
1 (hl < 2jmax—1) (hl B ﬁ) . k_Jz <1 (hl < 2jmax—1 | 2jmax—1 1(']max = Jl)k_Jl
Jmax
<1 h,‘ < — ! - ! 2
2jmax—1 | 2 jmax—1 kjmax
=1 ]’li < — ! L
2]max—1 kjmax
Therefore,
jmax
1 1) 2 1 2
T — e | = . .
dypL(h) < > (1 (2]. < hyi< 21—1) o 1 (h, < 2_;max—1) kjmax) BOPT < 27(U)

ie[m] j=0
where the last inequality follows exactly from the definition of 7(/).
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Cost of static part.
Lemma 5.3.8. The cost of the static part (5.7) is bounded by O(a log m) - OPT.

Before showing Lemma 5.3.8, let us introduce the following definitions and useful lemmas that

we would need for the proof. For 0 < j < jmax, define

1
Ijz{ie[m]|9i=5},
e s L]

i = ze[m]](x»_z-g,
Dj = 1i \ Jij-

and for 0 < j < jmax, define the following budget of uncertainty sets

A G kj
U —{h e [0,5] ‘Zhi < 5}. (5.12)

We know from Claim 5.2.4 that for all 0 < j < jmax, we have (L7j cu.
Our proof relies on the structural result, Lemma 3.3 in El Housni and Goyal [54] which we

have shown in Chapter 2 of this thesis. We restate the lemma here in our context for completeness.

Lemma 5.3.9 (Lemma 3.3 in [54]). Consider B € R>", d € R and J C [m]. Let z(h) be the
cost of covering h as defined in (5.10). Suppose there exists y > 0 and 0 < k < m such that the

following two conditions are satisfied:

1. foralli e 9,

z(e;) >

=1
N[

2. forall'W C 9,
|'W| < k implies z(W) <.
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Then,

a
<vy.—.
2(J) =y 5

Note that in [54], the above lemma has been shown for @ = g = lfé?fg"n, the lemma is also

correct for (a, 8) = (8,81ogn) and the proof is along the same lines as in [54]. Now, we are ready

to show Lemma 5.3.8.

Proof of Lemma 5.3.8. Fix j such that 0 < j < jmax. We have for all i € 7;;, 4Ax™ > %e,- and
we know that 4¢”x* = 40PT;. Therefore we can cover the components of ;j using the static

solution 4x* and pay a cost 4OPT;. We apply Lemma 5.3.9 with ‘%; and y = 2/ - 40PT. In fact,

1

because Jp; € 7, we have foralli € B, 0; = 37 which implies

2j+l ,y . ﬁ
-OPT =
j+lﬂ 2kj+1

Z (ei) = dTV,‘ >

i.e., the first condition of Lemma 5.3.9 is satisfied with k = k;.
Moreover, let W C P; such that ['W| < kj,;. Denote by 1(W) the sum };cqy e; and

h = -1(‘W). Therefore, h € 217]+1. Consequently, we get b € 2U from Claim 5.2.4. Hence, by

1
2J

feasibility of the optimal solution, we get
2Ax* +2By*(h/2) > h.
Furthermore, for alli € ‘W, we have i ¢ J;; and therefore 4(Ax™); < Zij which implies
ABY (h/2)); 2 2~ 5 = I

1.e.,

4By*(h/2) > h

This means that 4y*(h/2) is a feasible solution for the covering problem (5.10) with requirement
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h, therefore,

2J

1 1
Z (EIL(‘W)) = z(h) < 4d"y*(h/2) < 4OPT, < 40PT = —.

Therefore,

Z(L(W)) <.

1.e., condition 2 of Lemma 5.3.9 is also satisfied. Therefore from Lemma 5.3.9, we have

[<=
| R

z(%]l(f]zj))s -~ =2q-OPT.

J

(\e]

Denote yjan optimal solution corresponding to z (%ﬂ(jzj)), i.e., dTyj =z (%Il(jzj)). Hence,

we have (4x*,y;) is a feasible solution for the static problem to cover }, %ei. Therefore,

iel;

jmax jmax 1 m

Z (4Ax +Byj) > Z Z 56 = Zeiei

Jj=0 j=0iel; i=1

Moreover,

jmax
Z(4ch* + dTyj) < (Jmax + 1)(40OPT; + 2a - OPT) = O(logm - @) - OPT,
=0

Hence, the cost of the static problem (5.7) is bounded by O(«a log m) - OPT

The proof of Theorem 5.3.1 follows directly from combining Lemma 5.3.8 and Lemma 5.3.7.
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Chapter 6: Piecewise static policies

6.1 Introduction

In this chapter, we consider two-stage adjustable robust linear optimization problems under
packing uncertain constraints and study the performance of piecewise static policies. These are a
generalization of static policies where we divide the uncertainty set into several pieces and specify
a static solution for each piece. We show that in general there is no piecewise static policy with
a polynomial number of pieces that has a significantly better performance than an optimal static
policy. This is quite surprising as piecewise static policies are significantly more general than static
policies. More specifically, recall two-stage adjustable robust problem with packing constraints
(1.7)

zZaR(U) = max cTx+ gg{l{ ryn(%))( dTy(B)

Ax +By(B) < h

x eR}, y(B) e R".

As mentioned before, following Bertsimas et al. [43], we can assume without loss of generality
that U is down-monotone (A set S € R is down-monotone if s € S, t € R} andt < s
implies ¢ € S). The above formulation models many interesting applications including revenue
management and resource allocation problems with uncertain demand. For instance, in a resource
allocation application, the right hand side & can model the fixed resource capacities and the un-
certain coefficients in B model the uncertain requirements of resources for demand. The goal is to
find an optimal allocation of resources that maximizes the worst case profit (see Wiesemann [44]).

In general, it is intractable to compute an adjustable robust solution for (1.7). In fact, Awasthi et
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al. [48] show that the two-stage adjustable robust problem (1.7) is (log n)-hard to approximate if
the uncertainty set of constraint coefficients belongs to the non-negative orthant. In other words,
there is no polynomial time algorithm that approximates the optimal adjustable solution within a
factor better than log n. Therefore, the goal is to construct approximate policies with good per-
formance. A static solution approach, where we give a single solution feasible for all scenarios,
has been widely studied in the literature. Recall the static robust optimization problem (1.8) to

approximate (1.7) is given by

ZRob(U) =max clx +d'y
Ax +By <h VBeU

xeR}, yeR].

As we mention earlier, an optimal static solution can be computed efficiently for large class of
problems (see Bertsimas et al. [15], Ben-Tal et al. [16]). Ben-Tal and Nemirovski [9] show that
a static solution is optimal for (1.7) if the uncertainty set is constraint-wise where each constraint
is selected independently from a compact convex set U; (i.e. U is a Cartesian product of U;,
i =1,...,m). Bertsimas et al.[43] generalize the result of [9] and show that a static solution is near
optimal for several interesting families of U. In particular, they give a tight characterization on the
performance of the static solution related to the measure of non-convexity of a transformation of
the uncertainty set U . While a static solution provides a good approximation in many cases, it can
be as bad as a factor m away from the optimal adjustable solution in general.

In this chapter, we consider the piecewise static solution approach for (1.7). A piecewise static
policy (also referred to as finite K-adaptability) is a generalization of the static policy where the

uncertainty set is divided into several pieces and we specify a static policy for each piece [39][31].

In particular, we consider a piecewise policy with p pieces (or subsets): Ui, . .., U, of U such that
U= u U,
1<i<p
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where each U; is convex, compact and down-monotone uncertainty subset. Note that U; are not
necessarily disjoint. We can formulate the two-stage piecewise robust linear optimization problem

asin 1.9, 1.e.,

zpr(U,. .., U),) = max c'x + min(dTyl,dTyz,. .. ,dTyp)
Ax +Bjy; <h Yie[p], VB; € U;

xeRl, y;, eR} Vie[pl

We show that the performance of the optimal piecewise static policy for given pieces is related
to the maximum of the measures of non-convexity of transformations of the pieces U;; thereby
extending the bound in [43] for piecewise static policies. Note that if the pieces U; are given
explicitly, we can efficiently compute an optimal piecewise static policy provide we can solve
linear optimization over each U; efficiently. However, one of the main challenges in designing a
good piecewise static policy, is to construct good pieces of the uncertainty set. In fact, Bertsimas
and Caramanis [39] show that it is NP-hard to construct the optimal pieces for piecewise policies
with only two pieces for two-stage robust linear programs in general.

Our main contribution in this chapter is to show that even if we ignore the computational
complexity of computing optimal pieces, surprisingly the performance of piecewise static policies
with a polynomial number of pieces is not significantly better than a static policy in general. In
particular, we show that there is no piecewise static policy with polynomial number of pieces
that gives an approximation bound better than O (m'~€) for any € > 0 for general uncertainty sets
U C R where the approximation bound for the static policy is m. We prove this by constructing
a family of instances of U for any € > 0, such that the performance of the static policy is m and
the performance of any piecewise policy with polynomial number of pieces is Q(m'~€). Our proof
is based on a combinatorial argument and structural results about piecewise static policies.

