-

View metadata, citation and similar papers at core.ac.uk brought to you byt CORE

provided by University of Hertfordshire Research Archive

Check for

3 updates
Bull. London Math. Soc. 52 (2020) 693-715 doi:10.1112/blms.12360

Quasitriangular coideal subalgebras of U,(g) in terms of
generalized Satake diagrams

Vidas Regelskis and Bart Vlaar

ABSTRACT

Let g be a finite-dimensional semisimple complex Lie algebra and 6 an involutive automorphism
of g. According to Letzter, Kolb and Balagovié the fixed-point subalgebra ¢ = g° has a quantum
counterpart B, a coideal subalgebra of the Drinfeld—Jimbo quantum group U,(g) possessing a
universal K-matrix IC. The objects 0, ¢, B and K can all be described in terms of Satake diagrams.
In the present work, we extend this construction to generalized Satake diagrams, combinatorial
data first considered by Heck. A generalized Satake diagram naturally defines a semisimple
automorphism 6 of g restricting to the standard Cartan subalgebra h as an involution. It also
defines a subalgebra £ C g satisfying ¢ N = h?, but not necessarily a fixed-point subalgebra.
The subalgebra ¢ can be quantized to a coideal subalgebra of U,(g) endowed with a universal
K-matrix in the sense of Kolb and Balagovi¢. We conjecture that all such coideal subalgebras
of Uy(g) arise from generalized Satake diagrams in this way.

1. Introduction

Given a finite-dimensional semisimple complex Lie algebra g and an involutive Lie algebra
automorphism 6 € Aut(g), a symmetric pair is a pair (g, £), where £ = g’ is the corresponding
fixed-point subalgebra of g, see [1, 31]. Quantum symmetric pairs are their quantum analogons.
That is, the enveloping algebra U(g) can be quantized to a quasitriangular Hopf algebra, the
Drinfeld-Jimbo quantum group U,(g) endowed with the universal R-matrix R, see [10, 15].
The quantum analogon of g¥ is a coideal subalgebra B C U,(g) [18, 21, 22] having a compatible
quasitriangular structure, the universal K-matrix K [3, 19] (see also [4, Section 2.5] for the case
of quantum symmetric pairs of type AIII/AIV). Quantizations of symmetric pairs appeared
earlier in a different approach in [29, 30] (see also [20]). A prior notion of a universal K-matrix,
not directly linked to a quantum symmetric pair, appeared in [9].

The map 6, the fixed-point subalgebra £, the coideal subalgebra B and the universal object
are all defined in terms of combinatorial information, the so-called Satake diagram (X, 7). Here,
X is a subdiagram of the Dynkin diagram of g and 7 is an involutive diagram automorphism
stabilizing X and satisfying certain compatibility conditions, see [18, 22].

It is the aim of this paper to extend some of this work to a more general setting. A direct
motivation for this is the fact that the correct quantum group analogue of the fixed-point
subalgebra in the Letzter—Kolb theory is not a fixed-point subalgebra itself, but merely tends
to one as g — 1, see [18, Chapter 10; 21, Section 4]. This suggests that there may be a
generalization of this theory that does not require a fixed-point subalgebra as input.
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A careful analysis of [2, 3, 18] indeed indicates that the compatibility conditions for X
and 7 can be weakened. Indeed, in [2, Remarks 2.6 and 3.14] it is explicitly suggested that
some key passages of the theory are amenable for generalizations. This leads to the notion of a
generalized Satake diagram, see Definition 1, and the whole theory survives in this setting with
minor adjustments. The resulting Lie subalgebra € = ¢(X, 7) is given in Definition 2 and the
corresponding coideal subalgebra B = B(X, 1) in Definition 4. For g of type A, all generalized
Satake diagrams are Satake diagrams. For other g, the generalized Satake diagrams that are
not Satake diagrams are listed in Table 1.

Our proposed generalization of Satake diagrams can be traced back to the work of Heck
[12]. These diagrams classify involutions of the root system of g such that the corresponding
restricted Weyl group is the Weyl group of the restricted root system. The characterization
in terms of the restricted Weyl group is relevant in the context of the universal R- and
K-matrices for quantum symmetric pairs. The universal R-matrix R has a distinguished factor
called quasi R-matrix playing an important role in the theory of canonical bases for U,(g), see
[16; 26, Part IV]. The quasi R-matrix possesses a remarkable factorization property expressed
in terms of the braid group action on U,(g) of the Weyl group of g, see [17, 24]. Recently it
has become clear that many of these properties extend to the universal K-matrix K. It has a
distinguished factor called quasi K-matrix, introduced in [4] for certain coideal subalgebras of
U,(sly) and in a more general setting in [2]. This object plays a prominent role in the theory
of canonical bases for quantum symmetric pairs [5]; for a historical note we refer the reader
to [5, Remark 4.9]. In [8] a factorization property is established for the quasi K-matrix using
a braid group action of the restricted Weyl group. As a consequence of the present work, this
factorization property naturally extends to quasi K-matrices defined in terms of generalized
Satake diagrams.

The Kac-Moody generalization of this approach will be addressed in a future work. Another
outstanding issue is a Lie-theoretic motivation of the subalgebra €, which we define in an ad
hoc manner directly in terms of the combinatorial data (X, 7), see Definition 2. Therefore, we
now provide a further motivation for the study of the subalgebra ¢ and its quantization B.

1.1. Some remarks on the representation theory of (U,(g), B)

Consider the completion U of U,(g) with respect to the category of integrable U,(g)-modules,
so that objects in them have well-defined images under any finite-dimensional representation,
see, for example, [14, 26]. Then U ® U can be embedded in a completion U(?) of U,(g)®? and
one can construct an invertible R € U satisfying

RA(G) = AOP(G)R for all a € Uq(g), (A & 1d)(R) = Ri3Rs3, (ld & A)(R) = Ri3R1o,

where A is the coproduct and A°P the opposite coproduct (these can be viewed as maps from
U to U?). Analogously, according to [3, 19], one can construct an invertible K € & and an
involutive Hopf algebra automorphism ¢ of I such that (¢ ® ¢)(R) = R and

Kb = ¢(b)K for all b € B, (1.1)
(R?)91KaR € B, (1.2)
AK) =Ra1 (1@ K)R(K ® 1), (1.3)

where R? = (¢ ® id)(R), the subscript 2; denotes the simple transposition of tensor factors in
U? and B? C Y is a particular completion of B ® U,(g), see [19, Equation (3.31)]. As a
consequence, the (universal) ¢-twisted reflection equation is satisfied:

Ry (1@K)R (K1) =(K®1) (R (10 K)R  eU?. (1.4)

The automorphism ¢ is given by 779, where 7y is the diagram automorphism corresponding to
the longest element of the Weyl group of g. The expression for K is given in [3, Corollary 7.7].
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One could argue in favour of making the automorphism ¢ inner: adjoin to U a group-like
element ¢, such that ¢(u) = c¢uc;1 for all w € U. Then the object Ky := cdjllC satisfies (1.1)-
(1.3) with ¢ replaced by id. However, for certain nontrivial diagram automorphisms ¢, ¢4 cannot
be chosen inside U, so that Ky cannot be evaluated in all finite-dimensional representations.
This relates to the fact that the weights defining certain fundamental representations are not
fixed by ¢. For instance, if p is the vector representation of U,(sly) with N > 2 one checks
that the matrices p(¢(u)) and p(u) are not simultaneously similar for all u € U,(g).

Now let p the vector representation of U,(g); if g is of exceptional type by this we mean the
smallest fundamental representation (for Eg one has a choice of two representations). Choose
R € GL(V ® V) proportional to (p ® p)(R), R® € GL(V ® V') proportional to (p ® p)(R?) and
K € GL(V) proportional to p(K). Applying p ® p to (1.4) one obtains the matrix reflection
equation

Ry (Id® K)R? (K ®1d) = (K ®1d) (R?)9; I[d® K) R € End(V @ V), (1.5)

where the subscript o; indicates conjugation by the permutation operator in GL(V ® V).
Starting with g of classical Lie type and a coideal subalgebra B = B(X,7), where (X, 7) is
a Satake diagram, the matrices p(K) correspond to the solutions of (1.5) used in [29, 30] to
define quantum symmetric pairs.

Treating the matrix R as given, one can of course solve (1.5) for K € GL(V). For U,(sly)
and V = C" this was done by Mudrov [28]. From this result and computations for U, (g) whose
vector representation is of dimension at most 9 (that is, with g of types B,,, C,,, D,, (n < 4)
and Gg), one obtains a classification of solutions K of (1.5) for those pairs (U,(g), p). One can
match this list of solutions K one-to-one with a list of generalized Satake diagrams (X, 7) by
checking which K satisfies Kp(b) = p(¢(b))K for all b€ B = B(X, 1), that is, the image of
(1.1) under p. Although this intertwining equation does not determine K uniquely, it turns out
that, provided K ¢ CId, each K intertwines p|p for a unique B = B(X,7) with X not equal
to the whole Dynkin diagram I. In the case X = I we must have 7 = 79 and B = U,(g), so
that the excluded case K € CId can be matched to it. It leads to the following conjecture.

