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Abstract—The novel reconfigurable intelligent surface (RIS)
is an emerging technology which facilitates high spectrum and
energy efficiencies in Beyond 5G and 6G wireless communica-
tion applications. Against this backdrop, this paper investigates
two—way communications via reconfigurable intelligent surfaces
(RISs) where two users communicate through a common RIS.
We assume that uplink and downlink communication channels
between two users and the RIS can be reciprocal. We first obtain
the optimal phase adjustment at the RIS. We then derive the
exact outage probability and the average throughput in closed-
forms for single-element RIS. To evaluate multiple-element RIS,
we first introduce a gamma approximation to model a product
of Rayleigh random variables, and then derive approximations
for the outage probability and the average throughput. For
large average signal-to-interference-plus-noise ratio (SINR) p,
asymptotic anal}gms also shows that the outage decreases at the
rate (log(p)/p)” where L is the number of elements, whereas
the throughput increases with the rate log(p).

Index Terms—Qutage probability, reconfigurable intelligent
surface (RIS), throughput, two—way communications.

I. INTRODUCTION

Radio signal propagation via man-made intelligent surfaces
has emerged recently as an attractive and smart solution to
replace power-hungry active components [1]. This is a newly
proposed concept beyond multi-input multi-output (MIMO)
or massive MIMO systems and relaying networks [2]-[4].
This novel concept utilizes electromagnetically controllable
surfaces that can be integrated into the existing infrastructure.
Such a surface is frequently referred to as Reconfigurable
Intelligent Surface (RIS), Large Intelligent Surface (LIS) or
Intelligent Reflective Surface (IRS). While a relay actively
processes the received signal before re-transmitting the signal,
the RIS passively reflects the signal without processing. Since
the RIS-assisted communication outperforms the conventional
relaying techniques in terms of energy efficiency [5], the RIS
can address several major issues arising from Beyond 5G
and 6G wireless applications. This brand-new concept has
already been proposed to incorporated into various wireless
techniques, and most existing work on RIS focus on phase
optimization of RIS elements [5]-[8]. However, there are very
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limited research efforts explored the communication-theoretic
performance limits [9]-[12].

A. Related Work

An IRS-enhanced point-to-point multiple-input single-
output (MISO) system was considered in [6], which aimed
to maximize the total received signal power at the user. For
downlink multi-user communication, both the transmit power
allocation and the phase shifts of the reflecting elements were
designed to maximize the energy efficiency in [5]. Moreover,
physical layer security issues were considered in [7], [8].

A very few more recent work have focused on analytical
performance evaluation. For an LIS-assisted large-scale an-
tenna system, an upper bound on the ergodic capacity was first
derived and then a procedure for phase shift design based on
the upper bound was discussed in [9]. An asymptotic analysis
of the uplink data rate and the channel hardening effect in a
large antenna-array system were presented in [10]. For a large
RIS system, some theoretical performance limits were also
explored in [11] using the central limit theorem (CLT). The
LIS transmission with phase errors was considered in [12].

On the other hand, two-way communications exchange
messages of two or more users over the same shared channel
[13]. Since this improves the spectral efficiency of wireless
system such as massive MIMO, full-duplex communications,
NOMA, mmWave communications, and cognitive radio, the
RIS may also serve as a potential candidate for further
performance improvement in the two—way Beyond 5G or 6G
systems. However, to the best of our knowledge, all these
previous work on RIS considered the one-way communica-
tions. Motivated by this reason, as the first work, we study
the RIS for two-way communications in view of quantifying
the performance limits, which is the novelty of this paper.

B. Summary of Contributions

The main contributions of the paper are summarized as
follows:

1) For a single-element RIS, we first derive the exact out-
age probability and throughput in closed-forms for the
optimal phase adjustment at the RIS. We then provide
asymptotic results for sufficiently large transmit power
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Fig. 1: Two—way communications via RIS.

compared to the noise and interference powers. Our
analysis reveals novel observations.

