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Abstract

This research explores noise estimation techniques in an attempt to improve upon a
previously developed digital burst transmission Binary Phase Shift Keyed (BPSK) demod-
ulator. The demodulator success is dependant on the accuracy of the estimate of Power
Spectral Density (PSD) of the unknown noise. Given a discrete time signal transformed
into the frequency domain, the research seeks to determine if it is possible to effectively
estimate the PSD of the unknown noise. The demodulator was developed using a new sig-
nal model for digital burst transmissions based on linear spectral subspace theory. Using
this model and the redundancy properties of BPSK digital burst transmissions, five noise
estimation techniques will be presented and tested. The success of the methods will be
reported in two ways, first, the effect the new noise PSD estimates have on the success of

the demodulator and second, a comparison to the actual PSD of the noise.
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Noise Estimation in the Presence of BPSK Digital Burst Transmissions

1. Introduction

Digital burst transmission signals are all around us, everyday. An example everyone
has seen is a digital cell phone. As communication techniques become increasingly secure,
exploitation difficulties increase. Not only do problems exist when trying to exploit non
friendly communications, but in cooperative communications. If successful, the application

of this research will be helpful in both scenarios.
1.1 Problem Definition

A fundamental problem in all signal processing has always been the estimation of the
noise received with any transmitted signal. The more that is known about the noise, the
more effective any signal processing algorithm will be. Using linear subspace theory, a new
demodulation algorithm was developed in (11). Existing signal processing techniques did
not fully apply to the digital burst transmission signal processing problem (11) thus a new
approach was needed. The linear subspace theory research resulted in a new demodulation
algorithm which outperformed all other existing demodulation techniques, for digital burst
transmissions, including Binary Phase Shift Keyed (BPSK) modulated signals (11). The
drawback of the technique is that it performs best when an a priori estimation of the noise
environment is known, and a colored noise environment increases the success even further
(11). This was the initial motivation for this research. However, to jump directly into the
colored noise problem is not feasible since colored noise environments are generally unpre-
dictable. Thus, the white noise estimation problem is a logical starting point. Although
the white noise estimation problem is unlikely to immediately improve the performance of
the demodulation technique, it provides a starting point for the colored noise estimation

problem or even adaptive noise estimation techniques.

The new demodulation algorithm provided a solution to a problem, but also presented
additional problems to be solved. The problem of note for this thesis is the estimation of

the Power Spectral Density (PSD) of the noise since the demodulation technique presented



x (75) — Hynse (f) LPF /1 g fin
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Figure 1.1  Diagram of BPSK Signal Model Construction

in (11) uses this form of the noise. Comprehension of the problem begins with the signal
model and the demodulation technique or filter developed in (11). The signal model for

BPSK signals used in this thesis is:

Ns—1
2(t) = ARe( D dptp(t — nTy — ) /400y 4 n(t) : (1.1)
n=0 the noise and interference

s(t) the signal

Here, A is the signal gain; N is the number of symbols transmitted; d,, are the transmitted
data symbols; 1 (t) is the pulse shape; Ty is the symbol duration; 7 is the time the first
symbol arrives or delay; 6 is the phase of the carrier frequency; and f. is the carrier

frequency in Hertz.

This signal model is the same model used in the development of the new demod-
ulation technique based on linear subspace theory (11). Since the original goal was to
improve this technique, this is the signal model that will be used throughout the thesis. A
received signal has two parts, the originally transmitted signal and the noise. Obviously,
the more that is known about a received signal, the easier the separation between what
was originally transmitted and the noise becomes. If all of the parameters of a received
signal are known the only unknown portions are the transmitted symbols, d,,, and the
noise, n(t). Unfortunately, since noise environments can be austere, accurately estimating
these two parameters can be difficult, if not impossible. Gisselquist presents a technique
for estimating the d,, in (11), but n(¢) remains unknown. Without a good estimate of n(t)
the estimation of the data symbols will most likely be inaccurate. Using the filter presented
in (11) by Gisselquist, and the properties of the signal model also presented in (11), five

estimation techniques for n(t) are presented here. These techniques are unique because



they are implemented using techniques based on Gisselquist’s linear subspace approach.
Prior to Gisselquist’s research, signal processing techniques for BPSK and other Pulse Am-
plitude Modulated (PAM) digital signals was based on stationary or cyclostationary signal
processing (11). Provided the techniques presented here are sufficiently robust, they will
be an excellent starting point for the larger colored noise estimation problem and for the
adaptive noise estimation problem. Even if not successful, they should provide direction

for future noise estimation techniques.

1.2 Organization

This thesis begins with an in depth explanation of the signal model, the properties
used in estimating the PSD of the noise, a description of relevant existing statistical signal
processing models and finally an overview of the demodulation technique presented by
Gisselquist. Chapter III presents the methods used to estimate the PSD of the noise based
off the explanations in Chapter II, and Chapter IV explains the results when tested in
simulations. The last chapter, Chapter V draws some conclusions regarding the success of

the noise estimation techniques.



II. Background

This chapter presents an explanation of digital burst transmission signals, a summary of
relevant statistical signal processing models, an optimal filtering technique for the rele-
vant statistical signal processing models, and finally presents the minimum mean square
error filter that suggested the need for noise estimation in the presence of digital burst

transmission signals.

The working signal model is a signal with a general modulation type of Pulse Ampli-
tude Modulation (PAM), but more specifically, Binary Phase Shift Keyed (BPSK) modu-
lation. The received signal in time may be represented by equation 1.1. This signal model
has many properties that existing statistical signal processing models did not adequately
exploit (11). Because of this, Gisselquist established a statistical signal processing model
for burst transmission signals and then developed a Minimum Mean Square Error (MMSE)
filter which exploits more of the characteristics than previous filters. This filter produced
the best symbol recovery results to date, given the noise estimate used in the construction
of the filter was accurate in shape and scale (11). The relevant statistical signal processing
models will be presented, then the chapter will finish with the derivation of Gisselquist’s

MMSE filter, presenting some results obtained using his filter on simulated BPSK signals.

2.1 Burst Transmission Signals

Burst transmission signals have many unique properties that distinguish them from
other types of signals. The first and most important, is that they are not infinite in time.
In fact they are very time limited, and more uniquely, the times when the signal is active
may or may not be of all the same duration. This section presents a basic PAM signal
model, an explanation of the subspace that describes it, the specifics of a BPSK signal
model that exists in this subspace, and finally the distribution of a burst transmission

signal is derived.



2.1.1 Pulse Amplitude Modulated Signal Model. =~ The received signal in time may
be represented by (11),

Ns—1
z(t) = ARe( Z dntp(t — Ty — 1)/ It 00y n(t) . (2.1)
n=0 the noise and interference

s(t) the transmitted signal

The parameters in this signal model are defined in Section 1.1.

In this thesis, the signal is analyzed in the frequency domain for two reasons. First,
stationary signals which are correlated in time become uncorrelated in frequency for suf-
ficiently long observation times (11, 18). Second, the unknown terms in 7 and 6 become
constant multipliers in the frequency domain, making them easier to work with. When it
comes to signal processing in the frequency domain, there are two statistics of interest that
have been studied extensively by others; these statistics are the first and second moments
(11). The first moment is the expected value, or the mean, and is assumed to be zero for
both the signal and noise terms. The second moment, or the variance, is more interesting
and is where many of the differentiating characteristics of signals are found. The variance
of a signal depends on how the signal is defined (11). If the signal is time-limited then the

infinite time Fourier transform X (f) of the signal z(t),

X(f) 2 /_ T o) Iy, (2.2)

converges. With a time limited signal, both the signal and noise are assumed to have zero
mean and the variance of X (f) is' E{|X (f)|*}. If the signal is of infinite length, the Fourier
transform will not always converge (17, 11). Because of this, an alternate method must
be used to describe the variance of an infinite time signal. This alternate method is the

Power Spectral Density (PSD), S, (f), and is defined as (17):

Su(f) £ Jim ZE{|X2(/)} (23)

where Xp(f) is the time limited Fourier transform of x(t),

'The notation E{-} is used throughout to refer to the expected value of its argument.
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Nl

Xr(f) 2 /_ (eIt (2.4)

Thus the PSD can be used to describe the distribution of the power in a signal, as a
function of frequency (11). Additionally, a nice property of uncorrelated signals is that the
PSD of the received signal S;(f) is the sum of the PSD of the transmitted signal, Ss(f),
and the PSD of the noise, S,(f)(11, 23):

This is very useful in both Gisselquist’s algorithm development and the methods used in
this thesis to estimate the PSD of the noise. The PSD of a burst transmission signal or

more generally a pulse amplitude modulated (PAM) signal is? (9):

A2
T FIPE{d) (2.6)

SS(f )=
Here, U(f) is the Fourier transform of the pulse function ¢(t). Ty is the symbol duration.
fe is the carrier frequency in Hertz, and d,, are the transmitted data symbols. A received

PAM transmission signal with a finite number of symbols, N, is described by equation

2.1.

The noise and interference term represents a random process that is assumed to be
stationary, independent of the signal, and to have a PSD defined as S,,(f)(11). This thesis
focuses on developing an adequate method of estimating this PSD. Each of the terms in
equation 2.1 can be understood in the context of how the signal is created. As an example,
consider the signal example in Figure 2.1, an example of three transmissions created with
the model in equation 2.1 with the noise term set to zero. The bursts are created from a
sum of pulses, ¥(t — nTs — 7). The figure is a sum of three bursts all of different lengths.
The pulses are separated by T, and scaled by a system gain, A = 1, from their original

amplitude. A time delay 7, has shifted the signal to the right, and the phase, 6, and the

>The assumption that the transmitted data symbols are uncorrelated or that B{d,d}} = 0, for n # m
is made throughout this thesis.
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Figure 2.1 A Sum of Three BPSK Burst Transmissions

carrier frequency f., are both zero. Each burst is itself a sum of pulses, one pulse for each
data symbol transmitted. The first burst has two data symbols, the second has eight and
the third, four. Each burst is separated by a time of four seconds. This is obviously a
very elementary example but illustrates what burst transmission signals might look like.
Although this figure has three bursts, within the scope of this thesis, we will only be
concerned with estimating the noise in one burst ignoring the time before and after, when

the signal is inactive.

2.1.2 Burst Transmission Subspace and BPSK Signal Model Specifics.  Gisselquist
took the principles of other statistical signal processing techniques and extended them so
they would be applicable to time-limited burst transmission signals. Next we will describe
in detail Gisselquist’s development of the signal model and the associated subspace, as
it plays a major role in the development of the processing technique. Other statistical
signal processing techniques assume infinite time length signals as in the case of stationary
signals, or that the cyclic spectral density function, also known as the Spectral Correlation
Function, defined in equation 2.32 is known, as in cyclostationary signals. Neither of
these apply to burst transmission signals. Burst transmissions do have correlation in the

frequency domain, however it is not usually known. Further explanation of the differences



between burst transmission signals and these other statistical signal processing models will

be explained in Section 2.2.

In deriving a new statistical model for burst transmissions, Gisselquist first had to
establish the subspace that burst transmission signals exist in. Consider the set of all
functions defined over a finite time containing the signal. This can be seen because the
signal is a linear combination of evenly spaced pulses weighted by the d,, values. The pulses
then form the basis for the subspace where the signal resides. These two sets of vectors

span the subspace that contains PAM signals (11):

Vig = Y(t — kTs — 1) cos(2m fet + 0), k € I
Vkg = Y(t = kTs — 7)sin(2n fet + 0), k € I,

(2.7)

where [ is some finite set of consecutive integers. The problem with this subspace is
that these basis vectors depend on the unknown delay, 7, and the carrier phase, 6, making
them difficult to use in practice (11). To continue with the development, the signal must
be transformed into the frequency domain with the Fourier transform.

Burst transmission signals are time limited and thus fall within a finite observation
time, t € (—%, %) Although here the time limited Fourier transform is identical to the
infinite time Fourier transform, the time limited transform is required since the noise may

or may not be time-limited (11). The time-limited Fourier transform of the received signal

is then (11):

N

Xr(f) & / ()20 gy (2.8)

N

Define Nt (f) to be the time-limited Fourier transform of the noise and interference thus

the Fourier transform of

Ns—1
2(t) = ARe( > dptp(t — nT — 7)) 4 n(t) (2.9)

n=0



becomes (11):

Ns—1 . . ) .
XT(f) — NT (f) + % Z Re(dn) J‘SOOO ’lﬁ(t _ TLTS _ 7_)[6127rfct+10—127rft + e—z?wfc—zé’—zQﬂft]dt
n=0

Ns—1 . L . o
+Z% EO Im(dn) f_oooo ¢(t —nT, — T)[€z27rfct+107127rft + 67127rf67107127rft]dt
n=
(2.10)

Since the scope of our problem is BPSK signals only, we can disregard the imaginary part

since the signal is purely real in the time domain. Now letting u =t —Ts — 7, and du = dt

we have (11):

Ng—1

A °
Xr() = Nr (f)+5¢% Y cos(2n(f—frldncos(2a(f—fnT)] [ i) cos(2n(f—f)udu
n=0 >
(2.11)
Continuing with substitutions, if we let the Fourier transform of ¥ (¢) be
U(f) 2 [ w(t)e ™tdt and the z-transform of the data symbols be
Ny—1
D(z) & ) dnz " (2.12)
n=0
the function becomes (11):
A .
Xr(f) = Nr(f) + e e 20 (f — fo) D(erI 1T (2.13)

Two redundancies can be seen here. It is important to note that these are not redundancies
in the sense that they are exactly the same, but redundant because they contain the
same information as other locations. Since the information contained is the same in each
redundancy, knowing how these locations differ is what allows the signal processor to
exploit the redundancies. The differences between these first two locations come from the
fact that D(e27(/=/e)Ts) is periodic (11) and the second from the fact that it is conjugate

symmetric.

2-6



To see the redundancies, let X,(f) 2 X7(f)— Nr(f) and ignore the noise term for
now. The first redundancy is found between f and f + Tﬁs where k is any integer. For

two such frequencies (11),

X(f) _ Ao —in(sfo)r | k\If(f — fe) D(2m 1Ty (2.14)
I CTER( 1)

and the Fourier Transform of the data within the signal is completely redundant. This is
caused by the fact that the signal was created by linearly modulating an impulse stream
and thus D(e?27(/=f)T+) is a periodic function of f (11). This was first noticed by Nyquist
(16) and later exploited by Berger and Tufts in their filter development (11, 1, 26). The
implication, presented by Nyquist, is that any bandwidth larger than T% contains redun-
dancies (11, 1). This is commonly referred to as the Nyquist Minimum Bandwidth of a

complex signal.

The second redundancy can be seen about the carrier frequency since the BPSK
signal is purely real, so the Z-Transform of a real sequence and the Fourier transform of a

real signal are both conjugate symmetric about zero (25). From this we have (11)

Xs(f) A iee—l?ﬂ'(f—fc)’l' \Il(f - fC)

= —€

. D(e2m =Ty (2.15)
X:@efo—f) | 2 e 20U (f — )

This redundancy was first noticed by Nyquist yet not exploited by Tufts (11). When
combined with equation 2.14, this equation implies that the minimum bandwidth
of an underlying communications signal having real symbols is i(ll, 16) since a
smaller bandwidth would not completely contain these redundancies. From these
equations 2.15 ,2.14, a subspace can be described in frequency in which the under-
lying signal must lie (11). This subspace includes a periodic redundancy and, for
real-valued signals, a redundancy about the carrier as well (11). Consider a signal

constrained to lie within a baseband of |f.| < Tis, and having symbols in the BPSK
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Figure 2.2  Positioning of Redundancies in the Frequency Domain Vector

symbol set, D= {+x1}. In this case the spectral redundancies associated with the

frequency f, provided _T% <f< T% can be written as (11)

X ' v(f - 1) '
X, (f + ) _ Aeiemiznti—for e FE(f + £~ fo) DR 5Ty
X:(2f— f) 2 e 20U (f — fo)
| Xi2fe—f—2) ] | TR (f A~ fe) |
(2.16)
It is easier to see with f. =0, 7 =10, and § = O:
x| [ wn |
Xo(f+7) | _A| ®f+g) (T 2.17)
X5 (~f) 21w
| XS =) ] RAVEFON

It is important to remember that the X(f) refers to the portion of the received signal due
to signal alone (11). The actual received signal includes corresponding noise terms and we

will use these redundancies of the received signal to estimate the received noise.

2.1.2.1 Compact Representation. While these equations describe redun-
dancies associated with one particular frequency, many frequency components are needed
to describe a signal of interest. Gisselquist states that it is readily proved that a complete

basis for the subspace of the signal requires a minimum of Ny elements for a real signal
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and not just the single vectors describing an arbitrary frequency f presented above (11).
The transition between a set of frequencies, instead of just one, is examined here. The

transition to vector notation is also explained.

In order to represent the whole frequency bandwidth containing the signal, we need
to sample the Fourier Transform of the signal across its bandwidth (11). If we let Ny be
the minimum number of samples required to span the Nyquist minimum bandwidth of
the signal, then for a real signal, i.e. D(e?"(/=fe)Ts) when the d,, are real, then Ny = %
samples are required. From the redundancy equations presented in the previous section,
every value of D(en”(f *fC)TS) directly determines the signal component of m frequencies,
where m is determined by the bandwidth of the signal and the redundancy equations (11).
For the BPSK redundancy given in equation 2.16, m = 4, frequency samples are required
for each D(e2"(/=/)Ts) sample (11). This means that 4N; complex frequency samples
are sufficient to describe the received signal across its entire frequency band (11). This is

equivalent to describing four copies of the signal’s Nyquist minimum bandwidth (11).

As for which 4N frequencies need to be chosen, the simplest option is just to uni-
formly sample all of the frequencies (11). These 4N frequencies are equally spaced and cen-
tered about the carrier frequency f.. Figure 2.2 shows where the redundancies occur within
the vector. The first of the Ny frequencies shall be denoted f. — T% < f1, f2y f3y s SNy <
fe— i and starts at the left in Figure 2.2. The remaining 3N frequencies are linear com-

binations of the first Ny frequencies. Let X7 (f) be the Fourier transform of the received



signal as in equation 2.13. The vector of these x, would look something like

X(f1)

X(fo)
v : (2.18)
X(fr+ 1)
X*(2fe = f1)

| X*2fe—fi—77) |

The second half of the signal is conjugated, this is due to the baseband redundancy given in
equation 2.15. The noise vector is defined identically, with the exception that it corresponds
to the noise and interference terms without the transmitted signal (11). Thus, both the

noise and signal vectors are of dimension 4Ny x 1 (11).

