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Brunetti: Laplacian Spectral Properties of Signed Circular Caterpillars

Abstract

A circular caterpillar of girth n is a graph such that the removal of all pendant
vertices yields a cycle C,, of order n. A signed graph is a pair I = (G, 0), where G is a
simple graph and o : E(G) - {+1,-1} is the sign function defined on the set E(G) of
edges of GG. The signed graph I is said to be balanced if the number of negatively signed
edges in each cycle is even, and it is said to be unbalanced otherwise. We determine
some bounds for the first n Laplacian eigenvalues of any signed circular caterpillar. As
an application, we prove that each signed spiked triangle (G(3;p,q,7),0), i. e. a signed
circular caterpillar of girth 3 and degree sequence mp 4, = (p+2,9+2,r+2,1,...,1), is
determined by its Laplacian spectrum up to switching isomorphism. Moreover, in the
set of signed spiked triangles of order N, we identify the extremal graphs with respect
to the Laplacian spectral radius and the first two Zagreb indices. It turns out that
the unbalanced spiked triangle with degree sequence mn_300 and the balanced spike
triangle (G(3;p,q,7),+), where each pair in {p,q, 7} differs at most by 1, respectively
maximizes and minimizes the Laplacian spectral radius and both the Zagreb indices.

1 Introduction

A signed graph T is a pair (G,0), where G = (V(G), E(G)) is a graph and o : E(G) -
{+1,-1} is a sign function (or signature) on the edges of G. The (unsigned) graph G of
I' = (G,0) is called the underlying graph. Each cycle C' in T has a sign given by o(C') =
[T.cco(e). A cycle whose sign is 1 (resp. —1) is called positive (resp. negative). A signed
graph (G, o) (and its signature o as well) is said to be unbalanced if it contains at least one
negative cycle, and balanced otherwise. In particular, the null graph K, with one vertex and
0 edges is a balanced signed graph. The signed graph obtained from I' by switching signs
to all its edges is denoted by —T'. If all edges in I" are positive, we write I' = (G, +), and set
(G,-)=-(G,+).

The reader is referred to [14] for basic results on the graph spectra and to |21] for basic
results on the spectra of signed graphs.

Many familiar notions related to unsigned graphs directly extend to signed graphs. For
example, I' = (G, 0) is said to be k-cyclic if the underlying graph G is k-cyclic. This means
that G is connected and its cyclomatic number |E(G)|-|V (G)|+1 is equal to k. The words
unicyclic and bicyclic stand as synonyms for 1-cyclic and 2-cyclic respectively. Moreover,
if G is neither a tree or a forest, the girth (resp. circumference) of I' is the length of the
shortest (resp. longest) cycle contained in G.

The degree sequence (di,...,dy) of I' is simply the non-increasing sequence of vertex
degrees in GG. We recall that a vertex v is said to be pendant (resp. internal) if its vertex
degree dg(v) equals 1 (resp. dg(v) > 1). A quasi-pendant vertex is instead a vertex adjacent
to a pendant vertex.

The signed adjacency matrix A(T") is obtained from the usual adjacency matrix of the
underlying graph G by replacing 1 with —1 whenever the corresponding edge is negative.
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The Laplacian matrix of I' is L(T") = D(G) - A(T"), where D(G) is the diagonal matrix of
vertex degrees. We denote the spectrum of L(I") by Spec, ().

Given a signed graph I' = (G, 0), every subset U c V(@) determines a switching, i.e.
the operation that replaces I' with the signed graph I'V obtained from I' by changing the
sign of all outgoing edges of U. Switchings give rise to an equivalence relation among all
possible signatures on G. We write o ~ ¢’ to say that the two signatures ¢ and ¢’ on the
same underlying graph are equivalent. Thus, o ~ + means that o is balanced.

If a signed graph can be switched into an isomorphic copy of another signed graph,
the two signed graphs are called switching isomorphic. It is worthy to observe that the
signatures of two switching isomorphic graphs are not necessarily switching equivalent. In
fact, for every N > 5, the graph I';3(N) depicted in Fig. 3 and -T'y;3(N) are switching
isomorphic; nevertheless, for any subset of vertices U of their common underlying graph,
-T'13(N) # Ti3(N)Y.

When two signed graphs share the adjacency (resp. Laplacian) spectrum, we say that
they are A- (resp. L-)cospectral. Since (A(T"), A(T'Y)) and (L(T"), L(I'Y)) are pairs of similar
matrices, switching isomorphic graphs are both A- and L-cospectral.

Finally, we say that a signed graph I' is DLS if it is determined by its Laplacian spectrum,
i.e. if every signed graph L-cospectral to I is necessarily switching isomorphic to it.

In recent years, many scholars of spectral graph theory explored two interrelated topics.
The first one consists in finding bounds for adjacency or Laplacian eigenvalues (see for
instance [4,[8,|11,]19]) The second topic is known as the spectral determination problem: for
any I' belonging to a fixed class G of signed graphs, find all signed graphs which are A- or
L-cospectral to I'. Such problem has been recently investigated for G being the set of signed
cycles [1], of signed paths [2], of signed lollipops [10], of signed co-graphs [7,{16], and of signed
sun graphs [1§].

Results in this paper concern both topics mentioned above. In fact, we consider the class
CC,, of signed circular caterpillars of girth n. These are unicyclic signed graphs characterized
by the following property: the removal of all pendant vertices yields a signed cycle with
n vertices. Elements in CC3 are also called signed spiked triangles. We first determine in
Section 3 the Laplacian spectrum of those objects in CC,, whose internal vertices all have the
same degree. Such spectra give bounds for the first n Laplacian eigenvalues of the remaining
graphs in CC,,, and allow us to prove in Section 4 that each signed spiked triangle is DLS.
Extremal graphs in CC,, with respect to the Laplacian spectral radius and the first two Zagreb
indices are determined in Section 5.

Even for unsigned circular caterpillar, the spectral determination problem is still wide
open, and only partial results have been obtained so far (see, for instance, [12}/15]). Since
the Laplacian spectral properties of signed circular caterpillar detected by our Corollary
seem quite peculiar, and turned out to be decisive to solve the case n = 3, the author intends
to study in a subsequent paper the structural conditions on a signed graph ensuring their
occurrence, in order to further restrict the range of possible L-cospectral mates of items in

CC, (n>3).
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2 Preliminaries

We start by recalling a characterization for switching equivalent signatures.

