INVARIANT MANIFOLDS OF HOMOCLINIC ORBITS:
SUPER-HOMOCLINICS AND MULTI-PULSE
HOMOCLINIC LOOPS

A thesis presented for the degree of
Doctor of Philosophy of Imperial College London
by

SAJJAD BAKRANI BALANI

Supervised by

Pror. DMITRY TURAEV and PROF. JEROEN S. W. LAMB

Department of Mathematics
Imperial College London

June 2020



I certify that this thesis and the research to which it refers are the product of my own work,
and that any ideas or quotations from the work of other people, published or otherwise, are fully
acknowledged in accordance with the standard referencing practices of the discipline.

Sajjad Bakrani Balani



Copyright

The copyright of this thesis rests with the author and is made available under a Creative Commons
Attribution Non-Commercial No Derivatives licence. Researchers are free to copy, distribute or trans-
mit the thesis on the condition that they attribute it, that they do not use it for commercial purposes
and that they do not alter, transform or build upon it. For any reuse or redistribution, researchers
must make clear to others the licence terms of this work.



Abstract

Consider a Hamiltonian flow on R* with a hyperbolic equilibrium O and a transverse homoclinic
orbit I'. In this thesis, we study the dynamics near I' in its energy level when it leaves and enters O
along strong unstable and strong stable directions, respectively. In particular, we provide necessary
and sufficient conditions for the existence of the local stable and unstable invariant manifolds of I'.
We then consider the case in which both of these manifolds exist. We globalize them and assume they
intersect transversely. We prove that near any orbit of this intersection, called super-homoclinic, there
exist infinitely many multi-pulse homoclinic loops.
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Chapter 1

Introduction

1.1. Background
Consider a C*°-smooth Hamiltonian system
=X ()

defined on R?>" (n > 2) with a Hamiltonian H, and a hyperbolic equilibrium O at the origin. An
orbit I' = {z () : ¢ € R} of this system is said to be homoclinic to O’ or simply ’homoclinic’ if it
belongs to both stable and unstable invariant manifolds of O, or equivalently, it is bi-asymptotic to the
equilibrium O (i.e. z (t) = O as t — £00). Existence of homoclinic orbits for Hamiltonian systems is
known to be a robust phenomenon. This is due to the fact that the n-dimensional stable and unstable
invariant manifolds of O lie in the same (2n — 1)-dimensional energy level of the Hamiltonian H, and
they may intersect transversely in that level along the homoclinic orbits. Therefore, a natural question
which arises here is the possible dynamics near homoclinic orbits in their energy level.
Let
RQn — ESS D ESL D EuL @ Fuu

be the dX (O) invariant splitting of R?" into strong stable, leading stable, leading unstable and
strong unstable subspaces. Since X is Hamiltonian, we have dim (E*F) = dim (EY) and dim (E*%) =
dim (E**). Correspondingly, the equilibrium O possesses strong stable W** (0), leading stable W*L (0),
leading unstable W% (0) and strong unstable W% (O) invariant manifolds which are tangent to E*%,
Est Bl and E** at O, respectively. Then, a homoclinic orbit I' can be classified as one of the
following four types:

Type 1. T ¢ W™ (O) and T ¢ W** (0),

Type 3. T' ¢ W"(O) and I' C W**(0),

)
Type 2. T C W* (O) and T ¢ W*5(0),
)
Type 4. ' C W% (O) and T" C W** (O).

(0) (
(0) (
(0) (
(0) (

What generically happens for a homoclinic orbit is the first scenario. This is simply because
if T' is of any other types, then it must lie in either W"* (O) or W** (O) which are submanifolds
with positive codimension of W*" (O) or W* (O), respectively. This generic case has been studied by
different authors. Turaev and Shilnikov [TS89] (see also [Turl4]) considered the case dim (E*F) =
dim (E”L) =1, i.e. the leading eigenvalues are real with multiplicity 1, and assumed that the system
has finitely many homoclinic orbits of the first type. They proved that except for this bunch of
homoclinics and the equilibrium O, any other orbit leaves a small neighborhood of these homoclinic
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orbits inside their energy level for both forward and backward times. In [Dev76], Devaney studied a
case of dim (E*") = dim (E“l) = 2. He considered a 4-dimensional Hamiltonian system (n = 2) with
a saddle focus equilibrium O, i.e. the eigenvalues of dX (O) are + (a %+ iw) for some a,w > 0. He
showed that the set of the orbits which entirely lie in a small neighborhood of a homoclinic orbit of
the first type in the energy level of O can be described in terms of symbolic dynamics with countably
many symbols. Further results on the homoclinics to saddle-foci have been obtained by other authors
too (see [BS90], [Ler91], [Ler00], [Ler97] and [BS96]). In [ST97], Shilnikov and Turaev studied the
case dim (ESL) = dim (E“L) = 2 in which the leading eigenvalues are real with multiplicity 2. They
considered a 4-dimensional symmetric Hamiltonian system (n = 2) with a saddle equilibrium O, i.e.
the spectrum of dX (O) is {—\, =X, A\, A} for A € R*, which has a pair of homoclinic figure-eights
(four homoclinic orbits). To state their result, we first define:

Definition 1.1. Let A =T1UTsU--- ULy, where I'; are homoclinic to an equilibrium O, and
m > 1. Consider a sufficiently small open neighborhood U of AU {O} in the energy level of O. The
local stable (resp. wunstable) set of A, denoted by W} (A,U) (resp. W}t (AU)), is the union of A
itself and the set of the points in U whose forward (resp. backward) orbits lie in U and their w-limit
sets (resp. a-limit sets) coincide with AU{O}. We may use the notations Wi (A) and W} (A) for
the stable and unstable sets of A when the neighborhood U is clear form the context.

It was proved in [ST97] that, under certain assumptions, the local stable and unstable sets of the
pair of homoclinic figure-eights (the union of four homoclinic orbits) considered in that paper are
2-dimensional smooth invariant manifolds. Moreover, any orbit outside of these two manifolds, except
the equilibrium O, leaves a small neighborhood of the homoclinic orbits in the level set of O for both
forward and backward times.

The cases of homoclinic orbits of the second and the third types were studied by Turaev [Tur01]. He
considered the case where the spectrum of dX (O) is {\i, =2, —A1, A1, A2, Aj }ij=g.m for A1, Ag € RT
and Re (\;) < —X2 < —A1 < A1 < A2 < Re(}j). Let I' be a homoclinic orbit which enters O along
the leading direction and leaves O along the direction corresponding to the eigenvalue As. It is proved
in [Tur01] that the unstable set of I' is an n-dimensional invariant manifold. On the other hand, the
stable set of this orbit is trivial (coincides with I" itself). Moreover, any orbit outside of this manifold,
except the equilibrium O, leaves a small neighborhood of I' in its level for both forward and backward
times. The homoclinic orbits studied in [Tur01] are of the second type, however, one can get the
analogous results for the third type homoclinics from [Tur01] by a time reversion.

In this thesis, we focus on the dynamics near homoclinic orbits of the last type, i.e. those which
leave and enter O along strong directions. With the setting provided latter, we describe the dynamics
near (a single or a pair of) these homoclinic orbits and provide necessary and sufficient conditions for
the existence of non-trivial stable and unstable sets.

A distinguishing feature of the paper of Shilnikov and Turaev [ST97] is the coexistence of both
local stable and unstable manifolds of a bunch of homoclinic orbits. This feature allowed them to
consider the scenario in which both these manifolds are globalized by the flow of the system and
intersect each other transversely. They referred to the orbits which lie in this intersection as ’super-
homoclinic’. They studied the dynamics near the super-homoclinic orbits and in particular showed
that the existence of such orbits implies the existence of infinitely many multi-pulse homoclinic loops.

Apart from the work of Shilnikov and Turaev, super-homoclinic orbits as the orbits whose w-
and a-limit sets have nonempty intersection have been taken into account in other literature as well.
Turaev [Tur01] studied the case of a super-homoclinic orbit whose w-limit set is an equilibrium O
and the a-limit set coincides with the union of a homoclinic orbit and the equilibrium O. The
existence of multi-pulse homoclinics, as a result of the presence of super-homoclinic orbits, was also
established in that paper. While the work of Turaev is in Hamiltonian context, Homburg [Hom96]
studied the same type of super-homoclinics for general systems. Eleonsky et al. [EKTS89] spotted
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a super-homoclinic orbit in their numerical investigation of an electromagnetic field in a nonlinear
medium. Barrientos et al. [BRR19] studied the super-homoclinics as the orbits that are homoclinic
to a network of homoclinic orbits in the context of reversible systems. Chawanya and Ashwin [CA10]
built an example of a heteroclinic network that possesses a super-homoclinic in the sense of an orbit
which connects sub-networks. In a broader sense, as [BRR19] and [CA10] suggest, super-homoclinic
orbits may potentially appear in heteroclinic networks, especially if the network undergoes a chaotic
behavior (see e.g. [NADP20)).

In the setting that we provide here, the non-trivial local stable and unstable invariant manifolds of
a single homoclinic orbit (as well as homoclinic figure-eight) may coexist. This enables us to consider
the case in which a transverse super-homoclinic orbit exists. We prove that in such a scenario, we
have infinitely many multi-pulse homoclinic loops near the super-homoclinic orbit.

1.2. Problem setting and results
Consider a C*°-smooth 4-dimensional system of differential equations
(1.2.1) i=X(z), =R
with a C*®°-smooth first integral H : R* — R, i.e.
(1.2.2) H' ()X (z) = 0.
We assume that

Assumption 1. X has a hyperbolic equilibrium state O at the origin.

By (1.2.2), we have H'(0)X’(0) = 0. Since X’(0) is nonsingular by Assumption 1, the linear part
of H at O vanishes. Assume that

Assumption 2. The quadratic part of H at O is a nondegenerate quadratic form.

Assumptions 1 and 2 imply that system (1.2.1) near O can be brought to the following form by a
linear transformation:

(1.2.3) i=—Au+o(lul,|v]), ©=ATv+o(ullv]),

where u = (ug,us2) € R%, v = (vy,v2) € R? and A is a matrix whose eigenvalues have positive real
parts. Moreover, the first integral takes the form:

(1.2.4) H = (v, Au) + o (u* +v?),

where (-,-) is the standard inner product on R? (see Appendix A). We also assume that
Assumption 3. System (1.2.3) is invariant with respect to the symmetry

(1.2.5) (ui,v1) ¢ (—u1, —v1).

Assumption 3 implies that the plane {u; = v; = 0} is invariant with respect to the flow of system
(1.2.3). Since the action of this symmetry commutes with the linear part of system (1.2.3), the matrix
A is diagonal and takes the form

A1 0
A=
(3 %)

for some positive real numbers A\; and Ay. Without loss of generality, let Ay < Ao. We further assume
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Assumption 4. Ao # 2)\1.

This is not a technical assumption. Indeed, we will see that the cases Ay < 2\ and 2\ < A9 are
dynamically different.
We can always assume that H is invariant with respect to symmetry (1.2.5), i.e.

(1.2.6) H (—uy,ug, —v1,v2) = H (uy,ug, v1,v3).
Otherwise, f[(ul,ug,vl,vg) = %[H (u1,ug,v1,v2) + H (—u1,uz, —v1,v2)] can be taken as the first
integral.

The equilibrium state O is a saddle with 2-dimensional stable and unstable invariant manifolds
W+ (0O) and W*" (O) which are tangent at O to the u-plane and v-plane respectively. Both the invariant
manifolds lie in the 3-dimensional level { H = 0} and may intersect transversely in that level, producing
a number of homoclinic loops. We consider the following specific case:

Assumption 5. There exists a homoclinic loop T' of the transverse intersection of W* (O) and
W™ (O) in the invariant plane {u1; = vi = 0} (see Figure 1.1).

Vg

Uz

Figure 1.1: Existence of the transverse homoclinic loop I' in the invariant plane {u; = v; = 0}.

Let U be a sufficiently small neighborhood of 'U{O} in the zero level-set { H = 0}. The main issue
which is addressed in this thesis is giving a complete description of dynamics in U. Recall Definition
1.1. By this definition, the local stable and unstable sets of I' always contain I". Note that since H is
continuous, these sets lie in the zero-level set {H = 0}. Denote by Wy (O) (resp. W} (O)) the set of

the points in Wg,(O) (resp. Wy,(O)) whose forward (backward) orbits lie entirely in ¢/. Obviously,

Wiz 0 Wige () = Wy 0 Wi (T) =T

1.2.1. Dynamics near a single homoclinic orbit

Our first result is the following:

THEOREM Al. Under Assumptions 1-5, there exists an open neighborhood U of T'U {O} in the
energy level of O such that if the forward (or backward) orbit of a point in U lies entirely in U, then
it must converge either to the equilibrium O or to the set ' U{O}. In other words, the forward (resp.
backward) orbit of a point in U lies entirely in U if and only if it belongs to Wy (O) UW} (') (resp.
Wi (0) U, (T)).

The next theorem concerns the dynamics near the homoclinic orbit I' when Ao < 2A;.
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THEOREM A2. If Ay < 2)\1 and Assumptions 1-5 hold, then there exists an open neighborhood U
of TU{O} in the energy level of O such that every point in U whose forward orbit (resp. backward
orbit) lies in U belongs to W (O) (resp. Wi (O)).

In other words, according to Theorem A1, Theorem A2 states that when Ao < 2\, we have
Wi, (T) = Wi, (1) =T.

The next theorem describes the shapes of the local stable and local unstable sets of I' when
2A1 < Ag. The formulation of this theorem is based on a specific choice of coordinates near the
equilibrium O. We introduce this coordinate system in Chapter 3 (see normal form (3.2.9)). For now,
keep in mind that in this choice of coordinates, system (1.2.3) keeps its form and its invariance with
respect to symmetry (1.2.5). Moreover, the first integral takes the form

(1.2.7) H (uy,ug,v1,v2) = Muivy — Agugvg + 0 (u2 + vz) )

and still satisfies (1.2.6) (note that, by (1.2.4), the quadratic part of H must be A\jujv; + Agugva,
however, by changing the signs of some of the coordinates, we can always write it as in (1.2.7)). The
local stable and unstable as well as local strong stable and strong unstable invariant manifolds of O
are straightened (i.e. W (O) = {v1 = v2 = 0}, W (O) = {u1 = ug =0}, W23 (O) = {u1 = v1 =
vy = 0}, W (0) = {u1 = uz = vy = 0}), and the loop I leaves O along vo-axis toward positive vy
and enters O along ug-axis toward positive uy (see Figure 1.2).

Take a small 6 > 0 and consider the following two small 2-dimensional cross-sections to the loop

I" inside the level {H = 0}:
Il ={uzy =40} N{H =0} and M ={vy =90} N{H =0}

(see Figure 1.2). On each of the cross-sections IT° and II%, the variables us and ve are uniquely
determined by (u1,v1) (see Corollary 3.15). This allows us to choose (u1,v;)-coordinates on each of
IT* and II*.

V U9
HS

Figure 1.2: This figure shows the positions of cross-sections II* and IT* on the homoclinic loop I'. The green
and blue curves correspond to 7'°¢ and T#!°, respectively. Namely, 7'°¢ maps the green point on IT® to the blue
point on IT* and then 7%'° maps the blue point to the red point on II*. The Poincaré map 7 maps the green
point to the red one.

Orbits which lie in U define a Poincaré map T from a subset of II° to II°. This map can be written
as a composition of a local map 7'°¢ from a subset of IT® to II* which corresponds to the flow inside
the é-neighborhood of O, and a global map T%° from II* to II* which corresponds to the flow near
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the global piece of T" outside the d-neighborhood of O, i.e. T = T8!° o T'¢ (see Figure 1.2). Since the
flight time from II* to II® is bounded, the global map 7#" is a diffeomorphism. Define M*% = I'NII**
(note that both points correspond to (0,0) in I15%). The Taylor expansion of T#!° at M* has the form

(1.2.8) T8l (u1,v1) = (auy + bvy + o (ug,v1), cuy + dvy + o (ug,v1)),
for some a, b, c,d € R. We have

THEOREM A3. Let 2X\1 < Ay and Assumptions 1-5 hold. Suppose that system (1.2.3) near the
equilibrium O is brought to form (3.2.9) and let a, b, ¢ and d in (1.2.8) be all non-zero. Then there
exists an open neighborhood U of T'U{O} in the energy level of O such that

I If 0 < cd, then W (T) =T. Ifcd < 0, then W (') is a C'-smooth 2-dimensional invariant
manifold which is tangent to W, (O) at every point of T.

II. If bd < 0, then W{ (T) =T. If 0 < bd, then W}, (T) is a C'-smooth 2-dimensional invariant

manifold which is tangent to W, (O) at every point of I'.
It follows from the above theorems that the sets W? (I',Uf) and Wy _(I',U) (or simply W} (I") and
Wit (I")) are smooth manifolds.

Definition 1.2. We call the sets W} (') and W} (') local stable and local unstable invariant
manifolds of ", respectively.
1.2.2. Dynamics near a homoclinic figure-eight

A counterpart scenario of the existence of a single homoclinic loop is the existence of a pair of it,
i.e. a homoclinic figure-8, in the invariant plane {u; = v; = 0}:

Assumption 6. There exist two homoclinic loops T'1 and Ty of transverse intersection of W* (O)
and W* (O) in the invariant plane {u1 = vi = 0} such that they leave and enter O along opposite
directions (see Figure 1.3).

Vo 1"]

U

Iy

Figure 1.3: Existence of a pair of transverse homoclinic loops I'y and T’y in the invariant plane {u; = v; = 0}.

Such scenario happens generically, when the level-set {H = 0} is compact. Let V be a small
neighborhood of I'y U {O} UT; in the level-set { = 0} and denote by Wy} (W}}) the set of the points

in Wg,(0) (Wgi,(0)) whose forward (backward) orbits lie entirely in V. Then
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THEOREM B1. Under Assumptions 1-4 and Assumption 6, there exists an open neighborhood V
of T1 U {0} UTy in the energy level of O such that if the forward (or backward) orbit of a point in
V lies entirely in V, then it must converge to one (and exactly one) of the following four objects:
'y, Ty, O, and T'y U {0} UTy. In other words, the forward (resp. backward) orbit of a point in V
lies entirely in V if and only if it belongs to W35 (0) U Wi (I'y) UWS (T UTe) UWS (T2) (resp.
Wy (O)uWe. (L) uWi (TiuTy) UWe, (T'2)).

The next two theorems are analogous to Theorems A2 and A3 for the case of homoclinic figure-
eight.

THEOREM B2. If Ao < 2\, and Assumptions 1-4 and 6 hold, then there exists an open neighborhood
V of 't U{O} UTy in the energy level of O such that every point in V whose forward orbit (resp.
backward orbit) lies in V belongs to Wy (O) (resp. Wi (O)).

This theorem together with Theorems B1 and A2 implies
Wige (T UTg) = Wig (I UTg) = Ty U Ty

Suppose that the coordinate system discussed above (see (3.2.9)) is chosen near the equilibrium
O. Consider the cross-sections IIj = {ug = 6} N {H = 0} and II{ = {vo = 6} N {H = 0} on I'y,
and II§ = {ug = =0} N{H = 0} and II§ = {ve = —0} N {H = 0} on I'y (see Figure 3.3). We can
choose (u1,v1)-coordinates on each of these cross-sections (see Corollary 3.15). Let T;, T/°¢ and Tiglo
be the associated maps along I';, and set M = T'; NIIJ" for ¢ = 1,2, and a;, b;, ¢; and d; be the
corresponding coefficients in (1.2.8).

THEOREM B3. Assume 2\; < Ao and Assumptions 1-4 and 6. Suppose that system (1.2.3) near
the equilibrium O s brought to form (3.2.9) and let a;, b;, ¢; and d; (i = 1,2) be all non-zero. Then
there exists an open neighborhood V of T'1 U{O} UTy in the energy level of O such that

(1) If crdy > 0 and cady > 0, then Wi (I'y UT) is a Cl-smooth 2-dimensional invariant manifold
which is tangent to W5, (O) at every point of Ty UTs.

(1) If bidy < 0 and bady < 0, then Wj. (T1UTy) is a Cl-smooth 2-dimensional invariant manifold

which is tangent to W, (O) at every point of I't UT's.

(iii) Otherwise, we have Wi, (I't UT9) = Wi (1 UTy) =T UTs.

It follows from the above theorems that the sets W;* (I'y UT'9, V) and W% (I'1 UT'9, V) (or simply
loc loc
W . ('t UT'e) and W (I'y UT'2)) are smooth manifolds.

Definition 1.3. We call the sets W} (I't UT') and W} (I't UT'2) local stable and local unstable
mwariant manifolds of the homoclinic figure-eight I'y U I'a, respectively.

1.2.3. Dynamics near a super-homoclinic orbit

Coming back to the case of the single homoclinic loop I', we consider the case in which both W} _(I")
and W (I') exist. Continuing these two local manifolds by the flow of the system gives the global
stable and unstable invariant manifolds of I', denoted by Wg, (I') and Wy, ('), respectively. These
manifolds lie in the 3-dimensional level { H = 0} which means that it would be quite reasonable if we
assume that they intersect transversely in that level. Any orbit at this intersection is bi-asymptotic, or
in other words, homoclinic to the union of homoclinic orbit I' and the equilibrium O, i.e. it converges
to ' U {0} as t — +oo. We refer to such an orbit as "homoclinic to homoclinic’ or ’super-homoclinic’

orbit.
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(uy,v1)

U2

Figure 1.4: The homoclinic orbit I" is shown by brown color. It is homoclinic to the saddle equilibrium O. The
super-homoclinic orbit S is shown by blue color. This orbit is homoclinic to I' U {O}.



1.3. MOTIVATIONS AND APPLICATIONS 16

Assumption 7. There exists a super-homoclinic orbit S of the transverse intersection of Wgslo ()
and W, ().

THEOREM C1. Under Assumptions 1-5 and 7, there exist infinitely many multi-pulse homoclinic
loops in a small neighborhood of the closure of S.

According to Theorem B3, the stable and unstable invariant manifolds of the homoclinic figure-
eight may coexist. This leads us to consider the scenario of the existence of homoclinic to homoclinic
figure-eight:

Assumption 8. There exists a super-homoclinic orbit S of the transverse intersection ofWgSlo (T1UTy)
and WY (Fl U Fg).

glo

THEOREM C2. Under Assumptions 1-4, 6 and 8, there exist infinitely many multi-pulse homoclinic
loops in a small neighborhood of the closure of S.

The multi-pulse homoclinic orbits in Theorem C1 (resp. Theorem C2) refer to homoclinic orbits
Q={z(t): t € R}, where x = (u,v) and lim¢_, 1+ z (t) = O, for which there exist ¢;,t2 € R (t1 < t2)
such that the connected pieces {z (t) : t € (—o0,t1]} and {z (t) : t € [t2,+00)} of  lie entirely in U
(resp. V), where U (resp. V) is the neighborhood given by Theorem A3 (resp. B3), and intersect the
cross-section II? (resp. II3) at n; and ng points (n1,ne € N), respectively, such that n; + ng > 2. We
call such orbits (n; + ng — 1)-pulse homoclinic or simply multi-pulse homoclinic. We prove that the
existence of super-homoclinic orbits implies the existence of n-pulse homoclinic orbits for unboundedly
large n.

1.3. Motivations and applications

1.3.1. Coupled nonlinear Schrédinger equations

The coupled nonlinear Schrodinger equations (CNLSE) is a system of coupled nonlinear PDEs
which is one of the basic models for light propagation. This equation has also various applica-
tions in engineering and different branches of physics including optics, quantum physics, biophysics,
plasma physics and hydrodynamics (see e.g. [Tod18], [Waz20], [Nak00], [NPF89], [RKL99], [ZMX107],
[SGYT09] and the references there). Apart from these applications that CNLSE has, it is also an inter-
esting equation from mathematical point of view since it appears in the study of systems near a thresh-
old of instability (see e.g. [KSM91], [Sch98], [FP9I8], [Wei85], [FRW09], [Wri95], [DMO08] and [Sch97]).

Consider the following formulation of the CNLSE

Wy + Uy + 2 (a w|? 4 @\2) v =0,
(1.3.1)
iy + By + 2 (|\11|2 +5 |<1>\2) o =0,

where o and § are some complex constants, ¢ = v/—1 and ¥ and ® are complex-valued functions of
(t,xz). We consider the steady-state solutions of (1.3.1) which are of the form

U(t,z) = ey (z), @t x)=e“3"¢(z),

for some real valued functions i) and ¢. By a rescaling, we can assume w; = 1 and wy = w (w > 0).
Thus, the stationary solutions of CNLSE satisfy

w$x = w -2 (an -+ ¢2) ¢7
Gzw = W' — 2 (V* + %) ¢.
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Let v = w? and define 9y (7) = ¥, ¥ (¥) = s, ¢1 (¥) = ¢ and @9 (z) = ¢,. We have

U1 = 1o, Po =11 — 2 (ap} + %) Y,

1.3.2 . .
( ) o1 = @2, ¢o = v — 2 (V] + Be3) ¢1.

This system is Hamiltonian with two degrees of freedom, i.e.

OH g _oH o, oH
_ _ L N

where H = % [w% + @2 — P2 —vp? + anht + 2932 + ﬁd)‘ﬂ. Making a linear change of coordinates of
the form

1
uy = P — Y1, u2:¢1_5¢2’
1 1
v1:§(¢2+1/}1), 02:§(W¢1+¢2)7
reduces system (1.3.2) to
U = —u1 + Eq (ug, ug,v1,v2),
Ug = —wug + Eo (u1, ug, v1,v2) ,
1.3.3 . 1
( ) U1 :+Ul+§E1 ('LLl,'LLQ,'Ul,'UQ),
. w
U9 = +wug — §E2 (u1,u2,v1,v2),
where
o, 3 9 9 3 ulug u%vl UgUoU1  2UoUoV1 ulvg 21}%1}1
Elzz(ul—ﬁulvl—l—mulvl—81)1)—|— 1 9 + R + T,
1 . 6uv 12u9v2  8u3 uiu u?v 2uqv1v 2030
By =10 (g4 Buavz | 120209 —2) 4+ A2 T2 ey — T2 dup + S
w4 v w 4 2w

Moreover, this change of coordinates transforms Hamiltonian H to

a up\4 ui\2 fuz  v2\2 B fug w2\t
oo et § (1= 5) s (1= 5 (5 02+ (54 )
ULV, wU2v2+2 U1 5 + | v1 5 2+w —1—2 2+w

System (1.3.3) meets all Assumptions 1-4. In addition, this system possesses a pair of homoclinic
solutions (homoclinic figure-eight):

wxT —WwxT

RWe RVE

- VB cosh? (wz)’ B 2/ cosh? (wz)’

for k = +1. These solutions correspond to the following solutions of the original system (1.3.1):

U(ta)=0, () =+ VI

cosh (y/vzx)’

Existence of homoclinic figure-eight (1.3.4) means that Assumption 6 is met too when w > 1.
Therefore, the dynamics near this homoclinic figure-eight in the level {H = 0} can be analyzed by
Theorems B2 and B3. For w < 2, Theorem B2 guarantees that both forward and backward orbits of
any point close to the homoclinic figure-eight leave a small neighborhood of it (in the level {H = 0})
unless it lies on the stable or unstable invariant manifolds of O. For the case of w > 2, in order

(1.3.4) up () =0, wus(x) v () =0, wvo(x)
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to apply Theorem B3, one needs to reduce system (1.3.3) to normal form (3.2.9) and compute the
coefficients a;, b;, ¢; and d; (i = 1,2).
System (1.3.3) is reversible with respect to the linear involution

2 1w
1.3.5 , U2, V1, — | 2v1, —v2, U1, = .
(135) (urz 1,02 > (201 2, g S
In general, a system & = f (z) on R is said to be reversible with respect to an involution R, i.e. a
diffeomorphism on R™ with the property R? = id, if dRo f = —f o R. It is easily seen that when z (t)
is a solution, so does R o x (—t). The reversibility feature of system (1.3.3) implies

PROPOSITION 1.4. For A = I';,T'2,I'y U T, the manifold W (A) is non-trivial if and only if
W (A) is non-trivial.

In addition to symmetry (1.2.5), system (1.3.3) is invariant with respect to the symmetry (ug, vy) <>
(—ug, —v2) too. Reducing this system to normal form (3.2.9) also preserves this symmetry. This implies
that the loops I'y and I's are symmetric, and a; = a9, by = b2, ¢c1 = co and d; = d2. This symmetric
structure together with Proposition 1.4 imply

PROPOSITION 1.5. Simultaneously, all the manifolds W}t (I'1), Wi (1), W (T'2) and W} . (I'2)
are either non-trivial or trivial.

It follows from Theorem B3 that if b1d; > 0, then the local unstable invariant manifold of each
of the loops I'1 and I'y is non-trivial, while the local unstable invariant manifold of the homoclinic
figure-eight I'y U I'y is trivial (i.e. coincides with I'y U {O} UT'9). In contrast, when byd; < 0, the
local unstable invariant manifold of the homoclinic figure-eight is non-trivial, while the local unstable
invariant manifold of each of the loops I'1 and I'y is trivial. The same conclusion holds for the
corresponding stable manifolds. This analysis together with Propositions 1.4 and 1.5 give

PROPOSITION 1.6. Let w > 2 and suppose all the coefficients by, c¢1 and di are non-zero. Then,
one (and only one) of the following two scenarios holds:

(i) The manifolds W} (I'y UT'9) and W (I'1 UT2) are non-trivial, i.e. bidi = bada < 0 and
c1dy = cady > 0.

(1t) All the manifolds W (1), WS . (I'1), Wit (T2) and W . (I'2) are non-trivial, i.e. bidy = bady >
0 and c1d1 = codo < 0.

To figure out which of the scenarios above happens for CNLSE, one needs to find the corresponding
coefficients a1, b1, ¢; and d;. This can be done numerically for any particular values of «, 8 and w.
Regardless of what these coefficients are (provided they are non-zero), Proposition 1.6 states that
there are always non-trivial local stable and unstable invariant manifolds of homoclinic orbits in the
CLNSE. Globalizing these manifolds, we conjecture that they intersect transversely along some super-
homoclinic orbits:

CONJECTURE 1.7. The coupled nonlinear Schrédinger equations given by (1.53.1) possesses trans-
verse super-homoclinic orbits.

Intuitively, one would expect this conjecture to be true since the stable and unstable mani-
folds of the homoclinic loops are 2-dimensional lying in the same 3-dimensional energy level, and
hence they may intersect transversely along super-homoclinic orbits. Moreover, numerical evidence
(see [EKKS93], [EK96], [Yan97] and [Yan98]) points to the existence of infinitely many multi-pulse
homoclinic orbits in the CNLSE. This supports our conjecture since, by Theorems C1 and C2, the
existence of these multi-pulse homoclinics might be a bi-product of the existence of transverse super-
homoclinic orbits.
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Figure 1.5: (Left) Classical Liesegang experiment with diffusing silver ions in silicagel, 24 hours after application
of solution. (Right) double Liesegang experiment. Both figures are taken from [Jac].

¥
’ I I i

Pbl, Co(OH), PbF, CuCrO, Co{PO,), Mg(OH), Ag.Cr0,

e

]
i
1
|
|
|
]
|

2

e e M. e e 0

: =
= e
- -
:; -
.‘ -
ad -

Figure 1.6: (Left) Liesegang patterns grown in gels, for a number of sparingly soluble salts [SART13]. (Right)
Liesegang patterns appearing in the reaction of NaOH and MgCl, in polyvinylalcohol gel [R4c99].

