
submitted to Geophys. J. Int.

On the helicity characteristics and induced emf of

magnetic-Coriolis wave packets

B. R. McDermott1 and P. A. Davidson1

1 Department of Engineering, University of Cambridge, Cambridge, CB2 1PZ, UK

SUMMARY

In a rapidly rotating Boussinesq fluid, buoyant anomalies radiate low-frequency inertial wave

packets which disperse along the rotation axis. The wave packets lead to axially elongated vor-

tices, which propagate negative (positive) kinetic helicity upwards (downwards) with respect

to the rotation vector. The kinetic helicity carried by the inertial wave packets is near-maximal,

relative to the velocity and vorticity fields. In classical mean-field theory, kinetic helicity is

often associated with the α-effect, which is thought to be an important ingredient for plane-

tary dynamos. The modification of inertial wave packets in the presence of a transverse uni-

form magnetic field is investigated here, motivated by small-scale dynamics in planetary cores,

where a large-scale magnetic field affects fluid motions. We study numerically the dispersion

of wave packets from an isolated buoyant source and from a random layer of buoyant anoma-

lies, while varying the Lehnert number Le – the ratio of the frequencies of Alfvén and inertial

waves. We find that for Le < 0.1, the vortices are columnar and continue to segregate ki-

netic helicity so that it is negative (positive) above (below) the buoyant source. Importantly,

the wave packets induce an α-effect, which remains strong and coherent for Earth-like val-

ues of the Lehnert number (Le < 0.1). The interaction of wave packets emitted by multiple

neighbouring buoyant sources results in an α-effect that is stronger than the α-effect induced

by wave packets launched from an isolated buoyant source, and we provide an analytical ex-

planation for this. The coherence of the α-effect induced by the wave packets, for Earth-like

values of the Lehnert number, lends support to the α2 dynamo model driven by helical waves.
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1 INTRODUCTION

For the liquid-metal convection in Earth’s outer core, global rotation dominates the fluid motion.

Through the Coriolis acceleration, the effects of rotation have strong consequences for all but

the smallest scales of motion. Of secondary importance are the magnetic tension forces on the

fluid, resulting from the large-scale field which is sustained by stirring motions in the electrically

conducting fluid. These motions originate from the secular cooling of the Earth, and from buoyant

parcels of fluid that migrate from the inner core to the mantle. It is therefore important to study the

dynamics of buoyant blobs under the influence of rapid rotation and a large-scale magnetic field.

Of the numerical simulations of planetary dynamos, those which generate a predominantly

dipolar magnetic field exhibit a velocity field that is composed of filamentary vortices aligned

with the rotation axis. These vortices carry large amounts of kinetic helicity, which is usually

distributed negative (positive) in the northern (southern) hemisphere. This anti-symmetric kinetic

helicity distribution is known to be highly beneficial for dynamo action (Moffatt 1978). In addition

to the columnar nature of the fluid flow, the more recent simulations have a highly time dependent

buoyancy field. This observation suggests that the columnarity of the flow must be continually

re-established by some short time-scale dynamics (relative to the advection time). The most ro-

bust candidate in the purely hydrodynamic case is the spontaneous emission of inertial waves

by buoyant anomalies (Davidson 2014). Indeed, inertial waves have recently been identified in a

moderately supercritical spherical dynamo simulation (Ranjan et al. 2018).

Inertial waves are helical waves, and this is also true of their magnetically influenced counter-

parts (Moffatt 1978). Such waves influenced by the magnetic field have long received attention in

the dynamo community for their possible connection to the secular variation of the observed field

(Hide 1966). Moffatt (1970) first noticed the potential importance of inertial waves for dynamo

action. He noted that if there was a net wave-flux parallel (or anti-parallel) to the rotation axis of

the planet, the mean generated electromotive force (emf) could sustain a large-scale dynamo. In
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Figure 1. An α2 dynamo cartoon with net flow helicity negative (positive) in the northern (southern) hemi-

sphere; adapted from Davidson & Ranjan (2015).

the parlance of mean-field theory, the helical waves generate an α-effect which sets up an α2 dy-

namo cycle like the one shown in Figure 1 (Davidson & Ranjan 2015). In this schematic, B is the

magnetic field, J is the current density, the subscripts p, θ and r correspond to poloidal, azimuthal

and cylindrical radial components, hk is the helicity of the flow and ‘Ampère’ signifies the use of

Ampère’s law.

The α2 dynamo cartoon rests on the assumption that the flow helicity is sufficiently intense, and

that it is distributed negative (positive) in the north (south) outside the tangent cylinder (the imag-

inary axial cylinder which is tangent to the inner core equator). This type of helicity distribution is

observed in many dynamo simulations to date, and can arise from two main mechanisms. The first

mechanism is Ekman pumping at the outer boundary, which prevails in the more viscous simula-

tions (Roberts & King 2013). The second is the preferential generation of inertial wave packets in

the equatorial regions (Davidson & Ranjan 2015), such an equatorial bias in the buoyant forcing

having been noted by many authors over the past two decades (Olson et al. 1999; Sakuraba &
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Roberts 2009; Schaeffer et al. 2017). The latter is an attractive mechanism for the planets, as it is

independent of viscosity and the presence of a solid outer boundary.

Davidson & Ranjan (2015) showed that it is indeed feasible for a planetary dynamo to be driven

by the α-effect of inertial wave packets triggered by buoyant anomalies near the equatorial plane.

The helical wave packets interact strongly with the cylindrical radial and azimuthal components

of the field, lifting and twisting the transverse field lines. This α-effect generates an emf which

is parallel (anti-parallel) to the transverse field when the helicity is negative (positive) (Figure

1). Thus, the interaction of the wave packets with Br produces a quadrapolar poloidal current,

which reinforces an anti-symmetric Bθ. The waves interact with Bθ to produce a symmetric mean

Jθ, which through Ampère’s law reinforces the poloidal component of the large-scale field. This

completes the α2 dynamo cycle shown in Figure 1.

The generation of inertial wave packets by buoyant anomalies in the absence of a magnetic

field is discussed in several papers (Davidson 2014; Davidson & Ranjan 2015). Here, we study the

dynamic effect of a uniform field on the properties of fast time-scale helical waves — paying par-

ticular attention to the kinetic, magnetic and cross helicities, and on the crucial emf and associated

α-effect. First, we map out the various kinds of waves that are supported by rapid rotation and a

mean magnetic field.

2 CHARACTERISTICS OF MAGNETIC-CORIOLIS WAVES

Consider a rapidly rotating Boussinesq fluid into which we place a single buoyant blob with an

initially Gaussian profile ρ′ ∼ exp[−|x|2/δ2], which may evolve slowly under the influence of a

uniform gravitational field. The background rotation of the fluid Ω = Ωez is orthogonal to gravity

g = gey, and we choose a reference frame which rotates with the fluid. Firstly, we review the

purely hydrodynamic case studied in Davidson (2014). The buoyant blob spontaneously generates

four columnar, helical vortices aligned with the rotation axis, which reach far above/below the

initial disturbance (Figure 2). These vortices are in fact inertial wave packets with the dispersion

relation $ = ±2(k · Ω)/k and group velocity cg = ±2[k × (Ω × k)]/k3 (note that cg is the

energy propagation velocity). Here k is the wave vector, k = |k|, and the positive (negative) sign
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Figure 2. Inertial wave packets emitted from a buoyant anomaly in a rapidly rotating fluid: isosurfaces of

axial velocity uz are shown at Ωt = (a) 2, (b) 4, (c) 6, (d) 8 where red (blue) denotes positive (negative)

uz . The rotation axis is aligned with z. Four vortices are generated: two above the buoyant anomaly and two

below. At Ωt = 8 the vortices are columnar in structure.

corresponds to upward (downward) travelling waves carrying negative (positive) kinetic helicity

(Figure 3). For some blob size δ, waves with a dominant wave number k ∼ π/δ are typically

dispatched. The segregation of helicity — negative (positive) above (below) the disturbance — is

verified by direct numerical simulations (Davidson & Ranjan 2015). A kinetic helicity distribu-

tion that is negative (positive) in the ‘north’ (‘south’) is reminiscent of geodynamo simulations

(Schaeffer et al. 2017).

Why should the radiation pattern be so strongly concentrated above/below the disturbance,

when the buoyant blob is initially spherical with no preferred direction? This question is explored

in Davidson et al. (2006), and the crux of the explanation lies in the fact that cg is always per-
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Figure 3. Inertial wave packets emitted from a buoyant anomaly (shown in black) in a rapidly rotating fluid.

(a) Four vortices shown by isosurfaces of uz and (b) kinetic helicity isosurfaces; note the segregation of

kinetic helicity negative (positive) above (below) the buoyant blob.

pendicular to k. Kinetic energy transported by an inertial wave packet to some off-axis location

is associated with only one wave vector within the source spectrum, and is propagated at a speed

less than 2Ω/k. However energy is radiated along the rotation axis at the highest possible speed

2Ω/k, and is associated with a two-dimensional disc of wave vectors in the horizontal plane. The

‘folding-up’ of the two-dimensional disc (in k-space) onto a one-dimensional thin cylinder (in

real space) constitutes the robust channelling of energy along the rotation axis (Davidson 2013,

§3.3.2). (For an alternative argument, based on angular momentum considerations, see Davidson

et al. 2006).