CONJECTURE 1. Let p: Uy(g) — End(V) be the vector representation of U,(g).

(i) If K € GL(V) is a solution of (1.5), there exists a generalized Satake diagram (X,7)
such that K is proportional to p(K), where K = (X, 7) is the universal K-matrix for the
subalgebra B = B(X,T).

(ii) The only quasitriangular coideal subalgebras of U,(g) are of the form (B(X, r), (X, 7))
with (X, 7) a generalized Satake diagram.

In the Letzter—Kolb approach, the generators of the coideal subalgebra B associated to
a node ¢ € I\X carry extra parameters: scalars v; # 0 and o;, see Definition 4 and we can
sharpen Conjecture 1(i). Namely, let d; denote the squared length of root «; and write
q; = q%. Consider I, = {i € I\ X |i does not neighbour X, 7(i) = i}, see (3.25), and the sets
I, and ¥, see (4.5); these definition go back to [18, 23]. Conjecturally, any invertible matrix
solution K of (1.5) is proportional to p(K) for some B(X, 1) with (X, 7) a generalized Satake
diagram whose parameters satisfy (v;)iep\x € I'q, 0; = 0if i & I,,s and for all (i, ) € Ing X Ins
such that ¢ # j one of three conditions must hold: the Cartan integer a;; is even, o; =0, or
(¢ —q; ")?0? = —(q:-’/2 + q;r/2)2qi% for some odd positive r < —a;;. The set X, does not cover
the third possibility, which appeared in [7] for a;; € {—1, —3}. Conjecture 1(ii) can be made
more precise in an analogous way.

The approach in [3] requires also certain constraints on 7; and o; under the transformation
q — ¢~ ! which are given in (4.22) and (4.23) in the present notation and generality.
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1.2. Outline

The paper is organized as follows. In Section 2, we define the basic objects associated to a
finite-dimensional semisimple complex Lie algebra g and its Cartan subalgebra f. We introduce
generalized Satake diagrams and explain how they emerge in the work of Heck.

In Section 3, we define the Lie subalgebra ¢ C g in terms of (X, 7). In Theorem 3.1, the main
result of this section, we show that £ satisfies € N b = h? precisely if (X, 7) is a generalized Satake
diagram. In Propositions 3.2 and 3.3, we describe the derived subalgebra of £ and establish
that when £ is not reductive it is a semidirect product of a reductive subalgebra and a nilpotent
ideal of class 2. We end this section discussing the universal enveloping algebra U (£).

In Section 4, we indicate the necessary modifications to the papers [2, 3, 8, 18, 19], so that
they apply to the quantum pair algebras B = U, () associated to generalized Satake diagrams.

The Appendix contains three technical lemmas in aid of Section 3.

2. Finite-dimensional semisimple Lie algebras and root system involutions

Let I be a finite set and A = (a;;)i jer a Cartan matrix. In particular, there exist positive ratio-
nals d; (¢ € I) such that d;a;; = dja;;. Let g = g(A) be the corresponding finite-dimensional
semisimple Lie algebra over C. It is generated by {e;, f;, h;}icr subject to

(i, hi] =0, [hisej]) = asjes,  [hi, fi] = —aijfj,  lei, fi] = dijha, (2.1)

ad(e;)" () = ad(fi) " (f;) =0 if i #j, (2.2)
for all 4,5 € I, where we have set M;; := 1 —a;; € Z~¢ if i # j. The standard Cartan and
nilpotent subalgebras are h = (h; |i € I), n" = (e;|i € [) and n™ = (f; |i € I).

The simple roots a; € b* (i € I) satisfy a;(h;) = a;; for 4,5 € I. Let Q = ), Za; denote
the root lattice and write Q1 = > icr Zzoa;. For all o, B € Q, we write a > if a—f €
QT\{0}. The Lie algebra g is Q-graded in terms of the root spaces g, = {z € g|[h, 2] =
a(h)z for all h € h} and we have the following identities for h-modules:

g=n"@hen, o= P gza, b=2g0. (2.3)
aeQt
Hence, the root system & :={a € Q|go # {0}, a #0} satisfies & =dT UP~, where
d*t = +(®N Q). The Weyl group W is the (finite) subgroup of GL(h*) generated by the
simple reflections s; (i € I) acting via s;(a) = a — a(h;) o; for all i € I, o € h*. We define

Aut(®) = {g € GL(H") | 9(®) = @}, (2.4)

Aut(A) = {0 : I — I invertible | a,(;)o(j) = a;; for all i,j € I}. (2.5)

Then Aut(®) =W x Aut(A), with Aut(A) acting by relabelling.
We briefly review some important subgroups of

Aut(g, b) = {o € Aut(g) |o(h) = b} < Aut(g). (2.6)

We have Aut(A) < Aut(g, h) (acting by relabelling). Also, a braid group action on g is given
by Ad(s;) = exp(ad(e;)) exp(ad(—f;)) exp(ad(e;)) € Aut(g,h) for i € I. It extends the action
of W on b dual to the one on h* and satisfies Ad(W) < Aut(g, ). The Chevalley involution
w € Aut(g, b) is defined by swapping e; and — f; for all ¢ € I; it commutes with Ad(W') and with
Aut(A). Finally, the group H := Hom(Q, C*) naturally induces a subgroup Ad(H) < Aut(g, h)
via Ad(x)|g. = x(@)idg, forall y € H, a € Q.

The elements of Aut(g,h) can be dualized to elements of Aut(®). Conversely, since
—idp+ € Aut(®) and Aut(®) = W x Aut(A), given g € Aut(P) there exists a unique (w,7) €
W x Aut(A) such that g = —w7. Then ¢ = Ad(w)wT € Aut(g, b) satisfies (¢]y)* = g.
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2.1. Compatible decorations and involutions of ®

Given a subset X C I denote the corresponding Cartan submatrix by Ax = (a;5): jex and
consider the semisimple Lie algebra gx := (e;, fi,hi|i € X) C g with Cartan subalgebra
hx =hNgyx and dual Weyl vector p% € hx. The unique longest element wy of the Weyl
group Wx := (s; |1 € X) is an involution and there exists 79 x € Aut(Ax) which satisfies

—wx (o) = g ;) forallie X. (2.7

We recall here the basic fact that both wyx and 79 x naturally factorize with respect to the
decomposition of X into connected components. Furthermore, if X is connected, then 7y x is
trivial unless X is of type A, with n > 1, D,, with n >4 odd or Eg (in each case of which
there is a unique nontrivial diagram automorphism). Note that Ad(wx)|g, = 7o, x w|gyx and
Ad(wx)? = Ad(C), where ¢ € H is defined by ¢(a) = (—1)*2%) for all a € Q.

We can describe

Aut™ (g,b) := {o € Aut(g,b) | ¥?|, = idy}, (2.8)

Aut™ (®) := {g € Aut(®) | ¢* = idy-} (2.9)

by combinatorial data. Define the set of compatible decorations as
CDec(A) = {(X,7) | X C I, 7 € Aut(A), 7> =id;, 7(X) = X, 7|x = To.x }- (2.10)
In the associated Dynkin diagram, one marks a compatible decoration by filling the nodes

corresponding to X and drawing bidirectional arrows for the nontrivial orbits of 7.

ExaMPLE 1. Let A be of type A,,, n > 2. The compatible decorations are

p1 D2 Pk -- __T - _T_
00--00 0--0e0--Ce0----0e0--0 i i:I i> i i:I D
where k € Z>2, p1,0x € Z>0, DP2,.--,Pk—1 € Z>1 and r, the number of 7-orbits in X, is
constrained by 0 < r < [n/2].
Given (X, 7) € CDec(A), we define
0=0(X,7)=—wxT € Aut™ (d). (2.11)

As explained above, the map dual to 6 can be extended to an element of Autinv(g, h), also called
6 and given by § = Ad(wx) 7w. Owing to aforementioned properties of Ad(wx), we have

Olgx =idgy, 6% =Ad(Q). (2.12)
Note that (id — 8)(h; — hy¢;) lies in hx C h? for all 7+ € I. Hence, it vanishes, so that
O(hi — hr(iy) = hi = hega). (2.13)

We fix a subset I* C I\ X containing precisely one element from each 7-orbit in I\X. As a
consequence of (2.13), we have

' =P Chio P Clhi — ho). (2.14)
1€X iel”
2.2. Generalized Satake diagrams and the restricted Weyl group
For i € I\ X denote by X (¢) the union of connected components of X neighbouring {i,7(7)}.
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DEFINITION 1. Generalized Satake diagrams are elements of the set

GSat(A) == {(X, 7) € CDec(A) | Vie I\X : X(5) U {i,7(i)} # o—o} (2.15)

The compatible decorations considered in Example 1 lie in GSat(A) if and only if p; = pr =0
andpp = =pp_1 =1

REMARK 1. Generalized Satake diagrams were first considered by Heck in [12]. He uses
the term ‘Satake diagrams’ in a more general setting, see [12, §§1 and 2]: he starts with
0= —0 € Aut™ (®) and calls a base II of ® o-fundamental if for all o € II either (a) = a
or f(a) € ZolIl. Letting X consist of the nodes corresponding to 1Y in the Dynkin diagram
corresponding to I, it follows that 7 := cwx is an involutive diagram automorphism restricting
on X to 79 x. He calls (X, 7) the Satake diagram of ¢, which we call a compatible decoration;
what he calls an ‘admissible Satake diagram’ is in our case a generalized Satake diagram. Since
the term ‘Satake diagram’ has come to be associated to involutions of the complex Lie algebra
g, we prefer the nomenclature ‘compatible decoration’ and ‘generalized Satake diagram’.