Proposition 2.1. |20, Proposition 3.2] Two signatures o and o' on G are switching equiv-
alent if and only if (G,0) and (G,0") have the same list of balanced cycles.

Let I' = (G, 0) be a signed graph of order N. The Laplacian eigenvalues, i.e. the roots of
the Laplacian polynomial (T, z) = det(zl — L(T")), are all real since L(I") is symmetric and
are denoted by

pa(T) 2 pa(L) 2+ 2 (1) 2 0.
The last inequality holds since the Laplacian matrix is positive semidefinite. The following
two results are surely known to the experts. We provide a proof for both of them for sake
of completeness.

Proposition 2.2. Let T = (G,0) be any signed graph of order N, and let T" = (H,ol|y) be
any subgraph of I'. The following inequalities hold:

w0 2 (@Y Vi=1,...,[V(H)| (1)

Proof. Let I' — E denote the signed graph obtained from I' by deleting the edges in the set
E ¢ E(G). From the ordinary vertex variant interlacing theorem for the adjacency matrix
combined with [10, Theorem 2.3(ii)] we deduce that, for every {e} ¢ F(G), the L-eigenvalues
of T" and those of T — {e} interlace as follows:

(D) 2 pa (U = {e}) 2 p2(T) 2 pa (T = {e}) > -+ > pn (1) > pn (T - {e}). (2)

Inequalities 2] are stated, for instance, in [10, Theorem 2.5]. Note now that '/ shares the
same non-zero eigenvalues of a suitable graph of type I' - E. Hence, comes from used
|E(G)| - |E(H)| times. m

Corollary 2.3. Let A be the largest vertex degree of a signed graph I' = (G,0). Then,

Proof. The star K A is a subgraph of G. Since Kja is a tree, Proposition implies
that all signatures defined on it are switching equivalent. Hence, we get p1(K1a,0[x, 5) =
p1(Ki,a,+) = A+ 1. The statement now follows from Proposition [2.2] O

In [9] Belardo and Simié¢ contrived a geometric-combinatorial way to compute the several
coefficients of ¢(I", ). In order to describe such achievement, we need to recall that a TU-
subgraph of any fixed signed graph I' is a subgraph whose components are trees or unbalanced
unicyclic graphs. In other words, a TU-subgraph H admits a vertex disjoint decomposition
( ‘., Ti) U ( J Uj), where, if any, the 7;’s are trees and the U;’s are unbalanced unicyclic
graphs. The weight of the signed TU-subgraph H is defined as

(H) - 4e if ¢ =0, )
T e vl iteso.
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Theorem 2.4. |9, Theorem 3.9| Let (T",x) = &N +byxN~"1+-+by_12+by be the L-polynomial
of a signed graph U'. Then, the equality

bi=(-1)" > v(H),

HeH,;

where H; denotes the set of signed TU-subgraphs of I' containing i edges, holds for all i =
1,2,...,N.

Let {v1,...,un} the vertex set of a signed graph I' = (G, ), and let ¢} and ¢ respectively
denote the number of balanced triangles and unbalanced triangles contained in I". We set

fi(I) = ;dg(vi)z, and fo(T') =6(tp — 1) + ;dg(vi)?’.

Theorem reveals to be very helpful to detect possible L-cospectral mates of T'.

Theorem 2.5. |10, Theorem 3.5| Let I' = (G,0) be a signed graph of order N, and let
A= (H,o") be a signed graph L-cospectral to I'. Then,

(i) T' and A have the same number of vertices and edges;
(ii) T and A have the same number of balanced components;

(i5i) T and A have the same Laplacian spectral moments Ty, = >N u¥, for all non-negative

integers k;
(iv) T and A have the same sum of squares of degrees, i.e. fi(I') = fi(A);
(v) fo(T) = f2(A).
Given any signed cycle (C,0), we set
w(C) = (-H" D (0). (4)

In the statement of Proposition below, u ~ v means that two vertices v and v in a
signed graph I' are adjacent; uv denotes the edge connecting them; C, is the set of cycles in
G passing through a fixed vertex v; and C,, is the set of cycles in G containing uv among

their edges.

Proposition 2.6. Let I' = (G,0) be any signed graph. The following equations hold:

(I 2) = (2 - da(v)) P(I'~ {v}, )
= 2@ {uvhr) -2 )0 w(C) (TN V(CO),2); (5)

U~V CeCy

YT, 2) =T -uwv,z) - (T -u-v,2) -2 Y w(C)P(C\V(C),x). (6)

CeCuyy
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Proof. As explained at the end of Section 2 in 10|, the Laplacian matrix of a signed graph
I' = (G,0) can be regarded as the adjacency matrix of a weighted multigraph I'* sharing
with I' the vertex set V(G). The positive (resp. negative) edges of I' correspond to the
(-1)-weighted (resp. (+1)-weighted) edges of I'*. Moreover, if a vertex v of I" has degree k,
the graph I'* has a k-weighted loop at v. Formulee [f] and [ now come from [10, Theorem 2.9
applied to I'*. O

We end this section of preliminaries by recalling a very well-known result on the deter-
minant of a 2 x 2 block matrix.

Proposition 2.7. Let us consider a block matriz M of size (n+m) x (n+m) of the form

A B
vele 3

where A, B,C and D have size nxn, nxm, mxn and m xm respectively. If A is invertible,
then
det(M) = det(A)det(D - CA™'B).

3 Circular caterpillars

As recalled in Section 1, a graph G is said to be a circular caterpillar if its internal vertices
induce a cycle. We say that a circular caterpillar is complete if each internal vertex is quasi-
pendant. It is immediately seen that a circular caterpillar is complete if and only if no
vertices have degree 2. Let ¢ be any fixed unbalanced signature on a circular caterpillar G.
As a consequence of Proposition every circular caterpillar, being unicyclic (and, hence,
containing just one cycle), admits only two different non-equivalent signatures. In other
words, all unbalanced signatures are equivalent to &. It not restrictive to assume that (G, )
has just one negative edge. Such edge necessarily connects two internal vertices.

