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FORCED CONVECTION IN DUCTS WITH PERMEABLE WALLS

C. H. Alexandrino | ABSTRACT

and M. L Martins-Costa
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INTRODUCTION

Ducts with permeable walls are present in many
relevant engineering situations such as flow of perforation
mud in oil wells and porous bearing lubrication. This work
employs a Mixture Theory approach to model the
momentum and energy transfer in a permeable duct by
considering two distinct flow regions. The former inside the
duct where a Newtonian incompressible fluid flows and the
latter representing the duct's permeable wall — a fluid-
saturated porous medium, from now on referred to as
mixture region. In this region both fluid and porous matrix
are treated as overlapping continuous constituents of a
binary mixture. The fluid constituent and the fluid are
assumed Newtonian and incompressible while the solid
constituent, representing the porous matrix, is assumed rigid,
homogeneous, isotropic and at rest.

Most of the works dealing with transport in
porous media employ a local volume-averaging technique
to describe quantities such as temperature, pressure,
concentration and the velocity components; allowing the
use of the classical Continuum Mechanics approach. Vafai
and Kim (1990) have used this approach and Darcy's law —
combined with Brinkmann and Forchheimer terms to
account for inertia and viscous effects and satisfy the no-
slip condition — as the balance of linear momentum to
analyze convection in two distinct flow regions (fluid and
fluid-saturated porous medium). Vafai and Sozen (1990)
have considered thermal nonequilibrium (a natural
assumption in a Mixture Theory approach) with a local
volume-averaging  technique, considering  Erguns'
correlation as the vapor phase momentum equation, in
order to analyze the forced convective flow of a gas
through a packed-bed of solid particles. Alazmi and Vafai
(2000) have analyzed volume averaging models for
transport through porous media by considering four
categories of processes: constant porosity models, variable
porosity models, including thermal dispersion (combined
with variable porosity or not) and models allowing for
local thermal nonequilibrium.

A distinct approach is used in this work: the
Continuum Theory of Mixtures (Bedford and
Drumbheller, 1983, Rajagopal and Tao, 1995) — supported
by a local theory generalizing the classical Continuum
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Mechanics (Gurtin, 1981), specially developed to
describe multiphase phenomena. It models fluid saturated
porous media by considering the fluid and the porous
matrix as superimposed continuous constituents of a
binary mixture — each of them occupying its whole
volume. The mixture theory allows the existence of n
distinct velocity fields and 7 distinct temperature fields —
requiring additional terms, playing the role of momentum
and energy sources, to account for the thermomechanical
coupling among the constituents in the balance equations.
Thermodynamically consistent constitutive relations for
these sources are used (Martins-Costa et al., 1992; Costa
Mattos et al., 1995).

Compatibility conditions at the interface (pure
fluid-mixture) for momentum and energy transfer must
be imposed in order to allow the solution of the problem.
These conditions have been considered supposing no
flow across the interface (Martins-Costa et al., 1994).
Starting from known velocity fields, the forced
convection heating of a fluid flowing through the
permeable duct is simulated by using a finite difference
approach. A central finite difference discretization is
used for the diffusive terms while an upwind strategy
(Euvrard, 1987) is employed for the convective terms
discretization.
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MECHANICAL MODEL

Representing the regions occupied by the pure fluid and
the mixture, respectively, by the open sets Q, and Q, , with

boundaries 0€, and 0Q, , the mass balance, in the absence

of mass production by any constituent in Q,, may be
written as (Gurtin, 1981; Rajagopal and Tao, 1995)

0 .

Piv-(pv)=0  inQ,

ot W

op, .

?+V-(pivi)=0 inQ,

t
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in which the actual fluid parameters — defined in €, — are

p standing for its mass density and v for its velocity. In
the mixture region Q,, balance equations must hold for
i =1,n constituents. The i-th constituent parameters are p,,

its mass density — representing locally the ratio between its
mass and the respective volume of mixture and v, standing

for its velocity. The momentum balance is given by (Gurtin,
1981; Rajagopal and Tao, 1995)

p[%+(VV)V}=V-T+,Dg, inQ,

o) {%ﬁL(VVi)V,]:V-Ti +m, + p,g, in Q,
t
2

where T represents Cauchy stress tensor (in Q,) and T,

is the partial stress tensor associated with the i-th
constituent (in the mixture region Q, ). The body force is

represented by g everywhere while m,, defined in the
mixture region €Q,, is the momentum supply due to the

interaction between the i-th constituent and the remaining
constituents. It arises from the possible existence of n
distinct velocity fields in an n-constituents mixture at
each spatial point, so that the net momentum supply to

the mixture is zero, in other words, Z:’Zl m,=0(nQ,).