In a planetary core, however, there often lies a dynamic magnetic field. The introduction of

a mean magnetic field B0 modifies inertial waves into what we term magnetic-Coriolis (MC)

waves, which encompasses a large variety of wave dynamics. Alfvén waves are now permitted

to oscillate along magnetic field lines, with a group velocity cg = ±B0 (we scale the magnetic

field throughout by
√
µρ so that it is in velocity units). The combined effects of rotation and a
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background magnetic field may be educed through considering the example outlined above, with

the addition of a mean field B0 = B0ex orthogonal to both the rotation vector and gravity. The

uniform field may be thought of as a local approximation to the large-scale East-West field in a

planetary core. We first consider plane-wave solutions to the linearised diffusion-less equations

(considered in detail in Bardsley & Davidson 2016) to get an idea of what we might expect to

observe in the simulations presented in §3 and §4. The linearised diffusion-less equations removed

from the disturbance are

∂tb = (B0 · ∇)u , ∂tω = (B0 · ∇)j + 2(Ω · ∇)u , (1)

ω =∇× u , j =∇× b , (2)

where u and b are the fluctuating velocity and magnetic fields, and the corresponding vorticity

and current density fields are ω and j. We also introduce a solenoidal vector potential through

∇× a = b. These equations combine to give the wave-like equation (Davidson 2005, pp. 531)[
∂2

∂t2
− (B0 · ∇)2

]2

∇2u + 4(Ω · ∇)2∂
2u

∂t2
= 0 . (3)

If we apply the plane-wave ansatz f = f̂ exp[i(k ·x−$t)] (where f ∼ u ,ω ,a , b , j) to (3) we

arrive at these relations for monochromatic plane-wave solutions to (3)

ω̂ = ∓kû , ĵ = ∓kb̂ , b̂ = −$B

$
û , b̂ = ∓kâ , (4)

and the dispersion relationship becomes

$2 ∓$I$ −$2
B = 0 , (5)

where $B = k · B0 and $I = 2(k · Ω)/k are the the Alfvén and inertial wave frequencies

(Davidson 2013, pp. 150). It is clear from (4) that all plane-wave solutions to (3) have maximal

kinetic, magnetic and cross helicity – hk = u · ω, hm = a · b and hc = u · b respectively.

This means that (for monochromatic plane-wave solutions) the pairs of fields: (u, ω), (b, a) and

(u, b) are exactly aligned, though this need not be true for a wave packet (Davidson & Ranjan

2015). Further, as hk is maximal irrespective of the presence of a mean field, this tells us that

all monochromatic MC waves have an identical structure for the velocity field — a circularly

polarised transverse wave (Moffatt 1978).
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The group velocity for these waves, acquired from (5), can be expressed in the form[
1 +

($B

$

)2
]
cg =

2$B

$
B0 + cgI , (6)

where cgI = ±2[k× (Ω×k)]/k3. From (6), we see that energy with k perpendicular to Ω is still

focused onto the rotation axis (as it is for pure inertial waves), however we now have a component

of the group velocity in the direction of the mean field.

In the rapidly rotating regime of Earth’s outer core, the conventional wisdom states that on

large scales we might expect $I � $B. This produces a splitting of the wave frequencies:

$ ≈ |$I | and $ ≈ $2
B/|$I |. The former corresponds to weakly modified off-axis inertial waves,

which might traverse the core on a timescale of weeks, and the latter to magnetostrophic waves,

perturbations which predominantly migrate along the mean-field on a timescale of centuries (Mof-

fatt 1978) (see the end members in Figure 4). Due to their low frequencies and slow group veloc-

ities, magnetostrophic waves have been covered at length in the literature in efforts to explain the

secular variation of the geomagnetic field (Hide 1966; Malkus 1967). In the general case, exactly

how the energy is dispersed depends strongly on the orientation of Ω, k, and B0. However, as it

became clear for pure inertial waves, we might expect that there is special role for those waves

with k perpendicular to Ω; indeed this is a degenerate case for the magnetostrophic wave analysis

above (Bardsley & Davidson 2016).

From (5), the frequencies of the waves with k ·Ω ≈ 0 match the Alfvén frequency:$ ≈ ±$B.

The leading order expression for the group velocity, for upward propagating waves, becomes

cg = ±B0 +
Ω

k
. (7)

An Alfvén-like propagation occurs along large-scale field lines, and the wave-energy is propagated

axially at half the speed of low-frequency inertial waves. These waves are termed Inertial-Alfvén

(IA) waves, and were first highlighted by Bardsley & Davidson (2016) as a possible means of

establishing quasi-geostrophy in planetary cores. The self-focusing property of pure inertial waves

is passed over to IA waves in the presence of a transverse uniform field, as all waves with k ·

Ω ≈ 0, which may be initially launched as inertial waves, are converted to IA waves as soon

as they feel the effects of the field. Any weakly modified inertial waves emitted must be off-
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Figure 6. Rays dispersing from a localized source when the background field B0(z) varies as a sinusoid according to (24). The colours and all parameters apart
from B0(z) are the same as for Fig. 3.

Conversely, the large value of !ℓ/(B∗/
√

ρµ) in the core of
the Earth, combined with (11), ensures that |k∥|/k ≪ 1 when-
ever waves are launched an appreciable distance from the equa-
tor, that is, |z0|/L = O(1). The dispersion in such cases is mostly
along the rotation axis, consistent with the trajectories shown in
Fig. 6(a). So we conclude that, for most launch locations, the tra-
jectories of the wave packets remain more or less aligned with
the rotation axis, with the axial group speed being of the order
of the fast inertial wave speed, cgz ∼!/k⊥. As discussed in Sec-
tion 2.2, such waves satisfy |ϖ!| ∼|ϖB | and so cannot formally
be classified as hybrid inertial-Alfvén waves (|ϖ!| ≪ |ϖB |), mag-
netostrophic waves (|ϖ!| ≫ |ϖB |), or even weakly modified in-
ertial waves (|ϖ!| ≫ |ϖB |). We shall refer to them instead as in-
termediate magneto-Coriolis (MC) waves, a generalization of the
nomenclature fast/slow MC waves commonly used to describe in-
ertial/magnetostrophic waves (Finlay et al. 2010).

The general picture that emerges, then, is the following. At least
four sets of waves contribute to the axial dispersion of wave en-
ergy from a localized source: weakly modified inertial waves, mag-
netostrophic waves, inertial-Alfvén waves and intermediate MC
waves. The first set is characterized by cgz ≈2!/k⊥ and the ranking
|ϖ!| ≫ |ϖB |, the second by cgz ≪ !/k⊥ and |ϖ!| ≫ |ϖB |, the
third by cgz ≈!/k⊥, |ϖ!| ≪ |ϖB | and ! · k ≈0, and the fourth by
cgz ∼!/k⊥ and |ϖ!| ∼|ϖB |. Because the Alfvén velocity is rel-
atively slow, in the sense that !ℓ ! 30|B|/√ρµ, the intermediate
MC waves propagate mainly along the rotation axis, with |k∥|/k ≪
1 and cg! almost aligned with !, though they do retain some group
velocity component along magnetic field lines. These four classes
of waves—weakly modified inertial waves, magnetostrophic waves,
inertial-Alfvén waves and intermediate MC waves—are shown in
Fig. 7.

Close to the source the dispersion pattern is like that shown in
Fig. 1(a), with much of the energy carried by axially propagating
inertial-Alfvén waves, which are self-focussing and have an axial
group velocity of cgz ≈!/k⊥. However, a significant fraction of the
energy is also carried by slightly off-axis inertial waves, which have
the faster group speed of cgz ≈2!/k⊥(Davidson et al. 2006, BD16).
Over a longer time scale the Alfvén component of the inertial-
Alfvén waves near the source transports energy horizontally.

Far from the source, on the other hand, the inertial-Alfvén waves
typically convert into intermediate MC waves and acquire an off-
axis component of cg!. (In principle, some of the wave packets
may be trapped by a wave ceiling, but in practice this would oc-
cur only when the source is particularly small and located close
to the equator.) Intermediate MC waves satisfy |ϖ!| ∼|ϖB | and
disperse energy along the rotation axis in a manner reminiscent of

Figure 7. The relative frequencies of weakly modified inertial waves, mag-
netostrophic waves, inertial-Alfvén waves and intermediate MC waves.

low-frequency inertial waves. However, they also initiate horizontal
Alfvén waves and transport magnetic helicity. We conclude, there-
fore, that quasi-geostrophy in the core is likely to be maintained
through a combination of slightly off-axis inertial waves, which
satisfy |ϖ!| ≫ |ϖB |, and intermediate MC waves which satisfy
|ϖ!| ∼|ϖB | and have an axial group velocity comparable to that
of inertial waves.