2) For a multiple-element RIS, where the number of ele-
ments, L, is more than one but not necessary as large as
in LIS. In this respect, the instantaneous SINR turns
out to take the form of a sum of product of two
Rayleigh random variables (rvs). As well documented
in the literature, this does not admit a tractable PDF or
CDF expression. To circumvent this problem, we first
approximate the product of two Rayleigh rvs with a
Gamma rv, and then evaluate the outage probability and
throughput. This seems to be the first paper which uses
gamma approximation for a Rayleigh product. Surpris-
ingly, this approximation works well and more accurate
than the CLT approximation (which was frequently used
in LIS).

II. SYSTEM MODEL

A reconfigurable intelligent surface (RIS) aided two—way
wireless network has two end users (namely, U; and Us)
and a reflective surface (R), as depicted in Fig. 1. The two
users exchange their information symbols concurrently via the
RIS. Each user is equipped with a pair of antennas for the
transmission and reception. The RIS, which consists of passive
components, only adjusts the phases of incident signals. The
RIS contains L reconfigurable reflectors where the (th passive
element is denoted as I,. No direct link between two users
is assumed, due to transmit power limitation or the severe
shadowing effect. The unit-energy information symbols from
U; and U,, randomly selected from the codebook, are denoted
by s1 and ss, respectively. The power budgets are P; and
P, for end users U; and U, respectively. We assume all
fading channels are independent (placing the antennas of users
and elements of RIS sufficiently apart) and reciprocal (overall
uplink and downlink transmission time falls within a coherence
interval of the channel).

We denote the fading coefficients from U; to the I, and
from U, to the I, as hy = age 7% and g, = Bee 7V,
respectively. The channels are reciprocal such that the channel
gains from the I, to the two end users are also hy, and
ge, respectively. All channels are assumed to be independent
and identically distributed (i.i.d.) complex Gaussian fading
with zero-mean and o? variance, i.e., hy, g0 ~ CN(0,02).
Therefore, magnitudes of h, and g, (i.e., oy and §y) follow

Rayleigh distributions. It is assumed that the two end users
know all channel coefficients, hy, ..., hy and g1, ..., gz, and
the I, knows its own channels’ phase values ¢, and 1,.

Each user receives a superposition of the two signals via
the RIS. Thus, the receive signal at U; at time ¢ can be given
as
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where ¢, is the adjustable phase induced by the I, i1(7)
is the receive residual self-interference resulting from several
stages of cancellation and w (t) is the additive white Gaussian
noise (AWGN) at U; which is assumed to be i.i.d. with the
distribution CA/(0,02 ). Since the U; has the global CSI,
it can completely eliminate the self-interference. To avoid
loop interference, similar to full-duplex communications, the
U, applies some sophisticated loop interference cancellations,
which results in residual interference [14]. Among different
models used in the literature of full-duplex communications,
in this paper, we adopt the model where i1(t) is i.i.d. with
Zero-mean, 02-21 variance, additive and Gaussian. Further, the
variance is modeled as 02-21 = wPy for P, > 1, where the two
constants, w > 0 and v € [0, 1], depend on the cancellation
scheme used at the user. Thus, the instantaneous SINR at
user k, Uy, k € {1,2} is given as
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where p; = ﬁ and py = ﬁ are the average SINR.
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III. PERFORMANCE ANALYSIS

A. Optimum Phase Design at RIS

A careful inspection of the structures of ~y; reveals that the
optimal ¢, which maximizes the instantaneous SINR of each
user, admits the form

¢2290£+¢E forg:la"'7L' (3)

This is usually feasible at the RIS as it has the global phase
information of the respective channels. Now, the maximum
SINRs at Uy can be given as

L 2 L 2
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where, without loss of generality, we assume P; = P, = P,
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o;, = o;, = o; and o, = o, = 0,, and we thus have

P= 7oz,



B. Outage Probability

By definition, the outage probability of each user can be
expressed as Poyt = Pr[y < tn), where 4, is the SINR
threshold. This in turn gives us the important relation

Pout = F“/ (’yth) 3 (5)

where F,(x) is the cumulative distribution function (CDF) of
.