Note that (X, 7) € CDec(A) is a generalized Satake diagram precisely if
V(’L,j) € I\X x X : ’T(Z) = i, wX(aZ-) = o; + a; = Qi 7é —1, (216)
which is the condition needed in [3, Proof of Lemma 6.4; 18, Proof of Lemma 5.11, Step 1].
Straightforwardly, one checks that it is equivalent to any of the following conditions:
V(Z,]) S [\X x X : T(Z) =1, X(Z) = {]} = @;;0ji #1, (2.17)
VZ,_] el: Q(OéL) = 7(047; + Oéj) = Qjj # —1, (218)
Viel: (0(a;))(h;) # —1. (2.19)

Satake diagrams can be defined as the following subset of compatible decorations of A:
Sat(A) = {(X,7) € CDec(A) | Vi € I\X : i = 71(i) = «;(p%) € Z}. (2.20)

Satake diagrams classify involutive Lie algebra automorphisms up to conjugacy, see, for
example, [1]. In our notation, for (X,7) € GSat(4) and ~ € (C*)!" define x, € H and
6 € Aut(g) by

1 ifieX,
X~ () = € v ifiel”, 0y = Ad(x~) 0 (2.21)
YriCla) ifi e INX U\T),

and note that (2.12) implies 62 = idy if (X, 7) € Sat(A).

We have Sat(A) C GSat(A); indeed, if (X,7) € CDec(A)\GSat(A) there exists (i,j) €
I\NX x X such that 7(i) =14, X(i) ={j} and a;; =aj; = —1, so that a;(p%)=a,;/2¢Z
implying (X, 7) ¢ Sat(A). We refer the reader to the classification of generalized Satake
diagrams in [12, Table I]. Since this does not distinguish between elements of Sat(A) and
GSat(A)\Sat(A), for convenience we list the elements of GSat(A)\Sat(A), see Table 1; note
that outside type A,, we have GSat(A) # Sat(A).

Consider the real vector space V = R®. For fixed 6 € Aut™ (®), we have the decomposition
V =V?@® V=% Denote by ~: V — V the corresponding projection onto V~¢. Now consider
the restricted Weyl group and the set of restricted roots

W=A{wlyo |weW,wV)CcV" &={alacd}\{0}. (2.22)
If 0 = (X, 7) with (X, 7) € CDec(A), then Wy is a normal subgroup of W% = {w € W |w =

wd}. By [12, Proposition 3.1], we have W = W% /Wx. For i € I* denote X[i] = X U {i,7(i)}
and let 5, € GL(V %) be the element that sends @; to —a; and fixes all 8 € V¢ with 3(h;) = 0.
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THEOREM 2.1 (Also see [12, 25]). Let (X,7) € CDec(A). The following are equivalent.
(i) We have (X,7) € GSat(A).

ForallicI*,5, € W.

For alli € I, s; := wxwxy; lies in W and satisfies Sily-e = 5.
For all i € I, 7 x[; preserves X.

The restricted Weyl group W is the Weyl group of ®.

The set {s; |1 € I*} is a Coxeter system for the group it generates.

(ii
s

11

)
)
(iif)
(iv)
)
)

—

v

—~

v
(vi

Proof. The equivalence of the statements (ii), (iii), (iv) and (v) is shown in [12, Lemma 3.2,
Theorems 3.3 and 4.4]. The implication (iv) = (vi) is shown in [25, 5.9(i)] (also see [27, 25.1]).
Its converse follows by noting that if (iv) fails, then for some i € I, wx[;; and wx do not
commute, so that 57 # idy. Finally, to show (i) < (iv), note that by factorizability of 7, X[i]
over connected components of X[i], without loss of generality we may restrict to the case,
where X[i] is connected and equals I. Since there is nothing to prove if 7y x[;; = id, it remains
to check the cases, where X[i] is of type A,, with n > 1, D,, with n > 4 odd or Eg. Classifying
all (X, 7) € CDec(A) such that I = X[i] for some i € I*, I is connected and 7y x[;) 7# id we
obtain the following diagrams in the top row:

oo eoe TP D eee eoe o]
e T T e e ]

The bottom row shows the corresponding compatible decoration (X|[i], 7o x[;). The first case
is not in GSat(A) and for the remaining six cases the subset X is preserved by 7o x|;- O

REMARK 2. Note that @ is not always a root system. By [12, Theorem 6.1], ® is a (possibly
nonreduced or empty) root system precisely if 7, x[;) preserves X for all i € I* or (X, 7) = .

3. The subalgebra ¢

For (X,7) € Sat(A) the subalgebra g’ can be described in terms of generators, see [18,
Lemma 2.8]. This motivates the following more general definition.

TABLE 1. The set GSat(A)\Sat(A) for indecomposable Cartan matrices A. By a case-by-case
analysis there is a unique i € I such that i = 7(i) and o;(px) ¢ Z and we have indicated that node in
the diagrams. The classical families of diagrams are labelled in the standard way. For types C,, and
D., upper bounds on i are imposed to avoid the cases when 6 is an involution whose fixed-point
subalgebra is isomorphic to gl,,.

1 i n 1 i n 1 i n—1 1 i n—1
e O--00--0)0 O--00--¢0 @ O--000-- O --00-9--
n n

i even i< n i <n—1,17even,n even i <n—2,ieven,n odd

O—e98—0i iO—6PO—0 e &0i
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DEFINITION 2. Let (X, 7) € CDec(A). For v € CI\X let £, = £, (X, 7) be the Lie subalgebra
of g generated by gy, h? and, for all i € I\ X,

bi;’yi = fl + Yi Q(fl) (31)

It is convenient to suppress the dependence on « and simply write b; and € if there is no cause
for confusion. We denote b; = f; if « € X. Note that hx C h?. It follows that & is generated by
ni = {e;|i € X}, b’ and b, for i € I. Owing to (2.1), (2.2) and (2.12), these satisfy

lei,bj] = dishi €h?  forallic X, jel, (3.2)
[h,bj] = —aj(h)b;  forallheh’ jel, (3.3)
[hyej] = aj(h) e, for all h € b7, j € X, (3.4)
[h,h'] =0 for all h,h' € b?, (3.5)
ad(e;)i(e;) =0 for all 4,5 € X, i # ;. (3.6)

In the Appendix, we study the repeated adjoint action of b; on b; for 4,j € I such that ¢ # j.
By setting m = M;; in Lemmas (A.1)—(A.3), one obtains the following Serre-type relations for
the generators b;:

(14 C() v [0(fi), [fis il € nx if O(ci) + i + o € @7, a5 = —1,
7].8’)%2 €, if 9(0&1) + o +a; = 0, Qjj = -3,
—Y (QhL + h]) if 9(051') +a; +a; = 0, Qaij = —1,
(vi + Cli)y;) [0(fi), f5] € nk if 0(;) +a; € 27, a5 =0,
ad(b;) ™ (b;) = { Vil =i by if (i) +a; =0, ai; =0, (3.7)

2(vi + ;) bi if 0(ci) + o =0, aij = —1,

M;;

-

S BN arad(b) M2 () if (en) + q =0, 5 € T\X,

r=1
0 otherwise.

For i, j € I such that i # j and m,r € Zx(, we have defined pg—’m)
r>|m/2], pgg,m) = —1 and

€ 7 by setting pg’m) =0 if

p™ =Y e (m = )My + 1 —m) plt T i 0 < < /2], (3.8)

)
By induction with respect to m, it can be shown that these integers satisfy

(r,m)

ij <0 1f0<2r<m<ML] (39)

Indeed, (3.9) is true for m € {0,1}. Suppose 0 < 2r < m and 1 < m < M;; and assume (3.9)

holds with m replaced by m — 1 and by m — 2. If pg;’mfl) = 0 we must have r = m/2, so that

pE;_l’m_Q) < 0. Hence, at least one of pl(.;’m_l), E;_l’m_m

(m —1)(M;; + 1 —m) > 0 completes the induction step.
As g is of finite type, M;; € {1,2,3,4}. Hence, the penultimate case of (3.7) amounts to

is nonzero and the observation that

0 if Qi = 0
M; —’yib]’ if Q5 = -1 3
ad(b7) ](bj) = . . and 9(047)4—(1, :0,j GI\X
—4’%‘ [bi, bj} lf aij = —

—9’}/1-2bj — 10’}/1' [bi, [bl, b]” if Qi = -3
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REMARK 3. (i) Definition 2 can be used in the general Kac-Moody case, so that (3.2)—(3.6)
still hold. Also the results of the Appendix are valid in this general setting and hence so is
(3.7). We will discuss the subalgebra £(X, 7) in the Kac-Moody setting in future work.