The data portion of the signal D(z) is organized into a similar vector d, with dimen-

sion Ny x 1 as follows (11):

[ D(eiZW(fl ffC)TS) T
D eiQﬂ—(fZ_fc)Ts
d= ( . ) : (2.19)

This data vector is shaped by a pulse weight matrix formed from the ¥(f; — f.) terms in

the redundancy equations (11). This shaping matrix shall be referred to as ¥, which is
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4Ny x Ny and is constructed as follows (11):

U(fi—fe) 0 0
0 lI’(f2 - fc) 0

0 0 \Il(fo - fC)
U(f1+ 7 — fe) 0 0
0 U(fa+ A - fo) 0

1 _

o 0 0 U(fx, + 4 - f) 2.20)

U*(fe— f1) 0 0
0 U*(fe = f2) 0

0 0 U (fe— fny)
V(fe— f1 - 1) 0 0
0 \P*(fc_f2_ j%) 0

_ 0 0 W= = )

The contributions of 7 and 6 are grouped into a unitary and diagonal matrix Ry, where ¢
refer to these complex phase values (11). Ry is 4Ny x 4Ny and contains all of the complex

exponentials in the subspace equations and is a diagonal matrix as follows (11):

o .
R¢ 0 0
0 Rf 0
Ry = (2.21)
0o - Rf’ 0
44
I 0 R¢ |
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e_i27r(f1_fc)7— 0 O

where Rél = 0 0 ’
0 0 e*i%(fo*fe)T
_ o—i2m(f1—fe)T o~ 127 7 0 0
R?qbZ — 0 L 0 :
0 0 e*iQW(fo*fc)TefiQﬂ-TLS
- e—i20—i2n(fi—fo)r 0
R?ﬁ — 0 L 0 ’
0 0 e—i20€7i27r(fo*fc)T
e—i2ee—i27r(fl—fc)7'e—i2ﬂ'TLS 0 0
44
and R¢ =
0 0 e—i20p 12Ny —fe)T —i2m 7

These exponentials depend on 7 and 6, values which must be determined in order to
specify Ry, but the utility of Ry is that even without knowing these values the property
that? RLqu = I exists, is quite useful and plays a role in Gisselquist’s algorithm (11).
Now we are only left with the amplitude scaling factor, %. Putting all these vectors and
matrices together the discrete Fourier transform of the received signal in vector form may
be expressed as (11):

$:§R¢‘I’d+n (2.22)

The dimensions of these terms are:

T : 4Ny x 1,
n: 4Ny x 1,
d: Ngxl,

W : 4Ny x Ny,

R¢ N 4Nf X 4Nf.

These expressions make it simpler to manipulate the underlying redundancies in the follow-

3The notation z' is used throughout to refer to the conjugate transpose of a matrix or vector.
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ing sections (11). It should be stressed that Ry is not fully specified and so any algorithm

that uses this model must make assumptions or estimate the values of 7 and 6.

2.1.3 The Distribution of a Burst Transmission Signal, x(t). In equation 2.22
there are three unknown quantities, n, ¢, and d. Proper statistical analysis will depend
on knowing whether each of these quantities is random or deterministic and if random,
what the distribution is (11). The goal of this research is to determine a way to estimate
PSD of the noise term. Gisselquist completed his estimate of x assuming the noise was

multi-variate Gaussian with zero mean and approximately diagonal covariance matrix R,

(11)7
2

(R,);; 2 & ‘/i n(t)e 2 tdt| 3 ~ TS,(f). (2.23)

The approximation in equation 2.23 introduces a bias into R,, that comes from the noise
and is significant when S, (f) changes rapidly (11) in frequency. In his statistical model
he assumed this matrix was known. He assumed that 1" was large enough so that the bias
was negligible. This is where this research plays a role, in estimating this noise matrix
R,,. There is a constraint on the unknown parameter ¢, it is unknown, but must be a
deterministic parameter because if ¢ were to be treated as random, z(t) would become a
stationary process and it is not because Ny is finite. The remaining unknown quantity, d,
is usually determined by the modulation type. Prior to the z-transform, the probability
distribution of {d,,} is usually well specified by the modulation type of interest, in this case
BPSK (11). In this scheme d,, is chosen from a finite set of elements, precisely {4-1}. These
d,s may be entirely independent, or they may have some known correlation (11) caused
by a repeating pattern within each burst transmission. They may be biased or uniformly

distributed (11). The correlation in this data sequence can be expressed spectrally as (11):

Ny—1 2

A 1 .
Sa(e®™) & lim —EQ (> dpe ?THIn
n=0

2.24
Ns—o00 NS ( )

Many communications systems transmit uncorrelated symbols leaving this value constant

(11). Either way, the probability distribution of {d,} is known from the modulation
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parameters (11). The probability distribution of D(e27(f/=/e)Ts) the z-transform of {d,},
is not so obvious (11). Since D(e27(f=fe)Ts) is constructed from a sum of random numbers,
it may actually be Gaussian for a large enough number of symbols, Ny, by the Central
Limit Theorem. If D(e?7(f *fC)TS) is truly Gaussian, all that is required to specify its
distribution is its mean, 0, for most modulation types of interest, and its variance, Ry = NI
for statistically independent values of d,, having unit magnitude (11). If the d,, are not

statistically independent, an approximately diagonal matrix with elements
(Ra)jj = NoSa(e?™i=Ts) (2.25)

may be used instead (11). Gisselquist introduces and proves the following theorem to
demonstrate that the Central Limit Theorem does apply as Ny — oo, and identifies when

the assumption that d is Gaussian is valid.

Theorem 1 Consider a message composed of N symbols d,,, where dy, is drawn randomly
from some finite set of symbols, D, each having finite energy. Assume also that the d,
have zero mean. Then the discrete time Fourier transform of the data, examined from any
angle, ¢, and any radian frequency, w = 27(f — f.)Ts,

No—1

Re{e?D(e™)} £ Re{e Z dpe ™"}, (2.26)

n=0

s asymptotically Gaussian as Ny — 0o as long as E {Re {dnewe_iw”}z} > 0 for each n
(11).

In the case of BPSK transmissions the theorem applies everywhere except when ¢ =
5. The exception results in a discontinuity in the probability distribution of D(e2m(F=fe)Ts)
as Ny — oo (11). For this one exception, the probability distribution of D(ei%(f —7 c)TS) will
be approximated as Gaussian and the discontinuity will be treated as if it were non-existent
(11). The approximation at this exception point does introduce bias, but it is minimal
enough not to cause concern, and so the approximation will be applied throughout this

thesis.
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Putting all of these probability distributions together, and given that we are approz-
imating d as Gaussian, with variance Ry and mean 0, the probability density function of

a received BPSK signal can be written as? (11):

L\ ANy 1 1
f(z,d) = (5-) 2 det|R,| 2 det|Ry| 2

wel= 3= 5 ReWd) Ry (2— 5 Ry Wd)—5d" Ry ' d}

(2.27)

When z is known or measured, this probability density function is referred to as the
likelihood function (11, 3). For finite-time signals, all the statistics of interest are contained
within the second moment, for any particular observation length T', the second moment is
(11):

Byafaa} = Ba {($RyWd) (4Rs¥d)' } + By {nn'}

) (2.28)
= £ Ry®R, ¥R} + R,

Normalizing these components by the observation length T' = N T, and assuming uncor-

related symbols, Ry = NI, as explained in Section 2.1.3 (11),

1 A2 1
- fy Tpt o -
TE{m 1 IT. Ry @R PR + TRn (2.29)

produces the second moment. Since the signal contribution does not increase as time goes
to oo, taking the limit as T'— oo is a trivial matter (11). Looking at the terms after such

a limit, the PSD of the transmitted signal is (11):

2
A - g, (2.30)

Ss(f) = 4

This is part of the PSD of the received signal:

Sx(f) = Ss(f) +Sn(f) (231)

The relevance of these subspace formulas is that the subspace in which the signal of

interest resides is smaller than the subspace typically used (11, 28, 15). Because of this, for

*A complete derivation of this probability density function can be found in Appendix A.
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known Ry, ¥, and R, a projection operator can be created, P :R¢\Il(\IlTR51\II)_1\IITRLR51,
which will project the received waveform onto the signal’s subspace (11, 20). Likewise, an
alternate projection operator, I — P, will project the received waveform onto a noise only
subspace (11). Gisselquist showed that a filter for symbol estimation similar to this projec-
tion operator achieved the minimum mean square error (11), and will be derived in Section

2.5.

The next section will explore the relevant statistical signal processing models that
Gisselquist used in the development of his burst transmission signal statistical model,
optimal filtering techniques and then goes on to describe the single sensor minimum mean

square error filter that Gisselquist developed for symbol estimation.

2.2  Euxisting Signal Processing Methods

Convention in signal processing is to classify a signal of interest depending on not
just the characteristics of the signal but also by which characteristics were to be exploited.
When Gisselquist started his research burst transmission signals, he discovered that none
of the existing models adequately accounted for all of the characteristics he was interested
in exploiting (11). Thus, using the existing methodologies as a springboard, he defined
a new working signal model so that he could create a better processing algorithm. This
section describes the stationary and cyclostationary approaches to signal processing and

describes why neither of these approaches is adequate for burst transmission signals.

2.2.1 Stationary approach.  The stationary approach to signal processing assumes
that the signal is stationary, meaning that its probability distribution function is indepen-
dent of absolute time (23). Thus only signals that are infinite in length are truly stationary.
Research in the past has been based on signals of finite length using the assumption that
it has a multivariate Gaussian probability distribution. So the received signals are treated
as Gaussian random vectors with elements independent in the frequency domain (13). In
this manner, the first two moments of the distribution are used to completely specify the
probability distribution. The first moment is the expected value, assumed to be zero, and

the second is specified with the PSD of the signal. Thus, all the descriptive statistics
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(parameters) of the signal are contained in the power spectral density. If a PAM signal
were treated as stationary, the parameters 7 and 6 in equation 2.1 would not be of concern
since the statistics of stationary signals are independent of time and both of these para-
meters require a time reference (11). While this is a good thing, there still is the fact that
the exploitation methods associated with this model do not allow for the redundancies of
BPSK signals to be taken advantage of. So although there are benefits to modeling a PAM
or BPSK signal as stationary, it is not the best since much is lost when the redundancies
are ignored. Exploiting the redundancies and the fact that burst transmissions are time-
limited requires a different approach. Because of this, PAM signals cannot be truly be

modeled as stationary (22, 9).

2.2.2 Cyclostationary.  Another approach is to treat the signal as cyclostationary.
A cyclostationary signal is one whose probability distribution is a periodic or polyperiodic
function of time (23). Thus a cyclostationary signal is also one which is independent of
time and so ideally is of infinite length. Here the time reference is also important since it
determines the phase of the period that the observation lies within (11). So the phase para-
meter, # is now unknown and must be estimated for any cyclostationary signal processing
algorithm (11). In order to use any classical statistical techniques, a probability distrib-
ution is needed to describe the signal. To date, an appropriate probability distribution
function has not been found for cyclostationary signals (10). Further, it has been observed
that digital signals are in general not Gaussian and therefore cannot be treated as such,
yet Gisselquist demonstrates that it is possible, and develops an algorithm based on this
demonstration, as explained in section 2.1.3. Without a known probability distribution, the
cyclostationary signal processor is left to use only the known moments to glean applicable

properties (11).

The advantage of cyclostationary signal processing lies in the moments of the signals
(11). Cyclostationary signals have the advantageous property that particular pairs of fre-
quencies are correlated while stationary signals exhibit no such correlation (6, 7, 18). This
correlation is identified by the cyclic spectral density function or the spectral correlation

function (SCF) and is expressed (7),
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S3(f) 2 Jim ZE{XH(S ~ D) Xr(f + D)) (232

where « is the cycle frequency, or the separation in frequency between two correlated pairs.
It corresponds to one of the time periods found in the probability distribution function
(11). Only man-made signals have the non-zero spectral correlations when a # 0. Of these
man-made signals, only a finite number of values for « yield non-zero spectral correlations
(11).

Typical values of a that produce non-zero spectral correlations are zero, integer
multiples of the symbol rate T%’ twice the carrier frequency 2f., and linear combinations
of these (11, 9). For PAM signals, the cyclic spectral densities at integer multiples of the
baud rate, T%’ are known to be (11, 9),

T —igmhT A2 k k

ST () = T E W (= = L)V +

. OB(Y  (233)

PAM signals with real valued d,,, as in BPSK signals, have a correlation at twice their
carrier frequency as was discussed in Section 2.1.2,

2
120 A

TTS\‘P(f — fo)PE{lda[*}. (2.34)

When using these moments, one assumption must be made: only the signal of interest
is correlated at a particular value of «, implying that the chosen « is non-zero (11).
Then mathematically, the spectral density of the received signal, S%(f), is identical to
the spectral density of the signal of interest, S¢(f) (11). This assumption justifies the
philosophy that estimating this value will separate the signal of interest from the received
signal, and as such all the other noise and interference in the environment (11). This is
how signal selectivity is achieved and is the basis for cyclostationary signal processing. If

the estimate for « is non-zero, the signal is present (11, 8).

There are two big disadvantages when using this technique. The first is the noise, and
the second is that the cyclic correlation function is unknown and must be estimated (11).

The noise problem is that it increases the variance in any estimate of the cyclic correlation
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function, 5’%( f) (11). Thus, despite the assumption that only signal will contribute, noise
variations can easily create other apparent contributions (11). The extra variation can
be dealt with by averaging the statistic over longer and longer observation periods while
requiring some amount of smoothness in the estimated SCF (11, 6). This is appropriate for
working with signals of exceptionally long durations buried in noise, but is not applicable
for short duration signals of interest, which is the category that burst transmissions fall

into (11).

Treating a PAM signal as a cyclostationary signal allows the redundancy property
to be taken advantage of, but assumes complete correlation in the frequency domain. This
assumption then allows the PSD of the transmitted signal to be estimated, not taking
into consideration the bias caused by the noise, since the noise contribution is assumed
zero. 'This is not applicable to burst transmission signals, since the correlation in the
frequency domain for burst transmission signals is not completely correlated, especially so
when dealing with bursts of different lengths, or when dealing with bursts that do contain

some sort of correlation between the transmitted data symbols.

2.8 A Better Signal Model for Burst Transmission Signals

Although each of these previously mentioned techniques has merit, they also have
some obvious disadvantages. Since the spectral correlation functions are only defined for
infinite length signals, (11) none of the discussed methods apply completely to burst signal

transmissions and thus the noise estimation for each is not valid.

The table in Figure 2.3 is helpful in understanding the differences between station-
ary and cyclostationary approaches of signal processing. The PSD of the signal can be
measured if the signal is stationary, but the noise contribution cannot be separated from
the signal. When a signal is considered cyclostationary the techniques focus on the places
where only the signal contributes, that is where the values of a are non-zero (11). By
measuring these properties and averaging them over time an estimate for the signal can be
obtained that is theoretically free of noise. The key here is that neither of these techniques

works for burst transmission signals since the Spectral Correlation Functions (SCF) are
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Figure 2.3  The Spectral Density Problem with Classical Burst Signal Analysis

only defined for infinite length signals, making them inappropriate for time limited signals
(11).
The stationary approach is advantageous since some of the unknown parameters

disappear in the frequency domain, and since a probability distribution function is known.

Cyclostationary techniques account for more of the true characteristics of the
signal, making the methods that use them more accurate. The drawback lies in that cy-
clostationary techniques have no probability distribution function, making conventional
statistical methods difficult to apply. The working signal model for burst transmission
signals allowed Gisselquist to apply classical statistical principles such as Maximum Like-
lihood Estimator (MLE) and likelihood ratios (11) in the development of a demodulator.
The next section briefly discusses optimal filtering techniques before presenting the deriva-

tion of Gisselquist’s Minimum Mean Square Error (MMSE) filter.

2.4  Optimal Filtering

The application of Gisselquist’s research was focused on optimal filtering. In the
development of Gisselquist’s filter, the question of what filter should be applied to get
the "best" results is answered (11). That is, he develops a filter that obtains a reliable
estimate of the transmitted data symbols in the face of colored or white noise. Here we
are concerned with improving his filtering process by obtaining a more reliable estimate of

the noise PSD since the PSD of the noise is an important part of the MMSE filter. The
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Figure 2.4  The Structure of an Optimal Filter

optimal filter to obtain the "best" results is known to consist of a matched filter for white

noise, followed by a Tapped Delay Line (TDL) equalizer (11) as shown in Figure 2.4.

This optimal filter is applicable regardless of the criteria used to define "best" (5).
Specific to our purposes, "best" means obtaining the most reliable estimate of the original
data symbols. In this figure, zpp(t) represents a signal with zero carrier frequency, f. = 0,
t is the time the sample is taken, and d, is the estimated symbol at the output of the filter
(11). This section will follow the form of the filter, first discussing matched filtering and

then the combination of a matched filter with equalization.

2.4.1 Matched Filtering. A matched filter is defined as a unique filter that
maximizes the signal-to-noise ratio of a known input (11). Common developments of this
are presented in (11, 24, 25, 27). In each development, the signal is assumed to be known,
for example s(t) = Ay(t) with a constant gain factor A (11). The filter that maximizes

the signal-to-noise ratio in white noise is (11, 19, 25)

har(t) = ¢* (=) (2.35)

in the frequency domain this filter is

Hyr(f) = 97(f) (2.36)

There are other developments such as (4) which extend this filter to a colored noise
environment (11). The matched filter is obviously the optimum filter when only one data
symbol is transmitted, but not when multiple pulses are transmitted in succession (11) as in

a burst transmission signal. When multiple pulses are transmitted, the pulses may interfere

2-21



with each other at the output of the filter causing Intersymbol Interference (ISI)(11, 24).
Such interference is problematic when W(f) has been designed and fixed in the transmitter,

prior to the estimation of S, (f) (11).

2.4.2  FEqualization. Removing the ISI is accomplished through the use of an
equalizer (11). Ericson proves, using the spectral redundancies inherent in a modulated
signal, that the optimal receiving filter always consists of a matched filter followed by a
Tapped Delay Line (TDL) equalizer (11, 5). This filter can be implemented as a discrete
time filter operating on the symbols that are sampled after the matched filter (11). Using

this structure, there are two ways of applying a filter, fixed and adaptive (11).