Finally, in order to convey the complexity of the dispersion pat-
tern that can develop, in Fig. 8 we have superimposed rays dis-
persing from three localized sources at slightly different longi-
tudes and with the background field varying as (24). As before,
we take ℓ = 10 km, L = 2000 km, a normalized field strength
of (B∗/

√
ρµ)/!ℓ = 0.033, and a rotation rate equal to that of

the Earth. The waves are launched at latitudes of z0 = 25, 100,
500 km and for each source we allow for launch frequencies of
ϖ B/ϖ 0 = 0.3 (weakly modified inertial waves), ϖ B/ϖ 0 = 1
(inertial-Alfvén waves) and ϖ B/ϖ 0 = 3. Broadly speaking the
waves fall into one of two categories; some rays remain trapped
in the equatorial regions, say |z0| < 100 km, but those which
escape the region propagate towards the mantle as intermediate
MC waves (|ϖ!| ∼|ϖB |), or else weakly modified inertial waves
(|ϖ!| ≫ |ϖB |). As noted earlier, those waves that remain trapped
near the equator are likely to be subject to strong Ohmic dissipation.

Explicit discussion of the effect of a finite magnetic diffusivity
is beyond the scope of this work, as is the treatment of other large-
scale magnetic field components. While the axial field is likely
subordinate to the rotation, the spatially varying radial field will
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Figure 4. The classes of waves derived from the MC wave dispersion relation (5); after Bardsley & Davidson

(2017).

axis waves, which have a lower energy density. From (4), all MC waves have maximal hk, hm

and hc, however IA waves propagate energy in equipartition i.e. u2 = b2. This is in contrast

to weakly modified inertial waves that are characterised by maximal hk, but hm ≈ 0, hc ≈ 0

and b2/u2 ≈ 0, and slow magnetostrophic waves with maximal hm, but hk ≈ 0, hc ≈ 0 and

u2/b2 ≈ 0. The wave types derived from the dispersion relation (5) are summarised in Figure 4.

Here, the ‘intermediate MC’ region characterises those wave packets which sit between the self-

focusing IA waves and slow magnetostrophic waves. The dispersion properties of intermediate

MC waves depend strongly on the ratio of the Alfvén and inertial frequencies — at Earth-like

values of this ratio the intermediate waves predominantly radiate information along the direction

of the rotation axis (Bardsley & Davidson 2017).

One final point arises from taking the dot product of (6) with Ω. Using (4), it can be shown that

the segregation of hk for pure inertial waves — negative (positive) above (below) the disturbance

— extends to MC waves, only now hm is segregated in exactly the same way. Evidently this is

true for modified inertial waves, magnetostrophic waves and IA waves alike. Cross helicity is



10 B. R. McDermott and P. A. Davidson

maximal for IA waves, however there is no such segregation of hc above/below the source, there

is a left–right asymmetry which may be seen from (4) and the fact that the sign of $B depends on

B0 · k.

3 DISPERSION OF WAVES FROM A SINGLE BUOYANT BLOB

Before looking at the dispersion of waves from a random sea of buoyant anomalies (§4) it is

instructive to consider the case of a single buoyant blob. Our local numerical set-up is reminiscent

of the equatorial regions of a planetary outer core, where gravity points radially inward and the

rotation vector is vertical (similar to Davidson & Ranjan 2015; McDermott & Davidson 2019). We

focus our investigations on a local approximation of a toroidal field, perpendicular to both gravity

and rotation. We introduce three simulations in a Cartesian domain of an electrically conducting

Boussinesq fluid with an applied uniform magnetic field B0ex, background rotation Ωez, and

constant gravity gey. The equations are

∂tu + (u · ∇)u + 2Ω(ez × u) = −∇Π + gcey +B0∂xb + (b · ∇)b + ν∇2u , (8)

∂tb + (u · ∇)b = B0∂xu + (b · ∇)u + η∇2b , (9)

∂tc+ (u · ∇)c = κ∇2c , (10)

b =∇× a , ∇ · u =∇ · b =∇ · a = 0 , (11)

where the reduced pressure Π takes into account magnetic pressures and centrifugal accelerations

and c = ρ′/ρ is the dimensionless density perturbation. We remind the reader that the magnetic

field is scaled by
√
µρ, so that it is in velocity units. The magnetic diffusivity η, kinematic viscosity

ν, and the scalar diffusivity κ of the fluid are all constant and equal, thus the thermal and magnetic

Prantdl numbers are Pr = Pm = 1. The equations are solved using standard pseudo-spectral tech-

niques, with a 2/3 de-aliasing truncation and a second-order Runge-Kutta time advance scheme

(Gómez et al. 2005). The triply periodic simulation box is extended in the direction of the rota-

tion axis, to allow wave packets to propagate for up to 40 rotation periods before reaching the

top/bottom of the box.

The initial conditions are u = b = 0, with a single spherical density anomaly at the origin,
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which has an initially Gaussian profile c = ρ′/ρ ∼ exp[−|x|2/δ2], but evolves according to

an advection-diffusion equation thereafter. Here x is the position vector and δ is the blob size.

Compared to the blob size, the box spans [−25δ, 25δ] in the horizontal directions and [−75δ, 75δ]

in the direction of the rotation vector. The ratio of Alfvén to inertial frequencies is expressed by

the Lehnert number Le = B0/Ωδ, and the Lundquist number Lu = B0δ/η measures the ratio

of the magnetic diffusion time-scale to the time-scale of Alfvén waves, where η is the magnetic

diffusivity. Estimates of Le and Lu for the small-scales in Earth’s outer core lie in the ranges

Le ∼ 0.001−0.1 and Lu ∼ 100−1000. These estimates are very sensitive to the hidden azimuthal

magnetic field strength (∼ 3 mT, Gillet et al. 2010), and the flow length-scale perpendicular to the

rotation axis (∼ 10 km, Davidson 2014). Note that the convective length scale in Earth’s core was

recently estimated at ∼ 30 km (Guervilly et al. 2019), which results in Le ∼ 0.01. A parameter

often referenced in the literature, which does not include a length scale, is the Elsasser number

Λ = LeLu, and we expect Λ ∼ 10 for Earth’s dynamo. First, we set Le = 0.1 and Lu = 160 (so

Λ = 16), as these choices illustrate the key wave dynamics in a reasonable amount of simulation

time. (See also simulation S4 with the same parameters later in §4).

Wave packets radiate away from the buoyant blob, and extend in the direction of the rotation

vector, as in the hydrodynamic case (Figure 2). We stop the simulation after 30Ωt and inspect

the dispersion pattern, as illustrated in Figure 5. We show isosurfaces of ±uz coloured by relative

kinetic helicity h∗k = hk/|u||ω|, relative magnetic helicity h∗m = hm/|a||b|, relative cross helicity

h∗c = hc/|u||b| and the normalised emf in the x-direction: E∗x = (u × b)x/|u × b|. From (7),

we expect to see axially elongated wave packets with a high energy density, that have moved

horizontally to ±x/δ ≈ Le(Ωt) ≈ 3. The isosurfaces shown in Figure 5 are consistent with

this prediction. As expected from the earlier analysis, kinetic and magnetic helicity are cleanly

segregated negative (positive) above (below) the buoyant blob. The normalised fluctuating emf in

the x-direction, E∗x , is segregated in the opposite way to hk and hm, with positive (negative) emf

being transported above (below) the blob. The normalised emf has a smaller magnitude than the

relative helicities, and h∗k and h∗m are larger in magnitude than h∗c . The buoyancy field itself does
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Figure 5. Buoyant blob source at Le = 0.1. Axial velocity isosurfaces at Ωt = 30 coloured by relative

kinetic helicity h∗k, relative magnetic helicity h∗m, relative cross helicity h∗c and the normalised emf in the

x-direction E∗x (left to right).

not appreciably evolve, owing to the low value of the Rossby number Ro = u/2Ωδ ≈ 0.01, where

u is the characteristic velocity magnitude.

The cross helicity and the emf are the dot product and cross product of u and b. It follows that

their values are closely related through |hc|2 + |E|2 = |u|2|b|2. As the quantities are squared in this

relation, even when the relative cross helicity holds a large value, say ≈ 0.75, the normalised emf

would be respectively ≈ 0.66. With the mean-field in the x-direction we expect Ex to dominate

the other components of the emf, and this is what we observe for the current example (Figure 5).

The wave packets generated by a single blob are permitted to induce a strong emf, in spite of the

relatively large degree of alignment between u and b.



