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ABSTRACT 
 
This article investigates numerically, using the Constructal Design method, 
a system that combines a square cavity with upper sliding wall and a 
triangular fin subjected to the mixed convection effect. The objectives are to 
evaluate the influence of the fin aspect ratio (H1/L1) on the average Nusselt 
number on the fin surface and to analyze the effect of the fraction of the area 
of the triangular fin relative to the square cavity (φ). The proposed problem 
is assumed two-dimensional, laminar, incompressible and steady flows. For 
the buoyancy forces it is considered the Boussinesq approximation. In order 
to generalize the results, the problem is solved in dimensionless form. The 
fluid flowing through the cavity presents the thermophysical properties 
defined by the Prandtl number (Pr = 0.71). The buoyancy force in the flow 
is defined by the Rayleigh number (RaH = 104), while the flow regime is 
governed by the Reynolds number (ReH = 102). The optimum fin geometry 
that maximizes the heat transfer between the finned cavity and the 
surrounding fluid is obtained through the Constructal Design method. The 
numerical solution of the conservation equations of mass, momentum and 
energy is calculated with the finite volume method, using the commercial 
fluid dynamics software FLUENT®. The geometry and mesh computational 
domain were developed in GAMBIT® package. As results, it was found 
that the optimal configurations of H1/L1 presented a gain in the thermal 
performance of up to 15% in relation to the other geometries. In addition, 
the heat transfer has great dependence on the variation of the fraction of area 
(φ). 
 
 
 
 
 
 
Keywords: constructal design, mixed convection, Nusselt number, square 
cavity, triangular fin 

 
 
NOMENCLATURE 
 
A total area of the cavity, m2 
Af fin area, m2 
Cp fluid specific heat at constant pressure, 

J/(kg.K) 
g gravitational acceleration, m/s2 
h heat transfer coefficient (W/m2.K) 
H cavity height, m 
H* dimensionless cavity height 
H1 fin height, m 

*
1H  dimensionless fin height 

k fluid thermal conductivity, W/(m.K) 
L cavity length, m 
L* dimensionless cavity length 
L1 fin length, m 

*
1L  dimensionless fin length 

NuH Nusselt number based on the height 

HNu  average Nusselt number based on the height 

P pressure, Pa 
Pr Prandtl number 
q” conductive heat flux per unit of area, W/m² 
RaH Rayleigh number based on the height 
ReH Reynolds number based on the height 
S surface on which the fluid flows, m2 
S* dimensionless surface 
T absolute temperature, K 
T* dimensionless temperature 
Tmax maximum temperature, K 
Tmin minimum temperature, K 
T∞ reference temperature, K 
u velocity in direction x, m/s 
u* dimensionless velocity in direction x 
v velocity in direction y, m/s 
v* dimensionless velocity in direction y 
V velocity of the upper moving wall of the 

cavity, m/s 
x,y spatial coordinates, m 
x*,y* dimensionless spatial coordinates 
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Greek symbols 
 
α thermal diffusivity, m2/s 
β thermal expansion coefficient, K-1 
φ fraction of the area of the triangular fin 

relative to the square cavity 
µ fluid dynamic viscosity, kg/(m.s) 
ν fluid kinematic viscosity, m2/s 
ρ density, kg/m3 
 
Subscripts 
 
max maximum 
min minimum 
o optimal 
 
INTRODUCTION 
 

Heat transfer is an extremely important area in 
many engineering problems. Applications of 
advanced technologies and research on heat transfer 
have expanded from traditional fields of industry 
such as mechanical, chemical and energy engineering 
to new fields, such as electronics and space areas. 
Thus, the current heat transfer problems appear with 
high heat density, mainly in compact problems of 
micro and nanoscale. 

Convection is the heat transfer process executed 
by a fluid flow (Bejan, 1993). The process of heat 
transfer by convection can occur in forced form, 
where an external agent acts on the fluid and causes it 
to flow; or in the natural form, in which the 
movement is caused by the effects of buoyancy, 
which acts distributed in the fluid, and is associated 
with the general tendency of fluids to expand when 
heated under constant pressure [Bejan and Kraus, 
2003]. The presence of the fluid temperature gradient 
in the gravitational field gives rise to natural 
convection currents; thus, forced convection is 
accompanied by natural convection (Çengel and 
Ghajar, 2009). 