A fixed equalizer can be designed by minimizing the mean square error (MSE) be-
tween the output and the true symbols that were sent (11). Berger and Tufts present
one such Minimum Mean Square Error (MMSE) filter for a PAM communication stream
(11, 1). First they modulated the communications signal as a sum of delayed pulses with

unknown weights (11),

[e.e]
s(t) =Y dpto(t — nTy). (2.37)
n=—oo
This is similar to the s(¢) in equation 2.1 with the exception that burst transmission signals

have a limited number of data symbols, Ns;. They derive their filter from the PSD of the

noise, Sy, (f), together with the PSD of the discrete pulse sequence{d, }5> written as

—00)

S4(e27fTs) (11). They point out that this filter is comprised of both a periodic and non-

periodic component,

Sa(em/Ts) v*(f)
H(f)MMSEBerger and Tufts ‘\Il(f n 2 S (f) (238)
27 fTs ) A% §T 00 Ts Hn,_/
1+ Sq(e ) T, D oo Sn(f=75) / Matched Filter

TDL Equalizer

where the periodic portion is the TDL equalizer, and the non-periodic portion is the
matched filter (11). The periodic portion has periodicity T%’ making it a TDL equalizer

and matching Ericson’s prediction (11, 5).
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The second type of equalizer is an adaptive equalizer (11). These equalizers were
first demonstrated by Lucky (14) in 1966 and later studied by Haykin and many others
(11, 12, 2). The problem with these adaptive equalizers lies in their implementation, since
no knowledge of the noise PSD nor the true pulse shape is used (11). Without using the
noise PSD to filter out narrow band interference, large amounts of interference may enter
into the system (11). Without using the true pulse shape, signal energy is arbitrarily lost
in the initial filter (11). While the TDL equalizer may be able to reduce any resulting
distortion, it cannot fundamentally compensate for poor signal-to-noise conditions in the

received signal (11). Thus these systems are less than optimal, despite their practicality.

2.5 A Minimum Mean Square Error Filter for Burst Transmission Signals

The MMSE filter has well known optimization properties, and is well defined when
the pulse shape and the noise PSD are defined (11). However, Berger and Tuft’s version of
the MMSE filter does not exploit the extra spectral redundancies found in a BPSK signal
at bandpass frequencies discussed in Section 2.1.2 (11). Gisselquist created a MMSE filter
that gives the "best" estimate of the d,, provided the pulse shape is known and a reliable

estimate of the noise spectrum is available.

The first step for Gisselquist in the development of his MMSE filter was to find the

d that satisfies:

d(2)arrse 2 argmin B { (d(x) - d)T (d(x) - )} . (2.39)

d(z)

The statistical solution to this minimization is the expected value of the conditional prob-
ability distribution or d(z)asarsz = E{d|z} which is known to minimize the mean square
error when an a-priori probability distribution for d is known (11, 21). Since d and z are
Gaussian, or treated as Gaussian, as explained in Section 2.1.3 the conditional probability

distribution of d given z is also Gaussian with mean (11),

A [ A !
E{dl2} = 5 <2(\IITR,L1\II + R;l> IR R 1, (2.40)
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Figure 2.5  Bandpass MMSE (Gisselquist’s) System Diagram

and variance (11),
~1

AQ
E{dd'|z} = <4(xIrTR;1\II + RC;l) . (2.41)
So the MMSE estimate of d is (11),

A [ A - N\ -
(2(\IITRn1\II+Rd1) iRiR,!

d(x)ymse = 5 (2.42)

which is an optimal filter for recovering d. To see this we use the matrices provided in
Section 2.1.2.1 to calculate a new form of this filter. This vector of data symbol estimates

will have dimension Ny x 1 and after simplification and rearrangement look like (11),

e 02 (=1 H( f;) X (f5)
—i0 27 (f— fe)T 127 7o S+ L i+
.D(eiQﬂ'(fjffC)TS) = +€ € / e ’ H(fj + TS)XT(f] + Ts) (243)
+eile2n(fi=f)T H* (2 f . — [ X5(2fe — f7)

+€i9€i?ﬂ(fj7fc)7€i2w%sH(ch - fj - T%)XT(QJCC - fj - %)

s

Then, expanding equation 2.42 to solve for H(f), we see that the minimum mean square

error filter for BPSK modulation is (11)

v (f—fe

Hyvse(f) = 1 L.5n(f) .
1+A2M Aj‘q]<f+TT_fc AT \\If(fC R a2 ’W(fc_f_ﬁ>‘

o

ol

TS T s, (f+4) ToSn@fe=) T 4 15, (2fe— -2 )
(2.44)

for f e (fc— T%’ fe). The implementation of this filter is illustrated in Figure 2.5.

To implement the filter an estimate of the PSD of the noise must be obtained. Since

the received signal has both the transmitted signal and the noise intertwined as explained in
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Section 2.1.1, methods to estimate the noise must be established. In Chapter III, methods

for estimating this noise are discussed and the success evaluated in Chapter IV.

2.6 Preliminaries

Gisselquist’s filter is optimal in terms of mean square error when demodulating BPSK
burst transmissions (11), assuming a colored noise environment. This thesis is concerned
with estimating the PSD of white noise. The results will hopefully lead to effective esti-
mation of colored noise. The first experiment generated a burst transmission signal as in
equation 2.1. The pulse shape used was a modified Nyquist® pulse shape, specifically a
modified sinc:

1 2t 1 2t 1

»(t) = T sinc(i — 5) + sinc(i + 5) . (2.45)

Although the sinc pulse is infinite as a function of time, the magnitude decreases as
|t| increases, as can be seen in Figure 2.6. The advantage of the modified Nyquist pulse can
also be seen in Figure 2.6 because the magnitude decreases even faster than the unmodified
sinc. Figure 2.7 shows a burst transmission signal using the following parameters: A = 1,

fe=1,7=0,0=0,Ts =1, Ny = 64, and 9¥(¢) was as in equation 2.45. The equation

sin(7t)

°For the purposes of this thesis sinc(t) = =27
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Figure 2.7 BPSK signal with Ny, = 64

plotted in Figure 2.7 is:
63
s(t) = Re(D _ dntp(t — n)e’®™). (2.46)

n=0

This signal is then combined with white noise multiplied by a noise scale as follows:
63 '
2(t) = Re() _ dntp(t —n)e'®™) + (noise scale) n(t). (2.47)
n=0

The noise scale in the simulated received signal, x(t), was allowed to vary incrementally
from 1071 to 10'® while s(¢) and n(t) remained the same. Thus the only variable allowed
to change was the noise scale. The noise PSD, S,,(f), used in the MMSE filter was simply
white noise with a noise scale factor of 1. Thus the shape of the S, (f) used in the filter
differed in both shape and scale from the actual S, (f) in the simulated received signal.
For each noise scale increment, the received signal was processed using equation 2.43 and
symbol estimates, d, obtained. These d,, were compared to the originally transmitted

symbols, d,, and the bit error rate (BER) recorded. The BER is defined as

Number of Incorrectly Identified Symbols
Total Number of Transmitted Symbols

BER = (2.48)

The success of the filter is plotted as a function of the noise scale in Figure 2.8 and

BER, and in Figure 2.9 as a function of the Signal to Noise Ratio (SNR) in dB .

These figures show two important results. First, as the noise scale increases, the

success of the filter decreases. The second, when the noise scale used in the MMSE filter

2-26



=
i
=
—

I\
|

Bit Emror Rate
=
.
e}

f— |

=]
.

i

0.38 ] V

L]

—15 -1 -0.5 0 05 1 1.5
Mose sede=10*

Figure 2.8 BER vs. Noisescale for Unknown Scale and Shape of the Noise PSD

044 -\

D44
i | [
5 042
L
= 04
\ﬂﬂw \___|
| S
—fill —40 =20 0 20 40 a0

Siend to MoiseRatio mdB

Figure 2.9 BER vs. SNR for Unknown Shape and Scale of the Noise PSD

2-27



0.15 (
0.05 ,_

-15 -1 —0.5 0 05 1 15
Moise seale=10%

BitEmor Rate
=
i ———

Figure 2.10 BER vs. Noisescale for Known Scale and Unknown Shape of the Noise PSD

0.15 \
0.1
0.05 =
[| -
—60 —40 —20 0 20 40 a0
Signd to NoiseRatio in dB

BitEmor Rate

Figure 2.11  BER vs. SNR for Known Scale and Unknown Shape of the Noise PSD

is close to the actual noise scale, the success increases. Likewise, the farther that the
noise scale used in the MMSE filter is from the actual noise scale, the poorer the symbol

estimation results. This was further examined in a second experiment.

In the second experiment, the received signal was generated exactly as in the first
experiment. The difference in the second experiment is that the PSD of the noise, S, (f)
used in the MMSE filter was constant, the constant being the noise scale used in the signal
generation. So the MMSE filter has a correct estimate of the scale of S, (f) but not of the
shape of S,,(f). The BER is low for noise scale values < 1, but then sharply increased as

the noise scale values increased as shown in Figures 2.10 and 2.11.

The important thing to note here is that the success drops off rapidly when the noise
is much larger than the signal, most likely since the shape of the noise PSD, S, (f) is

incorrect. This suggested the need for a third experiment.
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The third experiment was conducted identical to the first with the exception that
the PSD of the noise, S, (f), used in the MMSE was the actual PSD of the noise used
in the simulated signal. That is, the S, (f) used in the filter had a shape identical to the
actual S, (f), but the noise scale was incorrect. The exception being when the noise scale
equaled 1. The results of this third experiment were very similar to the first, indicating
that although the shape of the PSD of the noise, S,,(f), used in the filter is important, it

may not be as important as the scale. These results can be seen in Figures 2.12 and 2.13.

These results show the importance of a good estimate of S, (f) for use in the filter,
thus providing the original motivation for this thesis. Although the improvement of the
MMSE filter was the initial motivation for solving this problem, it will be shown in Chapter
IV, that even an estimate of S,,(f) that is correct in both shape and scale does not guarantee

the absolute success of the MMSE filter. Thus the filter is not a good way to indicate the
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success of a particular noise estimation technique. Since the MMSE filter is optimized for a
colored noise environment it is not expected to be the best measure for evaluating a white

noise estimation technique.
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III. Theoretical Development

The noise estimation techniques presented in this thesis are based on two properties of
PAM signals. The first property is the fact that any received PAM signal can be expressed

in time as a sum of the transmitted signal and the noise as follows:

x(t) = s(t) + n(t) (3.1)

The problem is that the individual quantities of s(¢) and n(¢) are unknown. Since they are

unknown, exploitation becomes a problem that must be solved.

The noise estimation techniques are also based on the redundancies discussed in
Section 2.1.2. As stated these redundancies were discovered by Nyquist, exploited first by
Berger and Tufts, and then by Gisselquist in the development of his burst transmission
subspace theory (11). Gisselquist exploited these redundancies in the development of his
Minimum Mean Square Error (MMSE) filter, which produced better results than any
previous work (11). It would seems that equation 3.1 would be the obvious choice to use
in combination with Gisselquist’s filter, however, the results in Chapter 4 will show that
this is not the best approach to use, since the success of Gisselquist’s filter depends on an
accurate a priori estimation of the Power Spectral Density (PSD) of the noise. Additionally,
it is not the best solution since Gisselquist’s filter works best with colored noise, but gives
acceptable results with white noise when the noise scale is known (11). The first section in
this chapter explains the theory behind a method based on equation 3.1 and the following

sections provide better alternatives.

8.1 Method One: Subtract in Time

Equation 3.1 provides a seemingly simple solution to the noise estimation problem,
extract the transmitted signal from the received signal and only the noise will remain.
Gisselquist’s MMSE provides an estimate of the content of a BPSK signal which is described
in equations 2.43 and 2.44. This method proposes using this filter on a received signal to
recover an initial estimate for the originally transmitted BPSK symbols. Since an a priori

estimate for the noise PSD is required, S,(f), a small constant value is used, since the
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expected value of Gaussian white noise over an infinite amount of time is known to be
constant. The received signal is processed as in Figure 2.5, providing an estimate for the
originally transmitted signals, call it d;. The pulse shape, 9, gain, A, symbol length, T,
number of symbols, Ng, time of arrival, 7, and the phase of the carrier, 6, are all assumed
to be known or previously recovered. d,, is replaced with d; in
Ns—1
s(t) = ARe( Y  dnth(t — nTy — ) Tei+0)) (3.2)
n=0
to create a new signal, §1(¢). The signal is then sampled to create a discrete form of §;(¢).

Then §;(t) is subtracted from equation 3.1 giving:
2(t) — 51(t) = 5(t) + n(t) — 51(8) = i (t) (3.3)

The power spectral density of 711(t) is calculated and used in the MMSE filter to obtain an
second estimate of the data symbols, dy. This estimate of the originally transmitted data
symbols is then used to construct a new signal estimate in the time, $1(t), assuming the
pulse shape is known. Using the property presented in equation 3.1, $2(t) is subtracted
from xz(t) leaving 7ni2(t). The noise estimate is converted into the frequency domain using
the DFT, the PSD calculated, and then S’ng(f) is used in the MMSE filter to recover a
third estimate for the data symbols, 613, the process continuing until the d; converge. A
flow chart for this method is illustrated in Figure 3.1.The method seems to be ideal, but
since the success of the original filtering process depends on an accurate estimate of the
noise PSD, it will most likely not converge to the actual d,,. Given that the filter depends
on an accurate estimate of the noise PSD, it seems intuitive to use the received signal in
the noise estimation process. The remaining sections of this chapter do exactly that, and
combined with the redundancy property, seem to be better methods in the noise estimation

problem.

8.2  Methods Using the Signal Redundancies

Given that there are two properties discussed at length within this thesis, it seems

only natural that the ideal estimation techniques presented should take advantage of both.

3-2



Loop Start
Krevd (f) H (f) dnl Use this estimate 1 (I)
-« (I)_’ DFT > TaMSE P 1o create anew rm—-
rovd (using arbitrary signal, assumming
noise estimate) all pararmeters are
known
Subtract this from 3 . &
Y 1o obiai Lrond (I) -5 (I) =n (f) Calrulate the PSD Sﬂg(f) HMMSE (f)
xmw_z‘( ) . Dﬂ«.e m | ofthe new roise P (using
an estimate for estimate o
noise B n2 (f) ]
d" Proceed to Loop Start, exit a," Tse the final symbols
nl 5 RFIAL estitate to constructa new
— | whenthe d;molonger bl signal Subtact hisfiom  ——— 5
change Xrond (I) and caleulate the nFINAL
final noise PSD estimate

Figure 3.1  Flow Diagram for Method One: Subtract in Time

In this section, four different methods will be presented. All exploit the redundancy prop-
erties, and all will hopefully provide promising results for use in the MMSE filter and in the
larger non Gaussian noise estimation problem. First, the development of the redundancies
as they apply to the PSD will be presented, and then an in depth explanation of each

method will follow.

Since both the Fourier transform and the PSD are linear when dealing with burst
transmission signals, the sum property presented in Section 2.1.1 can be easily extended
into the frequency domain. It is known that the Fourier transform of equation 3.1 is:

Ny—1

A A , o0 A
Xp(f) = Np (f) + 5 Y2 em2rUFr[g, emrf—fonTs / b(u)e= 2T U—Eugy, (3.4)
n=0 —o0

As presented in Subsection 2.1.3 the PSD of the transmitted signal, Ss(f), is of the form:
4A—£|\Il(f — f)|?E{|d.|?}. To simplify this equation, let E{|d,|?} = Sq(f) and k = %,
resulting in:

Ss(f) = KIO(f — f)PSalf)- (3.5)

Removing the carrier frequency by moving it to f. = 0 results in:

Ss(f) = kU (f)|* Sa(f) (3.6)



This is summed with the PSD of the noise S,,(f) to give (11, 23):

Sac(f) :Ss(f)+sn(f) (37)

Sz(f) has the same redundancy properties presented in Section 2.1.2 and its vector is of

the form:

Sx(fl)
Sx(fo)

Sw(fo + Tig)
S;(ch - fl)

L S;(ch - fo + Tiq) J
The redundancies for a given frequency, f; € (f. — T%, fe), occur at Sy(fi), S«(fi + T%),
Sx(2fe — fi), and SE(2f. — fi + T%) It is important to note that at these locations, the
information is the same, not the actual values. The PSD of the transmitted signal can be

further broken down into the PSD of the transmitted symbols and the magnitude of the

Fourier Transform of the pulse shape. Both are scaled by a constant, k = A2

7> Where A is
S

the gain of the received signal and T} is the symbol duration. In this section the constant
value, k, and the pulse shape are assumed to be known. The first step in all the methods

will divide by the magnitude of the pulse shape and the constant, k, to give:
(3.9)

That division occurs for each redundancy at a corresponding location in the pulse shape.
Also, keep in mind that each piece has the same data, thus the S;(f) are all assumed to

be the same regardless of the frequency. The explanation will continue using the following
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notation,

Sn(f)

s
o k(P

—W:Sd(f)+

(3.10)

When referring to the redundancies, they will be called F(f7), where j = 1,2, 3, 4. Specif-
ically f! refers to the values having the form S.(f;), f? refers to the S, (f; + T%) values,
f3 the values at S¥(2f. — fi), and f* the values at S%(2f. — f; + T%)’ i€ [1,Ny].

The redundancies and the sum in equation 3.1 are the two properties exploited in
this section when obtaining an estimate for S, (f). The estimation techniques are similar,
but have important differences that will hopefully produce distinct results. Thus, although
repetitive, each method will be explained starting from equation 3.10. Which method to
use should be based on the known and unknown parameters of the received signal and
what the estimate will be used for. The explanation of each method will begin at this

point.

3.2.1 Subtraction of the Smallest Redundancy.  There are two methods that use
the smallest redundancy value to extract an estimate for S, (f). Starting with equation
3.10, F(f) is evaluated at f1, f2, f3, and f* The smallest F(f’) in absolute value is
selected. The smallest of the four values will have the smallest value for S, (f) since the
Sa(f) are the same at each location. Call this new vector of smallest values: Sy (f).

This vector of smallest values is used in the following two methods.

8.2.1.1 Subtraction Before Pulse Shape Multiplication.  If we subtract this

vector, S’d( f), from the values in equation 3.9 we will get:

- Sdsmall(f) = Sa(f) — Sdsmau(f) + (3.11)

At this point (Sg(f) — Sq(f)) is assumed to be small, so the remaining values are the
estimates for the PSD of the noise, divided by k |¥(f)[*>. To obtain S, (f), equation 3.11

is multiplied by k|®¥(f)|? resulting in:

Se(f) = Sagan (HE T = Su(f) (3.12)
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Figure 3.2  Diagram of Subtraction of Minimum Redundancy before Pulse Shape Multi-
plication

The degree of correctness of this estimation will be demonstrated and measured in Chapter

IV.