1.3.2. Liesegang rings

Liesegang rings, also known as Liesegang patterns or Liesegang bands, refer to repeating patterns
of two types of zones (rings) in which one of the zones grows (see Figures 1.5 and 1.6). These patterns
appear commonly in chemical systems undergoing a precipitation reaction. This phenomenon was first
observed in 1896 by German chemist Raphael E. Liesegang [Lie96] when he dropped a solution of silver
nitrate on a glass plate covered by a thin layer of gel containing potassium dichromate. He noticed
that after a few hours, some patterns of concentric rings were formed by insoluble silver dichromate.
These patterns are now named after him. Since then, both theoretical and experimental aspects of
these patterns have been studied widely (see e.g. [R4c99], [PM94], [KR81], [Hen05], [Ste54], [Ste67],
[DFMO17], [RCST19], [DFMO19], [NPS*19] and [Diel9]). However, the mechanism of the formation
of these patterns is still unclear.

It was pointed out by Scheel [Sch09] that these patterns can be seen in systems with homoclinic
solutions when there exist initial points converging to the homoclinic loops. To clarify this further,
consider a system & = f (z) with an equilibrium O of saddle type at the origin, and let I' = {z (¢) :
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t € R} be a homoclinic orbit of this system. The graph of ||z (¢) || as a function of ¢ is shown in Figure
1.7. Since x (t) — O as t — +o00, the tails of this graph decay.

[=@)]]

L

Figure 1.7: The graph of ||z (¢) || as a function of ¢ for a typical homoclinic orbit I' = {x (¢) : t € R} which is
homoclinic to a saddle equilibrium.

Now, suppose that there exists an orbit I'* = {a* (¢) : ¢t € R} close to I" which converges to 'U{O}
as a set. Let B be a sufficiently small closed ball centered at O. The orbit I'* goes along I', enters B,
and after a finite time 77, it leaves B. Then, it keeps going along I' until it enters and leaves B again.
Let T5 be the time that ['* spends in B for the second time. This pattern continues and gives the
sequence T3, Ty, ... of the times that I'* spends in B. Since I'* converges to I' U {O} as a set, we have

T1<T2<T3<'~.

The period of time from when I'* leaves B until it enters B again is more or less the same as the time
that I' spends outside of B. Denote this time by 7. Tracking the forward orbit of a point of I'* leads
to the following sequence

(136) T17T7T27T7T37T7T47T7T57T7"'

However, this sequence resembles a Liesegang pattern: it consists of a repeating patterns of numbers
T and T; (i = 1...00), where T;s grow. We can visualize this pattern by plotting ||z* (¢)| as a
function of ¢ (see Figure 1.8). In Figure 1.8, the spikes correspond to time period that I'* spends near
I" outside of B (corresponding to T's in the above sequence) and the decaying parts correspond to the
time periods that I'* spends in B (corresponding to 7;s in the above sequence).

[l (@)l
t

>

Figure 1.8: The graph of ||z* (¢) || as a function of ¢. Here, I'* = {z* () : t € R} is an orbit which converges to
I'U {0} as a set for a homoclinic orbit I". The spikes and decaying parts correspond to the time periods that
I'* spends outside of or in a small neighborhood of the origin O, respectively

Following the above discussion, orbits on the non-trivial local stable invariant manifolds of homo-
clinics to saddle equilibria produce Liesegang rings. Therefore, Theorem A3 which provides necessary
and sufficient conditions for the existence of these manifolds suggests a mechanism for detecting
Liesegang rings in those phenomena which are modelled by 4-dimensional conservative ODEs.

1.4. Organization of the thesis

Our approach for investigating the dynamics near a homoclinic orbit I' is to study the Poincaré
map along this orbit. In contrast to the case of a periodic orbit in which the corresponding Poincaré
map is a diffeomorphism defined on an open subset of some cross-section, the Poincaré map along the
homoclinic orbit I' is a singular map defined on a non-trivial subset of some cross-section. Denote this
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cross-section by Y. The domain of this map is non-trivial because not every orbit starting from
comes back to it. Such an orbit may deviate and go along other branches of the unstable manifold of
the equilibrium when it gets close to the equilibrium state (e.g. in Figure 1.2, not every orbit starting
from TI% goes along I' and intersects 11", some of them may go along the negative branch of vy-axis).
The singularity of the Poincaré map comes from the fact that for an orbit starting from X, the closer
it is to the homoclinic orbit, the longer it takes to pass a small neighborhood of the equilibrium and
come back to X. These observations suggest that to understand the behavior of a Poincaré map along
a homoclinic orbit, we first need to understand the local dynamics near the equilibrium state. In other
words, if we consider two cross-sections II® and II* on I" (as in Section 1.2) and write the Poincaré
map 7' as the composition of a global map 78 and a local map T%°° (e.g. see Figure 1.2), then our
first step to study the Poincare map T would be the understanding the map 7°¢.

Chapter 3 is dedicated to the study of the local map T'°¢. In Section 3.1, we define this map and
its domain precisely. Then, in Section 3.2, we bring our system near the equilibrium state O to a
normal form. Notice that our system is not necessarily linearizable. Indeed, since the spectrum of
the linear part of the system is {—\2, —A1, A1, A2}, for some 0 < \; < Ao, there are always resonant
terms appearing in the nonlinear part of the system. Once the system is brought to a normal form,
we need to investigate the behavior of the orbits near the equilibrium state O. This is done in Section
3.3 by solving some boundary value problems. Finally, in Section 3.4, we use this result to analyze
the domain and the behavior of the local map.

In Chapter 4, we use the results of Chapter 3 to study the dynamics near homoclinic orbits. In
Section 4.1, we introduce some notations. In Section 4.2, we study the dynamics near the homoclinic
orbit I' when Ay < 2)\;. Theorems A2 is proved in this section. The dynamics near I' when 2A; < Ao
is studied in Section 4.3. We prove Theorem A3 in this section. Theorem A1 is also proved in these
two sections (case Ay < 2A; in Section 4.2 and case 2A\; < Ao in Section 4.3). The case of homoclinic
figure-eight is studied in Section 4.4. The proofs of Theorems B1, B2 and B3 are provided in this
section. Finally, we discuss the case of superhomoclinics in Section 4.5. We prove Theorems C1 and
C2 in this section.



Chapter 2

Preliminaries

2.1. Basic concepts and definitions

Consider a C"-smooth (r > 1) system of differential equations

(2.1.1) z=f(x),
defined on R™ (n > 2). Denote the flow of this system by ¢ (¢, x).

Definition 2.1. (first integral) A scalar-valued function H : R™ — R is called a first integral for
system (2.1.1) if

(i) the restriction of H to any open subset of R™ is a non-constant function, and

(ii) H is constant along any orbit of system (2.1.1), i.e. For any x¢ € R™ we have H (¢ (t,zq)) =
H (xg) for allt € R.

Definition 2.2. (symmetry) Let S : R™ — R" be a diffeomorphism. We say S is a symmetry of
system (2.1.1) if for any arbitrary solution x (t) of system (2.1.1), we have

d

(2.1.2) 70 @) =f(5(z(®)).

We say S is a linear symmetry of system (2.1.1) if it is a linear map and satisfies (2.1.2). Moreover, if
system (2.1.1) has a first integral H, we say H is invariant with respect to symmetry S if H (S (x)) =

A change of coordinates of the form = = h (z) reduces system (2.1.1) to
(2.1.3) T=h(h1@) (1 @).

Assuming system (2.1.1) has a first integral H, this change of coordinates transforms H to H (x) =
H (h™(2)). It is easy to see that

PROPOSITION 2.3. If S is a symmetry of system (2.1.1), and the diffeomorphism h commutes with
S, i.e. h(S(x)) = S(h(x)), then S is a symmetry of system (2.1.8) as well. Moreover, if system
(2.1.1) has a first integral H that is invariant with respect to S, then first integral H is invariant with
respect to S too.

Definition 2.4. (w- and a-limit points and sets) Consider the orbit A = {¢ (t,z0) : t € R} of
system (2.1.1) for some xy € R™.

22
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(1) A point p € R™ is an w-limit point of A if there exists a sequence {t;}72, C R such that tj, — oo
as k — oo and klim o (ti, xo) = p.
— 00

(1t) A point p € R™ is an a-limit point of A if there exists a sequence {t;}7>, C R such that tj, — —o0
as k — oo and klim ¢ (tg, xo) = p.
— 00

(iii) The set of all w-limit points of A is called w-limit set of A and is denoted by w (T).
(iv) The set of all a-limit points of A is called a-limit set of A and is denoted by o (T).

Definition 2.5. (homoclinic orbit) Let O be an equilibrium point of system (2.1.1) and suppose
I'={¢(t,xo) : t € R} for some xg € R™ is an orbit of this system. The orbit T is called "homoclonic
to O’ or simply ’homoclinic’ if tlim o (t,xg) = . lim ¢(t,z9) = O.

—00 ——00

We can think of the concept of homoclinic orbits in a more general context:

Definition 2.6. (homoclinic to a non-empty set) Let A be a non-empty closed subset of R™.
We say the orbit T' = {z (t) : t € R} of system (2.1.1) is ’homoclinic to A’ if it converges to the set A
as t — %oo.

Replacing the set A in the above definition by the union of a homoclinic orbit and its associated
equilibrium (or a homoclinic figure-eight with its associated equilibrium) gives an alternative definition
for super-homoclinic orbits which were introduced earlier.

2.2. Boundary value problems

Consider a C" (r > 1) system of differential equations

&= Ax + f (z,y)

(2.2.1) _ ,
y=DBy+g(z,y)

zreR" yeR™(n,m>1),

where f and g as well as their first derivatives vanish at the origin, and the eigenvalues of A and B
have negative and positive real parts, respectively. In this section, we address the following boundary
value problem:

for given 7 > 0, g € R" and y1 € R™, does there exist any solution
(x (t),y(t)) of system (2.2.1) such that

(2.2.2) z(0)=z0 and y(r)=w1"?

The following theorem gives an affirmative answer to this boundary value problem:

THEOREM 2.7 ( [SSTC98], Theorems 2.9 and 2.10). Let € > 0 be sufficiently small and assume
max{||zoll, [|y1]|} < €. Then, there exists a unique solution ¢ (t,7,x0,y1) to the above boundary value
problem. Moreover, this solution depends C"-smoothly on (zg,y1,t, 7).

Here, we only provide a sketch of the proof of this theorem and refer the reader to [SSTC98] for
further detail.

Sketch of proof. Observe that ¢ (¢, 7, x0,y1) = (x (t),y (t)) is a solution to the boundary value problem
if and only if it satisfies the following integral equations:

t
2(0) = Moyt [ A @ (s) oy () s
(2.2.3) 0

y(t) = e B0y, — / " B0 (2 (s), y (s)) ds.
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Consider the sequence {(z(™ (t),y™ (¢))}n>1 defined for ¢ € [0, 7], where

(2.2.4) <x(1) (t) ,y(l) (t)) = (eAtxo, e_B(T_t)y1>

and
t
S0 (1) = Mg [ ACIf (2 (5), 0 (5)) d,
0
y(n-i—l) (t) _ e—B(T—t)y1 _ / e_B(S_t)g (x(n) (3) 7y(n) (S)) ds.
t

It is shown in [SSTC98] that this sequence converges uniformly to some limit function (z* (¢),y* (¢)).
The main idea here is to show that

(2.2.5)

(2.2.6)
n n n n 1 n n— n n—
a2 (0) = 20 (1), 5" (0) — g™ ]| < 5 max [[o)(s) - 2D ()9 () — V().

where ||z, y|| denotes max{||z||, ||y||}, holds for any n > 2. By virtue of this relation, we have that the
series

(2.2.7) i (x(nJrl) (t) — 2™ (2), "D () — ™) (t))

n=1

is majorized by a geometric progression with the coefficient % This proves the uniform convergence
of the sequence (ac(") (t),y™ (t)).

By taking the limit n — oo in (2.2.5), it is seen that (z* (t),y* (¢)) is a solution of (2.2.3), i.e. a
solution of the boundary value problem. Moreover, since the convergence is uniform, the dependence
of (z* (t),y* (t)) on (zg,y1,7) is continuous. To prove the uniqueness of this solution, it is remarked
in [SSTCY8] that if (z** (¢),y** (¢)) is another solution of (2.2.3), then the same procedure which yields
(2.2.6) also gives

1
kok _ * kk _ * < - kk o * kk o * .
228) o 20 — (0,57 (0) O < 5 gmax 47 (5) — 27(5), 57 (9) — (5|
However, this immediately implies ** = z* and y** = y*, as desired.
To finish the proof, one needs to show that (z* (t),y* (t)) depends C"-smoothly on (xg,y1,t, 7).
Let yo = y* (0). The orbit (z*,y*) depends C"-smoothly on (xg,yo,t, 7). Therefore, we are done once
we show that yg depends C"-smoothly on (zg,y1,t, 7). Since y; = y* (t = 7) is a C"-smooth function

. . . % _ L . . .
of (zo,yo,t,7), it is sufficient to prove that Bys = Dwo ‘ ., 1s invertible.

Define X = % and Y = %. Then, (X (t),Y (t)) is the solution of the variational equations
Yo Yo

X = AX + fo (2" (0) .y () X + £, @" (0),y" () Y,

(2.2.9) .
Y = BY +g. (2" (1) ,y" (1)) X + gy (2" (1), 4" (1)) Y,

with the initial conditions X (0) = 0 and Y (0) = I,,. The invertibility of % =Y (7) is equivalent

to the existence of a matrix @ such that Y (7) Q = I,,,. Tt is easily seen that X = X@Q and Y = YQ
satisfy (2.2.9) with the boundary conditions

(2.2.10) X(0)=0, Y(r)=1In.

Thus, % =Y (7) is invertible if and only if this boundary value problem has a solution. However, as
it is remarked in [SSTC98], the same proof for the existence of the solution of boundary value problem
(2.2.2) also shows that boundary value problem (2.2.10) has a unique solution. This ends the sketch
of proof of Theorem 2.7. O
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2.3. Theory of invariant manifolds

In this section, we briefly discuss some materials from the theory of invariant manifolds that we
need throughout this thesis. Most of the statements in this section are either without any proof or
only a sketch of proof is provided, and instead we refer the reader to [KH95], [SSTC98] for further
details.

We start with definitions of different notions of the invariance of a set. Let A be a non-empty
subset of R". Then

Definition 2.8. (positively invariance) We say A is positively (or forward) invariant with respect
to the flow of system (2.1.1) if ¢ (¢, A) C A for all t > 0.

Definition 2.9. (negatively invariance) We say A is negatively (or backward) invariant with
respect to the flow of system (2.1.1) if ¢ (t,. A) C A for all t <0.

Definition 2.10. (invariance) We say A is invariant with respect to the flow of system (2.1.1) if
it is both positively and negatively invariant, i.e. ¢ (t, A) C A for all t € R.

Definition 2.11. (local invariance) We say A is locally invariant with respect to the flow of system
(2.1.1) if there exists an open neighborhood € of A such that for any xo € A the property ¢ (t,xo) € €
implies ¢ (t,xo) € A.

In this thesis, we are mainly interested in the case which the set A has the structure of a smooth
manifold.

A useful procedure that we use several times in this thesis to simplify our systems is straightening
an invariant manifold. Consider the system

(2.3.1) ”?: f@y).
v=9(x9),

where x € R™, y € R" and f(0,0) = ¢(0,0) = 0. Let ¢ : R™ — R" be a smooth mapping such that
¢ (0) =0 and ¢’ (0) = 0. Assume the manifold M = {(z,y) : y = ¢ (x)} is invariant with respect to
the flow of system (2.3.1).

Definition 2.12. (straightening an invariant manifold) By straightening the invariant manifold
M, we mean applying a change of coordinates of the form

(2.3.2)

2N

Making this change of coordinates reduces system (2.5.1) to
&= f(z,y+ep(),
Jj=g@y+e@)—¢ (@) f(@y+e@)),

and transforms the manifold M to the linear subspace {(x,y) : y = 0}. Straightening an invariant
manifold of the type {(x,y) : . = ¢ (y)}, where ¢ : R™ — R™ is a smooth mapping such that ¢ (0) = 0
and ¢’ (0) = 0, is defined analogously.

(2.3.3)

2.3.1. Condition of the invariance of a manifold
Consider system (2.3.1) and let ¢ : R™ — R" be a smooth mapping such that ¢ (0) = 0. Then

PROPOSITION 2.13. The manifold M = {(z,y) : y = ¢ (z)} is invariant with respect to the flow of
system (2.8.1) if and only if

(2.3.4) gz, 0 (@) =¢ (2) f(z,0()).
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Proof. Let M be invariant with respect to the flow of system (2.3.1). Consider a point (z,y) € M and
let (x(t),y (t)) be an orbit of system (2.3.1) such that (x (0),y (0)) = (z,y). Since M is invariant, we
have y (t) = ¢ (x (t)) for all ¢t. Differentiating this relation with respect to ¢, gives

dy (1) dx(t)

(2:3.5) 9(x(1),0 (e () = L7 = (x(0) - TL = k(1) (1), (x (1)

which holds for any ¢ € R. Thus, we can get (2.3.4) by evaluating (2.3.5) at ¢t = 0.

Regarding the other direction, suppose (2.3.4) holds and let V' be the vector field defined by the
right-hand side of (2.3.1). Consider (z,y) € M. The tangent space of M at (z,y) is the set of the
vectors (u,v) € R™ x R™ that satisfy

v—y=¢ (z) (u—1x).

By (2.3.4), the vector (x + f (z,y),y + g (z,y)) is tangent to M at the point (x,y). Therefore, we
can restrict the vector field V' to the manifold M. Denote this restricted vector field by V. The
vector field V/|aq generates a unique flow on M (see e.g. fundamental theorem on flows in [Leel3]).
Any integral curve of V| starting at a point p € M lies in M and due to the uniqueness property,
must coincide with the integral curve of V' which starts at p. This means that M is invariant with
respect to the flow generated by V, i.e. the flow of system (2.3.1). O

A similar statement holds for manifolds of the form x = 1 (y), i.e. the manifold N = {(x,y) : 2 =
Y (y)} is invariant with respect to the flow of system (2.3.1) if and only if

(2.3.6) fF@Ww,y)=4"w) 9@ ®),y).

Definition 2.14. (condition of the invariance of a manifold) We refer to relation (2.3.4)
(relation (2.3.6)) as the condition of the invariance of the manifold M (the manifold N') with respect
to the flow of system (2.3.1).

2.3.2. A family of invariant manifolds

In this section, we briefly discuss an important family of invariant manifolds and their relations
with symmetries. Consider the system

&= Az + f(z,y),

(2.3.7) .
y =By +g(z,y),

f,geC (r>1),

where f and g as well as their first derivatives vanish at the origin, and
(i) the system is defined globally on whole R” (z € R* and y € R**), and

(ii) there exists v € R such that, in the complex plane, all the eigenvalues of A lie at the left side of
the line Re(-) = 7 and all the eigenvalues of B lie at the right side of this line, and

(iii) all of the derivatives of f and g are bounded uniformly for all (z,y) € R™. In particular,

Haﬁy)
9 (z,y)

(2.3.8) H<§

for some sufficiently small constant £.

Definition 2.15. (globally dichotomic systems) Any system of form (2.3.7) that satisfies the
three conditions above is called globally dichotomic.
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The second condition of this definition simply states that there is a gap between the real parts of
the eigenvalues of the matrices A and B. More precisely, define

(2.3.9) a =max {Re(\) : A € spect(A)}
and
(2.3.10) B =min{Re(\) : X € spect(B)}.

Then o < v < .
Let ¢ (t,2,y) be the flow of system (2.3.7). Fix v € R and let W3 be the set of all points
(z0,10) € RF x R"* for which there exists a constant C' > 0 such that

H¢(t7 anZUO)H < Ce’yt, Vit > 0.

THEOREM 2.16. Let o < v < 3, and q be the largest integer such that qoe < B and q < r. The set
W3 is a C-smooth manifold. In particular, it is the graph of some C?-smooth map ¢ : RF — Rk,

ie. Wi ={(x,y) : y = p(x)}.

Remark 2.17. The map ¢ in the above theorem is independent of ~v. In other words, W3 = W3,
for any two arbitrary o < 1,72 < f.

Analogously, for any v € R, we define W' to be the set of all points (%o, yo) € R* x R™* for which
there exists a constant C' > 0 such that

H¢(t7 anZUO)H < Ce’yt, Vit < 0.

By applying Theorems 2.16 to the system which is derived from system (2.3.7) by a reversion of time,
we obtain

THEOREM 2.18. Let a < v < 3, and q be the largest integer such that o < qf and q < r. The set
W2 is a Cl-smooth manifold. In particular, it is the graph of some C?-smooth map 1 : R** — R¥,
i.e. Wi ={(z,y):2=1v(y)}. Moreover, W3\ =W, for any two arbitrary a < v1,72 < 5.

A restrictive feature of the globally dichotomic systems is that they are defined globally on whole
R™. However, most of the systems studied in the literature are defined locally on an open neighborhood
of R™ (usually near equilibria). The following lemma is a simple method for extending a local system
to the global version:

LEMMA 2.19. Consider the C"-system

&= Az + f(z,y),

(2.3.11) .
y =By +g(z,y),

where f and g are defined on a neighborhood U of the origin O such that f, g and gg’zg all vanish

at O. Then for some open ball B, (O) C U around the origin, there exist functions f and g such that
they coincide with f and g, respectively, on Bg (O) and the system

.f:AIE—i-f(.TJ,y),

(2.3.12) , .
Y= By+g(z,y),

1s globally dichotomic.
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Proof. Let x : [0,00] — [0,1] be a C*°-smooth bump function such that

<1
{1 for 2 < 3, and —3 <y <0.

x(2) = 0 for z > 1,

The existence of such a function is a well-known fact (see e.g. [Leel3]). Then, for a sufficiently small
P,

s (mx (H(pr)w " <||<x/,)y>u>> and §(z5) = g (mX (n(x;)y)n) i <u<x;)y>u>>

are the desired functions. O

By virtue of the preceding lemma, any locally defined system coincides with a globally dichotomic
system on a neighborhood of the equilibrium O. Therefore, restricting the invariant manifolds W3 and
W/ to that neighborhood gives invariant manifolds for the local system. The following two theorems
from [SSTCI8] give more information on these manifolds:

THEOREM 2.20. If a < 0, system (2.3.11) has a uniquely defined C"-smooth invariant manifold
which is tangent to {y = 0} at O and contains all the trajectories that tend to O ast — oo at a rate
faster than et for any o < v < 0. We call this manifold ’strong stable’ and denote it by W*S.

THEOREM 2.21. If a > 0, system (2.3.11) has a C-smooth invariant manifold (q is the largest
integer that qa < 8 and q < r) which is tangent to {y = 0} at O and contains the set Nt of
all trajectories which stay in a small neighborhood of O for all positive times. This manifold is not
necessarily unique, however, any two of them have the same tangent at each point of N*. Moreover,
when this manifold is written as {y = ¢ (x)}, all derivatives of ¢ (up to order q) are uniquely defined
at all points of NT. We call such a manifold ’extended stable’ and denote it by W5E.

Remark 2.22. Strong unstable invariant manifolds, denoted by W™, and extended unstable invari-
ant manifolds, denoted by W"F | are defined analogously.

Remark 2.23. The non-uniqueness of extended stable (and extended unstable) is a bi-product of the
extension process. Indeed, regardless of how we extend a local system to a global one, the strong stable
invariant manifold is the set of all orbits which converge to O faster than the rate e?' and hence is
unique by definition. Howewver, the extended stable manifold, i.e. the set of the orbits which diverge
from O (and possibly leave a small neighborhood of O) slower than the rate €'t, depends on how we
extend the local system outside a small neighborhood of O.

Let J be a linear symmetry of the locally defined system (2.3.11). Suppose W is an invariant
manifold of this system of one of the four types introduced above (strong stable, strong unstable,
extended stable or extended unstable). Thus, W is described by {y = ¢ (z)} (stable case) or {z =
¥ (y)} (unstable case) for some functions ¢ or 1. Then

PROPOSITION 2.24. The maps (z,y) — (z,¢ (x)) and (z,y) — (¥ (y) ,y) commute with J.

Proof. Suppose that system (2.3.11) is extended to a globally dichotomic system and W is extended to
an invariant manifold W of this system (the proof of the unstable case W is the same). Thus, W3 =
{(z,y) : y = ¢ (2)}, where ¢ is a smooth mapping that coincides with ¢ on a small neighborhood of
O. Tt follows from the proof of Lemma 2.19 (by choosing an appropriate norm) that the global system
has the symmetry J too. Let 2(t) = (x(t),y(t)) be an orbit which belongs to W3. Since Jz(t) is also
an orbit of the system, we have

(2.3.13) 17z < [I1l=@)] < [7][Ce, vt > 0.
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Due to the uniqueness of W7, this implies J z(t) € W3. Write J = (:2 ﬁ) . For any z, we have

J1 Jo T ([ Jiz+ JQQDT (z) s T i t
<J3 J4> <¢T (x)) = <J3ac + Jaet (2) EWS = Jsx+ Jup' (v) = ¢ (Jlrv + Jop (x)) .

Therefore, (z,y) — (z,¢' (z)) commutes with J and so does (z,y) — (z, ¢ (z)). O

COROLLARY 2.25. It follows from this proposition and Proposition 2.3 that J is a symmetry of
the system which derives from system (2.3.11) by straightening the invariant manifold YW. Moreover,
if system (2.3.11) has a first integral H which is invariant with respect to J, then straightening VW
transforms H to a first integral which is invariant with respect to J as well.

2.3.3. Cross-forms and a theorem on the existence of invariant manifolds

Definition 2.26. Let (X*, ||| x«) and (Y*,||[ly«) be two Banach spaces, and U be a subset of
X*xY*. Let

T:U—TU)
(z,y) = (T,9)

be a map. We say T can be written in cross-form if and only if

(2.3.14)

T="F(z,7),

holds for some functions F and G. The map defined by (2.3.15) (which maps (x,7) to (T,y)), is called
the cross-map of T' and denoted by T™.

(2.3.15)

In general, the composition of two maps which each of them can be written in cross-form cannot
necessarily be written in cross-form. Here we provide a specific setting in which the property of
'being written in cross-form’ can transfer to the composition map: let (B, ||-||) be a Banach space,
and X1, Xo, Y7 and Y5 be convex subsets of B. Consider the maps 77 : X1 x Y7 — X5 x Y5 and
Ty : X9 x Yo — X7 x Y7 and suppose that both of them can be written in cross-form in the following
way:

(2316) (E7 y) =T (l" y) if and Ol’lly if z= b1 (xvg) and Yy=aq (I‘,?) )
and
(2317) (:%7 :g) = T2 (57 y) if and Only if = D2 (Ea ﬁ) and Y=q2 (57 :g) ’

where p1 : X1 XY = Xo, g1 : X1 xYs = Y], po: Xo xY] = Xy and ¢o : X9 X Y] — Y5 are some

smooth functions. Let
mes{ | 323 f <

o221 1) =

LEMMA 2.27. ( [Turl}], Lemma 4) Define T :=Tho T : X1 x Y1 — X1 xY1. If K1 Ko < 1, then

8101

|2

|=

(2.3.18)

3192 8(12

e

for some constants K7 and Ks.
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(i) the map T' can be written in cross-form, i.e. there exist functions p and q such that

(2.3.19) (2,9) =T (z,y) if and onlyif Z=p(z,9) and y=q(z,9).

Moreover, the functions p and q are smooth and defined everywhere on X1 X Y7.

(ii) Equip X1 x Y1 with the norm ||(z,v)||, = max{vKi||z||, VEKz2|y||}. We have

d(p,q) KKy
2.3.20 ~ S .
( ) ‘ 8(35',?]) % 1— \/KlKQ

The next theorem provides a setting in which if a map 7" possesses a cross-map 7 which satisfies
certain properties, then it has an invariant manifold that contains w-limit points of every forward orbit
of the domain. This proposition becomes powerful when one is looking for the invariant manifolds
of a non-smooth map whose cross-map is smooth. This result was first obtained by Afraimovich and
Shilnikov in [AS77] for maps defined on an annulus (Cartesian product of a n-dimensional cube and a
m-dimensional torus T™). The following formulation of this result which holds for arbitrary Banach
spaces is stated in [SSTC98].

THEOREM 2.28. ( [SSTC98], Theorem 4.3) With the setting in Definition 2.26, let X and Y be
two convex closed subsets of X* and Y*, respectively, such that R = X xY C U, T* is defined on R
and T* (R) CR. Let F and G in (2.5.15) be C'-smooth and satisfy

o N5yl L 5] <
(z,9)eX XY Ox oy o] o Ox
and
oz ||, oy oz ’

where |l¢ (2,9, = supgexxy I (@, Y)|| for any vector-valued or matriz valued function ¢. Then

(i) the map T has a Ct-smooth invariant manifold M* = {(z,y) € R : x = h* (y)}, where h* : Y —
X s a Lipschitz function with the Lipschitz constant
> —1

oF || (]|0G
=l (5

(ii) for any x = (z,y) € R and any arbitrary € > 0, there exists an integer N* € N such that for any
n > NX if {T? (x)}{=8 C R, then dist (T™ (x), M*) < €. In particular, M* contains the w-limit
set of any point of R whose forward orbit lies entirely in R.

(111) if R is bounded, then the integer Nt given above can be chosen independent of x, i.e. for any
arbitrary € > 0, there exists an integer N € N such that for any n > N and any x € R if
{T" (x)}=08 C R, then dist (T" (x) , M*) < e.

(iv) let M be a L-surface (i.e. M is the graph of some L-Lipschitz function h : Y — X ). Then
T (M) |xxy is a L-surface as well. Moreover, the sequence {T" (M) |xxy} converges to M*.
Proof. See [SSTC98], Theorem 4.3 as well as Theorem 4.2 and its proof. O

PROPOSITION 2.29. With the setting of Theorem 2.28, if R is bounded, T~ exists and the backward
orbit of a point x € R lies entirely in R then x € M*.

Proof. The proof is by contradiction. Assume x ¢ M*. This implies dist (x, M*) > 0. Choose an
0 < e < dist (x, M*) and consider N, given by Theorem 2.28. We have dist (M*, TN (T*Nﬁ (x))) <e
and therefore dist (M*,x) < €, which is a contradiction. O



Chapter 3

Analysis near the equilibrium state O

3.1. Set-up and notations

Our approach for studying the dynamics near the homoclinic loop I' (and homoclinic figure-eight
I';UIN,) is based on the studying the behavior of the corresponding Poincaré map(s). As was mentioned
earlier, the Poincaré map T along the homoclinic loop I' can be written as the composition of a global
and a local map. This section is dedicated to the study of the behavior of the local map 7%¢. To do
this, we first need to choose appropriate coordinates near the equilibrium state O of system (1.2.3).
This is done in Section 3.2 below. We consider three different cases of A1 = Ao, A1 < A9 < 2A1 and
21 < X9 and introduce a specific normal form for each case. In Section 3.3, we employ the Shilnikov
technique for solving boundary value problems to compute the flow near the equilibrium O. This
allows us to find an approximation for the local map. Finally, in Section 3.4, we study the behavior
of this map and investigate some of its properties.

In comparison to the global map, the local map has more complicated behavior. Indeed, T9% is
a diffeomorphism and can be approximated by its Taylor polynomial while the local map T%° is a
singular map with a non-trivial domain.

Let us now give a more precise meaning to the above terminologies. Recall the cross-sections I1°
and II*. In all of the normal forms considered in Section 3.2, the local stable and local unstable as
well as the local strong stable and local strong unstable invariant manifolds of O are straightened.
Therefore, the homoclinic loop T' intersects II¥ and II* at M* = (0,6,0,0) and M* = (0,0,0,9),
respectively. As it is proved later (see Section 3.2.1), we can choose a (u1,v1) coordinate-system on
each of these cross-sections. Both M* and M" correspond to (0,0) in this coordinate-system.