1) When L = 1: In this case, the instantaneous SINR of
each user is v = p¢? = p(alﬁl)Q Since «; and (31 are
identical Rayleigh rvs with parameter o, the PDF and CDF
expressions can be written as fx (z) = (2z/0%)e~*"/°" and
Fx(z) =1- e~/ respectively. The outage probability
can be derived as

Poutu=1("n) = /000 Fa, <ﬁ ) fa, (z) da
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where the last equality results from fooo e Ty =

\/g Ky g:/ib W1th Ky, (+) denoting the modified Bessel func-
tion of the second kind [15, eq. 3.324.1].

2) When L > 2: For this case, let us now focus on deriving
the CDF of the rv { = 25:1 (¢ where the exact CDF of (; is

2t 2t
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However, by using the exact CDF, an exact statistical charac-
terization of the CDF ( seems an arduous task. To circumvent
this difficulty, in what follows we first seek an approximation
for the PDF and CDF of (,. Among different techniques of
approximating distributions [16], the following lemma gives
the Gamma approximation for the CDF F¢, (¢).

Lemma 1: The distribution of the product of two i.i.d.
Rayleigh rvs with parameter o can be approximated with a
Gamma distribution which has the CDF

" (+3) ®

(16-7)o*

where k = (16 —y and 0 = e
incomplete gamma function [15].
Proof: Since the first and second moments of (; in (7)

are E[¢] = m0?/4 and E [(}] = o*, the rv (; has mo?/4
mean and (16 — 7%)o?/16 variance. By matching the mean
and variance of the rv (, with the k6 mean and k62 variance
of the regular Gamma distribution, we have the above CDF.
|

Now we compare the accuracy of the approximation with
that of the exact. One of the possible measures of accuracy is
the Kullback-Leibler (KL) divergence (Dxkr,) which is defined

as [16]
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Fig. 2: The complementary CDF (CCDF) of (.

With numerical calculation, we get Dk, ~ 0.00023 for
o2 € (0,1000] where this very small value confirms the
accuracy of the above formulation. Moreover, Fig. 2 plots
the complementary cumulative distribution function (CCDF)
of (, based on the simulation, the exact CDF in (7) and
the approximate CDF in (8) which confirms the validity of
the approximation. The accuracy of the approximation is also
shown by the performance curves in Section IV.
Recalling that the instantaneous
Y =P (Zz 1 CZ)
the fact that the rv ( is then a sum of L ii.d. Gamma rvs
with the parameters & and 6, the rv ¢ also follows a Gamma

distribution with Lk and 6 parameters. Therefore, the outage
probability can be written as

1 L /7
Pout\LZQ('Yth) ~ m’y (L]{;7 9\/7) )

C. Throughput

The throughput 1is expressed as log, (1 + SINR)
[bits/sec/Hz]. Then, the average throughput can be evaluated
as R = [Tlog,(1+2)fy(z)ds where f,(z) is the
probability density function (PDF) of ~. By employing
integration by parts, R can be evaluated as

SINR s

. Armed with the above lemma and
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1) When L = 1: With the aid of (6) and (10), the average
throughput can be evaluated as
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where G}';" (-) is the Meijer G-function [15]. Here we have
represented the Bessel function in terms of Meijer G function
and subsequently use [15, Eq. 7.811.5].

2) When L > 2: Thus, with the aid of (9) and (10), the
average throughput can be evaluated as

e ), o (L’“’ Nf) &

[2 log(6) + log(p) + 2¢O (Lk)
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~ log(2)
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where ,F,(-;-;-) is the generalized hypergeometric func-
tions [15] and (9 (z) is the logarithmic Gamma function
[15]. Here we have represented the Gamma function in terms
of hypergeometric functions and subsequently use respective
integration in [15, Sec. 7.5].

