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Abstract

For random d-regular graphs on N vertices with 1 < d < N?/3, we develop a d—'/2 expansion
of the local eigenvalue distribution about the Kesten-McKay law up to order d—3. This result
is valid up to the edge of the spectrum. It implies that the eigenvalues of such random regular
graphs are more rigid than those of Erdés—Rényi graphs of the same average degree. As a first
application, for 1 < d < N?/3, we show that all nontrivial eigenvalues of the adjacency matrix
are with very high probability bounded in absolute value by (2 + o(1))v/d — 1. As a second
application, for N2/ « d < N'/3 we prove that the extremal eigenvalues are concentrated
at scale N~2/3 and their fluctuations are governed by Tracy-Widom statistics. Thus, in the
same regime of d, 52% of all d-regular graphs have second-largest eigenvalue strictly less than

2vd —1.

1. Introduction

1.1. Main results. Let P be the uniform probability measure on the set of d-regular graphs on
N vertices. We identify a graph with its adjacency matrix A = (4;;) € {0,1}V*V, defined as
A;; = 1if and only if ¢ and j are adjacent. Thus, P is the uniform probability measure on the set
of Hermitian matrices A € {0, 1}V*V satisfying Z;V:1 Ajj=dand Ay =0foralli=1,...,N.

Since A is d-regular, it is immediate that A has a trivial eigenvalue d with associated eigenvector
(1,1,...,1)*. Moreover, by the Perron-Frobenius theorem, all other eigenvalues are bounded in
absolute value by d. For convenience, we shall consider the normalized adjacency matrix

H:=(d—1)"2A. (1.1)

We denote its eigenvalues by Ay =d//d—1>2 X > -2 Ay > —d/Vd— 1.
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Unless stated otherwise, all quantities depend on the fundamental parameter N, and we omit
this dependence from our notation. For the following statements, for deterministic N-dependent
quantities X and Y we write

X <Y if X=0/(N") for some fixed ¢ > 0. (1.2)

(See the conventions in Section 1.3 below.)
Our first main result is about the locations of the nontrivial extremal eigenvalues, Ao and Ay.

Theorem 1.1. Fiz ¢ > 0. For 1 < d < N%/3 and large enough N, with probability 1 — N~=Y¢ we
have

\ \ el L 1 d?

|2—2|a|N+2‘\ ﬁ‘FW—FW . (13)

An immediate consequence is the following optimal upper bound on the nontrivial eigenvalues.
It was conjectured for instance in [69, Conjecture 5.3] and [70, Conjecture 7.3].

Corollary 1.2. For 1 < d < N?/3, all nontrivial eigenvalues of the random d-reqular graph are
with very high probability bounded in absolute value by (2 + o(1))v/d — 1.

Our second main result is about the limiting distribution of the extremal eigenvalues.

Theorem 1.3. For N*/? < d < N3 the distribution of N*/3(\o — 2) converges to the Tracy-
Widomy distribution, the limiting distribution of the largest eigenvalue of a GOE matriz. The
analogous statement holds for —N2/3(/\N +2).

Universality for the edge statistics of Wigner matrices (the statement that the distribution of
the extremal eigenvalues converge to the Tracy—Widom law) was first established by the moment
method [63] under certain symmetry assumptions on the distribution of the matrix elements. The
moment method was further developed in [35,59] and [62]. A different approach to edge universality
for Wigner matrices based on the direct comparison with corresponding Gaussian ensembles was
developed in [34,65]. Edge universality for sparse Erdés—Rényi graphs was proven first in the regime
pN > N?/3 in the works [27,28] and then extended to the regime pN > N'/3 in [50]. For smaller
values of the average degree pN, edge universality no longer holds: it was proved in [39,43] that,
in the regime 1 < pN < N3, the second-largest eigenvalue has Gaussian fluctuations instead of
Tracy—Widom fluctuations. These Gaussian fluctuations result from degree fluctuations which are
absent in regular graphs. Our Theorem 1.3 implies that the eigenvalues of random regular graphs
are indeed more rigid than those of Erdés—Rényi graphs of the same average degree. For random
regular graphs, it is expected that (1.3) is not optimal for small d, and in fact it is conjectured that
the extremal eigenvalues continue to have Tracy—Widom fluctuations down to degree d > 3.

As emphasized in [61], the Tracy—Widom; distribution has positive measure on the set {z : x <
0}; in fact it has about 52% of its mass on negative values. Therefore Theorem 1.3 implies the
existence of many d-regular graphs whose second eigenvalue is less than 2v/d — 1, provided that N
and d obey the conditions of Theorem 1.3.

Corollary 1.4. For d large enough and d®* < N < d/2, 52% of d-regular graphs on N vertices
have second-largest eigenvalue bounded by 2+/d — 1. An analogous statement holds for the smallest
etgenvalue.



In [52], a d-regular graph whose largest nontrivial eigenvalue is bounded in absolute value by
2v/d — 1 is called a Ramanujan graph. Corollary 1.4 states that for d large enough and d®> < N <
d%/2, precisely 52% of d-regular graphs have largest (respectively smallest) nontrivial eigenvalue
bounded from above by 2v/d — 1 (respectively from below by —2v/d — 1). Hence, at least 4% have
all nontrivial eigenvalues bounded by 2v/d — 1 in absolute value. In fact, Theorem 1.3 and its proof
can be extended to show that in the regime N%/? < d <« N'/3 the largest and smallest nontrivial
eigenvalues converge in distribution to independent Tracy—Widom; distributions; see Remark 9.9
and Theorem 9.10 below. As a consequence, we have the following result.

Corollary 1.5. For d large enough and d®* < N < d/2, 21% of d-regular graphs on N vertices
have all nontrivial eigenvalues bounded in absolute value by 2+/d — 1.

The conjecture [57,61] that a positive fraction of regular graphs of fixed d is Ramanujan remains
open. Explicit constructions of Ramanujan graphs with d = p+1 for some prime and prime powers
p were introduced in [52,55] (see also [61]); a construction that applies in the bipartite case for all
degrees is given in [53,54] and see [18] for polynomial time algorithm of this construction.

The following results on the extremal eigenvalues of random regular graphs are known. For
fixed degree d > 3, Friedman [36] proved that [A2 — 2|+ |Anx +2| = o(1) with high probability. This
result was recently reproved using an alternative method in [13]; see also [60]. For d tending to
infinity with the number of vertices, it was proved in [23,37] that the nontrivial extremal eigenvalues
are O(v/d) for the permutation model of random regular graphs. Recently, in [20,68] the bound
O(V/d) was established with high probability for the uniform model of random regular graphs for
all 1 <« d < N/2. Previous results in this direction include [48].

1.2. Related results. In random matrix theory, the bulk spectral statistics of Wigner matrices
are well understood; see in particular [15,26,27,29-33,44,66]. For Erd6s—Rényi random graphs and
random regular graphs with growing average degrees, the bulk spectral statistics were analysed in
[7,27,28,41,42], and complete eigenvector delocalization for logarithmically growing average degree
was proved in [9,27,40]. In the same regime, edge rigidity of Erdés—Rényi graphs was proved in
[4,10]. Similar results have also been proved for more general degree distributions [2]. These types
of results are false for Erd6s—Rényi graphs with bounded average degree, whereas random regular
graphs are expected to have random matrix statistics even for bounded degree graphs; see [8] for
the proof of complete eigenvector delocalization in this regime. For a review of other results for
discrete random matrices, see also [69].

Macroscopic eigenvalue statistics for random regular graphs of fixed degree have been studied
using the techniques of Poisson approximation of short cycles [23,45] and (non-rigorously) using
the replica method [56]. These results show that the macroscopic eigenvalue statistics for random
regular graphs of fixed degree are different from those of a Gaussian matrix. However, this is not
predicted to be the case for the local eigenvalue statistics. Spectral properties of regular directed
graphs have also been studied recently [19,21].

For the eigenvectors of random regular graphs with d € [N¢, N 2/ 3=, the asymptotic normality
was proved in [16]; see also the prior results for Wigner matrices [17,47,67]. For random regular
graphs of fixed degree, a Gaussian wave correlation structure for the eigenvectors was predicted in
[25] and partially confirmed in [5].

In the non-Hermitian setting, the limit of the empirical eigenvalue distribution of random ma-
trices with i.i.d. entries is governed by the circular law. The circular law for non-Hermitian random
matrices with i.i.d. entries with certain moment conditions was verified in [24, 38, 58], and the



paper [64] established the circular law under the weakest moment condition. In the directed d-
regular graph setting, it was conjectured [14] that for any fixed degree d, the empirical eigenvalue
distribution converges to the oriented Kesten—McKay distribution,

1 d*d-1)
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Up to rescaling by v/d, this measure tends to the circular law as d tends to infinity. In the regime
that d grows with the size of the graph, the circular law for the directed d-regular was established
in [6,22,51].

1.3. Notation and structure of paper. We use the convention N = {0,1,2,...}. We usually
omit the argument N from our notation, with the convention that most quantities are allowed to
depend on N and all of our estimates are uniform in them. Estimates are not uniform in quantities
that are explicitly constant or fixed. By definition, a random variable F' is a function F'(A) of the
adjacency matrix A. We shall often omit the explicit argument A from our notation, and simply
write F' for a random variable evaluated at A. For n € N we use the notation [n] := {1,2,...,n}.
We use the usual big O notation O(-), and if the implicit constant depends on a parameter o we
indicate it by writing Oq(-). We use the letter ¢ to denote a generic small positive constant. For
N-dependent random variables X and Y > 0 we write

X <Y if P[X|>NY]=0(N") for all ¢ > 0. (1.4)

If X <Y then we also write X = O4(Y). If the the implicit constant in O is the same for a
family of random variables, we say that the < is uniform in that family. All of our uses of < will
be uniform in the matrix indices and the spectral parameter of the Green’s function.

The rest of the paper is devoted to the proofs of Theorems 1.1 and 1.3. In Section 2 we introduce
the Green’s function, which is the main tool in the proof of Theorem 1.1. In Section 3 we discuss
switchings of graphs, which are the key operations on graphs that we use to generate self-consistent
equations. In Section 4, we introduce a family of polynomials of the Green’s functions entries that
underlies our proof of Theorem 1.1, and derive some basic estimates on them. In Section 5 we
derive the self-consistent equation for the Green’s function in expectation. In Section 6 we relate
the self-consistent equation derived in the previous section with the Kesten—-McKay law. In Section
7, we upgrade the self-consistent equation from Section 5 to an equation in high probability. In
Section 8 we use the self-consistent equation from Section 7 to derive a local law around the spectral
edges, and as a consequence deduce Theorem 1.1. Finally, in Section 9 we use the rigidity estimates
of Theorem 9 to conclude edge universality and Theorem 1.3.

2. Green’s function

We consider the adjacency matrix A restricted to the subspace orthogonal to the vector 1 :=
(1,...,1)*. More precisely, let P, : RN — R be the orthogonal projection onto 11, explicitly
given by P, = I — 11*/N where I is the N x N identity matrix. Since H is the normalized
adjacency matrix of a regular graph, the matrices H and P, commute: HP, = P, H.

For a spectral parameter z € C := {z € C : Im[z] > 0} we define the Green’s function by

G(z):=P.(H-2)"'P,. (2.1)



Thus, G and (H — z)~! agree on the image of P, which is the subspace of RY perpendicular to 1.
The Green’s function satisfies the relation

G(2)H = HG(z) = 2G(z) + P, = 2G(z) + (I — 11*/N). (2.2)
Moreover,

Z Gij(2) = Z Gij(2) =0. (2.3)
i J

Here, and throughout the following, sums over indices run over i € [IN]. We denote the normalized
trace of G, which is also the Stieltjes transform of the empirical spectral measure of H|;., by

m(z) i= % 3 Gule). (2.4)

We refer to m(z) simply as the Stieltjes transform. Our goal is to approximate m(z) by mg(z), the
Stieltjes transform of the Kesten-McKay law [46],

-1
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The Kesten-McKay law pg is the spectral measure at any vertex of the infinite d-regular tree
(see, for example, [3] or [8, Section 5]). It has support [—2,2] in our normalization. The Stieltjes
transform my(2) is explicitly given by

d -1
ma(z) = —(z + msc(z)) , (2.5)
d—1
where mg.(2) is the Stieltjes transform of the Wigner semicircle law,

Mgc(2) 1= . ZSC_(HCZ) dz, psel(x) == [42_:2“, (2.6)

satisfying the self-consistent equation
14 zmge(2) +m2.(2) = 0. (2.7)

Later we shall use that, alternatively, my(z) can be characterized by the self-consistent equation

d (—2)k12k -3 4 ok
Pyo(z,mq(2)) =0, Px(z,w) =14 zw+ To{v ;gg o d—1F w. (2.8)
Indeed, from (2.5) and (2.7) we get
11 m(z) (2.9)

ma(z)  me(z) d—1"

from which we obtain, for large enough d,

d-1 ma(z)? 1\ _ oy 41 ko1 282k = 3)! mg(2)%
mse(2) = 2mq(2) ( L+ d—1 1) = ma(z) + 2mq(2) l%:z( 1 k! (d— 1)k




Plugging this into 0 = 1 + zmg(z) + 755 ma(2)msc(2), as follows from (2.5), yields (2.8).
We fix a large K > 0 and define the spectral domain

D={z=E+in: —A<E< KN /Ry Al (2.10)
Here, and throughout the following, we use the notation
z=F+in

for the real and imaginary parts of z. The local semicircle law for random regular graphs [9] shows
that m(z) is approximated by mg(z) to order 1/v/d (up to logarithmic corrections), at least away
from the edges +2 of the spectral measure. The next result follows from [9, Theorem 1.1]. In fact,
[9, Theorem 1.1] gives a much better estimate for Aq for z away from the edge +2.

Proposition 2.1 ([9, Theorem 1.1]). With the deterministic control parameters

\ 1 Loar 1 1 @32\Y? .
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we have, for 1 < d < N*/3 and all z € D,

rgzgjx 1Gij(2)] < Ao(2), max |Gii(2) — mg(z)] < Ag(z). (2.12)

One by-product of our proof is an improved estimate for the Green’s function entries close to
the edges +2. The bound 1/\/c>i is the best one can expect, since if A;; = 1, the off-diagonal Green’s
function entry Gj; is of order 1/ V/d. In Proposition 8.4 below, we show that near the spectral edges
the estimate (2.12) in fact holds with the smaller control parameters

1 1 a2
=+ =+ —.
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Averaging over the index i, the estimate (2.12) implies an estimate on the Stieltjes transform
m(z). Using additional cancelations from this average, in this paper we shall derive a more precise
estimate (see Theorem 8.1) from which we obtain our results about the extremal eigenvalues.

Throughout this paper, we consistently omit the spectral parameter z from our notation in
quantities such as G and m, unless it is needed to avoid confusion.

Ao(z) = Aq(2) (2.13)

3. Switchings and exchangeability

Our analysis makes use of switchings for regular graphs and also makes some use of the invariance
under the permutation of vertices. We use ideas related to those introduced in [7], to which we also
refer for references to other uses of switchings.

3.1. Switchings. As in [7], we define the signed adjacency matrices
(Aij)ab = ialjp + 6ip0jas Qk}l = Ajj + A — A — Ajy, (3.1)

corresponding to an edge at ij respectively to a switching of the edges ij and kl; see Figure 1.
Clearly we have 52-’3-11 =0 and 5% = —§ikjl. For any indices 1, j, k, [, we denote the indicator function



Figure 1: A simple switching is given by replacing the solid edges by the dashed edges.

that the edges ij and kl are switchable (i.e. the edges ij and kl are present and the switching again
results in a simple regular graph) by

XI(A) = Aij A (1 — A) (1 — Aj). (3.2)

In this section, we use switchings to estimate terms of the form

E [ﬁ Az‘ajaF(A)] ; (3.3)
a=1

where F' is any function which depends on the random graph A, and possibly on the indices
i1,71,"* » b, Jb- (Later, we shall take F' to be a polynomial of the Green’s function entries {Gi; }; je[n]
and the Stieltjes transform m.)

Proposition 3.1. If the indices i1, j1, k1,11 -+ , %, Jb, kb, lp are distinct, we have the identity
ka la kala jala
[ H Xla]a ‘| [ (A + Z 5741,7(1) H ’Laka (A)] ) (34)
a=1

where the indicator function x is as defined in (3.2).

Proof. Define the sets of graphs
kala
{A H Xla]a }7

oo [ Ton -1

By our assumption that the indices i1, j1, k1,01 - - - , %, Jb, kb, [p are distinct, there is a simple bijection
between G and G, namely

(3.5)

AcGy— A+ Z grale € Gy. (3.6)

Since P is the uniform probability measure on d-regular graphs, the claim follows from (3.6). [

In the switching in (3.4), the indicator function X?} (A) enforces that the matrix A + ffjl is
again the adjacency matrix of a simple graph. Note that without this indicator function, such
as in the following corollary and elsewhere throughtout our proof, A + J is not necessarily the
adjacency matrix of a simple graph, just a real symmetric matrix. This does however not affect
our arguments, which should be viewed as operating with general symmetric matrices instead of
adjacency matrices of simple graphs.



Corollary 3.2. Fiz indices i,j € [N] and i # j. Let F = Fj; be a random wvariable possibly
depending on ij. With the random control parameter

Cif(F, A) i= | F(4)| + max |F(4 + €41

we have the integration by parts formula

d dE[A;;Ci;(F, A
BIALPA)) = REIFA)] + 555 SB[ srA +6) - (] + o TRGER)
Proof. Since ) ;; Ay = dN, we have
E[A”F(A) ZE AUAMF Z E XU A)]
kl igkl
distinct
1 1
+0 Nd > E[Aj;Aul|F(A)]] + Nd > E[Aij A(Aie + Aj)|[F(A)]] (3.8)
Kl:ijkl ki

not distinct

i X ERb R+ o PALUEAT),

kl ijkl
distinct

where we used that the row sums and column sums of A are d. By (3.4), the first term on the
right-hand side of (3.8) equals

v 2 BN (AFA+g] = ZE AnAnF(A+ )]
klzgkl
distinct
1
+0| 57 > EldudplF(A+&N+ ZE AiAj(Ai + A F(A+ D | (3:9)
kl:ijkl

not distinct

1
= Nd %: E[AiAuF(A+ &) +0

(dE[Aij(;(‘[j(F, A)] ) ’

where we used that C;;(F, A) is independent of indices k,[ and we can sum over them. The claim
(3.7) follows from combining (3.8), (3.9) and the fact >, AyAj; = d>. O

For b,c > 0 and multi-indices i € [N]° and j € [N]¢, we denote by ij € [N]**¢ their concate-
nation. We shall often need the following random control parameter.