Consider a point (u19,v10) on II® close to M?® (e.g. the green point in Figure 1.2) whose forward
orbit goes along the homoclinic loop I', after a certain time 7 it crosses II" at a point (u1,,v17) (€.g.
the blue point in Figure 1.2), and after a finite time it comes back to II® at a point (@19, 719) (e.g. the
red point in Figure 1.2). Obviously, 7 — oo as (u19,v19) — M?®. Let D C II® be the set of all such
points (u19,v10) that satisfy

(3.1.1) H(ulo,vlo)H < e and H(ulT,vlT)H < €y,

for some sufficiently small constants 0 < € < ¢, < ¢ (see Figure 3.1). It is trivial that M* ¢ D. When
D # (), we define the Poincaré map T : D — II* by

(u10,v10) = (W10, ?10) -

The local map T%¢ : D — II* is defined by
(3.1.2) (w10, v10) > (u1r, vig).

31
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The global map is defined on the €,-ball B, in II* centered at M, i.e. T9lo . B., — 1I°, and its
restriction to 7¢ (D) C B, is

(3.1.3) (urr,v1r) — (W0, V10) -

Obviously, T' = T9 o T'oc,

{ 1]” \
— N\ 7

I
A\ it

59 Mo

H; ]

Figure 3.1: These two figures are derived from Figure 1.2 by zooming in on a small neighborhood of O. The
e-ball around M? in II®* and the ¢,-ball around M" in II* are shown by green and red colors, respectively.
The domain D of the Poincaré map T is the set of the points (uj0,v10) in the green ball whose forward orbits
intersect II* at (u1,,v1,) in the red ball (see relation (3.1.1)).

Not every orbit starting from II® goes along I' and intersects the cross-section IT%. Trivial examples
are the orbits that start at W (O) N1II°. Other examples are the orbits that go along the other
branch of W* (O) (negative side of vy-axis). Consider a cross-section ¥ = {vy = =6} N {H = 0}
to the negative branch of W* (O). It will be shown that (u1,v1)-coordinates can be chosen on this
cross-section. Then

Definition 3.1. We denote by D the set of the points (u1g,v19) on II° close to M*® whose forward
orbits go along the negative branch of W} _(O), and after a certain time 7 they cross ¥ at (uir,vir)
such that (3.1.1) holds (see Figure 3.2).

For the case of homoclinic figure-eight, we define the domains D and I for each loop. Namely,

Notation 3.2. Fori = 1,2, we denote by D' and D' the corresponding domains D C IT{ and D C 1I
of the loop T';, respectively.

An orbit staring from D C II§ (D? C II3) goes along I'y (I'z) and intersects I1% (IT%), while an
orbit which starts from D! C II5 (D? C II§) goes along the negative (positive) side of vy-axis and
intersects IIY (IIY).

We introduced the Poincaré, local and global maps along a single homoclinic loop above. For the
case of homoclinic figure eight, we also define these maps for each loop:

Notation 3.3. We denote by T;, Tiloc and Tiglo the Poincaré, local and global maps alongT; (i =1,2),
respectively (see Figure 3.3).

In order to analyze the dynamics near a homoclinic figure-eight, we need to consider two extra
local maps:

Definition 3.4. We define the map Ti3¢ : D' € II§ — TIY (T¥¢¢ : D? C 1§ — T1%) by (u10,v10) —
(u17,v17) where (u1g,v10) € Dt (€ D?) and (u1r,vi,) € Y (€ ) (see Figure 3.3).



3.2. CHOICE OF COORDINATES NEAR THE EQUILIBRIUM STATE O 33

)

Figure 3.2: We defined the domain D of the Poincaré map as the set of the points on IT* close to M* that
go along the homoclinic loop I' and intersect II* = {vo = 6} N {H = 0} at points close to M*. For instance,
the blue point on II* belongs to D. Similarly, we define D as the set of the points on II® close to M® that go
along I" until they get close to O and then go along the negative side of vs-axis and intersect the cross-section
Y = {vy = =6} N {H = 0} at points close to the point of the intersection of ¥ and wvy-axis. For example, the
pink point on IT* belongs to D.

3.2. Choice of coordinates near the equilibrium state O

This section is dedicated to finding suitable coordinate systems near the equilibrium state O. As
it was mentioned above, we consider three different cases of A\ = Ao, A1 < Ao < 2A1 and 2\ < A9,
and for each case we bring system (1.2.3) into a particular normal form. The proofs of the results
stated below are postponed to Section 3.2.2. We start with the following:

LEMMA 3.5. Consider system (1.2.83) and first integral (1.2.4). There exists a C*-smooth change
of coordinates which brings system (1.2.3) to the form

ty = —Aru1 + fri(ur, ug, v1,v2)ur + fia(ug, ug, vi, ve)us,
Uy = —Aouz + far(

U1 = +A101 + 911
U2 = +Aov2 + g21

(3.2.1) 1, g, v1,v2)ur + fao(ur, uz, v1, va2)ug,

)

)
(u1,ug,v1,v2)v1 + gr2(u1, ug, v1, va)va,
(’LL1, U2, v1, 'U2)U1 + 922(U1, uz, v, U2)“27
where the functions fi;, gi; are C>°-smooth and vanish at the origin, i.e.
and transforms first integral (1.2.4) to
(3.2.3) H = Alulvl - )\QUQUQ.

Moreover, system (3.2.1) remains invariant with respect to symmetry (1.2.5). In particular, we have

(3.2.4) f12(0,u2,0,v2) =0,  ¢12(0, ug,0,v2) = 0.
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Figure 3.3: The blue, brown, green, yellow, red and pink curves correspond to the maps Tlglo, Tise, nglo, Tioe,
T}e¢ and Ti°¢, respectively. The Poincaré maps 77 (along the homoclinic orbit I'y) and Ty (along the homoclinic
orbit T'y) are defined by Ty = T8 o TI°¢ and Ty = TE" o T°¢, respectively.

The statement of Lemma 3.5 holds for arbitrary A; and Ay. However, we will particularly use this
for analyzing the case A\ = o.

LEMMA 3.6. Consider system (1.2.3) and first integral (1.2.4), and assume Ay < Ao. There exists
a C*°-smooth change of coordinates which brings system (1.2.3) to the form

U = —Mur + fi1 (ur,v) wr + fie (u1, u2,v) ug,
g = —Aoug + for (u1,v) ur + faz (u1,u2,v) ug,

(3.2.5) _
U1 =+ o1 + 911

,01) v1 + g12 (u, v1,v2) V2,

U2 = +A2v2 + g21 (u, v1) v1 + g2 (u, v1,v2) V2,

(u
(u
where the functions fi;, gij are C°°-smooth and satisfy the identities
f11(0,0) =0, fi1(w1,0) =0, fi2(u,0) =0,
f21(0,0) =0, f22(0,v) =0,

g11(w,0) =0, ¢11(0,v1) =0, g12(0,v) =0,
g21 (U, 0) = 07 g22 (U, O) =0.

This change of coordinates transforms first integral (1.2.4) to

(3.2.6)

(327) H = \uin [1 + Hq (’LL, U)] — AUa 2 [1 + Hy (u, ’U)] R

where Hy and Hy are C*°-smooth functions such that Hy (O) = Hs (O) = 0. Moreover, normal form

(3.2.5) and first integral (3.2.7) remain invariant with respect to symmetry (1.2.5). In particular,
(8.2.4) holds.

The statement of Lemma 3.6 holds for arbitrary Ay < Ao. However, we will particularly use this
to analyze the local dynamics near O in the case of A\ < Ay < 2)1.

Remark 3.7. For simplicity, we can write (3.2.7) as

(3.2.8) H = \ujv; [1 + o0 (1)] — AuUgv2 [1 + o0 (1)] .
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The normal form that we will use later to analyze the case 2A\; < Ay is given by the following
lemma:

LEMMA 3.8. Consider system (1.2.3) and first integral (1.2.4) and assume 2\ < Aa. Let q be
the largest integer such that g1 < Ag. There exists a CY-smooth change of coordinates which brings
system (1.2.3) to the form

U = —Mur + ful

Uy = —Aau2 + fa2

(ur,v)ur + fiz2 (w1, u2, v) ug,
U1, Uz, V) Us,

(3.2.9) (w1, 2, v) w2
u,v1) v1 + gi2 (u, v1,v2) V2,

u, vy, ”UQ) V2,

01 = +A1v1 + g11 (
Vg = +A2v2 + g2 (
where f;; and g;; are C9~1-smooth and satisfy identities (3.2.6). This change of coordinates transforms
first integral (1.2.4) to

(3.2.10) H = Mugvr [1+ Hy (u,v)] — Aaugva [1 4+ Ha (u,v)] + ugvi Hz (u,v) + veuiHy (u,v),

where H is C9-smooth, and Hy, Ho, Hy and Hy are some CI~%, C1, C9=2 and C9=2 functions, respec-
tively, such that Hi(O) = H2(O) = 0. Moreover, system (3.2.9) and first integral (3.2.10) remain
invariant with respect to symmetry (1.2.5). In particular, fio and gi12 satisfy (3.2.4).

Remark 3.9. For simplicity, we can write (3.2.10) as
H = Mujv; [1 +o0 (1)] — AgUgU2 [1 +o0 (1)] + UQU%O (1) + 'UQ’LL%O (1) .

A common structure of all of normal forms (3.2.1), (3.2.5) and (3.2.9) is that the local stable and
unstable as well as the local strong stable and strong unstable invariant manifolds of the equilibrium
O are straightened, ie. WP = {v = 0}, W, = {u = 0}, W = {u1 = vi = v, = 0} and

Wit = {uy; = up = vy = 0}. For the particular case of normal form (3.2.9), the local extended

stable and extended unstable invariant manifolds of O are straightened too, i.e. Wi£ = {vy = 0} and
WUE == {U2 = 0}

loc

3.2.1. Choice of coordinates on the cross-sections

Our goal here is to show that in any of the cases A1 = A9, Ao < 21 and 2A\; < Ay, we can always
choose (u1,v1)- coordinate system on each of the cross-sections II°, IT%, II3, II%, II§ and II§. This is
done by showing that on each of these cross-sections, the variables ugs and vy are uniquely determined
by (ul, ’Ul).

As a direct consequence of Lemma 3.5, we have

COROLLARY 3.10. Consider system (3.2.1) and let (u19,9,v10,v20) and (uir,usr,v1,0) be two
points on II° and I1%, respectively. According to Lemma 3.5, the variable vy is uniquely determined
by uig and vig. Analogously, the variable us, is uniquely determined by uir and vi,.. More precisely,

A A
(3.2.11) Voo = Elé “u10v10  ond Uy = )\715 S ULV

2

With Lemma 3.6, we can prove the following proposition:

PROPOSITION 3.11. Consider first integral (3.2.7). We have

(3.2.12) H,, (0,6,0,0) #0 and H,, (0,0,0,8) 0.
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(w1, v1)

Figure 3.4: We can always choose (u1, v1)-coordinate system on each of the cross-sections I1°, TI*, II5, TI¥, I3,
IT¥ and 3. This figure shows (u1, v1)-coordinate system on IT§, II%, II§ and I1%.

Proof. Differentiating (3.2.7) with respect to vy gives

Hy, = Mugvi Huy, (6, 0) — Xus [1 4+ Ha (u,v)] — AugvaHa,, (u,v).
Note that Hy,, (u,v) = O(1), Ha(u,v) = o(1) and Ha,, (u,v) = O(1). Thus,
(3.2.13) H,, = u1v10 (1) — Xug [1 +0(1)].

Evaluating this relation at (0,6,0,0) gives H,, (0,9,0,0) = —X20[1 +0(1)] # 0. Similarly, one can
easily show that

(3.2.14) Hyy = w1010 (1) = A2 [+ 0 (1)]

which implies H,, (0,0,0,5) = —X20 [1 + o (1)] # 0. This ends the proof. O

Remark 3.12. Together with the implicit function theorem, this proposition implies that when system
(3.2.5) is given, locally, the variables vy on II° and ug on II* can be written as functions of (uy,v1).

With Lemma 3.8, we can prove the following proposition:
PROPOSITION 3.13. Consider first integral (3.2.10). We have
(3.2.15) H,,(0,0,6,0)£0 and Hy, (0,0,0,5) # 0.

Proof. Denote first integral (3.2.7) by H® and let z := vo+¢3F (u1,ug,v1) and y := ug + ¥ (uy,v1, ).
We have H = H® (uy,y,v1,x). Differentiating this relation with respect to vy gives

O

) ¢uE
Ho, = Ous '

Ovoy

OH°
Ovy

(u17y7v1 7x) (U1 ’vlvx) (ulvyvvlrx)
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By (3.2.13), (3.2.14) and Corollary 3.18 (this corollary is stated later), at us = d, we have

OH®°
=u1010 (1) + O (v) — Aava2 [L + 0 (1)],
aUQ (u1,y,v1,2)
8¢UE
90 =0 (u1),
2 I(up,v1,z)
OH®°
31}2 ( : :ulle (1) + 0 (u%) - )\2(5 [1 + 0(1)] .
u1,Y,v1,T

Thus,
Hyy = w1010 (1) + O (u1v2) + O (uf) — A6 [L+0(1)] = —Ae6 [L + O (9)],

and therefore H,, (0,0,5,0) = —X20 [1 + O (0)] # 0. The proof of the other relation in (3.2.15) is the
same. This ends the proof. O

Remark 3.14. Together with the implicit function theorem, this proposition implies that when system
(8.2.5) is given, locally, the variables vo on II° and uy on 1" can be written as C1-smooth functions

of (uy,v1).

In all the cases A1 = A2, A1 < Ao < 21 and 2)\; < A9, the same statements hold for the cross-
sections over I'; and I's (as well as the auxiliary cross-section ¥ introduced in Chapter 3). This leads
to the following:

COROLLARY 3.15. We can always choose (u1,v1)-coordinate system on each of the cross-sections
I, 11+, 115, 1I%, 115 and II5.

3.2.2. Proofs of Lemmas 3.5, 3.6 and 3.8

Proof of Lemma 8.5. To reduce system (1.2.3) to the form (3.2.1), we straighten the local stable and
local unstable invariant manifolds of the equilibrium state O, i.e. we apply a change of coordinates

a1 = uy — p1s(v1,v2), Up = ug — pas(v1,v2),

(3.2.16) ~ ~
01 = v1 — Y1y (U1, u2), Uy = v — Yoy (ur, uz),

where {u; = p15(v1,v2), us = pas(vy,v2)} and {v; = Y1y (u1, u2),ve = oy (u1,u2)} are the equations
of the local stable and the local unstable invariant manifolds of O, respectively. Thus, after applying
(3.2.16), the equations of the local stable and the local unstable manifolds of O become {v; = v = 0}
and {u; = ug = 0}, respectively. This implies that system (1.2.3) can be written in the form (3.2.1)
such that (3.2.2) is satisfied. Notice that change of coordinates (3.2.16) does not affect the quadratic
part of (1.2.4). Therefore, the updated first integral H keeps the form (1.2.4).

Since H vanishes at every point of the local unstable invariant manifold {u; = us = 0}, it can be
written as

(3.2.17) H (ul, U9, V1, ’Ug) = \ju [Ul + Hy (ul, U9, V1, UQ)] — Aoty [’U2 + Ho (ul,’LLQ,’Ul,’UQ)] ,

for some C*®-smooth H;, Hy : R* — R such that H; and Hy and their first derivatives vanish at O.
On the other hand, H vanishes at every point of the local stable invariant manifold {v; = vy = 0}.
This implies

(3.2.18) 0= H (u1,u2,0,0) = \uy Hy (u1,u2,0,0) — AugHa (ug,u9,0,0).

This yields
H (uq,u2,v1,v2) =A1uy [vr + Hy (ug,u2,v1,v2) — Hy (ug,u2,0,0)]

— Aaug [v2 + Ha (uq, ug,v1,v2) — Ha (u1,u2,0,0)].
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This suggests that, without loss of generality, we can assume that H; and Hy vanish at {v; = vy = 0}.
Now, consider the change of coordinates
Uy = uy, Ug = ug,

(3.2.19) ) )
01 = v1 + Hy (w1, uz,v1,v2), U9 = v2 + Ha (u1, ua, vi,v2) .

Since Hj (u1,u2,0,0) = Hj (uy,u2,0,0) = 0, applying this change of coordinates on system (3.2.1)
keeps the local stable and local unstable invariant manifolds straightened and therefore keeps the
form (3.2.1) of the system such that (3.2.2) still holds. However, this change of coordinates reduces
the first integral H to the form (3.2.3).

It is a direct consequence of Corollary 2.25 that change of coordinates (3.2.16) preserves the
symmetric structure of the system and the first integral. Concerning the change of coordinates (3.2.19),
note that since H in (3.2.17) satisfies (1.2.6), we have

Hy (—uy,u2, —v1,v2) = —Hy (ug,ug,v1,v2) and  Ha(—ui,uz, —v1,v2) = Ha (u1, uz, vy, vz2).

This implies that the change of coordinates (3.2.19) commutes with symmetry (1.2.5). Therefore,
by Proposition 2.3, this change of coordinates preserves the invariance of the system with respect to
symmetry (1.2.5). This ends the proof of Lemma 3.5. O

Our proof of Lemma 3.6 is based on a theorem in [SSTC98] (Theorem A.1). A special case of this
theorem that we need for the proof of that lemma is stated below:

LEMMA 3.16. ( [SSTCY98], Theorem A.1) Consider system (3.2.1) and assume A\; < Aa2. There
exists a C*°-smooth change of coordinates which brings system (3.2.1) to the form

U = —Aur + fra(ur, ug, v1,v2)ur + fia(ur, ug, vi, v2)us,
Uo = —Aaug + for(u1, uz, v1,v2)ur + foa(ur, ug, vi,v2)us,

(3.2.20)

)
)

01 = +Av1 + g11(u1, u2, v1, v2)v1 + gra(ur, ug, vi,v2)va,
)

Vg = +Av2 + go1(u1, ug, v1,v2)v1 + gaz(u1, uz, v1, va)va,
where the functions f;;, gi; are C°°-smooth and

fi5(0,0,0,0) =0, ¢4 (0,0,0,0) =0,
(3221) fli (Ul,’l,LQ,0,0) = 07 g1 (0,071)171)2) = 07
[i1(0,0,v1,v2) =0, g1 (u1,u2,0,0) =0, (i,j = 1,2).
As a matter of comparison between this lemma and Lemma 3.6, the functions f;; and g;1 (i = 1,2)

in (3.2.5) do not depend on us and vy, respectively, and (3.2.6) includes all conditions (3.2.21) as well
as two extra constraints

(3.2.22) f22(0,v) =0,
and
(3.2.23) 922(u,0) = 0.

To obtain the statement of Lemma 3.16 from Theorem A.1 in [SSTC98], it is sufficient to ignore
the dependence of the system in that theorem on the parameter p and put m; = mg =n; =ng =1,
T=uUp, U=1Uus, Yy =v1, v =1, A1 = —A1, As = —Xg, By = A1 and By = \o. Here, we sketch a proof
of this lemma (mainly those parts of the proof that we need later in this thesis) and refer the reader
for further details to Appendix A in [SSTC9S].
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Sketch of proof of Lemma 3.16. We can recast system (3.2.1) into the form

U1 = —Aru1 + Ry (w1, u2) + @1 (v1,v2) ur + @2 (v1,v2) ug + . ..

(3.2.24)

01 = +A1v1 + Py (v1,v2) 4 91 (u1, uz) v1 + 2 (ur, uz) v2

Vg = +A2v2 + P (v1,v2) + 3 (ur, u2) v1 + ¥4 (ur, ug) va + . ..

where

(3.2.25)

and

(3.2.26)

)

Up = —Agug + Ro (u1,u2) + @3 (vi,v2) ur + @4 (v1,v2) ug + ...
)
)

R; = fi1(u1,u2,0,0)u; + fiz(u1,u2,0,0)us,
P; = ¢i1(0,0,v1,v2)v1 +gi2(0 0, v1,v2)v2,
01 = f11(0,0, v1,v2), = f12(0,0,v1, v2

)

( )
w3 = f21(0,0,v1,v2), @4—f22(0 0, v1,v2),
1 = g11(u1,u2,0,0), P2 = g12(u1,u2,0,0),
3 = go1(u1,u2,0,0), Yy = ga2(u1,u2,0,0),

Ri(u1,u2) = Ry (u1,u2)ur + Rio(ur, uz)us,
Py(v1,v2) = P, (Ul, v2)v1 + Pia(v1, v2)v2,
R;;(0,0) = P;;(0,0) =0,
©;(0,0) = ¥;(0,0) =0,

39

and the dots stand for some terms which we will hereafter call negligible: in the first two equations

these are the terms of the form f(ul, ug, v1, v2)u and f(ul, u2,v1,v2)ug such that

(3.2.27)

f~(07077)177)2)50) f~(u17u27070)507

and in the last two equations these are the terms of the form g(ui,ug,vi,v2)v1 and §(u1, ug, v1, v2)ve

such that

(3.2.28)

3(0,0,v1,v2) =0, g(ui,u2,0,0) = 0.

The proof of this lemma is reduced to eliminating the underlined terms in (3.2.24). To kill these
terms we will carry out a series of consecutive changes of variables

(3.2.29)

where h;(0,0) = 0;
(3.2.30)

where s;(0,0) = 0;
(3.2.31)

where 7;(0,0) = 0; and

(3.2.32)

&1 = w1 + hi(vr, v2)uq, & = ug + ha(v1, v2)u,
N1 = V1, N2 = V2,

&1 =u, &2 = ug,

m = v1 + s1(u1, ug)vi, N2 = va + s2(u1, uz)vi,
& = w1 + 71 (ur, ug)ur + ro(ur, ug)ug, &2 = ug,
n = v, N2 = V2,
61 = u, 52 = Uz,

m = v1 + p1(v1, v2)v1 + pa(v1,v2)v2, N2 = V2,
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where p;(0,0) = 0.

The change of variables (3.2.29) removes terms ¢ and ¢3 in system (3.2.24). By a change of
variables (3.2.30) we eliminate the terms v and 3. By a change of variables (3.2.31) we eliminate
the terms R;. Finally, by a change of variables (3.2.32) we eliminate the terms P, thereby reducing
the original system to the desired form.

Consider the system

Ui = —¢1 + 02Uz — p1U1 + p2UrUs,

Uy = (A1 — X2) Uz — 3+ (pa — 1) Uz + p2U3,
01 = A\vr + Py,

U9 = AUz + Pa,

(3.2.33)

where (Uy,Us,v1,v2) € R%  This system possesses a two dimensional strongly unstable invariant
manifold defined by the equation {U; = hy (v1,v2),Us = ha (v1,v2)} for some functions hy and ha.
As it is shown in [SSTC98], these h; and hg can be chosen as the desired hy and hy in change of
coordinates (3.2.29). After making this change of coordinates, our system takes the form (3.2.24),
where ¢; = 0 and ¢z = 0.

To show that s; and s2 in (3.2.30) exists, consider the system

1 = —Aug + Ry,

U = —Aug + Ro,

Vi = =1 + oVo — Vi + Vi 1k,

Vo= (X2 — A1) Vo — g + (a — 1) Vo + 02V,

(3.2.34)

where (u1,ug, V1, Va) € R*. This system possesses a two dimensional strongly stable invariant manifold
defined by the equation {Vi = s1 (u1,u2),Va = s2 (u1,u2)}. As it is shown in [SSTC98], the functions
s1 and sg in this equation can be chosen as the desired s; and sg in change of coordinates (3.2.30).
After making changes of coordinates (3.2.29) and (3.2.30), system (3.2.1) takes the form (3.2.24),
where o1 =0, p3 =0, ¥y =0 and 3 = 0.
Now, consider the system

U1 = —\ug + Ry (ug,u9),

g = —Xoug + Ry (u1,uz) ,

Vi =—(1+ Vi) Ri1 — VaRa,

Vo = (A2 — A1) Va — (1+ Vi) Rig — RaoVa,

(3.2.35)

where (uq,us, Vi, V) € R%. This system possesses a two dimensional strongly stable invariant manifold
defined by the equation {V; = rq (u1, u2), Vo = ra (u1,uz)} for some functions ry and 9. As it is shown
in [SSTCYS], these r; and rg can be chosen as the desired 71 and 75 in change of coordinates (3.2.31).

So far, changes of coordinates (3.2.29), (3.2.30) and (3.2.31) have reduced system (3.2.1) to the
form (3.2.24), where 1 =0, ¢3 =0, 1 =0, 13 =0 and R; = 0. Now, consider the system

Ui =—(1+U1) Py — Puls,

Us = (M = X2) Up — (1L + U1) Pra — Ppyls,
01 = Auy + Pr (v1,02),

Uy = Aug + Py (v1,v2)

(3.2.36)

where (Uy,Us,v1,v2) € R*  This system possesses a two dimensional strongly unstable invariant
manifold defined by the equation {U; = p;1 (vi,v2),Us = pa2 (v1,v2)} for some functions p; and ps.
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As it is shown in [SSTC98], these p; and p, can be chosen as the desired p; and ps in change of
coordinates (3.2.32).

Applying changes of coordinates (3.2.29), (3.2.30), (3.2.31) and (3.2.30) reduces system (3.2.1) to
the form (3.2.24), where ¢1 =0, p3 =0, ¢ =0, 3 =0, Ry =0 and P; = 0. This ends the sketch of
proof of Lemma 3.16. 0

As it was mentioned above, the desired change of coordinates in Lemma 3.16 is in fact a composition
of several changes of coordinates, each describing some invariant manifolds. We do not explain it in
detail and refer the reader to [SSTC98| for further information. However, the technique which is used
in [SSTCY8] to derive these changes of coordinates is also used here explicitly in the proof of Lemma
3.6 (specifically, changes of coordinates (3.2.39) and (3.2.40)).

Proof of Lemma 3.6. According to Lemmas 3.5 and 3.16, there exists a change of coordinates which
brings system (1.2.3) to system (3.2.20) where the functions f;;, g;; are C*°-smooth and satisfy (3.2.21).
We show that there exists a change of coordinates which brings system (3.2.20) into the form (3.2.5),
where fi;, gij are C*°-smooth and satisfy (3.2.6).

Consider system (3.2.20) and let

i (u1,v) = fir(ur,0,v1, v2),

P (01 g, v) = [ fir (w1, uz,v1,v2) — fir(ur,0,v1,v2)]
(1

ur + fiz(ur, ug, v1, v2),

new

9i1 (U,’Ul) = gil(ul)u2)vl70)v
[ gi1 (w1, ug, v1,v2) — gi1(ur, ug, v1,0) ]
(%)

gzI‘IQeW(u7 U1, UQ) -

v1 + gia(u1, ug, v1, v2),

for i = 1,2. It is easily seen that {f™} and {g;"} satisfy (3.2.21). Thus, by rewriting system

(3.2.20) with {f;*"} and {g;7"}, this system takes the form (3.2.5) such that (3.2.21) holds.

ij
From now on, we assume that system (3.2.5) is given such that f;; and g;; satisfy (3.2.21). Recast

this system in the form

U = —Mur + fi
Uy = —Aou2 + for

ur,v)ur + fra(ur, ug, v)ug,
u1,v)uy + Ji(u, v)ug + Ja(v)us,

(
(

(3.2.37) ‘ Jo(v)uz
01 = +Av1 + g11(u, v1)v1 + g12(u, v1,v2)va,
Vg = +Aov2 + gzl(u, vy)v1 + J3(u, v)ve + J4(U)Ug,
where
(3.2.38) Ji(u,v) = fa2(u,v) — f22(0,0),  J2(v) = f22(0,0),

J3(u,v) = gaa(u,v) — gaa(u, 0), Jy(u) = goo(u, 0).

In order to obtain conditions (3.2.22) and (3.2.23), we need to find a change of coordinates which
eliminates the underlined terms in (3.2.37). We claim that this is possible by applying two consecutive
C*°-smooth changes of coordinates of the form

(3.2.39) Uy = uy, iy = ug + q1(v1, v2)us,
2. U] = U1, U9 = s,

and

(3.2.40) g = w1, Uz = ua,

U1 = vy, Ug = v + q2(uy, uz)va,
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where ¢; and g2 are some functions such that ¢; (0) = g2 (0) = 0. We show that the underlined terms
Jo(v)ug and Jy(u)ve can be eliminated by applying a change of coordinates of forms (3.2.39) and
(3.2.40), respectively.

Applying the change of coordinates (3.2.39) brings system (3.2.37) to the form

fi2 (m;%ﬁ)
1+ qi(v)

U1 = —Aug + [fi1(ur,v)]ug + U,

Uy = —Agug + [(1 +q1(v)) fa1 (u1,v) } u1 + Q1 (u, v)ug + Q2(v)us

(3.2.41)
. (75) (b))
U1 = A\v1 + [gn <u1, Ml(v)wl)] V1 + [912 <U1, l—Hzl(zj)’vl’UQ>] V2,
. i\ i U2 + U2
Vo = v U, ——m/mm—, U v U, —mm—, UV | U v
2 202 g21 1’1+q1(v)’ 1 1 g22 1’1—|—q1(v)7 2 | v2,
where
us 1y, (V) < uy >
u,v) =J1 (u, ————,v | + ————— - U, ————, V1 |V
Q1(u,v) 1( o g > T+ q(0) [gn T ) )Y
U2 1y, (v) ] U2
+ 912 <U1,1+q1(v)7v> U2 +71—|—q1(’u) [921 <u1,1+q1(v),vl> V1
U2
+ g22 <u1, 1—|mq1(v)’v> v2 — g21 (0,v1) v1 — g22 (0,v) v2 |,
and
A v)vy + v)(Aove + 0,v1)v1 + 0,v)v
(3.2.42) Qo(v) = Jo(v) + 115, (V)01 4 14, (V) (A2v2 + g21(0, v1)v1 + g22(0, ) 2).

1+ q(v)

It is easy to see that ()1 vanishes at v = 0 and also the updated f;; and g;; in system (3.2.41) satisfy
all the conditions (3.2.6) except for (3.2.22) and (3.2.23). In order to get (3.2.22), it is sufficient to
find ¢;(v) such that Q2(v) =0, i.e. g1(v) satisfies the relation

(3.2.43) — (14 q1(v)) J2(v) = qr, (V) - [M01] + q14, (v) - [A2v + g21(0, v1)v1 + g22(0, v)v2].
Consider the C*°-smooth system

U=—(1+U)Jy(v),
(3.2.44) U1 = A,
U2 = Aavz + 921 (0, v1)v1 + g22(0, v) v,

where (U, v1,v2) € R3. The linear part of this system at the origin is

0 Z2(0) %2(0)
0 A1 0 ,
0 0 Ao

with the spectrum {0, A1, A2}. Therefore, this system has a C*>°-smooth 2-dimensional local unstable
invariant manifold defined by the equation {U = ¢1 (vi,v2)} for some function q;. Moreover, this
function satisfies (3.2.43) because this relation is nothing but the condition of the invariance of the
local unstable invariant manifold with respect to the flow of system (3.2.44) (see Definition 2.14).
Thereby, as we required, a C*°-smooth function ¢;(vi,v2) that fulfills (3.2.43) exists.
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Now, consider system (3.2.37) such that J» = 0. Applying change of coordinates (3.2.40) reduces
this system to

_ v T
i = =AM+ [fn (ul’vl’ 1+ g0 (u))] e [fu <u’v1’ 1+ g2 (U)>] o

U9 = —Aoug + [f21 <U1,Ula >] vt [Jl <u,v1, ﬂ "
. T 1+ g2 (u)

| v

01 = +A1v1 + [g11(w, v1)] v + [912 (u,vl, 14‘52(“))] >

Uy = + v + [(1 + g2 (u)) g21(u, 01)]?)1 + Q3(u, v)va + Qa(u)ve,

where,
Qs (u,v) =J3 <u,v1, 2 > + P W fi1 (m,vl, UQ) uy
14 qo (u) 1+QQ(U) 1+ ¢q (u)
+ f12 (u17u2,’01, o (u)> uz| + 5 W) [fm u1, v, 7 oW uy
(o)
J s Uy 27777 - 70 B ’0 ’
+J; (u 0 1+Q2(u)>w Ja1 (u1,0) ur — faz (u )U2]
and
Y -\ 0 J 0
(3.2.46) Q4 (u) = Jy (u) + 12w () w1 + G2y, () (=Doua + for (w1, 0) wr + Iy (u,0) up)

1+ g2 (u)

It is easy to see that ()3 vanishes at v = 0 and also the updated f;; and g;; in system (3.2.45) satisfy
all the conditions in (3.2.6) except identity (3.2.23). In order to get (3.2.23), it is sufficient to find
g2(u) such that Q4(v) =0, i.e. g2(u) satisfies the relation

(3.247) = (1+q2(u)) Ja(u) = 24, (u) - [~ A1wa] + G2y, (u) - [=A2uz + fo1 (u1,0) ur + Ji (u, 0) ug] .
Consider the C*-smooth system

U = —Atui,
(3.2.48) Uy = —Aouz + fo1 (u1,0) ur + Ji (u, 0) ug,
V=—(1+V)Jy(u),

where (u1,uz2,V) € R3. The linear part of this system at the origin is

-1 0 0
0 X 0 |,
S20) 92(0) 0

with the spectrum {—M\a, —A1,0}. Therefore, this system has a C*°-smooth two dimensional local
stable invariant manifold defined by the equation {V = g2 (u1,u2)} for some function g2. Moreover,
this function satisfies (3.2.47) because this relation is nothing but the condition of the invariance of
the local stable invariant manifold with respect to the flow of system (3.2.48) (see Definition 2.14).
Thereby, as we required, a C*°-smooth function go(u1,u2) that fulfills (3.2.47) exists.