The rest of the chapter is organized as follows. We present the preliminaries in Section 6.2. In
Section 6.3, we present the structural results for piecewise static policies. Finally, we present the

lower bound on the performance of piecewise static policies in Section 6.4.
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6.2 Preliminaries: Static policies

In this section, we present some preliminaries and definitions for our results. As we mention
earlier, Bertsimas et al. [43] give a tight characterization on the performance of a static solution
as compared to the optimal adjustable solution for problem (1.7). They relate this performance
to the measure of non-convexity of a transformation of the uncertainty set. We first introduce the

following definitions.

Definition 6.2.1. (Transformation 7'(U,-)). For any h > 0 and convex compact full-dimensional

down-monotone set U C R!™", we define the following transformation:
T(Uh) =B |h"u=1,BecU,u>0).

Definition 6.2.2. (Measure of non-convexity). For any down-monotone compact set S C R, the

measure of non-convexity «(S) is defined as follows:
k(S) = min{a | conv(S) C a - S}.
Definition 6.2.3. For any convex compact full-dimensional down-monotone set U, let,

p(U) = I"I'la())( k(T(U,h)).

For any U c R>", Bertsimas et al.[43] give the following characterization of conv(T' (U,-)).

Lemma 6.2.4 (Bertsimas et al. [43]). Forany h > 0,

conv(T(U,h)) = conv( U {hlBTe,-

1<ism V'

pead)

Consider the following one-stage adjustable robust problem, H'IAR (U, h), corresponding to (1.7).
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2pr(U.h) = min max {d"y | By < h}. (6.1)

eU y>0

The one-stage problem is related to the separation problem for the two-stage adjustable robust
optimization problem (1.7). Similarly, we can consider the following one-stage robust problem,

HIRob (U ,h), corresponding to (1.8).
Zhop (U h) = max {d"y | By <h VB e U). (6.2)
y=

Bertsimas et al. [43] give the following reformulations of (6.1) and (6.2).

Lemma 6.2.5 (Bertsimas et al. [43]). H'{,‘R (U, h) (6.1) can be reformulated as
Zhg(U,h) = min {1 | Ab > d,b € T(U,h)).
Lemma 6.2.6 (Bertsimas et al. [43]). Hé Ob(ﬂ ,h) can be formulated as
Zhop (U, h) = min{A | Ab > d, b € conv(T(U,h)}.
Furthermore, they show that
ZRob(U) < zAR(U) < p(U) - ZRob(U),

where p(U) is the tight bound that characterizes the performance of the static policy. Note that
p(U) can be as bad as m in general. The worst case instance for p(U) is the diagonal uncertainty

set

U = {diag(x)

insl,xZO}. (6.3)

i=1
For this example of uncertainty set we have, zaAR(U) = m - zrop(U). We refer the reader to

Bertsimas et al. [43] for more details.
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6.3 Structural results on piecewise static policy

In this section, we introduce the piecewise static policies for the two-stage adjustable robust
optimization problem (1.7) and study the structural properties and performance of these policies.

We first introduce the following definition.

Definition 6.3.1. (Convex cover) Let U, U, ..., U, subsets of U such that U; is convex, com-

pact and down-monotone set. We say that Uy, U>,..., U, is a convex cover of U if U =

W]U(LIQ...U(IJP.

Note that different pieces are not necessarily disjoint. We only require that the union of pieces

covers U.

6.3.1 Performance of piecewise static policy

LetU = U VU, ...UU,be aconvex cover of U. We relate the performance of the optimal
piecewise static solution to the maximum of the measures of non-convexity of the transforma-
tions 7'(U;, -). Consider the following reformulation of the two-stage piecewise static robust linear

optimization problem (1.9).

zpr(Ui,. .., U,) = max c'x+ 7
Ax+B,~y,-£h VYie[p]l, VB; € U,
(6.4)
z<dly, Vielp]

xeRl, y,eRI Vie[p], zeR.
We can compute the solution of this problem efficiently if the number of pieces is small and linear
optimization is efficient over each piece.

Let (x*,(y],¥5,---,¥5)) be an optimal solution of (6.4). Then (x*,y(B)), where y(B) = y; if

B € U, is a feasible solution for the adjustable problem (1.7). Therefore,

2pR(U,. .. Uy) < zar(U). (6.5)
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To compute an upper bound for zar(U) in terms of zpr(Uj,. .., U),), consider the following one

stage piecewise static problem ITLo (U, .., U,), h):
ZéR((‘Lll,..,‘LIp),h) = ryrilg)é {z|Biy; <hVB;e U, z<d"y, Vi e[pl} (6.6)
Lemma 6.3.2. For the one stage piecewise static problem Hé,R(((Lll, ...,Uy),h),
Zhr (Ui, .., Uy h) = 1r£iisnpzéob(l],-,h).
Lemma 6.3.2 follows directly from (6.6). The following theorem relates the performance of a

piecewise static solution to the measures of non-convexity of 7(U;, k).

Theorem 6.3.3. For any convex cover of U such that U = Uy U U, ... U U,, we have,
ZAR(U) < max(p(U)),...,p(Up)) - zpr(UL,. .., U)p).

Furthermore, the bound is tight.

Proof. Denote Ay, 55 € conv(T (U, h)) the solutions of the one stage piecewise static problem
Hé,R(((Lll,. ..,Uy),h) under the formulations of Lemma 6.3.2 and Lemma 6.2.6, where £ € [p].

We have z{)R(((LI],. .Uy, h) = Ay and /fgl;g >d,ie.

A

~ b
Kg/ltw—{Zd
K¢

where «; = k(T (Uy,h)). Since,

A

b
K—" € T(Up,h) C T(U,h),
£

then (kpA;) is a feasible solution for H'{,‘R (U, h) under the formulation of Lemma 6.2.5, i.e. kpdp >

Za(U.I).
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Moreover, we know that max(p(Uy),...,p(U,)) > k¢. Then,
max(p(UD,- . ., p(Up)) - 2pg (Ui, .., Up),h) 2 zpg (U ).
Therefore,

2ar(Uh) = ¢Tx" + Z']AR((LI,h — Ax")
< c'x* + max(p(Uy), ..., p(Uy)) - pr (U, .., Uy),h — Ax™)
< max(p(Un),. ... p(Up)) - (¢"x" + zpg (U, .., Up), h = Ax™))

< max(p(Uy),...,p(Uy)) - zpr(U1,. .., U,).

The last inequality follows from the definition (6.6) of the one stage piecewise static problem. The

tightness of the bound follows from the tightness of the bound for static policies [43]. O

6.3.2 Examples of piecewise static policies

We present several examples to illustrate the performance bound for piecewise static policies.
In particular, we consider the diagonal uncertainty set defined in (6.3) for which the performance
of static policies is the worst possible as compared to the optimal fully adjustable solution. We first

show that without loss of generality, we can consider pieces of the following form for any convex

cover of U (6.3).

V(r1,m2,...,Ty) = {diag(x) ij <1,0<x;<T1Vje [m]}. 6.7)

j=1
In particular, we have the following structural lemma.

Lemma 6.3.4 (Structure of Piecewise static policies). Let U = Uy U U, ... U U, a convex cover

of the diagonal uncertainty set (6.3). For alli € [p] we define, V; = V (11,72, . . . , Tim), Where for
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alli € [p]land j € [m],

Tij = mnax efx.
) diag(x)eU;
Then, Vi € [p), U; € V; C U and k(T(V;,h)) < k(T(U;,h)).

Proof. Leti € [p]. We have V diag(x) € U;, x; < 7 for j = 1,...,m. Then, U; € V; C U.
Now, we will show that for all i € [p], conv(T (U;,h)) = conv(T (‘V;,h)). First, since U; < V],
clearly, conv(T(U;,h)) € conv(T (V;,h)). Consider any b € T(V;,h). Then,

b = diag(x)" pu,

where 37" | uihi = 1 and diag(x) € V;. Therefore,

For all k € [m], we have x; < 7;; and we know that U; is down-monotone. Therefore, x;e; €

U; and Z—’;ek € T(U;,h). Hence b € conv(T(U;,h)) and conv(T(Vi,h)) < conv(T(U;,h)).

Therefore,

conv(T(V;,h)) = conv(T(U;,h)) € k(T(U;,h)) - T(U;, h)
C k(T(Ui,h)) - T(V;,h),
which implies «(T(V;,h)) < k(T(U;,h)). O

In the following lemma, we show that we can compute the measure of non-convexity of

T(V(t,1,...,Ty),h) where V(11,12,...,T,) is defined in (6.7).