(ii) The relations (3.7) entail that ad(b;)* (b;) =0 if i € X or if 7(i) ¢ {i,7} as required
by the specialization of [18, Equation (5.20), Theorem 7.3].

3.1. Basic structure of £

From now on we assume that the -; are nonzero. To state the main result of this section,
we need some notation. For all i, j € I such that ¢ # j denote \;; := M;; a; + a; € QT\® and
consider the sets

Isg={i eI |i#7() and (8(c;))(h;) # 0}
={iel"|i# (i) and 3j € X[i] s.t. a;; < 0} (3.10)

I =T(X,7) = {v € (C)\ | v, = v, if i € I"\Luir}- (3.11)
For i € I with ¢ € Z~( we write o;; = Ele a;, and
by = ad(b;,)---ad(b;,_,)(b;,), e;=ad(e;,) --ad(e;,_,)(e,), fi=ad(fi,) - ad(fi,_,)(fi,)-
Observe that
n~ =Sp{filicI’ (>0}, ni =Sple;|ic X’ ¢>0}. (3.12)

Hence, for all £ € Z~( we can choose J; C I’ such that {f;};c7, is a basis for Sp{f;};c;¢ and
{ei}ticsy, is a basis for Sp{e;};cx¢, where Jx ¢ := J; N X" Let

J=U & Ix= Ixe (3.13)

LEL~0 LEL>q

Then {f;}ics is a basis of n~ and {e; }ic7, is a basis of n.

THEOREM 3.1. Let (X, 7) € CDec(A) and ~ € (C*)!\X. The following are equivalent.

(i) We have (X,7) € GSat(A) and v €T
(ii) For all i,j € I such that i # j we have

ad(b)i(b;) enkob’e B E  Ch. (3.14)

LEL>0 KETY, apg<Nij

(iii) We have the following identity for h’-modules:

t=n} obh’ e (3.15)
ieJ
(iv) We have
enh=p'. (3.16)

Proof. (i) <= (ii) This is a direct consequence of (3.7).
(ii) = (iii) Owing to (3.3)—(3.5), it is sufficient to prove (3.15) as an identity for vector
spaces. First we prove that € = n%; +h? + Sp{b; | € J}. From (3.2) and (3.3), it follows that

b=nf 0"+ b)jer =0k +0°+ Y > Chi (3.17)
VARSI L
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as vector spaces. Hence, it suffices to prove that for all 5 € U,I' we have
bj €nk + 5% +Sp{b; | i€ T} (3.18)

We will prove this by induction with respect to the height ¢. Since for all j € I we have
dim(g_o,) = 1 and hence (j) € J, the case £ = 1 is trivial. Now fix ¢ € Z~; and assume that
(3.18) holds true for all smaller positive integers. Fix j € I' and repeatedly apply the Serre
relations (2.2) to obtain that for all ¢ € J; there exist a; € C such that f; = Zie‘ﬁ a; f;. Hence,
by virtue of (ii) and equations (3.2) and (3.3), it follows that

—1
ic | 1} (3.19)

m=1

b; — Z a;b; € n} + he + Sp{bi

€T

Using the induction hypothesis for the elements b; in the last summation one obtains (3.18).
It remains to show that the sum in (3.18) is direct. Let j € J. Then f; is nonzero. Because of
the explicit formula (3.1), we have

bj — fj € nk + b7 +CO(f;) +Sp{bs |i € T, i < aj}. (3.20)

Hence, f; = m_q,;(bj) for all j € J, where m, is the projection on g,, for a € ®, see (2.3). Thus,
the linear independence of {f;};cs together with (2.3) implies that the sum is direct.

(iii) = (iv) By definition, h? C €N b so it suffices to show that €Nh C h?. Suppose h € £N
h?. By T_a;(bj) = f; and the triangular decomposition (2.3), part (iii) implies h € n; &b’ C
g% so h e p.

(iv) = (ii) We prove the contrapositive. If (3.14) fails, then (3.7) and (2.14) imply

vihi —vih; € €N (h\h?) with v; #v; or 2h; + h; € €N (h\h?). (3.21)
In either case, (3.16) does not hold. O

Note that if € = g%, then (3.16) is trivially satisfied, since h? = h%. Given (X, 7) € GSat(A),
v €T and J defined by (3.13), from (2.14) and (3.15) we obtain the standard basis for ¢:
{eilie Ix} U {hilie X} U {hi —h . liel" i#7(i)} U {bi|iec T} (3.22)
We denote ®x = ®NQx, where Qx =),y Za;. Combining (3.22) with |J| = [®|/2 and
dim(h?) = |I| — |T*|, itself a consequence of (2.14), it follows that
dim(¢) = |®x|/2+ [I| — |I*| + |®]/2. (3.23)
Stokman showed in [32] that generalized Onsager algebra, that is, the Lie algebra with
generators b; (i € I) and relations
B B [ Mij/2] )~ B
ad(®) (b)) = Y pi M ad(B) M (B)) (3.24)
r=1
is isomorphic to {’(171__471)((7],id) =g via Z] — b = fi +w(fi) = fi — e;. Without loss of gen-
erality, we can set v = (1,1,...,1) since £y = Ad()((fy11/27 721/2, e ’7\11/\2))(9(1,1w,1)) for all
~ € (C*)\X. We now discuss a generalization of this to arbitrary (X,7) € GSat(A).

CONJECTURE 2. Let (X, 7) € GSat(A) and v € I". The Lie algebra € generated by symbols
hi & (i € X), by — hey (i€ 17,4 # 7(i)), b; (i € I) and the relations obtained from (3.2)—(3.7)
by adding tildes appropriately is isomorphic to €.

The only obstacle to promote this to a theorem, and thereby settling the question posed in
[18, Remark 2.10], is the lack of a general explicit formula for the right-hand sides in (3.7)
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in terms of the e, with k € X, instead of 6(f;); for individual choices of (X,7) € GSat(A)
these explicit expressions can be found, or such relations do not occur at all, and in those
cases one could prove the statement in the conjecture as follows. Because the generators of the
Lie subalgebra ¢ satisfy (3.2)—(3.7), one has a surjective Lie algebra homomorphism ¢ : ¢ — ¢
defined on generators by removing the tilde. On the other hand, in £ there are no relations
involving the b; other than (3.2)—(3.7), as otherwise applying the appropriate projection m_,
onto g_, with o € ®™ maximal would yield a relation involving the f; other than those given
n (2.1) and (2.2). From this one can deduce that ¢ is injective and obtain the statement in
Conjecture 2.

3.2. Semidirect product decompositions of ¢

In this section, we assume that A is indecomposable, so that g is simple. To describe the derived
subalgebra of ¢ recall the set Iq;¢ C I and define

Lis={ieI|(0())(hi) =2} ={ieI"|i=r1(i), X(i) = 0},
Lst = {j € Ins |as; € 2Z for all i € L.}, (3.25)

PROPOSITION 3.2. Let (X,7) € GSat(A) and v € T. The set
{ell’l, S ._7)(} U {hl |l S X} U {hz — h.,-(l) ‘Z S I*\Idiff, ) 7& T(Z)} U {bz|’l, S j\(—[nsf)}

is a basis for the derived subalgebra € and we have

t=tx | @ Chi—h.q) o @ Cb; |. (3.26)

i€ laies JE€Inst

Proof. Fix (X, 1) € GSat(A). Note that in (3.2)-(3.7), neither h; — h.;) (i € Igg) nor by
(j € IL.st) appears in the right-hand side. From the decomposition (3.15) it follows that these
elements are not linear combinations of Lie brackets in €. It suffices to show that the remaining
basis elements specified in (3.22) are linear combinations of Lie brackets in €.

e For b; with 12 € J; and e; with ¢ € Jx ¢ with £ > 1, this holds by definition.

e For e;, fi, h; with ¢ € X, this follows from (3.2)—(3.4).

e For h; —h,;) with i€ I"\Iqyg and i # 7(i), the constraint on 4 is equivalent to
wx (a;) = a; and a; ,(;) = 0. Hence, (3.7) implies that h; — h ;) = 'yi_l[bi, br ()]

e For b, with X(j)#0 there exists € X such that a;; #0. By (3.3) we have
by = —a; [hisby).

e For b; with j # 7(j), by (3.3) we have b; = (a,(j); —2) " [hj — hr(;), b;].

e For b with j € I\ Insr there exists i € InS such that a,; is odd. From (3.7), we deduce

Mij—1
pg\[w quw)b =7, A[wad( 2M1] Z pzr ,2M;5) Z’ M;; d(b )2(M1j_7)(b ) (327)
By (3.9) p, (M”’QM”) is nonzero. O

From Proposition 3.2, it follows that the codimension of ¥ in & equals |Iqig| + |Inst|. For
(X,7) € Sat(A), in [22, Section 7, Variation 1] it was noted that |Igig| <1 if A is of finite
type. In light of the above it is natural to generalize this by involving the set I,s and allowing
(X,7) € GSat(A). Namely we have |Igig| + |Inst| < 1 for all (X, 7) € GSat(A) and the upper
bound is sharp unless A is of type Eg, Fy or Ga. This extends the known result for involutive
6 that g’ is reductive with abelian summand at most 1-dimensional, see [1].
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DEFINITION 3. The set of weak Satake diagrams is
WSat(4) = GSat(4)\(Sat(4) U {edo}). (3.28)

For (X,7) € WSat(A4) we will obtain a semidirect product decomposition in terms of a
reductive Lie subalgebra and a nilpotent ideal. For any r € Z>( and any ¢ € I denote by £(4),
the span of all b; with j € J such that the coefficient of o; in oj is at least r. Set €(3) := £(i); C ¢
and recall the y-modified automorphism 6., defined in (2.21).