3.2.1.2  Subtraction After Pulse Shape Multiplication. If we first multiply

this vector, Sg(f), by k |¥(f)|?, and then subtract this value from equation 3.7 we will get:

So(f) = kW) Saun(f) = Sulf) (3.13)

The method differs in where the subtraction occurs. Instead of subtracting in the manner of
equation 3.11, the vector of smallest values, S’dsma” (f), is multiplied by the magnitude of the
pulse shape, the scalar k, and then subtracted from equation 3.7. Again Sy(f)— gdsma” (f)
is assumed to be small, so the remaining value, is S’n( f) is the estimate for the PSD of the
noise. Thus, subtracting before or after multiplication by the pulse shape produces the

same result, S, (f).

3.2.2  Subtraction of the Average Redundancy. For the methods that subtract
the average redundancies, we start with equation 3.9. These methods take the four

redundancies: F(f) = k&&ﬁ = Sa(f) + k‘s\;(%)ﬁ, called F(f7), where j = 1,2,3,4 and
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Figure 3.3  Diagram of Subtraction of Minimum Redundancy after Pulse Shape Multi-
plication

averages them to obtain:

Faverage(f) =
F(SaU) + e +SaU?) + gl + Sl + it +8af) + 5iae)
(3.14)
The S4(f) are the same so we can simplify this to:
1 Sn(fh) Sn(f?) S5 (/%) Sy (f*) )
Favera e =—(4S + + + + 3.15
1) =3 (1800 + S pratE  Hae et i) 019
1/ Su(fY Sn(f?) Sn(f?) Sn(f*) >
Favera e =S + - + + + 3.16
) =500+ 3 (e o * R+ e Eeer) 19
1 Sn(f")
F(we'ra e =S average + — ETIND) 3.17
0e(F) = Sduuerae () 4;”(fk)|2 (3.17)

From this point the average methods start.
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Figure 3.4  Diagram of Subtraction of the Redundancy Average before Pulse Shape Mul-
tiplication

3.2.2.1 Subtraction Before Pulse Shape Multiplication. — Subtracting Foyerqge(f)
from F(f) leaves:

( average(f) =
Snaverage (fk) _
Sa(f) + k:\\I’(f)IQ < daverage (f) + 7 2—31 ’W) = (3.18)
§ S f 1 Snave"r‘agy(fk)

R k)|

As in previous methods following multiplication by & ‘\If( fI )}2 yields:

N 3 i 1 S avera e(fk) i |2
Sul(f) = KY(N)PF(f) = Faverage () = {Sn(f) = ) =222 [W(f)|" (3.19)
< u()
This is the estimate of the PSD of the noise, S, (f), based on the average of the redun-
dancies. This method completely eliminates the constant k, which seems very promising.
A flow chart of this method can be seen in Figure 3.4. The degree of correctness of this

estimation will be demonstrated and measured in Chapter IV.
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Figure 3.5  Diagram of Subtraction of the Redundancy Average after Pulse Shape Multiplication

3.2.2.2  Subtraction After Pulse Shape Multiplication.

4
1 Sn(f
Favera e = S ‘I' N 3.20
D) =SuD) + 12 s (3.20)

Starting again with the above equation, we first multiply by the pulse shape and

constant and then subtract Foperqge(f)k ‘\Il( f”“)!2 from the original S,(f) to obtain the
estimate for S,,(f).

Fmge<f>k\w<f’“>(2=< +i§4} kf; ) ) v e
k=1

Finally, we subtract this not from equation 3.10 but from equation 3.7 to obtain:

2 N
=) (3.22)

S (F) = Faverage (F)k [ ¥(£¥)
Again, Sy(f) — Sda,ue,,age (f) is assumed to be small, so the remaining value, S’n(f), is the
estimate for the PSD of the noise. A flow chart for this method is presented in Figure

3.5. Thus, subtracting before or after pulse shape multiplication produces the same result,

Su(f).
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IV. Analysis by Simulation

As observed at the end of Chapter II, the success of the filter when no characteristics of
the noise are known decreases dramatically when the noise scale exceeds the scale of the
transmitted signal. Thus it seems logical that one method of testing should be to test the
success of the demodulator at various noise levels. The results in this chapter are presented
in two sections. The first section presents the effect the noise PSD estimates have on the
demodulation success of the MMSE filter, reviewed in Section 2.5. As noise levels increase,
the ability to accurately recover the originally transmitted data symbols is measured. The
second section presents a comparison between the actual and estimated PSDs of the noise.
As explained, the noise estimation problem has two important goals. First, can these
methods accurately measure the scale of the noise? Second, can they obtain an accurate
estimate of the noise shape? It is important to note that the noise estimates do not give
actual noise content as it exists in the time domain, but rather estimates of the PSD of the
noise, since this is the form of the noise that the filter presented in Chapter II and other

signal processing methods use.

4.1 Impact on Demodulation

The demodulation technique, Gisselquist’s Minimum Mean Square Error filter, can
serve not only for measuring noise estimation success, but as part of the algorithm to
estimate the noise. This section is organized into two subsections, the first presents the
results of Method One: Subtract in Time, and the second exploits the signal redundancies
in the estimation algorithms. The measure of success in this section is the Bit Error Rate
(BER) as the noise scale is incrementally increased or in the first method compared to

iterations.

4.1.1 Method One: Subtract in Time. This method seemed to be the most
obvious, and possibly the most flawed. There may be other ways to estimate the noise
in the time domain, but only Subtract in Time is evaluated here. This approach was not
effective as Figure 4.1 shows. The BER in this experiment did not converge, even after

fifty iterations. The initial estimate of the data symbols obtained using an arbitrary value
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Iteration

Figure 4.1  Method One: Subtract in Time BER vs. Iteration Number

for the PSD of the noise, S,,(f), was the best estimate. The estimates seemed to fluctuate
wildly as the noise level increased. This is an indication that the method is not an adequate
solution to the PSD of the noise estimation problem. The formula used to calculate the

BER in this section and all following sections is:

Number of Incorrectly Identified Symbols

BER =
i Total Number of Transmitted Symbols

(4.1)

There are probably several reasons why this method is not successful. One reason may be
that the demodulation technique that the noise estimation is trying to improve is part of
the noise estimation algorithm. The next subsection implements algorithms that rely only
on information gleaned from the received signal. The next subsection also takes advantage
of more properties of the received signal and the processing occurs in the frequency domain,

for these reasons they hold more promise in accurately estimating the noise.

4.1.2  Methods Using the Signal Redundancies. The previous method did not
exploit the properties of the received signal to estimate the PSD of the noise and it is
likely that because of this, was not very successful. The results presented here use the
redundancies of the signal to estimate the noise PSD. An improvement in these techniques
is that they do not use the demodulation technique that they are trying to improve as part

of the noise estimation algorithms.
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Figure 4.2 BER vs. Noisescale, Subtraction of the Smallest Redundancy before Pulse Shape
Multiplication

4.1.2.1  Subtraction of the Smallest Redundancy. As explained in Section
2.1.2, BPSK signals have redundancy properties that can be exploited. Unfortunately the
results using the smallest redundancy were not as successful as expected in the improvement
of data symbol recovery. Section 3.2.1 explains that subtraction of the smallest redundancy

can occur at two points in the estimation algorithm. The results of each are presented here.

Subtraction of the Smallest Redundancy Before Pulse Shape Multiplica-
tion. This method improved the data symbol estimation algorithm, as can be seen if
we compare the results in Chapter I, Figures 2.8 and 2.9 with Figures 4.2 and 4.3. These
results are slightly better than using an arbitrary value for the PSD of the noise in the
demodulation algorithm. As the noise scale increased, the BER increased to a level no
better than random. Here the results are plotted in two ways, against the noise scale and

against the SNR. Future results will only have the BER versus the SNR.

Subtraction of the Smallest Redundancy After Pulse Shape Multiplication.
This variation of the previous method produced identical results which can be seen in
Figure 4.4. Hopefully it will be more successful in predicting the noise scale, which is

explored in the following section.

Although the methods that subtract the smallest redundancy didn’t have the positive
impact on the demodulation technique as hoped, it should not be taken as an indication

that the methods are invalid. Since the demodulation technique, the MMSE filter, uses
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Figure 4.3 BER vs. SNR in dB, Subtraction of the Smallest Redundancy before Pulse Shape
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Figure 4.4  BER vs. SNR, Subtraction of the Smallest Redundancy after Pulse shape Multipli-
cation

only a small portion of the observed noise spectrum, it is possible that the methods are

not applicable in those particular portions of the observed noise spectrum.

4.1.2.2  Subtraction of the Average Redundancy.  Subtracting the minimum
redundancy in the previous two methods, did not improve the demodulator performance
as much as hoped. Instead of subtracting the minimum, the next two methods subtract an
average of the four redundancies, since they all contain the same information. Hopefully
these methods will provide a more positive impact on the demodulation success of the
MMSE filter. As when subtracting the minimum, the subtraction of the average can occur

at two different places in the algorithm. Both variations are presented here.

Subtraction of the Average Redundancy Before Pulse Shape Multiplica-

tion. The results when subtracting the average of the redundancies before multiplying
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Figure 4.6  BER vs. SNR, Subtraction of the Average Redundancy after Pulse Shape Multipli-
cation

by the pulse shape is shown in Figure 4.5. This produced an improvement over the method
that subtracted the minimum before multiplying by the pulse shape. Additionally these
results were better than using an unknown noise scale and unknown noise shape as can be

seen in Figure 2.9 in Chapter II.

This method improves the success of the demodulator, however the BER continues
to be high and fluctuate wildly when the SNR is high. The acceptable BER is system

dependent and so the measure of how well the methods work is dependent on the system.

Subtraction of the Average Redundancy After Pulse Shape Multiplication.
As seen in Figure 4.6 this method like the subtraction of the smallest redundancy meth-

ods provided identical results as subtracting before multiplication by the pulse shape.

The methods that subtract the average of the redundancies improved the success of

the demodulator which can be seen in Figure 4.7. The results using the methods that
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Figure 4.7 BER vs. SNR

subtract the average redundancies improved the success of the demodulator even when
the SNR exceeded -30 dB. This is promising since SNRs rarely exceed -40 dB. In Figure
4.7 it can be seen that the subtraction of the average redundancies is the most successful
as compared to subtracting the minimum redundancies and using an arbitrary noise SNR,

value in the demodulator, which are the results labeled "Unknown".

The next section measures the success of the methods over the entire observed noise
spectrum, rather than just in the one small portion that the filter uses for demodulation,
using the Mean Square Error (MSE) between the actual noise PSD and the estimated noise
PSD.

4.2 Comparison to Actual Power Spectral Density of the Noise

Improvement of Gisselquist’s MMSE filter was the initial motivation for this research,
and it yielded positive results when subtracting the average of the redundancies. This
section examines the whole observed noise spectrum in an attempt to measure the success
of the previously explained methods. The two important characteristics of the PSD of
the noise, scale and shape, are examined and then a measure of the mean square error
between the actual PSD of the noise and the estimated PSD of the noise is presented.
Each technique captured a part of the characteristics we desire to estimate. Although they
were not completely successful individually, perhaps a combination of these methods may

prove to be an improvement.
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Figure 4.8  Results of Method One: Subtract in Time

4.2.1 Method One: Subtract in Time. Since this method uses the filter in the
estimation process, the results are as expected, less than stellar. Not only did the method
fail to capture the correct noise scale, but the method did not obtain the correct shape
of the PSD of the noise. Figure 4.8 shows the estimated power spectral density of the
noise plotted next to the actual power spectral density of the noise. The figure shows that

neither the scale nor shape of the noise is accurately estimated.

These results, like the results in the filter improvement, probably stem from the
fact that the results we are looking for are in the frequency domain, while the processing
technique occurs in the time domain. Additionally, since the filter is used in the estimation
algorithm, the estimate accuracy at best is only valid in the portions of the observed noise
spectrum that the demodulation algorithm uses. The following results do not rely on the
filter, and thus may have more success in estimating the PSD of the noise, both in shape

and scale.

4.2.2  Methods Using Signal Redundancies.  Although these methods were not all
successful in the improvement of the demodulation algorithm, they did show some promise
at least in some small portions of the observed noise spectrum. Perhaps this success can
be used to implement algorithms with a smaller observation period or algorithms that
combine one or more of the methods. Algorithms that use a smaller observation period
would use a portion of the burst transmission, instead of using the entire burst as these
methods do. These algorithms would account for rapid changes in the noise since the PSD

of the noise would be normalized over a smaller amount of time. These methods use the
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Figure 4.9  Estimated Noise PSD Using Subtraction of the Smallest Redundancy before Mulit-
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Figure 4.10  Zoomed in Estimated Noise PSD Using Subtraction of the Smallest Redundancy
before Mulitplication by Pulse Shape

entire burst to estimate the PSD of the noise, which tends to minimize the contribution of

the noise over the period. A smaller observation period would not do this.

4.2.2.1 Subtraction of the Smallest Redundancy.  The hope for these meth-
ods was that the scale would be estimated accurately, which is in fact reflected in the
results. A suggestion for improvement may be to use a smaller observation window as
previously suggested. The results can be seen in Figures 4.9, 4.10, and 4.11. Figure 4.9
shows the entire estimated noise spectrum, while Figure 4.10 shows a zoomed in picture.
When comparing Figure 4.10 with Figure 4.11 it can be seen that the methods accurately
estimated the shape and scale of the noise PSD in the center of the plot, but when com-
pared with Figure 4.11 examination of the outer edges shows that the method did not

accurately capture the scale of the actual noise PSD.
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Figure 4.11  Actual Noise PSD

Subtraction of the Smallest Redundancy Before Multiplication by Pulse
Shape. This method did not estimate the shape of the actual PSD of the noise with
accuracy, but did capture the correct scale at least in a portion of the estimated noise
spectrum. Since it was not very successful in filter improvement, it can be assumed that

the estimated shape was not correct in the portions of the spectrum that the filter uses.

Figure 4.12 presents the mean square error between the actual power spectral density
of the noise and the estimated power spectral density of the noise. This mean square error

was calculated in the following manner:
N
MSE £ N ;(pi —pi)? (4.2)
1=

where N is the number of points at which the noise was estimated, which equates to the
number of signal samples in both the time and frequency domains. The p; are the actual
values at each point in the noise spectrum and the p; are the estimated noise PSD values.
As expected, as the noise scale increases, the mean square error increases greatly. However

the MSE was very low when the noise scales were low.

Subtraction of the Smallest Redundancy After Multiplication by Pulse
Shape. For estimating the scale of the noise spectrum, this method is more promis-
ing than the previous method. These results can be seen in Figures 4.13, 4.14, and 4.15.
Although it produced BER results identical to the method that subtracts the smallest
redundancy before multiplication, it clearly does a better job of estimating the scale across

the entire observed noise spectrum. Again since this method did not improve the demodu-
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Figure 4.13  Estimated Noise PSD Using Subtraction of the Smallest Redundancy after Mulit-
plication by Pulse Shape

lation as much as the average methods, it can be assumed that the estimation of the shape
was incorrect in the portions that the filter employs. As in the previous method, Figure
4.13 shows the entire spectrum of the estimated noise PSD, Figure 4.14 shows a zoomed

in view of the estimated noise PSD and Figure 4.15 shows the actual noise PSD.

Figure 4.16 shows the same results as the previous method, reflecting the increase in

the mean square error as the noise scale increased to a level beyond the transmitted signal.

Subtraction of the smallest redundancy does have a positive result. It accurately
estimates the shape of the noise in the center of the spectrum, and closely estimates the
noise scale on the outer portions of the spectrum. The methods that subtract the smallest

redundancies also achieve the smallest MSE as compared to the actual noise PSD.

4.2.2.2  Subtraction of the Average Redundancy. The expectation for this
method was that more of the actual noise shape would be captured since the subtraction

portion is a combination of the redundancies. They were not very successful in estimating
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Figure 4.16  MSE vs. SNR Using Subtraction of the Smallest Redundancy after Pulse Shape
Multiplication
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Figure 4.18  Zoomed in Estimated Noise PSD Using Subtraction of the Average Redundancy
before Pulse Shape Multiplication

the noise scale over the whole noise spectrum, but the shape resembles at least a portion

of the actual noise PSD.

Subtraction of the Average Redundancy Before Multiplication by Pulse
Shape. This method almost captured the scale and the shape in the center of the
observed noise spectrum. This portion can be seen best in Figure 4.18. Figure 4.17 shows
that the scale estimate on the outer portion, which the filter uses, is completely wrong.
However incorrect the scale is in these portions, the shape must be accurately captured
since the demodulation results were so successful. Figure 4.20 shows the mean square error

between the estimated and actual PSDs of the noise. It is calculated as in equation 4.2.

As expected because of the horrible scale error in the higher frequencies, the mean

square error increased dramatically as the noise scale increased.

Subtraction of the Average Redundancy After Multiplication by Pulse
Shape. Like the previous method, this method accurately captured the scale and
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Figure 4.20 MSE vs. SNR Using Subtraction of the Average Redundancy before Pulse Shape
Multiplication

the shape in the center of the observed noise spectrum. Figures 4.21, 4.22, and 4.23 show
the results of this final method. Figure 4.21 shows that like the previous method, the scale
in the higher frequencies is completely of from the actual noise PSD. Figure 4.22 shows
that this method nearly captures the shape and scale in the center of the noise spectrum.
Like the previous method, subtraction of the average redundancy after multiplication by
the pulse shape is not very successful over the entire spectrum, this is reflected in Figure

4.24.

The methods that subtract the average of the redundancies do not accurately capture
the scale of the actual noise PSD, but they did have the best success in improvement of
the demodulator success. Figure 4.25 shows a comparison of the MSE between all the
subtraction methods and the MSE using a noise PSD with unknown shape and scale. As
previously shown, the methods that subtract the average redundancies do not do a good
job of estimating the noise PSD over the whole noise spectrum. The methods that subtract

the minimum redundancies obtain a MSE about equal to using a noise PSD with unknown
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Figure 4.24  MSE vs. SNR Using Subtraction of the Average Redundancy after Pulse Shape
Multiplication
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MSE vs. Noise Scale Subtraction Methods Compared

shape and scale. Thus the best methods for estimating the noise PSD over the entire

spectrum are the methods that subtract the smallest redundancies.
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V. Conclusions/Recommendations

The initial goal of this research was to determine if an accurate estimate of the noise
power spectral density (PSD) could be obtained. The need for a solution to this problem
stemmed from research done by Gisselquist in (11). He created a minimum mean square
error (MMSE) filter whose success depended on an accurate a priori estimate of the noise
PSD. His filter is designed and works best in a colored noise environment (11). This
thesis tackled the white noise estimation problem, in the hopes of providing direction
for the colored noise problem. Five methods were developed and tested to determine if
they improved his filter results. The methods were also measured against the entire noise
spectrum as well, since the filter that Gisselquist created only employs a small part of the

noise PSD.

