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Abstract We study the cosmological evolution of the
field equations in the context of Einstein—Aether cosmol-
ogy by including a scalar field in a spatially flat Friedmann—
Lemaitre—Robertson—Walker spacetime. Our analysis is sep-
arated into two separate where a pressureless fluid source
is included or absent. In particular, we determine the criti-
cal points of the field equations and we study the stability
of the specific solutions. The limit of general relativity is
fully recovered, while the dynamical system admits de Sit-
ter solutions which can describe the past inflationary era and
the future late-time attractor. Results for generic scalar field
potentials are presented while some numerical behaviours
are given for specific potential forms.

1 Introduction

Einstein—Aether theory is a Lorentz-violating theory in
which a unitary timelike vector field, called the @ther, is
introduced into the Einstein—Hilbert action [1-4]. The intro-
duction of the timelike vector field in the action integral is
also a specific selection of preferred frame at each point in the
spacetime, and so this modification spontaneously breaks the
Lorentz symmetry [5]. The gravitational field equations are
of second-order and correspond to variations of the action
with respect to the metric tensor and the @ther field. At
this point we recall that the unitarity of the timelike vector
field is guaranteed by introducing a lagrange multiplier. The
Einstein—Aether theory can describe various cosmological
phases, including those of early inflationary expansion and
late dark-energy domination [6-9]. It is important to men-
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tion here that the Einstein—Aether approach also describes
the classical limit of Hofava gravity [10].

One of the ways to study a cosmological model is to per-
form a dynamical analysis by studying its critical points in
order to connect them to the different observed eras, with their
respective dynamical behaviours and characteristics[11-21].
For the Einstein—Aether cosmologies there have been several
such studies [22-28].

For Einstein—Aether cosmologies [29] provided exact
solutions for specific forms of the scalar field potential in
the framework of Friedmann—Lemaitre—-Robertson—Walker
(FLRW) spacetime. There has been further study of the
dynamical evolution and stability of those inflationary solu-
tions in homogeneous and isotropic Einstein—Aether cos-
mologies containing a self interacting scalar field which inter-
acts with the aether [27]. Similar dynamical analysis can by
found in [30], where it was shown that for isotropic expan-
sion the dynamics are independent of the aether parameters,
but this is not the case for anisotropic expansion. In all cases
there is a period of slow-roll inflation at intermediate times
and, in some cases, accelerated expansion at late times.

Apart from the FLRW background scenario, there have
been more wideranging studies. One such work, investigating
the dynamical equations of the Einstein—Aether theory for the
cases of FLRW as well as in an locally rotationally symmetric
Bianchi Type III geometry [31]. There, it was found that the
existence or the non-existence of the solutions to the reduced
equations depends on the values of combinations of the initial
parameters that enter the action integral. Results of this type
have also been found elsewhere [32—-34]. For other dynamical
studies in the context of the Einstein—Aether scenario we
refer the reader the articles of [28,35-39].

The plan of this paper is as follows. In Sect. 2 we present
the model to be studied, which is an Einstein—Aether scalar
field cosmology with spatially flat FLRW spacetime, where
the scalar field lagrangian has been modified so that the scalar
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field potential is non-minimally coupled to the aether field, as
proposed in [1]. The dimensionless dynamical analysis and
the corresponding critical points are presented in Sect. 3.
The absence of the matter in the action integral implies that
the dimension of the dynamical system can be either one or
two, while adding a pressureless fluid raises the dimension
of the system to two or three. Furthermore, the critical points
are classified into three families. Sections 4 and 5 include
the main results of the current analysis, where we present
the allowed critical points, It is interesting to mention that
the case of general relativity (GR) with a minimally coupled
scalar field is fully recovered, while new critical points are
found which describe either power-law or de Sitter solutions.
Finally, we draw our conclusions in Sect. 7.

2 Einstein—Aether cosmology

First, we consider a spatially flat FLRW spacetime with line
element

ds® = —dt* + a? (1) (dr2 +r2do? + r? sin® 9d¢2> , (D)

and as an aether field we consider the timelike vector field

ut = §}'. In Einstein—Aether Models the gravitational action

is given by [40]

SEA = / «/—gdx4 (R + %992 + CUO’Z + cww2 + caa2>
+8¢, 2

where the action integral of the scalar field is assumed to
be [1]

1
Sp = / V—gdx* <§g’”¢,ﬂ¢,u -V, ¢>) : 3)

Parameters 6, o, w and o describe the kinematic quantities
of the unitary vector field #"*, and correspond to the volume
expansion rate, shear, vorticity and fluid acceleration. Fol-
lowing the notations of [1] for the line element (1), the field
equations are written as (with units 87G = ¢ = 1)

]92—1452+V oV, 4)
307 =73 05
2. ., ,
59 =—¢" —0Vyg — Vi, (5)
é+0¢+V,=0. (6)
Barrow [29] previously found that for
n
V(.0) = Voe ™ + Y V07 T, ™
r=0

where Vj, V. and A are constants, the field equations (4)-
(6) admit exact power-law solutions ¢ (¢) = % Int,0 () =
3Bt~ ie.a(t) ~ t8 where B = B (Vy, V;, 1). The detailed
dynamical analysis of (7) was performed in [27].