One way to increase heat transfer by convection 
is by inserting fins (outer extended surfaces) or 
cavities (internal extended surfaces) into the bodies in 
which heat removal is required, in order to obtain a 
larger thermal exchange surface between the media. 
The fins and cavities can be used simultaneously, in 
the shape of cavities with fins. In this sense, the study 
of cavities became an important theme of works, in 
which the optimization of the geometries with the 
objective of favoring the heat transfer is desired. 
Thus, studies related to heat transfer in cavities have 
been continuously performed (Iwatsu and Hyun, 
1995; Peng and Davidson, 1995; Cheng and Liu, 
2010; Dos Santos et al., 2011; Lorenzini et al., 2015). 

Applying the Constructal Design method is one 
way to improve the performance of thermal systems. 
This method is based on the Constructal Theory, 
which states that the geometry of all flow systems 
follows a physical principle – the Constructal Law. 

This law is not a statement of optimization, 
maximization, minimization or any other form of end 
or final destination. It refers to the direction of 
evolution in time, stating that the designs of the flow 
systems are dynamic and not statics. According to the 
Constructal Law, for a finite-size flow system to 
persist in time (to live), its configurations must 
change in time such that it provides easier and easier 
access to its currents (fluid, energy, species, etc.) 
(Bejan, 2000; Bejan and Lorente, 2008). This is the 
physical principle employed by nature for the 
geometric formation of its flow systems, as in rivers, 
trees and animals (Bejan and Zane, 2012). This same 
principle can be used in the study of geometries in 
various engineering equipment, such as heat 
exchangers, fuel cells, etc. (Bejan and Lorente, 2006).  
Constructal Theory has been applied and has proved 
adequate for solving problems related to the search of 
geometries that improve the performance of fins and 
cavities with heat transfer (Rocha et al., 2005; Rocha 
et al., 2010; Lorenzini et al., 2011; Dos Santos et al., 
2013; Estrada et al., 2015). 

Thus, this paper purposes to investigate 
numerically, through the Constructal Design method, 
a system that combines a square cavity with a sliding 
upper wall and a heated triangular fin. The objective 
is to evaluate the influence of the triangular fin 
geometry on the average Nusselt number on its 
surface subjected to the mixed convection effect. In 
addition, it seeks to obtain the optimum geometry 
that maximizes heat transfer between the surface of 
the fin and the surrounding fluid. The Constructal 
Design method consists in the imposition of 
constraints, usually fixing areas or volumes, and 
giving freedom for geometry to be varied, in order to 
achieve an indicator of performance (Dos Santos et 
al., 2009).  

The numerical solution of conservation 
equations of mass, momentum and energy are solved 
based on the Finite Volume Method (FVM), using 
the commercial fluid dynamics software FLUENT® 
(FLUENT, 2007). The geometry and the mesh of the 
computational domain were developed in the 
GAMBIT® (GAMBIT, 2006). 
 
PROBLEM DESCRIPTION 
 

The main purpose of this study is to evaluate the 
geometries that lead to the maximization of the 
average Nusselt number calculated over the heated 
surface of the fin. The domain is considered two-
dimensional and it is depicted in Figure 1. The fluid 
flow is driven by the imposition of a field of 
velocities generated by the movement of the upper 
moving wall of the cavity, which moves with 
dimensionless velocities on the axis x (u* = 1) and y 
(v* = 0). The velocity of the top plate is taken as 
reference for the computation of the Reynolds 
number. This plate presents non-slip and 
impermeability boundary conditions with an imposed 
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velocity V and it has the lowest dimensionless 
temperature (Dirichlet boundary condition) of T* = 0. 
In the region of the fin, the dimensionless prescribed 
temperature is T* = 1 and non-slip and 
impermeability is employed. Finally, the lateral and 
inferior walls of the cavity are considered stationary 
and adiabatic (Neumann boundary condition) for 
fluid dynamic and thermal fields, respectively. The 
fluid properties are considered constant. To tack into 
account the effect of density variation it is considered 
the Boussinesq approximation. Moreover, the flow is 
considered incompressible and at the steady state. 

 

 
 

Figure 1. Domain of triangular fin inserted in the 
lid-driven rectangular cavity submitted to mixed 

convective flow. 
 