On the helicity characteristics and induced emf of MC wave packets 13

Le = 0.01
<latexit sha1_base64="mBYbjskYoL1QOqLTkqBrU9FIr1I=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioI0QtLGwiGA+JDnC3maSLNm9O3b3hHDkV9hYKGLrz7Hz37hJrtDEB8s+3pthZl4QC66N6347uZXVtfWN/GZha3tnd6+4f9DQUaIY1lkkItUKqEbBQ6wbbgS2YoVUBgKbwehm6jefUGkehQ9mHKMv6SDkfc6osdLjHZIr4pZdr1ss2W8Gsky8jJQgQ61b/Or0IpZIDA0TVOu258bGT6kynAmcFDqJxpiyER1g29KQStR+Olt4Qk6s0iP9SNkXGjJTf3ekVGo9loGtlNQM9aI3Ff/z2onpX/opD+PEYMjmg/qJICYi0+tJjytkRowtoUxxuythQ6ooMzajgg3BWzx5mTQqZe+sXLk/L1WvszjycATHcAoeXEAVbqEGdWAg4Rle4c1Rzovz7nzMS3NO1nMIf+B8/gBNH47F</latexit>

Le = 0.05
<latexit sha1_base64="D5CFW4HRJMkCsmqGW+pA5HIkFvk=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl1UtBGCNhYWEcyHJEfY20ySJXt7x+6eEI78ChsLRWz9OXb+GzfJFZr4YNnHezPMzAtiwbVx3W9naXlldW09t5Hf3Nre2S3s7dd1lCiGNRaJSDUDqlFwiTXDjcBmrJCGgcBGMLyZ+I0nVJpH8sGMYvRD2pe8xxk1Vnq8Q3JF3JJ73ikU7TcFWSReRoqQodopfLW7EUtClIYJqnXLc2Pjp1QZzgSO8+1EY0zZkPaxZamkIWo/nS48JsdW6ZJepOyThkzV3x0pDbUehYGtDKkZ6HlvIv7ntRLTu/RTLuPEoGSzQb1EEBORyfWkyxUyI0aWUKa43ZWwAVWUGZtR3obgzZ+8SOrlkndaKt+fFSvXWRw5OIQjOAEPLqACt1CFGjAI4Rle4c1Rzovz7nzMSpecrOcA/sD5/AFTL47J</latexit>

Le = 0.1
<latexit sha1_base64="f5yCbgtN/trgcE4do+tthlcFJaU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgadmNgl6EoBcPHiKYByRLmJ30JkNmH87MCmHJT3jxoIhXf8ebf+Mk2YMmFjQUVd10d/mJ4Eo7zrdVWFldW98obpa2tnd298r7B00Vp5Jhg8Uilm2fKhQ8wobmWmA7kUhDX2DLH91M/dYTSsXj6EGPE/RCOoh4wBnVRmrfIbkiju32yhXHdmYgy8TNSQVy1Hvlr24/ZmmIkWaCKtVxnUR7GZWaM4GTUjdVmFA2ogPsGBrREJWXze6dkBOj9EkQS1ORJjP190RGQ6XGoW86Q6qHatGbiv95nVQHl17GoyTVGLH5oiAVRMdk+jzpc4lMi7EhlElubiVsSCVl2kRUMiG4iy8vk2bVds/s6v15pXadx1GEIziGU3DhAmpwC3VoAAMBz/AKb9aj9WK9Wx/z1oKVzxzCH1ifP92ijos=</latexit>

Figure 6. uz in the plane y = 0 at Ωt = 30, gravity points into the page and the colour scale is saturated at

±85% of the maximum of |uz| in each pane. Blue (red) is negative (positive) uz , the horizontal black lines

are B0 + b and the Lehnert number increases from left to right. The perturbations to the field lines have

been exaggerated by a factor of 10.

Now we explore the effect of varying the Lehnert number, or equivalently the mean field

strength. In Figure 6 we show the axial velocity at Ωt = 30 with the field lines B0 + b super-

imposed, in the plane y = 0 for three Lehnert numbers Le = 0.01, 0.05, 0.1. This choice of

parameters is equivalent to the simulations initialised with a layer of buoyancy: S2, S3 and S4 in-

troduced later in §4. For Le = 0.01 (left), the magnetic field barely effects the wave dispersion, so

we see transient Taylor columns growing along ez, similar to those seen in purely hydrodynamic

simulations (Davidson & Ranjan 2015; McDermott & Davidson 2019). Weaker petals of off-axis

energy are also present, due to the isotropic source spectrum, however the energy density is highest
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on-axis. With a stronger uniform field (say Le = 0.1), there is evidently a considerable effect of

the magnetic field on the wave dispersion. We see similar columnar structures, but now the energy

is displaced laterally off-axis due to the component of cg parallel to B0, see (7). Note that the

dispersion pattern observed here is indistinguishable from the diffusionless analytical results of

Bardsley & Davidson (2016), with a static buoyant blob at Le = 0.1. It will be important to note

that for the single blob case, the wave packets propagate horizontally away from each other, and do

not interact (Figure 6). The horizontal propagation should not be mistaken for the slow evolution

of magnetostrophic waves, whose time-scale is vastly greater than 30Ωt — the dynamics shown

occur on the fast time-scale.

A planetary core will inevitably be packed with buoyant anomalies, slowly migrating from the

centre outwards under the influence of gravity. This is not dependent on whether the convection

is driven thermally or compositionally. Each one of these buoyant blobs is obliged to emit a spec-

trum MC waves, carrying varying degrees of helicity (kinetic, magnetic or cross). Similarly to the

hydrodynamic case, it is the self-focusing waves launched with k ·Ω ≈ 0 which are particularly

potent at creating columnar structures (Figures 5 & 6), and in the presence of a uniform field it

is the inertial and IA waves that assume this role. It is observed that in many of the published

dynamo simulations, the root-mean-square (r.m.s.) radial velocity (Sakuraba & Roberts 2009) and

the temperature/density perturbations (Olson et al. 1999; Schaeffer et al. 2017) are concentrated

near the equatorial plane (§1). This observation motivates the initial conditions for the simulations

presented in the remainder of the paper.

4 NUMERICAL SIMULATIONS WITH A LAYER OF BUOYANT ANOMALIES

We present six simulations with the same set-up as in §3, however the initial condition for the

buoyancy field in this section is now a layer of buoyant anomalies rather than a single buoyant

blob. The simulations are initialised with u = b = 0, and with a localised layer of buoyant

anomalies in the vertical centre of the box. Each constituent buoyant blob is similar to the single

buoyant source in the previous section, with ci ∼ exp[−(x − xi)
2/δ2], where xi locates the

blob centre and δ is the blob size. The blob sizes are chosen from a uniform distribution about



On the helicity characteristics and induced emf of MC wave packets 15

Table 1. Simulation parameters and estimated local values for Earth’s outer core.

Run Le Lu Ro Λ = LeLu

Not Earth-like Le S1 10−8 1.6× 10−5 2.8× 10−3 10−13

Earth-like Le S2 0.01 16 2.7× 10−3 0.16

S3 0.05 78 1.9× 10−3 3.9

Marginal Le S4 0.1 160 1.4× 10−3 16

S5 0.2 310 1.0× 10−3 62

Not Earth-like Le S6 0.5 780 7.9× 10−4 390

Earth 0.001− 0.1 100− 1000 ∼ 1× 10−4 ∼ 10

the mean blob size δ̄, such that δ̄/2 < δ < 3δ̄/2 creating a diverse random cloud of buoyancy.

Here, the box spans [−25δ̄, 25δ̄] in the horizontal directions and [−75δ̄, 75δ̄] in the direction of

the rotation vector. We restrict the blob centres xi to the layer −2δ̄ < z < 2δ̄, and they fill the

box in the plane normal to ez. There are 2000 blobs within the layer, resulting in a filling factor

of 50 %. Using the r.m.s. velocity in the mid-plane of the box u0 we define a Reynolds number

Re = u0δ̄/ν ∼ 20 − 50. As Pm = 1 the magnetic Reynolds number is Rm = Re, while the

Ekman number is Ek = ν/2Ωδ̄2 ∼ 2× 10−4.

We vary the Lehnert number Le from the basically hydrodynamic value of 10−8 through to

Le = 0.5 by increasing the strength of the applied field, with the exact values given in table

1. Also reported are estimated values for the small scales in Earth’s outer core. We also list the

Lundquist number, defined as Lu = B0δ̄/η, which is expected to be large in planetary cores. We

introduce an ‘average over the wave packets’ which we will use several times the remainder of

the paper, which is taken over the region |u| + |b| > 0.05 × max(|u| + |b|). Using this average

we define a velocity scale u, and the corresponding values of Ro = u/2Ωδ̄ for our simulations

are given in table 1. These decrease from S1–6 as a result of kinetic energy being converted to

magnetic energy for larger applied field strengths, and enhanced Ohmic dissipation. We will first

qualitatively describe the results of simulations S1–6, then examine features of them in detail.