The conservation of energy in both regions , and
Q, is expressed as (Gurtin, 1981; Rajagopal and Tao,
1995; Martins-Costa et al., 1993)

pc{z—TJr(VT)v}=—v-q+T.D+q"', in Q,
t

o
pici|:5+(vj;)vi:|=_v'qi+'ri'Di+ 3)

T4, TV, inQ,

where the parameters defined in the region Q, are T,
representing the fluid temperature, c, its specific heat,
D, the symmetrical part of Vv (the fluid velocity
gradient) in such a way that the viscous dissipation is
given by the inner product T-D. The fluid heat flux
vector is given by q and, finally, the external heat supply

to the fluid is ¢ . In the mixture region Q,, the i-th
constituent temperature is given by 7, the partial heat
flux associated with the i-th constituent by q;, the
symmetrical part of Vv, by D, and the external heat
supply to the i-th constituent is ¢, . Besides, ¢
represents the i-th constituent specific heat, measured in
a continuum mechanics context and y, an internal heat

source, defined in Q,, which arises from the possible

existence of n distinct temperature fields in an »n-
constituents mixture at each spatial point. It represents
the i-th constituent thermal interaction with the
remaining constituents of the mixture in such a way that
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the following equation must hold (Martins-Costa et al.,
1992:1993): 3" v, =0 (in Q,).

Constitutive relations for the stress tensor in €, and
the partial stress tensor and momentum source in Q, are

required to solve the hydrodynamic problem considering
a Newtonian fluid flowing in a domain Q,UQ, (see

Martins-Costa et al., 1994 and references therein).

T=-pl+2uD inQ,
TF =—p(01+2ﬁ(02,uDF in QZ (4)
2
pHu -
m, =— e inQ,

In equations (4) p is the pressure, x the actual fluid
viscosity, ¢ and K are the porous matrix porosity and

specific permeability, A is a scalar parameter depending
on the porous matrix microstructure and the index F
refers to the fluid constituent.

In order to build a mechanical model for the duct with
permeable wall, constitutive relations are yet required for the
heat flux q in ©, and for the solid and fluid constituents’

partial heat fluxes q; and q, and internal supplies ¢ and
v, in Q, (Martins-Costa et al., 1994)

q=-kVT inQ,
q, =—Ak,oVT, inQ,
qs =—Ak, (1-9)VT,  inQ, ©)

Wp =—Ys =Ry (Ts _TF) in Q,

in which k, is the Newtonian fluid thermal conductivity

and k, is the porous matrix thermal conductivity, A

represents a scalar positive-valued parameter which may
depend on both the internal structure and the kinematics
of the mixture and R, is a positive-valued factor which

depends not only on spatial position and on both
constituents' thermal properties but also on their
velocities, accounting for the convective heat transfer.

At the interface between the regions Q, and Q, —

defined by the set 0Q,=Q NQ, — compatibility
conditions must be imposed (Martins-Costa et al, 1994)

V=0V,

¢oTn-t=T,n-t ©

in which n is a unit outward normal to 0Q, and t is
any tangent to 0Q,. The compatibility equations (6)

have been obtained from the solution of
thermodynamically consistent equations in both regions
(see Martins-Costa et al., 1994 and references therein).
They do not suffer from the difficulty of matching the
porous medium flow equations with the Navier-Stokes
equation, discussed by Nield and Bejan (1992).

In order to assure continuity of the temperature field
and continuity and adequate distribution of the normal
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heat flux throughout the interface, the following
compatibility conditions are imposed at 0Q, (Martins-

Costa et al, 1994):

T =¢T, +(1-9)T; at 0Q,

Pq-n=q;-n at 0Q, (7)
(I-¢)q-n=qg-n at 0Q,

Vafai and Kim (1990) have used similar conditions,
imposing continuity of temperature and heat flux fields at
the interface.

