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Abstract

In this paper, we study a large multi-server loss model under the SQ(d) routing scheme
when the service time distributions are general with finite mean. Previous works have
addressed the exponential service time case when the number of servers goes to infinity
giving rise to a mean-field model. The fixed-point of the limiting mean-field equations
(MFEs) was seen to be insensitive to the service time distribution in simulations but
no proof was available. While insensitivity is well known for loss systems models,
even with state-dependent inputs, belong to the class of linear Markov models. In
the context of SQ(d) routing, the resulting model belongs to the class of nonlinear
Markov processes (processes whose generator itself depends on the distribution) for
which traditional arguments do not directly apply. Showing insensitivity to the general
service time distributions has thus remained an open problem. Obtaining the MFEs in
this case poses a challenge due to the resulting Markov description of the system being in
positive orthant as opposed to a finite chain in the exponential case. In this paper, we first
obtain the MFEs and then show that the MFEs have a unique fixed point that coincides
with the fixed point in the exponential case thus establishing insensitivity. The approach
is via a measure-valued Markov process representation and the martingale problem to
establish the mean-field limit.
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1. Introduction

We consider a multi-server loss system consisting of a large number IV of parallel servers
to which jobs arrive according to a Poisson process with rate N\ and the service times are
generally distributed with finite mean. Each server has capacity to serve up to C' jobs simulta-
neously, and there is no waiting room. A central job dispatcher routes an incoming job to one
of the servers where the processing of the job at unit rate begins immediately if the number of
jobs that are already in progress is less than C' otherwise, the job gets blocked or discarded.
The job length is assumed to be random from a general distribution with finite mean. These
models appear in practice in cloud computing systems such as Microsoft’s Azure [30] and

Amazon EC2 [2].

The motivation behind considering such models is that due to a tremendous growth in the
trend to externalize storage and computing resources, cloud computing systems maintain a
large number of servers to provide service to the incoming jobs. In these systems, the job
requests are mapped into virtual machines (VMs) that request resources such as processor
power, I/O bandwidth, disk etc. from a server that is picked from a large set of available
servers. When a job arrives, the incoming request is routed to one of the servers where it
is accepted for the service if the requested amount of resources are available, otherwise it is
blocked or discarded. The resources allocated to a job will be released once the service of a
job ends. In order to provide good quality of service, the service provider in cloud computing
systems uses a routing policy at the job dispatcher that balances loads on servers that minimizes
the average blocking probability or the probability that a request cannot be accommodated.
Since the job requests arrive randomly and their durations are random too, the way this is
achieved is to route arrivals to servers that are least loaded or have the smallest number of jobs.
This is referred to as the join-the-shortest-queue (JSQ) policy and it requires knowledge of the
occupancies of all the servers. Large cloud computing systems have thousands of servers and
the individual server occupancies will need to be maintained at the dispatcher. However, this
is not necessary as the randomized sampling of just a few servers has been shown to perform
almost as well as complete sampling [31,32,45] for models of interest. This policy is referred
to as the SQ(d) policy, short for the power-of-d routing policy, that routes an incoming request

to the shortest of d uniformly sampled servers.

The SQ(d) scheme was first introduced in [45] for multi-server server systems with FCFS
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service discipline for the case of d = 2 and exponential service times. When the number of
servers N is finite, analyzing the SQ(d) routing policy is a difficult task due to dependence
amongst the servers introduced by the SQ(d) policy. However, when N — oo, they obtained a
tractable way of characterizing the stationary distributions that are accurate when the number
N is large [45]. Their results were then extended for the case of d > 2 in [31] where it was
argued that the case d = 2 provides most of the gains and hence the term ‘The power-of-2’
came to be used.

Loss models similar to the one considered here were analyzed in [35, 36, 46] under the
assumption of exponential service time distributions for the SQ(d) routing policy. They also
considered the more general heterogeneous case with an appropriate modification of the SQ(d)
policy to account for server and job heterogeneity. It was shown in [36] that the SQ(d) routing
scheme yields almost optimal blocking performance in that the average blocking is very close
to the theoretical lower bound on the minimum average blocking achievable by any work
conserving policy. In simulations the stationary occupancy distributions were observed to be
insensitive to the service time distribution.