Figures 7 & 8 show isosurfaces of the axial velocity at ±2 standard deviations, coloured by

h∗k, |h∗c | and E∗x at Ωt = 30. Column four in Figures 7 & 8 displays a y-average (denoted 〈∼〉y)
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<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

hE⇤
xiy

<latexit sha1_base64="QGDJFaAMPaEZutxk+i6qDEywJSU=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UoLkpSBV0WRHBZwT6giWEynbZDJ5MwMxFD6NqNv+LGhSJu/QJ3/o2TNAttPXDhcM693HuPHzEqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryDAWmLRxyELR85EkjHLSVlQx0osEQYHPSNefXGZ+954ISUN+q5KIuAEacTqkGCkteeahwxAfMQKdAKkxRiy9mnoPdyfQEbnuJZ5ZtepWDrhI7IJUQYGWZ345gxDHAeEKMyRl37Yi5aZIKIoZmVacWJII4Qkakb6mHAVEumn+yhQea2UAh6HQxRXM1d8TKQqkTAJfd2YHy3kvE//z+rEaXrgp5VGsCMezRcOYQRXCLBc4oIJgxRJNEBZU3wrxGAmElU6vokOw519eJJ1G3T6tN27Oqs1aEUcZHIAjUAM2OAdNcA1aoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8ARU6mm0=</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

Figure 7. Axial velocity isosurfaces coloured by relative kinetic helicity h∗k, relative cross helicity magni-

tude |h∗c | and normalised emf in the x-direction E∗x (left to right). Isosurfaces shown for S1-3 (top to bottom),

at ± two standard deviations of uz and Ωt = 30. Column 4 shows a y-average where the colour intensity is

controlled by 〈|uz|〉y and the hue is set by 〈E∗x〉y. Note the top/bottom of the box are at ±75 z/δ̄.
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h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

hE⇤
xiy

<latexit sha1_base64="QGDJFaAMPaEZutxk+i6qDEywJSU=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UoLkpSBV0WRHBZwT6giWEynbZDJ5MwMxFD6NqNv+LGhSJu/QJ3/o2TNAttPXDhcM693HuPHzEqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryDAWmLRxyELR85EkjHLSVlQx0osEQYHPSNefXGZ+954ISUN+q5KIuAEacTqkGCkteeahwxAfMQKdAKkxRiy9mnoPdyfQEbnuJZ5ZtepWDrhI7IJUQYGWZ345gxDHAeEKMyRl37Yi5aZIKIoZmVacWJII4Qkakb6mHAVEumn+yhQea2UAh6HQxRXM1d8TKQqkTAJfd2YHy3kvE//z+rEaXrgp5VGsCMezRcOYQRXCLBc4oIJgxRJNEBZU3wrxGAmElU6vokOw519eJJ1G3T6tN27Oqs1aEUcZHIAjUAM2OAdNcA1aoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8ARU6mm0=</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

h⇤
k

<latexit sha1_base64="S3aSDwxRIltveqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit>

h⇤
m

<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>

|h⇤
c |

<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>

E⇤
x

<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>

Figure 8. Same as Figure 7, for S4-6 (top to bottom).
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|h
c
|/
|u
||b

|
<latexit sha1_base64="IVKpt/C+qf32EOhdd+7+dQhFRcU=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVJKCBGMFC2OR6ENqo8hxnNaq40S2g1Ql+QUWfoWFAYRY2dj4G9w2A205kuXjc+6V7z1ezKhUlvVjlNbWNza3ytuVnd29/QPz8Kgjo0Rg0sYRi0TPQ5IwyklbUcVILxYEhR4jXW98O/W7j0RIGvEHNYmJE6IhpwHFSGnJNWvZyMUZPIfZwIuYLyehvtIkzxbeXp65ZtWqWzPAVWIXpAoKtFzze+BHOAkJV5ghKfu2FSsnRUJRzEheGSSSxAiP0ZD0NeUoJNJJZxvl8EwrPgwioQ9XcKb+7UhRKKez6coQqZFc9qbif14/UcG1k1IeJ4pwPP8oSBhUEZzGA30qCFZsognCgupZIR4hgbDSIVZ0CPbyyquk06jbF/XG/WW1eVPEUQYn4BTUgA2uQBPcgRZoAwyewAt4A+/Gs/FqfBif89KSUfQcgwUYX79rv56t</latexit>

|E |/|u||b|
<latexit sha1_base64="bWQaxQeM86Ku4GAx8Qur1uGFfMo=">AAACJnicbVBNS8MwGE79nPOr6tFLcAieZjsFvQhDETxOcB+wlpGm2RaWpiVJhdH213jxr3jxMBHx5k8x3Xpwmy+EPHme9yXv83gRo1JZ1rexsrq2vrFZ2ipv7+zu7ZsHhy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6O7XG8/EyFpyJ/UOCJugAac9ilGSlM98yZ1vJD5chzoK3ECpIYYseQ+y1J4DufEOEvn3l6W9syKVbWmBZeBXYAKKKrRMyeOH+I4IFxhhqTs2lak3AQJRTEjWdmJJYkQHqEB6WrIUUCkm0xtZvBUMz7sh0IfruCU/TuRoEDmu+nO3Idc1HLyP60bq/61m1AexYpwPPuoHzOoQphnBn0qCFZsrAHCgupdIR4igbDSyZZ1CPai5WXQqlXti2rt8bJSvy3iKIFjcALOgA2uQB08gAZoAgxewBuYgA/j1Xg3Po2vWeuKUcwcgbkyfn4BmE+oUw==</latexit>

|hc,x|/|hc|
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S1 0.84 0.45
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S3 0.80 0.51
S4 0.68 0.61
S5 0.60 0.76
S6 0.51 0.96
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Figure 9. The relation between cross helicity and the induced emf for a random selection of points within

the wave packets at Ωt = 20. All points for each simulation lie on the unit circle, but they have been shifted

slightly for clarity. The crosses indicate the average over the wave packets, and the markers for S1 and S2

and for S5 and S6 are nearly on top of one another. The ratios |Ex|/|E| and |hc,x|/|hc| averaged over the

wave packets at Ωt = 20 are listed to the right.

where the colour intensity is controlled by 〈|uz|〉y and the hue is set by 〈E∗x〉y, which illustrates

how coherent the emf is throughout the wave packets. For Le < 0.1 (S1–3), the buoyant layer in

the vertical centre of the box emits a spectrum of wave packets which form columnar structures

aligned with the rotation axis. These structures are very similar to those seen in Figures 5 & 6

for the single blob case. Those columnar structures in Figure 7 resemble weakly modified inertial

waves for S1 and S2; in fact the images for S1 and S2 (at Le = 10−8 and Le = 0.01) are almost

identical. This is our first observation: that on timescales on the order of one week, MC waves in

the regime Le <∼ 0.01 are not strongly affected by the mean-field, and behave much the same as

inertial waves. For S3 (Le = 0.05), the wave-field remains largely coherent in the axial direction,

as expected for a small value of Le. There is an increase in |h∗c | for wave packets with a slower

axial group velocity, however the normalised emf remains strong and well segregated.

We tentatively identify inertial wave packets travelling at roughly the speed of low-frequency

inertial waves, but in regions where we observe increased levels of cross helicity, IA wave packets

must also be present. Intermediate MC waves must be present, however they are more difficult to
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classify as they are characterised by a lower energy density and varying degrees of cross helic-

ity, though at low-Le these wave packets will be broadly columnar in structure by virtue of (6).

Simulation S4 is in the same regime (Le = 0.1) as the individual blob example shown in Figure

5. A closer inspection of Figure 8 reveals that the wave packet morphology observed in Figure

5 is present in the buoyant layer case, where the wave packets elongate along the rotation axis

meanwhile migrating along magnetic field lines, yet for multiple blobs the wave packets overlap

in space. For S4–6 (Le ≥ 0.1), the picture exhibited for S1–3, columnar inertial/IA wave packets

carrying intense positive (negative) E∗x above (below) the buoyant layer becomes more complex,

and there is notably more overlap between neighbouring wave packets. However, the y-average

shown in column four of Figures 7 & 8 remains strongly positive (negative) above (below) the

buoyant layer for Le <∼ 0.1.

The wave packets become less coherent in the direction of the rotation axis as the uniform field

strength is increased (Figure 8). For larger mean field strengths there is faster propagation in the

direction of the imposed field. For S4, at Le = 0.1, although there is enhanced cross helicity, the

normalised emf appears to be mostly positive (negative) above (below) the source and of moderate

magnitude; indeed the y-average is very coherent. This follows from the argument on pp. 12, which

states that wave packets can induce a large emf in spite of carrying a lot of cross helicity. We show

the relationship between |hc| and |E| for a random selection of points (plotted as dots) within the

wave packets in Figure 9, the crosses indicate the average over the wave packets. The points for

each simulation have been shifted slightly for clarity, but they all lie on the unit circle. The average

normalised emf decreases with increasing Le and the relative cross helicity increases. The same is

true for the ratios |Ex|/|E| and |hc,x|/|hc| listed to the right in Figure 9, Ex becomes less dominant

and hc,x = uxbx becomes more dominant with increasing Le.