Our first result concern the bidegreed circular caterpillar U(A,n). This is the only circular
caterpillar of girth n whose internal vertices have all degree A. The graph U(A,n) has
n(A - 1) vertices. We are borrowing the notation from [3,5,6], where extremality of the
adjacency spectral radius of U(A,n) with respect to a suitable class of (unsigned) graphs is
discussed. Graphs in the set {U(3,n)| Vn >3} are also known as sun graphs.

To lighten notation we shall denote by C9 the subgraph of (U(A,n),o) induced by its
internal vertices.

Theorem 3.1. Let A > 3. The Laplacian spectrum of (U(A,n),0) contains 1 with multi-
plicity n(A -3). The remaining 2n L-eigenvalues are given by

A+A-1)x/(A+A-1)2-4)

¢i(A7A) = 9 )

where X\ € Spec, (C7). (7)
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Proof. Up to possibly replacing o with a switching equivalent signature, we can assume
that all edges not belonging to the cycle C,, are positive. Let k& = A —2. We label the
vertices of (U(A,n), o) assigning the highest labels to the internal vertices. Thus, vertices
Unk+1, - - - , Unksn Delong to the subgraph C,,. Moreover, we suppose that, for each h € {1,...,n},
the k vertices v(a_1)ks1;-- -, Unk Of degree 1 are adjacent to v (see Fig. 1).

Fig. 1: Two non-equivalent signatures on U(4,5). All edges, except the dashed one, are positively

signed.

Let 1, and I. be the all 1’s column vector of size k and the (¢ x ¢)-identity matrix
respectively. The Laplacian matrix for U(A,n) takes the following form:

]nlc Pnkxn

L(U(A,n),0) :[ (Papn)T AL - A(CS)

where

1, 0 ... 0
Prkxn = 0 I.k O
00 .. o1,
Since (Pkxn ) Pugxn = kI,,, Proposition applied to
det (21 (10 — L(U(A, n),0)) = det [ (= 1) o —Prjxn
~(Parn)” (&= AL + ACE)
gives

det (1esryn — L(U(A,0),0)) = (& — 1) det ((g; C(k+2)- %) I+ A(cg)) |
k

x—l)]n_L(Og))'

=(z - 1)k”det((x— k-

This is the reason why every root of
k

-1

r—k— =)\ with A € Spec(C7)

https://digitalcommons.georgiasouthern.edu/tag/vol7/iss2/1
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is an L-eigenvalue of (U(A,n),0). So far, we have proved that the L-spectrum of (U(A,n), o)
contains the roots of the polynomials

Pr(r) =2 - A+ A-1)x+ A, with )\ € Spec, (C9). (8)

It is now elementary to check that such roots are given by (7)). Since ®5(1) =2-A #0, the
multiplicity of 1 in Spec;, (U(A,n), o) is precisely n(A —1) —2n as claimed. O

As an immediate consequence of Theorem [3.1] the absence of 1 in the Laplacian spectrum
characterizes the sun graphs among all bidegreed circular caterpillars. The following two
results help to locate on the real line the several elements of Spec; (U(A,n), o).

Proposition 3.2. Let C9 be a signed cycle.

{2+2(:os%7r, kzO,l,...,n—l} if w(C9) =1,
n
Spec,, (C7) = (9)

2k +1
{2+2(:os o k=0,1,....n- 1} if w(C9) = 1.
n
Proof. Equation () summarizes some of the results stated in [10, Lemma 4.4]. O

Theorem 3.3. Let (U(A,n),0) be any signed bidegreed circular caterpillar with A >3, C9
be the only signed cycle contained in it, and ¢, (A, A) be the polynomial defined in (|7)).
i) The Laplacian spectral radius is given by:

</ A2 _
¢+(4,A):A+3+ §+6A 7 ifw(Cy) =1,

w(U(An), o) = (10)
o (2 +2 cos%,A) if w(C7) =-1;

In the latter case, the Laplacian spectral radius has multiplicity 2.

i1) The 2n L-eigenvalues not equal to 1 are distributed as follows: half of them are in the
interval [0,1); the remaining ones are in the interval [A - 1,A+3). Moreover, 0 and A -1
belong to Spec(U(A,n), o) if and only if o ~ +.

Proof. For each fixed A > 3, the number ¢, (A, A) defined in , thought as a function in A,
strictly increases in the interval [0, +00). That is why

i (U(An),0) = ¢ (N A), where A = max Spec; (C9).

Part 1) of the statement now comes from Proposition [3.2] In fact, in the case w(C7) = -1
the maximum in Spec; (C9) is given by

2.0+1W=2+2COSMT(
n n

2 + 2 cos

which has multiplicity 2.
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We now prove Part ii). The Descartes’ rule of signs confirms that the two roots ¢_(\, A)
and ¢, (A, A) of the polynomial ®,(z) in (8)) are non-negative for each A € Spec; (C7). From

®,(0)>0, Dy(1)=2-A<0, and Dy\(A-1)=—(A-2)A<0

we deduce that ¢_(A\,A) <1 and ¢, (N, A) > A -1, where the equality holds if and only if
A = 0. Such value belongs to Spec; (C7) if and only if the circular caterpillar is balanced.
The proof ends once you note that, by Equation ((10]),

A+3+VA2+6A-7

pi(U(An),0) <p.(4,A) = 5 <A+3. O

Let ' be any signed circular caterpillar in CC,, not equal to a signed cycle. We denote
by Ar its maximum vertex degree, and by dr its least vertex degree bigger than 2. Next
theorem gives bounds for the first n Laplacian eigenvalues of I'.

Theorem 3.4. For each I' = (G,0) € CC,, not equal to C¢

@ we have

wi(U(Ar,n),+) if T is balanced,

Vi=1,...,|V(GQ)|
wi(U(Ar,n),a) otherwise,

pi(I) < {

In particular,

Ar+3++/A2+6Ar -7

2

M1(F) <

Moreover, if I' is complete, then

wi(U(or,n),+) if T is balanced,

Vi=1,...,(n-1)ér.
wi(U(dr,n), o) otherwise,

(L) 2 {
Proof. In our hypotheses G is a subgraph of U(Ar,n) and 3 < dr < Ar. If T' is additionally
complete, U(dr,n) is a subgraph of G. Whichever signature we choose on U(Ar, n) to extend
o, balancedness (resp. unbalancedness) is preserved. The inequalities of the statement now
come from Proposition [2.2] Theorem and the fact that all unbalanced signatures on
unicyclic graphs are equivalent. O

Let (G,0) be a signed graph, and let G be a subgraph of H. The more natural way to
extend o to H is to define
o(e) if ee B(G);

1 otherwise.

oliee E(H) = {
For any signed graph I' = (G, 0), we denote by #(I") the number of its Laplacian eigenvalues
bigger that 1.

