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Abstract 

Stress drops of small earthquakes have been estimated under the assumption that the rupture propagates symmetri-
cally within a circular fault. However, recent studies have observed directivity effects on seismic waves even for small 
earthquakes. In this study, rupture directivity was investigated systematically for small-to-moderate-sized earthquakes 
(M 3.5–5.5) that occurred beneath inland Japan from 2004 to April 2019. Apparent moment rate functions were 
determined for 1463 earthquakes, and their corner frequencies were inverted for their rupture parameters. The results 
indicate that most of the analyzed earthquakes (1217 of 1463) are characterized by significantly asymmetrical rupture 
propagation. The stress drops of the earthquakes estimated by considering asymmetrical rupture propagation were 
16.8 MPa, which are almost twice the estimates based on the commonly used symmetrical rupture model. This shows 
the importance of recognizing the diversity of ruptures, even for small earthquakes, for extracting information about 
earthquake sources and the Earth’s structure. The prevailing rupture directivity can provide useful information on 
source parameters including the fault size, fault geometry, and rupture velocity of small earthquakes.

Keywords: Stress drop, Rupture directivity, Source process, Asymmetrical rupture, Source model, Crustal earthquakes, 
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Introduction
Earthquakes are natural phenomena that redistribute 
stress and release strain energy accumulated inside the 
earth (Knopoff 1958). The average decrease in shear 
stress along the earthquake fault is referred to as the 
static stress drop; this is one of the key parameters 
describing the earthquake source.

It is difficult to reliably estimate the stress drop of small 
earthquakes. The dominant frequency of the waveform 
is used for the estimation of stress drop based on simple 
symmetrical circular source models (Brune 1970; Sato 
and Hirasawa 1973; Madariaga 1976). However, if the 
real source process is asymmetrical or has a significant 

directivity, the assumption of symmetrical rupture evolu-
tion can lead to a large error in the estimated stress drop 
(Kaneko and Shearer 2015; Yoshida et  al. 2019a). It has 
been reported that a significant proportion of large earth-
quake ruptures are predominantly unilateral (McGuire 
et  al. 2002). Recently, directivity effects have been 
observed in seismic waves for moderate-sized (e.g., Aber-
crombie et al. 2017; Boatwright 2007; McGuire 2004) and 
even smaller earthquakes (e.g., Kane et al. 2013; Folesky 
et al. 2016; Yamada et al. 2005; Yoshida et al. 2019a). Rup-
ture directivity is of interest itself, but is also important 
for unbiased estimation of other geophysical parameters, 
including stress drop.

This study systematically investigated rupture directiv-
ity and stress drop for small-to-moderate-sized earth-
quakes (Mw 3.3–5.5) in inland Japan. The results indicate 
that many of the analyzed earthquakes are characterized 
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by asymmetrical rupture propagation, and also show 
that stress drops are systematically underestimated if the 
symmetrical rupture propagation model is applied to the 
data.

Data and methods
The present study estimated the rupture parameters for 
shallow inland earthquakes (z < 40  km) whose moment 
tensor was listed in the F-net catalog (Fukuyama et  al. 
1998). The data period is from 2004 to April 2019. The 
analysis was restricted to events beneath the land having 
good seismic station azimuthal coverage (Fig.  1b). The 
seismic network is composed of stations from the Japan 
Meteorological Agency (JMA), national Universities, Hi-
net, F-net, and V-net of the National Research Institute 
for Earth Science and Disaster Resilience (NIED). The 
total number of earthquakes studied was 2712 (Fig. 1a).

For estimation of rupture directivity and stress drop, 
a method similar to Yoshida et  al. (2019a) was used as 
detailed in “A generalized rupture model” section. Under 
this approach, the durations of apparent moment rate 
functions (AMRFs) were inverted for rupture param-
eters. Then, the AMRFs and their corner frequencies 
were determined for each earthquake (“Determination 

of apparent moment rate function and corner frequency” 
section), and the rupture directivities and stress drops 
were estimated based on the general rupture model 
(“Estimation of rupture directivity and stress drop” 
section).