So far, we have shown that applying the series of consecutive changes of coordinates (3.2.29),
(3.2.30), (3.2.31), (3.2.32), (3.2.39) and (3.2.40) reduces system (3.2.1) to system (3.2.5) such that
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(3.2.6) holds. Let us now prove that each of theses changes of coordinates commutes with symmetry
(1.2.5). According to Proposition 2.3, this implies that system (3.2.5) and the corresponding first
integral H are invariant with respect to this symmetry.

The invariance of system (3.2.1) with respect to symmetry (1.2.5) implies

fi1 (ur,uz,v1,v2) = f11 (—u1, ug, —v1,v2),

(
fi2 (u1, ug, v1,v2) = — fi2 (—u1, u2, —v1,v2)
fa1 (u1, ug,v1,v2) = — fo1 (—u1,u2, —v1,v2),
f22 (u1,ug, v1,v2) = fa2 (—u1,uz, —v1,v2),

and similarly

g1l (ulau%UlaU?) ( u17u27_’017’02)7

912(U ug,v1,v 2) —912( U17u2,—?11,v2),

g21 (U1, ug, v1,v2) = —go1 (—u1, u2, —v1,v2),
( )

g22 (U1, u2, v1,v2) = go2 (—u1, uz, —v1,v2) .
Therefore, we have
Ri (u1,u2) = =Ry (—ui,u2), Ra2(ui,u2) = Ra (—u1,us),
P (vi,v2) = =Py (—v1,v2), Pa(vi,v2) = Pa(—v1,v2),
Pi (v17v2) = ©i (—121, v2), Py (1)1,1)2) = —@j (—U1>U2) )
i (w1, ug) = ¥ (—ui,uz), P (ui,uz) = =, (—u1,u2),
fori=1,4 and j = 2,3, and

(3.2.49)

Rii(ui,ug) = Rip(—ur,up), Rio(uy,up) = —Ria(—ur,uz),

(3.2.50) 1:3%1(u1,u2) = —NJ:221(—u1,u2), ~Rzz(lu,ltz) = f%a(—m,w),
Pi1(v1,v2) = Pri(—v1,v2), Pra(vi,v2) = —Pia(—v1,v2),
D1 (v1,v9) = —Par(—v1,v2), Pas(vi,v2) = Poo(—v1,02).

According to (3.2.49), system (3.2.33) is invariant with respect to the symmetry (Us,v1) <+ (=Usa, —v1).
Therefore, by Proposition 2.24, we have

(3.2.51) hi (v1,v2) = hy (—v1,v2), ha(v1,v2) = —hg (—v1,v2) .

This implies that the change of coordinates (3.2.29) commutes with symmetry (1.2.5).
According to (3.2.49), system (3.2.34) is invariant with respect to the symmetry (u1,V2) <>
(—uq,—V3). Therefore, by Proposition 2.24, we have

(3252) S1 (U17 UQ) = 51 (*ul, UQ) 5 59 (ul, U2) = —S52 (*ul, U2) .

This implies that change of coordinates (3.2.30) commutes with symmetry (1.2.5).
According to (3.2.49) and (3.2.50), system (3.2.35) is invariant with respect to the symmetry
(u1, Vo) <> (—u1,—V2). Therefore, by Proposition 2.24, we have

(3.2.53) T1 (ul, UQ) =T (—ul, UQ) s T9 (ul, UQ) = —T92 (—ul, UQ) .

This implies that change of coordinates (3.2.31) commutes with symmetry (1.2.5).
According to (3.2.49) and (3.2.50), system (3.2.36) is invariant with respect to the symmetry
(U, v1) <> (—=Uz, —v1). Therefore, by Proposition 2.24, we have

(3.2.54) p1 (v1,v2) = p1 (—v1,v2), P2 (vi,v2) = —p2 (—v1,v2) .
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This implies that change of coordinates (3.2.32) commutes with symmetry (1.2.5).
Since the changes of coordinates listed above commute with symmetry (1.2.5), we have that system
(3.2.37) is invariant with respect to this symmetry. This yields

fi1 (u1,v1,v2) = fi1 (w1, —v1,v2), J12 (u1, u2, v1,v2) = — f1a (—ur, uz, —v1,v2) ,
far (w1, v1,v2) = —fa1 (—u1, —v1,v2), Ja2 (U1, ug,v1,v2) = fao (—u1,uz, —v1,v2),
(3.2.55) qu (u u2,vl)—gl1( U17U27—Ul>7 912(U1,U27711,112)——g12( Ui, U2, 1)171)2),
21 (U1, ug,v1) = —g21 (—u1,uz, —v1), g22 (u1,u2,v1,v2) = goa (—u1,uz, —v1,v2),
J1 (uq,ug,v1,v2) = Jy (—uq, ug, —v1,v2), J3 (u1, ug, v1,v2) = J3 (—uq, ug, —v1,v2) ,
Jo (v1,v2) = Jo (—v1,v2), Jy (u1,u2) = Jy (—uq, uz) .

This implies that system (3.2.44) is invariant with respect to symmetry v; <+ —v;. Therefore, by
Proposition 2.24, we have g (v1,v2) = q1 (—v1,v2). This means that change of coordinates (3.2.39)
commutes with symmetry (1.2.5).

According to (3.2.55), system (3.2.48) is invariant with respect to the symmetry u; < —uj.
Therefore, Proposition 2.24 implies ¢o (u1,u2) = g2 (—u1,u2). Consequently, change of coordinates
(3.2.40) commutes with symmetry (1.2.5).

Note that by (3.2.51), (3.2.52), (3.2.53) and (3.2.54), we have

(3.2.56) ha(0,v2) =0, s2(0,u2) =0, 72(0,u2) =0, p2(0,v2)=0.

We have proved that each of the changes of coordinates we made to obtain system (3.2.5) from
system (1.2.3) commutes with symmetry (1.2.5). This implies that system (3.2.5) and its corresponding
first integral H are invariant with respect to that symmetry. To finish the proof of Lemma 3.6, we
need to show that making changes of coordinates (3.2.29), (3.2.30), (3.2.31), (3.2.32), (3.2.39) and
(3.2.40) transforms first integral (3.2.3) to the form (3.2.7). To do this, first, observe that according
0 (3.2.56), each of these changes of coordinates can be written in the form

UL = U [1—|—0(1)], Uy = U9 [1—1—0(1)] + urv10 (1),

(3.2.57) o= [1+0(1), g =v2[14+0(1)]+uiv10(1),

where o (1) and O (1) stand for C*°-smooth functions of (u,v) which converge to zero and are bounded
above by a constant, respectively, as (u,v) — O. On the other hand, the form (3.2.3) of the first
integral H is already of the form (3.2.7). Thus, we will be done once we show that making a change of
coordinates of the form (3.2.57) preserves the form (3.2.7) of the first integral. According to (3.2.57),

(3258) up =1 [1+0(1)], ug = Uz [1 + o(1)] + 419:0(1),
- v1 =01 [1+0(1)], ve = Uz [1 + o(1)] + u10:0(1).
Substituting (3.2.58) into H (u,v) = Ajujvg [1 4 o(1)] — Aaugva [1 + o(1)] gives
H (@,9) = Min1 [1 4 o(1)] — Xadiata [1 + o(1)] + @910 (|t2| + |2]) + 47970 (1)
= AU [1 + 0(1)] — AaUg U9 [1 + 0(1)] ,
which is of the form (3.2.7). This ends the proof of Lemma 3.6. O

Proof of Lemma 3.8. By Lemma 3.6, there exists a change of coordinates which commutes with sym-
metry (1.2.5) and brings system (1.2.3) and first integral (1.2.4) to (3.2.5) and (3.2.7), respectively.
According to Section 2.3 (see Theorem 2.16), system (3.2.5) possesses a CZ-smooth three dimensional
extended unstable invariant manifold W*¥ defined by

(3.2.59) {(u,v) 1 ug = ¢"F (w1, v1,v2)},
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and a C9-smooth extended stable invariant manifold W*¥ defined by

(3.2.60) {(u,v) 1 wvo = ¢*F (ug,u,v1)}.
We claim that, straightening W"¥ i.e. applying the C%-smooth change of coordinates

(3.2.61) uy = uy, iy = uy = ¢"¥ (w1, v1,02) ,
v1 = U1, V9 = V2,

and straightening W*¥_ i.e. applying the C%-smooth change of coordinates

ﬂlzulv '112:1,62,

3.2.62 - -
( ) 01 = vy, Uy = vo — &°F (uy,uz,v1),

reduce system (3.2.5) to system (3.2.9), where (3.2.6) is satisfied, and transforms first integral (3.2.7)

o (3.2.10). On the other hand, thanks to Corollary 2.25, straightening these manifolds keeps the
invariance of system (3.2.5) and first integral (3.2.7) with respect to symmetry (1.2.5). Thus, we will
be done as soon as we prove this claim. To this end, we use the following lemma

LEMMA 3.17. The following hold for the Ci-smooth functions ¢*¥ and ¢*F :
(i) ¢“F (0,v1,v2) = ﬁE (0,v1,v2) =0,
(i) ¢*F (u1,u2,0) = ¢3F (u1,us,0) = 0.

The following are immediate consequences of this lemma:

COROLLARY 3.18. We can write ¢*F and ¢°F as

ul ul 2, uE
¢ (u1,v1,v2) = wipy™ (w1, v1,v2) = uipy” (w1, v1,v2),
sk sk 2, sE
Qs (Ul,UQ,Ul) :7)1]71 (U17U27U1) :U1p2 (uluuzuvl)a
where pi¥ and pt¥ are some CI~1-smooth functions and ps¥ and p4¥ are some CI=2-smooth functions
such that pt¥ = u1ps® and pi¥ = vipsF.

COROLLARY 3.19. We have
(i) uF (0,v1,v2) = ¢F (0,v1,v2) =0,
(7’7’) ¢Z€ (Ul, Uz, 0) = stl,f (U1, Uz, O) =0.

We prove Lemma 3.17 later. For now, let us see how change of coordinates (3.2.61) affects system
(3.2.5): this change of coordinates reduces system (3.2.5) to
(3.2.63)

iy = — Muy + fi1(ur,v)ur + fia (w1, ug + ¢ (uy,v) ) (u2 + o (uy, v)),

U = — )\2 (u2 + ¢UE (u1,v)) + for(ur,v)ur + fao(ur, ug + ¢"E (u1,v),v) (ug + o (u1,v))

— ¢UF (ug,v AMut + fii(ur, v)ur + fi2 (U1,u2+¢“E(u1,v), v) (u2+¢uE(u1,U )]

v) v
)

) [-
— ¢4 (ug,v) - [Mv1 + g11 (ur, ug + ¢"F (ug,v) ,v1)v1 + gi2 (w1, ug + ¢"F
)| ,v) v2]

—¢ ur,v) - [Aova + g1 (ur, up + ¢F (ur,v) , v1)v1 + gag (ur, up + ¢“F (
Ul:+)\1v1+g11(u1,u2+¢> (u1,v),v1) v+ gia (w1, uz + ¢*F (u1,v) , v1,v2) va,
b =+ Av2 + go1 (w1, ug + ¢"F (u1,v) ,v1) v1 + g22 (w1, ug + ¢"F (u1,v) , V1, 02) V2,

ulv )
ulv )

where, f;; and g;; are as in (3.2.5).
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Denote the right-hand side of the second equation of (3.2.63) by Q(u1,u2,v1,v2). Since ) vanishes
at {us = 0}, we can rewrite

tg = Q(u1,uz,v1,v2) — Q(u1, 0,01, v2).

We recast system (3.2.63) in the form

uy,v) uy + fiz (ug, ug, v) ug,

w1 = =M1 + fi1 (ug
(u1

(3.2.64) iy = —Aoug + faz (U1, us, v) ug,
01 = +Av1 + g1 (w, v1) v1 + Gz (u, v1, v2) va,
Vg = +Av2 + Go1 (U, v1) v1 + Go2 (U, V1, v2) V2,
where
fi1 (u1,v) =f11 (u1,v) + fi2 (w1, 0"F (ur,v),v) pi¥ (u,v),
fi2 (u,v) =fia (u1,ug + HUF (uq,v) ,v) + Py (u,v) ¢ (ug,v),
fao (u,v) =fas (u1,ug + ¢ (u1,v) ,v) + P (u,v) ¢ (u1,v)
— il (u1,0) [fl? (ur, ug + ¢ (u1,v) ,v) + Ps (u,v) 6*F (uwf)]
— ¢uF (ug,v) [P4 (u,v) vy + Ps (u,v) vg]
— gf (ug,v) {PG (u,v) vy + Py (u,v) va|,
gin (u,v1) =gin (u1,ug + H“F (uq,v) 1), (i=1,2),
gi2 (u,v) =gi2 (ul, ug + ¢"F (uy,v) ,v) , (i1=1,2),
and
ug Py (u,v) = fia (ul,ug + ¢"E (uy,v) ,v) — f12 (ul, ¢ (u1,v) ,v) ,
ua Py (u,v) = fao (ul,ug + ¢"E (uy,v) ,v) — fao (ul, ¢ (u1,v) ,v) ,
us Py (u,v) = fia (ul,ug + ¢"E (uy,v) ,v) — f12 (ul, &Y (u1,v) ,v) ,
ug Py (u,v) = g11 (u1,ug + ¢"F (ug,v) ,v1) — g1 (u1, ¢"E (u1,v) 1),
w2 Ps (u,v) = g1 (UI,UQ + ¢%F (uq,v) ,U) — g12 (ul, &Y (u1,v) ,U) ,
ug Ps (u,v) = go1 (u1,ug + ¢"F (ug,v) ,v1) — g (u1, ¢"E (u1,v) 1),
u2 Py (u,v) = ga2 (ul,uQ + ¢%F (uq,v) ,U) — g2 (ul, v (u1,v) ,U) .

Here fij are C?~!-smooth and gij are C-smooth. Using Lemma 3.17 and Corollaries 3.18 and 3.19
and taking into account that the expression us 4+ ¢ (uy,v) vanish at u = 0 and also the functions
fi; and g;; satisfy (3.2.6), one can easily show that fij and g;; satisfy (3.2.6) as well.

System (3.2.64) is of the form (3.2.5) where fa1 (u1,v) = 0. Similar to the case of straightening
the extended unstable manifold, one can use Lemma 3.17 and Corollaries 3.18 and 3.19 and show that
making change of coordinates (3.2.62) reduces system (3.2.64) to system (3.2.9) where the correspond-
ing fi; and g;; are C?9"1-smooth and satisfy (3.2.6). This ends the proof of the first part of Lemma
3.8.

Denote the Hy; and Hs in (3.2.7) by HY and HS, respectively, and let =z := (uj,ug,v1), y =
(ul,vl,w + ¢5F (:c)) and z = (Ul,UQ + ¢%F (y) ,v1, v9 + ¢°F (w)) Applying changes of coordinates
(3.2.61) and (3.2.62) brings (3.2.7) to

H =Augor [L+ HY (2)] = Ao (uz + ¢"F (y)) (v2 + 6% (2)) [L + H3 (2)],
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which by Corollary 3.18, can be written in the form (3.2.10), for

Hy = Hy (2) + o) P07 () piF (2) [+ H3 ()], Hy = H3,
Hy = p3¥ (z) [1 + H3 ()], Hy = p3® (y) [L + H (2)].
This proves the second part of Lemma 3.8.

All that remains to finish the proof of Lemma 3.8 is proving Lemma 3.17. We only prove part (i)
of this lemma; the proof of part (ii) is the same. The first identity

(3.2.65) ¢" (0,v1,v2) =0,

is an immediate consequence of the fact that the extended unstable invariant manifold W*¥ contains
the unstable invariant manifold {u; = ug = 0} (see Section 2.3.2). Indeed,

Yur,va,  (0,0,v1,v2) € { (u,v) : ug = ¢"F (ug,v1,v2) }
—Vor,v9, ¢“E(0,v1,19) =0 = ¢"F(0,v1,v9) = 0.
It is important to notice that relation (3.2.65) is sufficient to obtain the statement of part I of

Corollary 3.19. In other words, (3.2.65) implies part I of Corollary 3.19.
To prove the identity

(3.2.66) w0, v1,v2) =0,

we consider the condition of the invariance of the manifold W*¥ with respect to the flow of system
(3.2.5) (see Definition 2.14), i.e.

—X2¢"F (u1,v) + for (ur,v) ur + foz (u1, ¢*F (u1,v),v) ¢"F (uy,v) =
OuE (ur,v) [ — Mt + fi1 (ur,v) wr + fro (ur, 07 (ur,v),v) ¢*F (u1,v) |
+ ¢4E (ur,v) [Mvr + g11 (1, 0*F (u1,v) ,v1) v+ gi2 (w1, ¢"F (u1,v) ,v) va)
+ B4E (w1, v) [Aova + ga1 (w1, ¢"F (u1,v),v1) vi + go2 (u1, ¢"F (u1,v) ,v) va].
Both sides of this relation are C¢~!'-smooth (¢ > 2 because 2\; < \g) functions of u1, v; and vs.

Taking (3.2.65) as well as conditions (3.2.6) and Corollary 3.19 into account, we can differentiate this
relation with respect to u; at uq = 0 and obtain

0= (e = A) 617 (0.0) + f12(0,0) (4 (0.0))°] + [\w] 8iF, (0,0)

(3.2.67)
+ [A2v2 + g21(0, v1)v1 + g22(0,v)v2 | $4E, (0,0).

We introduce the notation z = z(v) = ¢%¥(0,v). Using this notation, (3.2.67) can be written as

0= [()\2 — )\1) z+ f12(0,’l))22] + [)\11}1] . ;Z(U)
(3.2.68) P
+ [A2v2 + g21(0,v1)v1 + g22(0, v)v2] - %Z(U)v
where z(0) = 0 (note that ¢%£(0,0,0) = 0).

To get (3.2.66), we need to show z(v) = 0. First, note that z (v) = 0 satisfies (3.2.68). Thus,
(3.2.66) holds if we show that z = 0 is the unique solution of (3.2.68). Note that, according to
Proposition 2.13, z (v) satisfies (3.2.68) if and only if the two dimensional manifold

(3.2.69) {(v,2) : 2=z (v) and 2z (0) = 0}
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be invariant with respect to the flow of the C¢~!-smooth system

U1 = — A1,
(3.2.70) U2 = —Agv2 — g21(0,v1)v1 — g22(0, v)va,
2= (A2 — M)z + f12(0,0) 27,

which is defined on a small neighborhood of the origin in R3. (Indeed, relation (3.2.68) is the condition
of the invariance of (3.2.69) with respect to the flow of system (3.2.70).) Therefore, the uniqueness of
the solution of (3.2.68) can be proved by showing that system (3.2.70) has a unique invariant manifold
of the form (3.2.69). To do this, first, notice that this system possesses a unique two dimensional
stable invariant manifold of the form (3.2.69). Second, we observe that any orbit on manifold (3.2.69)
converges to the origin of system (3.2.70): the first two equations in (3.2.70) are independent of z
and have (v1,v2) = (0,0) as an asymptotically stable equilibrium. Therefore, as ¢ — oo, an orbit
(v(t), z(v(t))) of system (3.2.70) which belongs to invariant manifold (3.2.69) converges to (0, z (0)).
Since z (0) = 0, this means that any invariant manifold of the form (3.2.70) must be a subset of the
stable manifold of system (3.2.70). However, since both manifolds are 2-dimensional, they must be
the same. Therefore, system (3.2.70) has a unique invariant manifold of the form (3.2.69) which is in
fact its stable invariant manifold. This ends the proof of Lemma 3.17 and hence the proof of Lemma
3.8. O

3.3. Trajectories near the equilibrium state O

In this section, we will estimate solutions of systems (3.2.1), (3.2.5) and (3.2.9) near the equilibrium
state O by using the technique of successive approximations (see Section 2.2). Consider the system

U1 = —Aur + F1 (ug,ug,v1,v2),

(3.3.1)

( )
Q:LQ = —AQU/Q + F2 (’U,l,’U,Q,Ul,UQ) ’
{}1 = +)\1U1 —+ Gl (Ul, uz, v, UQ) 5
)

U9 = +Xv2 + G2 (ug, ug, v1, v2),

where Fy, F5, G1 and G5 and their first derivatives vanish at the origin. According to Theorem
2.7, for given 7 > 0 and sufficiently small w19, ug9, vir and vo, there exists a unique solution
(u (t),ug (t),v1 (t),v2 (t)) of system (3.3.1) such that

(332) Ui (O) = U190, (25 (O) = U0, U1 (7’) = U1r, (%) (T) = Vor.

The dependence of this solution on each of the variables 7, u1g, ugg, v1- and vo, is as smooth as the
original system (3.3.1).

The following lemmas estimate solutions of systems (3.2.1), (3.2.5) and (3.2.9) that satisfy bound-
ary condition (3.3.2).

LEMMA 3.20. Let A = A\y = Xo. There exists M > 0 such that for any sufficiently small § > 0, and
any uig, u20, vir and var, where max{|uig|, |uzol, |[vir|, [ver|} < 6, the solution (u(t),v (t)) of system
(3.2.1) that satisfies boundary condition (3.3.2) can be written as

(
3.33) us(t) = Mugg + & (¢, 7, w10, u20, V17, V2r)
0. vy (t) :e*)\(T*t)vlT + Cl (t7 T,U10, U20, V1T, U27-) y
(

Nr—
t) =e ATy + o (¢, 7, w10, U0, Vir, V2r)

where t € [0, 7], max{|¢1], |62} < Me 762 and max{|¢1], |G|} < Me MT-1)§2,
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Remark 3.21. For simplicity, we can write (3.3.3) as

ui(t) =e Juyo + O (6%)] us(t) = e [ugo + O (6%)]

3.3.4
( ) v1(t) =e M7 [vlT + 0 ((52)] , va(t) = e~ M=) [ng + 0 (52)} .

LEMMA 3.22. There exists M > 0 such that for any sufficiently small § > 0, and any uig, w0,
vir and var, where max{|uigl, |u2ol, |[vir|, |ver|} < 0, the solution (u(t),v(t)) of system (3.2.5) that
satisfies boundary condition (3.3.2) can be written as

g9 + &1 (t, 7, u10, U20, V17, Var)

£

1(t
t

235 2bugg + & (¢, T, w10, U20, V17, V27 )
( o ) _ —)\1 7’ t
vi(t) = Y17 + €1 (t, 7, w10, U0, V17, Va7 )

(t)
ua(t)
(t)
(t) =

t
2 (t D9, + Co (t, 7, ur0, U20, V17, V2r) ,

<

where t € [0,7] and

&1 <M [€_A1t5|ulo| + e_’\l(T_t)_AQt5|v1T|} , o] < Me 2452,

’C1| <M [ef)\l(Tft)(s‘vlT‘ + e*)\z(‘rft)*)\lt5|ul0|] , ’C2| < Me2(m—t) 52

Remark 3.23. For simplicity, we can write (3.3.5) as

ur(t) =e Mtugg [1 4+ 0 (0)] + e MDA (§u,) us(t) = e [ugg + 0 (62)]

3.3.6
( ) vi(t) =e My 140 (8)] + e 22O (Surg),  va(t) = e 27 [0y, + 0 (6%)].

LEMMA 3.24. There exists M > 0 such that for any sufficiently small § > 0, and any u1o, w20,
vir and var, where max{|uio|, |uzol, |[vir|, [v2r|} < 6, the solution (u(t),v(t)) of system (3.2.9) that
satisfies boundary condition (3.3.2) can be written in the form (3.3.5), where t € [0,7] and

|&1] <M [€_A1t5|ulo| + 6_’\1(T+t)5|v17|} ; o] < Me 22452,

’Cl‘ <M [e—/\l(‘r—t)(g‘vh_‘ 4 6—)\1(2T+t)5’u10’i| , ’C2’ < Me—)\Q(T—t)52'

Remark 3.25. For simplicity, we can write the solution given by Lemma 3.24 as

(751 (t)

U1 (t)

e My, [1+0 ()] + e~ MO (6v17), ug () = e~ 2t [qu +0 (62)} ,
e My [T+ 0 (0)] +e™MED0 (durg), v (t) = e 207 [uy, + 0 (6%)].

(3.3.7)

3.3.1. Our computational scheme

Here, we present the technique which is used in the proofs of preceding lemmas and Lemma 3.34
which is stated later. Consider system (3.3.1) and denote its unique solution that satisfies boundary
condition (3.3.2) by (u*,v*), where u* = (uj,u3) and v* = (v}, v3). We may also write this as

(3.3.8) (u*,v*) = (u* (t), 0" (t)) = (u* (¢, 7, u10, u20, V17, v2r) , 0" (£, T, w10, U0, V1r, V2r) ),

to emphasise that in addition to time variable ¢, this solution explicitly depends on 7 and the boundary
conditions u1g, u20, v1- and vy, as well. Following the proof of Theorem 2.7, (u*(t),v*(t)) is a solution
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of this system with boundary conditions (3.3.2) if and only if

t
wi(t) =eMtuyy + / My (u* (5) 0" (s)) ds,
0

t
uy(t) =etuz + / M0y (u* (5) 0" (s)) ds,
(3.3.9) 0

vi(t) =e My, - / eNENG (u* (s) 07 (5)) ds,

t

vh(t) =e 22 gy, — / e 260Gy (u* (s) ,v* (s)) ds.

t

For a given 7, we denote by Z the set of all vector valued functions (u1 (¢),uz (t),v1 (t),v2 (¢)) defined
for ¢ € [0,7] on some small neighborhood of the origin in R*. Then, the right-hand side of (3.3.9)
defines an integral operator on Z, denote it by T, as follows:

T (ur (), up (), 01 (1), 02 (1) = (U (1), 02 (), 01 (1) , 02 (1)),
where
Uy (t) = e Mhugg + /O t MDY (u(s), v (s)) ds,
Ty (1) = e Mtugy + /O t M2 Ey (u(s),v (s)) ds,
Ty (£) = e~ M=y, _ /t e MENG (u(s) v (s)) ds,
To () = e 2T gy, — /t ' e 267Gy (u(s) , v (s)) ds.

The solution (u*(t),v*(t)) is in fact the fixed point of this integral operator. It follows from the
proof of Theorem 2.7 that this integral operator is a contraction and its fixed point is the limit of the
sequence of successive approximations

where (u(o),v(o)) = (0,0) and
(u(”'H) (t),v<"+1>(t)) - (u(") (t), 0™ (t)) , Vn>0.

Let A be a closed subset of Z such that (u (t), (t)) ( ,0) € Aand T (A) C A. Since (u(o), U(O)) =

(0,0) € A, the invariance of A implies that ( )(t),v™(t) )) belongs to A for all n > 0, and so does
the solution (u*(t),v*(t)).

Remark 3.26. Assume that there exists a ‘certain estimate’ which for any arbitrary (u(t),v (t)) €
A, its image T (u (t),v (t)) satisfies. Therefore, since T (u*,v*) = (u*,v*), the solution (u*,v*) itself
satisfies that certain estimate as well.

Our approach for proving Lemmas 3.20, 3.22 and 3.24 (and Lemma 3.34) is based on this remark.
We construct the integral operator, introduce the invariant set A and find an estimate for the image
of the elements of this set under T. Then, this estimate holds for the solution (u*,v*) too.
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3.3.2. Proofs of Lemmas 3.20, 3.22 and 3.24
Proof of Lemma 3.20. We recast system (3.2.1) into the form (3.3.1), where

F1 (u,v) =£11 (u,v) u% + f12 (u,v) ugug + £13 (u, v) uvy + £14 (u, v) U V2
+ 15 (u,v) u% + 16 (u,v) ugvy + £17 (u, v) ugva,

Fs (u,v) =f91 (u,v) u% + f99 (u,v) ugug + £23 (u, v) ugvy + f2q4 (u, v) uve

(3.3.10) + a5 (u, v) U5 + £a6 (u, v) ugy + fo7 (u, v) ugva,

G1 (u,v) =g11 (u,v) v% + g12 (u,v) vivy + g13 (U, v) Viur + g4 (u, v) Viug
+ g15 (U, v) V2 + g16 (u, v) vous + g17 (U, v) vaug,

G (u,v) =go1 (u,v) v% + g22 (u,v) v1v2 + g23 (u, v) viuy + 824 (u, v) ViU
+ gos5 (1, v) V2 + gog (u, v) vouy + gor (u, v) vVous,

for some continuous functions f;; and g;;. Let 2 be a small compact neighborhood of O and define

(3.3.11) M*:= sup {|£; (u,v)], g (u,v)|}.
(u,v)€Q

Let § > 0 be small and consider the set
A= {(w®), wa®), o1, v20) s ()], Jua()] < 267,
(@), o)) < 2672705,

where (u1(t),ua(t),v1(t),v2(t)) is any continuous function defined on 2 for ¢ € [0, 7].
We will first show that A is invariant with respect to the integral operator ¥, i.e. T (A) C A. By
(3.3.10), (3.3.11) and (3.3.12), for any (uy(t),ua(t),v1(t),v2(t)) in A, we have

max{ Fy (u (1), 0 (0)], | B (u (), 0 (1) } < M (126*%52 + 166*”52) :
max{ Gy (u (1), 0 ()], |Ga (u(t) v (1))] } < M (126—”(7—”52 n 1664752) :

< /t e)‘(sft)‘Fl (u(s),v(s)) ‘ds
0

t
§16M*(52/ e)\(sft) (672)\8 + ef)n') ds
0

—16M*52\~ ! [efAt (1 _ efAt) 1 e AMtT) (eAt _ 1)]

<16M*62\~1 <e_”\t n e—”) < 32M* A le g2,

(3.3.12)

(3.3.13)

Therefore

/t AETDE (u(s), v (s)) ds

‘ﬂl (t) — 67/\tul()’ =
0

The same holds for U (), i.e. |Uz (t) — e Mugo| < 32M*A~1e M52,

Concerning 77 (t), we have
L e R ORI B A
! t
<16M*5? /T W—s)( —2,\(T_s)+€_”>

—16M* 52\ [ A(t—27) ( AT e)\t) 1A= (e‘” _ e_’\T)}

<16M*52 (ef)\(‘r t) +e )\T) < 32M*\™ 167)\(7'71‘,)627

G (u(s),v(5)) ‘ds
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and the same holds for Uy (t), i.e. |2 (t) — e_’\(T_t)ng’ < 32MHN e AT 52,
Let M = 32M*X\~! and choose ¢ sufficiently small such that M¢§ < 1. Taking into account that
max{|uigl, |ugol|, V1], |[v2r|} < 0, we have

[y (t)] < e Mugg + Me 62 < 2e75,
s (t)] < e Mugy + Me 62 < 274,
71 (1)) < e AT Dy, 4+ Me 062 < 927 A T,
1Ty (£)] < e T Dy, + MeMTD52 < 2e- A0,

This implies (u; (t),u2 (t),v1 (), 02 (t)) € A as desired.