Definition 3.3. For fixed b,c > 0 we denote the b-tuples i = (i1,...,%),j = (J1,.--,7b), k =
(k1,... kp), 1 = (l1,...,lp) and the c-tuple m = (mq,...,m.). Let F' = {Fj3m} be a family of
random variables indexed by ijm. Define the random control parameter

m (A + Z &Z“jg) |> (3.10)

C(F,A) = maxmax<|F1Jm )|+ |F

m IJ




Corollary 3.4. Let Fijm be as in Definition 3.3. We have the integration by parts formula

o ZZE[H Ay, Fgm(A ]

m jj a=1

N2b+cd2b >.DE lH AiakaAjala ( ijm <A + Z §Za]a> lJm(A))] (3.11)

m jjkl a=1

+ W ; iZjE[Fijm(A)] + O(CHE[CEVF’A)]).

Proof. Since the row and column sums of A equal d, by introducing new indices k1,11, - , kp, lp,
we rewrite the left-hand side of (3.11) as

1 b
Nbtegb Z Z E [H Aiaja Fijm(A)] N2b+cd2b Z Z E [H AiojoAkala l.lm(A)‘|

m jjkl a=1

Y Y E[fo:;s Fym(4)] +

N2b+cd2b Z Z E [H AlaJaAk la Fum(A)]

m  jjkl a=1 ijkl a=1
distinct not distinct
b
N2b+0d2b Z Z El(H AZaJ“Akala H X’La]a ) lJm]
m  jjkl
distinct
(3.12)
The second last term of the last right-hand side in (3.12) can be estimated by
b
N2b+cd2b Z ijl H1 AigjoAkala Fijm(A)
a=
not 1c‘lllstmct
S Nregm Z Z H Aija Akal, C(F, A) (3.13)
N +Cd ijkl a=1
not distinct
1 b A i A A L A
< N2bd2b Z H taja kalaC(F7 ) g NC(Fa )a

ijkl  a=1
not distinct
where in the last line we used that >, A;; = > A;; =d, that A;; = 0, and hence that at least one
factor 1/N remains because of the constraint in the sum that ijkl be not distinct. Similarly, using
|Aij A — Xf}(z‘l)\ = AjjA[Ai + Aji — A Aji] < AijAr[Ai + Ajy], we have

d
< SC(F, A). (3.14)

| N2b+cd2b Z Z [(H Azaja Akala H Xza]a ) ljm(A)

m jjkl




By plugging the estimates (3.13) and (3.14) into (3.12), we get

1 b
Noregh Z Z E [U AiajaFijm(A)]

(3.15)
dE[C(F, A)]
kala >
N2b+cd2b Z Z E H Xza]a 1Jm(A) + O(N)
m  jjkl a=1
distinct
By Proposition 3.1 and an estimate analogous to the one above, we have
kala
st 3 BTk (rm )
m  jjkl
distinct
ala
N2b+cd2b > > E H Xk (A) Fijm <A + Z fzmﬂ (3.16)
m jjkl La=1
distinct
dE[C(F, A)]
kala )
N2b+cd2b Z Z E [H Aioko Aol Fijm (A + Z Einia )1 (N) .
m jjkl a=1
The claim now follows from combining (3.15) and (3.16). O

4. Polynomials in Green’s function entries

In this section we collect some estimates on the Green’s function G and the Stieltjes transform of
the spectral measure m. These will be used repeatedly in the rest of the paper. We also introduce
polynomials in the Green’s function entries, and record some of their basic properties. We work
under the following assumption throughout this section. Recall the Stieltjes transform my of the
Kesten-McKay law from (2.5).

Assumption 4.1. We assume that 1 < d < N?/? and that there are deterministic z-dependent
control parameters Ao, Aq € [d~/2,1] such that

max|Gii — md| < Ad, m;lx]GU\ < AO, (4.1)
i 1#£]

for all z € D defined in (2.10).

Note that, by Proposition 2.1, we know that Assumption 4.1 holds at least when A, and A4 are
given by (2.11).

By our definition, the Green’s function G = P, (H — z)~' P, is symmetric and satisfies (2.3).
The Ward identity states that the Green’s function G satisfies

*ZI Gij* = Im[ ], ;ZWUIQ:IIH?W; (4.2)
ij

it can be proved using the resolvent identity on G —G*. Here recall that m is the Stieltjes transform
(2.4) of the empirical spectral measure. We record the following basic result, which we shall use
tacitly throughout the rest of the paper.

10



Lemma 4.2. Suppose that 1 < d < N?/3,
(i) For any ¢ > 0, with probability at least 1 — O (N~Y/) we have for all z € D
max |Gy < 2. (4.3)

(i) Denoting by us (i) the i-th component of the a-th normalized eigenvector of P HP) , we have
the delocalization estimate
max max |uq ()| < 1/VN. (4.4)
« )

Proof. The claim (i) follows from Proposition 2.1, the estimate |mg.| < 1, and a simple N ~3-net
argument in D combined with a union bound to obtain a simultenous estimate for all z € D. The
claim (ii) follows from [9, Corollary 1.2]. O

Remark 4.3. More explicitly, Lemma 4.2(i) says that max,,|Gyy(A4)| < 2 with probability at least
1— 0N -1/ ). As a consequence, for any fixed b € N we find using a simple resolvent expansion
that ,
Eala —-1/2

max Gw(AJr Zfiajaﬂ <2+40(d'?)

a=1

with probability at least 1 — O (N~/¢). Moreover, by a similar argument, using (4.1), for the
off-diagonal entries we have the estimate

b
Gy (443 €l )| < A
a=1
We define the discrete and continuous derivatives for any indices 1, j, k, [,

DIF(A) = F(A+€l) = F(A), O F(A) == VA= 10,F(A+1¢l))|

max
TH#Y

0 (4.5)
where the matrix Z-kjl was defined in (3.1). Note that 851 is the directional derivative in the direction

fjl of the rescaled variable H = A/+/d — 1. For the discrete derivative operator ijl, we have the
discrete product rule

Di(FG) = (D}JF)G + F(DYG) + (D} F)(DYG), (4.6)
and the Taylor expansion with remainder gives

ki 1 o\ VY ki
_ il ) — Y] ol
DHF(A) = E:n!<\/ﬁ> F(A) + b!< d_1> F(A + 0¢M), (47)

n=1

for some 0 < 6 < 1.
For any indices i, j, k,! (which might be not distinct), the derivatives of the Green’s function
entries G;; and the Stieltjes transform m are given by

Ol Gy = —GuGjj — GijGij — GGy — GuGrj + GaGjj + GuGrj + GuGij + GGy, (4.8)

9 N
8lkﬂlm = N Z(_Giana - GkaGla + GiaGka + GjaGla)
o= (4.9)
2
= N(_(G2)ij — (G + (GHip + (G2)jl).

A central object in our proof is the following notion of a polynomial in the entries of the Green’s
function.

11



Definition 4.4. (i) Let F = F({z}},—;) be a polynomial in the r? abstract variables {z s} ,_;.
We denote its degree by deg(F'). Fori € [N]", we define its evaluation on the Green’s function
by

Fy = F({Gi.it Y5 4=1), (4.10)

and say that Fj is a polynomial in the Green’s function entries {Gii, }s,—1. By a slight abuse
of notation, we sometimes abbreviate F' instead of F;j for the polynomials in the Green’s
function entries when there is no risk of confusion.

(ii) Let F' = F({rst}5—1) be a monomial in r? variables. Then the number of off-diagonal entries
of F' is the total degree of variables x4 with s # t. If the number of off-diagonal entries of F
is zero then we define xp = 1, otherwise we define xyr = 0.

(iii) For U a polynomial in two variables, by a slight abuse of notation we often abbreviate U =
U(m,m) for the polynomial in the Stieltjes transform m and its complex conjugate m. For
r,7 € N we abbreviate U7 := 97 oL U.

Claim 4.5. Using (4.3) and (4.4), we have for any indices a,b € [N]

1 i Im[m] ok Im[m]
(| < e (G < g (1.11)
In particular,
1 Y Im[m]
NZ\GajGjby <Ny (4.12)

and for distinct indices i, j, k, [, (8“)2G2] s a cubic polynomial in the Green’s function with at least
one off-diagonal factor,
(011)2Gi5] < Ao (4.13)
We also have the following estimates for the derivatives of the Stieltjes transform m: for any
integer s > 1,

s Im|[m
@k m] < 2, (4.14)
and for any fixed polynomial U,
Im[m]\"
klys
(@)U m.m)| < mag 100 ()| () (4.15)

Proof. (4.11) follows directly from the spectral decomposition and the delocalization of the eigen-
vectors (4.4):

1 1 1 Im|[m)]

k) ua(a - —
‘N 7(G")ab ’Nk 1 Z (Nn)F—2 N2 20; Ao — 22 (Np)k-1
L : il (4.16)
2k ~ Im[m
'N2k1(|G| ab N2k 1 Z |)\ _ Z|2k (Nn)zkfzﬁ Z Mo — 22 (Np)ZE-1
The claim (4.12) follows from Young’s inequality and (4.11) by taking k = 2,
L& L& 2 2 1 2 2 Im[m]
N 2 1GuiCl < 2(1Gurl* +1Gal" = § (6P +1G1) < =g = (417)
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For (4.13), we notice that from (4.8), one can directly verify that none of the derivatives 0;;, Ok, Oi, Oji
produces a diagonal term, and (4.13) follows from (4.3).
For (4.14), one can check using (4.9) that (8%1)3771 is a sum of terms in the following form

=

1
AT Gai1 Gi2i3 T Gizsa (4-18)
N a=1

where 1,149, - , 425 € {4, ], k,{}. Thanks to (4.3) and (4.12), we can bound (4.18) as

Im[m]

< Np

=<

(4.19)

1 N
N Z Gail G’izsa

a=1

1 N
N Z Gail Gi2i3 e G’izsa

a=1

and the claim (4.14) follows. For (4.15), the derivative (8ZZ)SU (m) is a sum of terms of the form
T — (ks klys ki\sr . akl\81,= ( kl\52 = k&7 =
U )(mam)(aij) lm(aij) me-- (aij) m(aij) lm(aij) Qm”'(aij) m, (4.20)

where r +7 > 1, s1,82,++ ,84,51,59, -+ ,8 = land s1 +---+ s+ 51 +---+ 57 = s. Thanks to
(4.14) we have

1(4.20)] < [T (m, m)\( (4.21)

The claim (4.15) follows from (4.21).
U

Claim 4.6. Let U be a fixed polynomial of the Stieltjes transform m and its complex conjugate m.
For any indices i, j, k,l,a,b and fixed positive integer b > 0, we have

-1
Dy Gap(A) = (d(_ 11))n/2 (GERG)™) o + O (d7%%) = O4(d7 13, (4.22)
n=1
I
Dffm(A) = O < dln/lz[Z]T’) (4.23)
1 B I s+s
DHU(A) = O (dl/2 e 0009, )| (I?\}n””) ) (4.24)

Proof. By the Taylor expansion (4.7),

1

a1y (00 CalA+ 065, (425)

b—1
1
Kl _ klyn
Dij Gab(A) = n;l n'(d _ l)n/Q (az]) Gap +
for some random 6 € [0, 1]. Thanks to Lemma 4.2 and Remark 4.3,
(0)" Gap = (~1)"l(G(EGE)ap < 1, (9)*Gan(A +0€7) < 1. (4.26)
The expression (4.22) follows from the bound (4.26). The estimate (4.23) follows from averaging

(4.25) and using (4.19). The estimate (4.24) follows from (4.23) and the discrete product rule
(4.6). O
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As an application of Claim 4.6, we have the following estimate, which says essentially that when
acting with discrete derivatives on a product of the form FU, where U is a polynomial in m and F
a polynomial in the Green’s function entries (recall Definition 4.4), the main contribution is given
by differentiating F'.

Claim 4.7. Let F' be a fized polynomial of Green’s function entries {Gij}mé[[N]]’ and U a fized
polynomial in the Stieltjes transform m and its compler conjugate m. For any indices b > 1,

i1, 71, k1,01, - -+ 5 %, Jbs Kb, Iy and positive integer b > 1, we have
kal = 1 kal '
FU<A+Z§ ) —FU(A) = Z ld 1772 (Z a;;) ) |U(A)
|U(A)| ‘F<A + E =1 gza]a )’ (s,5) _ Im[m] sts
+ O<< o7 + 1172 Inax \U (m,m)|<N?7 ) .
Proof. We denote £ = Y _, fi‘lj—l;, and rewrite the left-hand side of (4.27) as
UA+E —FUA) = (F(A+¢&) —FA)UA) + F(A+&UA+E —U((A)). (4.28)

Since F' is a polynomial of Green’s function entries {Gi;}; je[n], by the same argument as for (4.22),
we have

F(A+¢) — Z_: =T (Z 85@3@) )+ O (d—"/Q). (4.29)

Similarly, since U is a polynomial of the Stieltjes transform m and its complex conjugate m, by
(4.24), we have

mm 5+5
U(A+€) —U(A) O (dl/ s 0709 )| (M3 ) (4:30)

The claim (4.27) follows from plugging (4.29) and (4.30) into (4.28). O

We conclude this section with an elementary result for the operator <, which we shall use tacitly
throughout the following sections.

Lemma 4.8. Suppose that A and B are nonnegative random variables satisfying A < N and
B > N=C for some constant C > 0. Then A < B implies E[A] < E[B].

5. Self-consistent equation in expectation

In this section we derive the self-consistent equation in expectation for the Stieltjes transform m;
in Section 7 below we shall extend this self-consistent equation to a high probability estimate.

Proposition 5.1. Suppose that Assumption 4.1 holds. For every fixed integer a > 1, there exists
a polynomial, depending on d and a but not N, and whose degree depends on a only,

Py(z,w) =14 2w + Qq(w), (5.1)
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where

dw? 1
Qa(w) = -1 +g(a3w3+a4w4+---), (5.2)
s a polynomial with bounded coefficients as, aq, ... such that, for any z € D,
1 E[Im[m]]  d3/2A,
E[Py(z,m)] < Tar + N + N (5.3)

Remark 5.2. An expansion in ezpectation similar to Proposition 5.1 (with different coefficients)
would be possible for the Erd6s—Rényi graph in the same regime of expected degree. The essential
difference between the random regular and the Erdés—Rényi graph is in the high moment estimates
in Section 7, using which we convert the expansion in expectation to one in high probability. For
the random regular graph, there are fundamental cancellations arising from the degree constraint,
which imply stronger concentration than possible for the Erd6s—Rényi graph; these cancellations
are manifest only in the high probability expansion. We emphasize that without concentration, the
self-consistent equation in expectation does not lead to a closed equation for m (or its expectation),
and hence does not provide useful spectral information.

We shall show that the estimate (5.3) results from the switching invariance of random regular
graphs. It may be viewed as an approximate Schwinger—-Dyson FEquation for the random regular
graph ensemble; in statistical mechanics and field theory, such equations are typically derived by
integration by parts.

Before giving the proof of Proposition 5.1, we explain the mechanism behind it. Starting from
(2.2) we obtain G

7 ?
1+2m= %: W + (error),

where we use (error) to denote a small error that we do not keep track of in this sketch. Taking
the expectation and using Corollary 3.2, recalling that >, G;; = 0 and recalling the notation (4.5),
we get

1
73 ZE[AikAlefj-lGﬂ] + (error).

E[1 - -

Using the integration by parts formula from Corollary 3.4 we therefore obtain

_ kl
E[1+zm]—N4 1/22““7 Gjil
ijkl
1 s U
AT E[AirAksAthlu((ijGji)(A e el - (ijlaﬁ)(A))} 4 (error).
ijklrstu

(5.4)

For the first term on the right-hand side of (5.4), we use the Taylor expansion (4.7) to expand ijl Gy
as a polynomial in the entries of G, up to a small error. The leading term is —(d— 1)*1/2ijGii, and
it yields the first term of (5.2). The other terms are polynomials that either contain off-diagonal
entries of G or a higher order. Similarly, for the second term of (5.4), we keep on reapplying
inductively the integration by parts formula from Corollary 3.4, and expand all discrete derivatives
using Taylor’s formula (4.7).
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This procedure results in a proliferation of terms that contain products of factors of the form

11 b
o8 Ve 22 2B lH AiajaFijm] (5.5)

ij a=1

where F' is a polynomial in the entries of G. Each application of Corollary 3.4 yields a main term
(second term on the right-hand side of (3.11)) with no factors of A and another term (first term on
the right-hand side of (3.11)) that is (after Taylor expansion of the discrete derivatives) of higher
order, in the sense of both the degree of Fj;y, and the power of d~1/2 in front of it. Any main term
that contains one or more off-diagonal can be shown to either vanish or be small enough. Hence,
we only need to keep track of terms of the form (5.5) with b = 0 and xr = 1 (recall Definition 4.4).