A generalized rupture model
The rupture directivity and stress drop were estimated 
for each earthquake by comparing observed AMRFs 
with those computed from a source model incorporating 
the asymmetrical rupture. It is desirable to estimate the 
source parameters without imposing any assumptions 
on the source process. However, seismic waveform data 
are only recorded near the Earth’s surface and they lack 
necessary high frequencies due to low-pass filters, low 
sampling rates, or noise. These make it almost impossi-
ble to uniquely determine the source parameters of small 
earthquakes (e.g., McGuire and Kaneko 2018) without 
imposing some physical constraints. The present study, 
therefore, used the elliptical asymmetrical rupture model 
of Dong and Papageorgiou (2003) with a few additional 
constraints. The model is a generalized version of the 
self-similar symmetrical circular source model of Sato 

Fig. 1 Spatial distribution of the focal mechanisms and seismic stations used in this study. a Focal mechanisms (Mw 3.3–5.5) are shown by “beach 
ball” symbols. b Example AMRF distributions plotted at the locations of the seismic stations. Black arrows represent azimuths of rupture propagation. 
Tick marks denote 0.2 s intervals. c Relationships between azimuth and corner frequency of AMRFs. Black and gray curves show theoretical corner 
frequencies based on the best-fit generalized and symmetrical rupture models, respectively. For the computation, takeoff angles were assumed 
to be 90°. d The confidence regions of rupture propagation direction are shown on the beach balls symbols. Black squares show results within the 
confidence region. White squares show the best result. Crosses show the seismic stations
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and Hirasawa (1973) based on Eshelby’s (1957) static 
solution for the crack.

In this study, an earthquake rupture is approximated 
by the expansion of a circular fault with final radius r . 
Instead of assuming ruptures always initiate at the center 
of the final fault, as in Sato and Hirasawa (1973), rup-
tures are allowed to initiate at an arbitrary point inside 
the circle (Fig.  2a–c). The self-similarly circular front 
expands with a constant velocity Vr , while the center of 
the rupture front moves to the circle center with a con-
stant velocity of r′Vr . Here, r′ is the relative distance of 
the initiation point measured from the center to the final 
fault radius r . Thus, the rupture front propagates with a 
maximum velocity Vrmax =

(

1+ r′
)

Vr toward the center 
of the fault; I assumed that Vrmax

/

VS = 0.9 , where VS 
is S-wave velocity. The slip stops instantaneously when 
t = r

/

Vr . While the present model corresponds to the 
symmetrical circular rupture model of Sato and Hirasawa 
(1973) when r′ = 0 , it can also express asymmetrical rup-
tures when r′ > 0 . The present study hereafter refers to 

the present model as the generalized circular rupture 
model to contrast it with the commonly used symmetri-
cal rupture model.

Figure  2 shows examples of computed AMRFs for 
three different rupture processes ( r′ = 0, 0.4, 0.8 ) along a 
nearly vertical strike-slip fault (strike of 0° and dip of 80°). 
The source duration and the moment magnitude were 
assumed to be the same for the three models (0.5 s and 
Mw 5.0, respectively). The rupture propagates toward 
the south in the asymmetrical rupture model cases 
( r′ = 0.8, 0.4 ; Fig.  2a, b), which causes strong directiv-
ity effects on the AMRF durations (Fig. 2d–k). Note that 
even a symmetrical rupture produces directional depend-
ences of AMRF durations (Fig. 2l–o), although the direc-
tional pattern is different from the asymmetrical rupture 
(Sato and Hirasawa 1973). Although the source sizes, and 
thus the stress drops, are considerably different in the 
three models, the average source corner frequencies are 
similar (~ 1 Hz). The large differences of stress drop (var-
ying from 5.3 to 31.0 MPa), despite similar average corner 

Fig. 2 Examples of a–c coseismic slip models and d–o computed theoretical moment rate functions. The three ruptures have the same source 
durations (0.5 s) and moment magnitudes (5.0). Red, green, and blue curves in d–o show the results at takeoff angles of 45°, 90°, and 135°, 
respectively
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frequencies and the same seismic moments, indicate the 
importance of modeling not only the average value but 
also the directional dependency of source duration.

Determination of apparent moment rate function 
and corner frequency
The AMRFs were derived using the empirical Green’s 
function (EGF) method (Hartzell 1978) based on the 
waveforms observed for nearby small earthquakes (EGF 
events). EGF events satisfy the following two criteria: (1) 
distance from the target event is < 1.5  km according to 
the JMA unified catalog; (2) the magnitude is 1–2 smaller 
than the target earthquake. Transverse components of 
direct S-waves were used.

