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ABSTRACT

Convection dominated flows result in a hyperbolic system of equations
which leads to ill-conditioned matrices and oscillatory approximations when
using the classical Galerkin Finite Element Method (GFEM). In this paper,
the Least Square Finite Method (LSFEM) is introduced in the study of
transient bidimensional convection-diffusion problems. The differentiated
equation of second order which describes the convective-diffusive
phenomenon is transformed into an equivalent system of partial
differentiated equations of first order which is discretized by the
formulation of the LSFEM resulting in a defined algebraic, symmetrical and
positive system. The performance of the method is verified by the solution
of a test- problem.

Keywords: Finite Element Method, Least Squares, Galerkin, Convection-
Diffusion, Transients Problems.

NOMENCLATURE Subscripts

k thermal conductivity node identification of a node

X,y  space coordinates

t time coordinate 1. INTRODUCTION

f source

N; interpolation function From the 50s on, some researchers such as Turner
Nnoge Number of nodes in each finite element et al. (1956), Clough (1960) and Argyris (1963)

gy, heat flux along the x-axis
d, heat flux along the y-axis

started to use the Least Square Finite Element
Method in its patterned format and the Galerkin
Method to solve dominant diffusive problems and

Gy heat flux approximation along x-axis they had excellent results.

gy  heat flux approximation along t-axis

u temperature

Gj? temperature approximation
element

Vv weight function

vi  weight function in the element
Rj residual equations

R real numbers
Greek symbols

Q two-dimensional domain

0O°f  two-dimensional domain in the element

However most part of the Mechanics of Fluids
problems and Heat and Mass Transfer are classified
as dominant convective. Several authors presented
the finite papers in the last decades demonstrating that the
application of the Galerkin Method in the solution of
dominant convective problems in transient regime
generate numerical oscillations, for example,
Camprub et al. (2000), Romao (2004) e Romao et al.
(2008), fact that could be avoided only with a large
refinement of the mesh what would be
computationally and financially expensive for bi and
three-dimensional problems.

In this paper, the application of the Least Square
Finite Method in the numerical solution of dominant
convective phenomenon in transient regimes on a

o coefficient of Crank-Nicholson Method bidimensional domain will be presented. The

36

application of the LSFEM always yield to an
algebraic system of equations symmetrical and
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positive defined that can be solved, for example, by
conjugate gradient methods and the solutions are free
of oscillations, even in problems with the convective
phenomenon dominant.

Firstly, the time discretization of the partial
differential equations which model the transient
convective-diffusive phenomenon will be presented
followed by the spatial discretization. For the time
discretization, the Crank-Nicolson scheme has been
used for the spatial discretization, the Galerkin Finite
Element Method (GFEM) and the Least Square
Finite Element Method (LSFEM) are applied, in
order to compare the solutions.

2. EQUATION MODEL

It is introduced here a numerical study of the
partial differential equation that models a generical
transient bidimensional convective-diffusive
phenomenon defined in the ©=2®QcR?
domain in which £ and Q are closed and bounded
domains. The governing equation is:

ou 0 ou 0 ou ou

w—+—|k— |[+—| k— |+ A, —+
ot ox\_ ox) oyl oy OX

0

u
A,—+Bu+f=0 (D)
Yoy

in which is admitted K =constant = 0, u = u(xy),
A= AxY), Ay = Alxy), B =B(xy), #= #xy) and
f=f(x,y) with x, y, t € R with boundary conditions of
the first and second type as well the initial condition.

3. TIME DISCRETIZATION

As presented in Romdo et al. (2004), the
bidimensional equation which will be evaluated in
this paper is a parabolic equation, that is, an equation
of first order in time and of second order in space.
The method used for the discretization in time of
equation (1), is a method from the family of o
approach, in which the moderated average from the
derivated in relation to the time of the dependent
variable is approached by two consecutive steps in
time by a linear interpolation of the values of the
variable for the two steps

Zt—u ~ {U}s;lt;;{u}s =(1-a) {U}S +(@) '{l.,l}s+1 ,

for 0<a <1, 2

in which { ¥} refers to the value of the variable in the
step “s” and AtS? =t —t° is the (s + 1) step in
time. In this paper the Crank-Nicolson scheme in
which a =% will be used (Chung, 2002).
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4. SPATIAL DISCRETIZATION

In this item the spatial discretization of Eq.(1)
will be presented by the formulations of Galerkin and
the Least Square Finite Element Methods.