Meanwhile, we have shown that the image of any element of A under ¥ can be written in the form
(3.3.3) such that the corresponding &1, &2, (1 and (o satisfy the estimates given in the statement of
the lemma. However, since (u(o), v(o)) = (0,0) € A, it follows from Remark 3.26 that the same holds
for the solution (u (t),v (¢)) that satisfies boundary condition (3.3.2). This ends the proof of Lemma
3.20. O

Proof of Lemma 3.22. By (3.2.6) and (3.2.4), we can write system (3.2.5) in the form (3.3.1), where

Fy (u,v) = £11 (u,v) ud 4+ £12 (u, v) uyug + £13 (u, v) vius,
(3.3.14) Fy (u,v) = £91 (u,v) ui + £23 (u,v) uyug + f23 (u, v) u3,

G1 (u,v) = g1 (u,v) v + g12 (u, v) V12 + g13 (U, v) U1,

Gy (u,v) = ga1 (u,v) V2 + goz (u,v) v1v2 + go3 (u, v) V3,

for some continuous functions f;; and g;;. Let Q be a small compact neighborhood of O and define
M* as in (3.3.11). Let § > 0 be small and consider the set

A {(ul(t%uz(t), 1(8),v2(t)) :|ur (B)] < 267 M fugp| 4+ e MDAty |
ug(t)] < 267216,
(3.3.15) fua0)] < . R .
lor(8)] < 2 M D |y | 4 2 gl
[ua(t)] < 207205

where (u1(t), u2(t), vi(t), v2(t)) is any continuous function defined on § for ¢ € [0, 7].

We first show that A is invariant with respect to the integral operator ¥, i.e. T(A) C A. By
(3.3.14), (3.3.11) and (3.3.15) and taking into account that Ao < 2\; and max{]um] |uaol, [virl, |ver|} <
§, we have

‘Fl (u(t),v(t)) ) <M *6[4672*1t\u10| + dem MRty | 4 e P2ty | g gem Aty |
4 267)\1(7'775)72A2t|,ul7_| +467)\1(T7t)7)\2t‘1}17| + 267)\27'7)\1t|u10|:|
<M*5 [146_2>‘1t|u10| + 7€_>\1(7—_t)_)\2t‘1}17—| ,
‘F2 (u(t) v (t))’ <M [4ef2>\1t e 2M(T=t=2hat | go—Mr—hat | go—(NitAe)t | go—Ai(r—t)=2Xat

4 4672A2t:| 62 S 19M*€72)\1t52’
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and concerning GG1 and G2, we have

Gr(u(t), v ()|

<M 6[46—2)\1(T—t)|v17| Fdem QA== Nty ) 4 =Tty
+ 467()\1+)\2)(T7t)|,017| 4 2672)\2(T7t)7)\1t|u10‘ +467A2(T7t)7>\1t|u10|
+ 26—(>\1+)\2)("'—t)—)\2t|U1T|:|

<M*§ (146—2/\1(T—t)|v17_| + 76—)\2(T—t)—)\1t‘u10|) 7

G (u (1), (1)) | SM* [4e7770) g (=00t g 22alr 22ty om0
+ 26—2)\2(T—t)—)\1t + 46—2)\2(T—t):|62 < 19M*e—2)\1(7'—t)52’

which hold for any (uy(t),ua(t),v1(t),

va(t)) € A. Therefore, concerning u; (t), we have

/Ot MEDE (u(s),v(s))ds| < /Ot e)‘l(s_t)‘Fl (u(s),v(s)) ’ds

t
§14M*5/ e)\l(s—t) |:€_2/\18‘u10‘ + e—/\1(r—s)—)\zsv17_‘:| ds
0

—Alr’U ‘
14M>k —/\1t5 ’UlO’ <1 _ —Alt) € 17 . ( (2)\1—)\2)t _ 1)
[ M C )T oo \°

<14M* (2/\1 — )\2>_1 (67)‘1165‘%10‘ + 67/\1(Tit)7)\2t5|7)17|> ,

‘ﬂl (t) — e_Altulo’ =

concerning s (t), we have

U2 (t) — 6_)‘2tU20‘ =

/Ot 26y (u(s),v(s))ds| < /Ot e*2(s=t) ‘Fg (u(s),v(s)) ‘ds

* £2
<19M*e—/\2t62/ —(2M1— /\Q)sd _ 19M*6

—at (1 _ —(2>\1—)\2)t>
o A — o ( ¢
<19M* (2)\1 — )\2)_1 €_>\2t52,

concerning v; (t), we have

‘51 (t) —e M=y, ‘ = MG (u(s),v(s))ds

< /tT eME=D1G) (u(s),v(s)) ‘ds

<14M*(5/ (t— s) —2)\1(7 s)lv1 |—|—€ 2(7_5)_>\15|U10‘:|d8

=14M*eMt§ [W (e)‘”

67}\27’ ‘U10|
A1

o At 7(2)\17}\2)15 _ 7(2)\17}\2)7’)
Ay v (e ¢ ]
<14M* (2>\1 _ )\2)*1 (ef)\l(‘rft)(s|v17_| 4 67>‘2(77t)7>‘1t5|u10|)

and concerning Uz (t), we have

‘@2 (t) — 67)\2(77”1}27—

‘/ ekz(tfs)Gz (u(s),v(s))ds g/ pr2(t=s)
t t

§19M*6)\2t—2)\1752 /T e(2>\1—)\2)sd8
t

Ga (u(s),v(s)) ‘ds

—1OM* (271 — Ag) ! M RNTGE (BT

_ €(2>\17/\2)t>
SI9M* (2X; — Ag) " He 2277042,



3.3. TRAJECTORIES NEAR THE EQUILIBRIUM STATE O 55

Let M = 19M* (2\; — A9) " and choose ¢ sufficiently small such that M§ < 1. Then

|ﬂl (t)| S (1 + Mé.) e_Alt‘u10| + M(se_AI(T—t)_kztlvlTl S 26—/\1t|u10‘ + e_Al(T_t)_AQt‘vlT‘7
i ()] < (14 M) e 2245 < 272214,

|@1 (t)| = (1 T Ma) eiAl(T?t)|U17’| + Mde*/\Q(T*t)*Alt|u1o| < 267)\1(7'7t)|’017'| + 67)\2(T7t)*)\1t|U10‘7
|62 (t)| < (1 + M(S) e_>‘2("—_t)5 < 26—)\2(7—_,5)67

which implies (u; (t), @2 (t),v1 (t), 02 (t)) € A as desired.

Meanwhile, we have shown that the image of any element of A under ¥ can be written in the form
(3.3.5) such that the corresponding &1, &2, (1 and (o satisfy the estimates given in the statement of
the lemma. However, since (u(o),v(o)) = (0,0) € A, it follows from Remark 3.26 that the same holds
for the solution (u (t),v (¢)) that satisfies boundary condition (3.3.2). This ends the proof of Lemma
3.22. O

Proof of Lemma 3.24. By (3.2.6) and (3.2.4), we can write system (3.2.9) in the form (3.3.1), where

u% + f19 (u, v) ugug + £13 (u, v) Viug,

Fy (u,v) = £11 (u,v)

(3.3.16) Fy (u,v) = f9; (u,v) ujug + fo2 (u,v) u,
G1 (u,v) = g11 (u,v) v% + g12 (u,v) vivy + g13 (U, v) Uy vy,
Gy (u,v) = ga1 (u,v) v1v9 + go (u, v) V3,

for some continuous functions f;; and g;;. Let © be a small compact neighborhood of O and define
M* as in (3.3.11). Let § > 0 be small and consider the set

A= {(Ul(t),u2(t)avl(t),v2(t)) lur ()] < 26" fugo| + e M Ty,
ug(t)] < 267216,
(3.3.17) fuz(0)] < . o
lo1(8)] < 2T Dy, | + e M|y,
[ua(t)] < 207205 |,

where (uy(t),ua(t),v1(t),v2(t)) is any continuous function defined on Q2 for ¢ € [0, 7].

We will first show that A is invariant with respect to the integral operator T, i.e. T (A) C A. By
(3.3.14), (3.3.11) and (3.3.15) and taking into account that 2A\; < Ay and max{|uio|, |uzol, |v1i-|, |var|} <
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d, we have

Fy(u(t),o(t)

SM* |:4e—2)\1t|ul0|2 + 46_/\17_2/\1t|u10’l}17—| + 6—2)\1(7—+t) ‘U17—|2
4 de=MatA)t5 1y 0| 4 2e M THO At g gy, | 4 gem M (Tt gy |
_|_ 26—2)\1T+()\1—>\2)t6|u10‘

SM* 46—2/\1t|u10|2 + 46—>\17—2/\1t|u10v1T| + 6—2)\1(T+t)‘,017_|2

+ 6e~ A5y 0| 4+ 6~ Tty |

<M* -46_()‘1+k2)t<5|u10| n 26—)\1(T+t)—)\2t5‘vl‘r‘ n 46—2A2t52}7

’Gl (U (t) v (t)) ‘ SM* _46—2A1(T—t)‘,017_‘2 + 46_2)\1(T_t)_)\1T"LL10’1)17—| + 6—2A1(T—t)—2)\1‘r‘u10|2

_|_ 4_67()\14*)\2)(7'706‘1}17‘ + 267(A1+)\2)(T7t)7>\1T5|U10| + 4€7>\2(77t)7>\1t5|U10|

+ 26—(>\1+)\2)T+(A2—A1)t6|,’}17|i|
<M* {4672/\1(771‘/) \1117\2 + 4672)\1(7'71&)7)\17‘,“10,017_' + 672/\1(7775)72)\17—"111(”2
+ 6e~MatA)T=D 51, | 4 667)‘2(77t)7)‘1t5|u10|}

’Gg (u(t),v(t)) ‘ <M {46_(>‘1+/\2)(T_t)6|1117| + 2e~Mitr) (TN 51, 0| 4 46_2>\2(7—_t)52} ,

which holds for any (ui(t), ua(t),v1(t),v2(t)) € A. Therefore, concerning @; (), we have

t
< / (=)
- 0

t
<6M* / M=t |:6_2)‘15|U10|2 + 6_A17_2A15|U10’017—| + 6_2>‘1(T+S)|'U1‘,—|2 + e_(A1+)‘2)S5|u1O‘
0

uy (t) — E_Altulo

_ / MO (u(s) v (s)) ds

0

Fi(u(s),v(s)) ’ds

+ e_Al(T_S)_’\285|U1¢|] ds = 6M*e Mt [ (|u10|2 + e_A1T|u101117\ + 6_2A1T|’U17—|2) At (1 — e_)‘lt)

-1 T
_1 Aot e dlv1r| ( (2>\17>\2)t)
+ — + — (1 -
SluolA> (1 € ) A2 — 21 ¢

—)\1t6 —/\1(T+t)6
<6M* | A1t (e‘“ﬂum\2 +e My 001, | + €_>\1(2T+t)|'U17—|2) +2 o] e o |
)\2 )\2 - 2)\1

<I8M* A~ te M S|uro| + 12MF (min{Ar, Az — 20 ) "L e M50,
§18M* (min{)\l, )\2 — 2)\1})_1 (6_/\1t(5|U10| + e_xl(T+t)(5|’U1-r|> 5

concerning us (t), we have

s (1) = ¢z = ‘ /0 LMD (u (s) v (s)) ds| < /0 el P (u(s) 0 (s)) |ds

t
<4M*§ / eh2(s=?) [6_(/\1+>\2)5|U10| e MRy |y e—%%s] ds
0

—AN* e N2t [)\;1 (|U10| i e—AleTD (1 _ e—)\1t> + ;18 (1 _ e—&t)}

<AMAT! 86 [Juro| + e Mo, | 4+ 8] < 12MFAT et
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concerning v; (t), we have

U1 (t) 787)\1(T7t)1)17-

G (u(s),v(s)) |ds

_ ‘ /t MG (u(s) v (s)) ds

S /T 6)\1(1578)
t

-
SGM*/ e>\1(t*5) |:e2)\1(rs)|vlT|2 —|—672>\1(T?S)7>\1T|U101}17—‘ _’_672)\1(773)72A1‘r|u10|2
t

+ 6_(,\1+>\2)(r—s)5|1}17| + e—/\z(T—S)—/\ls(5|u10:| ds

:6M*e>‘1t [(62A1T|U1T2 + 673>‘17|U10’U17| —+ 64)\1Tu10|2> (e>\1‘r _ e/\1t)

A1 A A
N e~ NHA)T S|y, | (e)‘” - e>‘2t) N e 227 §uqg| (e()‘T”‘I)T B e(’\2*2>‘1)t)
Ao Ay — 2\
<6M* At 67}\17"1}17‘2 672)\1T|U1O’U17—‘ 673)\1T|u10|2 67}\17’6‘1}17‘ 672)\17‘5|u10|
< e + + +
A A A Ao Ay — 2\

<I8M* AT e ™ U= D5 vy, | + 12M* (min{ Ay, Ay — 2X;}) " e 2T TGy |
<18M* (min{ A, Ao — 20, )" (efh<f*t>5|v17| + e*”ﬂ“ltamm) :

< /T Halt=s)
t

§4M*5/T er2(t—s) {e*(A1+>\2)(T—s)|U1T| + 67(>‘1+>‘2)(775)7>‘17|u10| + 672)\2(7—75)6} ds
t

and concerning vz (t), we have

Vo (t) —67>\2(Tﬁt)’027—

_ ‘ /t " =06 (u(s) v (s) ds

Ga (u(s),v(s)) ‘ds

—(>\1+)\2)T‘ | —(2A1+X2)T —9\oT
e vir|t+e |wo] AT it e 0/ aor Aot
)\1 ) (e € ) + )\2 (6 € )

<AM*oNT! [e**‘z(f*”wh\ + e M2 g0 + e*M(T*t)a] < 12M* AT tem (T 62,

=4M*§e?t [(

Let M = 18M* (min{\;, Ay — 2A\;})"" and choose § sufficiently small such that Md < 1. We have

71 (0] < (14 M8) e uso| + Me 0oy | < 27 fur| + e TH]uy |,

[ag (t)] < (14 M6) e ?2t5 < 2672245,

o1 ()] < (1 + M3) e T D |y | + Mee 2 7Ty ] < 267 M0 gy | 4 e 2T Aty
U2 ()] < (14 M) e 2Tt 5 < 9= r2(T-t) g,

which implies (u; (t), @2 (t),v1 (t), 02 (t)) € A as desired.

Meanwhile, we have shown that the image of any element of A under ¥ can be written in the form
(3.3.5) such that the corresponding &1, &2, ¢1 and (2 satisfy the estimates given in the statement of
the lemma. However, since (u(o), 1)(0)) = (0,0) € A, it follows from Remark 3.26 that the same holds
for the solution (u (t),v (¢)) that satisfies boundary condition (3.3.2). This ends the proof of Lemma
3.24. O

3.4. Local maps and their properties

In this section, we use the results of the previous two sections to study the local maps for each of
systems (3.2.1), (3.2.5) and (3.2.9). Recall (3.1.2) and write

(3.4.1) T'° (w19, v10) = (uir,v17) = (M1 (w10, v10) s 72 (w10, v10) ),

where 7; and 72 are some functions. In the previous section, for each of systems (3.2.1), (3.2.5) and
(3.2.9), we have approximated the unique solution (u*,v*) which satisfies boundary conditions (3.3.2)
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(see Lemmas 3.20, 3.22 and 3.24). We write this solution as

uy (t) = uj (¢, 7, u10, u20, V11, V2r) ,
(3.4.2) u:% (t) = us (t, 7, u10, u20, V17, V2r) ,
vy (t) = v (t, 7, u10, u20, V1, V27 ) ,
v5 (t) = v3 (¢, 7, w10, U0, V1r, V2r)

to point out that it explicitly depends on ¢, 7, w19, w20, v1+ and vor. This solution represents an orbit
which at ¢ = 0 is at the point (uj0, u20, v10,v20) and at ¢t = 7 is at the point (u1r, uar, v1ir,v2r).

To study the map T'°°, we consider the case in which ugy = v, = 4, i.e. (u19,us20,v10, v20) and
(u1r, u2r, 17, v2r) belong to I1° and II%, respectively. Evaluating the first equation of (3.4.2) at ¢t =7
and the last two equations of (3.4.2) at t = 0 gives

uir = uj (7,7, u10, 0, v17,90) ,
(343) V10 = UI (Oa T, U10, 9, Vir, 6) ’
v20 = v3 (0,7, u10, 0, V17, 0) ,

which is an implicit relation between w1g, v19, v20, U1 = m1 (U10,v10), V1 = M2 (u10,v10) and 7. On
the other hand, 7 and vy can be expressed as functions of (u19,v19). This allows us to approximate
the functions n; and ns.

For our purposes, approximating 7'°¢ is enough when Mo < 2\;. For the case of 2\; < Ay, in
addition to the approximation of the local map, we also need to approximate the derivatives of this
map with respect to ujg and vyg. This is given by Lemma 3.34 below.

In the rest of this thesis, we will use the following notation

Notation 3.27. We denote the quantity :\\—; by v (A1, \2) or simply v, i.e. v = %

3.4.1. Case \1 = Ao

We prove D = () by showing that (3.1.1) never holds. This implies that the Poincaé map along T’
cannot be defined when \; = A9. This also proves Theorem A2 for the particular case of A\ = As.

Let A = A\ = \o. Evaluating the first two equations of (3.3.4) at ¢t = 7 and the last two equations
at t = 0 gives

(3.4.4) Uy, =e [um +0 (52)] , Ugr = e [uzo + 0 (52)} ,
o= o+ O()]. om = [inr +0 ()]
For the particular case of uoy = vor = 8, we have
(3.45) ur =e 7 [ugg + O (67)], uzr = e N3 [1+ 0 (6)],
vip = [2117 + 0 (52)] , vop = € 4 1+ 0 (9)].

It follows from (3.2.11) that vag = 6~ 'u1gvig. Substituting this into (3.4.5) gives ™7 = “9%10 [1 + O (6)).
This relation and relation (3.4.5) imply

(3.4.6) Vir = 6/\7—1110 + O (52) = 52u10_1 [1 + 0 (5)] + O (52) = U10_152 [1 + 0 (5)] .
For a given sufficiently small §, we have
A. i > i = 1 —15? = o0.
(3.4.7) Jim (o) | 2 T o] = Tim ol 16 (14 0 (8)] = o0
This means that (3.1.1) does not hold when € and ¢, are chosen sufficiently small. On the other hand,

it is easily seen that the same happens for the points (u19, v19) in D. The same also holds for the case
of homoclinic figure-eight. Therefore,

PROPOSITION 3.28. When A\ = A2, we have D =D = D! =D! = D? =D? = (.
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3.4.2. Case A\ < Ay < 2\

Suppose A < Ay < 2);. Evaluating the first two equations of (3.3.6) at t = 7 and the last two
equations at ¢ = 0 gives

Uy =e M ugg [1+ 0 (6)] + e 270 (v1,), Uy = e 7 [ugg + O (62)]
V10 :e_)‘lTUh— [1 + O (5)] + 6_)‘27—0 (5U10) y Voo = 6_)‘27— [1}27 + O ((52)] .
For the particular case of usy = vo, = 8, we have

urr =e M uyg [1+ 0 (6)] + e 270 (dv1,), Uz = e 275 [14 0 (0)],

(3.4.8) T “AoT —AoT
vio =e ’U17—[1+O(5)]+6 2 O(5U10), Vog = € 2 (5[1+O((5)]

This, in particular, implies
(3.4.9) vir = Moo [1 4 0 (6)] + eM1722)70 (Suyg) .

Since first integral (3.2.7) vanishes at (u10, 0, v10,v20) € II°, we have vgg = F - u19v10 [1 + 0(1)]. Thus,
(3.4.8) implies

(3.4.10) e T = % - U10V10 [1 +0 (5)] ,

and therefore

(3.4.11) e = (% . u10010)7 14+ 0 (9)].

By these relations, we rewrite (3.4.9) as

(3.4.12) v1r = Moy 14 O (9)].
Substituting this into the equation of w1, in (3.4.8) gives

(3.4.13) Uty = e Mg [1 4 0 (8)] + eM=22)70 (duyg) .
Therefore,

vy 1—
m (w10, v10) = U1 = (% -u1ov10) uip [1 4+ O (9)] + (;7 . U10®10) O (8]viol),
(3.4.14)

el

12 (u10,v10) = V1r = (% -ulovlo) vip [1 + O (9)].

Let us now explore the domain D of the map 7'°¢. We have
M7 _ M0 (14 0(5)] 4+ e 0 (5).

Vir V10

Choosing § sufficiently small such that |O (9)| < 1 yields

Ay

uir < 26_)‘27

V1r

luto] |
——— te 2T S
|v10] 62

8
(w3 + |uroviol) < 5*;62-

Therefore, for any given (fixed) sufficiently small §, we have

(3.4.15) ur = 01,0 (€%).
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Thus,

u172 2
Ulr, VU =\ u?_ +vi =|v 1+‘— =|v 1+ 0 (e
510 It w1l =yfud, %, = lonely 1+ [ = fore| 1 +0 ()]

= (v67) " Juro| a0l T [L+ O (6)] -

Therefore, ||(u17,v17)| < €, if and only if

(3.4.17) 10 < €™ (Y6727 Juge] T7 1+ 0 (8)], (v =Myt > 0.5).

By virtue of (3.4.10), we see that if (u10,v10) € D, then ujgvig > 0. It is also easy to see that analogous
statements hold for the points in . This gives:

PROPOSITION 3.29. Let A < Ao < 2A1. For a given sufficiently small §, we can choose € and €, so
that the domain D (D) becomes the set of all points (u19,v10) in II° such that 0 < uipvio (uipvio < 0),
|(u10,v10)|| < € and (8.4.17) holds (see Figure 3.5).

Figure 3.5: The regions D and D for the case A\; < A2 < 2); are shown in green and blue, respectively.
They are surrounded by horizontal axis, e-ball B, and the curves characterized by (3.4.17). Note that since
7= XAX"!t > 0.5, these curves are tangent to the horizontal axis at (u19,v19) = (0,0).

Remark 3.30. The case of homoclinic figure-eight is the same. Relation (3.4.15) holds for any
(u10,v10) on 1§ and the domains D' and D' are given by Proposition 3.29 (i =1,2).

3.4.3. Case 2\ < \g

Suppose 2A; < Ag. Evaluating the first two equations of (3.3.7) at t = 7 and the last two equations
at t =0 gives
ULy = e_’\lTulo [1 + O (5)] + e 2MTO ((5’017—) , Ugr = e T [UQ(] + O ((52)] ,

3.4.18
(3.4.18) vip = € M ui- 140 (0)] + e 20 (Jurg),  vao = € M7 [var + O (6%)] .

For the particular case of usy = v9, = &, we have

Uy =e M uig [1+ 0 (6)] + e 270 (8|v1,]) Uz, = e 275 [14 0 (0)],

3.4.19
( ) V10 :€_>\17—Ulq— [1 + O (5)] + 6_2>\ITO (5|U10|) , Vg = €_>\2T(S [1 + O (5)] .
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This, in particular, implies

(3.4.20) vy = Mg [1 4+ O (8)] + e 70 (Slugg)) -
Substituting this into the equation of uj, in (3.4.19) gives

(3.4.21) Uiy = e Muig [L+ 0 (6)] + e M70 (8|vro]) -

Then, local map (3.4.1) maps (u19,v10) to (417, v17), where ui, and vy, are as in (3.4.21) and (3.4.20),
respectively, and 7 is a function of (u19, v19). It is not as straightforward as the previous two cases to
express T as a function of (u19,v10). This is not straightforward either to find the domain D of T"¢,
Below, we divide D into three regions (it is shown that D # )) and study each region separately.

Let B¢ be the e-ball in II® centered at M?. For a given m > 1 define

Y™ = {(u10,v10) € Be : Jvio] < m ™ '|ugo|},

(3.4.22) " .

V5" = {(u10,v10) € Be : m™ uro| < |vio] < mluiol}
and
(3.4.23) Yém = {(ulo,’vlo) S Be : m|u10| < |2)10‘}

(see Figure 3.6). Obviously, B = Y™ U Y)" U Y3". We define
(3.4.24) 1 =DnNY", D5 :=DNYy", Ds:=DNY3".
Analogously, we define

{=DnY", 5 =DNYy", DS :=DNY3".

We may drop the subscript € and m, when no confusion arises.
For (ui0,v10) € Y{" UY5™, we have |v1p| < m|uip| and therefore

(3425) V10 = O (ulo) .
On the other hand, first integral (3.2.10) vanishes at (u10, d,v10, v20) € II°. Thus, by (3.4.25), we have
0 =M 1u1ov1o [1+ 0(1)] — Agvaod [1 + 0(1)] + viyO0(8) + vaguiyO(1)
2

)
=A1U10V10 [1 + 0(1)] — AoUg00 [1 + 0(1)} + ulo’l}loO((S) + ’1)200(6 )
:)\1U10’U10 [1 + O ((5)] — )\2’0205 [1 + O ((5)] y

which implies
(3.4.26) v20 = % ~urovio [1+ 0 ()] .

This relation together with (3.4.19) imply that any point (ui0,v10) € Y{"UY5" reaches IT* if ujgvip > 0,
and reaches ¥ if ujgv1g < 0. Therefore, to find Dy U Dy (D1 U Dy) it is sufficient to find the points in
Y™ U Yy™ for which ||(uir, v17)]| < €y

Like the preceding two cases, relation (3.4.26) yields (3.4.10) and (3.4.11). Let § be sufficiently
small. By (3.4.20) and (3.4.21), we have

17| <2eMT|v1g| + €M7 8 uo| < 4 (52W_1)7 luto| ™ vio]' ™7 + €M7 8 |

3.4.27
( ) §4m177 (52,}/71)7 ‘ulo‘lf?y _i_ef)\lT(s‘ulO‘ < [4m17'y (52771)7 + 1} 617277

and

(3.4.28) lur| < 267 M7 ugg| + e M7 8|vo] < (24 6) e M e
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PrOPOSITION 3.31. For given m, sufficiently small 6 and sufficiently small €,, we can choose €
sufficiently small such that for i = 1,2 we have

D; = {(u10,v10) € V", wiovio >0}, Dy = {(u10,v10) € YJ", u1ov10 < 0}.

Y;

Figure 3.6: We divide the e-ball in II* centered at M* into three disjoint regions: Y3, Y5 and Y3. They are
shown by blue, green and pink colors, respectively, in the left figure. To investigate the sets D and D when
Ao > 2A1, we consider the intersection of each of these sets with the regions Y7, Y5 and Y3. In this direction,
we define D; = DNY; and D; = D NY;. The regions D1, Dy, D and Dy are shown by blue, green, yellow and
gray, respectively in the right figure. The sets D3 and D3 are subsets of the pink region.

Now, consider (u19,v10) € Y3" UYJ". We have |uig| < m|vig| and hence
(3.4.29) uio = O (v1p) .
By virtue of this relation and relation (3.4.18), we write
v1p = € M1, [1+ 0 (8)] + e 2M70 (8luro]) = e M v, [1+ 0 (6)] + e 2M70 (|vo))
which gives
(3.4.30) vip = e M, [1 4+ O (0)] and v = Mo [1 4 0 (9)].

This relation together with (3.4.18) give

3.4.31 =
( ) V1r Vir

—MiT —2\17
uir e Mu[1+0(0)] +e O (du1r) _ e~ T [? +0 (5)} =o(1),
10

which implies u1, = o(v1;). Thus,

Wi |2
| G, vie) [} = e 4o = fonely 14 |22 = ol 0 (D)
T

Note that it was relation (3.4.26) that enabled us to, first, identify the points in Y;™ for which
(w17, v17)]| < €, holds, and second, distinguish D; from D; for ¢ = 1,2. For the case of i = 3, we
cannot deduce such a relation from first integral (3.2.10). However, as we see later, the dynamics on
Y3™ is quite simple and can be analyzed without knowing D3 and D3 precisely.

Meanwhile, we have shown the following
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COROLLARY 3.32. If (u10,v10) € YJ™ then (3.4.26), (5.4.10), (3.4.11), (5.4.25), (3.4.29) and
(3.4.30) hold.

COROLLARY 3.33. If (u19,v10) € Y3" then (3.4.31) and therefore ui; = o(vi,) hold.
We now proceed to deal with the differential of the local map at the points in Da:
LEMMA 3.34. Let (3.4.1) be the local map of system (3.2.9) and suppose (u10,v19) € Da. We have

0 0
G =meTiro@) g =afe o).
(3 4 32) UL [(u10,010) Y1 [(u10,010) Y10
o 0 0
87772 _ 77@ CeMT [140(6)], 87772 =(1-7) eMT 140 (9)].
UL [(u10,010) u10 Y1 [(u10,010)

Proof. Let (3.4.2) be the solution of system (3.2.9) that satisfies boundary conditions (3.3.2), where
ug0 = vor = 0. When the point (u19, d, v10, v20) on II® reaches the cross-section II* at (u1, u2r, v1r,9),
the corresponding flight time 7 is uniquely determined by u19 and vig, i.e. 7 = 7 (u10,v10), for some
function 7. Thus, by (3.4.3), we have

(3.4.33) v1p = v (0,7 (w10, v10) , u10, 9,12 (U10, V10) 5 0) ,
(3.4.34) v20 = v3 (0,7 (w10, v10) , u10, 9,12 (U10, V10) 5 0) ,
(3.4.35) n1 (u10,v10) = uj (7 (u10,v10) , 7 (10, V10) , U10, 6, M2 (U10, V10) , F) -

Recall that, by Remark 3.14, vgg is a function of u19 and v1p which we denote it by & (u10,v10). Both
sides of (3.4.33), (3.4.34) and (3.4.35) are functions of ujg and v19. Differentiating (3.4.33) with respect
to uy1g and vy give

(3.4.36) _ %”T .8‘97 (;%1‘ (;%T . 88’72
T _, duo uto|,_, Vir| _, 9U10
and
(3.4.37) 1= %”1 : aaT g e (;9’72 .
Ty V10 Vir|,_, 9v10
Differentiating (3.4.34) with respect to ujo and vig give
(3.4.38) Ok _ ov3 oo ovs ov3 O ’
8u10 or 8U1o aulo 81)17— 8u10
= t=0 t=0
and
(3.4.39) aaﬂ = %US : 887 5”5 -5”2.
v10 T ey GV10 Uir|,_, ©vi0
Differentiating (3.4.35) with respect to ujo and vig give
(3.4.40) om _ Ouy ~or n ouy oo ouj ouj ~ On ’
Bulo ot — 811,10 or i 8u10 31140 _ 8'017— _ 8u10
and
(3.4.41) Om _ Ouy| Ot I Qui| 91 | Ouj  Om
81}10 ot i 81)1() or i 81)10 81)17— i 81)10

Here is our strategy to get the estimates in (3.4.32): we first estimate the expressions
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-\ Oul
(i) Bt |,
Ok Ok
(11) Ouig’  Ovio
.oy Ouf vy vy
(111) ou1g t T’ ouio tZO’ Juio t=07
. ouy ovy ov3
(IV) ov1r t=‘l" ov1r t:O’ ov1r t:O’
V) or = or t:07 or t:O.