Lemma 6.3.5. Let,

U=V (1r1,12,...,Tm)

where V (11,12,...,Ty) is defined in (6.7) such that ¥i € [m], 0 < 1; < 1 and Z;’il 7, > 1. Then
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forallh > 0,
K(T(U,h)) = ZT,‘.

i=1
The proof of Lemma 6.3.5 is presented in Appendix D.1. We now present two examples of con-

vex covers of the diagonal uncertainty set U (6.3) and give the performance of the corresponding

piecewise static policy for each example.

Example 1. Forall j = 1,...,m let,

m
, 1
(L[j = {dlag(x) Z;Xi <1,0< Xj < Z}
1=
Note that 1 U U; is a convex cover of U with m number of pieces. From Lemma 6.3.5, we have
<Jj<m
the following.

Propostion 6.3.6. For the cover defined in Example 1, the performance of piecewise static policy

is
1
p=m-1+—.
m

Example 2. Let S,, be the set of permutations in {1,2,...,m} and let T = (1, % % ey )

m

Forall o € S,, let,

U, = {dlag(x) 0<x; < To (i) Vi € [m], Zx,- < 1},
i=1

Note that % U, is a convex cover of U with m! number of pieces. From Lemma 6.3.5, we have
ceS,

the following.

Propostion 6.3.7. For the cover defined in Example 2, the performance of piecewise static policy

is

o 1
p= ), = Olog(m)).

1
i=1

We would like to note that for the cover in Example 1, the number of pieces is polynomial
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and the performance bound for the piecewise static policy is Q(m) which is the same order as the
approximation bound for static policies. For Example 2, the performance bound for the piecewise
static policy is O(logm) which is significantly better. However the number of pieces is expo-
nential. Since it is difficult to compute a piecewise static policy with exponentially many pieces, it
motivates us to consider the problem of finding piecewise static policies with a polynomial number

of pieces that have a significantly better performance than the static policy.

6.4 Lower bound for polynomial pieces

In this section, we show that, surprisingly there is no piecewise static policy with polynomial
number of pieces that gives an approximation bound significantly better than the static policies in
general. In particular, we consider the diagonal uncertainty set (6.3). Bertsimas et al. [43] present
family of instances where zaAR(U) = m - Zrop(U) for the uncertainty set (6.3). We show that
for any fixed € > 0, there is no piecewise static policy with polynomial number of pieces with
approximation bound as O(m'~€). Our proof is based on a combinatorial argument that exploits
the structural result for piecewise policies for (6.3) derived in the previous section. We have the

following theorem.

Theorem 6.4.1 (Main result). For any given 0 < € < 1 and k € N, there are instances of uncer-
tainty set U C RP" with sufficiently large m such that for any convex cover (U, U,. .., U,) of

U with p < (max(m,n))* pieces,

max(p(Uy),...,p(Uy)) > m' €.

Proof. Consider the diagonal uncertainty set & c R’ defined in (6.3) for m sufficiently large.
Consider (U1, Uy, ..., U,) a convex cover of U such that p < m*. We can assume without loss

of generality p = m*. Suppose for the sake of contradiction,

max(p(U)),. .., p(Uy)) < m'™¢. (6.8)
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From Lemma 6.3.4, it is sufficient to consider U; of the following form for all i € [p]:

U; = {diag(x)

inSI,OSXjSTij Vje[m]}

i=1
From Lemma 6.3.5, for all i € [p], Vh > 0,

m

k(T (U k) = ) ip <m'™

j=1

where the last inequality follows from the assumption (6.8). Let

We define the following discrete set

w:{diag(ﬂ,...,“—m)
Y Y

where y = Bk + k + 1. Note that ‘W is a discrete subset of U with cardinality

_[(m\ _ m _ Bk+k+1
'W"(y)‘(ﬁk+k+1)‘®(m )

Dlai=v. aiel0,1),Vie [m]},

i=1

We have
Wcocld= U U.

1<i<p

Hence there exists 1 < ¢ < m¥ such that U, contains at least % elements of W. In particular,

there exists W C ‘W such that W C U, and

W > ';‘f—kl = @(mPHHY. (6.9)
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Then Vj € [m] and Ya € ‘W,
aj <
.
Bk+k+1 -9

Therefore, Vj € [m],

max ela

acW
Bkt k41~

which implies

Zmaxe a<(ﬁk+k+1)ZT[]

= 1a€W
< (Bk+k+1)m'€

< (Bk +k + 1)ymAT,

B

where the last inequality follows from —— < €. Denote t = (8k + k + 1)m#A+T and

B
S={jelml|daecW,a;=1)}.

Then, |S| < |7]. We have,
W C {diag (ﬂa—’")
Y Y

W) < ("j') —0(SP).

> ai=y, ai€l0,1}Vie [m]}.

€S

Therefore,
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We have,

|S|}/ — |S|,8k+k+1 S LtJﬂk+k+]

< tﬂk+k+1

(Bk+k+1)
- ((ﬁk+k+1)m%) -

= (Bk + k + 1)BrkrD) _Bheg

Then,

W <® (mﬂ’”%).

On the other hand, |W| > © (mﬁk“) (6.9) which is a contradiction for m sufficiently large. O

The above theorem implies that if we restrict to piecewise policies with a polynomial number
of pieces, we can not get significantly better policies than static in general. This is quite surprising

since piecewise static policies are more general than a single static solution.
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Conclusion

This thesis focuses on some fundamental questions in the theory and foundations of robust
optimization. At a high level, the thesis addresses two challenges. The first one is to bridge the
gap between the empirical and theoretical performance of simple policies in robust optimization
such as affine policies. The second one is to design new polices that are tractable, scalable and
significantly improve over affine and static policies.

In fact, while the worst-case performance of affine policies can be arbitrarily bad, the empirical
performance is observed to be near-optimal on both synthetic and real data. We present a fine-
grained analysis of affine policies that addresses this stark contrast between theory and practice
in two different ways. First, we introduce in Chapter 2 a probabilistic approach to analyze the
performance of affine policies on randomly generated instances of two-stage robust optimization.
We show that with high probability affine policies give a good approximation for a wide range of
instances drawn from a large class of distributions; thereby, providing a theoretical justification
of the observed empirical performance. It is an interesting question to extend this probabilistic
analysis to other classes of dynamic robust optimization problems.

Second, we study the performance of affine policies for an important class of uncertainty sets
widely used in practice, namely budget of uncertainty. In particular, we show in Chapter 3 that
affine policies give the optimal approximation for two-stage adjustable problem with covering
constraints under budget of uncertainty sets which confirms the power of these policies and ex-
plains the good empirical performance under this widely used class of uncertainty sets. We also
provide strong theoretical bounds on the performance for the class of intersection of budgeted
sets and improve significantly over the state of art performance bounds. Furthermore, our analysis
shows the existence of a near-optimal affine solution satisfying a nice structural property where the
scenarios are partitioned into inexpensive and expensive based on a threshold and the affine so-
lution covers only the inexpensive components using a linear solution and remaining components
using a static solution. This structure is closely related to threshold policies that are widely used

in many applications, and allows us to design an alternate algorithm for computing near-optimal
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faster affine solutions. This structural property might be of independent interest for other applica-
tions and could provide insights to design more general policies that work well in settings where
affine policies could be highly sub-optimal.

In Chapters 4 and 5, we design new polices that improve significantly over affine and static
policies. In fact, while affine policies provide an optimal approximation for budgeted uncertainty
sets, their performance could be bad for general uncertainty sets, most notably for sets generated
by conic constraints like ellipsoids. We present piecewise policies where we divide the uncertainty
set into several pieces and specify an affine or a static solution for each piece. A significant chal-
lenge in designing a practical piecewise policy is to construct good pieces of the uncertainty set.
In Chapter 6, we show that in the worst-case, there is no piecewise static policy with a polynomial
number of pieces that has a significantly better performance than a static policy for a class of two-
stage packing problems. This is quite surprising as piecewise static policies are significantly more
general than static policies but still do not give a provably better solution. This motivates us to con-
sider piecewise policies with possibly exponentially many pieces but where the pieces are not given
explicitly. In particular, in Chapter 4, we introduce a new framework where the uncertainty set is
implicitly partitioned into an exponential number of pieces using a threshold point. The threshold
depends only on the geometry of the uncertainty set and can be computed by solving a compact
linear program. This results in a tractable piecewise affine policy that performs significantly better
than affine policies for many important uncertainty sets, such as ellipsoids and norm-balls, both
theoretically and numerically. However, the theoretical bounds are still significantly higher than
the hardness lower bounds. In Chapter 5, we significantly improve over the previous bounds by
optimizing the threshold point based on both the geometry of the uncertainty set and the instance.
We use insights from our previous analysis of affine policies and design a class of extended affine
policies that can be compute by using linear decision rules in a lifted space. We show that that
they improve significantly over previous policies for some important class of uncertainty sets. We
also analyze the structure of optimal solution and show that they are closely related to threshold

policies.
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While this thesis has focused on two-stage robust optimization problems, it is an interesting
and open question to analyze theoretically the performance of all these policies, i.e., static, affine,
piecewise affine, extended affine and threshold policies or design new policies for multi-stage

robust optimization problems.
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Appendix A: Two-stage robust optimization

Lemma A.0.2. The affine problem (1.2) can be formulated as the following LP

zai(U) = min c'x +7
z—d g >rly
Ry >P'd

Ax +Bg>V'r

RV >1,,— BP (A.1)
g>U'r
U'R+P>0

x €X,veREk UeRMX v eRM™

PecR™ qeR", zeR.