PROPOSITION 3.3. Let (X,7) € WSat(A), v € I and i the unique element of I\ X such that
i =7(i) and o;(p%) & Z. Then the following statements hold.

(i) The subalgebra gp\ ;) is 0--stable, 9"/|91\m is an involution and & := €N gy (3} is its
fixed-point subalgebra in g\ (4} -
(ii) We have ad(b;)(¥(i),) C €(i),+1 for all r € Z>( and the subspaces (i), are ad(¢;)-
modules.
(iii) The subspace €(i) is an ideal of £, £ = £(i) x ¥ and we have the lower central series

B(i) = £(i)1 D B(1)2 D £(i)s = €(i)a = --- = {0}

(iv) The subalgebra £, is isomorphic to the subalgebra of g generated by gx, ho, b, for
RS I\(X @] {’L}) and b;,o = fi-

Proof. From the decomposition (3.15) it follows that & = (n%, % €(i)o) and, as vector
spaces, £ =£(i) & &. Crucially, by (3.7) we have ad(b;)i(b;) =0 for all j € I\{ }, since
a;(p%) ¢ Z. Now we prove the four statements consecutively.

(i) Since 04(ga) = go(a) for all a € ® and applying 6 = —wx T to any root of gp ;) does
not modify the coefficient of a;, it follows that g\ (;y is 64-stable. Note that &; is fixed pointwise
by 60.. Furthermore, a dimension count in each simple summand of gp\ 143 combined with (3.23)
implies that &; is the fixed-point subalgebra of 0,.

(ii) The first statement is immediate. From the adjoint action of e; (5 € X), h € h? and b,
(j € I\{i}) on elements of £(i),, subject to (3.2)—(3.7), we obtain that ad(¥)(¢(i),) C &(i),.

(iii) From part (ii), it follows that [¢(¢), €] C (i) and combining this with ¢ = €(i) ® & we
obtain the semidirect product decomposition. A case-by-case analysis using Table 1 yields that
the coefficient in front of a; in the highest root of ® is always 2. This implies that the lower
central series becomes trivial after two steps.

(iv) This follows from the facts that the relations involving b;.,, in (3.2)—(3.7) do not depend
on ~; and that the derivation of (3.7) did not require ~y; # 0. O

ExaMPLE 2. We discuss two examples of ¢(X, 7) with (X, 7) € GSat(A)\Sat(A).

(i) The smallest such £ occurs when (X, 7) = 10¢e2. By definition, £ is the subalgebra of sp,
generated by by = f1 + v10(f1) for some 7, € C* and by = fa, 2, ho. The relations (3.2)—(3.7)
specialize to

[623 bl} = 07 [623 b2} = h27 [h27b1] = bla [h27 b2] = *2b27
[hQa 62] - 262a [b17 [bla [b17 b2]” = Oa [b27 [b27 bl” - O

According to (3.22), the standard basis of € is given by {es, ha, b1, b2, b(1,2),b(1,1,2)}. Propo-
sition 3.2 implies € =¢ and Proposition 3.3 yields the nontrivial Levi decomposition
€ = Sp(b1,b(1,2),b(1,1,2)) X Sp(ea, ha,b2) with the radical isomorphic to the 3-dimensional
Heisenberg Lie algebra and the Levi subalgebra isomorphic to sly. In particular, it follows
from (3.29) that by 1 2 is central.

(3.29)
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(ii) Proposition 3.3 excludes the case (X, 7) = e36. We will now see that is the only element
of GSat(A)\Sat(A) such that ¢ is a reductive Lie algebra. By definition, ¢ is the subalgebra of
g = Lie(G2) generated by ey, hy,b1 = f1 and be = fo + 72 0(f2) for some 5 € C*. The relations
(3.2)—(3.7) give

le1,01] = h1, [e1,02] =0, [h1,b1] = —2b1, [h1,b2] = b,

[hl, 61] = 261, [bl, [bl, bz]] = 0, [bg, [bg, [bg, [bg, bﬂ”] = —18’}/561. (330)

The standard basis of £ is given by {e1,h1,b1,b02,b02,1),0(2,2.1),b(2,2,2,1): b(1,2,2,2,1) }- Proposi-
tion 3.2 yields € = ¢'. Moreover, using (3.30), the adjoint action of ey, by and bs on ¢ implies
that any ideal of £ equals ¢ if it contains any of the above standard basis elements. Then some
straightforward computations show that € is in fact a simple Lie algebra and hence isomorphic
to 5[3.

PROPOSITION 3.4. Let (X,7) € GSat(A)\Sat(A) and v € I'. Then ¢ is not the fixed-point
subalgebra of any ¢ € Aut(g) such that 1 is a simple root of the minimal polynomial of ¢.

Proof. We first show this in the case (X,7) = e35. Suppose there exists ¢ € Aut(g)
such that & = g®. From [ho,b;] = 3b; and [hs,e;] = —3e; one establishes straightforwardly
that ¢(hy) € b and hence that ¢(ho) = 3(m — 1)hy +mhy for some m € C. Next, from
0(f2) € 9oy +as it follows that [ha, ba] = — fo — bo; hence ¢(fa) = mfa + %(1 — m)by. Combining
this with [f2, b2] € n} one obtains m = 1. But this means that hy and f5 are also fixed points
of ¢, contrary to assumption. Hence, such ¢ does not exist.

Now let (X, 7) € WSat(A). Since ¢ has a nonabelian nilpotent ideal by Proposition 3.3, £ is
not a reductive Lie algebra. Hence, [13, Theorem 1] implies the desired conclusion. O

As a consequence of Proposition 3.4, £ is not the fixed-point subalgebra of any semisimple
(in particular, finite-order) automorphism of g.

Finally we comment on the centre 3 of £ for (X, 7) € WSat(A). In Example 2(i) we saw that
it is 1-dimensional if (X,7) = ote. Let ¢ € 3 and as before denote by i the unique element of
I\X such that i = 7(i) and «;(p%) ¢ Z. Proposition 3.3 implies that ¢ = ¢ + ¢ with ¢ € &,
¢” € €(i). Moreover, since ¢ € 3 we have [z,¢'] =0 for all x € . We claim that ¢/ = 0. If & is
semisimple, we are done. By a case-by-case analysis using Table 1, note that ¢; is semisimple
unless (X,7) =99°"" 2 with n > 2, in which case & has a 1-dimensional centre spanned by
by. Since [by,bo] # 0, it follows that also in this case ¢ = 0. Hence, ¢ € £(i). Since the centre of
£(7) is £(2)2 we must have 3 C £(i)2. Define

Joven '={J € J | the coefficient of oy, in «; is even for all k € I\X}.
CONJECTURE 3. If (X,7) € WSat(A), a single element of ;. ;. Cb; C £(i)2 generates 3.

REMARK 4. This should be compared with the situation for Satake diagrams and the
associated fixed-point subalgebras, where the centre of £ = g’ has dimension |Igig| + |Iust| €
{0,1}. Casework suggests that it is generated by a linear combination of either h; — h, ;) (for
i € Iqig) or b; (for i € L) and at least one other standard basis element of ¢.

3.3. The universal enveloping algebra U ()

Let (X, 7) € GSat(A) and v € I". We identify ¢ with its image in U(¢) under the canonical Lie
algebra embedding. The generators of U(£) corresponding to b; (i € I\X) can be modified by
scalar terms, which is a straightforward generalization of [18, Corollary 2.9].
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PROPOSITION 3.5. For (X,7) € GSat(A), v € T and o € C!\X| the universal enveloping

algebra U (., is generated by e;, fi (i € X), h € h? and
biwhgi =fi+7 O(fl) +o0; forallie I\X (331)

Again, if there is no cause for confusion, we will suppress v and o from the notation.
From Conjecture 2, we obtain the following conditional result for U(¢), which would address
the question raised in [18, Remark 2.10]: for (X, 7) € GSat(A), v € T and o € C'\X| U(¥) is
isomorphic to the algebra with generators h;,e; (i € X), hy — hy (i € I*,i # 7(i)), b; (i € 1)
and relations (3.2)—(3.7).