@ Springer

In this work we consider the potential function V (¢, 0)
to be

Vig.0)=U@)+Y ()0, ®)

where U (¢) now denotes the scalar field potential and Y (¢)
is the coupling term between the scalar and aether fields. It
is straightforward to observe that for U (¢) = Upe™? and
Y (¢) = /U (¢) potential (7) is recovered forn = 1, Vy =
0.

With the aid of (8) the field equations (4)—(6) simplify to

1 2_1'2

§9 _2¢ +U (@), )
2ol Ll g —gry (10)
3 ;0= 2¢> (@) — PY ,

¢+0p+ Uy +Y40=0. (11)

from which we can rewrite them as
Gab = Tabv (12)

where G, is the Einstein tensor, and T, describes the effec-
tive Einstein—Aether fluid source with the scalar field, where
in the 1 4 3 decomposition is written as

Tup = pputaup + pehap, (13)

inwhich hgp = gap—+uquyp is the projective tensor and pg and
D¢ are given by

1. 1. .
Py = 5¢2 +U(9) . pp= 5¢2 ~U@) +¢Yy. (14

We observe that for this specific potential, (8), the energy
density py is defined as in Einstein’s GR, while in the pressure
term py anew part is introduced due to the coupling between
the scalar field and the aether field.

If a minimally coupled matter source is introduced with
energy density p,, pressure p;,, and constant parameter for
the equation of state, w,, = p,,/pm, the field equations (9),
(10) are modified as follows:

1, 1.,
39 = §¢ +U () + pm (15)
%'+192——1’2+U()—'Y - (16)
04307 = 307 +U @) = 0¥y — wapm

where, for the perfect fluid p,,, the conservation law is
Pm + 60 (1 + wm) pm = 0. (17)

We carry out our analysis by writing the field equations
(15)—(17) in dimensionless variables by using expansion-
normalised variables.

3 Dynamical system

In this section we present the main features of the dynamical
analysis by using the method of critical points. This method
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is powerful because it provides information concerning the
general evolution of the dynamical system. Hence, from such
an analysis the overall cosmological viability of the model
can be discussed.

The new dimensionless variables are defined as fol-
lows [41]

342 [3U Uy Yy
= ——, = —_—, )\‘:—’, = 2;,
TTV2e2 YTV vt fﬁ

3p
Q= 9_2’". (18)
After some calculations, the system of the field equations is
written in these variables as

Qy=1-— x> = y2, (19)

dx 1

T = =B (6 @) — 5 (Vory +36) y
(20)

dy _ \/§A 3yJ Q1)

dN - 2 'xy y k]

2 _ /6 AT ) —1) (22)

AN X A s

dé A

— =Bex (Te (6) — —= ), 23

=3 éx< £ (€) ﬁ) (23)

where N = In (a), function J (x, y, &, €2,,,) is expressed as

20 (6, 9,6, Q) = =1 — x>+ y> —Exy — wn Q. (24)

and

Y
) (h) = Te (€) = ﬁ;—“j (25)

Uy
WU )2 ’

In general, Egs. (19)-(23) form a three-dimensional sys-
tem. Specifically, Egs. (22), (23) do not coexist, because
parameters A and & are not independent. Locally, the condi-
tion a 75 0 implies that the inverse function of A (¢) exists
so that ¢ = ¢ (A). Hence the function & (¢) depends on A;
indeed, £ = £ (¢ (1)), so & = & (). In that case the only
independent variables which survive are the {x, y, AL

On the other hand, if locally A = const, then 4% IV N = 0, and
& = & (¢); hence, the only independent variables that survive
are {x, y, £}, since ¢ = ¢ (£). Consequently, there are three
large families of potentials which we will study, that admit
different dynamical systems:

Family (A) with A = const. and £ = cons /t, which
corresponds to the potentials

U (@) = Upe™ . Y () = Yo + Yre 27, (26)
Family (B) where U (¢) = Upe’®, A = const with & =
§(¢), and

Family (C) where the potential U (¢) is different from the
exponential potential and so & = & (A) .

We observe from Eq. (19) that the variables x, y obey the
inequalities 0 < x4+ y2 < 1, where in the special case
of ,, = 0, this reduces to x> 4+ y> = 1. At this point we
mention that the equation of state parameter for the perfect
fluid is now

2x% 4+ Exy
s ) )\'7 9’ Q = _1 5 27
while the deceleration parameter is
q(x,y, A8, Q) =—1-2J, (28)
and the equation of state parameter for the effective fluid is
1
wtot(X,y,)»,g,Qm)Zg(q—l)- (29)

We continue our study with the analysis of the critical points
of the system (19)—(23) for the aforementioned three families
of potentials.

4 Scalar field without matter source

In this section we consider the case where the cosmic fluid
does not include matter, namely €2,, = 0. In this case our
results are summarized as follows.