Such a term is in general not a polynomial in m; consider for instance the term % (AR
An important ingredient of our argument is to rewrite such a term as a corresponding polynomial
in m, up to higher order terms; for instance,

1 1 .
N ZE[GZ] =2 ZE[Giiij] + (higher order) + (error),
7 i

whereby < > ElGiiGjj] = E[m?]. To explain how this works, consider some polynomial X; in
the Green function entries (think of e.g. X; = Gj;). We want to replace E[G;; X;] with E[G;;X;] up
to higher order terms and small errors. From (2.2) we get the equations

1 1
1—N—|—ZGZ‘Z': (HG)ii, 1_N+2ij = (HG)jj.
Multiplying the first by G;;X; and the second by G X; and taking the difference, we obtain
(Gii — Gj;)Xi = (Gu(HG)j5 — Gj5(HG)ii) X; + (error)
1

- m Z(AjkGiinj — A GriGjj) X; + (error).
k

We take the expectation, average over ¢j, and apply the integration by parts formula of Corollary 3.4
twice. Recalling that ), G = 0, we therefore obtain

% ZE[(Gu’ - Gj;)X]

d TS rs :
= CENIEE zk: E[D};(GiiGrjXi) — Dii (GriGj; X;)] + (higher order) + (error).
ijkrs

We expand the discrete derivatives using (4.7). This yields

5 2 El(Gi — Gyy)X]

d
= m Z E[@;ﬁ(Giinin) — 072(GiGj;X;)] + (higher order) + (error)
ijkrs
d
= CEE Z E[-GiiGiGjj Xi + GpiGiiGj; X;] + (higher order) + (error),
ijkrs
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where we used that all other terms are small because they contain off-diagonal terms. Thus, the
leading order terms cancel exactly. We may therefore continue this expansion iteratively on the
terms (higher order), which will stop after a finite number of steps, as the order, and hence the
power of d~1/2, increases at each iteration.

We conclude this informal discussion by noting that the algorithm sketched above that generates
the polynomial @, while explicit, is quite complicated and tracking the actual coefficients of (5.2)
that it generates is difficult. This issue will be addressed in the next section, where, instead of
tracking the coefficients explicitly, we characterize them indirectly by showing that up to a small
error term the Stieltjes transform of the Kesten—-McKay law mg is a root of Py(z,-), which will
imply that the coefficients of P, are close to those of (2.8). This concludes the outline of the proof
of Proposition 5.1.

The rest of this section is devoted to the proof of Proposition 5.1. Throughout, we fix an integer
a > 1. The spectral parameter z is always taken in the set D, and our estimates are uniform in z.
We shall always work under Assumption 4.1.

5.1. Estimates for moments of the Green’s function. We begin with a definition of a family
of fundamental terms that form the backbone of our expansion. They are classified by the order
of the variable d~/2 and the degree of the polynomial in the entries of G. Both quantities are
important to keep track of. The former because it will allow us to stop the recursive application of
identities yielding high order terms after a fixed number, a, of steps, up to an error term of order
d~%2. The latter is important to ensure that the polynomial in m that we shall ultimately generate
will have a large enough degree.

For the following statements, we recall that for multi-indices i € [N]® and j € [N]¢, we denote
by ij € [N]**€ their concatenation (and analogously for ijk). Together with this notation, we recall
from Definition 4.4 that, for a polynomial F in (2b+ ¢)? variables and i,j € [N]* and m € [N]¢, we
write Fjjm for its evaluation in the Green’s function entries, and that for a polynomial U in m,m,
we abbreviate U(m,m) by U.

Definition 5.3. (i) For o € N, we define the expressions

11 b
To(F,U) = WWZZE HlAiajaFijm(A)U(A) : (5.6)
m ij a=

(ii) For a given polynomial U = U(m,m) and integers 0,0 € N, we use the symbol
Ton(U)

to denote a finite linear combination of terms of the form o73(F, U), where 6 > o, deg(F) >0,
and a = C(d/(d — 1))" for some r € Z/2 and a deterministic constant C' € R.

Note that 7; depends on o € N only by a multiplicative factor d=°/2. From (4.3), we have
|Fijm| < 1, and thus by Lemma 4.8 we find the a priori estimate

b
TR < g ot 3 S| T Aual| = EIEE0L 57)
m J a=

1

Proposition 5.1 will follow from much more precise estimates that follow from an inductive applica-
tion of the following proposition, which extracts the leading term from (5.6) and shows that it can
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be expressed as a monomial in the trace m = % Tr G rather than the individual Green’s function
entries. To prove Proposition 5.1, we only need the special case U = 1; we allow for a general U
for later use in Section 7.

Aside from the notation introduced in Definition 5.3, recall that C(F, A) was defined in Defini-
tion 3.3, and that Fj, U, and xr were defined in Definition 4.4. Also recall A, from (4.1).

Proposition 5.4. Fiz o € N. Let F be a fived monic monomial in (2b + c)? abstract variables,
with degree deg(F'). Then

1 1 b YrE[mdee(M
73 ey 2 2 E [H AiajaFiij] = [du/2 + Tot1,deg(r)+1(U)
m jj a=1

1 Eflm[m]|U]]  E[U]]  dE[C(UA)] oy (o.0) ((m[m]\*
+d0/20<( N g S A max B U ‘(Nn) .

(5.8)

To prove Proposition 5.4, we shall use the following claims. The first claim states that the
averages of monomials with more than one off-diagonal Green’s function terms are subleading.

Claim 5.5. Let F' be a fired monomial in b abstract variables with at least two off-diagonal entries.
Then
1 E[Im[m]|U]]
NbZE[FiU]| < Ny (5.9)
1

Proof. Using |G.y| <1 and U < 1 from (4.3) to bound all except the two off-diagonal factors of
G in F; and then using the Cauchy—Schwarz inequality, we have

5 S EIRUY < 5 S E[IGuPIU]) = 55 X B[Gaalul] = PR 5 4)

Nn

11,02
where the last equality is the Ward identity (4.2). O

The following claim separates the leading order term of 7,(F,U) plus other terms of higher
order and much small error terms. It says that, to leading order, each factor of A in (5.6) can be
replaced with its expectation d/N.

Claim 5.6. Fir o € N. Let F be a fized monomial in (2b + c)? abstract variables and let U be a
fized polynomial in m. Then

1 1 b
Jo/2 Nbtegb >0 E [H Az'ajaFiij]

i a=1
11
= o yavre 2 2 ElFymU] + Tor dex(r)+1(U) (5.11)
1 E[[U] | dE[C(U,A)] | Ag~*F (a9 (Imm]\
+d0/20<<da/2 + S S max B[00 Nn) |
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Proof. We prove the statement for o0 = 0; the general statement follows by multiplying both sides
by 1/d°/2. By Corollary 3.4, the left-hand side of (5.11) is

e 32 S Bl (4]

dE[C(U, A)]
V)

N2b+0d2b > D E lH AiabaAjala (FumU<A + Z 5k“la> - Fiij(A)>

m jjkl a=1

co

(5.12)

where we used Remark 4.3 to estimate |Fijm| < 1 as well as Lemma 4.8. For the second term in
(5.12), we use Claim 4.7 with F' = Fjjm. The term resulting from the first term on the right-hand
side of (4.27) gives rise t0 7541 deg(F)+1(U). For the error terms, we note that, by Remark 4.3 we
have

< — + AIXF L oplxr, (5.13)

R I)Y T Aok A |F

m jjkl a=1

(a2

where in the last step we used Assumption 4.1. In summary, the error terms resulting from the
application of Claim 4.7 to the second term of (5.12) are bounded by

E[|U]] | Agr (s.5) (Tm[m]\ "
O<< g g Dax EIU ’( Nn ) '

The proof is therefore complete. O

The following claim is a decoupling argument: when averaging over an index ¢ that appears
in a diagonal Green’s function entry G;; and possibly many other places as well, up to some error
terms we can replace Gy; with Gy7, where i’ is a new summation index that appears in no other
place, over which we take the average. For example, this allows us to convert an expression of the

form + 3;(Gy;)? to a polynomial in m of the form m?.

Claim 5.7. Fiz o € N. Let F be a fized monomial in (1+ c)? abstract variables. Then

1
dWWWZE%mm
um
1
d°/2 N2+C Z E ZmU] + 7;+1,deg(F)+3(U)
1 [Im[m][U]] | E[U[] | d*?AE[CU,A)] o\, (s,5) ( Im[m]\ "

+ =50 ( e + = T ~ + AT max B\ U !( Nn) :

(5.14)

Proof. We prove the statement for o0 = 0, the general statement follows by multiplying both sides
by 1/d°/?. By the definition of the Green’s function (2.2), we have

Ay
(1 - > ZGZ/'L/ + Z - JGJZ (515)
1 N A4i;Gyi

J=1
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Multiplying (5.15) and (5.16) by G FimU and Gy Fim U respectively, averaging over the indices,
and then taking the difference, we get

E[U]]
N2+C Z E GzzFZmU N2+c Z E sz + O-<< N >

it'm

(5.17)
+ N2te(d 1/2 Z E[Ai;GjiGi FimU| — [AijGjiGz"i’FimU]),
it/ jm
where we used that |Gy Fim| < 1 and |Gy Fim| < 1. We shall show that the difference of the two
terms on the right-hand side of (5.17) is of order o greater than 0, up to small error terms.
Using Corollary 3.4 we find

1
Nore(a D2 2 BlArGirGiFimU]
i’ jm
(5.18)
_ 1 Kl d32AE[C(U, A)]
~ N3ted(d —1)1/2 W%mE[Ai/kAlei/j(Gji/Gn'Fsz)} + 04 ( N ,

where we used that >~ Gy = 0, so that the main term in (3.11) vanishes, and from |G| we gain
an off-diagonal factor that is estimated by A,. For the first term on the right-hand side of (5.18),
by the discrete product rule (4.6) and Claim 4.6,

DF(GjGiiFU) = D (G Gii Fyn)U + G Gii Fim D (U) + D (G GiiFoen) DS (U)

d s+5>1

1 ~ I s+s
= D(GjyGiiFim)U + O (‘Gji’GiiFim + Df'lj(ng/Gqum)‘ d hax )] <m[m]> )
(5.19)

We notice that G G; Fim contains at least 2—x r off-diagonal entries and Df,lj(G jirGiiFim) contains
at least 1 — yp off-diagonal entries. Thus, by plugging (5.19) into (5.18), we get

1

N2+e(d —1)1/2 £ > E[Ay;GjiGii FimU]
B 1
- N3+ed(d —1)

i’ jm

1/2 Z E[Ai/kAlezk’lj(Gji’GiiFim)U]

i jklm
BPRAE[CU,A)] o (Im[m]\*®
0 ) —XF (5:9)
" O<< N AT max B |U |< N7 ) (5.20)

1 a
= N3+Cd§n!(d— (n+1)/ Z E[A;1Aj(0 ) (G Gii Fim)U]

it/ jklm

EHUH d3/2A0E[C(U7A)] 2—x (s,3) Im[m] e
+o<<da/2 + = + A2 max B |U |< Nn) ,

where the last step follows by Taylor expansion, as in Claim 4.7. The remaining derivative
(851]-)"(Gji/GiiFim) is again a polynomial in {Ggy}syeiirjkim, and thus this term is in the form
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Tr—1,deg( F)+2+n(U) Treating the terms n = 1 and n > 2 separately, we get

Z E[AyA;05 (Gji’GiiFim>U]+7-1,deg(F)+4(U)

N3+cd
ujklm
E[|U|] = d*?AE[C(U, A)] Im[m]\*"® (5.21)
o ’ 2—XF (s,5)
+O<( wr PN T gffﬁE[W (%) D
By Claim 5.6, the first term in (5.21) can be expanded as
W > E[AikAj0i (G GiiFim)U]
it jklm
kl
N5+C Z E[0775(Gir Gii Fim)U] + Ti deg(p)+3(U) (5.22)
ugklm
E(|U]] , dE[C(U,A)] , Ag™F o) ((m[m]\ "
+o<<da/2 + SEEE 2 max B |( Nn) .

Moreover, Oﬁg(Gﬂ/GiiFim) = Gji@ﬁlj(GiiFi ) + 8’“1 (Gﬂ )G Fim. The first term Gﬂ/a (GiiFim)
contains at least two off-diagonal Green’s functlon entrles Thus, by the Claim 5.5, we have

E T[] U]

> E[Gy055(GiFim)U]| < No

i/ jklm

(5.23)

‘NEH—C

To analyse the second term, we write aﬁlj(Gji/) = —(foile)ji/ = —Gj;Gpy + GGl + GGy —
Gjv Gy — GGy — GjiGrit + Gy Gy + GGy Since the row and column sums of G are zero, all
but the first and fourth terms vanish when taking the average over the indices 'jkl. The fourth
term has two off-diagonal Green’s function entries and can therefore be estimated using Claim 5.5.
Thus we have

d kl
Nored—1) Zk;m [05(Gyir) G iU
‘- E[Im[m] U] (5:24)
- T “%mE GG Gii Fiml) + O <Nn>
By combining the estimates (5.20), (5.21), (5.22) and (5.23), we get
1
NQ—i—c(d ) 1/2 Z E AZ jGj’L/GZZFsz]
i/ jm
d
T TNTR(d—1) Ek; E[G;GiyGii FimU) + T deg(r)+3(U)
it jklm
E[Im[mHUH EHUH d3/2A0E[C(U, A)] o r o) <Im[m]>s+s
+ O<< N + /2 + i + A7 SIE‘?gclE U(s9)] Ny '
(5.25)
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Analogously, repeating the above argument for the last term in (5.17), we find

1
N2+e(d — 1)1/2 ii%;nE[AijGjiGi/i’Em]
d
= TN =) ii,%mE[ijGi’i’GiiFimU] + T deg(F)+3(U)
E[lm[m]|[U]] | E[U[] | d*PAECUA)] | oy (5.5) <Im[m]>s+§
+O<< Nn + de/2 + N A Slﬂggcl]E v Nn '

(5.26)

Since the first terms on the right-hand sides of (5.25) and (5.26) are the same, they cancel upon
taking their difference, and our claim (5.14) follows by combining (5.17), (5.25) and (5.26). (Note
that the error term on the right-hand side of (5.17) can be absorbed into the third error term of
(5.14).) 0

Proof of Proposition 5.4. We prove the statement for 0 = 0, the general statement follows by
multiplying both sides by 1/ d°/2. By Claim 5.6, we have

1 b
Nb+eqb Z Z E ll_ll Aiaja Fiij]
m ..] a=

ii

1
= yzire 2= 2 EFmU] + Tiaes(r)+1 (V) (5.27)
BU|) | dEIC(U,4)] AL ooy (T}
+O*< w2 PN e PEE| ’( N1l ) ‘

We now estimate the first term on the right-hand side, distinguishing three cases.

Case 1. The monomial Fjjy, has more than one off-diagonal Green’s function factors. Then, by
Claim 5.5,

]\leszZE[Fiij] =< E[IHEEZ;M. (5.28)

Case 2. The monomial Fjjy, contains exactly one off-diagonal Green’s function factor. Then, with-
out loss of generality, we assume that Fiym = G7,, 1, Gmims Fijmeo--me, where Fijn,...m, is a monomial
in terms of the Green’s function entries {Guz }oe(iy jy, - ip.jpsmar me} a0 7 € N If 7 = 0 then Fijn,
vanishes upon taking the average over m since }_,, Gmm, = 0. For r > 1, we introduce new in-

dices mi,m3,--- ,m}, and repeatedly use Claim 5.7 to replace Gymy

bY Gt} Gt *++ G-

1

22



This way we obtain

1 .
W Z Z E [lemlelszijmzmmcU]

1 r ~
= W IZ ZZE[II Gmfm‘lle1m2Fijm2...mcU +7—1,deg(F)+2(U)
mi,ml Moij a=
Ellm[m]|U]] | E[U]]  d*AE[C(U,A)] [ o) (Im[m})m-
+O<< N + 4972 + N —|—AOSI£§a>x1E_\U | TTZ —
= T, deg(r)+2(U)
E[Im[m]\UH EHUH d3/2AoE[C(U, A)] 9 I (5,5) Im[m} 5+357
+O<< N7 Jo/2 N +AOST?§1E_|U |< Nr ) _ ’

(5.29)

where in the last equality we used that 3, Gpmim, = 0.

Case 3. The monomial Fjjy, contains only diagonal Green’s function terms. Then, by the same
argument as in Case 2, we can repeatedly use Claim 5.7 to get

1
~arre 2 2 E[FmU]

m ij

= E[m* U] + T1 geg(r)12(U) (5.30)

Ellm[m]|U|] | E[U|] , d*2A.E[C(U, A)] (o.0) ((Im[m]\*
+O'<< Nn + de/2 T N +A0sr}rl?>XlE U |( Nn ) '

By (5.27) and putting the three cases, (5.28), (5.29) and (5.30), together, the proposition follows.
O

5.2. Proof of Proposition 5.1. We prove the following proposition, from which Proposition 5.1
will follow easily by taking U = 1. The general form of Proposition 5.8 will be used in Section 7.

Proposition 5.8. Suppose that Assumption 4.1 holds. For every fized integer a > 1, there exists
a polynomial, depending on d and a but not N, and whose degree depends on a only,

dw? 1
Qu(w) = 11 + a(agw?’ + aqw* +'~‘),

with bounded coefficients as, aq, ... such that, for any z € D,

1
N2d(d—1)1/2 %:l E[Air Aji(Df}Gij)U] + E[QaU]
E[Im[m]lgﬂ E[U|] | dE[C(U,A)] A2 ]\ (5-31)
B : o (5.8 ( 2mlm]
_O<< Nn do/2 N +d1/2 SI}&;E[]U \( N ) ])
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Proof. By (4.22) and Lemma 4.2,
'LkA]l 1kA]l 8 ZG)U]

QZ 1/2 _Z (d—1)N?

ijkl ijkl
[AikAjl((azkj) Gij)U]

+2
S 2d(d—1)¥2N?