We may view U(£) as a Hopf subalgebra of U(g), so that Lie algebra automorphisms of g lift
to Hopf algebra automorphisms of U(g). Call two Hopf subalgebras B, B’ of U(g) equivalent
if there exists ¢ € Autmopr(U(g)) such that B’ = ¢(B). Define

Di={yel|y=1ifiecl"\Igg}, S:={ocecC N |o,=0ifie"\Ly}.  (3.32)

PROPOSITION 3.6. Let (X,7) € GSat(A), v €' and o € C/\X. There exist ¥ € I' and
o' € ¥ such that U(ty), is equivalent to U(€5)q.

Proof. The existence of 4 follows from an argument analogous to the proof of [18,
Proposition 9.2(i)]. Hence, U(t,), is equivalent to U(ts)s for some o € C\X. Regarding
the existence of o’ € ¥, note that b;;5, € (¢5)" if i ¢ I, by Proposition 3.2. Hence, U(t5)5
is already generated by e;, f; (i € X), h € b7, bi5, 0 for i € (I\NX)\Inst and b;.5, 5, for i € L.
Hence, we may take o, = 7; if i € I,ss and o} = 0 otherwise. O

4. Quantum pair algebras and the universal K-matrix revisited

Assume the d; are dyadic rationals and let K be a quadratic closure of C(g), where ¢ is an
indeterminate, so that ¢; := ¢% € K for all i € I. The Drinfeld-Jimbo quantum group U,(g) is
an associative unital algebra over K which quantizes the universal enveloping algebra U(g). It
is generated by {F;, F;, Kiil}, where i € I, satisfying the relations given in, for example, [26,
3.1.1]. The Hopf algebra structure is the one defined in [26, 3.1.3, 3.1.11 and 3.3]. We write
U,(h) for the Hopf subalgebra generated by K:*' for i € I. We also write U, (n*) for the coideal
subalgebras generated by the E; and F; (i € I), respectively. The algebra U,(g) is Q-graded in
terms of the root spaces U, (g)a = {u € U,(g) | KiuK; ' = qf(hi)u for all ¢ € T}.

We discuss some automorphisms of U,(g). Diagram automorphisms act (by relabelling) as
Hopf algebra automorphisms on U, (g). Moreover, we have Lusztig’s automorphisms T; for ¢ € I,
given as T}"; in [26, 37.1.3], which generate an image of the braid group in Aut.,(U,(g)) and
reproduce Ad(s;) as ¢ — 1. They satisfy T;(Uq(9)a) € Uqy(9)s, () for all a € Q and T;(K;) =
K;K; " for all j€I. For X C I with wy =s;, ---s;, a reduced decomposition we write
Twy =15, -+ T;,. If 7 € Aut(A) stabilizes X, then [7,T,,] = 0. Finally, the assignments

we(E) = —K'F;, w,(F)=-EK;, w,(K") =K foriel (4.1)

define wy € Autag(Uq(g)) which is a particular quantum analogue of the Chevalley involution
commuting with each T;, see [3, Lemma 7.1], and with Aut(A).

We now discuss the changes to definitions and statements in the papers [2, 3, 8, 18, 19]
needed to generalize these works to all generalized Satake diagrams.

4.1. Quantum pair algebras

In the remainder of this section, we assume (X, 7) € CDec(A). The quantum analogon of the
map 6 = Ad(wx )7w is the map

0y =04,(X,7) =Ty 7wy € Autag(Uy(g)). (4.2)
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The quantization of the fixed-point subalgebra in the formalism by [18] relies on the description
of g’ in terms of generators given in [18, Lemma 2.8]. Our £(X, 7) by definition can be quantized
to a right coideal subalgebra in the same way.

DEFINITION 4. Let v € (K*)"\X and o € K/\X. The quantum pair algebra B = B~ »(X,T)
is the coideal subalgebra generated by U,(gx), U,(h?) and the elements

Bi = Bino =Fi +70,(FK)K; ' +0,K; ' foralliecI\X. (4.3)

REMARK 5. (i) Note that U, (h?) is denoted US' in [18]. In [18, Definition 5.1; 23, Equation
(2.4)], 0; is denoted s; (we use a different notation to avoid confusion with the simple reflections
s; and the group homomorphism s € H ). The scalar 7; corresponds to the scalar d; in [23,
Equation (2.4)] and the scalar ¢; in [18, Definition 5.1]. More precisely, the Kolb—Balagovié
formalism fits in our approach upon setting

vi = s(ar)) e foralli e I\X, (4.4)

also see [3, Equation (7.7)].

(ii) Comparing with [18, Definition 4.3] or [3, Definition 5.4, Equation (5.4)], note the
absence of the factor Ad(s) from our definition of ,. Here, s € H is required to satisfy [3,
Equations (5.1) and (5.2)], so that 8, specializes to the appropriate Lie algebra involution in
the case (X, 7) € Sat(A), see [18, Proposition 10.2]. In our case, this is unnecessary; to compare
with these earlier papers there are in fact two natural choices for s, see [3, Remark 5.2], one of
which is satisfied for instance by s = x(1,1,....1) (see (2.21) for the notation) which takes values
in {£1}.

Moreover, if (X, 7) € GSat(A) and the tuples «, o lie in the sets
Ty ={ve &) | v = ifi € I'\Taa},

(4.5)
Y, ={oc e KI\Y | o, =0ifi € I"\ I},

respectively, then in [18, Sections 5.3 and 6] decompositions of B are obtained which culminate
in the quantum analogue of (3.16), namely, BN U,(h) = U,(h?). The key condition for Satake
diagrams, see (2.20), is only used in [18, Proof of Lemma 5.11, Step 1], but it is clear that what
is needed there is precisely the weaker condition appearing in the definition of a generalized
Satake diagram, see Definition 1. Furthermore, in [18, Theorems 7.4 and 7.8] quantum Serre
relations for the B; are found for low values of —a;; and the results were extended in [2,
Theorem 3.7, Case 4]; we discuss the generalization to GSat(A) in Section 4.3. The rest of [18]
is applicable without change in the setting of generalized Satake diagrams; in particular in the
specialization ¢ — 1 one recovers U (t), see [18, Section 10].

4.2. 'The bar involution for the subalgebra B

The bar involution ~ of U,(g) is the algebra automorphism of U, (g) fixing F;, F; and inverting
K Z-il and ¢; it plays a crucial role in Lusztig’s construction of the quasi R-matrix, see [26].
To have a natural modification of Lusztig’s theory of bar involutions and quasi R-matrices
to the setting of quantum symmetric pair algebras, the paper [2] deals with the existence of
an analogous map of B. This follows earlier work by [4, 11] in the case of certain quantum
symmetric pairs of type AIIL. More precisely, for suitable parameters -y, there exists an
involutive algebra automorphism ~” : B — B which coincides with ~ on U,(gx)U,(h?) and

satisfies EB = B, fori € I\ X, see [2, Theorem 3.11, Corollary 3.13, Remark 3.15]. The defining
condition of Satake diagrams is not used explicitly in [2] but casework is used in the results
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[2, Propositions 2.3 and 3.8] which needs to be extended to the new diagrams in Table 1, which
we will now explain. We also note that the result [2, Proposition 2.3] was generalized in [6,
Theorem 4.1] to the Kac-Moody setting, but this did not explicitly include the cases, where B
is defined in terms of (X, 7) € GSat(A)\Sat(A). Here, we provide an elementary proof for g of
finite type which works for all compatible decorations.

Let o be the unique algebra anti-automorphism of U,(g) which fixes E; and F; and inverts
K;. For i € I, denote by r; Lusztig’s right skew derivation, see [26, 1.2.13]; it is the unique
linear map on Uy (n™) such that for all z,y € U,(n") with y € U,(g),, (1 € Q") we have

(b
riey) = ¢ " ri(@)y + ari(y). (4.6)
We denote [z,y], := zy — pyz for z,y € Uy(g) and p € K; note that o([z,y],) = [0(y), o(x)],.
The definition of T implies that T;(E;) = E; if a;; = 0 and T;(E;) = [E;, By, o1 if aj; = —1.
We start with a lemma that simplifies the proof drastically. Call a connected component of X
simple if it is of the form {j} for some j € I such that a;; = a;; € {0, -1} for all i € I\ X.

LEMMA 4.1. Let 1 € I\X and suppose §) # X (i) = X; U---U X, is a decomposition into
connected components. If i # 7(i), then £ < 1 and if i = 7(3), a]l X are simple except at most
one. Denote by Y the nonsimple connected component of X (i) if present and otherwise let Y
be any simple connected component. If (r;T,, )(E;) is fixed by o, then so is (r; Ty ) (E;).

Proof. The first part of the lemma follows from the classification of Satake diagrams in [1]
and an inspection of Table 1. Since adding simple components does not change the statement,
it is true for all compatible decorations.