The estimation techniques can be improved and suggestions for further research are
included in this chapter following a summary of the results obtained. Overall the research

was a success as it provided a good starting point for further research.

5.1 Summary of Results

The methods tested included Subtraction in Time, and four other methods which
exploited the redundancies of the signal properties. The second group of methods included
the Subtraction of the Smallest Redundancy Before and After Pulse Shape Multiplication.
Finally the third group included Subtraction of the Average Redundancy Before and After
Pulse Shape Multiplication. The results of the Subtract in Time method were totally
unsuccessful. In fact, the results obtained using an arbitrary noise PSD in the filter with
a random shape and scale provided better results than Subtract in Time. The methods
that used the smallest redundancy provided a slight improvement in the demodulator
performance, but were most successful in obtaining the most accurate estimate across
the entire noise PSD spectrum. The methods that subtracted the average redundancies
provided the best results. Not the best when compared to the actual entire noise PSD
spectrum, but in improvement of the MMSE filter. This is a success since the most

important goal of this thesis was to improve the success of Gisselquist’s MMSE filter.



5.2  Future Work

As stated previously, Gisselquist’s filter is optimal in a colored noise environment.
Because of this it is obvious that a suggestion for further work is to extend these methods
to the colored noise environment. Another area for continued research is the exploration
of why the subtraction of the average redundancy methods do not capture the scale of the
noise PSD in the higher frequencies. Perhaps if a more accurate estimate of the scale can
be obtained in this region, the success of the method can be improved further. A third area
to explore is combining these methods which only use an active signal with methods that
use observations when the signal is not active. When the signal is not active, only noise is
present, thus a good estimate should be possible when combined with the estimates of the

noise when the signal is present.

Overall, the methods presented in this thesis provide a good ground work for sev-
eral future estimation methods in both the colored and white noise environments. One
last suggestion for future work is to employ a smaller observation window combined with
adaptive filtering. This would allow the noise PSD used in the filter to perhaps capture
more of the noise characteristics in a smaller region, improving the success incrementally

as the observation time moves along.

5.3 Conclusion

Gisselquist created an excellent and new signal model for burst transmission signals.
Additionally he created an excellent demodulation technique based on this model. The
results presented in this thesis can hopefully be implemented so that the MMSE filter can
be improved. The results show that the methods employed are successful in the white
noise environment. Hopefully future research can extend the methods and combine them

with other methods to further the improvement of Gisselquist’s MMSE filter.



VI. Appendiz A Mathematica Notebooks

All the figures in the thesis were generated using Mathematica. The notebooks are all
presented here. The figures that each notebook produced are listed in the explanation

which precedes each notebook.

6.1 Data Generation

This notebook creates the variables needed for all subsequent experiments. It was not
used to generate any figures. The first section creates the variables used in the signal gen-
eration process. The comments after each variable describe what the variable corresponds

to in the thesis.
<< Statistice ContinuwousHstributions"
ts =1 (w=ymbol length bazsed on original symbol Ts r);
ns = 2°{x message length Mz in the orginalwj;
d= Table[2 Random[Integer] -1, {i, 1, n=}]; (v the meszage n)
tauw=0; (r delay )
foc = 1(» carrier freq fc in Hertzw);

k= 2"; [vuzed to esctablish sample ratewr)

1
tt = —; (wsample rater)
kic

nz b=
bign= —; (rthiz iz the mumber of zamples we will take in both the frequency and time domainew
tt

theta = 0; («phazexr)

aa =1; (wamplituder):

mu= 0; (vuzed in ramlom noize generationw)
gigma = 1; (vuzed in random moize generations)

. -1
myizecgcale = 10 ;

R SZin[xt]
sinc[t_]:=If[tz0, ——— 1] :
xt
1 t 1
nyrglt_]:= sirl:[2 - —] +s:i.m:[2 +— ] ; (*Gisselguist's modified sincw)
ts Wts 2 Witz 2

na-1
s[t_]:= N[ Re[aaZ (d[[n+1]] yg[t -nts -tau] Exp[((I2 xfct) +t1lat.a]])]]; (rsignal equationr)

n=l

This portion creates a random vector of white noise and calculates the PSD.

vhite = noisescale » Table[ Random [Normallhistribution[mu, sigma]], {i, 1, bign}];
rhitefourier = Fourier[wvhite, FourierParameters— {1, -1}];

moisefourier = vhitefourier ; (rchoose coloredfowrier or whitefowdiers)

moise = white: (rchooze colored or whdter)

1 Langth[ nadsa]-1 -%

r}u‘nise:TaiJle[ moise[[n+1]] » nodse[[n+1+k]], {k, 0, Lengt.]l[m:i.se]—l}];

Length[mdize ] -k =

PSInoise = Fowier[rxwise, FourierParameters— {1, -1}]:

This portion generates the signal vector, adds the white noise and takes the discrete

Fourier Transform of the generated signal and noise combined.
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- ns ts
Timing [t = Table[ —

i, {i, 0, bign-13]:

st=Table[s[tx[[i]]]. {i, 1, Length[tx];];

signalmnise = misescale » Table[ Bandom [HoomalDistyibution[m, sigma]], {i, 1, Length[t2]}];
zignal ==t + signal mi=e;

signal fourier = Fourier[signal , FowrierParameters — {1, -13] ;]

This portion creates the Minimum Mean Square Error Filter.

sanega = Table[ 2_” k, ik, 0, bign-1;];

high = Length[zanedqa] ;

(+P5D of the moize and FT of the zigmal for the MMSE flter:)

pedfw ] := If[ll < Ab=s[w] <

1
ral left = Min[bign - 1, 1+ Flooxr[bign fAbs[w]tt]]:
PSInoise[ [left +1]] - PShwoise[ [left]]

somegal [left +1]] - comega[[1eft] ]

PEDnoise[[left]] +

+(2 m tt w- scomegal [left]]), ll];

h §

E, left - Min[bign -1, 1+ Floor [bign Jbe[d] tt]]:

zignal fourier[ [left +1]] - scignal fowrder [[left]]
somega[ [left +1]] - somegal [left] ]

¥off[d ] := TE[0< Fbs[d] <

signal fowrier[ [left]] +

* (2w ttd- sonega[[left]]), 0]:

R R -1 1 kt=s R R R R
bigp=i[k ] := If[; ER X ;, N ts Cns[JrT], l]]; (+Fourier Transform of EHsselquist' 2 sinc pulses)

elp 1:- [3 Conjugatebigpsi[p - £0]] ]//

t= pod[p]

4, 2a"2 Fbs[bigpsi(p-fc]] "2 aa"2 fbs [bigpsi[p+ L - fc]] "2
+— +

aa”2 fbs[bigpsi[fc-p]]"2
n

+
ts psd[p] 4 tepsd[p+ t_l,] 4 tspsd[2 fo - p]
an~p Pbe[bigpsi[fc-p- é]]"z
3 t.spsd[z fc-p- t] '

This portion accomplishes the recovery of the originally transmitted data symbols.

nf=mns; (+omber of samples for recouery, same as the ramber of transnd tted symbols=)

. -
endanega = Sort[ W[ Table[fa- % cAi, 1, nf3]]]; Crarvay wariables)
Iu £

bigdhat = Table[(Bep[- T theta] Exp[T 27 ( endomega[[1]] - £o) tan] bemse[ endamegal[i]]] RofF[endome gal [11]]) +
(Exp[—I theta] Bup[T 2 77 (endomega[ [1]] - £o) £au] Exp[T 2 :rii] bnmse [ endeomegal [1]] +ti] FofF [ endemegal[1]] +ti]:| +
£ £ £

( Bxp[ T theta] Eup[I 27 endamega[[i]] - £e) tam] Conjugate[bmmse[ 2 fo - endomegal [1]]1]]
Conjugate[ XofF[ 2 £o - endamegal[i]]]]) +

£ i
(Exp[ I theta] Exp[I 277 endamega[[4i]] - £e) tan] Exp[I 2T t;m] Conjugatehrmse[2 fo - endomega[[i]] - t—]]
£ =

Conjugate[ XofF[ 2 £2 - endamegal[[i]] - é]]) {i, 1, Length[ endomegal}];

(+bigdhat is the B transform of the data smbols and must be wndones)
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Zz = Tahle[Exp[? I (endomegal[k]] -fcits] ., {k, 1, nf}]; (+vmatrix for z transformr)
ZEZ = H[Transpuse[Tahle[z'k, {k, 0, nf-13}]]]: (+Z transform matrixs)
MatrixForm[Chop[Conjugate [Transpose[z2z2]].2221];
Chop[LinearSolve[zzz, higdhat]];
dhat = Sign[Chop [LinearSolwve[zzz, bigdhat ]1]1]; (rrecovered data symbolsry)
MatrixForm[Transpose [ {dhat , d¥]1:
(*BER«)

Totad [Abe [dhatd]]

2
N—L |

6.2 Known Noise Scale

This first portion of the notebook creates the variables used throughout. Some are
recovered from data vectors created in the notebook "Data Generation." This notebook

was used to create Figures 2.10 and 2.11.
<< Statistics ContinuousDistributions™
vhite= << white;
st= <<st;
d=<<d;
ns= 2°;

aa =1;
mi=0;

sigma=1;

2 x

k, {k, 0, bign—l}];
bign

somega = Table|

i-110°
endomega = Sort [N Table|fc - lnfT , ti, 1, nf3]]]

2= Table[Exp[2 n T {andomegal [k]]1 - fc) ts] , {k, 1, nf31;
zzz = N|Transpose|Table[z *, {k, 0, nf-13]]]:
MatrixForm[ChopConjugate[Transpose[222] | . 222] ] ;

-1 1 kts
bigpsifk ] ::E[E <k« e’ 4 ts Cos[;rT], 0] ;
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This section tests the BER, using a known noise scale. Notice that the PSD used in

the filter is a constant, equal to the noise scale.

results= Table[0, {i, 1, 1513,
mg= Bange[-1.5, 1.5, .02];
Timing[For[i=1, i< 151, i++
noisescale= 10717,
signal = moisescale white) + st;
signalfourier - Fourier[signal, FourierParameters -+ {1, -131
psdiw 1 := moisescale;

aa Conjugate[bigpsi[p- fcl]
hmmse[p | := |— J p ]/
2 ts psdipl
|1 aa"2 Abs[bigpsi[p-fo]]*2 aa*2 Abs|bigpsi[p+ i'fC”AZ
+ + +
1 4 ts psdip] 1 ts psd[p+ ti]

aa”2 Fbe[bigpsilfc- pi1~2 aan2 Bbs[bigpsi[fe-p- =]]"2
. ;
4 tspsd(2fc- pl 4 tspsd[2fc—p—ti]

1
Xoff'[d ] := Tf[0 < Abs[d] < e 1ft - Min[bign- 1, 1+ Floor[bign Bbs[d] tt]];

signalfourier| [1ft + 1] ] - signalfourier|[1£t]]
somegal [ 1ft + 111 - somega[ [ 1ft]]
+ (2 nttd- samega[ [1£t11), 0] ;

signalfamica[[1£L]] +

bigdhat = Table| (Exp[- Itheta) Exp[T 2 x (endomegal[i]] - fo) tau]
hmmse[endomega( [1]]] XofF[exdomegal [1]1]1]1) +

[Exp[—Itheta] Exp[I2 x (endomegal[il] - fo) tau] Exp[I2 x %] hmmse[endanega( [11] +
%] ¥ofF [endomegal 1111 + t—lsl] + (Exp[ Itheta] Exp[I2 x (endomegal [1i11 - fo) tau)
Conjugate[hmmse[2 fo - endomegal [1111] Conjugate[XofF[2fc - endomegal[i11]11) +
(Expl Ttheta) EXpIT 2 x (endomegal [11] - fc) tau] Exp[I2 x %’l]
Conjugate|hmmse| 2 fc - endomega[[i]] - %]]

X 1 X
Conjugate| XofF|[ 2 fc - endomega[ [1]]1 - E”] , {1, 1, Length[endomegal}] ;
dhat = Sign[Chop[LinearSolwe[zzz, bigdhat]]] ;

Total [Bbs[dhat-d]]
percentcorrect = N[ns%] H
results[[i]l] = percentcarect ;]|

This section plots the results.
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6.3

results = Take[results, - (Length[results] - 1)];
mg = Take[myg, -{Length[rmg] - 1)1,

noisescale= Table[107<IF1 ) ¢4 1, Tength[mgli] ;

SHE.= Table[20 Log| ]. i, 1, Iengthinoisescalel}] ;

noisescale[ [i]]

ch?scalesn = ListPlot [Transpose[ {11y, resultsy], PlotJoined - True,
PlotBance -+ Al1l, TextStyle -+ {FontFamily- "Times™, FotSize - 123,
FrameLabel -+ {"Hoise scale=10"", "Bit Error Rate™ , Frame - True,
fores —» False, GridLines » Automatic] ;

ch?scalesndb = ListPlot [Transpose| {SHR, resultst], PlotJoined —» True,
PlotBance -+ All, TextStyle+ {FontFamily- 'Times™, FotSize - 123,
FrameLabel -+ {"Sigmal to Hoise Batio in dB™, "Bit Errar Rate™;,
Frame - True, fes —» False, Gridlines - Artomatic] ;

Known Noise Shape

This first portion of the notebook creates the variables used throughout. Some are

recovered from data vectors created in the notebook "Data Generation." This notebook

was used to create Figures 2.12 and 2.13.
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<< Statistics ContimwousDistributions®
white = << white;

st=«est;

d= <<d;

ns=2°;

nf-=ns;

fo=1;

k= 24;

aa=1;
m=0;
sigma=1;
2
SOmedya = Table[—x k, tk, 0, bign-13];
bign

i-110"% |

endomega = Sact [N[Table[fo- ——— , ¢i, 1, nf3]]];
nfts
z = Table[Exp[? = I {endamega[ (k1] - fo) ts] , {k, 1, nf1;
zzz - N|Transpose[Table[z ™, {k, 0, nf-13]]]:
MatrixForm[Chopl Conjugate [ Transposelzzz] | . 22211 ;
kts
5 1.0/

bigpsilk | := If[_—l <k< 1 ;4 ts Cos[x
ts ts
filtemoise= white;
1
Iength filteroise] -k

rxfilternoise = Table|

Length[filtermoise]-1-k
filtermoise[[n+ 1]] » filtemmoise[[n+ 1+ k], {k, 0, bign—l}];

n=0

PSnoise=- Fourier[rmdilteamoise, FourierParamsters - {1, -131;

1
psd[w ] := If[0< obhs[w] < w 1ft = Min[bign - 1, 1+ Floor[ bkign Abs[w] tt]];

. PSDnoise[ [1ft + 111 - PSDnoise| [1£t]]
PSDnoise[[1£t]] + + {2 ~ tt w- somegal1ft111, 0] ;
somegal [1£E + 111 - somegal [1£E]]

This section tests the recovery rate using a known noise shape. Notice that the PSD
used in the filter is identical to the noise used in the signal. The scale is the only thing

that varies.
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results - Table[0, {i, 1, 1513]
11y = Barnge[-1.5, 1.5, .02];
Timing[For[i= 1, i< 151, i++
noisescale= 10™9H1
signal = (noisescale white) + st;
signalfourier - Fourier[(signal, FawrierParamsters - {1, -131;

aa Conjugate[bi ifp-fcll
hmmse[p ] := |— U S }/
- 2 ts psdip]
1. 33"2 Ebsibigpsilp-fol1°2  aa"2 Bbs[bigpsi[p+ = - fc]] "2
. . .
4 ts psdipl 4 tspsd[p+ =]

aa™2 Abs(bigpsilfc-p11"°2 aa"?2 ‘T"b’s[1:’3."‘-:|13’S'1.'[fc'I""i]]/\2
+ :
1 tspsdi2 fc - pl 4 tspsd[ch—p—tl]

1
XofFid | := ]:E[O<Hbs[d] < T Ift = Min[bign- 1, 1+ Floor[bign Abs[d] tt]1;

sigmnal fouwrier| [1ft + 111 - signalfomrier| [1£t]]
somegal [1£t + 111 - somegaf [1£t]]
¥ (2 xtt d- somegal [1£t11), 0] ;

signalfouriery [1ft]] +

bigdhat = Table[ {Exp[- Itheta] Exp[I2 ~ {endomegal [1]] - fo) tau]
hmmse [endanega( [1] ] ] ZofF [endomegal[11]1]1) +

. tau
[Eb(p[—Ithe‘I:a] Expl[I2 x {endomegal [1]1]1 - fo) tau] Exp[I2x E]

1 1
hmmse | endanegal 1111 + E] YofF [endomegal [i1] + E]] .