In the geometric analysis, the Constructal 
Design method is used to determine the constraints, 
the degrees of freedom and the objective in the 
evaluation of the system (Bejan, 2000; Bejan and 
Lorente, 2008). The domain is illustrated in Fig. 1. 
The geometry has two constraints: the total area of 
the cavity (A) and the area occupied by the fin inside 
the cavity (Af), given, respectively by: 

  
LHA ⋅=  (1) 

  

2
LH

A 11
f

⋅
=  (2) 

  
A dimensionless relationship between the cavity 

area (A) and the fin area (Af) can be defined by the 
following equation: 

  

A
Af=φ  (3) 

  
Thereby, it is possible to define the geometry of 

the system for any value of ϕ, representing the 
fraction of the area occupied by the fin relative to the 
area of the cavity. The degrees of freedom for this 

study will be evaluated through the relation between 
the height and the length of the cavity (H/L), which is 
considered constant and equal to unity (square cavity, 
H/L = 1); and by the ratio between the height and 
length of the fin (H1/L1). It is investigated the ratio 
H1/L1 that maximizes the average Nusselt number for 
different values the ϕ. The properties of the fluid and 
the flow for all the simulations are presented in Table 
1. For all the geometric configurations, the flows 
were simulated with ReH = 102, RaH = 104 and Pr = 
0.71, where ReH is the Reynolds number based on the 
height of the cavity; RaH is the Rayleigh number 
based on the height of the cavity and Pr is the Prandtl 
number (ν/α). The dimensionless parameters will be 
properly defined in the mathematical modeling of the 
problem. 

 
Table 1. Fluid and flow properties. 

Properties Magnitude Units 
Pr 0.71 - 
k 0.56 W/(m.K) 
µ 1.77x10-2 kg/(m.s) 
Cp 1.00 J/(kg.K) 
ρ Boussinesq kg/m³ 
α 2.50x10-2 m²/s 
β 0.4523 K-1 

 
MATHEMATICAL AND NUMERICAL 
MODELING 
 
Mathematical Modeling 
 

The conservation equations of continuity, 
momentum (in x and y directions) and energy for 
steady state, incompressible and with constant 
thermophysical properties for a mixed convection 
problem are given, respectively, by: 
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in which ρ is the fluid density (kg/m³); β is the 
thermal expansion coefficient (K-1); ν is the 
kinematic viscosity (m²/s); u and v are the velocities  
in x and y direction (m/s); x and y are the spatial 
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coordinates (m); P is the pressure (Pa); T is the 
absolute temperature (K); T∞ is the reference 
temperature (K); α is the thermal diffusivity (m²/s); 
and g is the gravitation acceleration in y direction 
(9,81 m/s²). The thermal diffusivity is given by: 

  

PCρ
kα
⋅

=  (8) 

  
In order to generalize the results, the problem is 

treated in dimensionless form. The spatial, thermal 
and velocity variables of the system are defined by: 

  
( )

21A
1LL,,1HH,y,x,*

1L,*L,*
1H,*H,*y,*x =





  (9) 
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Then, the dimensionless lengths that define the 

system geometry can be rewritten as: 
  

( )**
* 1

LH
L =  (12) 

  

*
*

L
1H =  (13) 

  









2φ
=

�� *
1

*
1

*
1

LH
L  

(14) 

  

*
1

*
1

L
H

�

2φ
=  (15) 

  
The convective and conductive heat flux per 

unit area are defined respectively by (Bejan, 2013): 
  

( )∞−= TThq"   and  
0y

''
y
Tkq

=
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−=  (15) 

  
where k is the fluid thermal conductivity (W/m.K). 

Combining the Eqs. (16) it is possible to obtain 
the heat transfer coefficient: 
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y
Tk

h 0y  
(17) 

  
The Nusselt number (based on the cavity height) 

represents the dimensionless heat transfer coefficient, 
defined as the ratio between the convective and 
conductive heat transfer (Bejan, 2013): 

  

k
HhNuH
⋅

=  (18) 

  
in which H is the characteristic length (m). 

The average Nusselt number is calculated by 
integrating the local Nusselt number over the surface: 

  

H
*

H
S

1Nu Nu dS
S

*
*= ∫  (19) 

  
in which S is the surface on which the fluid flows 
(m²) and S* = S/A. 

In order to characterize correctly the boundary 
layer phenomenon, the Reynolds number (based on 
the cavity height) is introduced, allowing identifying 
a value for the transition from the laminar flow to 
turbulent flow. This dimensionless parameter is 
defined as: 

  

μ
HVρReH
⋅⋅

=  (20) 

  
where V is the velocity of the upper moving wall of 
the cavity (m/s). 