Proof. The affine problem (1.2) has the following epigraph formulation

zZaf(U) = min c’x+z
z>d  (Ph+q), Yhel
Ax+B(Ph+q) > h, YhelU
Ph+q >0, YVhel

xeX,PeR™" qgeR" zeR.

We use standard duality techniques to derive formulation (A.1). The first constraint is equivalent
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to

z—d"q > max d' Ph.
Rh<r
h>0

By taking the dual of the maximization problem, the constraint is equivalent to

z—d'qg> min rlv.

RTv>PTd
v>0

We can then drop the min and introduce v as a variable, hence we obtain the following linear
constraints

z—dlg>rly
Ry > P'd
v e RL,

We use the same technique for the second sets of constraints, i.e.,

Ax + Bg > max h(I,, — BP).
Rh<r
h>0

By taking the dual of the maximization problem for each row and dropping the min we get the

following compact formulation of these constraints
Ax +Bg>V'r

R'V >1, - BP
V e R,
Similarly, the last constraint
q > max — Ph,

Rh<r
h>0

165



is equivalent to

Putting all together, we get the formulation (A.1).
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Appendix B: Beyond worst-case: a probabilistic analysis of affine policies

B.1 Proofs of preliminaries

Proof of Lemma 2.2.4 We have

zaR(B) = min ¢’ x + max min  d’y
xeX held By >h-Ax
y=0
=min ¢’x +max max (h—Ax)'w (B.1)
xeX hell BTw<d
w>0

= min ¢/ x + max —(Ax)Tw + max h'w

xeX weW Rh<r
h>0
=min ¢’x + max —(Ax)"w+ min r’A
xeX weW RT A>w
1>0
= Zd-AR(B).

where the second equality holds by taking the dual of the inner minimization problem, the third
equality follows from switching the two max, and the fourth one by taking the dual of the second

maximization problem.

Proof of Lemma 2.2.6 We restate the same proof in [18] in our setting. First, since the adjustable
problem is a relaxation of the affine problem then z4_aAr(B) < zq_a#(B).
Now let us prove the other inequality. Consider ‘W = {w € R” | B'w < d} which is a

simplex. Note that 0 is always an extreme point of the simplex ‘W and denote w!,w?2,...,w" the
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remaining m points. In particular, we have for any w € W
m

w = Z ajw! = Qa
Jj=1

where 37 @; < 1and Q = [w' w2 ... |w’"]. Note that Q is invertible since w!,w?,...,w™ are
linearly independent. Hence, @ = Q_lw. Denote x*,A4*(w),w € ‘W, an optimal solution of the

adjustable problem (2.2). We define the following affine solution x = x* and forw € W,
A(w) =PQ 7 'w

where

P= [/l*(wl)l/l*(wz)| . m*(wm)] .

In particular, we have

Aw) = a;d"w).
j=1

Let us first check the feasbility of the solution. We have,

R'Aw) = > a;RTA(wl) > > ajwl = w
= i=1
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where the inequality follows from the feasibility of the adjustable solution. Therefore,

Zd-ai(B) < ¢’ x + max (—Ax)Tw +rTA(w)
wew

m
_ T % _ w\T T y* j
_cx+m§1x(Ax)w+Za]r/l(w)
j=1
m
_ T % A aNT T y* Jj
—cx+maax Zaf(( Ax)w+r/l(w))
j=1
m
< T .* _ T T % <
<c'x +}rvréa(1v)‘</(( AX ) 'w+r'a (w))m(?x ZG’]—Zd—AR(B)

Jj=1

where the last inequality holds because Z;.”:l a; < 1. We conclude that z4_a¢(B) = z4-aR(B).

Proof of Lemma 2.2.7 First the inequality zq_aR(B) < zg_a#(B) is straightforward since the
adjustable problem(1.1) is a relaxation of the affine problem (1.2). On the other hand, since W C
k - S then,

2d-aff(B) < k- zg-pt(B,S)

where we denote z4_as(B,S) the dualized affine problem over S (it’s the same problem as z4_as(B)
where we only replace ‘W by S). Since S is a simplex, from Lemma 2.2.6, we have z4_a%(B,S) =

24-AR(B,S). Moreover, z4-aAR(B,S) < zg-Ar(B) because S € W. We conclude that

Z2d-AR(B) < zg-aff(B) < k- zd-AR(B).

Furthermore, since zq_aR(B) = zar(B) from Lemma 2.2.4 and zq_a#(B) = zas(B) from Lemma

2.2.5, then

ZaR(B) < zaff(B) < k- zaR(B).
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B.2 Hoeffding’s inequality

Hoeffding’s inequality[49]. Let Z,...,Z, be independent bounded random variables with

Z; € [a,b] for all i € [n] and denote Z = % | Z;. Therefore,

0
P(Z—E(Z)S—T)Sexp( 2n7 )

(b-a)?

B.3 MIP formulation for the empirical section

MIP formulation for the separation adjustable problem. The separation problem (2.18) can be

formulated as the following MIP

max Zmlz Z Jﬁ-yijk—(Afc)Tw

i=1 j=—Aqy
=y > Gie
i=1 k=—Aq
Yijk < Bij Vie[ml,j€[-Ay,sl.k € [-Aw,s] (B2
Yijk < @ik Vi € [m],j € [-Aqy, sl k € [-Aqy, 5]
Yijk + 1 > aix + Bij Vi € [m],j € [-Aqy,s],k € [-Aqy,s]
@ik, Bik»Yijk € {0,1} Vi € [m],j € [-Aqy, sl k € [-Aqy, 5]
Rh<r
B'w <d

where s = [log, (%)], Aqy is an upper bound on any component of w € ‘W, Aq, is an upper bound

on any component of 4 € U and € is the accuracy of the problem.

Proof. The separation problem (2.18) is equivalent to solving the following problem for given %
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max h'w — (A%)Tw
held
weW

The constraints of the above problem are linear and the second term in the objective function is
linear as well. So we will focus only on the first term A’ w which is a bilinear function and write it
in terms of linear constraints and binary variables. Let us write h = Zl’.’; | hie;. For all i € [m] we

digitize the component A; as follows
_ (04773
l’ll’ = E ?

where s = [log, (%)'I, Aqq 1s an upper bound on any Ah; and «;; are binary variables. This digiti-
zation gives an approximation to &; within == which translates to an accuracy of € in the objective

function. We have
m N a;
-5 3 %
i=1 k=—Aq

Similarly, we have

where Aqy is an upper bound on any component of w € ‘W. Therefore, the first term in the

objective function becomes
m N N

1
2 2 2y g b
i=1 j=—Aqy k=—Aq
The final step is to linearize the term a; B;;. We set, a;xB8i; = vijx wWhere again v;;; is a binary

variable. Since all the variables here are binary we can express 7;j; using only linear constraints

as follows

IA

Yijk < Bij
Yijk < Qik

Yijk + 1 > ajx + Bij
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which leads to formulation (B.2).
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Appendix C: Affine policies for budget of uncertainty sets

C.1 Proof of Claims in Section 3.2.3

Proof of Claim 3.2.6.