The second part is proven by induction with respect to the number of simple components.
If there are none, then X (i) =Y and the statement is true. Otherwise, by the induction
hypothesis we may suppose X (i) = X' U {j}, where (o7)(riTw,,)(E:)) = (riTw,, )(E:), {j}
is a simple component of X and aj;, =0 for all k€ X'. Hence, Tx(;) = Tw,, T}, so that

T () = T (E) = Ty (B Bl 1) = [y, T (B, 1. By (1.6) we have (1,7, )(E,) =
[Ej, (riTw,, )(E:)],~2. Since (1T, )(£;) lies in Uy(gx/) it commutes with E;. Hence,

(riTuws )(Bi) = (1= 45 ) Bj(riTu, )(E:) = (1= ¢; ) (riTuw ., )(E) E;. (4.7)

Since 7(j) = j, applying o7 yields the desired result. O
PROPOSITION 4.2. For all i € I\X, (r;Tw, )(E;) is fixed by oT.
Proof. The proof is essentially casework, but first we make some observations.

(i) Since Ty, (E;) = TX( )(E;), we may assume that {i,7(i)} is the only 7-orbit outside X.
(ii) We may assume X is nonempty as otherwise (1,1, )(EF;) = 1.
(iii) By Lemma 4.1, it suffices to prove the statement in the case that X is connected.
(iv) If [X] =1, we write X = {j} with 7(j) = j. Then T\ (E;) = T;(E;) € Uy(9)s,(a;) N
Uq(tﬁ) Hence, (riTwy )(Ei) € Ug(8)s, (1) —a, N Ug(nt) = KE;“" so it is fixed by o7.
(v) In [2, Proof of Proposition 2.3], the statement was proved for all Satake diagrams.

Hence, it suffices to prove the statement for those diagrams in Table 1, where the node i is
the only node outside X, X is connected and |X| > 1. The only infinite family satisfying this
condition is given by

o—e - - obe.
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In this case, the proof is identical to the proof for the type BII case in [2, Proposition 2.3].
The exceptional diagrams satisfying this condition are

SRR A B

We give here the proof for the last case which is very much in the spirit of [2, Proof of
Proposition 2.3]; the proofs for the other three cases are similar and are left to the reader.
We label the nodes as 6-ed-e and assume di =dy =2 and d3=ds =1 for con-
venience. Note that 7 =1id. The reduced decompositions wy = ($28352848352)(848384) =
(545354)(525352545352) yield
Twy (B1) = (LT3TTAT3T:)(E) = (T T3T4Twy ) (E1). (4.8)
From the first expression, we readily obtain
Tu;X (El) == [(T2T3T2T4T3)(E2)7 [(T2T3)(E2)a [E27 El]qu]q’ﬂq*?' (49)

Now note that (s35482835828483)(v2) = (835253)(a2) = o and $3548283828483 and s3s283 are
reduced elements in . Appealing to [14, Proposition 8.20], we arrive at

Ty (Br) = (T T57) (Bo), (T3 (B2), [Ba, Brlg-2]g-2]42, (4.10)
so that (4.6) implies
(T ) (Br) = (1= ¢ T T5 ) (B), (T3 (Br), Balg-a]g—s. (4.11)

Applying o7 and using Tjo = JTZ-_ (see, for example, [26, 37.2.4]), we obtain
(07) (M Twy )(B1)) = (1 = ¢ ) [[B2, T3(Ba)lg—+, (TuT3) (Ea)] -
= (1= g ") (¢ [T3(Es), Tu([T5(E2), Ea)])] (4.12)

+ (B2, [T5(E2), (TaTs) (E2)]g-4]g-4)-
By the g-Serre relation E3E3 — (¢° + ¢~ 2)E2E3Ey + E3E3 = 0, we have

1 _ -
[TS(E2)aE2] = W[EP%EQ — (1 +4q 2)E3E2E3 +q 2E2E§, EQ]

_ @ -

q+q
= (¢~ 1)[Bs, B2 = (&~ Vo ([B, BsJ2)
= (¢* = 1)(oT2)(E3) = (¢ — DTy (E3),
so that for the first term of (4.12), we have

[T3(E2), Ta([T5(E2), Eo))] = (¢° — DTy ([(T2T5)(E2), Ta(E3)))- (4.14)

The reduced elements s3sas3 and s3sqs map ao to itself and a3 to ay, respectively, so that
(ToT3)(Fs) = Ty *(E2) and Ty(E3) = Ty *(E4) by [14, Proposition 8.20]. Hence,

[T3(Es), Tu([T3(E2), Ea])] = (¢ = 1)(T5 ' T3 1) ([E2, EX]) = 0, (4.15)
where we have used the g-Serre relation EsEy — E4FEs = 0. As a consequence, (4.12) yields
(07) (M Twx ) (E1)) = (1 = ¢~ ) [ B, [T3(Ea), (ThT3)(E2)]g-]4-

= (1= ¢ HNOTT) (T T ) (Be), (T3 (Br), Balg-ilg-1)  (4.16)

1
(E3E2E3E2 — q E3E2E3 — q E2E3E2 + q 4E2E3E2E3) (4 13)

= (T4T3T47“1wa ) (El),
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where we have used T3TyT3 = T,T3T,. Because 7; and T; commute if a;; =0 we have
(o7)(r1Twy )(E1)) = (mTyT5T4yT, )(E71) and by virtue of (4.8) the proof is complete. O
4.3. Quantum Serre relations for the B;

We now introduce some notation in order to discuss g-Serre relations for the B;. For z,y € U,(g)
and 7, j € I such that 7 # j recall the shorthand M;; = 1 — a;; and define

M;;
Fij (l‘, y) — Z(_l)n |: N :| :vM”_"yx”’. (417)
n=0 qi

Here, []Vfl” ] o is the ¢;-deformed binomial coefficient defined in [26, 1.3.3]. Note that the g-Serre
relations for U,(g) are the relations F;;(E;, E;) = F;;(F;, Fj) = 0 for all ¢, j € I with ¢ # j. We
denote B; = F; if i € X and U,(n}) = (E; |i € X). For i € I\ X, we write

Y = (rr(8) (Fi ) K Koy = — (70 T ) (Br (o)) K K s (4.18)
and we write [n],, = L9 forp e Z,i€el.

ai—4q;

According to [2, Theorems 3.7 (Case 4) and 3.9], for all ¢, 5 € I such that i # j the elements
Fi;(B;, Bj) are U,(n%)U,(h%)-linear combinations of products B;, ---B;, with iy,... i, €
I satisfying «;, +---+ a;, < A;j. Moreover, these expressions vanish if 7(i) ¢ {i,j} as a
consequence of [18, Theorem 7.3] and if ¢ € X, see [18, Equation (5.20)]. If 7(¢) =j € \X
they are given by [2, Theorem 3.6] for all values of a;;. Now suppose 7(i) =i € I\X. Then the
expressions are given in [2, Theorem 3.7] if j € I\(X U {i}) and a;; € {0,—1,—2,—3} and in
[2, Theorem 3.8] if j € X and a;; € {0, -1, —2}.

These theorems cover all generalized Satake diagrams in Table 1 except i1e302 which
we discuss now; without loss of generality we may assume d; =3 and dy = 1. Note that
Yo = —ro(T1(E2)) = —q2(¢> — ¢ 3)Ey. In this case we have, by a direct computation,

Fy1 (B2, By) = (([3](21 +1)(B3B1 + B1B3) — [4]‘1([2}‘21 + 1)B2B1B2)QWYQ
= BIB1(992Y2)" + 2, B3 (r(02Y2)a Ko + (0m0)(@02Y2)a K)oy 4

“lq— ql[)3(];3 — q,g)(ﬂzYz(ﬁ (q12Y2)q" K1 + (0710) (g72Ya)q K ).

REMARK 6. In the formula [2, Theorem 3.7, Equation (3.21)] for a;; = —3, which deals with
the case j € I\ X, the sign of the terms quadratic in B; is incorrect. This does not affect the
later result [2, Theorem 3.11]. Up to this sign issue, the first terms of (4.19) directly match [2,
Equation (3.21)], so that also in the case a;; = —3 we expect a unified expression in the style
of [2, Theorem 3.9] in the general Kac-Moody setting.

We now review the arguments from [2] in terms of 4; and Y; to show that the bar involution
exists for general (X, 7) € GSat(A) with A of finite type. First of all, note that the proof of [2,
Proposition 3.5] does not require the specific choice of s € H given in [2, Equation (3.2)] but
any s satisfying the weaker constraint [3, Equations (5.1) and (5.2)], also see [3, Remark 5.2].
With that qualification, the arguments of the proof of [2, Proposition 3.5] imply that

Y = g 0000 )y (4:20)

where px € (hx)* is the Weyl vector of gx; this specializes to [2, Proposition 3.5] if we
set 7v; = s(a;(;))ci- Note that Proposition 4.2 is crucial in this context; in the notation of
[2, 3], we have v; =1 for all i € I\X, for all (X,7) € GSat(A) of finite type. The proof of



QUASITRIANGULAR COIDEAL SUBALGEBRAS OF U,(g) 711

[2, Theorem 3.11], which requires (4.19) in the special case e30, implies that the existence of
the bar involution for B is equivalent to

iy (hi)

VY =q; Vo (i) Yo (i) (4.21)

for all i € I\ X, which specializes to [2, Equation (3.28)] if v; = s(a(;))c;. Combining (4.20)
and (4.21), the existence of the bar involution for B is equivalent to

0(a;)— i) —
ey = () 0 (4.22)

where we have used the analogue of (2.13) for roots, which can be obtained in the same way.