(5.32)

+ T @) + 04 (G50,

For the first term on the right-hand side of (5.32), the derivative 8le ij is given by (4.8). For the
last four terms, Gilij + Gqu] + leGl] + Gilej, using that Z ij = = 0, we have

E[AikAjl(Gilij + Giinj + Gz‘kGij + Gilej)U] =0. (5.33)

For the term —G;;G;j, using (4.12), we have

1 d E[Im[m]|U]]
_ - A TT] — s Gl Sl S | el P 34
For the term —G; Gy, we use (H — 2)G = P| and (4.12) to get
1 1
N R[ApAGGU] = ————— [T AGAG)U
i 5.35
1 22 Ellm[m]|U]] | E[[U]] _ E[lm{m]|U]]
= —— P .
dNQE[Tr(Z G* 422G+ P)U] < Ny + = AN
Summarizing, we can rewrite the first term on the right-hand side of (5.32) as
E[Ai A (08 Gi;)U 1k AjGi G E[I
Z [ C’; d]l( 1zJN2]) ] _ _d d 1E[m2U] _ Z E[Aclikd ]lcizk]\(;]lU] + O.<< [ m][vm]U”>
ikl ( - ) - ijkl ( - ) n
(5.36)

By Corollary 3.4, 37, Gij = 0 and the trivial extension of the product rule (4.6) and (4.24) to
differences in the direction &,F + §J , » the second term on the right-hand side of (5.36) is

> E[AikAleikGﬂU] _o. (dE[C(U, A)]>

2" d(d — 1) N2 N
ijkl
1 1 711
* BN > E[Ai A Ajy A (GaGaU (A+ €1 + &) - GaGaU (4))]
i k! L
1 -/ 1./ 17!
S BA-1M > E[Aii’Akk:’Ajj’All’ (Giijl (A +&r +¢) ) - Giij[(A))U}

355! kK 1/

dE[C(U, A)] | A2 (5.3) (Im[m})“s
+O<< Nt B BT Ty

(5.37)

= Bld— 132N > B[ A A Ay Aw (04 + 01 ) (GG |
' g3 kKTl

da+1)/2 N dl/2 s¥s>1
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where in the first equality, we used Remark 4.3 and that G;;,Gj; contains two off-diagonal terms,
and in the second equality we used Claim 4.7. For the first term on the right-hand side of (5.37),
we notice that (95* + 83 )( iGj1) contains at least one off-diagonal term. By Proposition 5.4 we
get

1 i/ / Nl
&B(d — 1)3/2NA > E[Aii'Ak’k’Ajj’All’(aikk + 0 )(Giijl)U] = T24(U)
il k1LY
- 5.38
o (EMm[m]|Ull | E[U|]  dE[C(U,A)] A | e (Il e 533
+0< Nn + dle+1)/2 + N + A1/ 4 | | Nn ‘
It follows by combining (5.36), (5.37), and (5.38) that
E[AikAj(0F Gij)U] d )
Z dd—1)N2  —  d-— Ul + T2aU)
k! (5.39)
EImm]|U]] ~ E[U|)  dE[C(U,A)] , A2 (59 (Tmm]
+O<< N + T2 + N + 7172 sr}rlg(lE \U ]( N ) .

For the second term on the right-hand side of (5.32), we notice that (akl)QG” contains at least
one off-diagonal term. By Proposition 5.4 we get

E[AirA;i((0f)?Gij)U]

= U
Z 2d(d — 1)3/2N? T23(U)
Ik (5.40)
Em[m|[U]] | E[U|] | dE[C(U,A)] K A2 o5 ((mm]
+ o<< o st o+ gy ma E||U y( v ) .
We plug (5.39) and (5.40) into (5.32), which yields
zkA 1(DfGij)U] d
N2 Z , )1/2j =74 1E[m2U] + T2,3(U)
k ) .. (5.41)
[Im[m]|U]]  E[UI] , dE[C(U,A)] = Ag (s, ((Tm[m] "™
+O<< N + 1072 + N +d1/2 Sril?glE U \( N ) )

Next, we apply Proposition 5.4 repeatedly to the term 72 3(U) on the right-hand side of (5.41).
For 0 > 2 and 0 > 3, Proposition 5.4 yields

Top(U) = dO/QE[pU]+7;+ID+1(U)
1 E[lm[m]|U|] E[U|]  dE[C(U,A o) (Im[m]\***
+d0<< il EQU) , dEfe )]+AOST?§1E[U")'<N[U]> D (5.42)

where p is a polynomial in m, with bounded coefficients depending only on d, of degree at least
0. Applying (5.42) to T23(U) in (5.41) and then iterating (5.42) a times concludes the proof, by
(5.7). O
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Proof of Proposition 5.1. Let Q,(w) be as constructed in Proposition 5.8. By taking the nor-
malized trace on both sides of (2.2) we have
AZ]GZ] 1 AiiGij

where the last equality follows since Aii = 0. By Corollary 3.2 with F' = Gj;, we have for i # j,
|F(A)| + maxy |[F(A+ &) < Ao (since A, > d=1/2, see also Remark 4.3), and

1 1

E[1 + zm] = Nd_1)i? ;E AyGig) + ¥
2 Z( 1/2 [AikAleij Gl]]> + O< ( N )

ijkl
By Proposition 5.8 with U = 1, we have
E[Im[m]] 1 d
kl
N? Z( )12 E[AwAnDij Gij]) TEQ] <=5, Y Ty (5.45)

ijkl
The claim (5.3) follows from combining (5.44) and (5.45), and A, > 1/V/d,

1 E[Im[m]] d*?2A,
+ + .

de/? Nn N

This finishes the proof of Proposition 5.1. O

E[l +zm + Qa(m)] = O« ( (5.46)

6. Identification of the self-consistent equation

The algorithm that generates the polynomial P, from Proposition 5.1 is explicit but quite compli-
cated, so that explicitly tracking the resulting coefficients of P, is a hopeless task beyond the first
few orders. In this section we characterize these coefficients (asymptotically) as those of the power
series Py (z,w) from (2.8), characterizing the Stieltjes transform mg of the Kesten-McKay law.

Proposition 6.1. Uniformly in z € C, the polynomial Py(z,w) = 1+ zw + Qq(w) constructed in
Proposition 5.1 satisfies
Py(z,mq(2)) = O(d~*/?), (6.1)

where my is the Stieltjes transform of the Kesten—-McKay law, given by (2.5).

Corollary 6.2. Let P, be the polynomial constructed in Proposition 5.1. Then Py(z,w)—Poo(z,w) =

Qu(w) — Qoo(w) is a power series in w, which converges on the whole complex plane. Each of its
coefficients is of order O(d*a/2).

Definition 6.3. We write P,(z,w) := 0y Pa(z, w), and similarly Pék)(z, w) for the k-th derivative
in the variable w.

Corollary 6.4. The polynomial P, constructed in Proposition 5.1 satisfies
|Pi(z,ma(2))| =< \/ |k + 1+ O(d™?),  Pl(z,ma(2)) =2+ 0(d"?), PJ(z,ma(z)) = O(1),
(6.2)

where z =2+ Kk +1in or z = =2 — kK +in for n < R, —2 < k < R, where the constant K is from
(2.10).
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6.1. Proof of Proposition 6.1. The main ingredient of the proof of the proposition is the ideal

Green’s function G introduced in the following definition.

Definition 6.5. For z € C, define the ideal Green’s function G(z) = (CA;Z] (2))ije[n) through

(6.3)

Note that while Proposition 6.1 is deterministic, G is random. However, we remark that when ¢
and j have distance at most 1 in the random regular graph defined by A, the ideal Green’s function
Gj coincides with the Green’s function of the infinite d-regular tree

dist(,7)
t o Mge
Gi;ee—md<— d—1>

(see [8, Proposition 5.1]) for vertices ¢ and j with the same distance, while it is set to be 0 for all
pairs of vertices i, j with greater distance. Because it agrees with the tree Green’s function locally,
the ideal Green’s function is a random matrix that shares key algebraic properties with the true
Green’s function of the random graph, while its normalized trace is equal to the deterministic mg.
As a consequence, we shall show that mg = % Tr G satisfies the same self-consistent equation as
m = % Tr G, up to small error terms, which will imply Proposition 6.1.

Lemma 6.6. The ideal Green’s function G has the following properties, uniformly in z € Cy..
(i) For any i € [N], ]G“\ = O(1), and fori # j, ]Gw‘ = 0((d —1)"1/2);
(it) Zz 1 m—de;
(iii) YN |Gyl = XN, |Gyl = O(dV/?);
(iv) X1 1Gyl* = 1 |Giyl* = O(1).
(v) For anyi € [N],

Azyéu
1 Vd— 1

1= ((H- z)é) = —2Gy + Z (6.4)

Proof. Properties (i)—(iv) are immediate consequences of the definition and mg, mgc = O(1). The
identity (6.4) follows from (2.5). O

Crucially, under perturbation by a switching & of A, the ideal Green’s function G satisfies
the same resolvent expansion as the real Green’s functlon G. The intuitive reason behind this
behaviour is the following. Take two edges, ij and kl, that are switchable. Then, in the limit where
dist(ij, kl) tends to infinity, the Green’s functions G and G, when restricted to the vertices ijkl,
have identical behaviour under the switching &

To state this precisely, we introduce some notation. For an N x N matrix M = (M;;); je[n]
and V C [N] , we denote by M|y := (M;;); jev the submatrix induced by the set V. In particular,
Aly is the adjacency matrix of the graph A restricted to the vertex set V. We also frequently
abbreviate subsets of [N] as {i,j} = ij, and so on.

27



Claim 6.7. Let i,j,k,l be distinct indices such that Aljjp = N, + Ajy (i.e. XZ,Q(A) =1). Then

(A + e = (G ) ™ + (=172 ) (6.5)

Proof. By the definition of G(A), we have

_ —1
md 0 mdinsc 0 1 0 1_ 0
~ 0 mqy % ' —MdMsc nBSC 1 % ' 1
R — d—1 — Msc d—1
G(A)lijn Smgme my 0 0L Y4 , (6.6)
= sc 1 1
0 \m/ C(li:nl 0 md 0 d—1 Msc

where in the last equality we used the identity (2.9) and 1+ zmg. +m2, = 0. Analogously,

1 1 -1
Msc d—1 0 0
A Kl vl 0 0 A -1 1/2 -
GA+ & im = | v 0 1 1 = ((CAiw) ™"+ (d =172 )
Msc d—1
1 1
R S T
(6.7)
where the last equality follows from (6.6). This proves (6.5). O

By definition, the ideal Green’s function of course has a trivial perturbation expansion under
switchings since it is an affine linear function of A. However, when perturbed by the specific
direction and magnitude of a switching, its behaviour can be written in a more complicated but
more useful way, which matches precisely the corresponding resolvent expansion for switchings of
the true Green’s function. Indeed, as a consequence of Claim 6.7, we obtain the following resolvent
expansion for the transformation by switching of the ideal Green’s function.

Claim 6.8. For b,c € N consider tuples i = (i1,...,i), j = (J1,---,70), k = (k1,...,kp),
1= (l1,...,1p), m = (mq,...,mc) such that the indices ijklm are distinct and Aljjxim = Alm +
Zil(Aiaka + Ajala)‘ Th@n

(o) o)

Proof. We shall prove that

(6.8)

1 n
- (B gekon) )

ijklm ijklm

-1

b - b
(A;(A +) 55“;5) = ((é(A)hjklm) 1 +(d-1)72N fi‘}-ljhjklm) , (6.9)
a=1 a=1

ijklm

and the claim (6.8) then follows from the resolvent expansion, which converges for large enough
d because C:’Z] = O(1) by Lemma 6.6. By assumption, Aljskim s a block matrix with b + 1
blocks, indexed by {i1,j1,k1,01}, {12,32,k2,12} {ib,jb,k:b,lb} and {mi,---,m.}. By our defi-
nition (6.3) of ideal Green’s function G, both G(A + b k“l”)|uk1m and G(A )|ijkim have this
same block structure. Thus both sides of (6.9) vanish except for the submatrix indexed by
{i1, 41, k1,11 }, {i2, g2, ko, lo}y - -+ {ip, Jbs kb, Ip} and {mq,--- ;m.}, and (6.9) follows from (6.5). [
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Claim 6.8 says that the ideal Green’s function G has exactly the same behaviour under a
switching A — A + Z kal“ as the true Green’s function GG. To make this precise, we need the
following definition, Wthh is to be compared with Definitions 4.4 and 5.3

Definition 6.9. (i) For any polynomial F' in r? abstract variables and i € [N]", denote by
Fi=F ({stu }i.i,—1) the corresponding polynomial in the ideal Green’s function entries.

Hence, F} is obtained from F} by replacing every factor G;; in Fj by CAJU

(ii) For a polynomial ﬁijm in the ideal Green’s function entries and o € N, we define 74(F, 1) as
the right-hand side of (5.6) with U = 1 and Fjjm replaced with Fijm.

With this definition, we can rewrite the right-hand side of (6.8) as

~

b n
1
— akala> G(A)
(S (s
ijklm
Thus, Claim 6.8 implies the following result, which is the analogue of Claim 4.7.
Claim 6.10. Let ijklm satisfy the assumptions of Claim 6.8, and let Fijm be a polynomial in the
Green’s function entries. Then for any positive integer a > 1 we have

o~

R a—1 1
Fijm (A + Z§Zaja> Fijm(A) = (Z _ n/2 ( 82]2]{1) Fijm A)) * O(da/2>

n=1

Tha main ingredient in the proof of Proposition 6.1 is the following result, which is the analogue
of Proposition 5.4 for the ideal Green’s function.

Proposition 6.11. Fiz o € N. Let F be a fized monic monomial in (2b + ¢)? abstract variables,
with degree deg(F), and let Fijm be the corresponding monomial in the ideal Green’s function entries
from Definition 6.9(i). Recall the definition of xr from Definition 4.4. Then

1
da/2 Nb+cdb Z ZE [H AzaJaFIJm

ij a=1

deg(F)
XFm ~ 1 1 d
N T + To1,deg(r)+1(1) + e O(da/2 + N)’

(6.10)

where the term 7A;+17deg(F)+1(1) is equal to the corresponding term Ty deg(F)+1(1) from (5.8) with
G replaced by G (see Definition 6.9(ii)).

Proof. The proof involves repeating the proof of Proposition 5.4 with U = 1 almost verbatim,
replacing Claim 4.7 and (5.16) with Claim 6.10 with (6.4) respectively.

More precisely, the proof of Proposition 5.4 relies only on the following ingredients: }_; G; = 0,
Claim 5.5, Claim 5.6, and Claim 5.7. Each of these has the following analogue for the ideal Green’s
function G. We replace >;Gi; = 0 with Lemma 6.6(iii). For Claim 5.5, we replace (5.9) with
U=1by

o B[] =
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as follows from Lemma 6.6(iv). For Claim 5.6, we replace (5.11) with U =1 by

1

1 b _
W Nb+Cdb Z Z E ll_g Aiaja FlJm‘|
m ij a=

1 1 -~ ~ 1 1 d
= o2 Nobie ; %:E{Fijm} + Tot1,deg(r)+1(1) + P72 O<da/2 + N>’

where ’7A;+17deg(p)+1(1) is obtained from 7o, geg(r)+1(1) in (5.11) by replacing G with G. Here we
used Claim 6.10 instead of Claim 4.7. Finally, for Claim 5.7, we replace (5.14) with U = 1 by

1 1 ~ =~ 1 N N 1 1 d
72 N2+e Z ElGiiFim] = 172 N2+c Z E[Gyir Fym] + Tot1,deg(r)+3(1) + P72 O(clﬂ/? + N)’
1i’'m i’'m
where ’7A; +1,deg(F)+3(1) is obtained from 7,11 geg(r)43(1) in (5.14) by replacing G' with G. Here we
used Claim 6.10 and (6.4) instead of Claim 4.7 and (5.15), (5.16), respectively.
This concludes the proof. ]

Proof of Proposition 6.1. The polynomial P,(z,w) in Proposition 5.1 was constructed by re-
peatedly applying Proposition 5.4. Using Proposition 6.11 instead, we can repeat its proof verbatim
to obtain

1 d
Pa(z, md) = O<da/2 + N) . (6‘11)

Since the left-hand side does not depend on N (recall Proposition 5.1), taking the limit N — oo
yields the claim. O

6.2. Proof of Corollaries 6.2 and 6.4.
Proof of Corollary 6.2. We define the power series
R(w) = Py(z,w) — Pao(z,w). (6.12)
It follows from Proposition 6.1 that for any z € C,
R(ma(2)) = Pa(,ma(2)) = 0(d~?). (6.13)

Next, we remark that the disk {w € C : |w| < <1} lies in the image m4(C). Indeed, from (2.7)

we find that the image mg.(C) is the closed unit disk in C, and the above claim then follows from
the identity mgq = Eld Umse which follows from (2.5) and (2.7). As a consequence, we have that for
any w such that |w| < dT,

R(w) = O(d~%?). (6.14)

For any fixed degree k, the coefficients of w* in the infinite series R(w) is given by

1 R(w) _
— dw = O(d~?), 6.15
271 f{wud—l)/d wht e (049)
since d > 2. This finishes the proof. OJ
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Proof of Corollary 6.4. By Corollary 6.2, we have

P (z,ma(z)) = PB)(z,ma(2)) + O(d~?), k=1,2. (6.16)
Since Py (z,mq(z)) =0 for z € C4, by the chain rule,

0 = 0. P (2,ma(2)) = ma(2) + P (2, ma(2))02ma(2)- (6.17)
Rearranging the above expression gives

mq(z)

Pl (2,ma(2)) = “Boma()’

(6.18)

so that an elementary analysis of (2.5) and (2.7) yields

| Plo(zma(2))] =< \/1s] +n,

and the first relation of (6.2) follows from combining (6.16) and (6.18). The second relation of (6.2)
follows from (6.16) and

P! (z,mq(2)) = 2+ O(d~'/?). (6.19)

This completes the proof. ]

7. Moment estimate for the self-consistent equation

In order to establish the self-consistent equation for m in the sense of high probability, in this
section we derive a recursive moment estimate for the high moments of P,(z,m), where Py is the
polynomial constructed in Proposition 5.1. In the next section, we establish eigenvalue rigidity
estimates using a careful analysis of this recursive moment estimate and an iteration argument.

Proposition 7.1. Suppose that Assumption 4.1 holds, and that Aq > Ao > 1/\/& Let Py(z,w) be
the polynomial constructed in Proposition 5.1. Fiz r € N. Abbreviating P, = P,(z,m(z)), we have
for any z € D,

A2 _[Im[m]|P| _ Im[m]| P _

27 d a 2r—2 a 2r—2

BRI < 1B IR + B[ e P
Ao oo Im[m]|Pi? ) 53 1 A3 A, 2r—1 Im[m]\* 2
+d1/2E[ S i bR v G H%%TE[( N7 ) Fal ]

Ad A?) dAO Im[m”Pc” ° 2r—s—1
* (d tar TN ) Kﬂri%fflEl( N7 ) [Fal '

The rest of this section is devoted to the proof of Proposition 7.1. We begin by writing
Py(z,m) =1+ mz+ Qq(m) (see (5.1)) and then apply the identity (see (2.2))

(7.1)

1 1
1+Zm:NiZjHijGij+N

31



to obtain
E[|Py|*"] = E[(1 + zm) P~ ' P!] + E[Q. P, ' P!]