4.1 Galerkin Method

Initially, the discretization must be made
approaching the u function described in Eq. (1) by a
function 0 , as follows

Nnodes
a‘zae:ZNja? 3)

j=1
and N

N; are the interpolation functions and G? are the

nodal values of u in the element. By the described
approach in Eq. (3) and using Eq. (1), a residual is
defined as

R=1YG+a i(ka—uj+i ka—u +AX6—U+
At ox\_ ox) oyl oy OX

- s+1 -
Ayﬁ—u+BG +f+ —£G+(1—a)x 9 k6—uj+
oy At OX

nodes IS the number of nodes in each element,

OX

+i[k§j+Axﬁ+Ayﬁ+Bﬁ}} 4)
oy\ oy OX oy

Now, it is possible to start introducing the
approach by the Galerkin Finite Method in which
there is the need to define the variational formulation
of the generical problem (1), as follows. It must be

found (¢ eV®, V& e C?(Q)in a way that
ervadQ:O,VVieeVe,i:1,2,...,Nnodes )

in which Q = %2 is a limited and closed domain.
Equation (5) will be integrated for any v{=N,,
i=12,..,N s, that is, in the Galerkin Finite

Method the weight function is equal to the
interpolation function. Using Eq. (3), effecting the
proper integrations and some algebra we have the
following matricial linear system

[KJlase = {F} - [H]g* <} (6)

in which
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oN oN
Ky =—| ak T go | ak Do
Q° oX OX Q° oy oy

N N
+J' aAXNi—dQ+J' a AN, —-dQ +
Qe ox Qe ay

74
+IQE[A_t+a BjNiNj 0 (7a)

j(—)k

_j' (l—a)k——dQ J' 1-a) AN, adeQ
Q¢ oy oy oX

‘dQ—

ON .
+j (L-a) AN, — dOo+
Q° oy

I (A—t+(1 a) BjN N dO (7h)

F =—_[Qef N; d© (7¢)

with i, j = 1, 2, ..., Nnodes. Further details about the
formulation described before can be found in Roméao
(2004).

4.2 Least Square Finite Element Method

The approach by the Least Square Method has as
initial characteristic the addition of two extra
variables in the problem by the following equations

Oy ::'_k'___

= (8a-h)

ou
gy =—-k—
’ oy

then the problem is not represented by the partial
differentiated equation of second order anymore, but
it is a system of three partial differential equations of
first order. After replacing the Egs. (8a-b) in the Eq.
(1) and time discretization we have

yUu v, YN -y

- - - ~ - - 1
TR TR s A TR R S
At ox oy  Cox Yoy

~ ~ ~ S
-f+(l-a) By +&—Axa—u—Ay6—u—BG
X oy OX oy
(9a)
~ ou
+k—=0, k—: 9b-c
Ok dy o (9b-c)

Now, we effect the approximation in each
element of the functions U , g, e g, by the functions

¢, dy e gy in the following way:
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Nnode Nnode
T=0°= ) Nif; G =5 = > Ny ;
i=1 i=1
Nnode
G, 285 = 2 Ny, (10a-c)

for any step in time and with Nnode being the
number of nodes in each element.

After the spatial approximation be defined, we
can write the residual equations of Egs. (10 a-c) as
follows

adx ad, au
R . x Y
(X, Y) = {Atl”a{ x oy + A X ox

5 s+1 A
A—U+Bu +f+ ——u+(1 a)l — q
Y oy OX

.
Ay p A%ﬂsu}

oy OX
(11a)
L . ad
Ro(xy) =tx +k—, R3(x,y)=qy+k5 (11b-c)

The basic idea of the Least Square Finite Element

Method is determining G° eV ® as minimizer of the
functional (Jiang, 1998)

I(Ry, Ry, Ry) = jQE R2(x, y)dQ + er R2(x, y)dQ

+ er RZ(x,y)dQ  (12)

that is, the first variation of the functional of U, g, e
gy results in

jge (Ry)R, dQ+IQE (6R,)R, dQ +
+ jge (R3)R; dQ =0 (13)

Making the appropriate algebrism and necessary
integrations, the Eq. (13) generates the following
matricial linear system.

A B CJ|uest FR] [H 1 3]s
BT D EN@G?=(F|-|M K L[gG
c' ET GJ|lg@t |F] [P S OJ|@E”®

(14)

in which
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’ 6)'
kz%aNJ 2 ON; ON; 40
OX OX oy oy

OX

cij:I {|:an% A%+(%+QBJN}
0° X

—NJ}dQ

{ aaN—} k%N }dQ (15b)

_ 20N; ON;

D, IQ{ R LTICS (15d)
0N
ij :J- a 2% ! dQ
[ok ox oy
(15e)
oN,

Gj :L}{ 2 ayl +N;N }dQ (15f)

Hij:J aAX%+aAy%+ Y o aBIN; |x
Q° OX oy At
N N, [y
x| (L—a) Ay—L+1-a) A, —+ - L4
oX oy At

+1-a)BN,] } do (150)

Romaéo et al. GFEM and LSFEM in the Solution of the ...