For waveform deconvolution, the present study 
adopted the iterative time-domain approach developed 
by Ligorría and Ammon (1999) after Kikuchi and Kan-
amori (1982). The cut-off frequency of the low-pass fil-
ter 

(

fl
)

 was set to the expected corner frequency when 
assuming 50 MPa of stress drop in the model of Sato and 
Hirasawa (1973) with VrVs = 0.9 . The cut-off frequency 
fl , which depends on the seismic moment of the target 
event, was lower than the expected corner frequency of 
EGF events with stress drop of 0.5  MPa. The low-pass 
filter effectively removes the effects of source processes 
of EGF events when the stress drops of the target earth-
quake and the EGF earthquake are less than 50 MPa and 
greater than 0.5 MPa, respectively. The same low-pass fil-
ter was applied to theoretical AMRFs as described later 
in order not to omit the possibility that the stress drop 
of the target event is greater than 50 MPa. The assumed 
values of the upper and lower limits of stress drop were 
validated based on the obtained values of stress drop.

The deconvolution was regarded as successful if the 
synthetic waveform reproduces more than 80% of the 
observed waveform measured in terms of variance reduc-
tion. When there were multiple EGF earthquakes for a 
target event, multiple results were stored for the same 
stations. Figure 1b shows two examples of the spatial dis-
tributions of AMRF. AMRFs were obtained from more 
than 15 different stations for 1463 of the initial 2712 
earthquakes, for which rupture directivity was examined. 
The corner frequency of Andrews (1986) was computed 
for each AMRF in the time-domain.

Estimation of rupture directivity and stress drop
A grid-search was performed for the optimal combina-
tion of stress drop (�τ) , relative distance of the hypo-
center to the fault radius 

(

r′
)

 , and orientation of the 
rupture propagation ( φ ) that best explained the observed 
corner frequencies. The orientation of rupture propaga-
tion was grid-searched over the two nodal planes of the 
focal mechanism. For comparison with the observations, 

the same low-pass filter was applied to theoretical 
AMRFs derived using the analytical solution of Dong and 
Papageorgiou (2003) and the corner frequencies were 
numerically computed. Depth-dependent values of VS 
were assumed according to the JMA2001 model (Ueno 
et al. 2002).

The rupture parameters which minimize function (1) 
were then obtained.

Here, fci and f generalc  are, respectively, the observed and 
computed corner frequencies, θi is the orientation of the 
ray to the ith station, and n is the number of observa-
tions. The minimum residual Varbestgeneral of Eq.  (1) was 
compared with that given by the symmetrical rupture 
model Varbestsym (the minimum residual under r′ = 0):

If the rupture is more suitably modeled by a unilat-
eral rupture, VR approaches 100. Search ranges and grid 
intervals (evenly spaced) of the grid-search are the fol-
lowings: log10�τ is searched from − 1 to 2.5 with 200 
grids, r′ from 0.0 to 1.0 with 8 grids, and φ from 0° to 180° 
with 12 grids.

The confidence ranges were estimated based on the χ2 
statistics:

where Xi is the misfit of a model for i th data, which is 
assumed to follow the Gaussian distribution, and σ 2

i  is the 
variance. By approximating σ 2

i  by Varbestasym , I computed 
the value of summed residual at the 95% confidence limit 
and estimated the 95% confidence regions of the rupture 
parameters. Obtained parameters are regarded as not 
well-constrained and discarded if the maximum differ-
ence between the best-fit solution and the values at the 
95% confidence limits exceeds the following levels: 0.5 
for r′ , 0.5 for log10�τ , and 45° for φ. The number of well-
constrained estimates thus obtained is 627 for r′ , 1164 for 
�τ , and 435 for φ.

Results
By incorporating the effect of asymmetrical rupture 
propagation, the residuals decreased over 40% (i.e., 
VR > 40%) for more than 60% of the target earthquakes 
(904 of 1463 events) as shown by the frequency distri-
bution in Fig. 3a. This indicates that half of the analyzed 

(1)

Vargeneral
(

�τ , r′,φ
)

=

n
∑

i=1

(

f
general
c

(

θi,�τ , r′,φ
)

− fci

)2
/

n.

(2)VR = 100

(

1−
Varbestgeneral

Varbestsym

)

.

(3)χ2
=

n
∑

i=1

X2
i

σ 2
i

,
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earthquakes involved non-negligible rupture directivities 
in their source processes.