4.1 Family A

For the first family of potentials the constraint (19) implies
that the dynamical system (20), (21) is reduced to a one-
dimensional system. In this case we derive four critical points

(xp, yp):

a. Points Aj+) with coordinates Aj+) = (£1, 0). These
points describe a universe where py = py = ¢*/2, hence
Wy = 22 — 1. For the stability of the points we need to
calculate the corresponding eigenvalues, which in this

=3+ \/gk. Therefore,
point Aj (4, is stable for & < —+/6 while point A is
stable for & > /6.
/ 2Y_732
b. Point A, with coordinates A, = (— 2DAE3(HE) 0

case are given by e (Al(i))

V3(4+82) '
—ﬁxgr/zgg(is:t;?)—zﬂ) exists for {k < -6, £ >

VWT_Q} or {A>\/_ § < \/202 )} or

[—\/5 <r<6, &+ O} . The equation of state param-

eter is written as
4r+&,/6(4+82) — 422

~1
+ 2 Yo

we (A, §) = (30)

Point A; describes an accelerated universe when wy <
—%; that is, the parameters A, £ are constrained by the

@ Springer
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Fig. 1 Region plot in the space {A, &} for wy in the case of critical points A, and Aj3. The stable critical points are represented by shaded regions.

Shaded regions define the areas where the critical points are stable

following conditions V2, &> ?5122 }
{)‘>éa0<§<—«/§\/§;—i2} or{—ﬁ<x<
6 3 220
3,§>0}0r{k2\/€,g< \/_W}As

far as the stability is concerned we find that A; is sta-

blewhen{0<,\5\/6,g>o} 0r{k=«/€,§<0}
r!k>«/6,§§— %(A2—6)}

is an attractor describing cosmic acceleration, then the

Moreover, if Ap

parameters A, £ obey the inequalities { —V2 <<
%,§>0}or{)\<—«/_ 0<é&< \;327;2} or
{Azé,0<§<— \}‘%ior{)»>«/_ & <
c. Point Ay = (_2\/8H3 (ii:;g(ﬂ_@gz,
—Jészxgs(ii:‘;;(xz—cs)é) exists when {A < =6,

£2,/6(2—6)|or[h=-v6. £ 0] or|-v6<
A<\/_§<0} or{k>\/_ éj<—— 6 (12— 6)}

The parameter of the equation of state is

654 —4 (22 —6)
—1+ A 3(4+%_2) y

_22)2
where wy < —%when{—\/§<)L < _\/Z’_ /2(32)»;2

<$<0}or {—\/gfkfﬁ,§<0}or{k>\/§,

we (A, §) = 3D

@ Springer

2(2-22)?
§ <5

}. Point A3 describes a stable solution
only for £ < 0 and more specifically {O <x <6,
—& < & < 0} or {—\/gfkg«/g,é<0} or
{A >6, & <€ < O}, where &1, & are the solutions
of the algebraic equation
8 (6 — x2) - (120 + soxz) £2 47584 = 0. (32)
In Fig. 1 we present the contour plots of the equation of
state parameter wy (A, &) for points A, and A3. Notice that
the stable critical points are represented by shaded regions.
We observe that points with A > 0 and & < 0 describe

stable accelerated solutions, while it is possible for the EoS
parameter to cross the phantom line, namely wy < —1.

4.2 Family B

We continue our analysis with the second family of criti-
cal points, namely Family B. Here the dynamical system is
formed by Egs. (20), (21) and (23). By including the con-
straint, the dimension of the system is reduced by one, i.e.
from three to two dimensions. We study the general evolution
of the dynamical system by considering a general function
I (§) [42-44].

The critical points (xp, yp, &p) of the dynamical system
are:

a. Points Byx) = (A, &) for which éo is a solution
of the algebraic equation I't (§p) = f’ or § = 0.
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Fig. 2 Phase space portrait in

the variables {x, £} for the /\=_2, v=1 /\=—\, 3 ) v=-1/2
dynamical system (20), (21) and 20¢ N
(23) and for R (T 100 ey ///
¥ (@) = T3 i \ \ R N / l

(p) =Yie without a N / . - / /
matter source. Left-hand figure 1.5¢ l 0.8 /C: = // // )
is for A = —2 and v = 1 where l / ol \/r/
we see that point Bs is the i 0.6 k/- —— '\ / /
attractor of the system. 10+ T I
\Right-hand figure is for I (//"/’::——H‘» / '
r=—3andv = —% where 0.4 (’/':: ﬁﬁﬁﬁﬁ /
the attractor is point By ,which 05! ‘ \ C, aaaaaa }
describes the tracking solution. ’ l e 0.2 r' ———
Solid lines describe real — ., . genaan SN ' ’}
trajectories | o . —\

0f 0
-1.0 -05 0 0.5 1.0 -1.0 -05 0 0.5 1.0

The points describe the same physical solution as those
for Aq(x), hence the existence of the critical points is
givenin Sect. 4.1, however the stability conditions change
Specifically, the two eigenvalues are e (Bj(+)) = 6 +

V6 and es (Bl(i)) = :I:ﬁf;‘or‘g (&0). Therefore, Bj+)
is stable when A < —+/6, £T'} (§0) < 0, while By (- is
stable as long as A > /6, SoFé (&) > 0.

b. Point By = (Az (&), &) with T (&) = % Again
the properties of B, are similar with those of Aj
(see Sect. 4.1). Concerning stability conditions B,
describes an attractor solution when SOFé (&) > 0 :
[k<0,§o>*/76|k|]or{0<k§«/g, go>o}.

c. Point By = (A3 (&) , &) with T¢ (&) = %2 The phys-
ical properties of B3 are those of point A3 (see previous
section). B3 describes a stable solution for EoFé o) <

o:{—dé<xgo, go<o}or{x>o,s<—§)\}.