Ji.=j a AN on N (YL LeIN |«
I Jge ox Yoy LAt

{_(1 a)_} @0
Mj = Qe{— ai} {(1 a)A—+(l o) x

0
x A WJ{_A +1- a)Bj J}dQ

(15i)

(15j)
_ oN; 8Ni

K —Ige(l—a)a ko (15K)
oN

L = j 1-a)a N o (151)
I o ox oy

P, :'[Q{_a 86'\)‘; }{(1—0{) Axagl—xj+(1—a)x

xAV%{—%m—a)B)\HdQ (15m)
5

C
1- ) N, dQ ) (15n)
I a ay X
oN, N,
0, = I . (1—(95)(15?J 0 (150)
oN, oN,
Fl| :J.Qe(—f)x|:a AXE-FLZ Ayw-i-
+(Alt+a B]Ni}dQ (15p)
F _j (—f)x[—a AX%} a0 (15)
Fs e(—f)x{—a Ay%} do (15r)
with i, j =1, ..., Nnodes.

5. NUMERICAL APPLICATIONS

All the coefficients involved in the matricial
systems (6) and (14), respectively from the GFEM
and the LSFEM are functions of the space
coordinates x and y. In this paper the Gaussiam
Quadrature ruler (Reddy, 1993) will be used to
calculate the integrals found in the matricial system,
for that it is necessary to rewrite the integrals in
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terms of a reference coordinates & and n
(-1<&,m7<1), as described in Romé&o (2004). The

interpolations functions in reference coordinates for
quadrangular and triangular elements can be found in
Dhatt and Touzot (1984).

Right after, two numerical applications will be
presented. The first one is about a problem totally
diffuse and the second one is about a diffusive-
convective problem with convective dominant terms,
with the objective of analyzing the performance of
the Galerkin and the Least Square Methods for the
mesh previously determined.

Regarding the boundary conditions, the first
application presents a case with three boundary
conditions of the prescribed function type and one of
the prescribed flux ones (isolation) (Figure 1), while
the second application of this chapter presents a case
with two boundary conditions of the prescribed
function type and two of the prescribed flux ones
(isolation).

5.1- Pure Transient Diffusion

Figure 1. Cartesian Geometry with boundary
conditions of the first and second type.

Governing Equation:
u(x,y.t) _ 2%u(x.y.t)  d%u(x.y.)
at aXZ ayz

In this situation, the numerical solution of a
completely diffusive case in transient regime is
presented for the instant t = 1. The mesh used in this
application is uniform and contains 625
quadrilaterals of 8 nodes , all the elements being of
size h = 0,04. For the time discretization the steps At
=102 and a = 0,5 were used. The Figures show the
results for the first case analyzed. The values
computed are the functions and their first derivatives.
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Figure 2. Numerical solutions of u(x,y,t) by GFEM.
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Figure 3. Numerical solutions of u(x,y,t) by LSFEM.
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Figure 4. Numerical solutions of Z—u by GFEM.
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Figure 6. Numerical solutions of the %u by GFEM.

0.6 08
X

Figure 7. Numerical solutions of the %u by LSFEM.
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Analyzing Figures 2 — 7, we can notice that the
GFEM presented good results in all the solutions
what did not happen with the LSFEM which
presented some numerical oscillations in the solution
of u and u in the proximities of the x = 1 side.

OX oy
As expected the GFEM presented good results for a
purely diffusive problem. The oscillations of the
LSFEM may due to the gross mesh.

The initial condition is the prescribed function
type according to Fig. 8.

5.2 Transient Convection-Diffusion

Governing Equation:

2 2
a_u+106_u+106_u=6_u a_u
ot ox oy ox* oyl

with u = u(x,y,t).

o4
; =10
E:D wix,ph=1 =10
dx
EY! X
=

Figure 8. Cartesian Geometry with boundary
conditions of the first and second type.

The mesh used in this application contains 1250
triangular elements of six nodes, and all the elements

are of identical size h=0,04v/2 . Figures 9 — 14
present numerical solutions for the instant t = 0,5. In
the time discretization, At = 102 and o = 0,5 was
adopted.

1

04

0.2

0 1 1 L . By

0 0.2 04 0.6 0.8 1
X

Figure 9. Numerical solution of u(x,y,t) by GFEM.
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Figure 10. Numerical solution of u(x,y,t) by LSFEM.
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Figure 11. Numerical solutions of Z—u by GFEM.
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Figure 12. Numerical solutions of Z—u by LSFEM.
X
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R
X

Figure 13. Numerical solutions of %u by GFEM.

04 0.6 08 1
X

Figure 14. Numerical solutions of %u by LSFEM.

The conclusion from analyzing the Figures from
9 to 14 is that the GFEM and the LSFEM presented
good results in all solutions, but for more convective
problems the GFEM may present solutions with
oscillations. Some difference appears in the
derivative calculation. For the LSFEM the derivative
are calculated directly as part of the solution, while
for the GFEM the calculation of the derivatives
require a post-processing.

6. CONCLUSIONS

The LSFEM always results in symmetrical and
positive defined algebraic system, which is
interesting from the view point of solution methods
and revealed to be a good tool in the solution of
transient convective-diffusive problems. When the
LSFEM was applied to the dominant convective
problem proposed, it presented satisfactory results,
decreasing the oscillations in the areas nexttox =1e
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y = 1 while in the GFEM the oscillations were more
expressive.
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