CONVECTION IN PERMEABLE DUCTS

Considering the porous matrix rigid and at rest it
suffices to solve mass and momentum balances for the
fluid constituent in the mixture region, while both
constituents in this region must satisfy the energy
balance. The regions composing the permeable duct

considered in this work are defined as Q, ={(r,z) such
that 0<r<R, O0O<z< L} and Q, = {(r,z) such that
R <r<R, ,0<z<L} and the interface as
oQ, = {(r,z) such that r =R, 0<z<L}.

Supposing the flow not affected by the thermal
problem, the velocity fields in Q, and €2, may be

analytically obtained, provided that a steady-state fully
developed axisymmetric flow is considered. Denoting by
v and v, the z-components of v and v, and taking

into account that p, = @p, the hydrodynamic problem is
represented by

%4_#12 r@ :0,
Oz ror\_ or

o uli(raﬂ_(f”

0<r<R

—+ — v, =0, R <r<R
(/)82 1 ror\ or K ° 1 ?
0 15)
p=-p+pgz = —¢=——p+pgz
Oz oz
v finite Yr
v, =0 r=R,
OV =V r=R,
ov, Ov
— = r=R
¢ or oOr 1

®)

with 0 <z < L. In equations (8) the boundary conditions
are represented by the fourth and fifth equations — the
former being employed to assure that the velocity must
remain finite at »=0 and the latter representing the
classical no-slip condition at the impermeable interface
located at »=R,. The compatibility of velocity and

momentum transport across the interface located at
r=R, is represented in the last two equations. The
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solution of equations (8) is (Saldanha da Gama and
Sampaio, 1983)

Kog|A, , 2 Vi le
=——"J— - +1- - A -
v P 52{4(% 4 ) L) . 14 >

o K2y,

e oz L(r) \2
{Ko(z)l()(zz)—Ko(zz)Io(z)}
Vik

r R R,

~
Il
5
~
N
Il
5
~
R
Il
5
~

Vi = v, =
"’ Io(lz) ' Io(Zz)

Vi =K, (ZI)IO (Zz)_Ko (Zz)lo (7(1)

Wi =1y (Zz)Kl (7(1)"‘11 (Zl)Ko (7(2)
©)

with the fluid velocity v defined for 0 <7 <R, and the
fluid constituent velocity v, defined for R, <r <R, and
I,, I
functions. It is important to notice that for the limiting

case in which the permeability K — 0 a classical Hagen-
Poiseuille flow is recovered for the fluid velocity v,

> K, and K, representing modified Bessel

since y’KAi=r".
Assuming the external sources ¢ and ¢, equal to
zero and neglecting T-D and T, -D., the energy

equations reduce to the system described by equations
(10), subjected to the boundary conditions (11) and
compatibility conditions (12), provided that the following
variables are defined

C Cc
A et
f f
_ RFS _ RFS
Pr Ak, Ps Ak, (1-9)

Permeable ‘

o IR
W Pure Fluid Impermeable

R Region T B Interface

PRI
Mixture -, -
.. %, Region ® "“//Impermeable
Sk D

‘ Interface

Figure 1. Problem scheme.
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T=T, O0<r<R z=0
T.=T,, R<r<R, z=0

aA=O R <r<R, z=0
Oz
T finite Vr 0<z<L
aTF:O r=R, 0<z<L
or (11)
oT;
—=0 r=R, 0O<z<lL
or
or_ O<r<R z=L
0Oz
aTF:O R <r<R, z=L
Oz
%20 R <r<R, z=L
Oz
T=¢T,+(1-¢)T;, r=R,, 0<z<L
oT o7,
E—A ar, l"—Rl, O<z<L (12)
T,
a—TzAk—Sa—S, r=R, 0<z<L
or k, or
NUMERICAL RESULTS

Since no analytical solution for the heat transfer
problem — given by equations (10)-(12) is known, a finite
difference approach (Euvrard, 1987) is employed to find
numerical approximations to its solution. For the
diffusive terms, a central finite difference scheme
discretization was used, while an upwind scheme was
employed in the convective term discretization. As the
temperature coefficients matrix associated to the system
of equations (10) is sparse, a grid description, in which
each temperature (fluid and fluid and solid constituents)
possesses two indexes, according to its position on the
grid, is used. Each iteration, represented in such a way to
allow an effective storage scheme with memory
reutilization, is then solved with the help of the Gauss-
Seidel method.