(Expl Ithetal ExplI2 x jendomegal [1]1]1 - £fo) tau]
Conjugate[hmmse[2 fo - endomegal [1]1]11]1 Conjugate[XofF[2 fc - endanegal [11111]1 +

. tau
[Exp[ Itheta) Bxp[I2 x (endomegal [11] - fo) tan Exp[I2 = E]

1
Conjugate[hmmse[2 fo - endomegal 111 - E]]

. X 1 X
Conjugate| %ofF| 2 fc - endomega[[i]] - E]]] ; {i, 1, Lengthjendomegal3| ;
dhat = Sign[Chop[ LinearSolve|zzz, bigdhat]]] ;

Tokal[Rbs[dhat-d]]

percentcorrect =H[—— % ] ;
(T
results[[i]] = parcantcorrect ;] |
Hull

This section plots the results.



results - Take[results, - (Length[results] - 1}];
1y = Take[1nyg, - Lengthrmg] - 11!

noisescale= Table[ 107011 i 1, Tengthimmgl}];

SHR = Table[20 Log| ], {i, 1, Iengthinoisescalely] ;

noisescale[ [i]]

ch?shapesn - ListPlot [Transpose[ {11, results}], PlotJoined - True,
PlotRance - All, TextStyle- {FontFamily- "Times™, Foat8ize- 123,
FrameLabel + {"Hoise scale=10"", "Bit Error Rate™ , Frame - True,
Fxes - False, GridLines - Artomatic) ;

chZshapesieb = ListPlot [Transpose[ {SHR, results}], PlotJoired -+ True,
PlotRarke -+ All, TextStyle- {FontFamily- '"Times™, FatSize- 123,
FramelLabel -+ {"Signal to Moise Ratio in dB™, "Bit Errar Bate™,
Frame - True, fxes -+ False, GridLines » futomatic) ;

6.4 Unknown Shape and Scale

This first portion of the notebook creates the variables used throughout. Some are
recovered from data vectors created in the notebook "Data Generation." This notebook

was used to create Figures 2.8 and 2.9.
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<< Statistics ContimwousDistrilations”
white = <<white;

st= <¢st;

d= «<d;

ts=1;
tau=0;
theta=0;
aa=1;
mi=0;
sigma=1;
Scm‘ega:Table[z_—n k, ¢k, 0, bign-13];
bign
. -3
LI i
z= Table[Exp[2 n T (adomegal [k]]1 - fc) ts] , {k, 1, nf}]1;
222 = N[Transpose[Table[z'k, {k, 0, nf-13]]]~
MatrixForm[Chop[Conjugate[Transpose[z22] | . 222] ] ;

endomsga = Sort [H|Table[fc -

-1 1 kts
bigpsifk | ::E[E <k< = W ts Cos[;rT], 0]:

realnoise= white;

1
Length[realnoise] -k
Length[realneise]-1-k

Tealnoise[ (n+ 111 »

acnoise= Table|

n=0
realmise[ [n+ 1+k11, {k, 0, Length[realmoise] - 13] ;
actualPSD= Fourier|acnoise, FourierParamsters » {1, -131;

filtermoise = Table[PRandom[NormalDistrilationim, sigmal], {i, 1, bign}] ;
1
Length[ filtermnoise] - k

rxfiltermoise = Table|

Langth[fil4esmeiza]-1-k
filternmoise[ n+ 111 *

n=0
filtermoise[m+ 1+ k11, k, 0, bign-13];
PSInoise= Famrier[rxfiltamoise, FarieaParameters -+ {1, -131;
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1
psd[w ] := If[0 < Abs[wW] < =’ 1ft - Min[bign -1, 1+ Floor[bign Rbs[w] tt]];
PSDnoise| [1£t + 111 - PSDioise[ [1£E]]

somegal [1£t + 1] ] - somegal [1£E]]
(2 x tt w- somega[ [1ft]]), O] ;

PSnmoise[ [1£E]] +

aa Conjugate|bi ip- fo
hmseqp | i= !? Jugate] bigpsi[p ]]]/

ts psdipl
aa™? Bbsibigpsilp-foll 2 aa’? Abs[bigpsi|p - i - fo] |2
— +
a ts psdipl] 1 tspsd[p+ ti]

aa™2 Fbsibigpsiffc-p11°2 aa”2 Hbs[ijPSi[fc‘P‘t—tllAz
+ H
4 ts psd(2 fc - p1 4 tspsd[2fc-p- 2|

This section tests the recovery rate using an unknown noise shape and scale.

results = Table[0, {i, 1, 15131,
MSE = Table|0, ¢i, 1, 15131,
¥y = Range[-1.5, 1.5, .02] ;
Timing|[For[i= 1, i< 151, i++
noisescale= 1079E1
signal = (hoisescale white) + st
signalfourier = Fourier[signal , FourisrParamsters - {1, -131;

1
X¥off[d | := IE[0 < Abs[d] < o 1ft = Min[bign -1, 1+ Floor{bign Abs[d] tt1];
sigmal fourier] [1ft + 1]] - signalfourier] [1ft]]
samegal [1ft + 1] ] - somegal [1£t]]
# (2 xtt d- somegal [1EE]1 1), 0];

signalfourier[ 1)) +

bigrthat = Tab]e[(E)(p[— Ttheta] Bxp[I2 ~ (endomegal[i]] - f&) tau
hmmse[endomega[ [111]1 XofF [endanegal [i111) +
(Ebcp[—Itheta] ExpII2 x (endomegal [i1] - o) tau]
tau . 1 . 1
Exp[I2 x —— | hmmse[endomegal [1]] + -— | ¥ofF [endomegal [i]] + -— ]] +
ts ts ts
{Exp| Ttheta] Exp[I2x (endomeqgal [i]] - fo) tau]
Conjugate[hmmse[ 2 fo - endomedgal [1]1]1]
Conjugate[ XofF| 2 fo - endomegal [11111) +
(Exp[ Itheta] ExpII2a (endomegal [i]1] - fo) tau]
tau . . 1
E)(p[127r—ts ]Con]uqate[lnmse[ch - endomegal[i]] - E]]
1 .
Conjugate| XofF| 2 fc - endomegal [111] - E]]) , {i, 1, Iength[endomegall] ;
temp = _L:[btal[(actuamsn-psnnjsef];
bign
MSE[ [1]] = temp;

dhat = sign[Chop[ LinearSolwe|zzz, bigdhat)]1]
Total [Abs [dhat-d]]

percentcorrect = N[*] H
results[[i]] = percentcorrect /] |
Hull

This section plots the results.
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results = Take[results, - (Length[results] - 1)1,
myg = Take[rmy, - (Length[rg) -1)1;

results »> BERIHK;

MSE = Take[MSE, - { Length[MSE] - 1)] ;

MSE > > MSEUHE ;

noisescale= Table[ 107N (i 1, Tengthrmg3];

aa
SHR = Tablse[ 20 Log| ] i, 1, Length[noisescalel}] ;

noisescale[ [i]1

chwrksn = ListPlot [Transpose| {11y, resultsy], PlotJoinad - True,
PlotRange + All, TextStyle -+ {FontFamily -+ "Times™, FontSize + 123,
Framelabel + {"Hoise scale=10"", "Bit Error Rate™ , Frame - True,
mes - False, GridLines - fAttomatic) ;

ch2wrksixlb = ListPlot [Transpose[ {SHR, results}], PlotJoined - True,
PlotRange -+ All, TextStyle - (FontFamily - "Times™, FontSize - 12},
FrameLabel -+ {"Signal to Hoise Ratio in dB", "Bit Error Rate™,
Frame -+ True, fores » False, Gridlines - Atomatic] ;

6.5 Subtraction of the Minimum Redundancy

6.5.1 Subtraction of the Minimum Redundancy Before Multiplication by Pulse Shape.

This portion of the Mathematica notebook creates the variables used throughout. Some
are recovered from data vectors created in the notebook "Data Generation." The vectors’
meaning is the same as in the first notebook. This notebook was used to create Figures

4.12 and 4.3.

6-11



<< Statistics ContimwusDistributions®
white= << white;

st= «<st;

d=<<d;

shape= << shape;

shapefourier = <« shapefouriar;

ns=2°;

theta=0;

aa =1;

mi=0;

sigma=1;

somega = Table[i k, {k, 0, bign-13];
bign

i-110°7
endomega = Sort [ N[ Table| fc - = {i, 1, nfy]]]-

z= Table[Exp[2 n I jendomegal (k1] - fo) ts] , {k, 1, nf3];
zzz = N[Transpose[Table[z ", (k, 0, nf-13]]]:
MatrixForm[Chop[Canjugate [ Transpose[z2z] | . 222] | ;

-1 1 kts
bi ik 1:=[]— <k« —, & ts Cos 0]
apsTIE [ ts ' [x—5-1. 01
XoffF[d | := If[0 < Bbs[d] < i, 1ft = Min[bign -1, 1+

tt
Floor] bign 8bs[d] tt]]; signalfourier|[1£t]] +
signalfourier| [1ft + 1]] - signalfourier| [1ft]]
somegal [1ft + 111 - somegal [1£t]] k
(2 xttd- somegal [1£E11), 0] ;

aa Comjugate[bigpsi[p - fcl1
hmmse[p 1 := I— et P ]/
- |2 ts psdipl
|1 aa™? Bbs[bigpsi[p-fc11”2 aa™2 Bbs[bjgpsi[p+i—fc]]"‘2
+ +
] 4 ts psdipl 4 tspsd[p+ i]

aa™?2 Abs[bigpsilfc-p1172 aa™2 Hbs[bigpsi[fc—p—i]]’ﬂ
+ + :
1 ts ped[2 fc - p] 4 tspsd[2fc—p—ti]

This section is the loop that tests each of the various noise scales, recovers data
symbols at each noise scale, and compares the actual PSD to the estimated PSD using

MSE.
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results= Table[0, {i, 1, 1h13];
MSE = Table[0, {i, 1, 1513];
mg= Range[-1.5, 1.5, .02] ;
Timing|For[i=1, i< 151, i++
noisescale= 107R1
signal = (noisescale white) + st;
signalfourier - Fourier[signal, FourierParameters - {1, -131;
1
Langth[signal] -k

Length[sgral]l-1-k

signal[ [n+ 1]] » signal[[n+ 1+k]], {k, 0, Length[signal] - 13] ;

rxsignal = Table|

n=0
rowdPSD = Fourier[rxsignal, FourierParacters - {1, -131;
realnoise = noisescales white;
1
Length[realnoise] -k
Length[realnoise]-1-k

Z realnoise[[n+ 1]] * realnoise[ [n+ 1+ k11, {k, 0, Iength[realnoise] - 13] ;

n=0
actualPSD = Fourier[acnoise, FourierParameters -+ {1, -131;
m-= Table[0, {i, 1, bign}1;

acnoise = Table|

aa®

kk = ;
4ts

. . bign
For [1=1, j< 1

sxl = rowdPSD[ []11

bign |
SJcQ:ICvdPSD[[T—]+1]];

(]++l

bi
sx3 = rowdPSD| | Jgn

+3ll-

sxd = rewdPSD[ [bign- j+ 111 ;

1 = kk shapefourier[[§11°;

mzzkkshapefamier[[$ BN

#3 - kk shapofourier || bi;-m N

o4 = kk shapefourier| [bign- j+ 111°;
sl

¥l
sx2

)
533
o3
sxd
rr)
m = Min[Abs[fl] , Bbs[£2], Abs[3], Abs[fd]1]1; (+the minimm:)

deltal= (f1-m) ; (»subtract the minimm:)

mi[j11 =m[[]1]1+deltal #1; (+multiply by the pulse shape and constant:)
delta?= (£2-my ;

bign | bign
m[[T—:“l]] :m[[T—j+1]]+del't32~I-2;

;
’

;

fa=

’

deltad= (8-my ;
bign bign
[+ 3] =[]

+3]] + deltad «3;

deltad= (f4-m;) ;
m[[bign-j+1]1] = m[[bign-j+ 1]] + deltad od;]
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PSDnoise= m;
Clear[mm] ;

Ump:—%L—Tdml“aﬂwﬂPﬂFPﬂmMSQZP
bign

MSE[[1]] = temp;
1
psdiw | := TE[0 < Abs[w] < w 1ft = Min[bign- 1, 1+ Floor[bign Absw] tt]];
PSIroise[ [1£t + 1] - PSDnodise[ [1£t] ]
samega[ [1£t +« 111 - somega[ [1ft]]
(2 = tt w- somegal [1ft]1]1), 0] ;
bigdhat = Table[ {Exp[- ITtheta] Exp[T 2~ (endomegal [1]] - fo) tau)
hmmse[endomegal [ 1111 XofF[endomegal [1111) +

) tan
[Exp[— Ttheta] Exp[I2 x (endomegal [11] - fo) tau] Exp[I2x~ E]

PSDroise[[1ft]] +

1 1
hmmse | endonegal 1411 + — | XofF|endonegal 1411 + E]] *

(Exp[ Itheta]l ExplI2 x (endomegal[i]] - fo) tau)]
Conjugatehmmse[2 fo - endomegal (11111
Conjugate[ XofF[2 fo - endomegal[i1111) +

[Exp[ Itheta] Exp[I2 x (endomegal[i]] - fo) tau)

tau . . 1
Exp[I2x gl Conjugate|hmmse[2 fo - endomegal [i1] - E]]
1
Conjugate| XofF[2 fo - endomega[[il] - E]]] . {1, 1, Iengthlendomem]}] !
dhat = Sign[Chop[LinearSolve[zzz, bigdhat]]] ;

Total[Abs[dhat-41]

BER =N[— % ];
ns

results[[i]] = BER;

This section plots the results and stores them to be used in a comparison of all the

results.
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aa=1;

results = Take[results, - {Length[results] - 1) ;
11 = Take[nxy, - (Lengthirng] - 131 ;

MSE = Take[MSE, - (Length[MSE] - 1)1 ;

MSE > > MSERMMIN;

results >> BERRHMIN

noisescale = Tabls[107™70E1 i 1, Tengthimgl3];
SMR = Table[20 Tog| — = ], (i, 1, Tength[noisescale]} |/
noisescala[[il]
ListPlot [Transpose[ {11, results} ], PlotJoined - True, PlotRange - A11,
TextStyle - {FontFamily - "Times", FontSize- 123,
FrameLabel -+ {"Noise scale=10°", "BER"}, Frame - True, Res - False,
Gridlines -+ Aarbanat ic]

ListPlot [Transpose[ {SHR, results}], PlotJoined - True, PlotRange - Al1,
TextStyle -+ {FontFamily- "Times"™, FontSize - 12},
ramslabel —» {"Signal to Hoise Ratio in dB™, "BER™}, Frame- True,
Axes -+ False, GridLines -+ Artomatic)

ListPlot [Transpose[ {11y], Bhs[MSE] 11, PlatJoined - True, PlotRange + A1,
TextStyle + {FontFamily- "Times"™, FontSize -+ 123,

FrameLabel + {"Hoise scale=10*", "MSE™}, Frame -+ True, foes » False,
Gridiines -+ fartanatic]

ListPlot [Transpose[ {SHR, Bbs[MSE]}], PlotJoined - True, PlotRange - A11,
TeaxtStyle + {FontFamily- "Times"™, FontSize -+ 123,
FrameLabel + {"Signal to Hoise Ratio in dB™, ™MSE™}, Frame- True,
fxes + False, GridLines -+ Aarbomatic)

This notebook plots the estimated PSD and the actual PSD, the noise scale here is
fixed as 1 to get a good comparison of the noise. All of the variables are the same as in

the notebook "Data Generation." This notebook was used to create Figures 4.9, 4.10, and

4.11.
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<< Statistics ContimwousDistrilations”
ts=1
ns= 25
d= Table[? Random[ Tnteger] -1, {i, 1, ns}1;
tau=0;
fo=0
k= 24,'
tt = i,‘
k
3 nsts
bign = w
theta=0;

aa=1;

mi=0;

sigma=1;

noisescale=1;

sin[xt)

sincit | := If[t+ 0,
- at

1]

nygt | := |sinc[2L—E]+sinc[2
s | A 2

shapelt ] := myxqitl ;

2

ns-1
s[t ] := N[ Re[aa Z [d[ [n+ 111 shape|t - [n— %] ts —tau] Expli{ I2x fot) + theta]]]]];
n=0

white = noisescale » Table[Random[ BormalDistrilation[m, sigma)), (i, 1, bign3);
vhitefourier - Fourier[white, FourierParameters - {1, -131 ¢

noisefourier - vhitefourier;

noise = white;

Timing[tx= Table[ — =S | DSYS ;s o bign- 13,
2 bign-1
2x
o= Range[-n, x, m],

st = Table[s[tx[ (1111, {i, 1, Lengthitxl31;

signal = st + white;

stf = Fourier[st, FarierParameters - {1, -131;
signalfourier - Fourier[signal, FowrierParametars - {1, -131;

shape = Table[shape[tx[[i]1], {i, 1, Length[tx]}];

shapefourier - Fourier|shape, FawrisrParameters + (1, -13];
1

ILaxth[signal] - k

Length[si gral]-1-k

signalf[n+ 111 « signal[[n+ 1+ k11, {k, 0, Length[signal] - 13];

rxsignal = Table|

n=0
rowdPSD = Famrier[rxsignal, FourieaaParameters - {1, -131;
1
Length[noise] -k
Length[nedse]-1-k

noise[[n+ 111 » noisel[n+ 1+ k1, {k, 0, Iengthinoise] - 13] ;

rmoise= Table|

n=0

ActualPShroise = Fourier[rmoise, FourierParamsters —» {1, -13] ;]
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m= Table[0, {i, 1, bigm1;

z

kk= 22 . |yscale factory)
its
. . bign |
For [i=1, i< P
sx1 = rowdPSD[ [i]] ;
md:mvtIPS]J[[b;gn—i+1]];
st:]:cvdP[[blgn +i]] s

sxd = rowdPSD] [bign- i+ 111!
@1 = kk shapefourier([[i] 1°;

bi z
I-Z:kkshapefamier[[TJm —ie1]] :

i z
23 = kk shapefourier|| sz.gl +i]] -

24 = kk shapefourier[[bign- i+ 111°;
sxl

ol

I

B2

@3
sxd

ol
m = Min[a8bs[fl], Bbs[{2], Bbs[£3], Abs(f4]]; (+minimm rechoxlancy:)
deltal = (f1-m); (+subtract the minimms:)

mf[i]l] =m[[i]]+ deltal #1; (+mltiply by the pulse shape:)
deltaZ?= (£2-mj) ;

fd =

I

ign

bi
m| | -i+ 1] =m|[—— -i+1]] + delta?s2;
2

deltad= (£3-my;

bign | bign
«4]] =[]

2 2

deltad = (£ -my) ;

mj[bign-i+111=mjiibign-i+ 1] + deltaded;]

m[ [

+1]] + delta3 e3;

This section plots the results.

PS5Dnoise = rn;
p = Actuwal PSDnoise;
phat = PSDnoise;
fiff = p-phat;
ListPlat[Transpose[{a, Tbz[P5Dnoise]d], PlotJoined — True,
Frame = True, PlotLabel — "F5D Estimated" , PlotRange — Al11]
ListPlot [Transpose[{wo, Ibs[FfDnoise]}], PlotJoined — True,
Frame -+ True, PlotLabel — "FED Estimated', PlotRange — {Automatic, [0, %}}]
ListPlot[Transpose[{o, hs[ActwalPSDnoise] }], Plotdoined —
True, Frame — True, PlotLabel — "P5D Actwal", PlotRange — All]
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6.5.2  Subtraction of the Minimum Redundancy After Multiplication by Pulse Shape.