We then substitute these estimates into (3.4.37) and (3.4.39). This gives us two independent equations
ot

with two unknowns: Jors and g}%. We will solve these equations and obtain some estimates for
the unknown expressions. With the same method, we will obtain estimates for 3‘3:0 and 881:7120 from

equations (3.4.36) and (3.4.38). Finally, substituting these into (3.4.40) and (3.4.41) will give us

estimates for 21— and 21
Ou1o Ovio

(i) Estimate for %LE : Recall that we can use (3.2.6) and (3.2.4) to write the first equation of
=T
(3.2.9) as
iy = —Arur + £11 (u,v) uf + £12 (u, v) vz + £13 (u, v) vy,

for some continuous functions £1; (see relation (3.3.16)). Thus,
ouy
ot
and by (3.4.19), (3.4.20) and (3.4.21), we have

= —-\uir + 0O (U%T) + O (u1ru27) + O (viruzr) ,

t=1

ouy
ot

= —)\167/\17-”&10 [1 +0 (5)] + 67)‘17-0 ((51)10) .

t=1

In particular, for (u1g,v19) € D1 U D3, we have

*
ou]

4.42
(3.4.42) T

= e Mu [1+ 0 (6)].

t=r1

(ii) Estimates for 6(3?0 and a?)—’fo: Following Remark 3.14, k is a C%-smooth (¢ > 2) function of

(u10,v10) which is defined on an open neighborhood of M* € II®. Since its restriction to D; U Dy is of
the form (3.4.26), we have

Ok Ok 0’k 0%k 0%k y
= 0,0) = —5(0,0) = —-(0,0) =0 0,0) = —.
( 9 ) au%O ( ) ) av%o ( ) ) ) 8”10’[}10 ( ) ) 5

Thus, by Taylor theorem, we have

8(1/; (u10, v10) 2%010 + 0 (u10) + o (v10) ,
;}i} (w10,v10) :%ulo + 0 (u10) + 0 (v1p) -

By (3.4.25) and (3.4.29), for any (u19,v10) € D2, we have

0K Ok

B (Wi0,v0) = Soo[L+o (D], 5 (w0, vi0) = guro[1+0(1)].
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. ouf Ovy ovy .
In order to get estimates for %, % and %, where 6 = ujyg, v and 7, we will solve some

boundary value problems. Let (3.4.2) be the solution of system (3.2.9) which satisfies boundary
conditions (3.3.2). By writing system (3.2.9) in the form (3.3.1), i.e

Fl (U,’U) fll (ula )U1+f12 (Ul,UQ,’U)UQ,
Fs (u,v UL, U, V) U,

(3.4.43) 2 (u,v) = far (n, uz, ) uz
G1 (u,v) = g11 (u,v1) v1 + g12 (u, v1,v2) Vo,
G2 (u,v) = g2 (u,v1,v2) va,

where f;; and g;; satisfy (3.2.6) and (3.2.4), we have

UT:—/\luT—FFﬂUT;U;aUla )7

Uy = —Agus + Fo(ul,us, vy, v3),

(3.4.44) 2 ot ! s :
= —|—/\1111 +G1(U1 27?}17’02)’

= +Xov3 + Ga(uy, u3, v],v3).

Differentiating (3.4.44) with respect to 6, where 6 = ujo, vi, and 7, gives

(3.4.45) ( g ) — diagonal (— A1, — Az, A, Ao) - < v ) M) ( v ) ,

where

F1u1 (U*v ’U*) F1u2 (U*v ’U*) F1U1 (U*av*) F1U2 (’U,*,’U*>
M(t) _ F2u1 (’LL*,U*) F2’LL2 (’LL*,U*) F2v1 (’LL*,’U*) F2v2 (U*yv*)
Gy, (u,0%)  Gry, (u,0%)  Gryy (U, 0%) Gry, (u*,07) |7
G2u1 (U*7 U*) G2u2 (U*7 U*) G2U1 (U*, U*) GZUQ (U*7 U*)
and
ou’ (t, T, u19, U2, Vir, Vor
Ui(t) = i ( 10@920 17, V2 )’
(3.4.46) .
o 8vi (t7 T,U10, U20, V1T, UQT)

for (i =1,2). It follows from the proof of Theorem 2.7 that the solution (U (¢),V (t)) of system
(3.4.45) that satisfies boundary conditions

(3.4.47) Ul(O) = Ulo, UQ(O) = UQO, ‘/1(7') = ‘/17-, VQ(T) = V},—

is in fact the fixed point of the integral operator

(3.4.48) T (U1 (t),Us (£), Vi (1), Vs (t)) — (U1 (1), Ta (£), V1 (£), Va (1))
such that .
U, (t) =e MUy + / MG Py (s)ds,
0

t
U, (t) =e Uy + / 260 Ppy () ds,
0

V. (t) ze—m(v—t)vlﬂL/ M0, (5) ds
t

Vo (t) =e 220y, 4 / =9, (s) ds

t
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where
Py (t) =F1y, (W (t),0" (t)) - Uy (t) + Fiy, (u* (t) ,0" (t)) - Uz (t)
+ Fiy, (U (t), 0" (t) - Vi (t) + Fiy, (u* (t),0" (1)) - Va(t),

Py (t) =Fay, (u” (8),07 (1) - Ur () + Fay, (u” () ;0" (1)) - U2 (1)
+ Fo,, (U™ (t),0" (1)) - Vi (t) + Fay, (u* (1) ,v (

HOIRCIOR
Q1 () =Gy, (u” (£),0" (1)) - U () + Gy, (u” (1), 07 (1)) - Uz (£)
+ Gy, (W ()07 (1) - Vi (1) + Gy, (u” (1), 07 (1) - Va (2),

LT (1) - Ut () + Gayy (w0 (8) 07 (1) - Un ()
+ Gayy (u” (1), 07 (1)) - Vi (1) + Gy, (u” (1) 07 (1)) - V2 (1) -

Moreover, this integral operator is a contraction and the fixed point (U (¢),V (t)) of this operator is
the limit of the sequence of successive approximations

{(W2w.v0m) = (Vo0 0. 0.0 0)
where (U(O),V(O)) = (0,0) and
(U<"+1> (1), v<n+1><t)) s (U(”) (t), v (t)) . V>0

Below, we will solve such a boundary value problem for each of the cases # = w19, v1+ and .

. ouj ovy ov} .
(iti) Estimates for L i o O T o’ Let (U1, Usa, Vi, V2) be the solution of system

(3.4.45), i.e. the fixed point of (3.4.48), where

~Ou(t, 7, u10, 20, Vir, Vor)

Gilt) Ju1g ’
o0v} (t, T, u10, 20, Vi, Vor)
‘/z(t) = 8U10 ) (Z - 17 2)

Taking into account that (3.3.9) holds for the solution (u*,v*) of system (3.2.9), we have
(3.4.49) Ul(O) = U10 = 1, UQ(O) = U20 = 0, Vl(T) = V17— = 0, VQ(T) = V27— =0.
We claim that the solution (U, V') that satisfies boundary conditions (3.4.49) is of the form

Ui(t) =e M1+ 0(0)],  Us(t)=e0(9),

(3.4.50) Vi(t) = e M0 (5) Va(t) = e 22790 (5).

To prove the claim, let us first show that the set

A= {(U1 (), Us (£), Vi (£),Va (£)) : |Uh(t)] < 267N, [Us(t)] < e,
O < e, ()] < e 00,

where (Up(t),Ua(t), Vi(t), Va(t)) is any continuous function defined on ¢t € [0, 7], is invariant with
respect to integral operator (3.4.48). Notice that since fi; and g;; in (3.2.9) are C?~!-smooth (¢ > 2)
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and satisfy (3.2.6) and (3.2.4), we can write the first derivatives of F; and G; as
Fuy, (u,v) =11 (u,v) ug + 15 (u,v) uz, Fiy, (u,v) = £1 (u,v) v1 + £15 (u, v) va,
Fuy, (u,v) =£3 (u,v) ug + £3, (u,v) ug, Py, (u,v) = £ (u,v) ug + £15 (u,v) u,
Foy, (u,v) =£3; (u,v) u, Fay, (u,v) = £3, (u,v) ug + £39 (u,v) uz,
Fy,, (u,v) =13, (u,v) ug, Fyy, (u,v) = £, (u,v) ug,
Gy (u,v) =g11 (u,v) V1 + gla (u,0) vy, G, (u,v) = g1y (u,0) v1 + gly (u,0) va,
Gy, (u,0) =gy (u, ) v1 + gl (u,0) vz, G, (u,0) = gy (u, ) ur + gl (u,0) uz,
Gouy (u,0) =831 (u,0) vz, Gau, (u,0) = g3y (w,0) va, Gy, (u,0) = g3y (u,0) vz,
Gauy (u,v) =g (u,v) 01 + 835 (u, v) va,

where ffj and gfj are some continuous functions. Consider the constant M given by Lemma 3.24 and
let MT = max{3,3M?}. For the solution (u* (t),v* (t)) of system (3.2.9), we have

ui ()] < (14 M) e ugo| + Me M5y, | < MTe Mg,
Jus ()] < €2 (Jugo| + M6?) < MTe '
|Ui< (t)’ < (1 + M&) 67)\1(7775)’7)17—’ + Mef2)\17+)\1t6‘u10‘ < MTef)‘l(T*t)é
03 (1)) = €720 (Jvar | + M%) < MTe220705,
Let € be a small compact neighborhood of the equilibrium O of system (3.2.9) and define

(3.4.51) M* = S {I£5 (u, )|, ¥ (u,v)[},

and M* := M*MT. We have
|F1u1 (u*,v*) |,
|F2u1 (u*,v*) |,
| Fru, (u*,07) |,

)

* ok
|qu1 (u*,v

(u* V™)

)1y |Grg, (u, 0" < Mie=Mts
|G, (u”,07) |

’ |F1v2 (U*av*) |

(3.4.52) < Meh(rD;

(u®, %)

| ’GQuz (u*,v") ’, |Gg@1 (u*, 1;*) | < Mie2e(r=t)5.
This implies

[P ()] <Mi5 [2672A1t e MTm A2t | =M oAt A (o t>} < MEs [36*2A1t +2€*A17] )

P2 (0] <M [36 Praet g gmhermhlrm) +6”2T] < M*s [3e*<A1+A2>t L tetmAa(r— ”]
@1 (0] <M [zeikﬁ e P2t M=l L pm2(rml) | pm Mt (T f)] < M*s [36”” + 26*2A1(r—t)] ;

|Q2( )| SMI(; [Qefht Ao (T—t) _,’_efhf + 267(A1+>\2)(7—7t)] < MEs [367>\1t7>\2(7*t) + 267(>\1+>\2)(77t)} ’

</
0

¢
§3M¢5/ eM(s=t) [672)\15 + efAlT} ds =
0

Using these relations, we have

¢
/ MG Py (s)ds

0

’Ul(t)fef)‘lt = M= py (s)|ds

3Mie—Mts
AL

<3Mix, "le~Nits [1 + e*M(H)} < 6MEA "le Mg,

</
0

Y Y
:3Mi§ 2t § [(1 _ e*“t) e M7 (6A1t _ 1)] < 3Mi§ 2'o [1 + e*M(T*t)] < 6Mi)\flefk2t5.
1 1

[(1 _ e*)\lt) + 67)\17' (6)\115 _ 1)]

Concerning Us(t), we have

t
260 p, (5) |ds < 3M15/ H2(s—1) [e—(h-‘r)\z)s +e—A2s—A1<f—s>] ds
0

Ug(t)) -

t
eI p, (s)ds
0
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Concerning V(t), we have

/ M, (s)ds S/
t t

:3M16A1t6/\1—1 |:e—)\17' (e—)\lt _ e-xlf) LM (eAIT _ eklt) ] < 3)\1—1M16—,\1(T—t)5[6—xlt + 1]

<6AT I MFe MO

e)\l(t—s)Ql (S)

Vl(t)) -

ds < 3M16/ M=) [e_)‘l‘r + 6_2)‘1(7_5’)] ds
¢

and concerning Va(t), we have

/ =5 Qy (s) ds S/
t t

<3M*6 /T A2 (t—s) {641342(775) _|_ef()\1+)\2)(7'fs)] ds
:3M1€/\2i€5)\11 [67,\27 (ef)\lt - e*’\17> L) (6,\17 _ 6,\11&) }

§3)\1_1Mie_’\2(7_t)5[e_/\1t T 1} < 6M I MEe ),

‘Vg(t)‘ - A2(t=9)Q, (s) |ds

Let M = 6M*\;~! and choose ¢ sufficiently small such that Md < 1. We have
‘Ul () ‘ < (14 Md)e Mt < 2e7 M1 ‘Ug () ‘ < Me 2ty < et

’71 0] < MeM(T=05 < e—)q(T—t), ‘72 (t)‘ < Me 2015 < e—AQ(T—t)’
which implies (U (t),Us2 (t), V1 (t),V2 () € A as desired.

Meanwhile, we have shown that the image of any element of A under ¥ is of the form (3.4.50).
However, since (U ©) V(O)) = (0,0) € A, it follows from Remark 3.26 that the same holds for the
solution (U (t),V (t)) that satisfies boundary condition (3.4.47). This proves the claim.

By (3.4.50), we have the following estimates:

ou? ovy ov
YUl —entngo©)], A —ehto@g), 22| — o).
Quio |y, Ou10 |4—g du1o [,—o
(iv) Estimates for % L % o and gqjﬁ ' Let (Uy,Us, V1, Va) be the solution of system
(3.4.45), i.e. the fixed point of (3.4.48), where
Ouj (t, 7, u10, U0, Vir, V2r)
Ui(t) = <
Z( ) 0v1r ’
ovr(t
Vi(t) = vy (¢, 7, u107u207vlrav27')’ (i=12).
vy,

Taking into account that (3.3.9) holds for the solution (u*,v*) of system (3.2.9), we have
(3.4.53) U1(0) =Uyg=0, Ux(0)=Uy =0, Vi(r)=Vip =1, Va(r)=Var =0.

We claim that when (u19,v10) € Da, the solution (U, V') that satisfies boundary conditions (3.4.53) is
of form

Up(t) = e M0 (6) Us(t) = e 20 (5),

(3.4.54) Vi(t) = e M1+ 06)],  Va(t) =e 2P0 (9).

To prove the claim, let us first show that the set
A= { (@), 00, Vi0), Va(0) = [01(0)] < M0, [T()] < e,

Vi(t)] < 271070 (t)] < e**?“*t)},
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where (Uy(t), Us(t), V1(t), Va(t)) is any continuous function defined on t € [0, 7], is invariant with
respect to integral operator (3.4.48). To show this, we use the upper bounds given by (3.4.52), except
the cases |F,,| and |F},,| which we use the following:

‘Flvl (U*v 'U*)

7|F1v2 (’U,*,’U*) ‘ S ,2\4-:lt |:@7)\1t’u10’ + eiAl(Tth)(S"UlT‘ + e*/\gt(s] )

We have
|Py ()] <M?* [e%(?t”)a + 3e M=ot s L 9o~ NT |y 0| 4 262N 6|0y, |

+ e—x\z(’f‘—t)—)qt|ulo| + €_>\2(T_t)_>\1(7—+t)6|7.117-| + e—/\2T5:|
SMi |:ef)\1 (2t+7’)5 4 467/\1(T7t)7)\2t5 4 367/\1T’u10’ 4 3672)\175|,017_|i| ,
|f>2 (t)| SMi(S [6—()\14-)\2)1&—)\17' + e—(>\1+>\2)t + 26—)\2t—)\1(7—t) + €—>\27—]

SMid |:2e—(>\1+)\2)t 4 36—)\2t—)\1(T—t) ’
and concerning ()1 and @2, we have

’Ql (t)‘ SMi(S —672)\1T 4 ef}\gtf)\l(ﬂ'ft) 4 2672)\1(T7t) 4 e*)\lt*)\Q(T*t)]
SMié _6—)\2t—)\1(T—t) 4 46—2)\1 (’T—t):|

)

Q2 ()] SMHS [ MTHO=00) 4 =har g gem ()|

SMi(; -6*&7 + 46*(>\1+>\2)(T*t)} )
Therefore, concerning U1 (t), we have

MNPy (s) |ds

</
0

t
S4M;t/ 6)\1(s—t) [e—)\1(25+7)6 + e—)\l(r—s)—)\gs(s + e_AlT]um] + 6_2/\175’U17‘:|d8
0

7.) :’ /0 "M (5) ds

(3.4.55) Ao | O (1 ot 0 @) Jwol (oae
e )\1(1 ¢ )+>\2—2/\1(1 € >+ N (e 1)

e M75|v, | (em _ 1) - AMie M7
)\1 mln{)\l, /\2 — 2)\1}

<4 (minfAg, hg — 20, }) " M |:3€_>\1(T+t)5 + e_’\17|u10|] .

_l’_

[2€_>\1t5 + |uio| + €_>\17—5|’U1-,—|}

Concerning Us(t), we have

T2(t)| = =D Py (5) |ds

t t
/ et p, (s)ds S/
0 0

¢
<3M16/ er2(s-t) [6_(>\1+)\2)S + e‘AQS_Al(T_S)} ds = 3Mie_)‘2t(5[1 (1 — e_)‘lt)
- A

0 1

e—AlT

+ - (exlt _ 1)} <3\ " IMteNets [1 n e—)\l(‘r—t):| < 6A, " MEeHets,
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concerning V1 (t), we have

Vi) — e

/ eAl(t_s)Ql (s)ds

t

- /7‘ ‘eM(t—S)Ql (s)‘ ds
t

T -7
§4M15/ e)xl(t—s) |:e—>\gs—/\1(‘r—s) + e—2A1(T—s)j| ds = 4Mie/\1t5|:% (e—)\gt o e—AgT)
t 2
—2\17 4M1
e . (exlr _ e)qf/)} < e—Al(r—t)(S[e—AQt n 1} < 8)\1—1M¢e—,\1(7—t)5,

+ "

and concerning V(t), we have

/ e =9Q, (s) ds S/ ‘6’\2“75)@2 (5)'515
¢ t

T —AoT
<4Mi(§/ etz (t—s) |:6_>‘2T + e—(A1+>\2)(7’—5)} ds = 4Mie)\2t5{u (e—Aﬁ _ e—AzT)
- A
t 2

]VQ(t)

—(>\1+/\2)T
+ e (e)\lr _ e>\1t):| S
A1

40t

e_’\Q(T_t)(S[e_/\Qt + 1} < 8)\171M16_>\2(T_t)(5.
1

Note that by Corollary 3.32, for (u19,v19) € D2, we have

e—/\lr‘ulo‘ < Ke—/\1T’,U10’ < K2€—2)\17‘UIT| < K2€_2/\1T5,

for some constant K > 0. Thus, we can rewrite (3.4.55) as |Uy (t)| < Mie=*1("+§, for a sufficiently
large constant M;. Let M = max{M;,8 (min{A1, \s — 2)\1})_1 Mi} and choose ¢ sufficiently small
such that Mé§ < 1. Then

‘Ul (t) ‘ < Me M) 5 < e_)‘l(T'H), ‘UQ (t) ‘ < Me Mt < e_’\2t,
’Vl (t) ‘ < (1+ Mb)e Mg < 2e7 (1) ‘VQ (t) ‘ < Me 2Tt 5 < ehe(r=t),

which implies (U (t),Usz (t), V1 (t),V2(t)) € A as desired.

Meanwhile, we have shown that the image of any element of A under ¥ is of the form (3.4.54).
However, since (U ©), V(O)) = (0,0) € A, it follows from Remark 3.26 that the same holds for the
solution (U (t),V (t)) that satisfies boundary condition (3.4.53). This proves the claim.

By (3.4.54), we have the following estimates:

duy —2M\17 Iy -2 vy -
= 0 (9), =e MT[140 ()], =e 70 (9).
81}17— t=7 € ( ) 8vlT t=0 ¢ [ + ( )] (%17 t=0 € ( )
(v) Estimates for % , %LTI . and % Let (Uy,Usz, Vi, Va) be the solution of system
t=r t= t

(3.4.45), i.e. the fixed point of (3.4.48), where

_Ouj(t, 7, u10, u20, Vir, Vor)

Ui(t) 5, ,
ovy (t, T, u10, U20, Vi, V2r )
Vi(t) = - ) i=12).

Taking into account that (3.3.9) holds for the solution (u*,v*) of system (3.2.9), we have
(3.4.56) Ui(0) = Uig =0,  Us(0) = Usg = 0.

Differentiating the third and the fourth equations of (3.3.9) with respect to 7 (with using the Leibniz
integral rule) give

O

N ot lt=r

(3457) ‘/17 = _AlvlT + Gl (u17'7 U2r, Uir, U27’)
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and

(3458) Vor = ﬁ — = —X20 + G2 (Ulﬂ'a U2r, Vir, UQT) .

We claim that, for the case (u1g,v19) € D2, the solution (U, V) that satisfies boundary conditions
(3.4.56), (3.4.57) and (3.4.58) is of form

(3.4.59) Uy (t) = ejlfg t(a\uw\) : Us(t) = e:)/\\?tg t(52) ,
Vi(t) = e MO Dp [~ +00)], Vat) =e 2085 [=Xy + 0 (5)].
To prove the claim, let us first show that the set
A= {(Ul(t),U2(t),Vl(t%Vz(t)) L |UL()] < e Muge],  |Ua(t)] < e,
Vi) < (14 M) e M Doy,
Va(t)] < (1+ o) 72051,

where (Ui(t),Ua(t), Vi(t), Va(t)) is any continuous function defined on ¢t € [0, 7], is invariant with
respect to integral operator (3.4.48). We use the upper bounds given by (3.4.52), except the cases
|Flusly 1Frogls [F1osls |Giuyls |G1u,| and |G1,,| which we use the following:

maX{|F1u2 (U*av*) MGlul (U*av*) ‘7 |G1uz (U*7U*) ‘}
< Mi |:ef)\1(77t)|vlT| + 672/\17+)\1t5’uloy + 67)\2(7'715)5} ’
Flvg (U*,U*) |a ‘lez (U*7U*) ‘}

< M e M ug| + e Moo | 4+ €15

max { ‘Flvl (u*, v*)

)

We have
P, (1) <Mt {672)\1t5|u10‘ n ef)\l(‘rft)f)\zt(s‘vh_‘ n 672)\17+()\17>\2)t62‘u10| 1 e g2
+ (1 4+ A1) e M ugguir| + (14 A1) e 7276 vy, |2 4+ (14 M) e 2005y, |
(L4 Xg) e MRS 0] 4 (14 Ag) e M THI 22052y | 4 (14 Ao) ewfa?]
<M* {26_2A1t(5|ulo| + (24 X\) e_Al(T_t)_A2t5|U1T| +(2+ A2) e 275 4 (I+X) 6_)\1T|U10U17|
F (L4 A1) e M8 ug, |2 4 (1+ Ag) e M2 D5 0] 4 (1+ Ao) e‘*l“*“‘*?“‘”ﬁ\m\],
Py (t)] <M?*§ {e*“l“‘z)ﬂum Fem Mt (14N ey 4 (14 Ng) e*Aﬂa}
<M [26—(A1+>\2)t F (24 A+ N e et M)
and concerning ()1 and 2, we have
Q1 ()| <M* [67)‘17|u10v17| + e 2T §lugg|2 4 e A2 TNy 0| 4 e M (T Gy |
e PMTHOING2 o1 e eT g2 4 (14 ) e 2Ty |
(14 Ao) e 722705 0] 4 (14 Ag) e M THI=22T=0 821 | (1 + Ny) ewnﬂ
<M*# [67/\17|U10U17—| + €T lugg|2 4 (2 + Ag) e 2T 7Nt g gy | 4 e M Tt gl |
+ e PTG 0] 4 (24 Ag) €77+ (24 A1+ o) e—%“—t)éwhq :
Q2 (t)| <M*s {eihti/\z(‘r%) luto| + €727 4+ (24 A1 + A2) 67(/\1+)‘2)(T7t)|111'r|}

<M*6? [267)\17:7)\2(7—77:) + (24 M + Xo) e*“l**”(f*ﬂ .
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Therefore, concerning U1 (t), we have

t
S/
0

t
< (2 + )\2) Mi/ eri(s—t) [6_2)‘185\U10| + e—)q(T—s)—)\zs(S'UlT' + e~ 27§52 + e_)\lT|U10U1'r‘
0

+ €_2>‘1T5|’U17—|2 + e—Als—/\z(T—s)a‘uld + e—)\l(r+s)—>\2(r—s)62|v17|} ds

MG Py (s) |ds

7.0 :’ /O " M0 Py (5) ds

) TS - —A2T §2
_ (24 )\g)Mie_*lt[ |u10] (1—eMt) 4+ e |vir| (1 _ €(2>\1—>\2)t> n <e

)\1 )\2 — 2)\1 >\1
T —2M\ T 2 —AoT —(A1+A2)T 52
e |urovir| e §|v1r| At e Sug| e 5% |v1+] Aot
-1 2 —1
L VR Y S i G ve X (™ =1)
24+ \) Mt [
( + 2) e*)‘1t5|u10| + 67/\1(T+t)(5|1)17| + €7A2T52 + 67A1T|’LL101)1.,-| + 672/\175|Ul‘r|2

<
7min{/\1, Aoy — 2/\1} L

+ ef)\2('rft)f)\1t§|u10‘ + e)\l(r+t))\2(rt)62|vl7_|:|

32+ X)) MY [ “Ai (T4t —2
1(T+t . 51
SHn(u e —2ag [0 ol te forr| e
t
S/
0

t
<2(1+ Xo) M¢52/ o2 (s—t) [e—(A1+A2>s T 6—A2s—A1(T—s)} ds
0

=2 (14 Ao) A~ MEe 2052 [(1 - e_Alt) + e~ M7 (e)‘lt - 1)}

Concerning Us(t), we have

t
‘UQ(t)‘ :‘/0 2Py () ds 267D P, (s) |ds

<A (14 Ag) Mie 252 {1 + e‘Al(T—t)} < AN (1 A) Mieets2,
Concerning V' (t), we have

‘V1(t)—€7/\1(77t)v17’ = ‘/ M =)Qy (s)ds eM=9Q (s) |ds
t

</
t

-
<2(1 +)\2>M1/ eM(t—s) {ei/\17|u10v17| +€72)\1T5‘u10|2 Jref)\z(rfs)*)\lsﬂul()'
t

+ 67A1(775)7A255|U17_| + 672>\17+(>\17/\2)s62‘u10| + ef)\2752 + 672>\1(775)6‘U17‘}d8

7)\17’
=2 (1 + /\2) Mie/\lt |:6 ‘Ulovlf‘ (eiAlt — 67)‘17')

A1
e MTSlurol? Ly ey €727 8utol £ (au—anie A2—2A1)t
e v G A vees s vl G
. —2X\17 £2
+ %‘W (et — eaT) ¢ e 1)\5 |uao] (72t — ¢=%em)
2 2
—/\27'62 _2)‘17—(5
+ € (6_>\1t _ e—/\l‘f') + 67‘/017—‘ (€>\IT — e_>‘1t)
A A
2 (14 Ag) M*

1T 72)\17‘5 2 7)\1(27'7t)5
S min{A, A — 2M1} [6 furovie] + &7 Slurol” +-e Piral

+ e—)\l(T—t)—)\Qt6|vlT| + 6—2)\1T+()\1—)\2)t52|u10‘ + e—)\27'52 4 e—)q(T—t)(S,UlT]

o 6(1+29) M#*s
7min{)\1, Aoy — 2/\1}

[e—)\l(2r—t)u10| + e—/\gré + e—>\1(7——t)|vh_|]’
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and concerning Va(t), we have

/ 2= Q, (s) ds §/
¢ ¢

<2(1+ o) M52 /T er2(t=9) [e—*ls—&“—@ + 4e—(A1+Az>(T—s>} ds
t

Va(t) — e 22707,

2= Q, (s) |ds

e*)\z‘r e*()\1+/\2)7'

—9 (1 + )\2) Mie)\zté‘Z |:T (67)\115 o 67/\17') + )\7 (e)\lT o 6)\1t)i|
1 1

204X M* o e (r—1) 52 [e—)\lt n 1} _4a +/\A2) Mie_AQ(T—t)(;g

B A1 - 1

Evaluating the last two equations of (3.3.18) at ¢t = 7 gives

’Gl (U1, U2r, V17, V27) | <M™ [4|v17|2 + 46”\1T\u10v17\ + 672/\17|u10|2 + 46 |v1,| + 667’\175|u10|

+ 2672)\175|U17—|:| < M* [146]v17| + Te M7 6 uy ]

‘G2 (Wir, Uor, Vi, V2r) | <M™ [45|U1T| +2e M7 §lugg| + 452] < 10M*5?

where M* is as in (3.4.51). Therefore, by (3.4.57), (3.4.58) and the other relations above, we have

Uy (t) | <Mod {G_Alt\ulo\ + e M)y | + e—AQT(S} ’

Uy (t) | <Mge 2'6?,

Vi) | < (M + Md) e M Doy | + Mod [€*A1(2Tft)|u10| +e 275,
Va2 (1) | < (A + Mpb) e 2205,

for some sufficiently large My > 0. According to Corollary 3.32, we have

e_’\1(7+t)\v1T| < Ke_/\1t|v10| < KQe_/\lt|u10|,
e N7 < K‘ulo’ulo’ < K% 7)‘17-‘11,101)17—’,

67)\1(2T7t)|u10‘ < Ke™ A1 (27—t) ’7}10| < K2 /\1(377t)|vlT|’
for a sufficiently large K. Therefore, for a sufficiently large M > 0, we have
T2 ()| <be 5o, T2 (t) | < Meete?,
‘Vl ‘ < (A + M3) e M0y, |, \VQ )| < g + M) e 220,
Choose 9§ sufficiently small such that Md < 1. Thus,

’Ul ‘ )\lt|u10| ‘Ug (t) < 67)‘2)&(5,

‘Vl (g A+ 1) e T Dy | \VQ(t) < g+ 1) e P25

which implies (U (t), Uz (t), V1 (t),V2(t)) € A as desired.

Meanwhile, we have shown that the image of any element of A under ¥ is of the form (3.4.59).
However, since (U ©), V(O)) = (0,0) € A, it follows from Remark 3.26 that the same holds for the
solution (U (t),V (t)) that satisfies boundary conditions (3.4.56), (3.4.57) and (3.4.58). This proves
the claim.
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By (3.4.59), we have the following estimates:

ouy
or
vy
or
vy
or

t=1

t=0

t=0

= 67)\170 (5|'LL10|) ,
= —\e Mo [14+0(9)],

= —Xe 27§ [1+ 0 (9)].
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So far, we have obtained all estimates that we required. Substituting these estimates into the
relations (3.4.37) and (3.4.39) gives

(3.4.60)
and

(3.4.61)

Yu10 [

1= —/\167)‘177}17 [1 + 0 (5)]

Relation (3.4.61) implies

(3.4.62)

T
vy

= —Xe MG [1+0 (0] =—

-1

Aod

Substituting this into (3.4.60) gives

1=

and therefore

Thus, by Corollary 3.32, we have

(3.4.63)

—A

ve

o

e v xr Y10
)
on2
Ovio

o

T -\ T
171 .
+e 14 O (0)] 010

Ovyg

67_ Y 8772
+e 70 (5)  ——.
) (¥) Ovio

(&2”“10 +0(5)- 8772) [1+0 ().

+ 0 (0) - > [1+0 ()] +e M [1+0 ()]

0 8?)10

oo
Jv1g

A2
= (e)‘” - = 6)\2TU10’U17—> 14 O (9)].

o
62}10

62

=(1-meM[1+00)],

as desired in (3.4.32). By Corollary 3.32, substituting (3.4.63) into (3.4.62) yields

(3.4.64)

o7

vy Ao

1

1

V10

L. L iow).

14 O(vi7)] = "N oo

. On2
vy’

Similarly, we can estimate derivatives of 7 and 19 with respect to u1g. We rewrite (3.4.36) and

(3.4.38) as

(3.4.65)
and

(3.4.66)

0=—Ae M1, [1+ 0 (6)]

Yv10

0

[1+0(0)] =~

From (3.4.66), we have

(3.4.67)

or -1

duig A2l

or

. —\1T -7 1
8u10+€ O@)+e 1+ 0 (0)]

Aoe 275 [1+ 0 (6)] - o +e7270 (8) + e 270 (6) -

8u10

. oo
OJu1g

(gewm +0(8)+0(3) ) L+00).