_ T B ;
(W) = ryn>151 dy y>l;ye

_ . T .
= min 1d'y ZB,]yj > l,VZEW}

y=0 p lmaneW(WkBkj) keW

= ryn>1(1)l dTy ZB,] max(kak]) yi = wi, Vi€ W}

n

= min
y=0

n w; Bj;
= min {dTy Z / ax(kak]) yj = wi, Vi€ W}

-y-‘ Bijyi > wi, Vie W
= mane‘W(WkBk] ! Z::‘ v l

j=1

- Tzlf)l {ﬂ)’Zd]y] ‘ ZBz]y] >w;, Vie W}

=1y - 2(W).
Proof of Claim 3.2.7. Consider j € [n], by the feasibility of the solution z* we have,

Z Bjj - z; < dj,

i€
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and consequently

Hence,

R . R . 2(lZF )+ & ~
P(Z Bij - % > dj) =P\ ) Bij- AMalvd) d./)

> (1 - z)d})
n

=P Bij§i> (g—l)cij .
ied

Now, we apply the Chernoff inequality in Lemma C.2.1 with ¢ = % —2and E = }eq B; i&i. Note

that 6 = 2 - ; Olgoli zn — 2 > 0 for sufficiently large n. Moreover, we have for all i € J,j € 7,

B;; €[0,1] and
E Zéij'fi = Zéij(z;k -z D < Zéljzf <d,.
ey ieg i€eJ

Therefore the Chernoff bound gives,

71 ‘ij
A n N e2
P(Z Bij*fi > (5 — 1)dJ) < ((ﬂ_—Z)%_z) .

ied

Recall 7 = 4; o§i§n~ Hence the RHS is equivalent to

loglogn

[exe
[exe

:O(CXp(—ZA logn log(4 logn )))
(exp (

= O (exp —Zleogn)):O( ! )< ¢

~ = "5
n2d; n2
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for some constant c. The last inequality holds because d ;i > 1. Hence,

ieg

Y

Therefore by a union bound we have,

Therefore,

Proof of Claim 3.2.8. We have,
Z wiZi=A+ Z wii,
iegJ iedJ

where

A= ZwiLz;‘J.

i€egJ

We apply the Chernoft inequality in Lemma C.2.2 with § = % and Z = A + Y ;c g wié;. Note that

E(E) = ) wiz] > 1.
ieg
Hence,

1 1
P(Zwizi > E)ZP(E> 5)

ieg
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C.2 Chernoff bounds

Lemma C.2.1 (Chernoff Bound 1). Let &1,&2,. .. ,&, be independent Bernoulli trials. Denote

(1]

= Zle a;&; where ay,...,a, are reals in [0,1]. Let s > 0 such that E(E) < s. Then for any
0 >0,
e° ’
PE>14+0)s) <|———=] .
(E= 009 ((1 n 6>1+6)
The Chernoff bound in Lemma C.2.1 is a slight variant of the Raghavan-Spencer inequality

(Theorem 1 in [55]). The proof is along the same lines as in [55]. For completeness, we are

providing it below.

Proof. From Markov’s inequality we have for all # > 0,

E(etE)

- _ D AE o (140)s
PE> (1+6)s) =P~ >e ) S s

Denote p; the parameter of the Bernoulli ;. By independence, we have

r r

E(e'®) = [ [E &) = [ | (pie™ +1-pi) < | [exp (pite™ - 1))
i=1 i=1 i=1
where the inequality holds because 1 + x < e* for all x € R. By taking # = In(1 + §) > 0, the right

hand side becomes

r r

[ Texp (it + 8y = 1)) < [ [exp (pioas)

i=1 i=1

=exp (6 - E(B)) < %,

where the first inequality holds because (1 + x)* < 1 + ax for any x > 0 and @ € [0, 1] and the
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second one because s > E(Z) = }}'_, a;p;. Hence, we have

]E(elE) < e(SS.

On the other hand,

el‘(1+5)s — (1 + 5)(1+5)S.

Therefore,

- %" e S
P(E > (1+06)s) < ((1 +5)(1+6)s) - ((1 +5)1+6) '

Lemma C.2.2 (Chernoff Bound 2). Let £1,&5,. . .,&, be independent Bernoulli trials. Denote

E=A+ ) ai
i=1
where A € R, and ay,. . .,a, are reals in (0,1]. Denote u = E(E). Then forany 0 < 6 < 1,
2
PE>{-0u)>1-e2.

This is a slight variant of the lower tail Chernoff bound [56]. The proof is along the same lines

as in [56]. For completeness, we are providing it below.

Proof. We show equivalently that
ey
PE<{-0u <e 7.

From Markov’s inequality we have for all r < 0,

]E(ez‘E)

- B e E o (=8
PE<A-0uw=P"2e¢ ) < AT
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Denote p; the parameter of the Bernoulli ;. By independence, we have

E(e’~>—e”]_[E<e“’ §t)-e”]_[ pie +1-p;) < M]_[exp (piCe = 1)),

where the inequality holds because 1 + x < e* for all x € R. We take t = In(1 — ) < 0. We have
t < -0, hence

et/l < e—é/l )

Moreover,
r r r

1—[ exp (pi(em" - 1)) = 1—[ exp (pi((1 =6)*" -1)) < 1—[ exp (—pida;) ,

i=1 i=1 i=1
where the inequality holds because (1 —x)* < 1—ax forany 0 < x < 1 and @ € [0, 1]. Therefore,

E(e'®) < e rl exp (-pida;) = e K
i=1

On the other hand,

(1= — (1- 5)(1—5)/1.

Therefore,

8—5;1 e—é H
PE<A-0p < = .
E=dmom ((1 _5)(1_5),1) ((1 —5)1-6)
Finally, we have forany 0 < § < 1,

62
In(1-90) > —5+?

which implies
62
(1-9)-In(1-9) > —6+?
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and consequently

C.3 Additional numerical experiments for general uncertainty sets

The formulation (3.19) provides an approximate affine policy for solving our two-stage ad-
justable problem under any uncertainty set even though the theoretical performance bound for the
approximate affine policy holds only for the case of single budget of uncertainty set. In this sec-
tion, we test numerically the approximate affine policy given by (3.19) for general uncertainty sets
both in terms of performance and running time. We consider the following uncertainty sets for our

extended numerical experiments.

U = {he[O,l]’" Zh}sl} (C.1)
i=1

U, = {he[O,l]m Zw&-h,-g,w:m} (C.2)
i=1

Us = {he[O,l]’" Zw&hisl,\!ﬁ:l,...,s}, (C.3)
i=1

where U3 is the unit hypersphere uncertainty set, Uy and Us are respectively intersection of two
and five budget of uncertainty sets. For U4 and Us, we choose w, to be normalized Gaussian
vectors, i.e., wy; = |G;|/||G|l» where G; are i.i.d. standard Gaussians. We use the same test
instances and the same notations as in Section 3.5. We present the results of these computational

experiments in Table C.1.

Results. We observe from Table C.1 that our algorithm is significantly faster than the optimal

affine policy up to 100 factor of magnitude even for general uncertainty sets. The average running
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m | Tas(s) | Taig(s) | zaig/zas m | Tas(s) | Taig(s) | zaig/zas
10 | 0.222 | 0.165 1.735 10 | 0.020 | 0.040 1.132
20 | 0.945 | 0.608 1.870 20 | 0.289 | 0.165 1.145
30 | 2.868 | 1.445 1911 30 | 1.050 | 0.328 1.135
40. | 6.653 | 2.533 1.952 40 | 5.014 | 0.851 1.122
50 | 15.00 | 4.113 1.970 50 | 1948 1.497 1.120
60 | 32.34 | 6.148 1.987 60 | 77.13 | 3.048 1.116
70 | 69.83 | 9.639 2.004 70 | 184.5 | 5.279 1.113
80 | 254.1 | 21.59 2.010 80 | 39277 | 7.984 1.116
90 | 500.7 | 30.13 2.025 90 | 8729 | 11.19 1.115
100 | 907.6 | 41.09 2.030 100 | 1199 11.83 1.109
(a) Uncertainty set (C.1) (b) Uncertainty set (C.2)

m | T(s) | Taig(s) | zaig/zaf
10 | 0.031 | 0.051 1.212
20 | 0.434 | 0.197 1.190
30 | 2.362 | 0.581 1.185
40 | 8534 | 1.177 1.176
50 | 28.34 | 1.979 1.168
60 | 75.38 | 3.815 1.164
70 | 176.9 | 5.648 1.159
80 | 388.2 | 8.145 1.152
90 | 845.5 | 11.68 1.154
100 | 1133 11.48 1.147

(c) Uncertainty set (C.3)

Table C.1: Comparison on the performance and computation time of the optimal affine policy and
our approximate affine policy. For 20 instances, we compute zaig(U)/zaq (U ) for the uncertainty
sets (C.1), (C.2) and (C.3). Here, Taig(s) denotes the running time for our approximate affine
policy and T4¢(s) denotes the running time for affine policy in seconds. These results are obtained
using Gurobi 7.0.2 on a 16-core server with 2.93GHz processor and 56GB RAM.

time of our algorithm is few seconds and scales very well with the dimension of the problem while
computing the optimal affine policy becomes challenging for large size instances. Furthermore, we
observe that the gap between our affine solution and the optimal one is within 20% for intersection
of budget of uncertainty sets U4 and Us and does not increase with the dimension m. However, for
the hypersphere uncertainty set U3, we observe that the gap between our policy and the optimal
affine policy is larger as compared to other uncertainty sets and does increase in this case with the

dimension m. For instance, the gap is more than a factor 2 for m = 100.
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C.4 Proof of Lemma 3.6.1

First let us show that zpar = 0. We consider the following solution for the adjustable problem

1 ifie
X; =
0 ifi e J.
Consider a scenario Ak that is an extreme point of Y. In particular, we have h; € {0, 1}" for all i and
Zi”i  hi = m/2. Consider Ji(h) and J>(h) respectively subsets of J; and J; in which the demand

is realized. In particular,

Jith)y ={i€Ji | hy =1}
L(h) ={i€ | h =1}

We have,
|Ji(R)| + | 2(h)| = m/2.