1 r—1 pr r—1 pr E[|Pa|2r—1] (72)
:(ci—l)lﬂj\fiZjE[AijGijPa Pﬂ]+E[QC‘Pa Pa]+O<N .

For the first term on the second line of (7.2), we use Corollary 3.2 with the random variable
F = G;;PI~1 P! and note that for i # j

[F(A)] + max | P(A+ €8] < AC(Py 1B}, A),

where we recall the definition (3.10) and we used Remark 4.3. This yields

1 r—1 pr d r—1 pr
mZE[AmePa Fel= mznz[aijpa P
g i#]
r—1 pr i\ —
t Nea@ e ;ZE (A Aj DY (G Py PY)] +O<< E[C(P; 1Pa,A)]> (7.3)
7 kl
1 d*/2

3 Y Bl A DGy Py ) + O (

_ °E[C(PT'PT. A
N2d(d—1)1% 22 [C(Py Py, )]>,

where in the last equality we used A, > 1/ Vd. To estimate the error term, we remark that for
U = PP we have

s+5 / 2\ ¢
(s,3) [m] ‘Pa’ Im[m] Im[m] 2r—1—s
gfﬁﬁlE['U (%) ]HHE[( Ng Uy ) ) IR T

as can be seen after some elementary algebra. Using (4.24) for U = P} *1]5;" we get

r—1 pr 2r—1 1 ’Pc/l‘lm[m] Im[m] 2\ 2r—1—s
CR P A) < (Rt e B (S0 () ) R @)

By the discrete product rule (4.6), the first term in the last line of (7.3) equals

B4 A DY(Giy Py )] = Bl ApDIY (G P .

+ E[AnAjGi; DY) (P~ PY)] + E[Au A Dy (Gi) D (P~ P '
At this point we note the crucial cancellation, by Proposition 5.8, of the first term on the right-hand
side of (7.6) with E[QuP!~1P!] from (7.2). Indeed, by Proposition 5.8 for U = P~ Pr

", recalling
(7.4) and (7.5), we find

! ki r—1 pr r—1 pr 1 Im[ ] 2r—1
N2d(d —1)1/2 %E[AikAleij (Gij) Py P+ E[QuP; 'P]] < E Rl N + Py

d'/? A2 [P Tmm] | (Tm[m]\*\"  aro1 s
+<N+d1/2>1<§ia2’51E[< Nn +< N7 ) [Fal '

(7.7)
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What remains, therefore, is to estimate the contributions of the second and third terms on the
right-hand side of (7.6). For the second term on the right-hand side of (7.6), we claim that

L W pr—1 pr AoAd Im[m]| P o s
Ned(d )12 %E[AikAﬂGijDij (PP < E[ ot Inbrlal ]
ij
Im[m]| Pl or2] . Ao P Tmm] T \2\
+E{(N7])2|Pa| ] g B N1 + ( N ) | Pal (7.8)
A, Im[m] 2 - A, Im[m]|Pé]2 s
+ dl/QE[<]V77) ‘Pa| + dl/QE (N77)3 |Pa‘ .

Essentially, this estimate will arise from the three off-diagonal Green’s function entries obtained
from G;; and the derivative on P/ ~1PI.
For the third term on the right-hand side of (7.6), we claim that

1 Kl kl/ pr—1pr A?i Im[m]| Py 2r—2 d 2r—1
WE[AikAleij (Giy) Dy (P~ )] < 5 E N 2| Pyl + S EIR

d'? Ag | A Im[m]| P Im[m])* ) 2r—s—1 Im[m] ., 2,1
+<N+d+d1/2 1<§ia2§—1E Nn +< Nn > [ Fal _HE{ Nn |l ]

(7.9)

This estimate will arise from certain special cancellations arising from the d-regular graph structure.
Proposition (7.1) follows from combining the estimates (7.2), (7.3), (7.4), (7.6), (7.7), (7.8) and
(7.9). In the remainder of this section, we prove these estimates (7.8) and (7.9).

7.1. Proof of (7.8). By (4.7), left-hand side of (7.8) can be written as

o(1 r—1 pr = O(l n/pr—1pr
Ng(dg)/z Y E[AgwAuGi D (P PN =Y W E[AuAnGi;(OF)™(Py Py
Ozjlk)l n=1 ijkl (710)

b/ pr—1pr kl
* N2q(6+3)/2 ,.klE[AikAleij ((aij) (Pa Po)(A+ 08 ))},
ij

for some random 6 € [0,1]. In fact, for the terms corresponding to n > 3 in (7.10), we have the
following simple estimate.

Claim 7.2. For the terms in (7.10) with n > 3,
1

wagoiays 2 BlAw A Gy (0)" (P )]
ijkl

Ao |[PalTmfm] | (Tm[m]\*\" o1,
<W1<§;%$_1EK N +<N17) S

Proof. Thanks to (4.15) and chain rule, we have

(7.11)

s
(akl)n(Pr—lpr) < max ‘Pc” Im[m] 4+ Im[m] 2 |P |2r—1—s (7 12)
wloe Tl Gear—1 Ny Nnp ¢ ' '
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Using max;-; |G;j| < Ao and max; |G| < 1, it leads to

1
N2d(n+3)/2 zk::l E
ij

1 |P\Im[m]  (Im[m]\?\" . 1.
W(1<s<2r IZZE[ ZkA]lA ( N77 +< N77 ) |Pa|

74 K N (7.13)
) ) |PC/l’ Im[m] Im[m] 2r—1—s
+ 1<sehr1 < E [AMA” ( Nn + Nn Il

A, | P!| Tm[m] Im[m]\?\" o 14
<d(n—l)/Q15;@21{—1El( No +< N ) | Py ;

where in the last inequality we used that Zi#kl AigAj = N2d? and Y, AixAy = Nd? and
Ao > 1/N. O

zkA]lGl](a ) (PT IPT)]

Moreover, by choosing b large enough, depending on r, it follows that the second line of (7.10)
is bounded by N 27,

In the following, we estimate the terms on the right-hand side of (7.10), corresponding to n = 1
and n = 2.

Claim 7.3. For the term in (7.10) with n =1,

Im[m]|Fy|

WZE (A ApGiof (P Py < E (V)2 | P|? 2 (7.14)
ijkl n
Proof. For the derivative 8“(13’” 1P, we have
O (Py'By) = (r = 1)alymPyPy 2Py + (---), (7.15)

where (---) denotes analogous terms with complex conjugates obtained by applying the derivatives
to P, instead of P,. We estimate the error from the first term, for which we can first sum over the
indices 1, j, k,l. By (4.9),

N2 5 > AiAjGiofim = N 2 > A AuGii(—(G?)ij — (GP)a + (G*)i + (GP0)- (7.16)
gkl 15kl

There are four terms on the right-hand side of (7.16). For the first term, using (4.11),
1

1 2 1 2, 3 Im[m]

(7.17)
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For the second term on the right-hand side of (7.16), using that (H — 2)G = P, and (4.11),

1
3d2 ZAlkAJley(G el = N3 Tr(GAGAQG)
ijkl

_ ﬁ Tr(G(A — vV — 12)G(A — v — 12)G)

2
+ 3 Tr(G(Vd — 12)G(A — Vd — 12)G) (7.18)
1
+ N2 Tr(G(vVd—12)G(Vd — 12)G)
_ 0@ OW) 12, OW) pos (Im[m] )
N5dTG+N3dTG N5dTG =0O< ANz )
For the last two terms on the right-hand side of (7.16), since ). G;; =
N3 2 ZAZ]{:AJZG’L] (GQ) N3d ZAszm G ) ik =0,
igkl ijk (7 19)
N3 5 Y AwAuGii (G2 = N3dZAﬂGW (G*)j=0.
igkl ijl
By combining expressions (7.17), (7.18) and (7.19), we obtain the estimate
Im[m]
Z AirAjGij akl ) (7.20)
N2 2 o (NU)Q
for (7.16), and the Claim 7.3 follows. O
Claim 7.4. For the term in (7.10) with n = 2
AoAgq Im[m]| Pl -
r—1 pr d 2r—2
a7 S A GO P (P PO] < B G e
ij
Ao Im[m)] 2 2r—2 Ao [Tm[m]|Pg* o Ao Im[m]| Py 2 2r—3
" de[(Nn) L v i Rl [ ) M
(7.21)

Proof. For the derivative le(P" 1P, we have

(052 (P Fy) = ((95)*m) Py Py Py + (0 m)* Py Py 2 Py + ((Offm) Py Py Py + (), (7.22)

) denotes analogous terms with complex conjugates obtained by applying the derivatives
to P, instead of P,. We consider the terms separately

For the first term in (7.22), we use the explicit formula

where (- - -

2 & 2 Y
(08 ?m = ~ z_jl 05 (=GiaGja — GraGla + GiaGra + GjaGla) = ¥ ;(Giﬁ ), (7.23)
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where - -- denotes 31 other terms obtained by applying the product rule for differentiation for 8;“}.
Using that >3, Gy = 0 and (4.11), the first term gives

1
N3d5/2 zkl: A”“AJIGUG“GN - N3d1/2 ZGUG“ (G,
17kla
AoAd Im[ ] (7.24)

_ (Y 2y
—W%:Gm(Gn_m)(G )jj =< a2 N77'

An analogous calculation can be performed for all terms on the right-hand side of (7.23). Indeed,
every such term has three factors of G, exactly two of which have an index a, and the third remaining
factor is either diagonal (in which case the same argument as above applies) or off-diagonal (in which
case we gain A, instead of Aq). Since Ag > A,, it leads to the estimate

P AoAgq Im[m]| P! .
NgdmZE (A AjGij ((0F)*m) PP, QPQ]<IE[d1/2 [N” ‘|P B 2} (7.25)
ijkl

For the second term in (7.22), we can directly apply (4.14) to get the bound

A Im[m]\ 2 _
E[AirAjGij(0fm)* Py Py 2Pyl < — R <> P"|| P72, 7.26

which is enough by P/ < 1.

For the third term in (7.22), we have (9ffm)? = 4((G?)ij +(G*)r — (G?)ir — (G?);1)?/N?. There
are ten different terms, which we estimate one by one. For the term (G?);;(G?);;, we use (4.11) to
get

2 2 2
g > A Gig(G)is(@)ig - > Gy(@i@ )
]

2 1 9

S N1 2 |+ yigie 2@ )il (7.27)

1 Im|[m) 2 A, Im|[m)] 1 Im[m] 2

4,
]\74dl/2A o Tr|G[" + Ndl/2 (NU) = d'/2 (Nn)3 + Nd1/2< N > .
For the term (GQ)ij(GQ)kl, we use (4.11) and (H — 2)G = P| to get
1
2 2 2 2
N4d5/2 ;AzkA]lej (G )’LJ (G ) W ;GZ](G )Z](AG A)ZJ
d—1 2 22

= W ; GZJ(G )ij(Z G“ 422G + PL)ij (7.28)

- m[m]2 A, (Im[m])?

where in the second equality we used that AG?A = (d—1)(H —z+2)G*(H—z+2) = (d—1)(22G?*+
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22G + P). For the term (G?);;(G?)r, we use (4.11) and (H — 2)G = P, to get

1
N4d5/2 Y AAjGi(G?)i (G = Nips Z Gij(G*)i;(AG?)ii
ij

ijkl
(d _ 1)1/2
T N4 Z Gij(G?)ij(2G* + G)i (7.29)

]2 Ao (Tm[m]\?

N?dz‘ ”’ )2 vy )
where in the second equality we used that AG? = (d — 1)V/2(H — 2z 4 2)G? = (d — 1)?(2G? + G).
The term (G?);;(G?)j; can be estimated in the same way. For the term (G?)5(G?)g, we use (4.11)

and (H — z)G = P to get

N4d5/2 ZAzkA]lej<G k(G = N4d5/2 Z (AGA) k1 (G*) (G

ijkl
d—
= WZ(ZQG—I-ZPL +HPL)M(G2)M(G2)M (7.30)
kl

I 2 A, /1 2
<22G+2PJ_+HPJ_)M’ m[m] = ( m[m]) 7

= N2q3/2 % ’ (Nn)z d3/2 Nn

where in the second equality we used that AGA = (d —1)(H — 2z +2)G(H — 2+ 2) = (d — 1)(2*°G +
2P| + HP)), and in the last inequality, we used A, > 1/V/d and 3, |(22G + 2P, + HP) )| <
N2A, + d'/?N < N?A,. For the term (G?)(G?);k, we use (4.11) and (H — 2)G = P, to get

1
N4d5/2 > AnAnGii(GHu(G?i = Nig2 Ek; Ak (AG)a(G*)1a(G?)ik

ijkl
d—1 1/2
= Q Aik(ZG + PL)z‘l(G2)kl(G2)ik 7.31
NAd5/2 <

mfm]® _ Ao <Im[m])2
Ak (2G + Py); <=2 (=)
N2d2 Xk; ol 1) " (Nn)?2 — d \ Np

where in the second line we used AG = (d — 1)"/?(H — 2 4 2)G = (d — 1)'/?(2G + P.), and in the
last inequality we used 3, |(2G + PL)i| < NAo. The term (G?)i(G?);1 can be estimated in the
same way. For the term (G?);1(G?)ik, we use that Zj G;j = 0 to get

N4d5/2 z:lAzkAngzg(Gz)ik(GQ) N4d3/2 E;Aszw (G*)ir(G?)ir = 0. (7.32)
ijk )

The term (G?);;(G?);; can be estimated in the same way. For the term (G?);x(G?);1, we use (4.11)
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and (H — z)G = P to get

1 1
g 2 AwAnGii(GYin(G*)j = S5 575 20 Gis(AG?)i(AG?)
1J

igkl
= gz 2 Cul3G + Q267 + Gy (7.33)
%]

1 Im[m]? A, /Im[m]\?
= N2 %:'G”' ()2 d3/2( Nn ) '

where in the second equality, we used AG? = (d — 1)Y2(H — z + 2)G? = (d — 1)'/?(2G? + Q).
We combine the above estimates together, and find that the third term in (7.22) is bounded by

— 1 r—3 pr
Nz O BlAwAuGii (0 m) P)* Py
ijkl

Ao [P o] | Ao [ (Tl g i
dl/QIE (V) | Pa —I—dE[(M) | Pyl 1
The Claim 7.4 follows from combining (7.25), (7.26) and (7.34). O
7.2. Proof of (7.9). By (4.7), the left-hand side of (7.9) can be written as
T 2 BlAudn Dl (G DI (FL P
= 1 klynt KL pr—1pr
- mz::l ! N2d(d — 1)(m+D/2 %E[Aik“lﬂ(aﬁ )" (G DY) (7.35)

1 ) . kl\b . kl kl/ pr—1 pr
T BINZd(d )0 %E[A”“Aﬂ«aﬁ) (Giy) (A + 661D DI (R 7)),

for some random 6 € [0, 1]. As above, by choosing b; large enough, depending on r, we find that
the last line of (7.35) is bounded by N~2". Moreover, for terms corresponding to ny > 3 in (7.35),
we have the following simple estimate.

Claim 7.5. For the terms ny > 3 on the right-hand side of (7.35),
1

ki\n kl pr—1pr
N?d(d = )00/ ZME[AikAjl(aij) H(Gij) D (P Pa)}
1 ];3’|Im[m] Tmfm]\ 2\ ° (7.36)
a 2r—1—s
B dni/2 1<§£§-1E[< Nn +< Nn > > | Pal ]
Proof. Thanks to (4.7) and (7.12), we have
DE(PI1PT) < max (el | (Tofm]y YT PP (7.37)
ig\ta a 1<s<2r—1 Nn Nn d1/2 . .
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Combining with (851)”1631-]- < 1 we obtain

1
N2d(d — 1)(m D72 -

1 P\ Im[m]  (Im[m]\?\" _ o1,
Wl<s<2r IZE[ ZkAjl( N77 +( N77 > |Pa’

1 |[PolTm[m]  Im[m]\*\" 5 i
T qm/? 1<§%§1E[< ClN77 +< Nn ) [Faf* 71721 -

In the following, we estimate the terms on the right-hand side of (7.35), corresponding ton; = 1
and n; = 2.

E:E[mAﬂ@“WWGngugﬁén}

Claim 7.6. For the term ny = 1 on the right-hand side of (7.35),

1
N2d(d—1)

d'? Ay A mm|P!|  (Tm[m]\2\", e
+<N 4 e ) B Nn +< N7 > | Pal

Proof. The derivative 8{“le¢]~ is given by

r—1 pr A2 Im[m”P/‘ r— d r—
SE[anAtGs D )] < TE| T A2 LER

+E{Im[ ]]P |2r= 1]

(7.38)

6lez] = Giiij + Gilij + Gn‘ij — GijGZ'j — GikGlj — Gﬂij + GikGij + Gilej. (7.39)

We shall show that the biggest term is —G;;Gj;, and that the other terms are smaller. We first
estimate those terms in (7.39) which contain two off-diagonal terms, i.e., —GQGU - GGy —
Gilej + leG” + Gilej- For the term GijGij, using (737) to bound DZ!(Pg_lpg),

1
WZE[ zkA]lG”G”Dkl(Pr 1Pr)}
de (ZZE[ i A N2 DI (P By }‘FZE{ awAu|DE (P 1p’“)|]) (7.40)
#j kl -

A3 |Palm[m] | (Tmfm]\*\" oy
=iz 1<§%§—1E[< Nn +( Nn ) Pl '

The same argument applies to the other terms with two off-diagonal indices.
We next estimate those terms in (7.39), which contain exactly one off-diagonal term, i.e.,
Gilij + Giinj. For the term Gilij7

1 .. kl r—1 pr
N2d(d —1) % E[AikAﬂGilGJJDij (P Py )}
_%1 1
no=1 n2!N2d(d - 1)
1
bz N2d(d —1)

1+n2/2 ZE[ ik AjGaGi; ()" (Py~ 1Pr)} (7.41)
ijkl

1765/2 ZE[ zkA]lelG]] ((akl)bg(Pr 1PT)(A+ oel l))}7
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for some random @ € [0, 1]. As above, by choosing by large enough, depending on r, we find that
the last line of (7.41) is bounded by N~2". Moreover, for terms corresponding to no > 2 in (7.35),
by the same argument as (7.40) and max;; |G| < Ao, we have the simple estimate

1
Y E
N2d(d = 1)tin2/2 ijkl

A, [Pl tm[m] | (Tm[m]\?\"| | oro1os
= dn2/2 1<§%§—1El< Nn +< N > el '

Using the above estimate in (7.41), we get

1 r—1 pr
m Z E [AikAleilijijl(Pu IPa )}
ijkl

1 l(pr—1pr
- N2d(d —1)3/2 ZE[AikAleilijaij (P Fy )} (7.43)
ijkl

Ao |[PalTm[m] | (Tm[m]\*\" o1,
+O<<d1<£ria2§_lEl< N +< N ) | Pyl .