This portion of the Mathematica notebook creates the variables used throughout. Some
are recovered from data vectors created in the notebook "Data Generation." The vectors’
meaning is the same as in the first notebook. This notebook was used to create Figures

4.4 and 4.16.
<+ Statistics ContimwusDistrilations ™
white= << white;
st=<<st;
d=<<d;

ns-— 25,
nf:ns,

fo = 1,
k= 24,'
tt = 1 H

k fo

. ns ts

bign = rral
ts=1;
tana= 0;
theta=0;

aa:l,

m =07

sigma=1;

somega = Table| 27 . ¢k, O, bign-13] ;

bigmn

i-110°

endomega = Sort [ N[ Table| fo - ofts

i, 1, nf3]]] -

z= Table[Exp[2 n I (axdomegal k1] - fo) ts) , tk, 1, nfy]
zzz = N[Transpose|Table[z™, {k, 0, nf-13]]]:
MatrixForm[Chop[Conjugate[Transpose [ 22=] | . 222] ] ;

bigpsifk | ::I‘E[;—: <k< %, TS Cos|[x kgs], 0] ;

1
HofF[d ] := IE[O-:Bbs[d] < E, 1ft - Min[bign- 1, 1+ Floor[bign Abs[d] tt]];

signalfourier] [1ft + 1]] - signalfourier| [1£t] ]
somegal [1£t + 111 - somegal [1£t]1]
» (2 xttd- samegal [1ft113, 0] ;

sicmalfamier[[1£t]] +

aa Conjugate[bigpsiip- fol1
hmnse[p_] T= [_ U p ]/
|2 ts psd[pl
|1 aa™2 Bbs|bigpsi[p-fc]]*2 aat2 Bbs[bigpsip+ = -fo]] "2
+ +
i 1 ts psdp] 4 ts psd[p+ 2]

aa™? Bbs[bigpsilfc- p11°2 aa™2 Bbs[bj@Si[fc'p_i]]A2
, ;
41 ts psdi2 fo - p1 4 tspsd[2fc-p- L]

+
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This section is the loop that tests each of the various noise scales, recovers data
symbols at each noise scale, and compares the actual PSD to the estimated PSD using

MSE.

results = Table[0, {i, 1, 15131,
MSE = Table[0, (i, 1, 15131,
myg = Bange[-1.5, 1.5, .02];
Timing|For[i=1, i< 151, i++
noisescale-= 1079 EIT,
signal = (moisescale white) + st;
signalfourier = Fourier[signal, FourierParameters - {1, -131;
1
Tagth[signal] -k
Length[signal]-1-k

signal[[n+ 1]] » signal[[n+1+k11, {k, 0, Length[signal] - 13] ;

rxsignal = Table|

=0
rowdPSD = Fourier[rxsignal, FoarisrParaneters - {1, -13];
realnoise - noisescales white;
1
Iength[realnoise] -k
Length[realneize]-1-k

realnoise[[n+ 1]] + realnoise[[n+ 1+ k11, {k, 0, Length[realnoise] —1}];

acnoise= Table|

n=0
actualPSD = Fourier|acnoise, FoarierParameters » {1, -13] ;
m= Table[0, {i, 1, bign3];
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aa’

dts

r

. . bign
For[j=1, j=< 2

sxl = reedPSDI [

I Rl

b. .
SJQ:IC\KIE'SD[[TJQH—]+1]];

sx3 = rowdPsD[ | +3]]:

sxd = rewdPSD[ [bign-j + 111
] = ]d;shapefcnmier[[j]]z;

bi 2
-I-2=]cksl1.'=|]=)(:_3fc)ul:‘i‘eslc‘[[Tl@ln -3+1]] :

bi 2

23 = kk shapefourier|[ 1311 +3]] -

24 - Kk shapefourier[[bign- §+ 1]]1%;
sxl

Tl

sx2
2- — ;
T2
13
3
sxd
fi- —;
&4
mi= Min[Abs[fl], Fb=s[£2], Bb=s[3], Abs[£4]]1; (+the minimm:)
deltal = (sx1-m #1) ;
(+sudtract the minimm after mudtiplication by the pulse shape awd constant:)
mi[[j]]=m[[]j]]+deltal;
delta? - (sx2- m $#2) ;

;

bign bign |
m[[T—j+1]]:m[[T—j+1]]+delta2;
deltad = (sx3- m £3) ;

bign |
o +3]] = m[[
deltad = (sxd-m #d) ;
m[[bign- j+ 111 = m[bign-j+ 111 + deltad ;]

bign
2

m|| +73]] + delta3d ;
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PSInoise= 1m;

tenp = i Total[ {actualPSD - PSDnoise) *| ;
bign

MSE[[i]] = temp;
Clear([im] ;
1
psdiw 1 := TE[0 < Bbswl < w 1ft - Min{bign - 1, 1+ Flooribign Absiw] tt11;
PSDnoise[[1ft + 111 - PSDnoise[ [1£E] ]
someqal [1ft + 111 - somegal [ 1£t] ]
(2 = tt w- somega[ [1ft1]), 0] ;

PSDnoise[ [1£E]] +

bigchat = Table[ (Exp[- ITtheta] Bxp[I2 x (endomegal [i]] - £o) tau]
hmmse [endomeqgal [1]]] XofF [endomegal[i]11]) +

tau
[Exp[—Itheta] Exp[I2x {endomegal [11] - fo) tan] Exp[I2x = ]

1 1
hmnse:[endomegal 1111 + | XofF[endomegal 111+ — ] +

(Exp[ Itheta] Exp[I2 x (axdomegal[i]] - fo) tay
Conjugatehmmse[ 2 fo - endomegal[i11]1
Conjugate[ XofF[2 fo - endomegal[i]1]11) +

tan
[Exp[ Itheta) Exp[I2x (endomegal[i]] - fo) tay Exp[I2x - 1
1
Conjugate[hmmse| 2 fo - endomegal [1] - E]]
. 1 .
Conjugate] ¥ofF|[ 2 fo - endomegal [1]] - gll] {1, 1, Iength[endomegal} | ;
dhat = Sign[Chop LinearSolwe[zzz, bigdhat]1] -

Total [Rbs[dhat-d]]

BER =N —*% ];
ns

results[[i]] = BER;

This section plots the results and stores them to be used in a comparison of all the

results.
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aa=1;

results = Take[results, - (Length[results] -1)] ;

g = Take[myg, -{Lengthimg] -1)1;

MSE = Take[MSE, - (Length[MSE] -1)1;

MSE > > MGEEHEST ;

results > BEREHEST ;

noisescale= Table[107™101, (i, 1, Iengthimgly];

SNR - Table[20 Tog[ —— = |, (i, 1, Length[noisescale]}] ;

noisescale[[i] ]

ListPlot [Transpose[ {11¥], resultsy], PlotJoined -+ True, PlotBange - A11,
TextStyle - {FontFamily -+ "Times™, FontSize- 123,
FrameLabel -+ {"Hoise scale=10*", "BER"}, Frame - True, les -+ False,
Gridlines -+ Mtanatic]

ListPlot [Transpose[ {SHR, results}], PlotJoined -+ True, PlotRange -+ All,
Textstyle- {(FontFamily- "Times™, FontSize- 173,

FrameLabel - {"Signal to Hoise Ratio in dB™, "BER"}, Frame- True,
Ixes » False, GridLines - Automatic)

ListPlot [Transpose[ {11y, Abs[MSE]3} ], PlotJoined + True, PlotRange —» A11,
TextStyle - {FontFamily + "Times™, FontSize - 123,

FrameLabel - {"Noise scale=10*", "MSE"}, Frame - True, fues » False,
Gridiines -+ Aatanatic]

ListPlot [Transpose[ {SHE, Fbs[MSE]}], PlotJoined » True, PlotRange + Al1,
TextStyle -~ {FontFamily + "Times™, FontSize - 123,

FrameLabel -+ {"Signal to Hoise Batico in dB™, "MSE™}, Frame - True,
Axes - False, GridLines - Rartomatic)

This Mathematica notebook plots the estimated PSD and the actual PSD, the noise
scale here is fixed as 1. All of the variables are the same as in the notebook "Data

Generation."

It was used to create Figures 4.13, 4.14, and 4.15.
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<< Statistics ContimwousDistrilations”
ts=1
ns= 25
d= Table[? Random[ Tnteger] -1, {i, 1, ns}1;
tau=0;
fo=0
k= 24,'
tt = i,‘
k
3 nsts
bign = w
theta=0;

aa=1;

mi=0;

sigma=1;

noisescale=1;

sin[xt)

sincit | := If[t+ 0,
- at

1]

nygt | := |sinc[2L—E]+sinc[2
s | A 2

shapelt ] := myxqitl ;

2

ns-1
s[t ] := N[ Re[aa Z [d[ [n+ 111 shape|t - [n— %] ts —tau] Expli{ I2x fot) + theta]]]]];
n=0

white = noisescale » Table[Random[ BormalDistrilation[m, sigma)), (i, 1, bign3);
vhitefourier - Fourier[white, FourierParameters - {1, -131 ¢

noisefourier - vhitefourier;

noise = white;

Timing[tx= Table[ — =S | DSYS ;s o bign- 13,
2 bign-1
2x
o= Range[-n, x, m],

st = Table[s[tx[ (1111, {i, 1, Lengthitxl31;

signal = st + white;

stf = Fourier[st, FarierParameters - {1, -131;
signalfourier - Fourier[signal, FowrierParametars - {1, -131;

shape = Table[shape[tx[[i]1], {i, 1, Length[tx]}];

shapefourier - Fourier|shape, FawrisrParameters + (1, -13];
1

ILaxth[signal] - k

Length[si gral]-1-k

signalf[n+ 111 « signal[[n+ 1+ k11, {k, 0, Length[signal] - 13];

rxsignal = Table|

n=0
rowdPSD = Famrier[rxsignal, FourieaaParameters - {1, -131;
1
Length[noise] -k
Length[nedse]-1-k

noise[[n+ 111 » noisel[n+ 1+ k1, {k, 0, Iengthinoise] - 13] ;

rmoise= Table|

n=0

ActualPShroise = Fourier[rmoise, FourierParamsters —» {1, -13] ;]

This section creates the estimated noise PSD, plots the estimated noise PSD zoomed

out and zoomed in, and plots the actual noise PSD.
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m=Table[0, {i, 1, bign}];

kk= — ; (+scale factory)
ats

For[i=1, i< R R

sxl = rowdPSDI [1]] ;
md:mePSD[[legn -i]]:
2 +i]],‘

s34 = rowdPSD [ bign- 417

533 = rowdPSD| |

#1 = kk shapefourier[ (i]1°;
1 2
-I-Z:kkshapefamier[[bT@—i]] H

bi
@3 = kk shapefourier| | 1(2311

24 = kk shapefourier| [bign- i11°;

. 2
+1i]] -

sxl
T owl
sx2
T2
sx3

o3
m- 2.
od
m = Min[Abs[Fl] , Abs[£2], Bbs[£3], Abs[f4]]; (+minimm redumdancy:)
deltal - (sxl- m¥l) ; (+subtract the minimm after miltiplication by pulse shapes)
m[[i]l] = m[[i]] + deltal;
delta? = (=sx? - m©2) ;

bign | bign |
m[[T—lllzm[[T—1]]+delta2;

delta3= (=x3- m©3) ;
bign

m[[ +i]]:m[[b1§'“+i]]+de1ta3;

deltad = (=xd- mm®d) ;
m[ [bign- i]] = m[[bign-i]] + deltad;

PSInoise=m;

P = ActualPSnoise;

phat = PSDnoise

diff= p- phat;

ListPlot [Transpose| {o , Bbs[PSDnoise] 31, PlotJoined + True, Frame -+ True,
PlotLabel - "PSD Estimated™, PlotRange - All]

ListPlot [Transpose[ {w, Bbs[PSDnoise] 31, PlotJoined - True, Frame - True,
PlotLabel - "PSD Estimated™, PlotRange - {Batomatic, {0, 9331

ListPlot [Transpose[ {w, Bbs[ActualPSnoise] 3], PlotJoined - True, Frame - Trae,
PlotLabel - "PSD Actual™, PlotRange - A11]

6.6 Subtraction of the Average Redundancy

6.6.1 Subtraction of the Average Redundancy Before Multiplication by Pulse Shape.

This portion of the Mathematica notebook creates the variables used throughout. Some
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are recovered from data vectors created in the notebook "Data Generation." Each of these

experiments uses the same vectors. This notebook was used to create Figures 4.5 and 4.20.
<< Statistics CantimcusDistrilbations”
white = << white;
st=-<<st;
d=<<d;

ts=1;

tau=0;

theta= 0,

aa=1;

mi=0;

sigma=1;

somega = Table[2_—x k, ¢k, 0, bign-13] ;

bign

i-1107F
nf ts
z=Table[Exp[2 a I (emdomeda[ [k1] - £ t=] , {k, 1, nf}];
ZEZ = N[Tranq)ose[Tahle[z'k, {k, 0, nf—l}]] ] H
MatrixForm[Chop[Canjugate [Transpose [ zzz] ] .zzz]] ;

erﬂmega=Surt[N[Tahle[ﬁ::— I T 1,rtE}]]];

-1 1 kts
bigps=ilk ] :=If] — k= B ts Cos|nx L 0];
wpeilk ) i TE] k<, VEs Cos[x 227], o]
1
XD:EI:"[d_] 1= If[0< Ab=[d] < , It =Min[hign -1, 1+ Floor[bign Bbs[d] tt]]:;

tt

i i 1ft+1]] - =i i 1ft
. fer([1fe]] + signal fourier([ +1]11 - signalfoumrier| [ 11 e Zrttdos a[[lft]]],O];
sameca [ [1ft + 1]] - someqgal [1£t]]

aa Cojugate[bigpsi[p- £c]]
hmnse[p_] 1= |— /

2 ts psdipl

_ .
4, 2a°2 Bbsihigpsifp-£ol]°2 "2 Abs[bigpsi[p+ = -£e]]"2 222 Abs[bigpsi[fe-pl]°2
+ + + +
4 ts= pedipl] 4 tspsd[p+ t_i] 4 ts psd[ 2 fo - pl

t=

an~p Bbs[bigpsi[fo-p-2]] “2]

4 tspsd[?fc—p—t—ls]

This section is the loop that tests each of the various noise scales, recovers data
symbols at each noise scale, and compares the actual PSD to the estimated PSD using

MSE.
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results - Table[ 0, {i, 1, 151}1;
MSE= Table[ 0, {i, 1, 151}];

rng= Bange[-1.5, 1.5, .02];
Timing |For| i=1, i~ 151, i++

noisescale = 1077100,

Fignal = (noisescale white) +st;

gignal fourier = Fowrier [signal, FourierParameters- {1, -13];

1 Langth [ 4gnal]-1 -k

Length[=signal] - k ]
rowdPSD = Fowrier[ra=ignal , FowierParameters + {1, - 1}];
realnoise = mizsescale »vhite;

1 Langth[eaaleisa]-1-k
actualPS5D = Fowrier[ acnoise . FourierParaneters » {1, - 1;];
rn=Table[d, {i, 1, bign}];

aal

B
1tz

rx=ignal = Td:n].e[ gignal[[(n+1]] +signal [[n+1+k]], {k, 0, Length[signal] - 1}];

armise = Td:nle[ realnodse [[n+1]] +realmdze[[(n+ 1+k]], ik, 0, Length[realmize] - 1}];

b:
For [1=1, j« Jd.gn

sx1= rowdPSD[ (11 ;

[ R

bign |
sx2:rcvdl?SD[[T—]+l]];
sﬂ:mvtm[[legll+j]];

sx4 = rowdPSD| [bign- j+ 111/
#1 = kk shapefourier [§117;

bi 2
-EZ:H:shapefa.u:jﬂ‘[[Tm—j+1]] :

bi z

23 = kk shapefourier] | ;gn+j]] ;
#4 = kk shapefourier( (bign- §+ 1117
£ 2,

&1
o mc2(_

2
£ 22,

3
f4:£4;

(2

1
sdhat = 1 (f1+£2 + £3+ £4) ; (vcalculate the averadge:)

deltal= (fl- sdhat ) ; («subtract the awerager)
m[[]j1] =mm[[]]1]+deltal #1; (+mltiply by the pulse shape and constant:)
delta? = (f2- sdhat ) ;

bi bi
ml[Tlg“-jd]]:m[lTlg“-j+1]]+de1ta2-p2;
delta3= (f3-sdhat ) ;
bign | bign
2 3]] =m[|
deltad = (fid- scdhat ) ;
m[bign-j+ 111 = mithign-3j+ 111 + deltad 24 ;
PSInoise= mm;

m]|[ +3]] + delta3 23 ;

1
temp= —— To‘tal[(ac‘tualPSD—PSIkDise]z];
bign
MSE[[1i]] = tenp;
Clear[m] ;
1
psd[w_] 1= ]:t'[0< obhs[w] < E , 1ft = Min[bign- 1, 1+ Floor[bign Bbs[w] tt]];

PSInoise[ [1ft + 1]1] - PSDnoise| [1ft
PSDnoise[[1ft]] + t + 1 I ”*(2;rttw—5cmega[[]ft]]],0];
somegal [1ft + 111 - somegal [1£t]]
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bigdhat = Table[ (Exp(- T theta] Exp[T 2 x (endomegal[ [11] - fe) tan) hmmse|endomegal [111]
tau
Y¥ofFlendomegal [i111) + [Exp[— Ttheta)] BxplI2n (endaregal [11] - fo) taw] Exp[I2x E]

. 1 . 1
hmmse| endomegal [i1] + E] XofF |endomegal [1]] + E]] +
{Exp[ Itheta]l Exp[I2 x (endomegal [1]] - fo) tau] Conjugate[hmmse[2 fo - endomeqgal [1111]
Conjugate[ XofF[2 fo - endomegal [1]1111) + [Exp[ Itheta] Exp[IZ2 x jendomegal [1]1] - £o) tau]

tau
Exp|I2ax —
[T2x ]
. . 1
Conjugate[hmmse| 2 fo - endomegal[i]] - E]]

. . 1 .
Conjugate| XofF[ 2 fo - endomegal[i1] - g]]] , {i, 1, Length[endomegal}] /
dhat = Sign[Chop[LinearSolwe|zzz, bigdhat] 1] ;
Total[Rbs[dhat-4]]

BER:N[i;S |:

results[[i]] = BER/]|

This section plots the results and stores them to be used in a comparison of all the

results.
aa=1;
results = Take[resul ts, -(Length[results] - 1)];
rng = Take [rng, -(Length{rng] -1)];
MSE = Take [MSE, —(Length{MSE] - 1)7;
M5E => MSEfverage ;
results > BERfwrerage;
noisescale = Table[10919] (i 1 Lengthiemg];];
S

SNE = Table[ 20 Log[ —

————— 1. {i, 1, Length[noisescale] }];
pp— [[i]]]{l ngth[noise; 1]

ListPlot[Transpose [{ SNE, results;], PFlotJoined— True, PlotRange - All, TextStyle — {FontFamily — "Times", FontSize — 12,
FrameLabel - { "Signal to Noige Ratio in dB", "BER" ;, Frame - True, foms » False, Gridlines - futamatic]

ListPlot[Transpose [{ SHE, Abs[MSE] ], PlotJoined — True, PlotRange — All, TextStyle — { FontFamily — "Times", FontSize — 12},
FrameLabel - {"Signal to Noise Batio in dB", "MSE" ;, Frame - True, fmes -+ False, Gridlines — futomatic]

This Mathematica notebook plots the estimated PSD and the actual PSD, the noise
scale here is fixed as 1. All of the variables are the same as in the notebook "Data

Generation." This notebook creates Figures 4.17, 4.18, and 4.19.