(i)

exists for |A| < /6. This situation describes a tracking
solution of the exponential potential with § = 0. The

d. Point B4 with coordinates By =

equation of state parameter reads wg (A, §) = —1 + %2
hence we have acceleration when |A| < +/2. The eigen-
values of the linearized system are determined to be
er (B = =3+ 3%, e2(By) = % (= V2 0)).
where e (Bs) < 0, ex(Bs) < 0 for |A| < +/3, and
T (0)] > %22

e. Finally, point Bs with coordinates B; = (0, 1, &) , &y =
—\/gk describes a de Sitter solution for which
wy = —1. The eigenvalues of the linearized system

3+\/3(372x2+2«/§xr5@.))
are e; (Bs) = — 5

3—\/ 3 (3—2,\2+2f2/\rE & ))
— 5 and thus point Bs is an attrac-

, e1(Bs) =

’ A . .
1"5 (Eo)‘ < 5 Notice that the de Sitter

solution does not exist for the exponential case in the
context of the scalar field cosmology which reduces to
GR.

tor when

4.2.1 Application

L
Consider Y (¢p) = Yle(v+2)¢, v # 0; we calculate that
_1 2¢2 — A
$="1mn <Y]2(2v+k)2> and T (€) = (ﬁv n ﬁ).
Therefore, Eq. (23) is simplified to

% = V6véx, (33)

while the possible critical points are now only points
Bj+) withéy = 0, B4 and Bs. Points B4 and Bs are attractors
when {|k| <«/6,vk>0} and {v<0, 0<A§—%} U

{v >0, — % <A< 0} , respectively.

In Fig. 2 we present the phase space diagram for the
dynamical system in the variables {x, £} for two sets of the
variables A and v. For A = —2 and v = 1 it is clear that
the de Sitter universe Bs is an attractor while for A = —\/5,
V= —% the unique attractor is the scaling solution Bjy.

In a similar way we continue with the third family of crit-
ical points that we considered.

4.3 Family C

The third family of critical points correspond to the dynam-
ical system (20), (21) and (22) with the constraint condition
(19). Recall that in this case & = & (A).

The critical points are:

a. Points Cy(+) = (Al(:l:), )»0) with " (Ag) = 1 or A9 = 0.

The physical descriptions of the points are those of
Aq(x). The eigenvalues of the linearized system are cal-

@ Springer
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Fig. 3 Region plots for the

Stability of Point C2 for FA[A0]>0

Stability of Point C2 for TA[A0]<0

variables {Ag, & (Ag)} in which 10 10F
points C, and C3 have
eigenvalues with negative real
parts. Left-hand figures are for 5l 5l
'} (A0) > 0, while right-hand
figures are for I'} (A9) <0
['ON 0 wn 0
-5 /s -5+
-10L \ , . h -10k . . . r
-10 -5 5 10 -10 -5 0 5 10
Stability of Point C3 for FA[A0]>0 Stability of Point C3 for TA[A0]<0
10F ‘ : : ‘ 10F ‘ ; : n
5+ 5r
7
uwn 0 w0
-5F -5F
-10t . -10kL .
-10 -5 5 10 -10 -5 0 5 10

culated to be e (Cl(i)) =6 — \/6)»0, e (C](i)) =
—«/EA%F’ (Ap). We observe that at least of one of the
points Cj(+) is stable only for I'” (A9) > Oand [Ao| > V6.

b. Point Cr 3 = (A2,3, AO) with T" (Ag) = 1. The existence
conditions and the physical description are the same as
those of A3 3 (see Sect. 4.1). Because of the nonlinearity
of the eigenvalues, the map of 1o, & (Ag) in which the
points are stable is presented in Fig. 3.

. _ &‘ 2 . _
c. Point C4 = <— Jaret Jare k0> with A9 = O,
describes a de Sitter solution, wg (C4) = —1, and actu-

ally reduces to points C;, C3, with A9 = 0 respectively.
The eigenvalues of the linearized system are given by
e1 (C4) =0, ez (Cq) = —3. Since e; = 0 we apply the
central manifold theorem in order to decide the stability
and we find that C4 is always an attractor.

d. Point C5 = (Bs, Ag) with Ay = —\/gs is found to be sta-
ble when the following condition holds (T, (0) — 1) <2+

V6E' (0)

same as that of Bs.

) > 0. The physical description of Cs is the

@ Springer

4.3.1 Application

Let us consider U (¢p) = Upg" and Y (¢) = Y0¢1+% from
where we calculate ¢ = 7, & = Yo_ (24 1) = const and

V22U
I, (A = "n;l Therefore, Eq. (22) reduces to

d 6
= = —£xk2. (34)
dN n

Therefore, the critical points are Cj(+), C4 and Cs. As far
as stability is concerned we find that points Cj ) are always
unstable and point Cs is stable only when n < —2&2. For the
latter case using various values of the free parameters n, &
we plot in Figs. 4 and 5 the phase space diagram {x, A}.