The first term on the right-hand side of (7.43), arising from ng = 1, needs to be estimated more
precisely. It can be written as

{AikAleilij(aijl)m (pg—lﬁg)]

(7.42)

1 kl r—1 pr
Nodd — 17 2 B AwAnGaGiiolf (P )|
ijkl o
O(1) e o (7.
- W ZE[AMAJZG”GJJ ((7" - 1)82] mPaPa Pu + Taw mPa|Pa| )} .
ijkl

We estimate ), A,-kAleilafjlm, and the other term }_,;, AikAleilafjlm can be estimated in the
same way. Recalling (4.9), we have

2
N(—(GQ)U‘ — (G + (G + (G ). (7.45)
We first estimate the terms in (7.45) which do not contain the index I. For the terms (G2);;+(G?)i,

using the definition of the Green’s function (H — z)G = P, and then using (4.12),

8fjlm =

1 1
e 2 AnAiCu(—(C)y + (6)u) = e 2 An(AG)y(~(G)y + (G*)a)
ij ij
(d—1)4/2 ) ,
= g 2 Aiw(zG + Py (—(G%)y + (GP)ir) (7.46)
ijk
1 Im[m] A, Im[m]
=< NQdQ%I;Azk’(ZG—FPJ_)Zﬂ N"? d N?] ,

where in the second equality we used that AG = (d — 1)V2(H — 2z + 2)G = (d — 1)Y/?(2G + Py).
For the terms which do not contain the index i, (G?);; — (G*)1, analogously,

1 9 9 Ao Im[m]
N2 %AikAleil((G )it = (G )w) < a4 Ny (7.47)
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We plug the estimates (7.46) and (7.47) into (7.44), and get

1 r—1 pr r—
)3/2 ZE{AikAleilijaijl(Pa 1Pa )} < |Pa‘2 2 . (748)
igkl

Ao {Im[m]lpé\
- - o | LTl
NZd(d — 1) £

d Nn

The same argument applies to the term G;;Gy;, and we have the same estimate as (7.48).
To estimate the term —G;;Gj; in (7.39) we use the following Claim 7.7, which concludes the
proof. O

The following claim uses a cancellation that exploits that the graph is regular.

Claim 7.7. We have

1 Ay Pkl pr—1pr A?l Im[m]| Py 2r—2 d 2r—1
N2d(d—1) %E[AlkAﬂlG“GnDij (P P < de{ Ny 1 ] + SEIR
d\/? Aq Im[m”Pé\ Im[m] %\° 2r—s—1 Im[m] 2r—1
+ <N +d> 1<Isria2}r(—1E[< N +< N ) | Py +IE[N77 | P }

(7.49)

Proof. Using >;;(Ai; —d/N) = 0 and Corollary 3.2 with the random variable F = m? Py ~' P} we
have

0= ]\/v(dl—l) ZE[(Aij — %)mQ(Pfng)]

ijkl
1 kl 2 r—1 pr d r—1 pr
= Nedd_ D) %E[Amjmﬁ(m (P P))] + O G E[C(R By, 4)]
_ 1 . o2kl pr—1pr d r—1 pr Im[m] ’ 2r—s
_ ]W_UU%E[AMAJW DE(Pr=1PI] +0g NIE{C(PQ Pa,A)} + max B (=1 1P| ,

(7.50)

where we used (4.24), the discrete derivative rule (4.6), and (7.12). The error C(PI~1Pr, A) is
estimated in (7.5).
Therefore, subtracting (7.50) from the left-hand side of (7.49), we get

41 AL DR pr—1 pr
T %E[AM]ZGHGMDU (B )]
= 71 AL el 2\ nkl pr—1pr
= Vad=T) ;jk:lE[AlkAﬂ(G”G” —m?) D (PP (7.51)

d r—1 pr Im[m] ° 2r—s
+ 04 (NE[C(Pa Pa,A)} +1I<I%TE[<N77 ) | Py :
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Using (4.7), we rewrite the first term on the right-hand side as

O r—1 pr
oy S E[ A A (GG, — m?) DE(PI )|
ijkl
S 1 kl 5
= X g O B[ Aw i GGy — m?)(0f)" (BB (752)
np=1""¢" ijkl

1

t b N2/ 242 SB[ A A (GuGyy — m?) (95" (Pr Py)(A + 0¢))]
: ijkl

for some random 6 € [0, 1]. As above, by choosing bs large enough, depending on r, we find that
the last line of (7.52) is bounded by N~2". Moreover, for terms corresponding to ng > 2 in (7. 52)

we have the following simple estimate. Using |G;; — m[ < Aqg, (7.12), and that >, Ay = > Aj =
we find
L kl\n r—1 pr
N2qn2/2+2 %E{ ik Aji(GiGij — mQ)(az‘j) (P IPa)}
ij
O(1) Im[m][Py|  (Im[m]\*\" o
= N2dn2/2+2 1<s<2'r IZEl ZkAled< NT] + ( NT] > |Pa’ (753)

Aq m[m]|Py | (Im[m]\*\"| 2 st
= dnz/2 1<Isga2§1E[< Nn +< Nn ) [Pl '

For the term in (7.52) corresponding to ny = 1, the estimate is more involved. We start by
writing

O(l) r—1 pr
N2d5/2 %E{AikAjl(Giiij - m2)6zkjl(Pa 1Pa ))}
ij
O(1) (7.54)

= o 2 B[ AnAn(GuGyy — m?) (r(@km) Py P2 + (r = 1) (9l m) PP Pal" %) |.
ijkl

We estimate the term >, AikA]lﬁ m; its complex conjugate » ZkA]lﬁ kL is estimated analo-
gously. We use (4.9) and estimate the resulting four terms one by one. For the term —(G?);,

1 I
N35/2 ZE[ ’kAJl m2)(G2)ijPé|Pa|2 2}
ijkl
1 T—
= N34l/2 ZE{ GiiG 5 — m?)(G?)i; Py Pal® 2}
ij
1 o
= N34L2 ZE{ +(Gjj —m)ym + (Gii —m)(Gjj — m))(G?)i Pyl Fal® 2} (7.55)
ij
1 = -
= g3 2 E|(C j = m) (G Pyl Pl ]
]

A2 Im[m”Pc” 2r—2
o[l ],
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where in the third equality, we used that the first two terms vanish after summing over index j and
i respectively because Y- :(G?)i; = 0 = >,(G?);5, and in the last inequality, we used |Gy —m| < Aq
and (4.11). For the term (G2);,
1 o
N3d5/2 zk:lE[AzkA]l(GuG]J — m2)(G2)ikPC/l|Pu‘2 2:|
ij
1 —
= < LE[(GuGis — m)(AG) Py P 2]
ij
7.56
(d—1)'? 2 2 5| D [2r—2 (7:50)
= NGB ZE[(G%G]‘]‘ —m?)(zG” + G)i; P;| Py }
ij
Ra [T0fmllP - oo
Sdp | M al) b j2r

where we used that AG? = (d — 1)Y2(H — 2z + 2)G? = (d — 1)/?(2G? + G) and (4.11). We have
the same estimate for the term (G?)j,

1

_ T_ A Im[m]| P! .
i 2 B[ A A(GaGg — m) (G2 Pal P> ] <ddIE[[ IZel,p 2 L )

ijkl Nn
For the term —(G?)y;, we use (4.11)
1 I
N2 ZME[AikAjz(Giiij — m?)(G?) i Py| Pal? 2}
ij

1 B -
~ N3d2 ZE[(G”GJJ - m2)<AG2A)ich/l’Pa‘2 2}
d-1 : ) (7.58)
= W ZE[(G“G” — m2)(22G2 + 222G + PJ_)Z-jPC’L’Pa|27"72}
ij
Aq - [Im[m]|P], o or—2
d3/2E|: NU |Pa’ :| s

where in the third equality, we used AG?A = (d — 1)(H — 2z + 2)G*(H — 2z + 2) = (d — 1)(22G? +
22G + P, ). We combine the estimates (7.55), (7.56), (7.57) and (7.58), and use that Aq > 1/V/4d,

O(l) D T— A2 Im[m”P/’ r—
T ZME[AikAjl(Giiij - ")l (Pl Pa )] < dl;gE[ Ny Rl 2} (7.59)
ij
The Claim 7.7 follows from combining (7.51), (7.53) and (7.59). O

Claim 7.8. For the term ny = 2 on the right-hand side of (7.35),

! kiy2 Kl pr—1pr
N%u_1ﬁﬂ§;EV%AM@ﬂ(GMDUG; gﬂ
v

A \P/|Tmfm]  (Tm[m]\2\® (7.60)
- a 2r—1—s
< 1<§%§—1El< Nu +< Nu ) ) | Py 1
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Proof. For i # j we use (8fjl)2Gij < A, from (4.13),

1 kl\2 kl pr—1 pr
N2d(d =132 %E[Aik/‘ﬂ(%) (Giy) DY (P Py
ij
Ao kl pr—1pr 1 kl pr—1 pr
= S Z};E[AikAjl‘Dij(Pa PD)] + HFR %E[Aimﬂmﬁ (P Py)] (7.61)
] 7

Ao [Pal ] | (Tm[m]\*\" ), o0y

Y 1<&%§1E[< Ng ( N ) IFl ’
where we used (7.37) for the second inequality. O

8. Analysis of self-consistent equation and proof of Theorem 1.1

In this section we analyse the recursive moment estimate (7.1) from Proposition 7.1, around the
spectral edges +2, and obtain an improved estimate for the Stieltjes transform m(z).

In the following, we focus on the right spectral edge; an analogous argument applies to the left
edge. For a fixed integer a > 1 and the same large constant 8 > 0 as in (2.10), we define the
spectral domain for the right edge (around the point z = 2) by

De:{2+ﬁ+in20<n<ﬁ,0<2+lséﬁ

d
+

Nzt *

& d3/? 1 1
NN " BNy (N2 |
Also recall mg from (2.5).

Theorem 8.1. Fiz an integer a > 1. For 1 < d < N?/3, the following holds uniformly for any
z=2+krk+1in € D..

o If k>0 then

1 d 1 \3 1
Im(z) —ma(z)] < (d +v+ (dNn)W) N2l (x| + )13
+1<1+d+d$+ G W S )
IR+ \d/2 " N T N2 T NI2g2 T N32l2 T N2 T 32Ny T (Np)?

(8.2)

o If K <O then

1 1 5/2 1 1/2 1 1 3 3/2
m(z) —ma(e)| < e [t S ) e[ L E )
(Nn)Y/2\ Nn = N d3/ V]s[+n\d¥2 N N2 N/Np

(8.3)

The analogous statement holds around the left edge.
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In this section, we use the notation X <Y to mean X = O(Y) and X <Y to mean X SY
and Y < X.

The estimate for the extremal eigenvalues of the random d-regular graphs, Theorem 1.1, follows
as a corollary of Theorem 8.1 and [20, Theorem 1.1], which states that with high probability, the
second-largest eigenvalue and the smallest eigenvalue of a random d-regular graph is of order O(1).

Proposition 8.2 ([20, Theorem 1.1]). Fiz ¢ > 0. For 1 <d < N?/3 and large enough N, there
exists a constant 8 depending on ¢ such that, with probability at least 1 — N~1/<,

max{A2, —An} < R (8.4)

Proof of Theorem 1.1. We recall the following elementary estimates on mg(z) which hold for
bounded |z|. Let z =24+ k+inorz=—-2—rk+infor 0 < n < K,0< 2+ k < K Then

V0Kl + if kK <
Im[md<z>]x{ i o

9

0
1 0. (8.5)

VALIRR]

This estimate follows from (2.5) and the analogous estimate for ms.; see, for example, [26, Lemma 6.2].
We choose a = 6 in Theorem 8.1, and take z = 2 + k + in € D, where

(L 1 d? N2
K B + N2/3 + N4/3 | n= N&'

In particular, < . Then under our assumption 1 < d < N2/3, (8.2) implies

1

Im(z) — mg(z)| < N (8.6)
Since Im[mgy(z)] < n/v/k < 1/Nn, we get Im[m(z)] < 1/Nn. Since any eigenvalue in [2 + K —
7,2+ Kk + n] would yield a positive contribution of size at least 1/Nn to Im[m(z)], this implies that
there cannot be any eigenvalue on the interval [2 4k — 7,2+ Kk +7]. Since we can take any & in the
interval [N(d—3 4+ N~2/3 + @2 N—%/3), R — 2], combining with Proposition 8.2, we conclude that with
probability 1 — 2N /¢ we have Ay < 24 N(d—3 + N~=2/3 4 2 N—%/3). Since ¢ > 0 is arbitrary this
implies the same conclusion with probability 1 — N~1/¢ as in the statement of the theorem. The
lower bound for An follows from the same argument. This finishes the proof of Theorem 1.1. [

8.1. Stability of self-consistent equation. Recall from Corollary 6.4 that for z € D,
|Pa(z,ma(2)] = \/|k| +1+0(d™?),  Pl(z,ma(2)) =2+ 0(d"?),  P(z,ma(2)) = O(1).
(8.7)

The following proposition on the stability of the self-consistent equation, relying on the above
square root behaviour at the edge, is essentially [12, Lemma 4.5].

Proposition 8.3. Fizr an integer a > 1. There exists a constant € > 0 such that the following holds.
Suppose that § : Do — C satisfies N~2 < 6(z) < € for z € D, and that & is Lipschitz continuous
with Lipschitz constant N. Suppose moreover that for each fized k, the function n+— 6(2 + k +1in)
is nonincreasing for n > 0. Suppose that for all z € Do we have

|Pa(z,ma(2))] + |Pa(z,m(2))] < 4(2). (8.8)
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Then we have for z =2+ k +in € D,

_ 3(2)
Im(z) — ma(2)| = O( ™ +77+5(2)>’ (8.9)

where the implicit constant is independent of z and N.

Proof. Let z =2 + k + in € De. By Taylor expansion, (8.7), and Proposition 2.1, it follows that

Py(z,m(2)) = Pa(z,ma(2)) + Py(z,ma(2))(m(2) — ma())

1 9 (8.10)
+ (Pa (2,ma(2)) + o(1))(m(z) — ma(2))"/2.

We abbreviate R(z) := Py(z,m(z)) — Pa(z,mgq(2)). There exists a(z) < /|x| +n and b(z) < 1,
such that

R(z) = a(z)(m(z) — mq(2)) + b(z)(m(z) — md(z))Q. (8.11)

With (8.11), Proposition 8.3 follows by a continuity argument that is essentially the same as
[12, Lemma 4.5]. O

8.2. Estimates on individual Green’s function entries. In the following we first prove some
estimates on the individual entries of Green’s function, which slightly improve the estimates on the
diagonal Green’s function entries from [9, Theorem 1.1] using the results from the previous sections.

Proposition 8.4. Fiz 1 < d < N?/3. Uniformly for z = 2 + k + in € D, we have (4.1) with A,
and Ag given by (2.13). The analogous statement holds for the left edge.