Corollary 3.5. For each T € CC,,, we have 0(T') < n. If, additionally, T is complete, then
(') =n, and pu,(I') > r - 1.
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Proof. By Theorems and we get
fins1(T) < pnr (U(Ar, n),0') = 1.
If, additionally I' is complete, then
1= pne1(U(0r,n), 0lu(sp,my) < b (I7)

and
1 <5p—1<,U/n(U((5r,n),0'|U(5F,n)) gﬂn(P). ]

For the rest of this section we collect some more results giving further constraints on a
signed graph A in order to be L-cospectral to a circular caterpillar.

Proposition 3.6. Let I' = (G, 0) be a circular caterpillar of order N and girth n. The last
two coefficients of the Laplacian polynomial ¥ (T, z) can be read on Table 1.

Table 1
(=1)Nby (=1)N by
o~ + 0 nN
o~ 4 nN +4(N -n)

Proof. Note that |[E(G)| = N, G being unicyclic. According to Theorem [2.4] we get

(-D%n= > v ), and (D" bya= > y(H),

HEHN HGHN,l
where Hy, is the set of TU-subgraphs with £ edges contained in I'. Now,

) if 0~ +,
M - if o
{I'} ifo~a,

and v(I') = 4 by (3). This justifies the last column of Table 1. We are left to investigate
the number and the geometric nature of elements in Hy_;. When I' is balanced, it does not
contain any unbalanced unicyclic subgraph, Hence H_; just contains the pairwise distinct
trees in {T;|1 < i < n} of order N which are obtained by removing exactly one edge of the

cycle C,, inside G. Thus, by ,

(=1)¥ 1y, = iy(z}) N,
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If instead I' is unbalanced, in addition to the trees T;’s, Hy_1 also contains the unbalanced
unicyclic graphs U;’s obtained from I'" by removing an edge not belonging to C),. therefore,
we find N - n pairwise different U;’s, and, by (3), v(U;) =4 for 1 <j < N —n. Hence,

n N-n
(DN oy =Y A(T) + D v(U;) =nN +4(N - n)
i=1 i=1
as claimed. O

Corollary 3.7. A signed graph A which is L-cospectral to an unbalanced circular caterpillar
15 mecessarily connected.

Proof. Let ¢ be the number of connected components of A. By Theorem (ii) each com-
ponent of A is unbalanced. It follows that A has no trees among its components. Together
with Theorem (i), this implies that each component of A is also unicyclic. We now use
Theorem [2.4] and Proposition [3.6] to get

4° = bN(A) = bN(F) = 4,

hence, ¢ =1 as claimed. O]

Lemma 3.8. Let P, be the path with s vertices. Whatever signature o we choose on Py, we

have O(P;,0) = [%] -1
Proof. Since P; is a tree, 0 ~ +. By |10, Lemma 4.4] we get
k
Spec(Ps,0) = Spec(Ps, +) = {2 +2cos—m, k=1,..., s};
s

hence, O( Ps,0) counts the number of positive integers less that 2s/3. ]

Proposition 3.9. Let A = (H,7) be a graph which is L-cospectral to a graph T in CC,.
Then,

diam(A) < g(n+ 0.

Proof. Let d = diam(A). By definition, H contains the path P, has a subgraph. Thus, by
Lemma [3.8 and Corollary

[%d] ~1=0(Ps,+) = 0(Palp,) < O(A) = 6(T) <.

By analyzing the several mod 3 cases for d, we get the statement. O
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4 Spiked triangles

We now focus our attention on elements in CCj, i.e. on signed spiked triangles. For every
N > 3, we denote by CC3(N) the set of signed spiked triangles of order N, and by G(3;p, q,7)
the unique circular caterpillars of girth 3 and degree sequence 7, = (p+2,¢+2,7+2,1,...,1).
Obviously, the graph G((3;p,q,r), o) belongs to CC3(p+g+r+3). As noted at the beginning of
Section 3, all unbalanced signatures on G(3;p, ¢, 7) give rise to the same Laplacian spectrum.
In particular, the matrices L(G(3;p,q,r),5) and L(G(3;p,q,r),—) are similar, and the latter
is equal to D(G(3;p,q,7)) + A(G(3;p,q,7)). This is the reason why the Laplacian spectrum
of L(G(3;p,q,r),d) is precisely the ordinary signless Laplacian spectrum of G(3;p,q,7).

Theorem 4.1. Let T' = (G(3;p,q,7),0) be a signed circular caterpillar. The Laplacian
polynomial (T, x) is given by the following formule:

@ZJ(F,ZL‘) _ {(fl: - 1)p+q+r—3w+(]?, q, T')(x) ’LfO' ~ (11)

(x = 1)prar=3_(p,q,r)(x)  if o~ —;
where Y, (p,q,r)(x) is the polynomial
25— (p+q+r+9)2®+ (pg+pr+qr+6(p+q+r)+30)

—(pqr +3(pg+pr+qr) +12(p+q+7) +46)z3+
(2(pg+pr+qr) +10(p+q+7)+33)z*-3(p+q+r+3)x, (12)

whereas Y_(p,q,7)(x) is instead equal to
25— (p+q+r+9)2°+ (pg+pr+qr+6(p+q+7r)+30)

—(pqr +3(pg+pr+qr) +12(p+q+r) +50)z3+
(2(pg+pr+qr) +10(p+q+71) +45)z> - 3(p+q+7+7)x + 4.

Proof. Let P(k) := 22 - (k + 3)x + 2. The equality can be reached using Proposition
through the following steps: employ first for v being one of the three vertices of the
cycle Cs in G(3;p,q,r). Afterwards, use either or ([6) on the resulting summands yet to
expand. It turns out that ¢(I",x) is equal to

(z = )77 (P(p)P(q) P(r) = (P(p) + P(q) + P(r))(z = 1)* - 2w(C3) (2 - 1)*)).
The statement now comes by the definition of w (see (4) above) and P(k). O

Corollary 4.2. Two signed circular caterpillar of girth 3 are L-cospectral if and only if they
are switching isomorphic.