Note that the first stage solution x covers the demand of the nodes in Ji(h) because x; = 1 for all
i € Ji. On the other side, we cover demand in J> (k) by sending inventory from J; \ J; (k) to J>(h)

in the second stage. This is possible because

[\ Ji(h)| = m/2 = |Ji(h)| = |2 (h)].

The cost of sending inventory from J; \ J; (k) to J>(h) is 0 because all directed distances from J
to J are zero. In particular, we consider a matching M from J; \ Ji(h) to Jo(h). We define the

following second stage solution

1 if(i,j)eM
yij(h) =
0 otherwise.

We have x,y(h) is feasible for the adjustable problem and its corresponding cost is 0. Therefore,
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zar(U) = 0.
Now, let us show that za(U) = m/2 — 1. Given the distances in the graph, flow can be sent

only from Jj to J,. In particular, we can rewrite the covering constraints of the problem as follows

Vj € Xj+ Zyij(h) > hj (C4)
ied;

Vi e J; X; — Z y,'j(h) > h;. (C.5)
JE€h

Consider x and y(h) = Ph + q a feasible affine solution. The number of rows of P is the
number of edges in the graph. The number of columns of P is m which is the total number of

nodes. In particular,

m
VieJ,Vjeh, yij(h) = Z P jyche + qij,
=

where P j)¢ denotes the component of P corresponding to edge (i,j) and node £. Nodes of
J1 should be covered in the first stage because flow can not be sent to J; in the second stage.

Moreover, Jj is covered at a zero cost. In particular we have,
xi=1 Vi € Jj.
Let fix i € J;. Consider h € U such that h; = 1. From (C.5), we have,

X = Z yl-j(h) + 1.

Jjeh

Moreover, we know that x; < 1 and y;;(h) > O for all j € J,. This implies that for all j € J,,

yij(h) =0,
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which is equivalent to

m
Pijyi+ qij + Z P jyche =0
(=1,L+i

for any h € U such that h; = 1. Therefore, for any i € Jy, for any j € Jo,
P jyi + gij =0,

and

Pije=0 Y # 1. (C.6)

Now fix £ € J; and j € J,. Consider the following scenario

he =0

h; = Vie i\ {{}
hj =

hy =0 Yk € L\ {j}

From (C.4), we have for all j € J,,
xXj+ Zyij(h) > 1.
ieJ;

Since there is a unit demand at node i € J; for any i # £, we can not send inventory from i to any

node in J>. In particular, y;;(h) = O for any i # £. This implies from the last inequality that

xj+yej(h) = 1,

which is equivalent to

Xj + P(l’,j),j + Z P(g,j),k + qej > 1.
kel k#l
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Putting it together with (C.6), we get for any j € J; and for any ¢ € J,, we have
Xj+qe > 1.

Therefore,

ij+Zng > m/2.

J€h Jje€h

Now consider (C.5) for h = 0. We have for € € J;,

X¢ — Z(Jgj > 0.

Jeh

Moreover since x; < 1, we conclude that,

quj <1.

=
Therefore,
Z xj>m/2-1.
Jeh
Finally,

m
ZAff = chxj = Z xj>m/2-1.
Jj=1

Jjeh

Now we consider the following affine solution

yij(h) =0 V¥je )\ {m}
VheUNiel,{ "’
yim(h) =-hi + 1.
The above affine solution is feasible for the adjustable problem. In fact, The capacity constraints

are verified on x. The non-negativity constraints are verified on y (k). Demand is covered at each
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node by the first stage solution x except a node m. Demand at node m is covered in the second

stage because

D vimm)y = Y (1 =h) =m/2= )" hi = hn,

i€ i€ i€
where the inequality follows from the definition of U. The cost of this affine solution is m/2 — 1.

Therefore,

za(U) =m/2 — 1.

C.5 Proof of Lemma 3.7.1

The adjustable problem corresponding to the instance (3.26) is given by

. . T
zaR(U) = min max min e’ y(h
AR( ) x>0 held y(h)>0 y( )

Z hi(e —e)e’x +y(h) > h, VheU.
i=1

We introduce the new variable @ = e’ x. The problem is equivalent to

. . T
zZAR(YU) = min max min e’ y(h
AR( ) a>0 hel y(h)>0 y( )

ai( Zml hj)e,-+y(h) > h, Yhel.

i=1 \j=1j#i

Note that the first stage cost corresponding to « is zero and therefore we could choose the variable
a to be arbitrary large in the optimal solution.

First remark that zar(U/) > 1. In fact, by taking h = e, the first feasibility constraint implies
yi(er) > 1 and therefore the cost of an adjustable solution is at least e’ y(e;) > 1. Hence,
ZAR(U) > 1. Now let us construct a feasible solution of the adjustable problem with a cost equal
to 1. Consider an extreme point k of U. Therefore, h; € {0,1} for alli € [m]. If h = 0, the
solution y(0) = 0 is feasible and its corresponding cost is 0. Otherwise, if k has at least one

non-zero component, let say #; = 1. Then, we consider the following solution y (k) = e; which is
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feasible. In fact, the i-th constraint is verified because
m
a| Y hi|+yith) 2 yi(h) = 1= h;.
j=1,j#i

The other feasibility constraints are also verified because the first term in these constraints is non-

zero and we could take « as large as needed. In particular, by just taking @ = 1, we have for any

k#1i,
a( Z hj)+yk(h) Za( Z hj) > ah;
j=1j#k

j=lj#k

1> hy.

= 1. Hence, zaoR(U)
optimal affine solution. Consider an affine solution

The corresponding cost is e’ y(h) = e’e;

1. Now let us compute the

y(h) =Ph +q.
We have forany b € U,
zai(U) > eT(Ph +q).

Consider h = e. Then the above inequality implies,

m

m m
zaff(U) = Z Z Pij+ ) q;.
i=1 j=1

(C.7)
i=1
Moreover, we know that y (k) > 0 for any h € U. In particular, for all i € [m],
vi(e —e;) > 0.
Hence, for all i € [m],
D P+ >0 (C.8)
j=1j#i
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Combining (C.7) and (C.8), we get

zaif(U) 2 Z P;;. (C.9)
p

On the other hand, we have for 2 = 0,

(W) 2 e"y(0) = ) g;. (C.10)

i=1

We know by feasibility of y (k) that for all i € [m],

a( Z hj)+y,-(h) > .

j=1j#i
In particular, for all i € [m], by taking h = e;, the i-th constraint gives
vi(ei) = Pij+ g = 1. (C.11)

Therefore, from (C.9), (C.10) and (C.11), we conclude

¢ m
a(U) > § (P;i +g)/2 > 3
i=1

Finally, consider the following affine solution for any h € U,

where we assume m is even for the sake of simplicity. The above solution is feasible. In fact, for

i= 1,...,%,wehave
m
al D0 |+ yith) 2 yith) = by
j=1,j#i
Fori = % +1,...,m, if hi_% = 0, then y;(h) = 1 and therefore the i-th constraint is verified.
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If hj_m # 0, therefore (Z;”:L i h j) # 0 and by taking « sufficiently large, the i-th constraint is

verified as well. Finally the cost of the proposed affine solution is
T —
e y(h) =m/2.

We conclude that

zaf(U) = m/2.
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Appendix D: Piecewise static policies

D.1 Proof of Lemma 6.3.5

First, note that for 4 > 0,

T((“”’):{(Z f i—”’) ‘(yl,yz,...,ymeT(ﬂ,e)}.

Then we can easily prove that «(T(U,h)) = k(T(U,e)). In fact, let x € conv(T (U, hk)). Then,
o, xihje; € conv(T(U,e)). Therefore,
m

1
«(T(U,e)) (; xihiei) e T(U,e).

Then,

1
—KT((ﬂ,e)) -x €eT(U,h),

which implies,

conv(T(U,h)) C k(T(U,e))-T(U,h),

and finally «(T'(U,h)) < k(T(U,e)). Similarly, we also have «(T(U,h)) > x(T(U,e)). Now,

it’s sufficient to show that x(T'(U,e)) = 3" | 7;. Let first show that
m
Z =< } (D.1)
=1 l

1,

conv(T'(U,e)) = {(xl,xz, . Xm) € [0,1]™

Let x € conv(T'(U,e)). From Lemma 6.2.4, we have x = 3", A;a;e;, where 3", A

A €[0,1]and 0 < g; < 73, Vi € [m]. We have,
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27, Za, fs A= 1.