5 Scalar field in the presence of matter

In this section we include in our analysis a pressureless matter
component with w,, = Z—’” = 0. Inthis case since 0 < ,,, <

m

1, the constraint equation (19) yields x2+ y2 < 1. Following
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Fig. 4 Phase space portrait for
in the variables {x, A} for the
dynamical system (20), (21) and
(24) and for U (¢) = Up¢" and
Y () = Y0¢1+% without matter
source. Left figure is forn = —2
and &£ = \/g from where points
C4 and Cs are attractor of the
system. Right figure is for
n=—-2and & = —\/g where
again Cy4 and Cjs are attractor of
the system. Solid lines describe
real trajectories

Fig. 5 Phase space portrait for
in the variables {x, A} for the
dynamical system (20), (21) and
(24) and for U (¢p) = Up¢p" and
Y () = Y0¢1+% without matter
source. Left figure is for
n=—01and& = /2 while
right figure is for n = —0.1 and
&= —\/g . It is clear that the

only attractor is C4 while Cs is a
source point. Solid lines
describe real trajectories

the lines of the previous section we study the same family of
potentials, namely A, B and C.

5.1 Family A

a. The first Pointis Ag = (0, 0) and the arbitrary parameters
A, & describe a universe for which 2, = 1, wi = 0.
The eigenvalues of the linearized system are determined
to be e (Ao) = —%, e (A())

always unstable.

b. Points Al(i) with eigenvalues e (Al(i)) = 3 &+
\/gk, e (Al(i)) = 3, from which we infer that points

Aj(4) are unstable points.

c. Point A, with eigenvalues e (Az)

42241 /6E5—4(32—6) =
e ),ez(A2)=—

4482

describes a stable solution when

¢(6A2 )} { ﬁ<)‘<

%}or{)\z—\/& §>%§}.

3 P
5, hence the point is

222404 /6E4—4(32—6)

d. Point A3 with eigenvalues e (A3) = -3 +

42 —14/6%—4(32-6) TN 22214 /6E4—4(32-6)
4te? s e2(A3) = =3+ 2(4+£2)

V6 o 2(2-3)

describes a stable solution when [A < -5,

V612-9
<§<O}or —‘/76§)L§«/§,§<O}or{)u>«/§,

& < _2()‘2:33} or {A = \/6, £ < —2‘75}

612

. Point A4 with coordinates A4 = (— \/g %,
3 /22 (44€2) -2 . .

\/> (Z—KE S) describes a universe where the scalar

field mimics the pressureless fluid, i.e. wy = 0. The

effective parameter is wit = 0, where 2, = 1 —

3 - 35 + 4A3 A2 (44 &2). The point exists when
Lg 2(r2-3) \/?
{ < } <A< V3.¢
A=V36=

==t

In Flg 6 we show {X, £} diagrams for where the critical

points A> , Az and Ay4 exist and have negative eigenvalues,

@ Springer
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Fig. 6 Region plots for the
parameters {X, £} in which the

Stability of Point A2

Stability of Point A3

critical points A2, A3 and As
are stable. The lower right-hand 4 4
figure shows the common
regions where we observe that 2¢ 21
there is not any common
intersection. Hence, there is un O un 0
only one possible stable point
for the dynamical system -21 _2f
—4; —4;
4 -2 0 2 4 -4 -2 0 2 4
A
Stability of Point A4
: : : 4 4
41
21
21
un
w0 0
_ol -2
-4+
A==2, =312
10} 1.0}
0.8 0.8+
0.6 0.6
0.4+ 0.4+
0.2 02!
0r 0r
-1.0 -0.5 0 0.5 1.0 -1.0 -0.5 0 0.5 1.0 -1.0 -0.5 0 0.5 1.0

Fig. 7 Phase space diagrams for the dynamical system (20), (21) with
three differer_lt sets of the free parameters X, & where one of the critical
points A, A3z and Ay is stable. For (A, &) = (—2, %) point Aj is the

namely we have stable solutions. Moreover, from Fig. 6 we
observe that only one of the critical points A>, A3 and A4
can be stable points of the system.

In Fig. 7 we present the phase space diagrams for the
dynamical variables {x, y}, using different values of the free

@ Springer

unique attractor; for (1, §) = (2, —2) point Aj is the unique attractor,
while point A4 is an attractor for the plot with (A, &) = (2, 1). Solid
lines correspond to real trajectories

parameters X, &. In particular, we provide three diagrams
where in each case one of the critical points Ar, Az and
Ay is stable. The dynamical evolution of the cosmological
parameters €2, (a) and wy,, (a) are demonstrated in Fig. 8
for the real trajectories presented in Fig. 7.
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Fig. 8 Qualitative evolution of Evolution of Qm for A=-2,£=3/2 Evolution of wtot for A=-2,£=3/2
the energy density €2, and of 1F
the parameter of the equation of RN 1t
state for the effective fluid for " -
the real trajectories presented in 3
Fig. 7 4 1_
3
el 5
G 2 3
1
1 3
4
0 1
1
1
3
4 1
3
1 s 0
- o
& 2 z 1
3
1
4
1
0
In(a)
Evolution of wtot for A=2,£=1
1 1
i H
4 1
1 - 3 S
g — ..9 0 ...;'-:l-}-
c 2 s
1
1]: .
—|; 3
4!
or 1k
In(a) In(a)
5.2 Family B The physical description is that of point Ag. The eigen-

The critical points which correspond to family B are the fol-
lowing:

a. Point By = (Ao, 5) where £ is arbitrary: since £ is arbi-
trary, point By describes a line in the space {x, y, &}.

values of the linearized system are determined to be
e1 (Bo) = —% . e2(Bo) = % and e3 (By) = 0, from
which we conclude that By describes an unstable solu-
tion and By is a source point.