Proof. In the light of the remarks made in Section 1, we just need to prove the ‘only if” part.
Let I' = (G(3;p,q,7),0) and IV = (G(3;p',4',7"),0") be two L-cospectral circular caterpillars.
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The presence or the absence of 0 in their common Laplacian spectrum allows to establish
whether I' and [ are both balanced or both unbalanced.

Let Ng be the set of non-increasing triples of non-negative integers. The coefficients
of ¥, (p,q,r)(x) and ¥_(p,q,r)(x) are peculiar linear combinations of the four elementary
symmetric polynomials

51(X1, X, X3) =1 So( X1, Xo, X3) = X1 + Xo + X3
s3( X1, Xo, X3) = X0 Xo + Xy Xg + Xo X3 s4( Xy, Xo, X3) = X5 X0 X,

evaluated at (p,q,7) € Ng The two polynomial ¢(I", ) and (I, z) are equal only if

sip.q,r) =si(pq'r")  Vi=1,..4.

Such equalities actually occur only if the non-increasing sequences (p, q,r) and (p',¢',r’) are
equal. In order to see this, observe that the map

O: (a,b,¢) eN3 > (z-a)(z-b)(z-c) e Z[z]

is injective. In fact, ©® maps different non-increasing triples to cubic polynomials with dif-
ferent zero sets. The non-negative numbers s;(a,b,c) for i =1,...,4 are precisely the moduli
of the coefficients in O(a,b, c). O

Proposition 4.3. Every signed spiked triangle of order N <6 is DLS.

Proof. The statement follows from a direct comparison between the Laplacian spectra of the
relatively small list of signed graphs of order N <6. [

Proposition 4.4. Let N > 7. For every I' = (G(3;p,q,7),0) € CC3(N) we have puy(T") = 1.

Proof. Since N > 7, the number p is at least 2. It follows that G(3;p,q,r) contains K =
G(3;2,0,0) as subgraph. Recalling Proposition

1= pua(K,0li) < pua(T) < pa(U(p +2,3),0") = 1,
where the last equality is due to Theorem ii). O

Recall that, given any signed graph I', the number (I") counts the number of eigenvalues
bigger than 1 in Spec;(I'). Throughout the rest of the paper, Q) will denote the set of
connected signed graphs I" such that §(T") = k, and U is understood to be the set of all signed
graphs which are L-cospectral to some signed spiked triangle.

Lemma 4.5. Let A = (H,7) be a graph inU. Then, diam(A) <6 and (A) < 3.
Proof. Let T' € CC3 be a spiked triangle which is L-cospectral to A. By Proposition [3.9] it
follows that diam(A) < 2 -4 = 6, whereas Corollary [3.5] yields §(A) < 3. O
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The following lemma, though known to the experts, has been inserted with a proof for
sake of clarity.

Lemma 4.6. The set £y just contains the null graph Ky. Up to switching equivalence, the
only elements in Q0 are (Cs,—) and the stars (Kya,+) for all A > 1.

Proof. The graphs (C5,-) and (K a,+) for A > 1 are in €, In fact,
Spec; (Cs,-) = {1(2)74} and Specy, (K1, +) = {0, 1(A_1)7 A+1}.

If T has at least one edge, surely I' ¢ €y. In fact, its underlying graph G contains the path
P, as a subgraph. Therefore, p1(I") > 1 (P2, +) = 2 by Proposition and Corollary If
G contains two independent edges, i.e. it has 2P, among its subgraphs, surely " ¢ ;. In
fact, again by Proposition [2.2] and Corollary [2.3] we have p1(T') > pu2(T') > pa(2P2) = 2. The
proof is over since 6(Cs,+) = 2. O

In order to achieve Proposition ensuring the connectivity of all signed graphs in U,
the following intermediate lemma will be helpful.

Lemma 4.7. Let Ay,..., Ay, be the connected components of A = (H,7) €U ordered in a non-
decreasing fashion with respect to the cyclomatic number. If the A;’s are not all unicyclic,
then h > 1; Ay is a tree; Ay is bicyclic and unbalanced; and, when h > 2, A; is unicyclic and
unbalanced for 2<i<h-1.

Proof. From Theorem (i), we know that |V(H)| = |[E(H)|. Because of such equality,
for each k-cyclic signed graph with &£ > 1 in the set YT = {A;|1 < i < h}, we also find in it
k —1 trees. By Theorem (ii), the set T contains at most one balanced component, and a
fortiori at most one tree. Hence, k —1< 1, and A has at most one bicyclic component. [

Proposition 4.8. The circumference of every A = (H,7) €U is 3.

Proof. Lemma guarantees that no signed graphs in U have k-cyclic components with
k > 3. Moreover, by Theorem (i), we know that |V(H)|=|E(H)| for all A= (H,7) eU.
This implies in particular that & does not contains trees or forests.

The rest of the proof is devoted to show that no signed graphs with circumference ¢ > 3
lie in U.

Consider the set S of all signed graphs switching isomorphic to either (Cgs,+); (Cs,-);
(Cy,+); (Cy,-) or one of the graphs in Fig. 2. If " is a k-cyclic signed graph with k € {1, 2},
circumference ¢ > 4 and §(I") < 3, then I" belongs to S. This fact relies upon Proposition [2.2]
once you check that:

e 0(Cs5,+)=0(Cs,—) =4, (Cp,0) >4 for all n > 7 (see Proposition [3.2));

e for every 1-cyclic or 2-cyclic signed graph I obtained by adding an additional edge
(and possibly an additional vertex) to a graph I' in S, we have 6(I'") = 4 unless [ € S.
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SoS O

I I'y I's

F6 F? FS FQ 1—‘10

Fig. 2: Signed graphs I" with 6(I") < 3 and circumference ¢ > 4. Dashed lines represent negative
edges.

By Theorem [2.5] (i) and Proposition the intersection U NS is empty. We now claim that
there are no non-connected graphs in { having elements in § among their components.