6-27



<< Statistics ContimousDistributions”
ts=1

ns=2°

d= Table[2 Bandom[Tnteger] -1, {i, 1, nsj1;
tau=0;

fc=0

k=2

nsts

theta=0;
aa=1;

mi=0;
sigma=1;
noisescale-=1;

Sinprt
sincrt | i= TE[t£0, S0P gy,
- at

t 1
|sjm[27—7]+sinc[2
s 0 Jts 2
shapelt ) := nyqity ;

it | i=

+El ;

ns-1
sit ) := N[ Befaa Y, (drin+ 111 shape[t - (n- 2] ts -tau] Bapl(( I2x fot) + thetal]]];
=0

white - noisescale + Table|Bandom| HNormalDistributionimi, sigmal], ¢i, 1, bigny1;
vhitefourier - Fourier[white, FourierParameters -+ {1, -13] ;
noisefourier - vhitefourier;

noise = white;
-t 1 t
Timing[tx= Table[ > "= | S8 4 4s 0, bign- 13];
2 bign- 1

(o=Table[ :i; k, {k, 0, bign-13] ¢}

Range| Zx ]
o= -A,x, —|;

"7 bign-1

st = Tables[tx[ (1111, (i, 1, Lengthrtx] 3] ;
signal = st + vhite;
stf= Fourier|st, FamwierParamsters - {1, -131;
signalfourier = Fourier[signal, FourierParameters -+ {1, -131 -
shape = Table[shapeltx([i111, {i, 1, Lengthibay3);
shapefouriar = Faurier[shape, FourierParameters -+ {1, -131;
1

rxsignal = Table| ————

[ Lengthlsignal] -k
Length[signal]-1-k

signall(n+ 111 » sigmall(n+ 1+ k11, {k, 0, Lengthlsignal] - 13];

n=0
rowlPSD = Foamrier([rxsignal, FourierParameters » {1, -13] -
1
mmoise= Table| ——————
Iaegthinoise] -k

Length[nedzse]-1-k
noise[ [+ 1]1] « noise[n+ 1+k]1, {k, 0, Iength[noise] - 13] ;

n=0

ActualPSDroise = Fourier[rimoise, FourierParameters -+ (1, -131/]

This section creates the estimated noise PSD, plots the estimated noise PSD zoomed

out and zoomed in, and plots the actual noise PSD.
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m= Table[0, {i, 1, bign}];
2

kk- A ; (+scale factors)
its

For[i=1, i< b

P R

4
s¥l = rewdPSD[ [1]1]
bi
2 - rowdesp] [ 2 -1+ 1]] ;
bign
2
s34 = rowdPSD[ [bign- i+ 111

5x3 = TewdIPSD[ | +i]]

@1 = kk shapefourier( (i11%;
bi 2
-I-2=kkshapefcxn‘ier[[Tlgn—i+1]] H

-I-3:]dgshapefcmrier[[b]fl +i]]2,'

o4 = kk shapefouricr| [(bign- i+ 111°;

_ sxl
T sl
sx2
w2
533
3
-

B4

2=

3=

1
schat:z (f1+£f2+ £3+ £4) ; (rcalculate the average rechmdancys:)

deltal = (fl- sdhat); (+subtract the average:)
m[[il]1=m[[i]]+deltal #1; (+mltiply by the scale factor axl pulse shaper)
delta? = (£2 - sdhat) ;
bi bi
m[[Tlgn—i+1]]=m[[Tlgn—i+1]]+delta2 2 ;
delta3= (3-sdhat ) ;
bign | bign
+i]] =m
o il =m[[ =
deltad= (fd-sdhat ) ;
m[[bign—i+1|]:m[[bign—i+1]|+delta4-m1;]

m([

+ i]] + delta3#3;

PSDnoise= m;

p = BctualPSnoise;

phat = PSDnoise

diff= p- phat;

ListPlot [Transpose[ {e, Ebs[P3noise] 11, PlotJoined -+ True, Frame - True,
PlotBarge —+ {futomatic, (0, 933, PlotLabel - ™PSD Estimated™]

ListPlot [Transpose[ {o, Abs[PASnoise] ], PlotJoined - True, Frame - True,
PlotRarke —+ All, PlotLabel + "PSD Estimated™

ListPlot [Transpose[ {e , Bbs[ActualPSnoise]y ], PlotJoined + True, Frame - True,
PlotLabel - "PSD Actual™

6.6.2 Subtraction of the Average Redundancy After Multiplication by Pulse Shape.
This portion of the notebook creates the variables used throughout. Some are recovered
from data vectors created in the notebook "Data Generation." Each of these experiments

uses the same vectors. This notebook was used to create Figures 4.24 and 4.6.
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<< Statistics ContimousDistributions”
white = << white;

st=<<st;

d= <<d;

shape= << shape;

shapefourier = << shapefourier;

aa=1;

ns=2°;

nf=-ns;

2
somega = Table[ﬁ k, tk, 0, bign-13];

i-110°

“ats ¢ R0l
z = Table[Exp([2 x T (endanegal (k11 - fo) ts1 , (k, 1, nfy];
zzz = N|Transpose[Table|z™, {k, 0, nf-13]]];

MatrixForm[ChoplConjugate [ Transpose[222] | . 222] ] ;

endomega = Sart[N[Table|fc-

-1 1 kts
bi ifk 1 :=Tf] — <k« — ts Cos 0] ;
igpsifk | [ts< <ts,'\|'s [= 2],]
aa Conjugate[ bigpsiip - fc11
by - 2 CXletblapstip -1 )
- |2 ts psdipl
1 aa”™2 Bbs[bigpsilp- fc1] "2
- +
4 ts psdipl
. . i
aa~p Abs[bigpsi[p+ = -10]]"2 4540 mneihigpsiife - p11°2
.

N
4 ts psd[p + ti] 4 ts psd[2 fc - p]

‘

N RIS
aa~p Hbs[bigpsi[fc-p = 1172
4 tspsd[2fc- p- ]

t
1
pscl[w_] i= If[0<Ebs[w] < E, 1ft = Min[bign - 1, 1+ Floor[ bign Bbs[w] tt1];

PSDnoise[ [1ft + 1] ] - PSDnoise[ [1ft
PSDnoise[[1ft]] + I + 11 [ “*[Zthtw—scmEga[[]ft]]];O];
somegal [1ft + 111 - somegal [1£E] ]

1
XofF[d_] 1= ]'_f[0<nbs[d] < E' 1ft = Min[ bign -1, 1+ Floor[bign Abs[d] tt1];

signalfouriery [1ft + 111 - signalfourier| (111
somegal [1ft + 111 - somegal[1ft]]
» (2 xtt d- somega[[1ft]1), 0] ;
Mull

signalfourier[ [1£t]] +

This section is the loop that tests each of the various noise scales, recovers data
symbols at each noise scale, and compares the actual PSD to the estimated PSD using

MSE.

6-30



results = Table[0, {i, 1, 1h13]1;
MSE = Table[0, {i, 1, 15131;
ey = Bange[-1.5, 1.5, .02];
Timing|[For[i=1, i< 151, i++
noisescale= 10=E
signal = (moisescale white) + st;
signalfourier - Fourier[signal, FourierParameters - {1, -131;
1
Iegth[signal] -k
Length[signal]-1-k

signal[[n+ 111 « signal[[n+ 1+ k11, {k, 0, Length[signaly - 13] ;

rxsignal = Table|

n=0
rowdPSD = Fourier[rxsignal, FaurierParansters - {1, -13];
realnoise - noisescales white;
1
Length[realnoise] -k
Langth[realneise]-1-k

realnoise[ [n+ 1]] + realnoise[[n+ 1+ k], {k, 0, Length[realnoise] - 13] ;

acnoise= Table|

n=0
actualPSD = Fourier|acnoise, FouricrParamsters - (1, -13]
m= Table[0, {i, 1, bign}];
aa2

its

.

. . bi .
For ]:1( i< Tlgn{]++!

sl = rowdPSD[ [j11 ;

bign |
s:ﬁ:mwlPSD[[T—j+1]];

bign |
sx3 = rovdPSD| | 2 3]+
sl = rowdPSD] [bigm- 3+ 111,
@1 = kk shapefourier[[j11%;
bi 2
mzzkkshapefamjer[[Tlgn-j+1]] ;

. bi -
3 = kk shapefourier| [ Jfl+]]] ;

24 = kk shapefourier| [bign- j+ 111°;

sxl
f1=- —;
ol
sx2
2= —;
o2
sx3
3= —;
3
fi= ﬂ;
&l
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1
sdhat = E (f1+ £2 + £3+ £4) ; (+rcalculate the average:)

deltal= (sxl- sdhat o1) ;
{+subtract the average miltiplied by pulse shape and constants)
m[[]1]=1m[[]]]+deltal;
delta? = (sx2 - sdhat @2) ;
rn[[legl—j+1]] =m[[b71‘3n_j+ 1]] + delta2 ;
deltad= (sx3 - sdhat 83 ;

bicn bign
2 2
deltad = {sxl - schat &4 ;
m[[bign-j+1]] =m[[bign-j+ 1]] + deltad ;
PSDnoise = mn;

m|

+3]] =m[| +7]] + deltad ;

1
temp= — Total| (actualPSD- PSDoise) *] ;
bign
MSE[[1]] = temp,
Clear[m] ;
1
psd[w ] := ]:E[0< Bbs[wW] < T 1ft = Min[bign- 1, 1+ Floor|[ bign Bbs[w] tt1];

PSImoise[ [1£E + 111 - PSDnodse[ [ 1t
PSDnoise[[1ft]] + A + [ “-x(2;rttw—scmega[[]ft]]],0];
somegal [1ft + 111 - somegal [1££1]

This section plots the results and stores them to be used in a comparison of all the

results.
aa=1;
results = Take[results, - (Length[results] -1)1;

iy = Take [y, -{Lengthirmg] - 1)1 ;
MSE = Take[MSE, - {Iength[MSE] - 1)1 ;

MSE :»> MSERweracgeiow
results »> BERAweracgelew
noisescale= Table[10777 (i 1, Iengthimgl3]:

aa
SHR = Table[20 Log][ ] i, 1, Lengthinoisescale] ] -

noisescale[[i]]
ListPlot [Transpose[ {SHR, resultsy ], PlotJoined -+ True, PlotRange - A11,
TextStyle - {FontFamily— "Times"™, FontSize - 123,

Fram=Label -+ {"Signal to Hoise Ratic in dB™, "BER™ 3,

Frame -+ True, Axes + False, GridLines - Automatic]
ListPlot [Transpose[ {SHR, Fbs[MSE]}], PlotJoined - True, PlotRange + A11,
TextStyle- {FontFamily- "Times", FontSize - 123,

Fram=Label -+ {"Signal to Hoise Ratio in dB™, "MSE™ 3, Frame- True,
Ioees -+ False, Gridlines - Artomatic)

This Mathematica notebook plots the estimated PSD and the actual PSD, the noise

scale here is fixed as 1. All of the variables are the same as in the notebook "Data

Generation." This notebook creates Figures 4.21, 4.22, and 4.23.
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<< Statistics ContimwousDistrilutions”
ts=1

ns=2°

d= Table[2 Random[Integer] -1, {i, 1, ns}];
tau=0;

foc=0

k=-2;

nyglt | =

shaperlt ] := mygrt ;

ne-1 n=
sit ] :=H| Re[aaz [d[[n+ 111 shape[t - (n— 7] ts -tau] Expli( I2xfct) + thasl:a]]]]];
n=0

white - noisescale «» Table[Random[HBormalDistrilation[m, sigmal], {i, 1, bign});
vhitefourier - Fourier|[white, FouricsrParameters - {1, -131;

noisefourier = whitefourier;

noise = white;

-tsins+1) nsts
Z " bign-1
k, {k, 0, bign-13] ¢}
2)( .
Bign-1l’
st = Table[stx[[i]11]1, {i, 1, Tengthrtxl 3] ;
signal = st + white;
stf- Fouriar(st, ForierParamsters - {1, -131;
signalfourier = Fourier[signal, FourierParameters -+ {1, -131 ;
shape = Table[shape[tx[[i]11, {i, 1, Length[tx]}];
shapefoumrier - Fourier|shape, FourierParamsters - {1, -13]1
. 1
n(s]gnal-Tab]ﬂ[m

Length[signall-1-k

signalf[n+ 1]1] » signal[[n+ 1+ k11, {k, 0, Length[signal] - 1}];

Timing[tx = Table| i, (i, 0, bign- 13];

(*m:Table[

2 m
bign

= Range[—;r, T,

n=0
rowdPSD = Famrier[rxsignal, FourierParameters -+ {1, -131 -
1
Length[noise] -k
Length[nedze]-1-k

noise[[n+1]] » noise[[n+1+kl1, {k, 0, Length[noise] - 13] ;

rmoise = Table|

=0

ActualPSroise = Fourier[rmmoise, FourierParameters - {1, -13] ;]

This section creates the estimated noise PSD, plots the estimated noise PSD zoomed

out and zoomed in, and plots the actual noise PSD.
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m-= Table[0, {i, 1, bignj1;
2

kk = aa ; (+#scale factors)
ats

b:
For [i=1, i< ]fl

sxl = rowdPSD[ [1]] ;

P

s:d:mvdPSD[[bTJgn -i+1]]-

bign
2
sl = rewdPSD [bign- 1+ 171 ;

sx3 = rowdPSD| | +1i]]:

1 = kk shapefourier [111°;
bi 2
-I-2=kkshapefcxmjer[[7m—i+ 1]] -

bi z
3 = kk shapefourier] | 129“ «i]] ;
®4 = kk shapefourier( [bign- i+ 1112;

sl
fl= —
w1
sx2
2
3
=3
sl

fa- —;
o4

i

sd= { F1, £2, £3, £43;
=dhat = Mean[ =d] ; {rcalculate the average redmdancyy)
deltal = (=xl- sdhat ¥1); (rsubtract the average after miltiplying by the scale factor and pulse shaper)
m[[i]] = m[[i]] + deltal;
delta?= { =x? - sdhat ¥2) ;
m[[# Siad]) =m[[th‘3“_i+ 1]] + delta? ;
delta3- (sx3- sdhat $3) ;
m[[ h‘;gn +i]] =z [ hJ;Jl +1]] + delta3 ;
deltad= (=el- sdhat 1) ;
m[[hign-i+1]]1= rnf[hign-i+ 1]] + deltad;
PSDnoi=e = m;
p=ActualPSnaise;
phat = PSDnoise;
diff= p- phat;
ListPlot[Transpose[{wo , Bbs[PSDnoise] }] , Plotdoined s True,
Frame -+ True, PlotRange + {fitomatic, {0, 93}, PlotLabel - "PSD Estimated"]
ListPlot[Transpose[{w , Ab=s[PSDnoise] 1], PlotJoined - True,
Frame + True, PlotRange -+ All, PlotLabel + "PSD Estimated"]
ListPlot[Transpose[{w , Abs[Actual PSDnni=e]}] . Plotdaoined + True,
Frame -+ True, PlotRange » Al1, PlotLabel - "PSD Actual"]

6.7 Comparison

The final notebook combines the results from all the previous notebooks and plots

them together. This notebook was used to create Figures 4.7 and 4.25.

6-34



<< Graphics ‘MultiplelistPlot ™

mg = Ranger-1.5, 1.5, .021;

gy = Take[mgg, - (Lengthirmgl - 1)1/

noisescale = Table[10=9(1]] (i 1, Tengthprmg3];

aa=1;

SHR = Table[20 Tog| — = |, (i, 1, length[noisescale]}] ;
noisescale[[i]]

BERImmin = << BERRHMIN;

MSErmmin = << MSERHMIN;

BERrmest = << BERRHEST ;

MSErnest - << MSERNEST;

BERaw = << BERAverage;

MSEavq = << MEEAverage;

BERavgHEW = << BERAveragatien ;

MSEavgHEW = << MSEAverageaw

BER1mk = << BERIHNK ;

MSEunk = << MSEUHK ;

one = Transpose[ {SNR, BERrmmin} | ;

two = Transpose[ {SHR, BEFimest} ] ;

three = Transpose[ {SHR, BERaw} ] ;

four = Transpose[ {SHR, BERavgHEW?} | ;

five = Transpose[ {SHR, BERamk3} ] ;

onel = Transpose[ {SHR, Bbs [MSErnmin] }] ;
two? = Tramspose[ {SHR, Abs[MSEmest]3] ;
three3 = Transpose[ {SHR, Abs[MSEaw]}]
fourd = Transpose[ {SHR, Abs [MSEaaNEW] 3] ;
fiveh = Transpose[ {SHR, Abs[MSEurk]3}] ;

SHR = Table[ 20 Log[ |- ti, 1, Iengthinoisescalely| ;

noisescale[[i1]1
MultiplelistPlot (one, three, five, PlotJoined -+ True,
PlotRange -+ Al1, TextStyle » {FontFamily- "Times™, FoutSize -+ 123,
SynbolStyle - {{Grayleweal[. 9], Thickness[.01]3,
{Graylevel[.1l], Thickness[.07513}, {Graylewel[.5],
Thickness[.05]133, FrameLabel -~ {"SHR", "BER™},
Frame - True, Bxes » False, PlotIegend - {"™Minimm™, "frerage™, "Unknown™ ,
LegadPosition -+ {.9, -.5}, LegendShadaw -+ None,
GridlLines -+ Rartomatic]

MiltiplelistPlot (onel, to?, threed, fourd, fiveh,

PlotJoined -+ True, PlotRange—+ All, TextStyle - {FontFamily - "Times™,
FontSize » 123, SymbolStyle - {{Gradewel[.9] , Thickness[.01]3,
{Graylewel[. 2], Thickness[.075], Graylewel]. 7], Thickness[. 0113,
{Graylewel[.3], Thickness[.075]3, (Graylewel[.8], Thickness[.05]313,

Framelabel -+ {"SHR -- dB", "™™BE™}, Frame- True, Axes + False,

Plotlegend + {™Min(before) ™, "Min{after) ", "Pargibefore) ™, "Pargiafter) ™, "nk™ ,

LegandPosition+ {.4, -.33, LegendShador - Hone)
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