@ Springer



723 Page 10 of 13

Eur. Phys. J. C (2019) 79:723

Fig. 9 Region plots for the

Stability of Point B2

Stability of Point B3

V_ariables {Xx, &} in which point 20 E 4F E
B; (left-hand figure) is an
attractor and & Fé (&) > 0O and
point Bj (right-hand figure) 1l J ol ]
describe a stable solution with
&l (50) <0
w0 >> g w0} i
14 J ol ]
-2k L ) L J -4t . T s }
-2 -1 1 2 -4 -2 0 2 4
A
. Points Bj(x) with eigenvalues e; (Bix)) = 3 ., e Stability of Point B6

(Biw)) =36, e3(Biw)) = iﬁ%‘oré (50), hence
the solutions at points Bj(+) are unstable.

. Point B, which is found to describe a stable solution if
and only if $0Fé (&0) > 0. Notice that the parameters
{X, &} can be viewed in Fig. 9.

. Point Bz which is found to describe a stable solution if
and only if éOFé (&9) < 0, while the parameters {A, &y}
are given in Fig. 9.

. Point B4 with eigenvalues e; (B4) = —3+ L;, er (Bs) =
—3+ A% and e3 (B3) = % - @Fg (0) .It describes a

stable power-law solution when { —V3<xr<0, s (0)
A A
<\—f2}or{0<k<«/§, FE(O)>\_@}-

. Point Bs describes a stable de Sitter universe when
1 A

¢ o < 35 -

. Point Bg with coordinates Bg = (A4, EO) with &y = 0 or

"¢ (50) = 0. Because of the nonlinearity of the eigenval-
ues, the regions of the parameter space, {A, &y}, for which

point Bg is an attractor, are shown in Fig. 10.

5.3 Family C

Fig.

10 Region plots for the variables {X, &} in which point Bs is an

attractor. The blue area is for §0Fé (&) > 0 while the grey area is for
&I (50) <0

We complete our analysis with the third family of critical
points which correspond to the case where A  # const and b.
& = & (1). Using the dynamical system (20), (21), (22) we

find the following critical points (x P Yps A p):

a. Point Co = (Ao, 1) where A is arbitrary. This point
describes a line of points in the space {x, y, A}. The c.

eigenvalues of the linearized system are ej (Co) =
—% , e (Co) = % and e3 (Co) = 0, from which we
infer that the current point is a source “line”.

@ Springer

Points é](i) = (A](i), )\()) withAg =0or Iy (Ag) = 1.
These points are always sources, because they always
have a positive eigenvalue. Indeed, the corresponding

eigenvalues are e; (Ci(x)) =3, €2 (Ci(z)) = 3+\/§Ao
and e3 (?1@:)) = «/6)»21—‘;L (Ao).

Points C3 3 describes a power-law solution with €2,
(C2,3) = 0. Due to the nonlinearity of the eigenval-

ues in Fig. 11 we present the region of the parameters
{Xo, &€ (A0)} for which C» 3 are stable.
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Fig. 11 Region plots for the

Stability of Point C2 for F'A[A0]>0

Stability of Point C2 for FA[A0]<0

variables {2, & (A)} in which 10 10F
points C, and C3 are attractors.
Left-hand figures are
for I'} (Ao) > 0 while right-hand s s
figures are for I'} (A9) < 0
w0 w0
_5 / _5}
-104 ‘ -10L
-10 -5 5 10 -10 -5 5 10
Stability of Point C3 for FA[A0]>0 Stability of Point C3 for FA[A0]<0
10 : : e . 10F — - — -
5¢ 5t
w0 W 0F
-5¢ ~\ -5
-10L . . . J -10L , , . I
-10 -5 0 5 10 -10 -5 0 5 10

d. Point C4 describes a de Sitter universe and the eigenval-
ues for the linearized system are e (6_‘4) =-3, e (6_'4)
= —3 and e3 (6_'4) = 0. Since e3 = 0 means that we
need to use central manifold theorem: it implies that Cy4
is always a future attractor of the dynamical system.

e. Point Cs with eigenvalues e; (Cs) = =3, €23 (Cs) =

- (1 + \/1 (T (0)—1) (JE) £ — 2) describes a

stable de Sitter solution when {FA 0) <1,¢ > \/g }

or {FA(O) >1,& < \/g}
f. Point Cs = (A4, 20) with Ag = 0 or I" (k) = 0, is
3 6-—212 /6
stablewhen{\/;<k, &> m}or{k <>, &<

6—222 }
V6x2—9 "

Overall, from the aforementioned analysis, we conclude
that in the case of matter there are two possible de Sitter
solutions which can act as attractors for the expansion
dynamics.