~.
—

Conversely, let x € R such that,

‘We have

where for all j € [m],
X
7

o
=
o
&Q
I
N,
INgb
| &

A =

m X .
i=1 1 i=1 !

We have Z;.”zl Aj=1landa; < 1;¥j € [m]. Then, x € conv(T(U,e)).
Now, we would like to find a lower bound for x(7 (U ,e)). Let @ > 1 such that

conv(T'(U,e)) C a-T(U,e). From (D.1), we have

m

t 4 3
TR econv(T(U,e))
i=1 T Zuj=1 T i=1 T

Then, there exists diag(x) € U and u € RY, 3°™" | ; = 1, such that

2 2 2
T T T .
( ml ’ m2 v T ~>:a.dlag(x)Tﬂ»

i=1 T Zuj=1 T i=1 T

eVl <i<m,
72
1
m
]1]

= QpiX;
From Cauchy-Shwartz inequality we have,

g

i=1

=1

().

i=1
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Then,

\%

m m m 2
(o)) (3),
i=1 i=1 i=1
m m
(3] ()
i=1 i=1

m
o > ZTi,
i=1

where the last inequality follows from ;"2 x; < 1. To finish our proof we show that,

i.e.

\Y

therefore,

m

conv(T(U, e)) C (Z r,-) “T(U,e).

i=1

Let x € conv(T(U,e)), we have from (D.1),

=<1
Ll
Forall 1 < j < m, let define,
X m  Xi
_ Tj _ i=1 Ti
Hj =S X0 and bj_Tj—Zm o
i=1 7 i=1 "

Then

x = ( r,-) -diag(b)"
i=1

1

We have Vj € [m],

Tj
bj < o — <71
i=1 Ti

where the second inequality holds because 37" | 7; > 1. Furthermore,
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Therefore, diag(b) € U. Since 27:1 w; =1,diag(b)"pu € T(U,e). We conclude that

X € (i Tl') -T(U,e).

i=1

192



Appendix E: Piecewise affine policies

E.1 Proof of Theorem 4.2.3
Proof. Let (fc,ﬁ(it),il € (LA{) be an optimal solution for zaR ((L7). Foreachh € U, letj(h) = jf(fz)

where i € U dominates k. Therefore, for any h € U,
A% + By(h) = A% + By(h) > h > h,

ie., (x,y(h),h € U) is a feasible solution for zar (U ). Therefore,
T Tociy _ 9
X +maxd' y(h) = zpr(U)

2AR(U) < eT% +maxd’§(h) < ¢
held hetl

h\ &k
Ax™ + By* (E) > E

) heu ) is feasible for IIaR ((L7 ). Therefore,

Conversely, let (x*,y*(h),h € U) be an optimal solution of zag(U). Then, for any h € U, since

€ U, we have,

==

h
B

Therefore, (Bx*, By* (
) <B- (ch* + max dTy*(h)) = B zar(U).
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AR (M) < T Bx* + max d’ By* (—
held
O
E.2 Proof of Lemma 4.2.4
Proof. a) Suppose there exists 8 and v € U such that U = B-conv (ey,...,e,,v) dominates U
Consider h € U. Since U dominates U, there exists @1, @2,...,@pe1 = Owitha +. . .+ =1



such that

hi < B(a;i+aps1vi), Yi=1,...,m. (E.1)
Let
I(h):{ie[m]‘h,-—ﬁv,-ZO}.
Then,
Z(hi_,BVi)+ = Z hi — B Z Vi
i=1 icl(h) icl(h)
< Z B(ai+ amvi) = B Z Vi
icl(h) iel(h)
= D ait+(@na -1 v
iel(h) iel(h)
<pB,

where the first inequality follows from (E.1) and the last inequality holds because a,,+1 — 1 < 0,

vi 20,8 20and ;) @ < 1. We conclude that
1 m
E Zl (h; — ﬁv,-)+ <1

b) Now, suppose there exists S and v € U such that U = B -conv(ey,...,e,,v) dominates

U. Forany h € U, let
ﬁ = Z (/’Ll' - ,BV[)+ e+ Bv.
i=1

Then foralli =1,...,m,

hi = (hi = Bvi)" + Bvi

> (hi = Bvi) + Bvi = hi.
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Therefore, h dominates h. Moreover,

r_ O (hi=pv)t 1
h—Zﬁ(;Te,+§v)62,8~COI‘IV(0,81,

because
1 m
E Z (h; — ﬂv,-)+ <1.
i=1
Therefore, 25 - conv (0,ey,. . .,e,,v) dominates U and consequently
25 -conv(ey,...,ey,,v) dominates U as well.

E.3 Proof of Lemma 4.3.2

Proof. Suppose k € [m]. Let us consider

k
h e argmaxZ h;.
held i=1

Without loss of generality, we can suppose that #; = 0 fori = k£ + 1,.

permutations of {1,2,...,k}. We define h” € R’ such that h? = ho)

---,em’v),

..,m. Denote, S; the set of

forizl,...,kandhl‘.T:O

otherwise. Since U is a permutation invariant set, we have h” € U for any o € Si. The convexity

of U implies that

%Zh”e(a.

O'ESk

We have,
(k—1)!.z§:1hj ifi=1,...,

> -

TS, 0 otherwise,

and Zle hj = k - y(k) by definition. Therefore,

M=

1
o Zh”:y(k)- e;cU.

€Sk i=1
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E.4 Proof of Lemma 4.3.3

Proof. Consider, 2 € U an optimal solution for the maximization problem in (4.9) for fixed 8. We
will construct " € U another optimal solution of (4.9) that verifies the properties in the lemma.
First, denote I = {i | h; > By} and |I| = k. Since, U is permutation invariant, we can suppose

without loss of generality that = {1,2,...,k}. We define,

v(k) ifi=1,...,k

*

0 otherwise.

From Lemma 4.3.2, we have h* € U. Moreover,

m k
D =Byt =) = Byk < k-y(k) - Byk
i=1

i=1

) = ) = Z(h* BY)

- By’ Z(h 20N

I
—_

'M» TN

where the first inequality follows from the definition of the coefficients y(.). Therefore, h* and h
have the same objective value in (4.9) and consequently &” is also optimal for the maximization
problem (4.9). Moreover, from the first inequality, we have y(k)— By > 0,i.e., [{i | hf > By}| =k

Therefore, h* verifies the properties of the lemma. O

E.5 Proof of Proposition 4.3.9

Proof. To prove that 7 dominates U , it 18 sufficient to take & in the boundaries of U, i.e.,

aih,ih +(1—a)2h2—1 (E.2)

i=1 j=1
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and find o, @»,. .., @+ nonnegative reals with Z;’Sl «; = 1 such that for all i € [m],

h; < B (a/i + yam+1) .

By taking all A; equal in (E.2), we get

1
V(am? + (1 —a)ym) '

’)/:

We choose fori € [m],
1 m
;= 5((1 —a)h? + ah,-jz;hj)

and @41 = % First, we have Zf’:il a; = 1 and for all i € [m],

B 2 N !
it yame) = 5| (1= a)hi +ah hj+
B (ai +yam1) 2(( @) a JZ:; / \/am2+(1—a)m)

B 2 !

> = -a)h; hi
2(( a)l+\/am2+(1—a)m+a )

ZE 2( (1—61) ) h[+ahi :hi
2 \/am2+(1—a)m

where the first inequality holds because Z;”: | hj = 1 which is a direct consequence of h'zh =1
and a < 1. The second one follows from the inequality of arithmetic and geometric means (AM-

GM inequality). Finally, we can verify by case analysis on the values of a that

. -1
a (1-a)2 2
-+ - =0|m5).
(2 (am2+(1—a)m)z) ( )

1 -1 -1
In fact, denote H(m) = (% + (1_#) =0 (a + é)

(am2+(1—a)m)%
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Casel: a = O(L). We have (am® +m)* = O(m?). Then H(m) = O(m?) = O(m?).

Case2: a = Q(m¥). We have H(m) = O(a!) = O(m?3).