O
Ou1g

o

8u10 '
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Substituting this into (3.4.65) gives

= Yoy, (Yo . O I
0= 501 <6€ vi0+ O (0) + O (9) 8u10> 1+0()]+0()+ Durg 1+ 0 ()],
and by Corollary 3.32, we have
(3.4.68) Gz _ V4 0(8)] = —4e 2014 0 (5)].

Juip U10 ui0
as desired in (3.4.32). By Corollary 3.32, substituting (3.4.68) into (3.4.67) gives

or 1 1
o __ L L niow.
Ouo A2 Ui [ (9)]

It is easily seen that substituting the estimates we have derived so far into (3.4.40) and (3.4.41)
gives the estimates in (3.4.32) for 27~ and glzlo. This ends the proof of Lemma 3.34. O

Jduig

Remark 3.35. In the case of homoclinic figure-eight, the estimates given by Lemma 3.34 also hold
for the local maps TI°¢ (on D3), TI¢ (on DY), T (on D3) and Ti*¢ (on D3). For instance, applying
Lemma 3.34 on the local map T'¢ on Dy of the system which is derived from system (3.2.9) by applying

the linear change of coordinates (i, Uz, 01,02) = (u1, uz, —v1, —v2) gives the estimates in Lemma 3.34
for T}$¢ on Di.



Chapter 4

Analysis near homoclinics and
super-homoclinics

The purpose of this chapter is to study the dynamics near (single and figure-eight) homoclinic
and super-homoclinic orbits. In particular, we prove in this chapter, all the theorems stated in the
Introduction. In the first section, we introduce some concepts and notations which are used throughout
the whole chapter. The second section is dedicated to study the dynamics near a single homoclinic
orbit. We prove Theorems A1, A2 and A3 in this section. The ideas and techniques which are used
to prove these theorems are also used in the third and fourth sections of this chapter. In the third
section, we extend the results obtained for a single homoclinic to the case of the homoclinic figure-
eight. The proofs of Theorems B1, B2 and B3 are provided in this section. Finally, we study the
case of a super-homoclinic and prove Theorems C1 and C2 in the fourth, and the last, section of this
chapter.

4.1. Set-up and notations

Choose a sufficiently small § > 0 such that all the statements of the previous chapters hold. Fix
this §. According to (3.1.3) and (1.2.8), for (uig,v10) € D C II*, we have

(4.1.1) ( U10 > :T( u1o ) _ < [a+0(1)] uir + [b+0(1)] vir >7

V10 V10 [C +o0 (1)] U1+ + [d +o0 (1)] V1r

where a, b, ¢ and d are real constants (in fact, these coefficients are functions of ¢ but since ¢ is
assumed to be fixed, we treat these coefficients as constants). Our job is to analyze this map for
different values of a, b, ¢ and d, and for each of the cases Ay < 2A\; and 2)\; < Aq9. In this strand, we
first introduce some notations:

Notation 4.1. Let N C M be two arbitrary sets and f : N — M be an injective map. We denote
the set of the points in N' whose forward orbits lie entirely in N by Aj\/—f or Ay,, when no confusion
arises. Indeed,

Ayy=Ay={zeN:f"(x)eN, Vn>0}

We denote the set of the points in N whose backward orbits lie entirely in N by A}‘V—f or A}, when
no confusion arises. Indeed,

A}(/’f =Ay={z¢ N foralln >0, f~"(x) exists and belongs to N'}.

Notation 4.2. Given a point (ui0,v19) on a given cross-section, we denote the quantity Zng (when

uio # 0) by w(uig,vi0) or w. Consider the case (u19,v19) € D and let (u19,v10) € II° be its image

under the Poincaré map T. We denote the quantity % (when w19 # 0) by W (u19,v10) Or W.
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Notation 4.3. We denote the straight line {vip = %ulo} in I1° by £*.

4.2. Dynamics near the homoclinic orbit I': case Ay < 2)\4

Here, we show that when Ao < 2\, any point in the domain D of the Poincaré map T leaves D
by both forward and backward iterations of the Poincaré map. The proof of the case \; = Ay directly
follows from Proposition 3.28 in which we have shown that the domain D of the Poincaré map is
empty. For the case of A1 < Ao < 2A1, we prove that the image of the domain D under the Poincaré
map 7T has no intersection with D. This is also illustrated in Figure 4.1 where D is shown by green
color, and T' (D) is a subset of the region which is shown in gray. We formalize this discussion in the
following lemma:

LEMMA 4.4. When A1 < Ao < 2A1, we have A%7T = A%’T = (.

Proof. When A1 = Ag, the statement follows from Proposition 3.28.
Suppose A\ < Ao < 2A1. By Proposition 3.29, the domain D of the Poincaré map is

0
{(u10,v10) € II” s wgovio > 0, [[(u10,v10)[| <€, |vio| < Ke,uio| ™= [1 + O (9)]},
where § < vy = f\‘—; < 1 and K., is some constant (see (3.4.17)). By (3.4.15), i.e. relation u;, =
0170 (€?), Poincaré map (4.1.1) can be written as

(T10,710) = ( [b+ 0 ()] vir, [d+ O (€%)] U1T>,
which implies w = % + 0 (62). This means that the images of the points in the domain D under the

Poincaré map T accumulate near £*. However, for a fixed d and a sufficiently small ¢, this line has no
intersection with the domain D (see Figure 4.1). This implies A}, 7 = A%, 7 = () as desired. O

Figure 4.1: Case A\; < A2 < 2A1: the domain D of the Poincaré map T is shown in green. The images of the
points in D under the Poincaré map T accumulate near the straight line £* (the line whose slope is %) in the
gray region. As it is seen, the green and the gray regions have no intersection which means D NT (D) = §.
This implies that the backward and forward orbits of any point of the domain D leaves D. The figure in the
left shows the case of bd > 0 (¢* lies in the first and the third quadrants), and the figure in the right shows the

case of bd < 0 (£* lies in the second and the fourth quadrants).

Theorem A2 is an immediate consequence of this lemma. We have
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Proof of Theorem A2. Any orbit in W} (') other than I" must intersect II° at A% . However, by
Lemma 4.4, we have A% 7 = (0. This implies W (I') =T'. The proof of Wy, (I') = I is the same. [J

The statement of Theorem A1 for the particular case of Ay < 2\; also follows from Lemma, 4.4:

Proof of Theorem Al: case Ay < 2)A;. Consider a point in U \ W} whose forward orbit lies entirely in
U. The forward orbit of this point must intersect II° at A%,T‘ However, by Lemma 4.4, AfD7T ={. On
the other hand, Theorem A2 implies W} . (I') = I' and therefore W} (I') C W;. Thus, when Ap < 2)4,
the forward orbit of a point in ¢ lies entirely in ¢ if and only if it belongs to W (O) UW_(I"). The
proof of the case of backward orbits is the same. This finishes the proof of Theorem A1 for the specific
case of \g < 2)q. ]

The proof of Theorem A1 for the case of 2A\1 < A9 is provided in the next section.

4.3. Dynamics near the homoclinic orbit I': case 2)\; < A\

In this section, we study the dynamics near the homoclinic orbit I' for the case 2A; < Ao, and
prove Theorems A1 (the case 2A\; < A2) and A3.

Recall from Section 3.4.3 that when 2A; < Ao, we divide the domain D of the Poincaré map 1" into
three subsets Dy, Dy and Ds, i.e. D = D1 UDs U Ds. Namely, for a given sufficiently large m > 0, we
have seen that:

° Di =D = {(ulo,vlo) eB, 0< no- - %},

u1o0

° Dg =Dy = {(ulo,vlo) c BE, < oL m}, and

1 v
m uo —

° 'D§ = Dg C {(ulo,vm) c Be, m < |m‘},

u10

where B, is the open e-ball in II® centered at M* (see Figure 4.2).

Figure 4.2: When 2)\; < A3, we write the domain D of the Poincaré map T as the disjoint union of three
subsets Dy, Dy and D3, i.e. D = Dy U Dy UD3. The subset D; is shown in blue and Dy is shown in green. The
set D3 is a subset of the purple region.

In order to understand the dynamics near the homoclinic loop I', we need to investigate the set of
the points on the domain D whose forward or backward orbits (under the iterations of the Poincaré
map 7') lie in D, i.e. the sets A% 7 and Af o (see Notation 4.1). To this end, we take the following
three steps: ’
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e Step 1. Investigating the set of the points in Dy U D3 whose forward or backward orbits lie
entirely in Dy U Ds, i.e. the sets Ay, p,  and Ap, p, 7.

e Step 2: Investigating the set of the points in D; whose forward or backward orbits lie entirely
in Dy, i.e. the sets ASD1,T and A%LT.

Obviously, A%LT and A%QU'D3,T are subsets of A%T. In addition, A%LT and A“DQUD&T are subsets of
A%j. In the third step, we show that the reverse directions also hold: ASD’T - AthT U A%gupg,T and
Ay C Ap, 7 UAD, p, 1 Equivalently,

o Step 3 We show A%,T = ASDLT U A%QUD?”T and A%7T = A%hT U A%Qupg,T-

Notice that the statement of Step 3 is not trivial. In fact, at the first stage, one can consider the
possibility of the existence of a point € D such that its forward orbit lies entirely in D, i.e. x € A ,,
but it does not lie entirely in only one of the sets D or Do U D3, ie. x ¢ A%LT and = ¢ A%2UD37T. n
other words, the forward orbit of x stays in D but switches between D; and Dy U D3. In Step 3, we
indeed show that this scenario does not happen.

We take Step 1 in the following lemma. This lemma helps us to understand the dynamics of the
Poincaré map T on the set Dy U D3. We explore in this lemma that how T behaves on this set, with
which rate the orbits of this set grow, and how A3, p, 7 and Ap, p, 7 look like. From technical point
of view, part (vii) of this lemma which shows the existence of the unstable manifold of the Poincaré
map 1" is the main result of this section. The techniques which are used in the proof of this part
is also used in Section 4.4 for the proof of the existence of the unstable manifold of the homoclinic
figure-eight. We prove this lemma in Section 4.3.1.

LEMMA 4.5. Let w and £* be as in Notations 4.2 and 4.8, respectively. Assume 2X1 < Ao and
bd # 0. For (ulo,vlo) € Dy U D3, we have

(i) w = w (T (u19,v10)) = %l + o(1), where o (1) stands for a function of (u10,vi0) that converges to
zero as (u19,v10) — (0,0).

(ii) There exists a constant C > 0 such that ||(u10,v10)||'™>" < C||T (w10, v10)|| holds for arbitrary
(u10,v10) € D2, where v = Ml <0.5.

(iii) if bd > 0, then T (u19,v10) lies in Do unless it leaves B..
(Z'U) ASDQU'D;;,T = @

(’U) A%QUDg,T = A%Q,T

(vi) when bd < 0 we have Ay, p, 7= 0.

(vii) when bd > 0, the set {M°} U g, p. 1 is a one-dimensional Cl-manifold which is tangent to £*
at M*®.

It follows from this lemma that the image of Dy U D3 under the Poincaré map 7' lies near £*, and
the Poincaré map increases the norm of any point of this set. Informally speaking, for the particular
case of bd > 0, this means that the Poincaré map T preserves and expands the region Dy U D3. A
geometrical picture of this behavior is illustrated in Figure 4.3.

We now take the second step in the next lemma. In this lemma, we study the dynamics of 7!
on the set D;. Most of the statements of the following lemma are analogous to the statements of the
preceding lemma. This is not a coincidence. In fact, we see later in the proof of Lemma 4.6 that the
dynamics of T~! on D; can be obtained from the dynamics of 7" on Dy U D3 by a permutation and
reversion of time. The proof of this lemma is postponed to Section 4.3.2.
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Figure 4.3: The straight line whose slope is b is denoted by ¢£*. The left figure corresponds to the case bd < 0
and the right one corresponds to the case bd > 0. The set Dy is shown in green. The set D3 is a subset of
the purple region. the image of Dy U D3 under the Poincaré map, i.e. T (D3 UD3), is a subset of the wavy
region. Informally speaking, the Poincaré map T preserves and expands the region Dy UD3. We show in Lemma
4.5 that when bd > 0, there exists an unstable invariant manifold for the Poincaré map 7" in the vawy region,
tangent to £* at M*.

LEMMA 4.6. Assume 2A\; < A9 and cd # 0. For (uyg,v10) € D1, we have

(i) if cd > 0, then T (D) N Dy = 0.

(ii) if ed < 0, then w( (u10, v10) ) = ), where o (1) stands for a function of (uig,v10) that
converges to zero as (uw, v10) — (0,0). In other words, T~ (D) accumulates near the horizontal
aris.

(iii) if cd < 0, then ||(u10,v10)] %7 < C HT‘l (ulo,vlo)H for some constant C > 0.
(iv) if cd < 0, then T~ (u19,v10) remains in Dy unless it leaves B..
(v) Ap o = 0. Equivalently, A}, 7 = 0.

(vi) if ed <0, then the set {M*}UAL 11 (equivalently, the set {M*} UAD, 1) is a one-dimensional
C'-manifold which is tangent to the horizontal axis at M.

In the preceding two lemmas, we have shown that the sets A%zUDg,T and Ap, o are always empty.

It was also shown that A} p, o = Ap, 7. This allows us to reformulate Step 3 as in the following
lemma:

LEMMA 4.7. Assume 21 < Ao and bed # 0. We have
(i) Apr=Ap, 1

(i) ADT = ADQT

Proof. Let x € Dy U D3. It follows from parts (i), (ii) and (iii) of Lemma 4.5 that if bd < 0, then
T (x) ¢ D, and if bd > 0, then for some k, T* (x) ¢ B.. Thus, any point in A% . must belong to D;.
This proves part (i). 7

To prove part (ii), notice that if A% = 0, then A% = 0 and therefore A} 7 = A%, 7. So we
assume that A% 7 is non-empty. Let x € A%T. We need to show x € Dy. To do this, we first prove
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x ¢ D;. Assume the contrary, i.e. x € Dy. It follows from parts (i) and (iii) of Lemma 4.5 that if
T-!(x) € Dy UDs, then x = T (T' (x)) either belongs to D, or lies outside the domain D which
contradicts the assumption x € Dy. Therefore, T~ (x) ¢ Dy U D3, and so T~ ! (x) € Dy. By virtue
of part (i) of Lemma 4.6, this relation implies ¢d < 0. On the other hand, when ecd < 0, it follows
from parts (iii) and (iv) of Lemma 4.6 that there exists a k > 0 such that 7% (x) ¢ B. and hence
T7%(x) ¢ D. This contradicts the preliminary assumption x € Ap p. Therefore, if x € Ap 7, then
x ¢ Dy, or equivalently, 77" (x) ¢ D; for all n > 0.

To finish the proof, it is sufficient to show that x ¢ Ds. Assume the contrary, i.e. x € Ds. Since
x € A}, p implies 7" (x) ¢ D for all n > 0, we have T (x) ¢ Dy. On the other hand, parts (i) and
(iii) of Lemma 4.5 imply that if 7! (x) € Do U Ds, then x =T (T~! (x)) either belongs to D or lies
outside the domain D which contradicts the assumption x € D3. Therefore, x ¢ D3 as desired. ]

Recall that the local stable (unstable) set of the homoclinic loop I', denoted by W (T") (W% .(I")),
is the union of I' itself and the set of the points in a sufficiently small neighborhood U of I" whose
forward (backward) orbits lie in U and their w-limit sets (a-limit sets) coincide with I' U {O}. By
this definition, the intersection of W}’ (I") and II® must belong to {M*®} U A%, and the intersection of
Wit (I') and II* must belong to {M?*} U A%. On the other hand, we have shown in the above lemmas
that when A, (A}) is non-empty, any point on this set converges to M*® by the forward (backward)
iterations of the Poincaré map 7. This leads to the following:

PROPOSITION 4.8. Let ¢y be the flow of system (3.2.9). Then

WE.(T)=TU ¢, (A%}T) fort >0, and WE(T)=TU ¢, (A%T) fort <0.

(uy,vy) () F
Hu

Tglo

U9

V1 f*

wns
ot
.

Uy "-.‘ Uy

g
.
Lo

T I1°
(b)

Figure 4.4: The local unstable invariant manifold of the equilibrium O intersects IT* at the v;-axis. Thus, the
blue curve (v1-axis restricted to a small neighborhood of M™ in II*) lies at the intersection of the local unstable
invariant manifold of O and the cross-section IT*. This curve is mapped to the blue curve on II* by 78! which
means that the blue curve on II* lies in Wi, (O) NTI*. Since vi-axis on II* is mapped to £* on II° by dT%"°,
the straight line £* is tangent to the blue curve on II® at M?.
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In system (3.2.9), the local unstable invariant manifold of the equilibrium O is straightened, i.e.
W (O) = {u = 0}. Thus, the intersection of this manifold and the cross-section II* = {vy =
0} N {H = 0} is the straight line {u; = 0}, i.e. vj-axis. Consider the restriction of this line to a
small neighborhood of M* (in Figure 4.4, it is shown by blue color on ITI*). The global map 78"
maps this restricted piece to a curve, denote it by v*, on II* (shown by blue color on II* in Figure
4.4). This curve is in fact at the intersection of the global unstable invariant manifold of O and the
cross-section I1°. Since T%° is a diffeomorphism and the vector ({) is tangent to vi-axis at M¥, the
vector dT8° (9) = (g) is tangent to v* at M*® in II®) i.e. 4" is tangent to £* at M*® (recall that ¢*
is the line in IT* whose slope is %). Therefore, it follows from Lemma 4.7 and part (vii) of Lemma
4.5 that when bd > 0, Wg,(O) NII* and {M*°} U A} are tangent at M*. On the other hand, it
follows from Lemma 4.7 and part (vi) of Lemma 4.6 that when cd < 0 the intersection of the local
stable manifold of O and the cross-section II°, i.e. the horizontal axis, is tangent to {M°} U A7 1 at
M?#. Moreover, by Assumption 5, the homoclinic orbit I' is at the transverse intersection of the global
stable and unstable invariant manifolds of the equilibrium O. Therefore, the intersection of these two
manifolds with the cross-section II*, i.e. the horizontal axis and the curve 7%, intersect transversely
at M*. Since 7" is tangent to ¢* at M®, we have that the intersection of Wg, (O) and W, (O) at
I' is transverse if and only if the horizontal axis on II° and the straight line £* are distinct. These
statements give

PROPOSITION 4.9. Assume 2X\1 < Ao and bed # 0. We have

(i) When bd > 0, the 2-dimensional C'-smooth invariant manifold W (T) is tangent to W4

glo (O)
at every point of I.

(ii) When cd < 0, the 2-dimensional C'-smooth invariant manifold W, (T') is tangent to Wi
at every point of .

(0)

(iii) The intersection of Wy

lo

(O) and W

glo (O) at T is transverse if and only if d # 0.

By virtue of the above results, we have:

Proof of Theorem A3. By Proposition 4.8 and the preceding Lemmas we have WX (I') = I' when
bd < 0, and W (I') = T" when c¢d > 0. The rest of the theorem is already proved (see Proposition
4.9). O

We have proved Theorem A1l for the case of Ay < 2A1 in the previous section. We now prove this
theorem for the case of 2\1 < Ag:

Proof of Theorem Al: case 2\ < Aa. By definition, the forward orbit of any point on W} (O) U
W (I) lies in U. Consider a point in U \ W (O) whose forward orbit lies entirely in . The
forward orbit of this point must intersect II* at A% ;. Therefore, it follows from Proposition 4.8 that
this point lies on W . (I'). This finishes the proof for the case of forward orbits. The proof of the case
of backward orbits is the same. This finishes the proof of Theorem A1 for the case 2A1 < Ao. O

4.3.1. Proof of Lemma 4.5

Proof of part (i). By (3.4.31) and Corollary 3.33, (uig,v10) € D2 U D3 implies uj, = o(v1,). Thus,
Poincaré map (4.1.1) takes the form

(4.3.1) (T10,710) = ( [b+o(1)]vir, [d+o0(1)] 1117),

which implies w = % +o(1). O
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Proof of part (ii). For (ui0,v10) € D2, relations (3.4.11) and (4.3.1) imply
1 _ _
IT (w10, v10) || = || (@0, w10)|| = [b* + d* + 0 (1)]? |vrr| = K Juro] ™ Joro|' 77,

1
where K = K (u19,v10) =7~ 767 [b? + d® + 0(1)] 2. Therefore, for C > K~'m? (1 + m)%, we have

1

14 wo)?
(o) leol (1+%52) - . %
IT (w10, v10) | K Jugo] ™ Joro]* ™ < KT mTLm)E ol < Oll(wo, vio)™

O]

Proof of part (iit). By part (i) of Lemma 4.5, T' (u19, v10) is somewhere close to the line * and since,
for bd > 0, the restriction of £*\ {M?5} to B, lies in Dy we have that if T" (uj0,v10) lies in B, then it
must belong to Ds. O

Proofs of parts (iv), (v) and (vi). They are easy consequences of the previous parts. O

Proof of part (vii). Recall the definition of the set D from (3.4.24) and consider D§' for a sufficiently
small e; > 0. Choose €2 < €1 such that X C D5, where X' = {(u19,v10) € II* : m~! < Z—ig <m, uy #
0, |vip] < €2} and m is as in (3.4.22) (see Figure 4.5). Recall w in Notation 4.2 and define the new
variable z by

(4.3.2) z = z (u10,v10) = sgn (v1o) [v10]?, (0 < o will be specefied later).

V10

Figure 4.5: The set X C D5' in (u10,v10)-plane is shown by green color.

Let Y be the set X equipped with (w, z)-coordinates. Thus, Y = [m~!,m]| x ([—€e*, €]\ {0})
(see Figure 4.6). Consider the restriction of the Poincaré map T to the set X, i.e. T'|x, and denote
the representation of this map in (w, z)-coordinates by 7. We write

(4.3.3) T:(w,z) = (w0,z) =(f(w,2),9(w,z2)),
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for some smooth functions f and g defined on Y. Note that by (3.4.11) and the relation z = g (w, z) =
sgn (V10) [010]*, we can derive

(434)  z=g(wz) =sen(d2)|d" (55) @I 1+06)] =0 (127)
and
(4.3.5) =0 (yaﬁ) .

We now make a statement which is proved later:

LEMMA 4.10. g, (w, 2) is non-zero for any (w, z) € ).

Z

a,
—€5]

Figure 4.6: The set Y (the set X’ equipped with (w, z)-coordinates) is shown by green color. It contains two
connected components (below and above horizontal axis).

According to this lemma and the implicit function theorem, the variable z is a C%-smooth (g is as in
Lemma 3.8) function of (w,z) for w € [m™',m] and z € g ()). Denote this function by G. Regarding
the domain of this function, note that not every (w,z) necessarily belongs to the domain of G. In
other words, for an arbitrary (w, z), there might not exist z € [—€e2®, €2?] \ {0} such that z = G (w, Z).
However, by (4.3.4), this relation holds if Z is chosen sufficiently small, i.e. for a sufficiently small
6 > 0 we have

[m~,m] x ([-6,6] \ {0}) C domain (G).

Denote this set by R, i.e. R = [m~!,m] x ([-6,6] \ {0}). Without loss of generality, assume 6 < ;.
Having the function G in hand means that we can write the Poincaré map 7 in cross-form: we define
the cross-map 7 : (w,z) — (w, z) by

(4.3.6) (w,z) = (F(w,z),G(w,z)), where F(w,z) = f(w,G (w,Zz)),

and (w,z) € domain (G). It follows from part (i) of Lemma 4.5 (proved earlier), relation (4.3.5) and
the fact that z = 0 if and only if Z = 0 (follows from (4.3.4)) that 7> (R) C R. Hereafter, we focus on
the restriction of 7 on R. Our approach to prove the existence of the desired invariant manifold for
the Poincaré map 7T is to apply Theorem 2.28 on the cross-map T *. However, to do this, there are
two issues that we need to take care of. The first is that the domain R does not satisfy the assumption
of Theorem 2.28 (in that theorem, the domain must be written as a Cartesian product of two convex
closed sets but R is not of this form since it does not contain the line Z = 0). Second, we need to
compute the partial derivatives of the cross-map 7 *. The second issue is resolved by the following
lemma:

LEMMA 4.11. Let 8 = o ! min{4y,1 —2v}. We have

Fow)=0(z7%),  Fwz=0(z1"")

G (0,2) =0 (mﬁ) , G=(w,%) =0 (I 7) .
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This lemma is proved later. We now extend the domain R to R, where R = [m_l, m] x [—6,0].
We also extend the map 7> to the map T defined on R by

RN

)

~ T (w,z) = (F(w,z),G (w,%)) zZ
T (w,Z) ::{ (%70)

Lemma 4.11 implies that for a fixed sufficiently small o, the map T*: R — R is a Cl-smooth extension
of T* to R.
Now, let us come back to the Poincaré map 7 defined on ). We extend this map to

0
=0

]

)

~ T (w, z) (w,z) € ),
T (w, 2) .—{ (%70) o

It is clear that the map T is in fact the cross-map of T on R. Note that since 6 < e® , we have
R C Y. Thus, both of the maps T and T* are defined on R. Therefore, for a sufficiently small 8, the
map T* satisfies the assumptions of Theorem 2.28 and Proposition 2.29. This implies that the map
T possesses a C'-smooth invariant manifold

M*:{(w,z):w:h*(z)}cﬁ,

where h* is some C 1—smooth function defined on [0, 6]. Moreover, by Proposition 2.29, if the backward
orbit of a point in R remains in R then it must belong to M*. Therefore, A“ﬁ 7 C M*. Removing

the point (5, 0) from M™*, we obtain a set which is invariant under the map 7. Moreover, we have
A € M\ {(£,0)).

Let us now come back to (u19, v19)-coordinates and the Poincaré map T'. Equip R with (u10,v10)-
coordinates and choose 0 < € < §. Thus, D5 C R. Consider the manifold M* in (u19, v19)-coordinates
and restrict it to D5. Denote this restriction by M*. We have that M* \ {M?*} is invariant under T,
and A%g,T C M*\{M?}. Choosing a sufficiently small € also guarantees that M* is a connected piece
of M* and hence is a C'-manifold.

The manifold M* is our desired manifold if we show A%S,T = M*\ {M?*}. So far, we have shown
that Ap. , C M* \ {M?*} and so it is sufficient to show M*\ {M*} C Ap - However, this is just a
direct consequence of part (ii) of this lemma (proved earlier). The fact that M™* is tangent to ¢* at
M?# is also a direct consequence of part (i) of this lemma.

To finish the proof of part (vii), we need to prove Lemmas 4.10 and 4.11. Before we proceed to
the proofs of these two lemmas, we first state and prove two auxiliary propositions that are used in
the proofs of Lemmas 4.10 and 4.11.

Two auziliary propositions: The absolute values of the terms of the form O (§) in Lemma 3.22 are
bounded by K, for some constant K > 0. It was mentioned earlier that in this chapter we assume
that d is fixed. Without loss of generality, suppose § is chosen sufficiently small such that K¢ < 1.
The first proposition is:

PROPOSITION 4.12. For a sufficiently small € > 0 and any (u19,v10) € D2, we have

Oty (u10, v10) V10 O (w10, v10) 2

—n——" = —by— e 14+ 0(0)], ————2=b(1=7)e""[1+0(3)],
Ou1p U10 Ovi

aUIO (u107 UIO) — —d’yvlo . €>\1T [1 + 0(5)] ’ 81}10 <u107010) — d(l _ "}/) e)\lr [1 + 0(6)] )

Ouig U10 Ovig
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The proof is as follows: by the chain rule, we have

Juig Juig
( Ouio - Ovio ) - DT . DT°

(ulT avl'r)

= DT

(u10,v10)

Ovi1g  OU1o

10,010
Jduip  Ovig (u10,v10)

(437) 6771 8771

_ ( a+o(vir) b+o(vir) > duio  dvio

c+o(viy) d+o(vir) 68772 83772
u10 V10

Substituting (3.4.32) into the above relation gives the desired estimates in Proposition 4.12.
As a consequence of Lemma 3.34, for (u1g,v10) € D2, we have

o 1+ o, ony om  ye T Ona.
8u10 N yw © [1 + 0(5)] 8U10’ 81}10 N (1 — ’7) [1 + 0(5)] 31)10
and
on on
(4.3.8) 8u120 = 1_ 1+ 0() - 82}120’

where O (§) stands for the terms whose absolute values are bounded by K’4 for some K’ > 0 such
that K’ < 1. Relation (4.3.7) implies

PROPOSITION 4.13. For a sufficiently small € > 0 and any (u10,v10) € D2, we have

Ouio (ui0,v10)  [a(l+7) —oxngr on2 277 On2
= | e [1+0()] +b+o(vir) | 5B = [o (e )—i—b—ﬁ—o(vlf)} s
O1o (wi0,v10) _ [ @y oxi- 3772 o o2
= [1+O0@5)] + b+ o (vi) :[o(e )+b+o(v1,)] ,
(4.3.9) dvio L1 =) w 1o
910 (wi0,v10) _ A4 —axi7 (1 4 0(8)] 4 d + o vh} O [0(e77) +d+ o0 (1) Oz
Au1o T 8u10 Quio
Ovio (wio,v1i0) [ ey e—2MiT . —2AT on2
el F e [1+0@)] +d+o(vir) 81}10 - [o (e ) +d+o(vh)} i
Proof of Lemma 4.10: Notice that
1,1 1
uip = u1o (w, 2) = sgn (2) wtzle and wvig = vio (w, 2) = sgn (2) |z]=,
which implies
Ouio 9y 1 ) OJu1g 1 1, Ovip 1, 1.4
(43.10) L L T

Differentiating Z = g (w, z) = sgn (v19) [U10|* with respect to z gives

_ -1 [OV10 (u10,v10) Ouig (w,2) | Ovig (u10,v10) Ovio (W, 2)
4.3.11 p = ol . ’ = ’

( 3 ) g (’LU,Z) 04’1)10‘ aum aZ + 81}10 82’
Relation (4.3.10) and Proposition 4.12 imply

(4.3.12) - (w, z) = sgn (d) (1 — 27) |d|*e* 7 [1 4+ O ()],

which is non-zero for any (w, z) € Y. This finishes the proof of Lemma 4.10.
Proof of Lemma 4.11: By (4.3.12) and (3.4.11), we have

)

(4.3.13) Gz (w,2) = (g: (w,2) " = Sgnl(f) ;‘a TN [140(8)] = 0 ([T



4.3. DYNAMICS NEAR THE HOMOCLINIC ORBIT I': CASE 2)\; < Ay 87

Relation Z = g (w,2) = g (w, G (w,%)) implies Gy, (w,Z) = (g- (w, 2)) "' g (w, 2z). By (4.3.10) and
Proposition 4.12, one can differentiate zZ = g (w, z) = sgn (T10) |[010|* with respect to w and compute

O0v10 (u10,v10) Ouio (w, 2) sgn (dz) ay|d|*

G (W, 2) = av19|* ! Fune e = ” CeMT 2 [14 0 ()]
Therefore
_ sgn (z) ay 1
(4.3.14) G (w,2) = (1_(22”20 Jzl[14+0@8)])=0(z) =0 (yz\ f) .