Assume by contradiction that there exists a non-connected A € U such that one of its
components, say A’, is in &, and consider the set of signed graphs 7 obtained from & by
subtracting the switching isomorphic copies of (Cy,-). Note that the function 6 is additive
with respect to the union of disjoint graphs, and #(I") = 3 for all graphs in 7. By Theorem[2.5]
(ii), Lemmald.Fland Lemma4.6] we infer that if A’ € 7, then A = A’UK| and A’ is unbalanced.
It follows that A would have at most 6 vertices, but signed spiked triangles with at most 6
vertices are DLS; hence, up to switching equivalence, A’ = (Cy, -); thus, (A’) = 2.

Using once again Theorem (ii), Lemma and Lemma , we see that A = A"UA”,
where A" = (H",7") contains just one balanced component by Corollary 8.7, #(A”) =1 and
[V(H")|=|E(H")|. By Lemma [4.6]such graph does not exist, and the proof is complete. [J

Along the proofs of Proposition and Theorem we denote by Ls v the lollipop
graph with girth g and order N, i.e. the unsigned graph obtained by attaching a pendant
path Py_s to a vertex of the triangle (.

Proposition 4.9. Every signed graph in U is unicyclic.

Proof. By Theorem [2.5| (i), it suffices to show that all signed graphs in i are connected. Con-
nectedness is already ensured for items in &/ which are either L-cospectral to an unbalanced
spiked triangle (see Corollary or have at most 6 vertices (see Proposition .

Assume now that A = (H,7) € U has at least 7 vertices and is switching isomorphic to
a balanced spiked triangle. Thank to Theorem [2.5| (ii) and Proposition respectively, we
know that A has just one balanced component and circumference ¢ = 3. Moreover, §(A) <3
by Lemma 4.5
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We first prove that A cannot have a bicyclic component. Suppose the contrary. Fig. 3
describes all bicyclic graphs I" of circumference 3 such that 6(A) < 3, where it is understood
that N > 5 is the order of the graphs I'15(N), I'13(N) and I';4(N), all having N -5 pendant
vertices.

From a direct computation, we get Spec; (I'11) = {1(®),2,4,5}. The Schwenk-like formula
(5) can be used to compute the Laplacian polynomials of T'12(N), T'13(NV) and T'14(N). In
fact, we obtain

Y(T12(N),z) = 2(z - )Nz -3)*(z - N), (13)
Y(T13(N),2) = (z-3)(z - 1)V * (2 - (N +3)2? + 3Nz - 4), (14)

and
Y(T1a(N),z) = (x - 3)(x - 1)V (2% - (N +3)2? + 3Nz - 8). (15)

For all graphs I' in Fig. 3, we have 6(I") = 3. This is immediately seen for I' = I'1; (V)
since Specy (I'11(NV)) = {13, 2,4,5}; the equality 0(I'12(N)) = 3 comes from (13). In order
to see that O(T;(IN)) =3 for i € {13,14}, we first show that this is true for N =5 by a direct
computation; then, fixed N > 6, we observe that the polynomials

1
(x=3)(z—-1)N-+

(Ti(N),x) for i e {13,14}

have a root in the interval (0,1), (since, when evaluated in 0 and 1, they have opposite
signs), and finally note that

3=0(I':(5)) <O(I'y(N)) <3
by Proposition [2.2] and ((15)).

It follows that A has precisely two components, and one of them is Ky. Now, pq (' U
Ky) =5, while the spectral radius of all balanced spiked triangles in CC3(7) is bigger. Graphs
of type I'12(N) are excluded since A cannot have two balanced components.

When evaluated in 0 and in 3, the polynomials

(z=3)"p(T13(N), x) and (x-3)"(Tu(N),x)
both give negative values. A straightforward calculus argument shows that
p2(L13(N)) = pa(T1a(N)) = 3.

Since p2(G(3;1,1,0),+) > 3, by Proposition we deduce that only the spiked triangle
(G(3,N -3,0,0),+) can possibly be L-cospectral to A. In any case,

Spec; (G(3; N -3,0,0),+) = {0,1V=3 3 N}. (16)
We check directly that no pairs in the set of signed graphs

{F13(5)a 1—‘13(5)7 (G(sa 27 07 0)7 +)}
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are L-cospectral, and, for N > 6, we already observed that I';3(/N) and I'14(/N) have at least
one eigenvalue belonging to the interval (0,1). We conclude that there is not a A € U with
a bicyclic connected component.

(Bl bl

['2(N) [3(N) ['14(N)

Fig. 3: Bicyclic graphs I with (I") < 3 and circumference ¢ = 3. Dashed lines represent negative
edges.

So far, we have proved that if A € i/ is not connected, just one among its connected
components Ay, ..., Ay is balanced, and none of them is bicyclic. By Lemmas and it
follows that each A; is unicyclic and has circumference ¢ = 3.

With this information at hand, Lemma implies that a non-connected A € U has
two components: up to switching equivalence, the unbalanced one A; is (Cs,-), and the
balanced Ay belongs to €25. The balanced unicyclic graphs in 25 are switching isomorphic
to (G(3;p,0,0),+) for some p > 0; this is a consequence of Proposition once you note
0(Cp,+) > 3 for n > 4, and 0(G(3;1,1,0),+) = 6(Lss,+) = 3. Since A has N vertices,
A5 is switching isomorphic to ((G(3; N -6,0,0),+). It follows that A is L-cospectral to
(C3,-)u((G(3; N -6,0,0),+) and Spec; (A) = {0,149 3 4, N - 6}.

Let I' be any balanced spiked triangle. By , the eigenvalue 1 has multiplicity N —4
in Spec, (I") only if (x —1)? divides ¥, (p,q,7)(x). But this happens only if T" is switching
isomorphic to (G(3; N - 3,0,0),+). In fact, from (12)) we deduce that ¥, (p,q,7)(1) = —pgr,
and the polynomial x(p,q)(x) = (x - 1)1, (p,q,0)(z),which is equal to

r(zt - (p+q+8)x® + (pg+5(p+q+22)x* - 2pg+T(p+q) +24)x +3(p+q) +9),
gives —pq when evaluated at x = 1. Looking at , we see that
0(G(3; N -3,0,0),+)=243=0(A\).

Hence, there are no spiked triangles L-cospectral to a non-connected A, and the proof is
over. O

—e

Fig. 4: Three underlying graphs of signed graphs I with (T") = 4.
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Theorem 4.10. Every signed spiked triangle s DLS.