The Rayleigh number (based on the cavity 
height) is used to define the importance of the natural 
convection in the heat transfer of the fluid. 
Magnitudes under a critical value indicate the 
predominance of the diffusion on the heat transfer; 
for Ra over the critical value, means the convection is 
dominant. This dimensionless parameter accounts the 
buoyancy force effects, indicating the influence of the 
natural convection over the mixed convection regime. 
The Rayleigh number is given by (Bejan, 2013): 

  
( )

να
HTTgβ

Ra
3

máxS
H

−
=  (21) 

  
Numerical Modeling 
 

For the numerical analysis, a non-uniform two-
dimensional mesh (in the x and y directions) with 
triangular volumes is adopted, which was generated 
using the software GAMBIT. The numerical solution 
of the Eqs. (4)-(7) were obtained through commercial 
computational fluid dynamics software FLUENT, 
that is reasoned on the finite volume method. This 
method consists of making balances on a control 
volume created from finite volumes (Maliska, 2004). 
For the density variation, it is used the Boussinesq 
model (Kays and Crawford, 1980), in order to 
account for buoyancy effects. Furthermore, the 
discretization mode is the first order upwind for the 
momentum, energy and continuity equations, while 
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the standard mode is used for the pressure. Besides, 
the pressure-velocity coupling is made using the 
SIMPLEC algorithm. For the numerical residuals, the 
convergence criteria is defined as maximum of 10-6 
for the continuity and momentum equations and 10-8 
for the energy. 

The adopted mesh was determined by means of 
successive refinements. Therefore, the mesh quality 
analysis was carried out, in order to determine the 
number of finite volumes necessary for the mesh to 
not influence the results of the study. The mesh was 
considered adequate when the relative deviation of 
the average Nusselt number between meshes of 
different volume numbers is less than 1%. The 
relative percentage deviation between the results is 
obtained by the following expression: 

  

%1

(j)HNu

1)(jHNu(j)HNu
100HNu Deviation <

+−
⋅=  (22) 

  
where the indexes (j) and (j + 1), represent, 
respectively, the results for the mesh to be evaluated 
and the mesh with the largest number of volumes. 

Table 2 shows the results of the mesh quality 
analysis for the flow with RaH = 104, Pr = 0.71 and 
ReH = 10². For all the meshes tested, it is considered 
φ = 0.5 and H1/L1 = 0.3.  

 
Table 2. Mesh independence analysis. 

Volumes HNu  Deviation (%) 
5,040 4.1025 1.3821 

11,000 4.1593 1.0427 
20,500 4.2026 0.7907 
40,750 4.2359 - 

 
After the tests, it was verified that the mesh of 

20,500 volumes can be considered appropriate for the 
proposed study, presenting a deviation of 
approximately 0.79% in relation to the mesh with the 
largest number of volumes, attending, thus, the 
criterion of precision defined initially. The model 
used in this study has already been validated in 
previous studies (Dos Santos et al., 2013; Machado, 
2014) for different fin geometric and flows. 
 
RESULTS AND DISCUSSION 
 

Flow and temperature fields were simulated to 
determine the aspect ratio H1

*/L1
* that leads to 

maximization of the average Nusselt number 
calculated along the surface of the fin. The fraction of 
area (ϕ) occupied by the fin in relation to the cavity 
also had its value varied, according to the range 0.01 
≤ ϕ ≤ 0.30. For all the geometric configurations, ReH 
= 102, RaH = 104 and Pr = 0.71. 

From Figure 2, it can be seen how the average 
Nusselt number ( HNu ), obtained on the fin surface, 

behaves as a function of the variation of the ratio 
H1

*/L1
* for different values of ϕ. It is observed that 

the curves present a very similar behavior, having an 
optimum ratio H1

*/L1
* in relation to the average 

Nusselt number ( HNu ) for all values studied. Thus, 
it is noted that, with the increase of the ratio H1

*/L1
*, 

there is a growth of the HNu values up to the 
maximum point, so that, as from this maximum, the 

HNu  values tend to decrease with the increase of the 
aspect ratio H1

*/L1
*. It is an exception for this 

behavior the result for ϕ = 0.3, in which the 
maximum value of HNu is obtained for the smallest 
value of H1

*/L1
*, i.e., the minimum physically 

possible value for this configuration.  
 

 
 

Figure 2. Behavior of aspect ratio H1
*/L1

* for 
different values of ϕ. 

 
The higher values of HNu  were obtained for 

the configuration of ϕ = 0.01, i.e, for the smaller 
fraction of area occupied by the fin in relation to the 
cavity. It is also noted, observing the Fig. 2, a 
decrease in the heat transfer in the system with 
increasing values of ϕ. For a better understanding of 
this phenomenon, it is presented the Fig. 3, which 
shows the temperature fields for the optimized cases 
of H1

*/L1
* (represented by (H1

*/L1
*)o) for some values 

of ϕ studied. From Figure 3, it is perceived the 
presence of larger temperature gradients around the 
fins for smaller values of ϕ, favoring the heat transfer.  