Proof. From Proposition 2.1, we have (4.1) for all z € D, with A, and Aq given by (2.11). (In all
all bounds below, A, and Aq will continue to be given by (2.11).) By the rough bounds Im[m| < 1
and |P}| < 1, it follows from Proposition 7.1 that

A2 P.|2r—2 1 d3/2A
E[|Pa|2r]_< dEP ll‘ ‘|+< + 0>E[Pa|2r—1]

dqi/2 Nn de/2 N
(8.12)
N B ’Pa|2r—s N E N A(Q) N dAO E ‘Pa|2r—s—1
16553 | (Nn)? d a2 N Jissszor | (Np)p |
By Jensen’s inequality, we get from (8.12) that for any r > 1,
1 AQT 1 d37"A27‘
2r d o
E[‘Pa(27m(2))| ] < % + dar + (NT])QT + Nor (813)
Therefore
1 AZ 1 d32A,
|Pu(2’,m(2))| < da/Q +W+N777+ N (8.14)
uniformly for z € D,. Taking
1 A2 1 d3PA
_ N d oy = °
d(z)=N (d“/2 + 712 + N + N , (8.15)
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in Proposition 8.3, where ¢ > 0, we obtain

N U BN 1 @2
do/4 dl/4 (A7\777>1/27L N1/2 -<dl/27L N +m'

where the last bound follows from the definitions of A, and A4 in (2.11) and taking a > 2. The
proof is completed by applying [9, Lemma 5.4]. Indeed, thanks to [9, Lemma 5.4], we have

Im(z) — ma(z)| < (8.16)

VN
With (8.16) as input and noticing that |ms.(2) — mg(z)| = O(1/d), we get

3/2
14 (m(2) + 2)Gi(z) = O (dll/Q + dN T ) (8.17)

3/2
1+ (mse(2) + 2)Gii(z) = O« <d11/2 + dN + \/]1V777> (8.18)

Using (2.7) we obtain

1 @32 1
Gii(z) — mge(2) = O4 <d1/2 +— \/W)’ (8.19)
from which we deduce that
1 a3 1
max[Gii(2) —ma(2)| < —75 + 7 + NOTh (8.20)
as claimed. 0

8.3. Proof of Theorem 8.1. Throughout this section, we abbreviate A(z) = |m(z) — my(z)],
and ®(z) = Im[mgy(z)]. Then Im[m] = ®(z) + O(A(2)), and Pi(z,m(z)) = Pi(z,mq(z)) + O(A(z))
from Corollary 6.4. Moreover, we take A, and Aq to be given by (2.13). By Proposition 8.4, we
know that (4.1) holds for any z € D.. Notice that Proposition 7.1 implies that, for any z € D,

A2 Tm[m]|Py|\* s m[m]| Py
2r o a 2r—s—1 2r—2
BRI < s g | () | n [ ]
A, m[m]| P, |2 2r—3 1 d3/2Ao 2r—1 Im[m]* 2r—s
+Cp/zE[ (Nn)3 |l gt BRI H&I%TEK N7 ) [Pl }

(8.21)

We notice that for z = 2+ k +in € De, |Pi(z,m(2))| < V/|k] + 1+ A(z). By Jensen’s inequality, it
follows from (8.21) that

2\" . r
E[|P(z,m(:)|”] <E[< L dAm> <<<I>+A><m+m> ]

Nn

+E +E

1 a32a,\ 7
da/2+ N

(8.22)

() o) e

N77 d1/2 (Nn)zr

Before proving Theorem 8.1, we prove the following weaker estimate which will be used as an
input in the Proof of Theorem 8.1.
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Proposition 8.5. Uniformly for any z = 2 + k + in € De, we have

A(z) = [m(z) —ma(2)] < \/|&] + 7. (8.23)

Proof. Thanks to (8.5), we have ®(z) < /|| + 1. From our choice of the spectral domain D, in
(8.1), we have

1 1 d32A, A2 1
<L o <
N77 X "{| +1n, 492’ N 42 N’n X |K/| +n. (824)
Thus (8.22) implies
E|[|Pa(z, m(2)I*"] < (6] +m)*" + (16| + n) E[A(2)"]. (8.25)

We have the Taylor expansion (8.10)
Pa(z,m(2)) = Pa(z,ma(2)) + Py(z,ma(2))(m(z) — ma(2)) + (1 + o(1))(m(z) — ma(2))?, (8.26)

where we used that P/ = 2 + O(1/d"/? + d/N), P" = O(1), and A(z) < 1. Rearranging the last
equation (8.26) and using the definition of A, we have arrived at

A(2)* S A I8] + 1+ |Pa(z,m(2))| + | Pa(z,ma(2))], (8.27)
and thus
E[A(2)"] S (&l + 0) " E[A(2)*] + E[| Pa(z, m(2)) '] + |Pa(z, ma(2)) |7, (8.28)

for any fixed integer r > 1. Now we replace E[|P;(z,m(2))|?"] in (8.28) by the right-hand side of
(8.25). Moreover, on the domain D, from Proposition 6.1, we have |Py(z, mg(2))| < |k| +n. With
E[A(2)%] < E[A(2)*]"/? by the Cauchy-Schwarz inequality, we thus obtain

E[A(2)"] < (8] +m)*, (8.29)
for any 7 > 1. The claim A(z) < /|| + 1 follows from Markov’s inequality. O

Proof of Theorem 8.1. We assume that there exists some deterministic control parameter ©(z),
for any z = 2 4+ k + in € D,, we have the a priori estimate

|m(z) —mg(2)] < O(2) < \/|&|+n. (8.30)
From (8.22) we get

1 Ag)1/2<(<1>+@)\/m\+n>”2+@+@

]Pa(z,m(z))\ = (]\777 + d1/2 Nn Nn (8 31)
Ao 1/3((I)—I—@)1/3(|H|—|—77)1/3 1 d3/2AO
" <d1/2> Nn w2t TN
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Since ® + O < /|k| +n, (8.31) simplifies to

\Pu<z,m<z>>y<<1 &/ 1>1/2<<¢+@>W>W

No T v T Nn

A, 1/3 (‘b —|—@)1/3(’/£‘ +77)1/3 1 d d3 d3/2
(d1/2> Nn w2 TN TN T NN7y )

N = NZ
To conclude the proof, we consider the cases k < 0 and k > 0 separately. If x < 0, then we
have ®(z) < /|k| + n, and (8.32) simplifies to

1 d5/2 LN\ en\Y2 (1 4 B B2
- 8.33
|Pa(z,m(2))] < <N + d3/2> < Nn ) + d9/2 + N + N2 + N/Nn )’ ( )

Thanks to Proposition 8.3, by taking d(z) the right-hand side of (8.33) times N, we get

(8.32)

(1 a2 1\ 1 1 L
o« (R N (1 ey
(Np)/2\ Nn = N a3/ VIE[+n\d¥2 N N2 NNy

(8.34)
This finishes the proof of (8.3).
If k > 0, then ®(z) < n/+/|k| + 7, and (8.32) simplifies to
P 1 d & 1 d3/? 1
| Pa(z,m(2))] < ) TN TN T N1/23/4 + N3/2q1/2 + Npi/2
Ao NP Ukl + 0" 1ys (6l +m)MO
0 /3 n
+ <d1/2> ( N e/ + N2/ (8.35)

1/2 1/2
+<1 >/ 1) <\/|H|+77> ol/2.

Np TN TP Ny
Thanks to Proposition 8.3, by taking d(z) to be the right-hand side of (8.35) times N¢, we get
1 ( 1 4 & 1 d®/? 1 )

|m(2) —ma(2)| < NCET At N Tt vaEat N2 + Noi/2

N N2
A, \ /3 1 1
o @1/3 ) i
* <d1/2> (Nn(\HIJrn)l/ﬁ +Nn2/3(\ff|+'n)1/3 (8.36)

5/9 1/2 1/2
+ L+d/ b ! el/2
Nn N2 = g3/2 NIkl +n

Since the exponent of © on the right-hand side of (8.36) is less than 1, by iterating (8.36) a bounded
number of times and recalling the definition of <, we get

1 d 1 1/3 1
Im(z) — mq(2)| < (d+N+ (dNn)1/2> L
1 1 d & 1 d?/2 1 1 1 (8:37)
* \/W(daﬂ N * N2 + N1/243/2 * N3/2p1/2 T Nnl/2 T d3/2Nn T (Nn)2>'
This finishes the proof of (8.2). O
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9. Edge universality: proof of Theorem 1.3

In this section we prove the edge universality of random d-regular graphs in the regime N2/9 <« d <«
N1/3 where Theorem 1.1 provides optimal bounds on the extremal eigenvalues. Thus, throughout
this section we assume that there exists a universal constant ¢ such that

N2/9+e < d < N1/3—e. (91)

Our strategy is based on the usual three-step approach of random matrix theory [26]. Starting
from the (rescaled) adjacency matrix H = Hy from (1.1), we run a matrix-valued Brownian motion
H(t). Using the rigidity estimates from Theorems 1.1 and 8.1 combined with [49], we deduce that
for t > N~1/3 the matrix H(t) has GOE edge statistics; see Proposition 9.8 below. The main work
in this section is a comparison argument to show that Hy and H(t), t > N~'/3, have the same
edge statistics; see Proposition 9.11 below. This comparison argument has the same spirit as the
one from [7]. Its underlying principle is that for large d, a Markovian switching dynamics of the
graph that leaves the random regular graph invariant is well approximated by Brownian motion,
when considering observables that characterize the local spectral statistics. The main difference to
[7] is that, since we are working at the edge, we need to incorporate precise rigidity estimates on
the locations of the eigenvalues near the spectral edge, and the necessary cancellations are more
delicate.

We recall the constrained GOE W as introduced in [7, Section 2.1]: W is the centred Gaussian
process on the space M := {H € RV*N : [ = H* H1 = 0} with covariance E(W , X)(W,Y) =
(X,Y), where (X,Y) := J Tr(XY) for X,V € M. Explicitly, its covariance is given by

E[W;j Wy = ;(@k - i,) (5jl — ]i,) + ;(52‘1 - ;) (5jk - ]17) (9.2)

It may be viewed as the usual Gaussian Orthogonal Ensemble restricted to matrices with vanishing
row and column sums. The following result is a straightforward consequence of (9.2).

Lemma 9.1. For the constrained GOE W we have the integration by parts formula

E[W;; F(W N3 Z]E [0f F(W (9.3)

Next, we define the matrix-valued process
H(t) :=e "?H + 1 —etW, (9.4)

where H was defined in (1.1) in terms of the adjacency matrix of the d-regular graph. Thus,
H(0) = H and H(oo) = W.

We recall the projection matrix P = I —11*/N from Section 2. Then the matrix H(¢) and P,
commute, i.e. H(t)P, = P, H(t). For z € C4 = {z € C: Im[z] > 0}, we define the time-dependent
Green’s function by

G(t;z) == P (H(t) — 2) 1Py, (9.5)

so that G(t;2) and (H(t) — z)~! agree on the image of P, i.e. the subspace of RV perpendicular
to 1 which carries the nontrivial spectrum of H(t). The matrix H(t) has a trivial eigenvalue
A1 (t) = e7¥2d/\/d — 1 with eigenvector 1. We denote the remaining eigenvalues of H(t) by Aa(t) >
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Az(t) = - An—1(t) = An(t), and the Stieltjes transform of the empirical eigenvalue distribution of
H(t)Py by m(t; z),

Mz

m(t; z) = NTrG (t; 2) (9.6)

_1
N :2

Definition 9.2. An event holds with very high probability if for any ¢ > 0 it has probability at
least 1 — O (N~1/°).

Under the assumption (9.1), we have the following corollary of Theorems 1.1 and 8.1.

Corollary 9.3. Fix a constant ¢ > 0 and suppose that N2/9%e < g < NY3=¢. Then, for any fized
¢ > 0 we have with very high probability

A2(0) — 2|, [An(0) + 2] < N72/3%, (9.7)

and uniformly for any z = E + in, with —4 < E <4 and n > N~2/3,

1 d
m(0;2) —mg(2)| < N[ — + —|. 9.8
m(0;2) — ma(z)] (Nn Nﬁ) 98)
Remark 9.4. As an easy consequence of Corollary 9.3, we have that for any z = F + i, with
—4 < E<4andn> N723% Tm[m(0; 2)] < Im[mg(2)].

9.1. Free convolution. The asymptotic eigenvalue density of the matrix H(t) is governed by
the free additive convolution of the rescaled Kesten—-McKay measure with the semicircle law at
time s = 1 — e~!. We recall some properties of measures obtained by the free convolution with a
semicircle distribution from [11]. The semicircle density ps.(z) is given by (2.6), and the semicircle
density of variance s is s~ /2p.(s7'/2x). Given a probability measure 1 on R, we denote its free
convolution with a semicircle distribution of variance s by us. The Stieltjes transforms of p and g
are given by G, (z) = [ du®@) 4nd Gu,(2) =/ d“%(z) respectively. Then the following holds [11].

r—=z T

< 1}, Then z — 2 — sG,(2) is a homeomorphism

(i) We denote the set U, = {z € C : [ 2 = x\Z
from U, to C; UR and conformal from U, to C,. We denote its inverse by F us - CHUR — Us.

(ii) The Stieltjes transform of ji, is characterized by G, (z) = G, (2 — sGu(2)), for any z € Us.

By the inversion formula for the Stieltjes transform, we deduce from (ii) that the density of s
is given by dpus(z)/dx = Im[G,(F,,(x))]/.

The asymptotic eigenvalue density of W is the semicircle density psc(x) and the asymptotic
eigenvalue density of v/1 — e~t W is the semicircle density at time s = 1—e~t. The asymptotic eigen-
value density of H(t) is the free convolution of rescaled Kesten-McKay law p(dz) = e'/2py(et/?z)dz
at time e~! and the semicircle density at time 1 — e~t. We denote its density by pg(t;x) and its
Stieltjes transform by mgy(t; z) = [ p‘;(if?dw. Since G ,(e7/22) = e!/?my(z), we deduce from (i) and
(ii) above that

ma(t; Sat; 2)) = ePma(2), (9.9)
where

Ealt;2) = e 22 —e!2(1 — e HYmy(2) (9.10)
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is a homeomorphism from the set {z € Cy : [ £4 = Z|2 < =45} to C4 UR. We denote the
functional inverse of £;(t;z) by Fy(t;z) which is a homeomorphism from C; UR to the set {z €

Cy:Jf |§d_(:|)2 dz < 715}, Thus, pa(t;2) = Im[mg(Fy(t; 2))]/m. To find the support of the measure
pa(t; ), we notice that there exists z5(t) € R such that {z € C; : [ |pd @) 4z = A1} consists

z—z|?

of the intervals (—oo, z; ()] U [z (t),00) and an arc C from z; (t) to 2} (t). Those two endpoints

25(t) € R are the largest and smallest real solutions to

pal@) 4, 1 (9.11)

|z — 2|2 et —1’

and the function Fy(t;2) maps the support of pg(t;z) to the arc C. As a consequence, the right
and left edges of the measure p,4(t; z) are given by

Ef(t) = &alt: 75 (1) = e /225 (1) — e/2(1 — e )ma(2 (1)), (9.12)

Lemma 9.5. Let Ly =2+ t/d. Then the right and left edges of the measure py(t;x) are given by

EF(t) = (Lt + O(t3 d13>> (9.13)

Proof. From (2.7) and (2.5) we recall that for any z € C,

z = —mMgc(2) — ! mg(z Mse(2)
= —mgc(2) ee(2)’ d(2) = 73 )/(d=1) (9.14)
By taking the derivative we obtain
oy MR m()/(d 1)
M= T2 o) - ma () - D) 19
We can solve for 27 (t) using (9.11) and (9.15),
L pa(z) o _ ma (g )+ mE (25 (1)/(d - 1))
717 ) o eop =) = T o - mi a1
In the regime t < 1 and d > 1, we can solve for msc(zd (t)) from (9.16) and get
2
mee(2E (1)) —i(l—;—;’;—thro(ﬁ ;3)) (9.17)
Using (9.14), (9.17) implies that
1 t2 1
) =~ 0) = e = 7 (2 P dg)> -
_ Mo (27 (1)) _ t 1 1 '
malef ) = ety =+ (15 0P+ 7))

Lemma 9.5 follows by plugging (9.18) into (9.12) and expanding the exponents to third order. [
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9.2. Rigidity and edge universality of H(¢). In this section we collect some estimates on the
Green’s function G(t; z) and the Stieltjes transform m(¢; z) of H(t), and state the edge universality
result for H(t) when ¢t > N~1/3. All statements and estimates in this section follow directly from
[1,16,49].

First, using the rigidity estimates of Corollary 9.3 as input, the rigidity estimates on the Stieltjes
transform m(t; z) of H(t) follow from [1,49].

Proposition 9.6. Fiz a constant ¢ > 0 and N2/9t¢ < d < NY3=¢. For an arbitrarily small
constant ¢ > 0 and any time 0 < t < 1, with very high probability we have

Xa(t) — Le|, |An(t) + Ly| < N™2/3+¢, (9.19)

and uniformly for any z = E +in, with —4 < E <4 and n > N~2/3,

7_’_7
Nn  N/Mn

where Ly = 2 +t/d and my(t; z) is defined by (9.9) and m(t;z) by (9.6).

m(t: 2) — ma(t; )| <Nc< S ) (9.20)

Using the rigidity estimates from Corollary 9.3 and the estimates on the Green’s function
entries of H(0) from Proposition 8.4 as input, the entrywise estimates on Green’s function of H (t)
with ¢ > 0 follow from an argument similar to the proof of [16, Theorem 2.1]. We remark that
in the statement of [16, Theorem 2.1], it assumed that Im[my] is bounded from below and that
t > n.. However, in the proof of [16, Theorem 2.3], these assumptions are only used to show that
|mi(2) — myc(2)] is small. With the required estimate of |m(2) — my.+(2)| already established by
(9.20), the remaining part of [16, Theorem 2.1] does not use that Im[my] is bounded from below
or that ¢ > n,. Therefore, with (9.20) given, the remaining proof of [16, Theorem 2.1] applies and
gives the following result on the entrywise estimates of Green’s function of H(t).

Proposition 9.7. Fiz constant ¢ > 0 and suppose that N¥/9t¢ < d < NY/3=¢. For an arbitrarily
small constant ¢ > 0 and any time 0 <t < 1, with very high probability we have

1 1
ij(t;2) = diyma(t; 2)| K N -5 + —== | 21
|Gij(t; 2) — 0iymal(t; 2)| (d1/2 + m) (9.21)

uniformly for any z = E +in, with —4 < E <4 and n > N~2/3,
The edge universality of H (t) for t 3> N~/3 follows from the following result due to [49].

Proposition 9.8. Fiz a constant ¢ > 0 and suppose that N*/9t¢ < d < NY/3=¢. Let 9 > 0 be a
sufficiently small constant and set t = N~V/3T Let H(t) be as in (9.4), which has an eigenvalue
M (t) = e ¥2d/\/d—1, and we denote its remaining eigenvalues by Xa(t) = A3(t) = --- Ay_1(t) >
An(t). Fixk > 1 and s1,s2,--- ,sk € R. Then

Prrey (NP (i (t) — L) > 50,1 < < ) .
= Poon(N3(pi = 2) > 51,1 <i < k) +o(1), ‘

where Ly = 2 +t/d is as defined in Lemma 9.5, and py > pa = -+ = pn are the eigenvalues of a
the Gaussian Orthogonal Ensemble. The analogous statement holds for the smallest eigenvalues.
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Remark 9.9. By an appropriate modification of the analysis of Dyson Brownian motion from [49],
Proposition 9.8 also holds for the joint distribution of the k largest and smallest eigenvalues. In
particular, this implies that, under the same assumption as in the previous proposition, the asymp-
totic joint distribution of N%/3(\o(t) — Ly, —An(t) — L;) is a pair of independent Tracy-Widom;
distributions. Moreover, Proposition 9.11 below can be extended, by merely cosmetic changes, to
also cover the joint distribution of k£ largest and smallest eigenvalues. Thus, we get the following
extension of Theorem 1.3.