In the case of exponential service times, the results shown actually imply that the following
interchange holds. Let xV (t) = (z1¥(t),] > 0) where z;" (t) denotes the fraction of servers
with at least [ jobs. Then

. . N T . N
N, A X (0 = i, Jim <70 @

Equation (1) provides the equivalence between the stationary distribution of the limiting sys-
tem given by the left hand side and the globally stable fixed-point or equilibrium of the mean-
field given by the the right hand side under the SQ(d) routing policy. The key is that the
mean field equation is a deterministic differential equation that is easier to study. Moreover,
this property can be used to show that in the limit, the individual systems are statistically
independent.

In most applications, the service time distributions are not exponential. For example, the
service times follow log-normal distributions in call centers [8], and Gamma distributions in
automatic teller machines (ATMs) [26] etc. The focus of this paper is to consider this scenario
and develop a mean-field model and characterize the properties of its fixed point.

For general service times case, a Markovian modeling of the system requires us to track

the age or residual service time of each job that is in progress in the system. Therefore the
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underlying space on which the Markov process lies is not discrete and hence the classical
Markov chain techniques cannot be used. This makes establishing the mean-field limit and
characterizing the properties of its equilibrium behavior for general service times a challenging
task.

It is well known that the stationary distributions of single server loss systems even with
state-dependent Poisson arrival rates are insensitive to the service time distribution, i.e., they
only depend on the mean of the service times [9]. Hence, it is important to investigate whether
the insensitivity property carries over to the systems with randomized routing such as the SQ(d)
routing policy. When N is finite, randomized strategies result in the individual servers being
coupled. It can be shown as in [5, 6] that when N is finite, the system is not insensitive since
the SQ(d) policy does not satisfy the necessary condition of state-dependent arrival rates to
be balanced. Insensitivity of the fixed or equilibrium point was observed for the limiting case
(¢.e. when N — o0) via simulations in [35,46] but no proofs were provided. One of the main
objectives in this paper is to answer this question.

A mean-field analysis for processor sharing (PS) queues with the SQ(d) routing has been
done in [33,34] in the exponential service time distribution case. In [7], randomized routing
schemes for queueing systems with general service time distributions when service disciplines
are FCFS, PS, and LIFO were studied. The steady-state results were characterized by assuming
the asymptotic independence of servers in the system. However the mean-field limit and its
fixed-point were not studied in any detail.

In [24] mean-field techniques were used to study closed queueing networks with M cus-
tomers and N queues with FCFS service discipline in which an exiting customer from a queue
joins another queue chosen with probability % from N queues. The mean-field was established
for the regime when limp; v 00 % — « . However, the equilibrium behavior of the system
was not studied. Recently, the SQ(d) setting in a system of N FCFS servers where jobs arrive
according to a time-inhomogeneous Poisson process and general i.i.d service times was studied
in [1]. They obtained the mean-field for the case of general service time distributions for all
finite intervals of time. However, the steady-state analysis was not investigated.

Multi-server loss models with randomized routing schemes were first studied in [42, 43]
when job lengths are exponentially distributed using a formal mean-field approach. However,
the existence and uniqueness of the fixed-point of the mean-field were not shown. In [35, 36,

46], the existence and uniqueness of the fixed-point of the mean-field for homogeneous loss
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model of [42] was addressed. In [46], the existence and uniqueness was established under the
asymptotic independence of servers ansatz while [35] showed the asymptotic independence (or
propagation of chaos) and that the interchange of limits (1) holds. Propagation of chaos on path
space had been earlier studied by [16,17] in the context of alternate routing in circuit-switched
networks.

Mean-field analysis and the fluid analysis of queues are closely related, the former usually
in the space of measures and the latter on the sample paths. The fluid limit analysis of FCFS
and Processor Sharing queues with general service time distributions has been studied using
a measure-valued processes approach developed by Dawson [10] in [12, 18, 19, 25,47]. In
this paper, we use the ages of jobs to construct a measure-valued Markov process that models
the system dynamics and we establish the mean-field limit of the empirical measure-valued
process as in [10, 12]. Our approach is similar to [14] where the FCFS model is studied with
exponential distributions under the SQ(d) policy. In the exponential case the set of server
states is the space of non-negative integers Z,. In [14] the law of large numbers on path
space is established by studying the limit of the sequence of empirical measures with samples
in M1(Dz, ([0,00))) where Dz, ([0, 00)) is the space of right continuous functions with left
limits in Z and M (Dz, ([0,00))) is the space of probability measures on Dz_ ([0, 0)).
More recently, in [15] a functional central limit theorem (CLT) is derived for the FCFS model
showing that under the CLT scaling the limiting process is a stable Ornstein-Uhlenbeck process
and the exchange of limits holds for this regime.