Computations of Fy, and Fz are slightly tricky in the sense that instead of estimates given by
Proposition 4.12, we use estimates (4.3.8) and (4.3.9). We have

L u 9
£ (w,2) = K‘%m (w0,v10) o 90 (w10, v10) .m> Quig (w,2)
(4.3.15) 1o du1o Ourg 0z
Iv10 (u10,v10) _  Oug (u10,v10) _ B0 (w, 2)
t\— o w05 V| 7|
duig 1o 0z

Since T is at least two times differentiable, we can write (4.1.1) as

< 10 > _ ( aurr +bvir + O (Ui, + [urrvir| +v%,) >
710 curr + dvir + O (W) + |urrvi-| + 0%,)

However, for (u1g,v19) € Do, relation (3.4.31) implies uy, = e 7w~ vy, [1 + O (§)]. Therefore
Uy = <ae T L+ O (6)] +b+0 (mT)) vy = [O (e*””) +b+0 (vlT)] e
B0 = (ce w14+ 0 (0)] +d+ 0 (7)) 01y = [0 (€77) +.d+ 0 (v17)] wir.
This yields

’Z‘ U1ir

e ( {O (e—%f) +d+o (vlT)} {0 (e—lef) b4 O (017)]
[ ( 2,\17) + b+o(v17)} [O (672&7) fds O(Uh)} )w13772

( ”” + d+o (vlT)} [O <e_2)‘17> +b+0 (vh)}

o () whrotnn] [o () + s o] ) 22 ]

which, by (4.3.8), can be simplified as

o =EE0e [fo (=) 0] g+ o () - 0tn] 2]

aul Ouyg

_E o 1, (o s
=it [O (e ) +0 (vh)} Bong

fe(w,2) =

Note that by Corollary 3.32, we can write (3.4.11) as

(43.16) e = (%) W L+ 0 ),
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and therefore, by (3.4.30), we have vi; = O (\z\%) Using these relations as well as the estimates
in Lemma 3.34, we obtain

(4.3.17) ﬁ@m@:444[004%)+0(p“3v}:O(pw4>’ 5:mm{gyl—27}

(&% «

Substituting this and (4.3.13) into Fz (w,Zz) = f, (w,G (w,z)) - Gz (w, Z) gives
pﬂmazooa%%ﬂ.

Concerning fy, (w, z), we have

Fu(w,2) = 1 <8v1o (w10, v10) Ty — M -v1o> '571107(1072)_

7ﬂ102 Jduig Ou1p ow

Thus,
1
_ —sgn(2) |z]= v,

fuw (w, 2) —ng( [O (6_2>‘17) +d+o(vi7)] [O (6_”\”) +b+ O (v1,)]
SO 4 b+ 0 (0] [0 () 4 d+ O ()] )

8u10

_ldEo ~27 O
. [O (e )+ O (v1-)] Dure’

By (4.3.16), relation vi, = O (]2\%> and estimates in Lemma 3.34, we have

4~ 1-2~
fu(w,2) =0 (1215 ) + 0 (11=7) =0 (1217) .
where ( is as in (4.3.17). Substituting this as well as (4.3.17) and (4.3.14) into
Fy (w,z) = fu(w,G(w,2)) + f» (w,G (w,Z)) - Gy (w,Z)

gives
1 B
Fy(w,2) = 0 (27) + 0 (127121777 ) = 0 (21777 ).
This finishes the proof of Lemma 4.11. 0

Remark 4.14. Lemma 4.5 states that when bd > 0, the set {M*} UA}, p. 1 is a Cl-smooth curve
which is tangent to £* at M?, and any point on this curve converges to M*® by the backward iterations
of the Poincaré map T. It follows from part (iii) of Theorem 2.28 and the proof of Lemma 4.5 that,
when bd > 0, if we take a curve ¢ in Dy passing through M?, then {T" (C) |p,}5>, converges uniformly
to the curve {M°} U A, p. 7-

4.3.2. Proof of Lemma 4.6

Reverse the time direction in system (3.2.9) (i.e. ¢ — —t) and exchange the stable and unstable
components, i.e. apply the linear change of coordinates

(4.3.18) (w1, u2,01,02) = (v1,v2,u1,u2)

This gives a system which is of the form of system (3.2.9), where all the assumptions of Lemma 3.8
are satisfied. The global map along I' for this system is J (Tglo)_1 J~1, where J = ( o1 ) and T8l

10
is the global map of system (3.2.9). Thus, the differential of this map at M?* is

-1 1 d b _ 1 a —c
J@W”MW Jl;ﬁM—m<w a>JIZM—m<4 d>
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This implies that if we replace conditions bd > 0 and bd < 0 in Lemma 4.5 by ¢d < 0 and cd > 0,
respectively, and the line £* by the straight line whose slope is _Td, then all the statements of Lemma 4.5
also hold for this system and the region Do UD3 C II°. Consequently, by applying the inverse of change
of coordinates (4.3.18), all the statements of Lemma 4.5 also hold for the system which is derived from
system (3.2.9) by a reversion of time and the region {(u1,v1) € Be, CII* : 0 < 2L <m, uy # 0} C 11",
In this case, the line £* is replaced by the straight line in IT* whose slope is —*. The homoclinic loop
I' in this system leaves and enters O along the positive sides of us and wo, respectively, and the
corresponding Poincaré map, call it T , is defined on IT*. Therefore, the statements of Lemma 4.5 also
hold for the map

~ -1

(4.3.19) T8° 6 T o (Tgk’)

and the set

(4.3.20) K = T®&° ({(ul,vl) eB., cll*:0< % <m, uj # O}> :
1

where the line £* is replaced by the horizontal axis in II°. The later one is simply because

dTgIO(Mu)<_dC>: < ado—bc>.

Notice that map (4.3.19) is conjugate to the inverse of Poincaré map, 7!.
The map (4.3.19) coincides with 77! on T (D). Note that, for sufficiently large m, the set

T8 <{(u1,1}1) €B., CII*: u; #0, m < %}) has no intersection with D;. Therefore, Lemma 4.6

will be proved once we show that D; C K if ed < 0, and K N Dy = () if ed > 0. However, this is an
immediate consequence of the discussion above. In fact, it follows from the above discussion that the
line ¢* passes through Dy U Ds if and only if the horizontal axis passes through K. The later case, for
sufficiently large m, is equivalent to the condition D; C K and happens if and only if e¢d < 0. This
ends the proof of Lemma 4.6.

Remark 4.15. Lemma 4.6 states that if cd < 0, then the set {M*®} U A%l’T,l is a C'-smooth curve
which is tangent to the horizontal axis at M?®. Moreover, any point on this curve converges to M*® by
the forward iterations of the Poincaré map T. It follows from Remark 4.14 and the proof of Lemma
4.6 that if we take a set ¢ in K N B such that (U{M?} be a curve, then {T~" () |knB.}5e; converges
uniformly to the curve {M*} UAL 1.

4.4. Dynamics near the homoclinic figure-eight

In this section, we study the dynamics near the homoclinic figure-eight I'y U T's. In particular, we
prove Theorems B1, B2 and B3 in this section. We start with recalling some definitions and notations
from Section 3.1.

For i = 1,2, we denote by D? the set of the points (u10,v10) on IIf whose forward orbits go along
the homoclinic orbit I'; and intersect IIY at (w1, v1,) such that

(4.4.1) |(u10,v10)|| <€ and |[(uir,vir)| < €u,

for some sufficiently small constants 0 < ¢ < ¢, < §. We denote by D! (D?) the set of the points
(u10,v10) on II5 (II5) whose forward orbits go along the negative (positive) side of vy-axis and intersect
1Y (T1%) at (u1r,v1,) such that (4.4.1) holds (see Figure 4.7). We also denote by T;, T)°¢ and Tiglo the

Poincaré, local and global maps along I'; (i = 1,2), respectively (see Figure 4.8). The maps Tlglo and
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TleO are defined on the open ¢,-balls around M7 and M;, respectively. Regarding the other maps, we
have domain (77°°) = domain (77) = D' and domain (73°°) = domain (T3) = D?. We also define the
map 775° : Dt C TI§ — 1% (755 : D? C I3 — 1Y) by (u10,v10) = (u1r,v17), where (ugg,v19) € D
(€ D?) and (u1,,v1,) € Y (€ II¥) (see Figure 4.8).

o)

Iy

(ur, v1)

Figure 4.7: This figure illustrates a small neighborhood of the equilibrium O in the presence of the homoclinic figure-
eight (I't UT2). Recall that the the cross-sections II3, IIY, II5 and II3 are the intersection of the zero-level of the first
integral H, i.e. {H =0}, and {us =}, {v2 = 6}, {us = —d} and {v2 = —4}, respectively. We consider e-neighborhoods
of M7 and M5 (green dashed circles) in II§ and II3, respectively, as well as €,-neighborhoods of M{* and M3 (red dashed
circles) in II% and II%, respectively. The set D' (D?) is the set of the points in the e-neighborhood in II§ (II§) whose
forward orbits go along I'1 (I'2) and intersect the e,-neighborhood in I} (II3). The blue point on II§ and the brown
point on IT§ belong to D' and D?, respectively. We denote by D' (D?) the set of the points in the e-neighborhood in II§
(I13) whose forward orbits go along the negative (positive) side of vo-axis and intersect the e,-neighborhood in II5 (ITf).

Let V be a sufficiently small neighborhood of I'; UT5 and define = = D' UD! U D? UD?. For any
x € 2, we correspond a (finite or infinite) sequence {xx} to x in the following way: (i) xo = x, (i1) if
x, € 2 (k > 0), we define xi4; to be the first intersection point of the forward orbit of xj and II§ UIIS.
Similarly, if x; € = (k < 0), we define x_1 to be the first intersection point of the backward orbit of
x; and II§ UII3. In order to understand the dynamics in V', we need to find the set of the points whose
forward or backward orbits lie entirely in V), i.e. the set of the points x € = for which the sequence
{xy} is well-defined for all £ > 0 or k < 0.

When Ay < 21, the dynamics near the homoclinic figure-eight is quite similar to the case of a
single homoclinic loop: the forward and backward orbit of any arbitrary point in V leaves V. When
A1 = Ao, it follows from Proposition 3.28 that = = () and so there is no dynamics near the homoclinic
figure-eight. For the case of Ay < Ag < 2A;, we show in the next proof that for any x € = whose

di

corresponding x; is defined, the point x; lies close to the straight lines with slope o (if x; lies in

DL UD!) or % (if x1 lies in D? UD?), and hence, outside of the set = (see Figure 4.9).

Proof of Theorem B2. The proof for the case \; = A9 is an immediate consequence of Proposition
3.28.
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Vg 1"1

u
Hl

115

-
) (’H— noo

Iy

Figure 4.8: The blue, brown, green, yellow, red and pink curves correspond to the maps T5'°, Tlge, TE° Tloc,

Tlo¢ and TL°¢, respectively.

Suppose A\ < Ay < 2A1. By Proposition 3.29, we have
o
(4.4.2) == {(ulo, 'UIO) : H (ulo, ’010) H <e and 0< "1}10‘ < Keu‘ulo‘ I—y [1 + 0 (5)]},

where K., > 0 is some constant and v = A\A;* > 0.5 (see Figure 4.9). Consider (uy0,v19) € Z.
According to (3.4.15), i.e. relation ui, = v1,0 (€?) (see also Remark 3.30), the forward orbit of this
point intersects one of the cross-sections II{ or II§ at a point close to the vertical axis and then it ends
up either in the cross-section IIj close to the straight line with the slope % or in the cross-section 115

close to the straight line with the slope ‘;—;. In both cases, this point is outside of the set = (see Figure
4.9). This proves Theorem B2. O

Iy

Figure 4.9: This figure corresponds to the case A\; < Ao < 2A1, bid; > 0 and bady > 0. The regions D', D!, D?
and D? are shown in green, blue, pink and yellow, respectively. We define Z as the union of these four regions.
Let x; be the first intersection point of the forward orbit of x € = and II§ UII5. It is shown in the proof of
Theorem B2 that for any x € = the point x; lies in one of the gray regions on 115 or II§
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A point in II§ UII5 whose forward orbit lies entirely in V and does not lie on the stable manifold
of O must belong to =. We denote the set of these points by A®. The same holds for backward
orbits. We also define the set A* analogously. In order to understand the dynamics in V, we need to
investigate these two sets. For the case of Ay < 2\1, Theorem B2 states that both of these sets are
empty. Our approach to investigate A® and A" for the case 2)\; < A9 is similar to what we have done
in the previous section for the case of a single homoclinic loop. Recall from Section 3.4.3 that when
2)\1 < Ag, we divide each of the sets D', D', D? and D? into three regions, i.e. for ¢ = 1,2, we write
D =Di UD;UD; and D = D U DS UDY Where

V10 1 . 1 V10

| = 7 — < — b= s -
Di = {(w10,v10) € Be (M7), 0< - —} Di={(wo,v0) € B (M7), —— < e < 0},
i 1 v ) v 1
D ={(wo,vi0) € B (M), — <0<}, Db ={(wo,vi0) € B (M), —m< o<~}
m U0 10 m
. " | )
Di C {(u10,v10) € Be (M), m < |—u12 I} and D% C {(u10,v10) € Be (MF), m < ,_ui(; n

(see Figure 4.10). Here, m > 0 is some sufficiently large constant and B, (M) is the open e-ball in IT?
centered at M;. It has been mentioned in Section 3.4.3 that for ¢ = 1,2, we are not able to distinguish
the sets D} and DY. However, as we see below (Lemma 4.17), the dynamics on both of these sets are
quite trivial.

Figure 4.10: The left and right figures show I1§ and II§, respectively. When 2)\; < o, we divide D! into three
subsets Di, D} and D (i = 1,2). Similarly, we divide D? into three subsets D¢, D} and D} (i = 1,2). The sets
D} and D} are subsets of the purple region, and the sets D3 and D% are subsets of the yellow region (in Section
3.4.3, we have discussed that we are not able to find the exact shapes of D, Di, D3 and D3).

Write = =7 U J C II] UII3, where

(4.4.3) 7:=J (PiuD}) and J:= (J (DjuD)).
i=1,2 i=1,2
j=2.3

Definition 4.16. We define A5 (AY}) as the set of the points in T whose forward (backward) orbits
intersect Z infinitely many times and all the intersection points belong to Z. More precisely,

(4.4.4) A ={x=x%0: x€Z forallk>0} and A} ={x=x%0: xx€Z foralk<0}
The sets A% and AY are defined analogously.
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Similar to the case of a single homoclinic, we take three steps to investigate the sets A® and A".
In the first step, we investigate the sets A% and A%. This is done in Lemma 4.17. From technical
point of view, part (viii) of this lemma which proves the existence of an unstable invariant manifold
of the homoclinic figure-eight is the main result of this section. The techniques which are used in the
proof of this part rely on the proof of part (vii) of Lemma 4.5. In the second step, we investigate the
sets A5 and A%}. This is also done in Lemma 4.18. Finally, in Lemma 4.19, we clarify the relations
between the sets A%, A%, A7 and A7, and the sets A* and A". This enables us to prove Theorem B2.
We start with Lemma 4.17.

LEMMA 4.17. Assume 2A1 < A9 and let w be as in Notation 4.2. Then, for x € J, we have

(i) if x € DyUDYUD3UD} (i.e. x € JNII), then w(x1) = £ +o(1). Ifx € D3UDFUD;UD}
(i.e. x € JNII5), then w(x1) = Z—; +o(1). Here, o(1) stands for a function of x that converges
to zero as x — M7 5.

2 ere exists a constant C > 0 such that ||x||"” 77 < X1 olds for arbitrary x <=5 <
i) Th ’ C > 0 such th =2y < ¢ hold bi 0<y=2N

0.5). .
(iii) x1 € Be implies x1 € J.
(iv) A% = 0.
(v) if bidy > 0 and bads < 0, then AY =W, (1) NDi.
(vi) if bidy < 0 and bady > 0, then AY = W} (T'y) N D3.
(vii) if bidy > 0 and byda > 0, then AY = [W (T'1) N D3] U [We, (T2) N D3].

(viii) if bidy <0 and bady <0, then A% C DIUD3. More precisely, for each i = 1,2, the union of M}
and Ny NDY is a one-dimensional C'-manifold in I which at M is tangent to the straight line
with slope % Moreover, the backward orbit of any point in A% intersects these two manifolds
alternately, i.e. for any x € A, all the points xy for even and negative ks belong to only one of

the manifolds and all the other xi, (odd and negative ks) belong to the other manifold.

Proof. The same techniques that were used in the proof of Lemma 4.5 also prove parts (i), (ii) and
(i).

Part (iv) is an immediate consequence of (ii) and (iii).

In the rest of the proof, we assume x € A';. Notice that x = xo € A, implies that xj is defined
for all k£ <0 and x; € A%. Since AY, C J, we have two possibilities for x:

(4.4.5) xp,€DIUDIUDIUDY o  x,€DiIUDIuDIUD.L

Our strategy for proving the rest of this lemma is to consider both of these possibilities and keep
track of the sequence xy,xpt1,- - ,%x—1,%9. We analyze the behaviors and patterns of this sequence
for arbitrary x € AY.

To prove part (v), suppose byd; > 0 and bady < 0. By part (i), for x_o, we observe

(i) x_2 €D3UDIUD}UD] = x_1 € D} => x € D}, and
(ii) x 2 € D3UDIUDIUD, = x_; € D3 = x € Di.

According to this observation, x € A% implies x € Di. In other words, A% is in fact the set of all
x € D) whose backward orbits only intersect IT5, and not II§, and all the intersection points belong
to D. It follows from Theorem A3 that this set is nothing but W (I'y) N Di. This proves part (v).
The proof of part (vi) is analogous to the proof of part (v).
To prove part (vii), suppose bid; > 0 and bads > 0. By (i), for xx_o (k < 0) we observe
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(i) k2 € D3UDZUDIUD, = x,_1 €D} = x, €D} = .- = x € D}, and
(ii) xp—2 € D3UDIUDIUD] = %1 € D} = x, € D} = --- = x € D3.

This observation holds for any arbitrary & < 0 which means that the set A% consists of two disjoint
sets: the first is the set of all x € D whose backward orbits intersect Z infinitely many time and every
time at D}, and the second is the set of all x € D3 whose backward orbits intersect = infinitely many
time and every time at D3. According to Theorem A3, the first set is in fact W (I'1) N D3 and the
second one is Wi (I'2) N D3. This proves part (vii).

To prove part (viii), assume b1d; < 0 and bads < 0. By (i), for x;_1 (k < —4), we observe

(i) -1 €D3UDIUDIUD: = x;, € D} = %441 € D} = x40 €D}
= %313 €D3 = - = x €D} (ifx_; €D3) or x € D (if x_; € D}), and

(ii) xk_leD%UD%UD%UD%:xkEDgzka GD%:>X]€+2€D%
= xp13 €D = ... = x €D} (ifx_; € D) or x € D (if x_; € D}).

This observation holds for any arbitrary & < —4 and means that the backward orbit of x intersects J
at D} and D2 alternately.

Define the maps Tio : D! — IT5 and Toy : D? — IT§ by Ti2 := T3 0 T12 and Ty := T7 0 Th. We
then define T : D! — I by T := Ty o T12. According to the above observation, the set A% is in fact
the set of the points z € D} such that T~" (z) € D} for all integers n > 0.

Recall (w, z) coordinate system and the map T introduced in the proof of Lemma 4.5. Similar to
that proof, we equip ]D)1 and ]D)2 with (w, z) coordinates and define the maps Tlg and Tgl by

_ (w,%) z#0, N
Tio (w, z) := for (w,z) € Ry,
209=1 (mo) .o (w.2) € Ry
2
and ( )
N w,Z z # 0, _
Ty (w, z) := for (w,z) € Ra,
D= (o) o (w,2)
1

where Ri and Ry are some appropriate rectangles defined analogous to the proof of Lemma 4.5.
According to Remark 3.35, the estimates given by Lemma 3.34 also hold for the local maps T12 and
T51. Therefore, with exactly the same proof as the proof of Lemma 4.5, we see that both of the maps
Tlg and Tgl can be written in cross-form and the partial derivatives of the cross-map satisfies the
estimates given by Lemma 4.11. Moreover, as it can be seen from the proof of Lemma 4.5, we can
make the estimates in Lemma 4.11 sufficiently small by choosing # small enough. This means that
the maps T12 and To; satisfy the assumptions of Lemma 2.27 for sufﬁgvientlyv smag K7 and K5. Thus,
Lemma 2.27 implies that by choosing an appropriate norm, the map T := Tg; o Ty (which is in fact
the representation of T in (w,z) coordinates) can be written in cross-form and the cross-map has
sufficiently small partial derivatives. Therefore, this cross-map satisfies the assumptions of Theorem
2.28. The rest of the proof follows from the proof of Lemma 4.5. O

The following lemma is analogous to Lemma 4.17. The proof of this lemma is a simple modification
of the proof of Lemma 4.6 for the case of homoclinic figure-eight.

LEMMA 4.18. Assume 21 < A2 and let w be as in Notation 4.2. Then, for x € I, we have

(i) w(x-1) = o(1), where o (1) stands for a function of x that converges to zero as x — M7 o.

(ii) There exists a constant C > 0 such that ||x||'=27 < C||x_1|| holds for any x (0 <~y = % <0.5).
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(iii) x_1 € Be implies x_1 € T.
(iv) AY = 0.
(v) if cidi <0 and cada > 0, then A5 =W} (I'1)N Di.
(vi) if cidi > 0 and cada < 0, then A7 =W} (I'2) N D2,
(vii) if c1dy < 0 and cady < 0, then A5 = [Wi (T'1) N DY) U [Wi, (D2) N D3]

(viii) if crdi > 0 and cada > 0, then A5 C D} UD3. More precisely, for each i = 1,2, the union of M}
and A3 N D} is a one-dimensional C*-manifold in IT{ which at M is tangent to the horizontal
axis. Moreover, the forward orbit of any point in AT intersects these two manifolds alternately,
i.e. for any x € A%, all the points xi, for even and negative ks belong to only one of the manifolds
and all the other xi, (odd and negative ks) belong to the other manifold.

The following Lemma states that the forward (backward) orbit of a point in V lies in V if and only
if it intersects the cross-sections II and II5 only at Z (7).

LEMMA 4.19. We have A¥ = A“J and A° = A5.

Proof. 1t follows from parts (ii) and (iii) of Lemma 4.18 that if x € Z, then the sequence {x} is not
defined for all £ < 0. Indeed, For some ky < 0, we have {xy,,---,2_1} C Z such that xj,_; lies
outside the e-balls around M7 or M5. This means that if x belongs to A“, then it must belong to J.
Therefore, x € A" implies x € A’;. On the other hand, we know A% C A“. This proves the first part
of the lemma. The proof of the other part is the same. O

By virtue of the preceding lemmas, we are now in a position to prove Theorem B3.

Proof of Theorem B3. The local stable (unstable) set of the homoclinic figure-eight I'y U 'y, denoted
by Wi (I'1UTe) (W (I'1UT)), is the union of I'y UT'; itself and the set of the points in a sufficiently
small neighborhood V of T'y U T'y whose forward (backward) orbits lie in V and their w-limit sets
(a-limit sets) coincide with I'y UT's U {O}. By this definition, the intersection of W} (I't UT'2) and
any of the cross-sections I and II§ must belong to {M7, M5} U A®. Similarly, the intersection of
Wi (I'1 UT'2) and the cross-sections II and II3 must belong to {M}, M35} U A"

It follows from Lemma 4.18 that in any cases except the case c1dy > 0 and cado > 0, the w-limit
set of any orbit in A® coincides with either I'y U{O} or I's U {O}. Therefore, in all of these cases, we
have VVI‘ZC(Fl U FQ) =T UTls.

Denote the flow of system (3.2.9) by ¢;. When c¢1dy > 0 and cads > 0, it follows from parts (ii)
and (viii) of Lemma 4.18 that the set 'y UTs U ¢ (A®) for t > 0 is a 2-dimensional C* manifold, and
the forward orbit of any point on this manifold converges to I'y U{O} UTy as t — oco. This means
that this manifold is in fact the local stable set of the homoclinic figure-eight I'y U T's. The fact that
this manifold is tangent to Wgslo (O) at every point of I'y UT'; is an straightforward consequence of the
discussion before Proposition 4.9.

The proof for the case of Wi (I'y UT's) is the same. This ends the proof of Theorem B3. O

COROLLARY 4.20. Let ¢; be the flow of system (3.2.9). Then

Wie (T1UTg) =T1 Ul U ¢y (A7), fort>0,
Wiee (T1UT2) =T1 U2 U ¢y (AY), fort <0.

Finally, we prove
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Proof of Theorem B1. Denote the set Wy (I') UW? (I'2) UWP (' UT) by W#. By definition, the
forward orbit of any point on W3, (O) UW? lies in V. Consider a point in V' \ W5} (O) whose forward
orbit lies entirely in V. The forward orbit of this point must intersect II§ U II5 at A®. Therefore,
it follows from the proof of Theorem B2 (for the case Ay < 2A;) and Corollary 4.20 (for the case
2A1 < A2) that this point lies on W?*. This finishes the proof for the case of forward orbits.

The proof of the case of backward orbits is the same. This finishes the proof of Theorem B1. [

4.5. Dynamics near super-homoclinic orbits

In this section, we prove Theorem C1. The idea of the proof is to show that there exist sequences
of curves {I}72; C Wy, (O) N1I* and {I3}72; C W, (O) NII° that accumulate to Wy (I') N II* and
Wi, (') NII°, respectively (see Figure 4.11). Then, the flow near the super-homoclinic orbit defines a
map which maps the first sequence to a sequence of curves, denoted by {m}} in Figure 4.11, such that
each of the curves {mj'} intersects each of the curves {/}} at a single point. Each of these intersection
points correspond to a homoclinic orbit. The proof of Theorem C2 is exactly the same.

Proof of Theorem C1. Let W* = W _(I') N Dy and W" = W (I') N Da. We have shown in Section
4.3 (after Proposition 4.8) that T8 (W _(O) NII%) intersects II* at a curve which is tangent to ¢* at
M?. For a sufficiently small €, the restriction of this curve to B¢ \ {M*} lies in Dy. Denote this curve
by Ly, and let LY (k > 1) be the restriction of T (L}_;) to B\ {M*}. By Remark 4.14, the sequence
{L}}52, converges to W* uniformly.

Now, consider the restriction of W} . (O)NII® to Be \ {M*} and denote it by L§. We have L§ C K,
where K is as in (4.3.20). Let L (k > 1) be the restriction of 7= (L§_;) to Bc \ {M*}. By Remark
4.15, the sequence {L}}7°, converges to YV* uniformly.

The super-homoclinic orbit S intersects II° at W* and W?* infinitely many times. Denote the
furthest points of S N W" and S N W?* from M?® by ¢“ and ¢°, respectively. Let B* be a sufficiently
small open ball in Dy centered at ¢*“. The orbits starting from B“ leave the small neighborhood U of
I' and go along the super-homoclinic orbit S, and after a finite time, they come back and intersect II°
at some points close to ¢°. These orbits induce a global map

(4.5.1) Ts:B* CII° — B* C IT°

along the super-homoclinic orbit S, where B® = Ts (B") and Ts (¢*) = ¢°. Since B" is sufficiently

small and the map T is a diffeomorphism, the neighborhood B?® is small, connected and convex.
Define [* = W" N B* and [* = W?® N B®. Since the sequence {L}'}?°, converges to WW* uniformly,

there exists a sufficiently large ks such that for all & > ks, the curve L7 intersects B®. Let [} = L} N B*®

unif

for k > ks. This implies that I} — [°. Similarly, for some sufficiently large k,, all the curves L} for
k > k, intersect B*. Let I}! = L}! N B" for k > k,. Therefore, [}! ity .

The map T's maps B" to B®. Thus, the curves [* and [}! in B* are mapped to some curves in B*
by Ts. Let m* = Ts (I*) and m}} = Ts (I}}) for k > k. Since the super-homoclinic orbit S is at the
transverse intersection of the stable and unstable invariant manifolds of the homoclinic orbit I', the
curves m* and [® intersect each other transversely. On the other hand, the sequences of the curves
my; and [7 converge to m" and [°, respectively. This implies that the curves m} intersect the curves
I} transversely. Moreover, without loss of generality, we can assume that the integers k, and ks are
large enough such that the curves m;’ and [ intersect each other at a unique point p; ; for any i > k,
and j > ks. The orbits passing through the points p; ; are the desired multi-pulse homoclinic orbits.
This proves Theorem C1. O
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U1o

ZS Pky+2,k,

Figure 4.11: The blue and green curves belong to the intersection of II* and the global unstable and stable
invariant manifolds of the equilibrium O, respectively. The blue curves accumulate to W% and the green curves
accumulate to W?®, where W* = W _(I') NII° and W* = W _(T') NII°. Let ¢* € W* and ¢° € W?* be at the
intersection of the super-homoclinic orbit and the cross-section II°. The flow near the super-homoclinic orbit
defines a map on a small neighborhood B" of ¢" onto a small neighborhood B?® of ¢°. This map maps the
blue curves restricted to B" to the blue curves in B®. The blue and green curves in B® intersect transversely.
Any point of these intersections belongs to both stable and unstable invariant manifolds of O. Thus, the orbits
passing through these points are homoclinic to O.
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Appendix A

Nondegenerate quadratic forms

A quadratic form in n variables (n € N) over R is a homogeneous polynomial of degree 2 in n
variables with coefficients in R:

n n

q(z1, ... xn) = Z Zaijmizcj, a;; € R.

i=1 j=1
For a given quadratic form ¢(z) there exists a unique symmetric matrix A (A = A”) such that
q(z) = 2T Az,

where x = (21, ...,x,) is a column vector. A quadratic form g(z) is called nondegenerate if det(A) # 0.
Consider a system of differential equations

% = X(x),

defined on a neighborhood of the origin in R™"™ where the origin is a hyperbolic equilibrium. This
system can be written as

i=-Br+--,

(A.0.1) ]
y=Cy+--,

where B and C' are square matrices of dimensions n x n and m x m, respectively, and their eigenvalues
have positive real parts. Assume that this system has a first integral H(x,y) and suppose H(0,0) = 0.
Due to the hyperbolicity of the origin, we have H'(0,0) = 0. Thus, we can write H as

H(z,y) = q(x,y) + -,

where ¢(z,y) stands for quadratic terms and the dots stand for cubic and higher order terms. Assume
that ¢ is nondegenerate. Then

LEMMA A1, (i) n=m.
(ii) There exists a linear change of coordinates which brings system (A.0.1) to the form
(A.0.2) G=-Bx+---, yg=Bly4+ .-,
and the first integral H to the form
(A.0.3) H=<y,Bx>+---.
The dots in (A.0.2) stand for quadratic and higher order terms and the dots in (A.0.3) stand for

cubic and higher order terms.
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Proof. The assumptions that we use to prove this lemma are the hyperbolicity of the origin and the
nondegeneracy of gq.
Let J be the symmetric matrix that ¢(x,y) = (z,y)T - J - (z,y). We write J in the block form

g Dy D
DT Dy )’
where D and D- are symmetric matrices of dimensions n X n and m X m, respectively, and D is a
matrix of dimension n x m. We have

q(x,y) = 2T Dix + yTDTx + xTDy + yTDgy.

Equation (1.2.2) implies that

B, B,
-z B+ — .Cy =
a!,]cq(rﬂ,y) x+ayq(:v,y) Cy=0, Vax,y,

or equivalently
(A.0.4) —2T"D1Bx —y"'DTBz + 2" DCy + ¢y D:Cy =0,  Va,y.

Evaluating the above relation at @ = 0 gives y’ DoCy = 0 for every y which implies DoC = 0.
The matrix C' is invertible because of the hyperbolicity of the origin. Thus Dy = 0pxpm,. Similarly,
evaluating (A.0.4) at y = 0 implies D1 = 0,,x,. Consequently, J takes the form

0 D
J_<DT O>’

and relation (A.0.4) will be simplified as y? DT Bx = 27 DCy for all 2 and y. Since y” DT Bz is scalar
valued, we have y’ DT Bz = (y" D" Bx)" = 27 BT Dy and therefore BT Dy = 27 DCy, which is valid
for all z and y. This implies BT D = DC. Since ¢ is nondegenerate, the matrix .J is invertible and so
the matrix D, «,, has right and left inverses. It is also easily seen by induction that for every integer
k > 0 and every constant A we have

D (C —AI)* = (BT — AI)*D.

This equality as well as the fact that D has right and left inverses imply that the matrices C' and BT
have the same spectrum and the multiplicity of every eigenvalue of C' is the same as its multiplicity
as the eigenvalue of BT. Therefore n = m and D is an invertible square matrix. It is easy to see that

(=)= ) ()

is the desired change of coordinates. O
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