For Le ≥ 0.2 (S5 and S6) the emf is weaker, less organised and appears to be uncorrelated

with the kinetic helicity. The kinetic and magnetic helicities remain mostly segregated negative

(positive) above (below) the buoyant layer for larger mean field strengths, but the segregation of

the emf is no longer so clean, and this results in a weakening of 〈E∗x〉y (column four).

Davidson & Ranjan (2015) confirmed that inertial wave packets launched from a layer of buoy-
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Figure 10. Helicity averaged in planes perpendicular to the rotation vector for (a,b) S2, (c,d) S3 and (e,f)

S4. (a,c,e) Kinetic helicity and (b,d,f) magnetic helicity. The colour of the line indicates the value of Ωt

specified by the legend.

ant anomalies propagate negative (positive) kinetic helicity above (below) the buoyant source, as

predicted by the linear theory of inertial waves. A distribution of kinetic helicity that is negative

(positive) above (below) the wave source is expected to persist for MC wave packets in the pres-

ence of a large-scale magnetic field (§2), and the magnetic helicity in the modified wave packets

is predicted to be segregated in the same way. This behaviour is clear from Figures 7 and 8. We

also calculate the plane-averaged kinetic and magnetic helicity, denoted 〈hk〉 and 〈hm〉, where the
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Figure 11. Relative helicity averaged in planes perpendicular to the rotation vector at Ωt = 30. (a) Kinetic

helicity (b) magnetic helicity.

angle brackets denote the average in planes perpendicular to the rotation vector. For all the sim-

ulations, we confirm 〈hk〉 and 〈hm〉 are segregated so that the kinetic and magnetic helicity are

negative (positive) above (below) the buoyant layer (Figure 10). The nature of the transport of he-

licity by the wave packets is also clear from Figure 10; helicity spreads to larger |z| with time. For

simulation S2 (Le = 0.01), the kinetic helicity is greatest in magnitude, and it spreads to larger |z|

at a linear rate. For larger Le, the kinetic helicity reduces in magnitude as more kinetic energy is

converted to magnetic energy, and there is enhanced Ohmic dissipation. Furthermore, the transport

of helicity is more complex for S3 and S4, due to the distribution of wave-energy across different

wave-types with a spectrum of axial group velocities.

A uniform magnetic field has a slightly detrimental effect on the relative kinetic and magnetic

helicity transported by the wave packets. The reduction in the relative helicity is illustrated in

Figure 11, where 〈h∗k〉 = 〈hk〉/〈u2〉1/2〈ω2〉1/2 and 〈h∗m〉 = 〈hm〉/〈a2〉1/2〈b2〉1/2 denote the plane-

averaged relative kinetic and magnetic helicity. These quantities are remarkably similar for S1 at

Le = 10−8 and S2 at Le = 0.01 (which is Earth-like) even at the late time shown. This observation

supports our qualitative observation above, that the dynamics in S1 and S2 are alike. The curves for

S2–6 display a slight decrease in both relative kinetic and magnetic helicity, indicating that these

fields become less aligned with a stronger influence of the imposed magnetic field. The relative
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<latexit sha1_base64="2LRdMRGwspLo9qcLrbEyG2vtZD0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhISWJjSVGQRK4kL1lDzbs7V1250zIhZ9gY6Extv4iO/+NC1yh4EsmeXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJx8SpZrzNYhnrbkANl0LxNgqUvJtoTqNA8sdgcjP3H5+4NiJWDzhNuB/RkRKhYBStdF8NLgfliltzFyDrxMtJBXK0BuWv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYtjwM6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10mnXvOuavW7eqXZyOMowhmcQxU8uIYm3EIL2sBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8weH3I1D</latexit>

u
<latexit sha1_base64="kEGC+7YjBR4eRx930O2i3Ck12c0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LKgC5cV7APasWQymTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2tUwVoS0iuVTdAGvKmaAtwwyn3URRHAecdoLxde53HqnSTIp7M0moH+OhYBEj2FjpoR9IHupJbK8snQ4qVbfmzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTrNe+8Vr+7qDZuijpKcAwncAYeXEIDbqEJLSCg4Ble4c15cl6cd+djPrriFDtH8AfO5w9QpZMM</latexit>

b
<latexit sha1_base64="NEs8A0gprcN8x73sbtPkcJcjJMk=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LKgC5cV7APasWQymTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2tUwVoS0iuVTdAGvKmaAtwwyn3URRHAecdoLxde53HqnSTIp7M0moH+OhYBEj2FjpoR9IHupJbK8smA4qVbfmzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTrNe+8Vr+7qDZuijpKcAwncAYeXEIDbqEJLSCg4Ble4c15cl6cd+djPrriFDtH8AfO5w8zxpL5</latexit>

✓
<latexit sha1_base64="y/jnJnHt+9cFINuAIZwEDwujWb8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVWj0ccaT9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/TaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKXfjy4=</latexit>

(c)
<latexit sha1_base64="Bb4b8cuOJf9zUQpnFu4hoYr9S5c=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhISWJjSVGQRK4kL1lDzbs7V1250zIhZ9gY6Extv4iO/+NC1yh4EsmeXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJx8SpZrzNYhnrbkANl0LxNgqUvJtoTqNA8sdgcjP3H5+4NiJWDzhNuB/RkRKhYBStdF9ll4Nyxa25C5B14uWkAjlag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMWz4mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTr3lXtfpdvdJs5HEU4QzOoQoeXEMTbqEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOJYY1E</latexit>

S1
<latexit sha1_base64="RHuBQMUfY7w5cIY5DxqOH3bymSs=">AAAB6XicbVC7TsNAEFyHVwivACXNiQiJKrJDAWUEDWV45CElVnS+nJNTzmfrbo0UWfkDGgoQouWP6PgbLokLSBhppdHMrnZ3gkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYjVI04S7kd0qEQoGEUr3T94/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSatW9S6qtbtapX6dx1GEEziFc/DgEupwCw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifPx5djRQ=</latexit>

S2
<latexit sha1_base64="RmNSilZunJd69U8bxZ9vg1Y4F8k=">AAAB6XicbVC7TsNAEFyHVwivACXNiQiJKrJNAWUEDWV45CElVnS+rJNTzmfr7owURfkDGgoQouWP6PgbLokLSBhppdHMrnZ3wlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxbDBEpGodkg1Ci6xYbgR2E4V0jgU2ApHNzO/9YRK80Q+mnGKQUwHkkecUWOl+we/V664VXcOskq8nFQgR71X/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzSKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdBVMuEwzg5ItFkWZICYhs7dJnytkRowtoUxxeythQ6ooMzackg3BW355lTT9qndR9e/8Su06j6MIJ3AK5+DBJdTgFurQAAYRPMMrvDkj58V5dz4WrQUnnzmGP3A+fwAf4Y0V</latexit>

S3
<latexit sha1_base64="LhajyZFEvYpAOy3eQXItUdbxEcQ=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzGxIndQaEm0scQPkAQuZG+Zgw17e5fdPRNy4R/YWGiMrf/Izn/jAlco+JJJXt6bycy8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbj65n/+IRK81g+mEmCfkSHkoecUWOlu/t6v1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvoZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6tWrtdtapXGVx1GEEziFc/DgAhpwA01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifPyFljRY=</latexit>

S6
<latexit sha1_base64="wgHgLWq8FwipMP00LR7uc6o3vd0=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hd0I6jHoxWN85AHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqx0/3DRK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpFmteOeV6l21XLvO4yjAMZzAGXhwCTW4hTo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPyXxjRk=</latexit>

(d)
<latexit sha1_base64="WpHU3cJJHIzTyoFWQPHMQCqO2PM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXCy0DNpYRzQckR9jbm0uW7O0du3tCCPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kimGLJSJR3YBqFFxiy3AjsJsqpHEgsBOMb+d+5wmV5ol8NJMU/ZgOJY84o8ZKD9XwclCuuDV3AbJOvJxUIEdzUP7qhwnLYpSGCap1z3NT40+pMpwJnJX6mcaUsjEdYs9SSWPU/nRx6oxcWCUkUaJsSUMW6u+JKY21nsSB7YypGelVby7+5/UyE934Uy7TzKBky0VRJohJyPxvEnKFzIiJJZQpbm8lbEQVZcamU7IheKsvr5N2veZd1er39UrDzeMowhmcQxU8uIYG3EETWsBgCM/wCm+OcF6cd+dj2Vpw8plT+APn8weIfo09</latexit>

blob
<latexit sha1_base64="VsH6CG9rXgB6NOzdsuxApTMRPsM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKezGg54k4MVjBPOAZAmzk9lkyDyWmVkhLPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcKZsb7/7ZU2Nre2d8q7lb39g8Oj6vFJx6hUE9omiivdi7ChnEnatsxy2ks0xSLitBtN73K/+0S1YUo+2llCQ4HHksWMYJtLEVfRsFrz6/4CaJ0EBalBgdaw+jUYKZIKKi3h2Jh+4Cc2zLC2jHA6rwxSQxNMpnhM+45KLKgJs8Wtc3ThlBGKlXYlLVqovycyLIyZich1CmwnZtXLxf+8fmrjmzBjMkktlWS5KE45sgrlj6MR05RYPnMEE83crYhMsMbEungqLoRg9eV10mnUg6t646FRa94WcZThDM7hEgK4hibcQwvaQGACz/AKb57wXrx372PZWvKKmVP4A+/zBxYbjj8=</latexit>

Figure 12. Approximate PDFs of the angle between vector fields at Ωt = 30. (a) velocity and vorticity (b)

the magnetic field and its potential (c) velocity and the magnetic field. The colours are as indicated in Figure

11 and are highlighted in (c). For comparison (d) shows P (θ) for the single blob cases, three of which were

discussed in §3.

helicity is closely related to the average angle between the vector fields, and this is what we will

examine next.