In the configuration that is obtained the best 
thermal performance, ϕ = 0.01, it is observed that the 
study of the aspect ratio H1

*/L1
* leads to a gain in the 

thermal performance of approximately 15% of the 
optimized case ((H1

*/L1
*)o 

 = 0.42) in relation to the 
case of lower performance (H1

*/L1
* = 1), in the range 

of H1
*/L1

* studied. For the others values of ϕ 
analyzed, the thermal gain of the optimum 
configurations allowed a heat transfer performance of 
more than 10% in relation to the cases of lower 
performance. 
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Figure 3. Temperature fields for (H1
*/L1

*)o and for 
different values of ϕ. 

The optimal results obtained are shown in Fig. 4, 
which shows the behavior of  ( HNu )o and the aspect 
ratio (H1

*/L1
*)o as function of ϕ. The optimum 

average Nusselt number ( HNu )o decreases as the ϕ 
values increase, phenomenon caused by the lower 
temperature gradients around the fin for the cases of 
greater fraction of areas (ϕ). On the other hand, the 
values of (H1

*/L1
*)o obtained show a regular behavior 

as ϕ is varied, which can be explained by the similar 
behavior of the fluid layers of the different cases 
studied, caused by the low Reynolds number adopted 
in this work. 

 

 
 

Figure 4. Behavior of the ( HNu )o and the aspect 
ratio (H1

*/L1
*)o as a function of ϕ. 

 
Table 3 shows the values obtained for the 

optimal Nusselt number ( HNu )o and the optimal 
aspect ratio (H1

*/L1
*)o for the cases of ϕ studied. 

Through the optimum results obtained, it is possible 
to verify that the system adapts its optimal 
configuration to each value of ϕ studied, in order to 
provide the best flow architecture to comply with the 
thermal objective, being in accordance with the 
principles of the Constructal Law. 
 
Table 3. Optimum results obtained in the study for 
RaH  = 104, Pr = 0.71 and ReH = 102. 

ϕ ( HNu )o (H1
*/L1

*)o 
0.01 7.2772 0.42 
0.05 4.3108 0.41 
0.10 3.2903 0.44 
0.15 2.7961 0.45 
0.20 2.4677 0.46 
0.30 2.0379 0.61 

 
CONCLUSIONS 
 

This article evaluated numerically, through the 
Constructal Design method, the influence of the 
aspect ratio H1

*/L1
* on the heat transfer between the 

heated triangular fin inserted into a rectangular cavity 
and the surrounding fluid, subjected to the mixed 
convection effect. The flow was assumed being 
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steady state, laminar, two-dimensional and 
incompressible. The fluid properties were considered 
constant, except the density, which was varied 
according to Boussinesq approximation. The ratio of 
areas ϕ was another parameter studied.  

The flow regime was driven by the imposition 
of a velocity field generated by the movement of the 
moving wall of the cavity, as well by the natural 
movement of fluid caused by the temperature 
differences present in the flow. Flows characterized 
by RaH = 104 and ReH = 102 were evaluated. It was 
searched for the optimum aspect ratio H1

*/L1
* of the 

triangular fin inserted in the cavity in order to obtain 
the largest Nusselt number ( HNu ) for different 
values of ϕ.  

The computational domain and its discretization 
were elaborated through non-uniform triangular 
volumes. The mesh was evaluated through a quality 
analysis, where the behavior of the average Nusselt 
number ( HNu ) was verified around the triangular fin 
for meshes with different number of volumes. The 
mesh used in the simulations presented a deviation in 
relation to the mesh with a greater number of 
volumes less than 1%, justifying its use in the work. 
The solution obtained with the mesh adopted was 
qualitatively adequate (temperature fields). 

Thus, it was possible to analyze, through this 
study, the behavior of the phenomenon of heat 
transfer through the variation of the geometry of the 
studied system, so that geometric recommendations 
were obtained by varying the aspect ratio H1

*/L1
* for 

different values of φ. The Construtal Design method 
proved to be efficient to obtain optimal 
configurations for the proposed geometry, so that the 
optimal results obtained in this work presented a 15% 
superior performance in relation to the non-optimized 
cases, so that the heat flow resistances of the 
optimum system configurations were balanced. In 
addition, it was verified that the heat transfer was 
strongly affected by the variation of the fraction of 
area (φ). 
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