Proof. Let H be one of the unsigned graph depicted in Fig. 4. No matter which signature
7 we choose on E(G), a direct calculation shows that 0(H,7) = 4 (since H is unicyclic
of odd girth we have just to check the equality for (H,+) and (H,-), the former being
balanced and the latter unbalanced). By Proposition 2.2] and Lemma if a signed graph
I' = (G,0) contains (H,T) as signed subgraph, then it cannot be in #. This fact, together
with Proposition 4.3}, Proposition 4.8 and Proposition [4.9] implies that the only signed graphs
which are not spiked triangles and possibly belong to U are of type I'(s,t) = (G(s,t),0) (see
Fig. 5) for some s >3 and ¢ > 2.

We evoke once again Proposition [2.2] to affirm that 0(T'(s,¢)) > 6(I'(3,2)), and the latter
number is 3 by a direct computation. The order of I'(s,t) is N = s +t.

Suppose that ['(s,t) = (G(s,t),0) is unbalanced, and let I' be any unbalanced spiked
triangle of order N. Theorem [2.4] and Proposition [3.6] give

|bN_1(F(S,t))| =7TN-12+ 4(t - ].) >TN -12= |bN_1(F)|

This proves that all unbalanced spiked triangles are DLS.

Consider now the balanced graph I'(s,t) = (G(s,t),+). The multiset Spec;(I'(s,t))
contains 3 for all s > 3 and ¢ > 2. This fact is due to the presence in I'(s,t) of a ‘pendant
triangle’. Through MATLAB or a manual polynomial long division, we discover that if 3
belongs to Spec; (G(3;p,q,r),+), then

2(pq + pr+qr) = 3pqr. (17)

Since u3(G(3;3,2,2),+) > 3, we have u3(G(3;p,q,r),+) > 3 for all non-increasing triples
(p,q,r) such that p >3, ¢ > 2 and r > 2. Such information, together with Proposition [4.3]
Equation and Equation (17)), helps to identify the set of spiked triangles possibly L-
cospectral to a suitable balanced I'(s,t). Up to switching equivalence, such set just contains

(G(3;2,2,2),+); (G(3;4,4,1),+); (G(3;6,3,1),+); (18)

and (G(3;p,0,0),+) for all p> 3.

Fig. 5: The unsigned graph G(s,t) with s >3 and ¢ > 2.

We discard the several (G(3;p,0,0),+)’s, since, by (6],

(T (s,1)) = 3> 0(G(3;p,0,0), +) = 2.
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The proof will be over, once we show that the signed graphs in (18] are not L-cospectral to
a graph of type I'(s,t). To this aim we consider, for every signed graph I" = (G, 0), the triple
of non negative integers
v(T) = (V&I AT), (),

where the functions f; and f, have been defined just before the statement of Theorem [2.5]
By Parts (i), (iv) and (v) of Theorem[2.5 the function ¥ should return the same triples when
evaluated on pairs of L-cospectral graphs, and elementary algebraic manipulations show that
no integers s and t exist such that

U(D(s,t))=(s+t, *+t2+s+t+4, S +t3+s5+1t+6)
is equal to one of the triples
U(G(3:2,2,2),+) = (9,54,192),  W(G(3:4,4,1),+) = (12,90, 462),

(G (3:6,3,1),+) = (13,108, 668). O

5 Extremal spiked triangles

Now that the Laplacian spectral characterization of signed spiked triangles is over, we solve
the problem of finding extremal elements in CC3(N) with respect to certain topological
indices.

Lemma 5.1. Let p>q>r > 0. The graph G(3;p,q,r) is the only connected graph of order
N =p+q+1r+3 and degree sequence Ty, = (p+2,q+2,7+2,1,...,1).

Proof. Let G be a connected graph of order N = p+ ¢ +r +3 and degree sequence 7, =
(p+2,q+2,r+2,1,...,1). The graph G is necessarily unicyclic; in fact the sum of vertex
degrees gives 2|E(G)|. Therefore,

1
EG)|==lp+2+q+2+r+2+ 1+---+1 |=N.
p q
2 ~—
p+q+7r times

Since there are only 3 vertices whose degree is bigger than 1, the girth of GG is necessarily
3, and G = G(3;p,q,r). O

Let N’g(k) be the set of non-increasing non-negative n-tuples (pi,...,p,) such that
Stipi = k. Given m = (p1,p2,...,pn) and 7 = (p},p},...,p,) two n-tuples in N2(k), we
write < 7 if and only if 7 # 7/, Y7 pi = 7 p) and Y7 p; < XF p! whenever 1< h <n. Such an
ordering is sometimes called majorization (see, for instance |17]). As an ordering, the just
defined majorization is not total for n > 2. For instance the triples (6,4,1) and (7,2,2) are
not comparable. We recall that a non-increasing sequence of almost-equal values (p1, ..., pn)
satisfies, by definition, the inequality p; — p, < 1.
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Lemma 5.2. Let n and k be two positive integers. In the set Ng(k) of non-increasing non-
negative n-tuples (p1,...,pn) such that Y1 p; = k, there exists just one n-tuple (p1,...,Pn)
of almost-equal integers. Moreover, the majorizations (p1,...,Pn) < (P1s---,Pn) < (k,0,...,0)
hold for every

(1, .- pn) €S (k) = N2(E) ~ {(P1, - .. pn), (k,0,...,0)}.

Proof. Unicity of (p1,...,pn) comes from the Division algorithm: since there exists a unique
pair (s,7) € N2 such that k =ns+r and 0 <r < n, we necessarily have

k k

ﬁ1=---=ﬁT:[—]:s+1, and ﬁm:m:ﬁf[—J:s.
n n

When either n <2 or k < 2, there is nothing else to prove, since N(l)(k:) is a singleton, < is a
total ordering on N2(k) for all k>0, and S"(1) and S"(2) are empty for all n > 0.