To look at how the relative helicities vary with Le, we have calculated approximate probability

density functions (PDFs) of the associated angles. The relative kinetic helicity h∗k is related to the

angle between u and ω, say φ ∈ [0, 180◦), such that φ = cos−1(h∗k). Similar relations hold for

the relative magnetic helicity: β = cos−1(h∗m), and the relative cross helicity: θ = cos−1(h∗c).

The PDFs of these angles, P (φ), P (β) and P (θ), calculated over the wave packets, are shown

in Figure 12 at Ωt = 30. The PDFs for S1 and (the Earth-like) S2 for φ, β and θ do not differ

significantly. However, as Le is increased, P (φ) and P (β) are less polarised, and the alignment

between u and ω and between a and b is marginally decreased (Figures 12a,b). The most dramatic
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B0
<latexit sha1_base64="ROb9WndurAW5xc0nuJWcUfGOXaM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKuix147KCfUAbwmQyaYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTDM4Zx7mTMnSDlT2nG+rY3Nre2d3cpedf/g8OjYPjntqiSThHZIwhPZD7CinAna0Uxz2k8lxXHAaS+Y3Bd+b0qlYol40rOUejEeCRYxgrWRfNseBgkP1Sw2V96a+45v15y6swBaJ25JalCi7dtfwzAhWUyFJhwrNXCdVHs5lpoRTufVYaZoiskEj+jAUIFjqrx8kXyOLo0SoiiR5giNFurvjRzHqghnJmOsx2rVK8T/vEGmozsvZyLNNBVk+VCUcaQTVNSAQiYp0XxmCCaSmayIjLHERJuyqqYEd/XL66TbqLvX9cbjTa3ZKuuowDlcwBW4cAtNeIA2dIDAFJ7hFd6s3Hqx3q2P5eiGVe6cwR9Ynz+pIpOr</latexit>

(a)
<latexit sha1_base64="X/qnRvMwhjWbXpmRy4/PIWPyG6U=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq/S83654tbcOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdr3kXtfpdvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weJWY1M</latexit>

(b)
<latexit sha1_base64="+ztJnr+tGUTNHl6HB1D2mRcIYE0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq8G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+K3o1N</latexit>

$B,1
<latexit sha1_base64="0WNjOMeSdx4yN4FE9lzdfCjWLfE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkVdBjqRePFewHtCFstpt26WYTdjeFGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T46bqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/N/c6ESsVi8ainCfUiPBQsZARrI/l2uT/BMmF+5meNS3c28+2KU3UWQOvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTWamfKppgMsZD2jNU4IgqL1scPkPnRhmgMJamhEYL9fdEhiOlplFgOiOsR2rVm4v/eb1Uh7dexkSSairIclGYcqRjNE8BDZikRPOpIZhIZm5FZIQlJtpkVTIhuKsvr5N2repeVWsP15V6I4+jCKdwBhfgwg3U4R6a0AICKTzDK7xZT9aL9W59LFsLVj5zAn9gff4AoMWTEA==</latexit>

$B,2
<latexit sha1_base64="W7NyshdZuNBV2yOIoKa7eIqRLeU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkVdBjqRePFewHtCFstpt26WYTdjeFGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T46bqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/N/c6ESsVi8ainCfUiPBQsZARrI/l2uT/BMmF+5meNy9ps5tsVp+osgNaJm5MK5Gj69ld/EJM0okITjpXquU6ivQxLzQins1I/VTTBZIyHtGeowBFVXrY4fIbOjTJAYSxNCY0W6u+JDEdKTaPAdEZYj9SqNxf/83qpDm+9jIkk1VSQ5aIw5UjHaJ4CGjBJieZTQzCRzNyKyAhLTLTJqmRCcFdfXiftWtW9qtYeriv1Rh5HEU7hDC7AhRuowz00oQUEUniGV3iznqwX6936WLYWrHzmBP7A+vwBokuTEQ==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

z
<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>

$B,1
<latexit sha1_base64="0WNjOMeSdx4yN4FE9lzdfCjWLfE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkVdBjqRePFewHtCFstpt26WYTdjeFGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T46bqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/N/c6ESsVi8ainCfUiPBQsZARrI/l2uT/BMmF+5meNS3c28+2KU3UWQOvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTWamfKppgMsZD2jNU4IgqL1scPkPnRhmgMJamhEYL9fdEhiOlplFgOiOsR2rVm4v/eb1Uh7dexkSSairIclGYcqRjNE8BDZikRPOpIZhIZm5FZIQlJtpkVTIhuKsvr5N2repeVWsP15V6I4+jCKdwBhfgwg3U4R6a0AICKTzDK7xZT9aL9W59LFsLVj5zAn9gff4AoMWTEA==</latexit>

$B,2
<latexit sha1_base64="W7NyshdZuNBV2yOIoKa7eIqRLeU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkVdBjqRePFewHtCFstpt26WYTdjeFGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T46bqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/N/c6ESsVi8ainCfUiPBQsZARrI/l2uT/BMmF+5meNy9ps5tsVp+osgNaJm5MK5Gj69ld/EJM0okITjpXquU6ivQxLzQins1I/VTTBZIyHtGeowBFVXrY4fIbOjTJAYSxNCY0W6u+JDEdKTaPAdEZYj9SqNxf/83qpDm+9jIkk1VSQ5aIw5UjHaJ4CGjBJieZTQzCRzNyKyAhLTLTJqmRCcFdfXiftWtW9qtYeriv1Rh5HEU7hDC7AhRuowz00oQUEUniGV3iznqwX6936WLYWrHzmBP7A+vwBokuTEQ==</latexit>

Figure 13. Two scenarios of the horizontal propagation of wave packets; wiggly arrows indicate waves.

(a) Single source case and (b) two source case. In (a) wave packets propagate horizontally away from each

other, and never interact. Whereas (b) shows that, with neighbouring sources, wave packets can propagate

horizontally toward one another. The resulting emf of the two cases is different, see (16).

effect is in P (θ), where the PDF is quite sharply peaked for S1 and S2 at θ ≈ 85◦, indicating that

u and b are nearly perpendicular throughout the waves. In the regime of low-Le: the normalised

emf |E∗| = | sin θ| ∼ 1, thus the waves are very efficient at inducing an emf. For S2 and S3, at

Le = 0.01 and Le = 0.05, which are reasonable estimates for the small scales in Earth’s outer

core, P (θ) has a pronounced peak near 90◦. With a stronger mean magnetic field, the PDF is

broader but still peaks near θ ∼ 90◦.

The alignment of the velocity and magnetic fields for the single blob case and the multiple

blob (buoyant layer) case differ significantly (Figure 12c,d). With one blob there is clearly more

frequent alignment between u and b than when there are wave packets emitted from multiple

neighbouring blobs. For a simple explanation of this phenomenon, consider a two wave system

with wave vectors k1 and k2, frequencies $1 and $2 and magnitudes b̂1 and b̂2,

b = b̂1 cos(k1 · x−$1t) + b̂2 cos(k2 · x−$2t) , (12)

where |k1| ≈ |k2| and $1 ≈ $2 so that the waves are propagating information at approximately

the same speed. Using (4), we can write an expression for the velocity field for the two waves

u = − $1

$B,1

b̂1 cos(k1 · x−$1t)−
$2

$B,2

b̂2 cos(k2 · x−$2t) . (13)

We are interested in the induced emf, which is maximal when u and b are perpendicular, so we
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expand u× b to find

u× b =− $1

$B,1

(b̂1× b̂2) cos(k1 · x−$1t) cos(k2 · x−$2t) (14)

+
$2

$B,2

(b̂1× b̂2) cos(k1 · x−$1t) cos(k2 · x−$2t) .

The conditions on the waves’ respective wavevectors and frequencies mean the cosine terms have

approximately the same argument, reducing them to cos2(∼) terms. Averaging this expression we

find

u× b ≈ $̄

2

(
1

$B,2

− 1

$B,1

)
(b̂1× b̂2) , (15)

where $̄ = ($1 + $2)/2. Now consider Figure 13, which shows the two cases of wave packets

propagating along the mean-field in the same direction (k1 ≈ k2, for a single source) and toward

one another (k1 ≈ −k2, for two neighbouring sources). Evidently,

u× b ≈


0 if k1 ≈ k2 ,

$̄
|$̄B |

(b̂1× b̂2) if k1 ≈ −k2 ,

(16)

where $̄B = (|$B,1|+|$B,2|)/2. Thus, spatially overlapping wave packets which propagate along

field lines toward one another are permitted to generate a significant emf in the monochromatic

case, and this can only happen in the multiple blob cases. However, MC wave packets emitted

from a single source propagate along the mean-field away from one another, and so never interact

(see Figure 13). The above two-wave argument explains the difference between the alignment of

u and b for the single blob and the multiple blob cases.