Theorem 9.10. Suppose that N*/9 < d < NY3. Fiz k > 1 and sf, sét, e ,sf € R. Then

Pr (NP (st = 2) > 5§, N3 (=Anp1s = 2) > 57,1 <i < k)

7

= PGOE<N2/3(M1' ~2) = 57, N3 (—pnj1-i —2) 2 57,1 <6 < k) +o(1).

9.3. Green’s function comparison. In this section we prove the following short-time compar-

ison result for the edge eigenvalue statistics of H(t).

Proposition 9.11. Fiz a constant ¢ > 0 and suppose that N2/9t¢ < d < N/37¢. Let 9 > 0 be a
sufficiently small constant and set t = N~Y3 . Let H(t) be as in (9.4), which has an eigenvalue
() = e ¥2d/\/d =1, and we denote its remaining eigenvalues by Xo(t) = A3(t) = -+ Ay_1(t) >
An(t). Fix k> 1 and s1,82,--- , s, € R. Then

PH(N2/3()‘i+1(0) —2)>s;,1<i< k)
(9.23)
= Prry (N3 (iga(t) = Lo) > 51,1 < i < k) +0(1),

where Ly = 2+ t/d is as defined in Lemma 9.5. The analogous statement holds for the smallest
etgenvalues.

Before proving Proposition 9.11 we use it to conclude the proof of edge universality of random
d-regular graphs, Theorem 1.3.

Proof of Theorem 1.3. Combine Propositions 9.8 and 9.11. O

The rest of this section is devoted to the proof of Proposition 9.11. For any E, we define
NUE) :=|{i >2: \(t) > Ly + E}|, (9.24)

and we write Ny(E) as N(E). We take £ = N~2/379/9 and 5y = N=2/37%_ Then with very high
probability, from Propositions 9.6 and 9.7, with (8.5) and (9.9), and with the fact that » Im[m(¢; L+
k-in)] is a monotone decreasing function of n (which is immediate from the spectral representation),
for any |k| < N=2/3° we have

Im[m(t; Ly + k + in)] < N~V/3+C? (9.25)
and similarly, since max;; n|Gi;(t; Ly + £ + in)| is decreasing in 7 (see [9, Lemma 2.1]),

max |Gyj(t; Ly + £ +in)| S N, 37 |Gij(t; Ly + ki + in)|* < NY/3TO (9.26)
1) .
)
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Moreover, we have |9,m(t;2)| < Im[m(t;z)]/Im[z] < NV3+C? for any z with |Re[z] — L;| <
N=2/3+% and N=2/372 < Im[z] < N~%/3. Therefore, by integrating from z = 2 4+ x + i to
z=2+k+iN"2/3 we get with very high probability

m(t; Ly + k +in) = m(t; Ly + k + iN72/3) 4 O(N1/3+C?)

9.27
=ma(t; Ly + £ +IN"23) 4 O(NTV3E) = my(t; B () + O(N /319 = —1 4 0(1/d) (927

where we used Lemma 9.5, Proposition 9.6 and the square root behavior of the density pq(t; x):

[ma(t; Lo+ 5+ IN"23) —mg(t; B ()] = \/|Lo + 5 +IN=2/3 — Ef ()] S N7V (9.28)

which follows from [1, Proposition A.1].
Next, we define

U 1 1
XB(@) = Yig ooy (@ = L), 00(@) = Sy = S Im

(9.29)

We have that A\ (t) = e /2d > L; and with very high probability it holds A\g(t) < L; + N~2/3+?
by Proposition 9.6. By the same argument as in [47, Lemma 2.7], we get that

Te(xmse + ) (H(1) — N~ < N(E) < Tr(xmo + 0)(H (1)) + N~ (9.30)
with very high probability. Let K; : R — [0, 1] be a monotonic smooth function satisfying,

[0 ife<i—2/3,
Kl(x)_{ 1 ifz>i—1/3. (9-31)

Since 1, (g)>i = Ki(Ni(F)) and K; is monotonically increasing, we have

Ki(Tr(xg4e % 0n) (H(1))) + O(N ™) < Ly (=i < Ki(Tr(xm—e * 0y) (H(2))) + O(N ). (9.32)

In this way we can express the locations of eigenvalues in terms of integrals of the Stieltjes transform
of the empirical eigenvalue densities:

k
< Ph (N2/3()\¢+1(t) — L) > s,1<i< k) = ElH th(SiNz/s))i] (9.33)
=1
For the product of the functions of Stieltjes transform, we have the following comparison theo-
rem.

k N N7 /9
. - . . -
Ep s L|:|1 K; <Im l - / . m(t; Le +y +in) dy| || + O(N )

N—2/3+0

k
N .
< Egg [H K; (Im [7( /s~N—2/3 , m(t; Ly +y +in) dy
i=1 i -

+O(N—°/9).

Proposition 9.12. Fiz constant ¢ > 0 and N¥/9t¢ < d < NY37¢. Let 0 > 0 be sufficiently small
and set t = N=Y34 gnd n = N=2/372 Let F : R¥ — R be a fized smooth test function. Then for
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Ey\,Ey,--- Ep = O(N_2/3) we have

N—2/342 k
Eyg|F {Im[N/ m(O;Lo—l—y—Fin)dy]}
Ei i=1
N—2/3+0 k N2/3+Cop  N1/3+Cy
=Eg {F<Im[N/E m(t; Ly +y + in) dy] }H) +O< BT T >

(9.34)

Proof of Proposition 9.11. Since d > N2/°t¢ and t = N~Y/3+% for d small, the error terms in
(9.34) are of order O(N~?). By combining (9.33) and (9.34), we thus get

Pr (N2/3()\i+1(t) —Ly) > s+ 2N, 1 <i < k‘)

-k -N N—2/3+0 T\ 7 /
. - . : —0/9
< EH(t) -izl_ll K; (Im - 7 Jon—2r540 m(t, L, + Y+ 177) dy_ )_ + O(N )
<Py (N2/3()\i+1(0) —Lo) >s,1<i< k) + O(N—°/9) (9.35)
-k -N N—2/3+2 T\ T /
. - . : —0/9
< EH(t) -izl_ll K; (Im - 7 Jon-2r5_s m(t, L, + Y+ 177) dy_ )_ + O(N )
<Pry (N*Piga(8) = Le) > 5 = 2NP0,1 <i < k) + O(N ).

Since N2/3¢ = N9 « 1, (9.23) follows. O

Proof of Proposition 9.12. For simplicity of notation, we only prove the case k = 1; the general
case can be proved in the same way. Let

N—2/3+0

X =Im lN/ m(t; Ly +y +1in) dy] . (9.36)
E

We shall prove that

N2B3¢ N3t
ELF(X,)] - E[F(Xo)]| < w( R (9.37)
The derivative of E[F'(X;)] with respect to the time ¢t is
d dXt N—2/3+D . 8m .

—E[F(X))| =E|F(Xy)—| =E|F'(X})1 N» Hiji(t)==—+1L 2
GEFO0) = B[P0 G| = B| P m [ X0 + 1 6% |
N—2/3+0 . .

=E|F'(X;) Im : = Hij(1)GaiGaj + L Y G5y | dy
ija ij
(9.38)

where we abbreviate G(t; L +y+in) and m(t; Ly +y-+in) by G and m respectively. In the following,
we estimate the right-hand side. By definition,
1 et

Hij(t) = ——e 2 Hyj + — =Wy 9.39
(1) 26 ]+2m J ( )
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In the following, we use the notation 81-"3-[ applied to a function of H(t), such as G or m, to denote
the directional derivative (4.5) with respect to H(t). For any directional derivative 0 we therefore
have

0 0
F(H({t))=e¢ 2 0F(H ——F(H(t)) =1 —etdF(H
SF(H() = e POR(H(), o F(H() = VT - e OF (H(t
Plugging (9.39) into (9.38), and using the Gaussian integration by parts (9.3), we therefore obtain
ot
=Y E|H(t)F'(Xt)GaiGja| = ZEK “2H; _Wij>F’(Xt)GmGja]
ija [ } ija V1—e ¢
o—t/2 (9.40)
ZE i (F'(X1)GaiGa)] — Z E[0f} (F'(X1)GaiGja)]-
2 ija 3 ijkla

To estimate the first term, we apply Corollary 3.2 with the random variable F;; = F'(X¢)G4iGjq in
(3.7). Since C;j(Fij, A) < |GaiGjal, using the Ward identity (4.2) and }°,;; A;j = Nd, the resulting
error term is bounded by

1 dE[AyCy(Fy, A)] d/? 3
Z E AZJ‘GMG]GH
Vd—1 N N £

ija

< Cd3/2N1/3+CD : (941)

d3/2 E[Im m]
n

in the last inequality, we used (9.25) and that n = N=2/37? and |x| < N=2/3%%, In summary, Taylor
expanding the discrete derivative in (3.7) and noting that the first term on the right-hand side of
(3.7) vanishes by >, G4 = 0, we find that (9.40) is bounded by

—t
o ZE[AikAjlﬁfjl(F’(Xt)GaiGm} o 32 [0 (F'(X4)GaiGia))

ONd(d 1) e

o—(n+1)t/2 (9.42)

" Z 2Nd(d —1)(n+D/2p) £

Z E[ A Aj(0F)" (F(X0)GaiGja) | + O(d¥/2N1/3+C7)

for some constant b. The terms in (9.42) are estimated in the following two claims; we postpone
their proofs to the end of this section.

Claim 9.13. For the first two terms in (9.42) we have,

—t

S" E[Ai A0l (F/(X0)GaiGia)| — Z E[0F (F'(X))GaiGja)]

2Nd(d—1) ihia 2N3 ki
o[ (049
ij
Claim 9.14. For any n > 2, let,
e (n+1)t/2 » ,
T = 2Nd(d— e Z E[ A Aj (08" (F'(X0)GaiGja) |- (9.44)
Then, we have the estimates
NA/3+CY 14O
2
J2 = —*ZE F/ Xt)GZ_]] +O( d3/2 + d1/2 >7 (945)
ij
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NA/3+Co 140D

2
ZE X;)G7) +O< Gt | (9.46)

and for any n > 4, J, = O(N*/3+C? /qn=1)/2),

It follows from Claims 9.13 and 9.14 and (9.42) that (9.40) can be estimated by
= Y E[Hi(0)F'(X0)GaiGla| = ZEF’ (X:) G2 — ZEF’ (X)G2]
ija
N4/3+Ca N1+CD
/ 2
+ = ZE [F"(X1) Gy + O( yEE + 7172 (9.47)
ij

— _7Z]E [F'(X)G3] + O(

N4/3+C0 N1+Ca>
ij

d3/2 + dl/2

From Lemma 9.5, we recall that L; = 2+t/d, i.e., Ly = 1/d. Therefore plugging (9.47) into (9.38),
the two terms in (9.38) cancel up to an error, and we get

N—2/3+2 N4/3+Co  p1+C0 N2/3+Co  N1/34+C0
d —E[F(X;)] = IEV O( + ) dy] = O( - ) (9.48)

dt B d3/2 dl/2 d3/2 dl/2
and (9.37) follows. This finishes the proof of Proposition 9.12. O

Proof of Claim 9.13. We have
O (F'(X1)GaiGia) = O (F'(X1))GaiGja + F'(X1)0f (GaiGia)- (9.49)

For the first term in (9.49), with very high probability we have

N72/3+D
O F!(Xy)| = ‘F”(Xt) Im [N /E OFlm(t; Ly +y +in) dy || < N~V/3HO?, (9.50)

where we used (4.14) and (9.25). Therefore, the sum arising from the first term in (9.49) can be
estimated as
—t

- A (P .
VA1) 2 P AR (P0G

—t d2 N1+Ca>

- 2Nde(d —1) ; Z WE[akl(F'(Xt))GaiGja} +0 (dl/2 (9.51)

N1+CD

kl

- %E[@ (F'(X)) )GG,GN}Jro( e )
ijkla

where we used Corollary 3.4, (9.50) and that with very high probability 3°;; [(G?)i;| = N Im[m(t; L+
y +in)]/n < N¥3+C? from (9.25). For the sum corresponding to the second term in (9.49), we use

58



the notation A(t) = v/d — 1H(t) and write

—t

m % E[As AP (X008 (GuiGya)]
:W(ld_l)%axa[m )A(1)F' (X0 (GuiG)| -
21;;2\/1_761/2 Zkl:aE{ szjz+WikAjl)F/(Xt)az‘l?l(G‘“'Gj“)} |
_(12_]\7‘? S E[WaWiF'(X0)08 (GaiGla).

ijkla
We can estimate the second and third term on the right-hand side of (9.52) using Lemma 9.1, e.g.

e 21—t u
2Nd(d —1)1/? > B[ Wik A F' (X0l (GaiGsa)|

ijkla
e—t/2(1 —t)

o'k kl
~ 2NTd(d — )1/2 mzk E[Au04 (F/(X0)0k (GuiGia))| (9.53)

(1 N1+Co
:O<2N4d s 2, Elptmiml/n] | =O{ =~ ).

z]klz/k’

where in the third line we used (4.12) and (9.25). In the same way, we in fact have that the second
and third term on the right-hand side of (9.52) are all bounded by O(N'+€?/d!/2).

In the following we estimate the first term on the right-hand side of (9.52). These are terms in
the form 3,1, Air(t) Aji(t) F'(X¢) x {monomial of Green’s function entries}, where, we recall, the
Creen’s function is that of H(t) = (d — 1)"'/2A(t). For them we can

(i) sum over indices which appear only once and use the relations 3°; A;;(t) = >°; A;;(t) = e t/2d
and >, Gij = >-; Gij = 0 to get expressions involving Tr G2, Tr G3, or A(t)G;

(ii) simplify the expressions using the identity A(t)G = GA(t) = (d — D)V2(H(t) — z 4+ 2)G =
(d—1D)Y2(2G + Py);

(iii) estimate the final expressions using (4.11), (4.12), (9.27), z = 2+ O(N~/3H) max,,; |Gi;| <
1/V/d and max; |Gy; + 1| < 1/+/d from Proposition 9.7.

Using the above procedure, we get that

> A Au(0)95 (GuiGa)
ke (9.54)
= 2t (Tr G® + NmTr G?) + 4(d — 1)N Tr G? + O(N7/3+C?),
and
> 08 (GaiGja) = —2N*(Tr G* + Nm Tr G?). (9.55)
ijkla
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It follows by combining (9.51), (9.54) and (9.55) that

e—t

2Nd(d— 1)
1
2Nd(d —1)

> E|AuAudl (F(X0)GaiGia)| — 5773 g DM (F'(X0)GaiGa)]
ijkla ijkla

> B[4 Au(O)F (X0} (GuGia)]
ijkla

k NH—CD

zgk:la
—t
- _ei)N]E[F’(Xt)(Tr GP 4+ NmTrG2)| + %E[F/(Xt) Tr G%] + 0(

N1+C’D
= )
Nl-‘rCD)

di/2

3 2

where in the last line we used (4.11) and (9.27). O

Proof of Claim 9.14. For (9.45), similarly to (9.50), we have ](8fjl)2F'(Xt)| < N7U/B4C with
very high probability and

o—3t/2 . N1+Co
= N =17 2 B A At F' (X0) (OF)H(GasGria) | + o<dl/2>. (9.56)
ijkla
Thanks to Proposition 9.7, we have max;.; |G;;| < 1/vd. Those terms from (8%1)2(6*,11-6?]'@) that
contain four off-diagonal terms yield a contribution of the form

o—3t/2 NA/3+Cd
372 Z E[A;;A; F'(X¢){terms with 4 off-diagonal terms}| = < T ) (9.57)

ANd(d —1)
The leading contributions are from those terms from (8fjl)2(GaiGja) which contain two or three
off-diagonal Green’s function entries. By the same estimate as in (9.52), we have

ijkla

o—3t/2
—— 3 E[AyAj F'(X;){terms with < 3 off-diagonal terms}]
ANd(d—1)32 £
—15/2 Z ] N1+Co
1) F'(X¢){terms with < 3 off-diagonal terms}] + O( )
4Nd 3/2 ijkla d
(9.58)

Those terms in (9.58) can be treated by the same procedure as described in the proof of Claim 9.13,
and we get

(9.59)

N4/3+Co  p14Cd
(9.58) = ——Z]E [F'(X:)G3)] —I—O( )
1j

4372 + d1/2

The claim (9.45) follows from combining (9.56), (9.57), (9.58) and (9.59).
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In the following we prove (9.46). Similarly to (9.50), we have |(95)3F'(X;)| < N3+ with
very high probability and

A AP (X)) (GusGy)] + O N
A k! G . 9.60
= ovaa 17 2 F A AF (X)) (GuiGia)| + O = (9.60)
Thanks to Proposition 9.7, we have max;; |G;;| < 1/v/d. Those terms from (8@1)3(GaiGja) which
contain at least three off-diagonal terms yield a contribution of the form

-2t

e N4/3+Cd
T2Nd(d =17 zkl: A AjiF'(Xy){terms with > 3 off-diagonal terms}| = —5r ) (9.61)
1JRla

The leading contribution is from those terms that contain exactly two off-diagonal terms. By the
same estimate as in (9.52), we have
—2t

e
BN 1) zkl: E[A;,Aj F' (X;){terms with 2 off-diagonal terms}]
ijkla

et ) _ . N1+C0
m jzkl:aE ik (t)Aji(6) F'(Xy){terms with 2 off-diagonal terms}| + O —an |
(9.62)

We can estimate above terms using the procedure as described in the proof of Claim 9.13, and get

12Nd BN 1) > E[Ai(t)Aj(t)F'(X;){terms with 2 off-diagonal terms}]
ijkla (963)
B 8 , AT G2 o N4/3+Ca
= gE{F( t) r } + W
The claim (9.46) follows from combining (9.60), (9.61), (9.62) and (9.63).
For fixed n > 4, we have the trivial bound
1 n
[ Inl S Ndn+3)/2 % E[AikAjl(ai’?l) (F'(X1)GaiGja)]
ijkla
1 N4/3+CD
S — . . — -
S N %E[Alk/lﬂ Im[m]/n] O( T2 ) . O
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