REMARK 7. Suppose i € I\X is such that 7(i) = ¢ and «;(pY%) ¢ Z. Then (4.22) simplifies

to y; = —qu(a">_2'"’()(h")%7 so that ; — 0 as ¢ — 1. For (X, 7) € WSat(A) this is compatible

with Proposition 3.3(iv).

4.4. The universal K-matrix

Building upon the work in [2] on the bar involution, in [3] the universal K-matrix K = K(X, 7)
for B = B(X, 7) is constructed for (X, ) € Sat(A) and the relations (1.1) and (1.3) are derived.
Again we comment on those places in this text with a nontrivial generalization to the setting of
quantum pair algebras defined in terms of generalized Satake diagrams. In addition to (4.22),
we also assume

7 = oi, (4.23)

see [3, Equation (5.16)]. In [3, Proof of Lemma 6.4], the defining condition of Satake diagrams
is used, but only the defining condition of generalized Satake diagrams is needed. In [3,
Remark 7.2], a case-by-case analysis is employed based on the list of Satake diagrams in [1].
Denoting by 79 the diagram automorphism corresponding to the longest element of the Weyl
group of g, it is derived that 7y preserves X and commutes with 7; furthermore one can choose
v €l and o € ¥ such that v, = v, and o) = 0., for all i € I\X and the above
transformation properties with respect to the bar involution hold. Extending this analysis to
Table 1, one checks that the remark is valid for all generalized Satake diagrams.

In [19], it is shown that K satisfies the axiom (1.2) for a universal K-matrix and the centre
of B is described in terms of I without using the defining condition of Satake diagrams or a
case-by-case analysis; it follows that the results remain valid for (X, 7) € GSat(A).

This is also the case for [8, Section 2] which entails an analysis of the restricted Weyl group
and restricted root system following [25] in order to establish a factorization of the quasi K-
matrix (subject to a condition on Satake diagrams of restricted rank 2). In particular, from the
statement 7(X) = X for any (X, 7) € Sat(A) it is inferred that 7y x[;(X) = X for all i € I*
and hence {wxwx{; |7 € I*} is a Coxeter system for the group it generates. For all generalized
Satake diagrams, these conclusions follow directly from Theorem 2.1.

Appendix A. Deriving Serre relations for ¢

The following three technical lemmas are used to derive the key equation (3.7). It is convenient
to introduce the notation Q} =QTNQx =Y cx Lo

LEMMA A.l. Fix (X,7) € CDec(A), vy € C'\Y, i€ X and j € I. For all m € Z>,, we
have
ad(fi)™ (fj) +; 0(ad(fi)™(f;)) ifj € I\X,

ad(b;)™(b;) = {ad(fi)m(fj) ifjeX. i
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Proof. Because 0 is a Lie algebra automorphism this follows immediately from (2.12) O

LEMMA A.2. Fix (X,7) € CDec(A), v € C'\X, i€ I\X and j € X. For all m € Z>,, we
have

ad(b:)™ (b;) = ad(fo)™ (f;) +~i" 0(ad(fi)™ (f;)) + Lom, (A-2)
where
(L+Clai) i [0(f), [fi [l €k i 7(i) =i, wx (i) — o — oy € BT, m =2,
—%; (2h; — aijhj) if (i) =4, wx () = o + o, m =2,
Ly =<¢-324aij)v (fi —0(f)) ifr(i) =14, wx () = oy + aj, m =3, (A.3)
—6a;;(24 aij) V7 e ifr(i) =14, wx (o) = + a5, m =4,

0 otherwise.

Proof. By induction with respect to m. For m = 1, (2.12) implies
ad(bi)' (b)) = [fi + % 0(fi), £;] = ad(£:)'(£;) + i 0(@d(fi)(£;) + Ly (A4)

with L; =0 as required. Now assume m € Z~; and suppose the statement holds for all
smaller values. Then, by virtue of the induction hypothesis, the fact that 6 is a Lie algebra
automorphism and (2.12), we find

ad(b;)™(b;) = [bi,ad(b;)™ 1 (b;)]
= [fi 700020, ad ()" (f) 437 0(ad ()" (F5)) + Lon—1]
=ad(f;))™(f;) +¥"0(ad( )™ (f;))

+ i [0CF), ad(£)"™ 7 (F)] + 20 (£ 0(ad(£)™ ()] + [br Lona].
Using (2.12), we have 02(f;) = ((i) fi, so that

Ly = 7:[0(f:), ad(£:)™ 7 (f1)] + ey T 0([0(F:), ad(£:)™ 7 (£)]) + [bi, Lin—a]- (A.6)

Suppose that [0(fi),ad(f;)™ ' (f;)] # 0. Then wx (o)) — (m—1)o; —a; € ®U{0}. Now
® =T UP™ implies that 7(i) =i and j € X (7).

First we consider the case wx (a;) — (m — 1) a; — a; € ®*. Then m = 2 and since wx (o) —
a; —aj € Q% it follows that [0(f:),[fi, fi]] € nk. The claimed expression for Lo follows
immediately from (A.6) and those for L,, with m > 2 from (3.2).

Fwx(a)—(m—1)a; —a; € &~ U{0}, then wx(o;) < (m — 1) o; + . Hence, X (i) = {j}
and we obtain

(A.5)

wx()—(m—1a; —a;j=2—-m)a; — (1 +aj;) . (A7)

From ® = ®* U ®~ it follows that a;; = —1. Now Za; N ® = {£«;} implies that m € {2,3}.
Straightforwardly, we compute

[OCf),ad(Fi)(£)] = aijhy — hi, - [0(f),ad(f)*(£)] = =21 + aiy) fi, (A-8)

from which the claimed expressions for L,, readily follow. ([

LeEMMA A.3. Fix (X,7) € CDec(A), v € C'\¥ and i,j € I\X such that i # j. Recall the
integer pg;,m) defined by (3.8). For all m € Zxq, we have

ad(b:)™ (b;) = ad(fi)™ (f;) +7i"v;0(ad(f:)™ (f;)) + Lum, (A.9)
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where
(v + C(ai)y)I0(fi), f5] € n if (i) = j, wx(a;) —a; € DT, m =1,
’)/Jhl — ’}/Zh] lfT(Z) = j, U)X(CYZ) =Q;, M= ].,
2((vs — aivi)fi — vi(vi — aiivi)e;) 7)) =7, wx(a;) = a;, m =2,
L, = \_751(/2] J ) ( J J) J) () X( ) (A.lO)
Z Pl ad(b)™ 2 (b)) if 7(i) = i, wx (o) = o,
0 otherwise.

Proof. As before we apply induction with respect to m. For m = 0, we have

ad(b;)?(b;) = b; = f; +7;0(f;) = ad(f)° (f;) + 777, 0(ad(f:)°(f;)) + Lo (A.11)

with Ly = 0 as required. Now assume m € Z-~ and suppose the statement holds for all smaller
values. Then, by the induction hypothesis,

ad(b;)™ (b;) = [bs, ad(b;)™ " (b;)]

= [fi +7:0(f),ad(£:)" " (f3) + 2" 10 (ad(£)™ 1 (f5)) + L]
Since 6 is a Lie algebra automorphism, rearranging terms yields (A.9) with L,, € g defined by

(A.12)

Ly =% [0(f:),ad(£)™ ()] + 7" [fi, 0 (ad(£)" 1 (f)] + [bi, L. (A.13)
Using (2.12), we obtain

Ly =% [0(f:),ad(f:)" 7 ()] + Claa)y ™ s 0([0(f:), ad(f)™  (£)]) + [bi, Lin—1]. (A.14)

If [0(f;), ad(f;)™(f;)] # 0, then wx (o ;) — (m — 1) o — oj € D U{0}.

If wx(ar;))—(m—1)a;—a; €@ we must have j=7(i), X(i)#0, m=1; since

x (o)) — o € QY it follows that [6(f;), f;] € nk. The expression for L; follows from (A.14);
L,, =0 with m > 1 is a consequence of (3.2).

Now suppose wx (a-(;)) — (m — 1) a; — a; € @~ U {0}. It follows that X (i) = 0, so a;(pY) €
Z, and 7(3) € {i,j}. If 7(i) = j then Za; N ® = {*a;} implies that m € {1,2}. Furthermore,
0(fi) = —e;j and a;; = a,;. From a successive application of (A.14) we obtain Ly = v;h; — vihj,
Ly = 2((vj — aijvi) fi — vi(vs — aij7y)ej) and Ly, =0 if m > 2, as required.

It remains to deal with the case X (i) =0 and 7(¢) =i, in which case 6(f;) = —e;. A
straightforward computation gives

[0(f),ad(fi)™(F)] = (m = 1)(m — 2+ ag)ad ()™ *(f;)-
By virtue of the induction hypothesis, (A.14) simplifies to
Ly = (m —1)(m — 1 — My;)yi (ad(b:)™2(b;) — Lin—2) + [bi, Lin—1],

from which the desired expression follows straightforwardly. O
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