In this section some results, considering a long
permeable duct with a fixed geometry — namely a duct
with unit external radius and 100 units length, are
presented.
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Figure 2. Fluid and fluid constituent velocity profiles.
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Figure 3. Fluid temperature (7 =, ) and fluid and solid
constituents temperatures (7 =7, ) along z . Temperature
profiles (central section). & =a, =10, B, = B, =10
Figure 1 shows the geometry of the problem
characterized by velocity profiles given by equation (9)
and temperatures satisfying equations (10) to (12). In
Figure 2 velocity profiles for the pure fluid and the fluid
constituent — the former flowing in the region inside the
duct 0 <7 <R, and the latter flowing in the porous region
— given by R, <r <R, are presented, considering Darcy
number — defined as the ratio between the porous matrix
permeability and the square of a characteristic dimension

Da=K/R; givenby Da=10". The velocities are such
K 0

that v:v/——¢ and v, =v, /——.
M Oz Hp Oz

— Pure Fluid
—Fluid Constituent
- - - Solid Constituent

Temperaures
&

— Pure Fluid
— Fluid Constituent
- - - Solid Constituent

0.0 0.2 0.8 10

Toe:'nperatu::s
Figure 4. Fluid temperature (» =7,) and fluid and solid
constituents temperatures (7 =r, ) along z . Temperature

profiles (central section). a =a, =10°, S, = B, =10".
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Figure 5. Fluid temperature (» =7,) and fluid and solid
constituents temperatures (7 =, ) along z . Temperature

profiles (central section). a =, = 10°, B =0 = 10?

Figures 3 to 6 present — at the top — the
temperature behavior for the fluid flowing inside the
porous duct (in the so-called pure fluid region) by
considering a central section characterized by », =R, /2
as well as the thermal behavior of both the fluid and solid
constituents, depicted in a central section of the porous
region — namely at 7 =R +(R,—R))/2, both versus
longitudinal coordinate z. At the bottom, they show
temperature profiles at a cross section located in the
middle of the porous duct (z=L/2) in which the pure
fluid occupies the region 0 <r < R, and the fluid and the
solid constituents coexist superposed in the region
R <r<R,. All these figures have been obtained by
considering the fluid inlet temperature 7; =0 in the fluid
region €, and the fluid constituent inlet temperature
T., =1 in the mixture region Q, — representing the
permeable duct. Besides, in all the shown examples a
unitary ratio of heat conduction between both
constituents — namely k,@/k (1-¢)=1 has been
considered. It is worth of notice that two distinct

temperature profiles are shown in the permeable duct
region, since thermal nonequilibrium has been assumed.
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Figure 6. Fluid temperature (» =r,) and fluid and solid
constituents temperatures ( » =, ) along z . Temperature

profiles (central section). a =a, =10°, B, = B, =10".

Figures 3 to 5 show the influence of the f, -
parameter on the temperature behavior. This parameter
represents a ratio of the heat transfer between both solid
and fluid constituents — taken into account in the energy
generation term y/, that plays the role of an internal heat

source to the i -th constituent heat conduction. A
decrease in the S, -parameter results in a tendency to a

common value for both the solid and the fluid
constituents’ temperatures in the porous region. In other
words, as f, decreases the tendency toward thermal

equilibrium between both constituents increases.

The influence of the thermal diffusivity —
represented by a parameter 1/« in the pure fluid region
and redefined by a parameter 1/, in the mixture region

where A has been included to account for the mixture
structure and kinematics — may be noticed by comparing
Figures 5 and 6.

As the « - parameter increases (and the thermal
diffusivity decreases) both constituents’ temperatures at a
central section r =7, in the porous region tend to the

fluid constituent inlet temperature (7., = 1) while in the
pure fluid region the fluid temperature at » =r, tend to
the fluid inlet temperature (7; =0 ). An effect of the inlet

boundary condition being carried out through the flow is
suggested by this behavior. This effect is more
pronounced as the « - parameter increases.

FINAL REMARKS

A mixture theory model has been employed to
describe the momentum and energy transport in a
permeable duct with thermal nonequilibrium being
allowed. Two distinct flow regions were considered — in
the porous region (the duct), fluid and solid (the porous
matrix) were treated as continuous constituents of a
binary mixture while the classical continuum mechanics
equations have been recovered in the pure fluid region —
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namely the region inside the duct, where the mixture was
reduced to a single constituent. Adequate conditions at
the interface pure fluid-mixture were imposed.
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