6 Exact solutions

In the above analysis we have shown that the evolution of
the dimensionless dynamical system is always in a three-
dimensional phase space, and there is an extra free function
which must satisfy constraints in order for the critical point,
that is, the solution at the critical point, to exist. In order to
understand this more fully let us consider the field equations
(15), (16) and assume that there is no matter source other
than the scalar field, i.e. p,, = p = 0.
From system (15), (16) we find
0> ¢* 26 .

U =——-—,7 =—== —3¢. 35
(®) ) () 35 ¢ (35)
Assume now that & = 6ot ~!, which describes a perfect

fluid solution, and for ¢ = +~! we find that

¢* (2 2
U@ =730 —¢). Y@ =¢>— 0. (36)
2 \3 3

Hence, this solution is described by a point in family C. In

order to study the stability of the solution we substitute in
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(15),(16)0 = gt ' +£@ (1), ¢ =t~ 4+ (¢) for the latter
potentials and the solution of the linearized system reveals
that functions ® and & decay when 6y > 3.

However, this it is not the unique power-law solution as is
the case in GR. Indeed, by selecting the same expansion rate

0 = 01", but now ¢ = In %, we find

_ 98 1 —2ua¢p
U@p) = (; - m) e ,

Y () = @ae _ é) — 37

and this is a solution that is now described by a critical point
of family B.
Moreover, when 6 = %coth (6ot) and ¢ = O% we find

4 2 1
U(9) = 57 coth” (@bod) — 77 .

Y($) = —iaeo cosh (axby¢)

— 38
27 sinh? (aby¢) (38)

In a similar way we can construct other kinds of solutions for
the scalar field with the aether field and other kinds of matter
sources. For instance, the latter solution is that of GR with
cosmological constant term and a perfect fluid source.

7 Conclusions

In this paper we have performed a detailed analysis of the
dynamical evolution of an Einstein—Aether scalar field cos-
mology in the framework of a spatially-flat FLRW back-
ground universe, where the scalar field is coupled to the aether
field. The model that we analysed depends on two unknown
functions, the first, U (¢), corresponds to the scalar field
potential, while the second function Y (¢) defines the cou-
pling between the scalar field and the aether field. The Fried-
mann equation is the same with that of Einstein’s GR, while
the Raychaudhuri acceleration equation is modified, since the
effective pressure term of the scalar field fluid differs from
that in GR.

‘We use expansion-normalised variables to rewrite the field
equations as a system of algebraic-differential equations,
which contains at most three independent variables. The pos-
sible critical points correspond to three different families of
solutions. In family A the scalar field potential is exponen-
tial U (¢) = Upe™® while the coupling function is given by

Y () =Y+ Yle_%‘b. Family B corresponds to the expo-
nential potential for U (¢) , while Y (¢) is arbitrary, while in
family C the scalar field potential U (¢) is arbitrary.

When we assume there is no other fluid source in the uni-
verse, we find that family A admits four-critical points, while
families B and C admit six critical points. On the other hand,
when a pressureless matter source is introduced, the maxi-
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mum number of possible critical points is increased by two
for the three families. At this point it is important to mention
that family A corresponds to a specific case of the function
V (¢, 6) which is determined in [29] and for which the the
field equations admit exact power-law solutions. Moreover,
we found that in family B, power-law solutions exist only
when Y (¢) is approximated locally by the exponential func-

tion Y (¢p) =~ ¢~ 2%, On the other hand, we found that for
family C there is a critical point which describes a de Sitter
universe as a future attractor. Additionally, the critical points
of families A and C reduce to solutions of GR when Y (¢) is
constant.

Finally, in order to demonstrate the evolution of the
dynamical system, we presented some phase-space diagrams
for specific cases as well as a qualitative evolution for the
respective cosmological parameters. From the latter it is clear
that this specific scalar field type of cosmology approach can
describe some key epochs in cosmological evolution.

Acknowledgements GP is supported by the scholarship of the Hellenic
Foundation for Research and Innovation (ELIDEK Grant No. 633).
SB acknowledges support by the Research Center for Astronomy of
the Academy of Athens in the context of the program “Tracing the
Cosmic Acceleration. JDB is supported by the Science and Technology
Facilities Council (STFC) of the United Kingdom.

Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors” comment: This is a theoretical
work and no data have been used.]

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

Funded by SCOAP?.