Let now n > 2 and k > 3. The second majorization is immediate. In order to prove the
first one, we assume by contradiction that, for some fixed £, the set

{(p1,...,pn) € gn(k) | (P1s-Dn) £ (P15 500)}

is not empty and denote by (¢i,...,¢,) its minimum with respect to the lexicographic order.
Let us distinguish two cases.
Case 1: q; > p1. Since (q1,...,qn) # (P1,---,Dn), then ¢; — g, > 2. Hence, the two integers

ki =max{i|q = q} and ko =min{i | g1 — q¢; = 2}

are well-defined. The minimum integer h such that Z?zl q; < Z?zl p; is not less than ky. In
fact, since we are assuming ¢ — 1 > py,

~

¢
Z%’Z&Jl >€251>ZZ51‘ for £ < ky,
i1

i=1

4 4
Z%‘=kIQI+(€_k1)(QI_1)>€]31> ﬁz for k1<€<k27
=1

i=1 7

and N .
;Qi =kiq+ (ke =k =1)(qu = 1)+ (q1 = 2) > kapr 2 Z;ﬁz
Consider now the n-tuple (¢i,...,q),) defined as follows
G-1 ifi=k,

g =1q+1 ifi=ks,

i otherwise.

By definition, (qi,...,q,) is bigger than (qi,...,q),) with respect to the lexicographic
order. Yet, Y, ql = S g < X P hence, (Pr, ..., D) £ (..., ), against the minimality
of (q1,.--,qn)-
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Case 2: ¢, = p;. If this case occurs, then k =ns +r with r > 0. Thus,
pr=-=p,=s+1 and p1=--=p,=5.

Now, ¢ = -- = ¢;+1 = s + 1, otherwise either ¥, ¢; <n or (q1,...,q,) = (D1, .. ,Dn), against
the definition of (¢1,...,¢,). It turns out that (g,+1,...,¢,) is the minimum of the set

{(pr+17 ..y Dn) € Sn_r(s(n_r)) | (Drets--sPn) = (5,...,9) 7{ (Prets - - - apn)}-

This is absurd, since such set is empty. Its emptiness follows by Case 1 if n —r > 2 (since
Gr+1 =S+ 1>s=p,1), and by the fact that < is a total ordering if n —r = 2. ]

By Lemma it makes sense to denote by f*(N ) the all-positive signed spiked triangle
in CC3(IN) whose triple of largest vertex degrees has almost-equal values. Our last theorem

involves, among other things, the first two Zagreb indices. Recall that, given a signed graph
I'=(G,0),

o the first Zagreb index M;(T) of I is defined as Y. d2(v;);

e the second Zagreb index My(I') of I is given by ¥, ep(c) da(u)da(v).

Theorem 5.3. Let N > 3. The graph I'#*(N) (resp. (G(3; N -3,0,0),-)) minimizes (resp.
mazximizes) the Laplacian spectral radius and both the first two Zagreb indices in the set

CCs(N).

Proof. Let G be any spiked triangle. We start by recalling that pi(G,-) also gives the
signless spectral radius of G. Since G is not bipartite, Proposition 3.9.1 in 13| yields

:U’I(G7+) <FL1(G7_)' (19)

Let S(7) be the class of connected signed graphs with degree sequence 7. and consider
two different non-increasing degree sequences m and 7’ of signed unicyclic graphs such that
maT.

Al least three results in |17] concerning unsigned unicyclic graphs can be translated in
the context of signed graphs. They are:

max{ 1 (G, =) [(G,-) € 5(m) } <max{m (G, -)|(G,-) € S(7') J; (20)
max{ M;(I")|T" e S(7) } <min{ M;(T")|T e S(7') }; (21)
max{ My(T')|T e S(7) } <min{ Mo(T") T e S(x") }. (22)

Equations ([20)), and are respectively equivalent to |17, Theorem 2.2, i)], [17, The-
orem 3.1] and 17, Theorem 3.5].

Let 7 denote the N-tuple (p1, P2, p3, 1 ..., 1), where (p1, pa, P3) is the unique non-increasing
triple with almost-equal values in Ng(N +3). From Lemma , we deduce that 7 and
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(N -1,2,2,1,...,1) are the extremal degree sequences associated to spiked triangles in
CC3(N) with respect to majorization. Thus, by and (22), I*(N) (resp. (G(3;N -
3,0,0),—)) minimizes (resp. maximizes) the first two Zagreb indices. Since, by and ,
(G(3; N -3,0,0),-) maximizes the Laplacian spectral radius as well, the proof will be over
once we show that I'*(N) also minimizes the Laplacian-spectral radius in CC3(N).

Inequality says that minimizers with respect to p; have to be searched among bal-
anced spiked triangles. Our claim is surely true for N < 5. Infact, I'*(3) and I'*(4) are the
only balanced graphs in CC3(3) and in CC3(4) respectively. In CC3(5) there are only two
balanced spiked triangle, and

11 (17(5)) <4,31 < 1 ((G(3:2,0,0),+) = 5.

Let now N > 6. We distinguish three cases.
Case 1: N =3s+ 3 for some integer s > 1. In this case,

[*(N) = (G(3:5,5,5).+) = (U(5+2.3), +)
and any other balanced spiked triangle in CC5(N) has largest vertex bigger than s+ 2.
From (7)), and Corollary we get
s+4++/(s+4)2-12

2

p (T (N)) = 6.(3,5+2) =

for every balanced T' € CC5(N) ~ {T'*(N)}.
Case 2: N =3s+4. We have I'"(N) = (G(3;s + 1,s,s),+). Using Theorem and
Corollary [2.3] we see that
(I (N)) < 64(3,5+3) <5 +5 < (D),

for every balanced I" € CC3(NN) such that Ar > s+ 3. The only balanced graph in CC3(N) \
{T'*(N)} whose largest Laplacian eigenvalue is not bigger than s +3is I' = (G(3;s+1,s +

1,s-1),+). Now, from and we compute
P(IF(N),5+4) = —6(s +3)>25(s + 4), (23)

< S+4</L1(P),

and
YT, s+4) = -8(s+3)% (s +1)(s+4). (24)

Since the numbers and are both negative, we deduce that ui(I'*(N)) and (1)}
are both larger than s +4. We can also compute

D(IH(N),2) = (D7) = 2 (2 = 1) (0 = (s +4) 7 +2),
which is a positive number when evaluated at 2 > s +4. It follows that u; (D*(N)) < py (),
as wanted.
Case 3: N =3s+5. We have I'*(N) = G(3;s+ 1,5+ 1,5). In this case, there is no other
balanced spiked triangle in CC3(N') with largest vertex degree s+3. Hence, by Corollary [2.3]
(I (N)) <64 (3,5+3) <s+5 < (T)

for all balanced T' € CC3(N) ~ {T*(N)}. O
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