5 IMPLICATIONS FOR DYNAMO SIMULATIONS AND PLANETARY CORES

The y-averaged emf in the direction of B0 is well segregated positive (negative) above (below)

the buoyant layer for Earth-like values of Le (Figure 7). Further, we have shown above that the

environment in which there are many buoyant sources (arguably a more natural situation than a

single isolated source) is beneficial to the generation of a mean emf. Now, we look at the variation

of α = Ex/B0 across the simulations with a buoyant layer. Averaging α over the wave packet

region restricted to the top half of the box (as α tends to be skew-symmetric about the mid-plane)
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Figure 14. Average α for simulations S2–6. The shaded box highlights the range of Earth-like Le and the

points for S1 (Le = 10−8) have approximately the same values as for S2, and are omitted for clarity.

reveals that α remains strong for a broad range of field strengths up to Le = 0.1; dropping to 10

% of the value for S1 at Le = 0.1 (Figure 14).

The physical interpretation of the observed decrease in α is that as B0 increases, lateral mixing

increases between the wave packets (Figure 8). The horizontal displacement in the direction of the

mean-field of a wave packet, denoted ∆, can be expressed as ∆/δ̄ = (Ωt)Le. Therefore, at 30Ωt

(as in Figure 8), the wave packets in S5 and S6 (atLe = 0.2 , 0.5) have been significantly displaced.

Now, the two inertial wave packets above (or indeed below) a buoyant blob have opposite signed uz

and ωz (see Figure 6). Thus, when there is a substantial amount of cross-mixing (as for Le ≥ 0.2),

there is cancellation in the components of the velocity field in the overlapping region, and the

magnitude of the velocity is reduced. This is also true for MC wave packets, and the resulting

decrease in the velocity and magnetic field perturbations is consistent with the observed reduction

in α (Figure 14).

It is also interesting to take a closer look at the PDF of θ, the angle between u and b defined

in §4 (Figure 12c). Evidently we have a strong emf for | cos θ| ≈ 0 and | sin θ| ≈ 1, which is the

most likely scenario for simulations S1–6. For S1 and S2 (at Le = 10−8, 0.01), the peak near
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θ ∼ 90◦ indicates a strong induced emf. For S4–6, | cos θ| ≈ 0 and | sin θ| ≈ 1 are still the most

pronounced parts of the PDF, but these values are approximately half as likely as for S1 and S2.

These observations are independent of the magnitude of the kinetic energy, unlike the explanation

above.

Recent numerical dynamo simulations have highlighted the presence of rapid time-scale in-

ertial and hydromagnetic waves (Schaeffer et al. 2017; Ranjan et al. 2018; Aubert 2019). Aubert

(2019) observes ”quasi-geostrophic Alfvén waves” propagating along the cylindrical radial mag-

netic field, launched from a buoyant plume. The description of these fast time-scale, localised

events is very reminiscent of the wave packets observed in our simulations (and in Bardsley &

Davidson 2016). The convective structures outside the tangent cylinder in the extreme simulation

of Schaeffer et al. (2017) are characterised by Lehnert numbers in the range 0.01− 0.1. The flow

is chaotic in space and time, quasi-geostrophic, and highly helical — fast time-scale MC wave

packets like those observed in Figures 7 & 8 (S2–4) are good candidates for the maintenance of

these flow structures. As planetary dynamo simulations progress to increasingly turbulent states,

it is expected that the propagation of wave packets will play an ever more important role in the

dynamics, and possibly the dynamo mechanism (Davidson & Ranjan 2015).

The magnetic field inside the core will certainly be heterogeneous, with the possibility of

having regions of the core where the magnetic field is much weaker/stronger than the average.

The more dipolar numerical simulations often exhibit an azimuthal mean-field which has opposite

signs in each hemisphere, which is relatively weak outside of the tangent cylinder, and goes to zero

at the equator (Roberts & King 2013; Schaeffer et al. 2017). This type of anti-symmetric mean-

field would change our results in two main ways. The helicity distribution would remain negative

(positive) above (below) the source. However the induced emf would now be positive both above

and below, as required for an α2 dynamo. Second, our results suggest that a weaker azimuthal

field in the regions of the equatorial plane would be beneficial for the generation and propagation

of kinetic helicity and the emf, although the dispersion relation of a wave packet may evolve

along its path (Bardsley & Davidson 2017). As the wave packets enter regions of stronger field at
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higher latitudes, they would be subject to enhanced Ohmic dissipation, reducing the likelihood of

cancellation by reflections at the core-mantle boundary.

The picture outlined above is consistent with the cartoon outlined in Figure 1 for an α2 dynamo

driven by helical convection/waves. Using ray theory, Bardsley & Davidson (2017) deduced the

effect of an axially varying anti-symmetric mean-field on MC wave dispersion. They concluded

that even though IA waves are de-focused by the slow variation of B0, the fact that Le is small

in Earth’s core implies that the intermediate MC waves disperse more or less axially, and this is

what we observe for a sea of MC wave packets for Le < 0.1. The time-scales τΩ, τA and τu = `/u

are ordered such that 30 τΩ
<∼ τA � τu, which suggests that inertial/MC wave packets continually

launched from a chaotic buoyancy field would be particularly effective at maintaining elongated

flow structures and driving an α-effect.

In Jault (2008), the axisymmetric motions launched by a jerk of the inner sphere, which travel

rapidly along the rotation axis and migrate outwards at the radial Alfvén speed are certainly similar

to the propagation of IA wave packets (see also the recent experiments by Tigrine et al. 2019). It

has been noted by Jault (2008) that numerical dynamos with large-scale Lehnert numbers less than

∼ 3 × 10−2 are broadly quasi-geostrophic. Using the average mean spherical harmonic degree in

the kinetic energy spectrum of the dynamos in the dataset of Christensen & Aubert (2006), this

translates to a ‘local’ Lehnert number of ∼ 0.2. This is consistent with the isosurfaces presented

in Figures 7 & 8 — the flow is reasonably columnar in S4 and becomes less columnar in S5–6.

In recent (more turbulent) geodynamo simulations (Schaeffer et al. 2017; Aubert 2019), buoy-

ant anomalies outside the tangent cylinder have the potential to launch wave packets like those

observed here. Ranjan et al. (2018) showed that the time derivative of axial velocity is a good

indicator for localised wave-fronts, we corroborate this finding. This approach could be combined

with analysis of the local energy density ratio and relative helicities to search for MC wave packets

emitted from buoyant blobs/plumes in dynamo simulations.
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6 CONCLUDING REMARKS

Magnetic-Coriolis wave packets which propagate through a uniform transverse mean-field gener-

ate a significant mean emf at Earth-like values of the Lehnert number. Further, mean emf remains

well segregated positive (negative) above (below) the wave source for Lehnert numbers smaller

than 0.1. For mean-fields with a larger magnitude the induced emf is reduced, and the α-effect is

less influential. The wave packets in our simulations that transport a high energy density are well

described by three groups: weakly modified inertial (cgz ∼ 2Ω/k), inertial-Alfvén (cgz ∼ Ω/k,

k ·Ω ≈ 0) and intermediate magnetic-Coriolis wave packets (fast and columnar at low-Le). Our

simulations cannot run for sufficiently many rotation times for the signature of magnetostrophic

waves to become distinct.

For Earth-like values of the Lehnert number, we find that on time-scales of the order of weeks:

i The wave packets are coherent and columnar (Figure 7).

ii The velocity and magnetic fields are mostly perpendicular, and the wave packets induce a

sizeable emf, which is greater when there are multiple neighbouring sources.

iii Magnetic-Coriolis wave packets generate a spatially organised α-effect, where the average α

remains strong for a broad range of field strengths up to Le = 0.1.

iv The horizontally averaged Ex is well correlated with −〈hk〉.

The helical wave dynamo model of Davidson (2014) requires kinetic helicity that is sufficiently

intense, and that is distributed negative (positive) in the north (south) outside the tangent cylinder

(Figure 1). The model suggests that helical wave packets launched from an equatorially biased

heat-flux could set up an α2 dynamo cycle as described in Figure 1, where the velocity field

principally acts on the horizontal components of the mean-field. However, this model does not

explicitly take into account the dynamic effect of a mean magnetic field. The work presented

here suggests that such a model is indeed feasible in Earth’s core, even for upper estimates of

the toroidal field strength. We note that our results are essentially the same if we model the local

cylindrical radial field Br as B0ey, yielding an αyy.
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