References

. W. Donnelly, T. Jacobson, Phys. Rev. D 82, 064032 (2010)

. W. Donnelly, T. Jacobson, Phys. Rev. D 82, 081501 (2010)

I. Carruthers, T. Jacobson, Phys. Rev. D 83, 024034 (2011)

S.M. Carroll, E.A. Lim, Phys. Rev. D 70, 123525 (2004)

. C.Heinicke, P. Baekler, F.W. Hehl, Phys. Rev. D 72, 025012 (2005)

P. Astier et al., Astrophys. J. 659, 98 (2007)

N. Suzuki et al., Astrophys. J. 746, 85 (2012)

. E. Komatsu et al., Astrophys. J. Suppl. 192, 18 (2011)

. PAR. Adeetal., A&A 571, A16 (2014)

. D. Garfinkle, T. Jacobson, Phys. Rev. Lett. 107, 191102 (2011)

. J. Wainwright, G.ER. Ellis (eds.), Dynamical Systems in Cosmol-
ogy (Cambridge University Press, Cambridge, 1997)

. A.A. Coley, “ Dynamical systems and cosmology,” (Astrophysics
and Space Science Library 291, 2003)

13. J.M. Heinzle, N. Rohr, C. Uggla, Phys. Rev. D 71, 083506 (2005)

14. G. Leon, Class. Quantum Gravity 26, 035008 (2009)

15. A. Maciejewski, M. Szydtowski, Celest. Mech. Dyn. Astron. 73,

17 (1999)
16. R. Lazkoz, G. Leon, Phys. Lett. B 638, 303 (2006)

_ =
— OO0 PNOL AW~

—
N


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Eur. Phys. J. C (2019) 79:723

Page 13 of 13 723

17.

18.
19.

20.
21.
22.
23.
24.
25.

26.
27.

28.

29.
30.

31.

R. De Arcia, T. Gonzalez, F.A. Horta-Rangel, G. Leon, U. Nuca-
mendi, I. Quiros, Class. Quantum Gravity 35, 145001 (2018)

A. Paliathanasis, Phys. Rev. D 95, 064062 (2017)

A. Giacomini, S. Jamal, G. Leon, A. Paliathanasis, J. Saavedra,
Phys. Rev. D 95, 124060 (2017)

G. Papagiannopoulos, S. Basilakos, A. Paliathanasis, S. Savvidou,
P.C. Stavrinos, Class. Quantum Gravity 34, 225008 (2017)

A. Paliathanasis, EPJC 78, 681 (2018)

A.A. Coley, G. Leon, P. Sandin, J. Latta, JCAP 15, 12 (2015)

A. Balakin, V. Popov, JCAP 17, 04 (2017)

H. Wei, X.-P. Yan, Y.-N. Zhou, Gen. Relativ. Gravit. 46, 1719
(2014)

R.J. Van Den Hoogen, A.A. Coley, B. Alhulaimi, S. Mohandas, E.
Knighton, S. O’Neil, JCAP 18, 11 (2018)

A.B. Balakin, V.A. Popov, JCAP 17, 04 (2017)

P. Sandin, B. Alhulaimi, A.A. Coley, Phys. Rev. D 87, 044031
(2013)

J. Latta, G. Leon, A. Paliathanasis, Kantowski—Sachs Einstein—
@ther perfect fluid models. JCAP 16, 051 (2016)

J.D. Barrow, Phys. Rev. D 85, 047503 (2012)

B. Alhulaimi, R.J. van den Hoogen, A.A. Coley, JCAP 17, 045
(2017)

M. Roumeliotis, A. Paliathanasis, Petros A. Terzis, T.
Christodoulakis, Reduced Lagrangians and analytic solutions
in Einstein—ather Cosmology (2018). arXiv:1811.10291v1

32.
33.

34.

35.
. A.R. Solomon, J.D. Barrow, Phys. Rev. D 89, 024001 (2014)
37.

38.
39.
40.
41.

42.
43.

44,

B.Z. Foster, T. Jacobson, Phys. Rev. D 73, 064015 (2006)

Ted Jacobson, Einstein—Aether gravity: a status report. PoOSQG-Ph
020 (2007)

T.G. Zlosnik, P.G. Ferreira, G.D. Starkman, Phys. Rev. D 75,
044017 (2014)

A. Coley, G. Leon, P. Sandin, J. Latta, JCAP 12, 010 (2015)

E. Barausse, T. Jacobson, T.P. Sotiriou, Phys. Rev. D 83, 124043
(2011)

E. Barausse, T.P. Sotiriou, I. Vega, Phys. Rev. D 93, 044044 (2016)
C. Gao, Y.-G. Sen, Phys. Rev. D 88, 103508 (2013)

T. Jacobson, Phys. Rev. D 89, 081501 (2014)

E.J. Copeland, A.R. Liddle, D. Wands, Phys. Rev. D 57, 4686
(1998)

G. Leon, Y. Leyva, J. Socorro, Phys. Lett. B 732, 285 (2015)

G. Papagiannopoulos, S. Basilakos, J.D. Barrow, A. Paliathanasis,
Phys. Rev. D 97, 024026 (2018)

G. Leon, A. Paliathanasis, J.L.. Morales-Martinez, EPJC 78, 753
(2018)

@ Springer


http://arxiv.org/abs/1811.10291v1

	Dynamics of Einstein–Aether scalar field cosmology
	Abstract 
	1 Introduction
	2 Einstein–Aether cosmology
	3 Dynamical system
	4 Scalar field without matter source
	4.1 Family A
	4.2 Family B
	4.2.1 Application

	4.3 Family C
	4.3.1 Application


	5 Scalar field in the presence of matter
	5.1 Family A
	5.2 Family B
	5.3 Family C

	6 Exact solutions
	7 Conclusions
	Acknowledgements
	References