To statistically address whether the asymmetrical 
rupture (i.e., rupture directivity) is required, I used the 
Akaike information criterion (AIC; Akaike 1974):

where L is the maximum likelihood and m is the number 
of model parameters. I assumed that the measurement 
errors of the corner frequencies follow a Gaussian distri-
bution such that:

where s2 is the mean of the squared residuals. Substitut-
ing m = 2 for the circular symmetrical rupture model 
and m = 4 for the generalized rupture model, �AIC 
was computed as �AIC = AICsym − AICgeneral , where 
AICsym and AICgeneral are the AICs of the symmetrical 
and generalized rupture model, respectively. As a result, 
1313 of 1463 earthquakes turned out to have positive 
�AICs (Fig.  3b). The �AIC can be converted into the 

(4)AIC = −2 ln L+ 2m,

(5)ln L = −
n

2
ln
(

2πs2
)

−
n

2
,

log-likelihood ratio statistic (e.g., Ogata 1983; Iwata 2002; 
Iwata and Young 2005):

where Lsym and Lgeneral are the maximum likelihoods for 
the symmetrical and generalized rupture models and k is 
the difference in the number of parameters ( k = 2 ). The 
log-likelihood ratio statistic is expected to follow the Chi-
squared distribution with k degrees of freedom. If �AIC 
is larger than 2, the log-likelihood statistic is larger than 
6, and the significance level of positive �AIC is greater 
than approximately 95%. �AIC is larger than 2 for 1217 
of the 1463 earthquakes, indicating that most of the ana-
lyzed events significantly prefer the asymmetrical rup-
ture model to the symmetrical model.

Figure 3c shows the frequency distribution of r′. Rup-
ture initiation points tend to be located at the edge of 
the fault ( r′ ~ 1) (Fig.  3c), supporting the conclusion 
that asymmetrical ruptures prevail.

Figure 3d–f indicates that when the symmetrical model 
is used, the fault radii and stress drops are systematically 

(6)−2 ln
Lsym

Lgeneral
= �AIC+ 2k ,

Fig. 3 Results of fitting the asymmetrical rupture model. a Frequency distribution of variance reduction (VR). b Comparison between VR and �AIC . 
Red and blue circles show �AICs greater and less than 2, respectively. c Frequency distribution of r′ . d Frequency distribution of stress drop. Blue 
and red lines indicate the results of the asymmetrical and symmetrical rupture models, respectively. e Comparison between the stress drops based 
on the asymmetrical and symmetrical rupture models. f Fault area compared with the seismic moment. Blue and red symbols indicate the results of 
the asymmetrical and symmetrical rupture model, respectively
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overestimated and underestimated, respectively. It should 
be noted that these systematic differences are a product 
of the commonly used assumption of symmetrical rup-
ture rather than the present model settings; As shown in 
Fig.  2, the symmetrical rupture assumption maximizes 
estimates of fault radii and thus minimizes estimates of 
stress drops, for a given source duration and a rupture 
speed. The median value of stress drop was 16.8  MPa 
based on the asymmetrical rupture model, but only 
9.9 MPa based on the commonly used symmetrical rup-
ture model (Fig. 3d). The obtained values are sufficiently 
small compared to the assumed upper limit of 50  MPa 
used for determining the corner frequency of low-pass 
filter ( fl ), which validated the assumption.

Previous studies have estimated the maximum shear 
stress magnitude in inland Japan to be a few tens of 
MPa, based on the rotations of stress axis caused by 
large earthquakes (Yukutake et  al. 2007; Yoshida et  al. 
2014a, 2015a, 2016a, b, 2019b; Matsumoto et  al. 2015) 
or topography (Yoshida et al. 2015b), which is compara-
ble to the present estimate of stress drop. Although the 
estimate of the absolute value of stress drop depends 
somehow on the source model, the present results imply 
that even small earthquakes release a significant pro-
portion of background shear stress on the fault plane. 

Alternatively, states of stress in the crust might be highly 
heterogeneous.

Discussion
The spatial distribution of stress drop is shown in Fig. 4a. 
The figure shows the geometrical means, weighted by 
distance, at each 0.2°-spaced grid node using 1164 well-
constrained stress drops within a 0.6° distance in both 
longitude and latitude. The averaged values are shown 
only when the number of data values was greater than 4.