D. Asymptotic Analysis

1) High SINR: The behavior of the outage probability at
high SINR regime is given in the following theorem.
Theorem 1: For high SINR, i.e., p > 1, the user outage
probability of L elements RIS-assisted two—way networks
decreases with the rate of (log(p)/p)” over Rayleigh fading
channels.
Proof: For L = 1, since K (a\/x) —
for a > 0 at x = 0 [15, eq. 8.446],
we have a high SINR approximation from (6) as

a\1/5 + YZqlog(x)

. 7th log(p)
Pout|L:1(7th) - i)

13)

For L > 2, we can write

() < (S ) e (5

This can then be written in terms of outage probabilities as

i L L
{Pout|L=1 (LL;)} < Poui>2(Vtn) < [Poutjr=1(n)]

With the aid of (13), we now have

Yih log(p) L<P < Yeh log(p) t (14)
iz ) > out\Lzz(%h)_ FT

which proves the theorem. ]

However, with a traditional multiple-relay network, we
observe (1/p)% rate. Since the end-to-end effective channel
behaves as a product of two Rayleigh channels, we observe

(log(p)/p)* rate with a RIS network. This is one of the
important observations found through this analysis.

The behavior of the average throughout at high SINR
regime is given in the following theorem.

Theorem 2: For high SINR, i.e., p > 1, the user average
throughput of L elements RIS-assisted two—way networks in-
creases with the rate of log(p) over Rayleigh fading channels.

Proof With the aid of asymptotic expansion of

Gyl (x| --+) at x &~ 0 [17], we have, for a > 0,
-1 —log(ax) — 2¢
G371 (Cl.]f 1 21 1 ) — .

e —2 7203 vaz

Then, for L = 1, the average throughput expression in (11)
can be approximated at high SINR, i.e., p > 1, as

- log(p) — log (Jr) — 2€
L log(2)

For L > 2, with the aid of (12), since the terms associated
with hypergeometric functions have negligible effect at p > 1,
the average throughput expression can be approximated as

_, log(p) +2log(6) + 200 (Lk)

5)

R 16

L>2 10g(2) ( )
Asymptotic expressions in (15) and (16) increase at rate log(p)
as p increases, which proves the theorem. [ ]

Since the residual self-interference may also be a function
of the transmit power, it is worth discussing the behaviors of
outage probability and average throughput when the transmit
power is relatively larger than the noise and loop interference
powers. For the brevity, without loss of generality, we assume
P, = P, = P. The following lemmas provide important
asymptotic results.

Lemma 2: When the transmit power is relatively larger than
the noise and loop interference, i.e., P > w, o2, the outage
probabilities for L = 1 and L > 2 vary, respecnvely, as

Jen(wto3,) log(P) 2 _
Poi=1 = ot Py for 022 w (17)
Poutj=1 (p=5) for of =wP
and
00 G(L,vn,w, 0) <1°g](jp))L for 02 = w
Pout\LZ2 - 1 2
Pougis2 (p=1) for 0 =wP
(13)

where G(L,Yth,w,0) is the array gain. While the outage

L
probability decreases with the rate (%) for o?

there is an outage floor for 02 = w P.
Proof: In particular, we can consider two extreme cases:
i) When 0? = w, where the interference is independent of the

w 0'2
transmit power, we have p = P/(w + 02) il p x P.
Therefore, results can easily be deduced from Theorem 1; and

ii) When o? = wP, where the interference is proportional to

. P>w,02
the transmit power, we have p = P/(wP+02) —7% p

1/w. This completes the proof. [ ]
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Lemma 3: For P> w, 02, the average throughput for L =
1 and L > 2 vary, respectively, as

o

2
log(P)—log(thw —2¢

(Zczl - log(2) for Uiz =w (19)
RL:1 (p = %) for 02»2 =wP
and
2
log(P)JrZw(O)(Lk:)flog(G“é# )
RiSe — Tog(2) ;0 =w L (20)
Rng (p:%), U?:OJP

While the average throughput increases with the rate log(P)
for 02 = w, there is a throughput floor for o7 = w P.
Proof: Since the proof follows the similar steps as
Lemma 2, we omit the details. [ |
2) For Large L (or LIS): For a sufficiently large number
L, according to the central limit theorem (CLT), the rv { =
Zle Ce converges to a Gaussian random variable with p =
Lno? /4 mean and n = L(16—72)0* /16 variance. The outage
probability can be evaluated for L > 1 as

Jth Jth
ol Naraauy

V2 V21

where erf [-] is the Gauss error function [15].