NI

Case3: a = O(m_?z) and a = Q(%). We have (am2 + m) = O(mé). Then,

P Q(l) + QM) = Q(m™).
m

1
(am? + m)*

Therefore, H(m) = O(m%). O

E.6 Proof of Proposition 4.3.10

Proof. To prove that U dominates U , it is sufficient to take A in the boundaries of U, i.e.,

ity hi = kand find a1, @, . . ., @;,41 non-negative reals with :’:{1 a; = 1 such that for all i € [m],

k
hi < B (a/i + —Clm+1) .
m

First case: If 8 = k, we choose a; = % fori € [m] and a;,,1 = 0. We have Z;’Sl a; = 1 and for

alli € [m],

k h;
B (a’i + _a'm+l) =k— > h,.
m k

Second case: If g = %, we choose «; = 0 fori € [m] and a,,+; = 1. We have Z?Sl «a; = 1 and for

all i € [m],

E.7 Proof of Lemma 4.3.11
Proof. Consider the following simplex

U = conv (el,. e,

W)
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It is clear that U dominates U since e dominates all the extreme points v; for j € [N].

m
m—1
Moreover, by the convexity of U, we have % Zj.v: (Vi = %*(lm)e = m:/me € U. Denote B = .
Hence, for all i € [m]
B ( 1 +a 1 ) 0) d 1 B r
e,=pB|—="e - =) an —e=j" e.
’ B B m m~m
~———
eu eu

Therefore, U C B-U and from Theorem 4.2.3, we conclude that our policy gives a S-approximation

to the adjustable problem (1.1) where g8 = rm_’" Vol o1+ ﬁ). O

E.8 Proof of Lemma 4.3.12

Proof. First, let us prove that zar(U) < 1. It is sufficient to define an adjustable solution only for
the extreme points of U because the constraints are linear. We define the following solution for all

i=1,...,mandforall j=1,...,N
1
x =0, y(0) =0, y(e) = e, J’(Vj):%&

We have By (0) = 0. For i € [m]

1
By(e;) =e;+ —(e—¢;) > ¢;

Vm
and for j € [N]
By(v)) lB (1+m—1) S 1 S
vi)= —Be=|— e>—e>v;.
YV = m  m+m m /

Therefore, the solution defined above is feasible. Moreover, the cost of our feasible solution is 1

because for all i € [m] and j € [N], we have

d'y(e)=dyw) =1
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Hence, zar(U) < 1. Now, it is sufficient to prove that zag(U) = Q(+/m). First, ¥ = ﬁe and

y(h) = 0 for any h € U is a feasible static solution (which is a special case of an affine solution).

In fact,
1 m-—1

+
Vi m

where the last inequality holds because U C [0, 1]™. Moreover, the cost of this static solution is

)eZeZh Yh e U

'z = Nm
15 °
Hence,
\/m
zaff(U) < ST (E.3)

Our instance is "a permuted instance", i.e. U is permutation invariant, A and B are symmetric and
¢ and d are proportional to e. Hence, from Lemma 8 and Lemma 7 in Bertsimas and Goyal [18],
for any optimal solution x 5, ¥« (h) of the affine problem, we can construct another optimal affine
solution that is "symmetric" and have the same stage cost. In particular, there exists an optimal

solution for the affine problem of the following form x = ae, y(h) = Ph + q for h € U where

0 n M
w8 ... u

P = (E.4)
Hop 6

g =Jde c'x = ch;ff and maxjcq/ dTy(h) = maXpey dTyZﬁ(h). We have x > 0 and y(0) =

Ade > 0 hence

1>0 and a > 0. (E.5)
Claim: o > ﬁ For a sake of contradiction, suppose that @ > m. We know that
2an(U) = ¢Tx +dTy(0) = %m + am. (E.6)
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Case 1: If 1 > then from (E.6) and @ > 0, we have zax(U) > . Contradiction with

12\/_’
(E.3).

Case2: If 1 < 12\/_ We have

y(e) =@+ e+ (u+A)(e—ey).

By feasibility of the solution, we have Ax + By(e;) > ey, hence

m-—1 1
9+/l+a( N +1)+ﬁ(m_l)('u+/l)21

Therefore 0 + A+ a (2 +1) > Jor -m = D@+ 2) 2 §.

Case 2.1: Suppose ﬁ(m - D(u+ ) > % Therefore,

s

2 (U) > dly(e)) =0+ 2+ (m—1D(u+ ) > . (Contradiction with (E.3))

where the last inequality holds because § + 4 > O as y(e;) > 0.

Case 2.2: Now suppose we have the other inequality i.e. § + 1 + « (% + l) % Recall that we

have 1 < 121/_ and we know that a < W Therefore,
1 1 1 (m—1+) 11 3 1>11 3 1
T2 124m 24m\ Vm 24 24\/_ 24dm — 24 24 3'
We have,

1
yv)=— O+ -Du)(e +...e,) +rue—(e;+...e.))) + de.

Jm
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In particular we have ,

r

za(U) > d"y(vy) NT

@+ (m—-1u)+ Am

\%

r 1
N (§ +(m— 1)u)- (E.7)

where the last inequality follows from 4 > 0 and 6 > %

Case 2.2.1: If i > O then from (E.7)

r__m-m_ m
3vm . 3ym 6

ai(U) > for m > 4 (Contradiction with (E.3))

Case 2.2.2: Now suppose that u < 0, by non-negativity of y(v{) we have

r

—u+4>0
ym'
1.e.
s AN
r
and from (E.7)
Wz (L s m-1)
ZAff = \/% 3 M
r 1 m-—1
>—[==-2
a \/ﬁ(3 vm r )
>r 1 1m—1>r llfor >4
S e — — === m .
S Am\3 12 r C m\3 6 -
> 1—\/2% (Contradiction with (E.3))
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We conclude that @ > 57 \/_ and consequently

am

>
15

w\ﬂ

—Q(\/_)

a8 (U) > c’'x =

Hence,
2 (U) = Q(Vm) - zar(U).

c’x = ch # Moreover, for any optimal affine solution, the cost of the first-stage affine solution

X pg 18 Q( \/_) away from the optimal adjustable problem (1.1), i.e. ¢’x Xpg =€ Ty = Q(~/m) -

ZaR(U). O

E.9 Proof of Theorem 4.5.1

Proof. Let us find the order of the left hand side ratio in inequality (4.25). We have,

Cr) - () (V) m = ) x m = i) x (!
(’"m) (Vm —mé)! x (m)! x m! x (\Vm —m)! x (m — \m)!
_( (Vm)! )?(m—mf)!
S \(Vm=mo)!)  (m)!xm!’
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By Stirling’s approximation, we have

All together,
() () _ o ()™ ey
(v m3e - (ym ~ mE)Z(ﬁ_mE) - mm - peme
We have
(m _ mE)(m—m‘) -0 (m(m—mf) . e—m5+”‘726) ,
and

(\/E - mE)Z(W_mE) =0 (( \/%)Z(W_mf) . e—2m€+2m_\/zﬁ€) ,

WLOG, we can suppose that € < 1, therefore

1
\Vm m—m¢ mf_zm_k_pnzE
me \/ﬁ_me @ e Vm m
("/71_ B mem5+7e
m
€
e
=0 -
memf+§e
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‘We have,

-

o (Q(m)e’" ) .

1 =
€yl
mEWl +2E

but the later inequality contradicts

_Qme™
o 20me™

m—oo 6m5+%e

m

E.10 Domination for non-permutation invariant sets

Propostion E.10.1. Suppose Algorithm 3 returns S and v for some uncertainty set U. Then the

set (4.28) is a dominating set for U.

Proof. Suppose Algorithm 3 returns § and v,then the inequality (4.5) is verified, namely,
1 m
BZ (hi — Bvi)* < 1, Vh € U.
i=1
Recall the dominating point (4.4)
h(h) = Bv + (h - Bv),.

We have

m

i = 5| Y, LB ) + (1 Syt ‘ﬁﬁ"f>+)v e
i=1 i=1

where

(LA{:,B-conv(v,el +V,...,eu+V)

Hence U is a dominating set.
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E.11 Domination for the generalized budget set

—_ COII e ,...,em, e E.8

The set (E.8) dominates the uncertainty set (4.27).

Proof. Consider the uncertainty set (4.27) given by

U = {h e [0, 17"

Zh,-s1+9(h,-+hj) Viij}

i=1

and

N 1
= conv ey, ——e|.
U =co (el, ,e — —298)

Note that in our setting we choose 6 > '”T_l Take any h € U. Suppose WLOG that
h)y <hy <...< hy

Hence, by definition of U
e"h < 1+6(h +hy)

To prove that U dominates U , it is sufficient to find a,@»,...,@,+1 non-negative reals with

mi! @; < 1 such that for all i € [m],

1
hi < @i ¥ ———— a1
it T g

We choose @1 = (m—1-20) - h1+h2 ,a1 = hyandfori >2,a; = h; - h1+h2

. We can verify that

1
a’1+mam+1 ar = h
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and fori > 2,
1

it T g =

Moreover, a1 2 0, @y > 0 and fori > 2, @; > 0 since hy + hy = min;x;(h; + h;). Finally,

2 2

h1+h2+(m_1_20).h1-;h2:

m+1 m

Iy + h Iy + h
Mar=dhi-m-1) 222 (m-1-20). 1T
i=1 i=1

<1+0h+h)—-(m-1)- 1.

Note that the construction of this dominating set is slightly different from the general approach in

Section 3 since we do not scale the unit vectors e; in U.
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