The spatial pattern of stress drop is substantially differ-
ent from that reported by Oth (2013) based on a general-
ized inversion technique. His results indicate that stress 
drop is high in western Japan and low in eastern Japan, 
which is almost opposite to the present result. He found 
a strong spatial anti-correlation between stress drop and 
heat flow, suggesting that thermal structure is a primary 
control factor for stress drop. The major differences in 
the processes used by Oth (2013) and those of the pre-
sent study are: (1) Oth (2013) used a symmetrical rupture 
model, while the present study incorporated asymmetri-
cal rupture propagation; and, (2) Oth (2013) removed 
the propagation and site effects of seismic waves by esti-
mating them using some assumptions described below, 
whereas the present study removed them using the EGF 
approach which is more appropriate for minimizing 

Fig. 4 Results of a spatial distribution of stress drop and b rupture directivity. In b, the rose diagrams show the relative frequency of rupture 
directions at the corresponding map locations
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propagation and site effects. The first difference does 
not seem to be a major cause of the divergent outcomes, 
because the spatial pattern of stress drop does not change 
significantly even if the symmetrical rupture model is 
applied to the data of the present study (Additional file 1: 
Fig. S1). It can, therefore, be speculated that the second 
process difference is the main cause of the divergence in 
results. Oth (2013) assumed that the attenuation struc-
ture is spatially homogeneous, and that the average site 
amplification is zero at the borehole seismic stations 
in several regional blocks. However, this assumption 
unlikely holds in Japan (Yoshida et al. 2017). The correla-
tion between stress drop and heat flow suggested by Oth 
(2013) might be understood if his result actually reflects a 
correlation of the attenuation structure and site amplifi-
cation with the temperature structure.

The directions of rupture propagation were gener-
ally diverse. However, they seem to have some preferred 
directions when dividing the results into subregions 
(Fig.  4b). Recent observations of rupture directivity in 
small earthquakes also suggest that propagation direc-
tions have preferred directions affected by material prop-
erties (Kane et al. 2013) and by states of stress and fault 
strength (Folesky et al. 2016; Yoshida et al. 2019a).

To obtain information about the Earth’s structure from 
seismic waveforms, it is necessary to correctly separate 
source effects from waveform data. However, the effects 
of rupture directivity on seismic waveforms have been, 
at times, disregarded to simplify the problem. The results 
reported here, showing the predominance of asym-
metrical rupture, suggest that ignoring rupture direc-
tivity might lead to large estimation errors not only for 
earthquake sources but also for the Earth’s structure. 
Given that the rupture propagation generally has a pre-
ferred direction, the effects of rupture directivity cannot 
be canceled out, even by averaging the results of many 
earthquakes. Careful selection of the analyzed frequency 
range is important to avoid contamination by the effects 
of rupture diversity. From another perspective, the pre-
vailing rupture directivity might provide useful informa-
tion on source parameters including the stress drop, fault 
size, and fault geometry of small earthquakes.

Conclusions
The present study systematically investigated rupture 
directivity for small-to-moderate-sized earthquakes (M 
3.5–5.5) beneath inland Japan from 2004 to April 2019.

The result indicates that most of the analyzed earthquakes 
(1217 of 1463) are characterized by significantly asym-
metrical rupture propagation. This suggests that the com-
mon symmetrical rupture assumption does not hold for 
inland Japanese earthquakes and implies that a conventional 
approach, assuming a symmetrical rupture, to evaluation of 

source, path, and site effects may not be appropriate. The 
prevailing rupture directivity might provide useful informa-
tion on source parameters including the stress drop, fault 
size, fault geometry, and rupture velocity of small earth-
quakes. The average stress drop based on an asymmetrical 
rupture model is about 17 MPa, which is almost double the 
estimate when using the symmetrical rupture model.

In this study, an asymmetrical rupture model based on a 
static solution of the crack problem was used. However, 
even this generalized model should not be applied to other 
types of rupture such as pulse-like ruptures (Heaton 1990) 
or multiple shocks. The present study also assumed the 
maximum rupture velocity to be constant 

(

Vrmax
VS

= 0.9
)

 , 
and the fault shape to be circular. It is important to con-
sider the diversity of ruptures, even for small earthquakes, 
to derive a reliable estimate of earthquake sources and the 
Earth’s structure, which provide important information 
about seismogenic zones.
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