1
P = 3 erf + erf 2n

IV. SIMULATION RESULTS

We set channel variance 02 = 1 and the thermal noise floor
-70 dBm to represent a more noisy scenario. For comparison
purpose, we consider two schemes where with Scheme 1 (one
time-slot transmission) two end-users simultaneously transmit
their own data to the RIS which reflects received signal with
negligible delay; with Scheme 2 (two time-slot transmission)
the user 1 transmits its data to the user 2 in the first time slot,
and vice versa in the second time slot.

A For L=1

Figures 3 and 4 show the outage probability and average
throughput vs P for L = 1, respectively. Several observations
are gained: i) Our analytical results in (6) and (11) exactly
match with the simulation results, which confirms the accuracy
of our analysis; ii) For different loop interference af =whP?,
we notice that the outage decreases at a rate of log(P)/P and
the throughput increases at a rate of log(P) when v = 0,
and both have floors when v = 1 due to the transmit-
power dependent interference, as in (17) and (19). iii) When
w reduces from 10~* to 107>, the outage and throughput
improve around 9dB and 3.32 [bits/sec/Hz], respectively, for
each case; and iv) two-way communications with Scheme 2
outperforms Scheme 1 when P < 5dBm and P < 25dBm
for w = 107° and w = 1074, respectively, with v = 0.
For v = 1, Scheme 2 outperforms Scheme 1 in the entire
simulated region. Therefore, it is important to keep the effect
of loop interference independent of transmit power if two—way
communications use Scheme 1.

—*— Exact v=0

—+—Exact v=0.2

—— Exact v=1
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Fig. 3: The outage probability vs P when o2 = 107%.
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Fig. 4: The outage probability vs P when o2 = 107%.

B. For L > 2

Fig. 5 shows the outage probability vs P, when loop-
interference is independent of transmit power P, i.e., 02-2 =
w. For a %iven L, the outage probability decreases with
[log(P)/P]” which confirms Lemma 2. Although the outage
probability decreases with L, the diminishing rate also de-
creases. For example, when we increase L from 2 to 4, we can
save power around 14 dBm at 10~3 outage. However, for the
same outage, we can only save power around 8 dBm when we
increase L from 32 to 64. Interestingly, this figure confirms the
accuracy of our gamma approximation. Moreover, it is more
accurate than the CLT approximation even for L = 64.

Fig. 6 shows the average throughput vs P, when loop-

interference is either independent (v = 0) or linearly-
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Fig. 6: The average throughput vs P with L > 2.

dependent (v = 1) of transmit power P, where a? = wP". For
any L, as shown in the figure and (20), the average throughput
increases in order of log(P) when 02 = w, which confirms
Lemma 3. Further transmit power reduces by around 19 dBm
when L increases from 2 to 16. We also plot the throughput of
Scheme 1 and Scheme 2 where Scheme 1 starts to outperform
Scheme 2 when P increases where transition happens at
P ~ 17.5,-14.0dBm for L = 2,64, respectively. For

02 = wP (v = 1), we have throughput floors because loop-

K3
interference enhances with transmit power in Scheme 1. Due
to this reason, as shown in the figure, Scheme 2 outperforms

Scheme 1 when P increases.

V. CONCLUSION

RIS assisted systems have been proposed for two—way
wireless communications. For the optimal phases of the RIS
elements over reciprocal channels, the exact outage probability
and throughput have been derived for a single-element RIS.
Since the exact performance analysis for a multiple-element
RIS seems intractable, approximations are derived for outage
probability and average throughput. In this respect, a product
of two Rayleigh random variables is approximated by a gamma
random variable. Moreover, asymptotic analysis has been
conducted for high SINR p regime. Our analysis reveals that
the outage probability decreases at the rate of (log(p)/p)”,
whereas throughput increases at the rate of log(p). We could
observe either an outage or throughput floor caused by transmit
power dependent loop interference. Simulation results illus-
trate that the rate of throughput increment or transmit power
saving reduces when number of elements increases.
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