In this paper, we obtain the mean-field for the SQ(d) routing in loss systems and we
characterize the fixed-point or equilibrium of the mean-field equations. Unlike the exponential
case, the MFEs are now partial differential equations. In particular, we show that the fixed-
point is unique and moreover coincides with the fixed point of the MFEs in the exponential
case. This establishes the insensitivity of the fixed point.

The rest of the paper is organized as follows: Section 2 describes the system model and the
SQ(d) policy. In Section 3, we introduce the notation used in the paper. In Section 4, we derive
a measure-valued representation for the state of the system. The main results of the paper are
given in Section 5. We then establish the mean-field limit in Section 6. In Section 7, we prove
the main result on the uniqueness of the fixed point of the MFEs and show that the fixed point
is insensitive to the distribution, <.e., it depends only on the mean service time. In Section 8

we provide numerical results that suggest the global asymptotic stability of the fixed-point of
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the MFEs and hence the relation given in (1) indeed holds. Section 9 concludes the paper with
some remarks and generalizations. Proofs of supplementary technical results are provided in

the Appendices.

2. System model and the routing policy

We consider a system consisting of a large number N of parallel servers. Jobs arrive
according to a Poisson process with rate N\ and the job lengths are assumed to be i. i. d.
from a general distribution G(-) defined on R. A central job dispatcher routes an incoming
job to a server according to the SQ(d) policy defined below. We assume that each server has
capacity to process up to a number C' of jobs simultaneously and each job is processed at
unit rate. At any time ¢, if a server is currently serving ¢ jobs, then we say that the server
has occupancy ¢ and vacancy C' — ¢ at time ¢. If an incoming job is routed to a server with
occupancy C, then the job is blocked or discarded, otherwise the processing of the job begins

immediately and it is processed at unit rate.

Definition 2.1. SQ(d) or Power-of-d routing: An incoming job is routed to the server with
the minimum occupancy among d servers that are selected randomly with replacement. Ties
among servers are broken by choosing a server uniformly at random. The randomly chosen
d servers are referred to as the potential destination servers and the server to which a job is

routed is called the destination server.

In the Definition 2.1, we assume sampling with replacement because of notational conve-
nience and it is easy to show that the asymptotic results that are of interest in the paper are not

affected whether we sample with or without replacement.

We assume that the service times have finite mean i

and the service time distribution
denoted by G(-) on [0,00) possesses a continuous density denoted by g(-). We make an
assumption that G(-) is supported on [0, o0) where G/(.) denotes the complementary distribu-
tion. The hazard rate function of G(-) is defined as 8(z) = %((i)) = 15’(&)@ for x € [0, 00).
The hazard rate function § indicates the instantaneous rate at which the service of a job ends.

More precisely, a job with age y (where y denotes the time since its arrival) at time ¢ exits the

server in the interval [¢, ¢ + dt) with probability 3(y)dt.

Assumption 2.1. The hazard rate function 3 satisfies 5 € Cp(R) where C,(R.) denotes the
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space of continuous bounded functions on nonnegative real line R .

Remark 2.1. The Assumption 2.1 is true for several classes of distributions such as Phase-
Type distributions, Gamma distributions, Log-Normal distributions, and any Pareto distribu-

tion with finite mean.

3. Notation and terminology

We first introduce the notation which is used throughout the paper. Let Z, R be the set of
integers and real numbers, respectively. Further, let Z_, R, be the set of nonnegative integers

and nonnegative real numbers, respectively.

Function and measure spaces.

For any given metric space &, let Kp(£),Cy(E), Cs(E) be the space of bounded measurable
real valued functions, the space of bounded continuous real valued functions, and the space of
continuous real valued functions with compact support, defined on &£, respectively. Further-
more, let C!(€) be the space of once continuously differentiable real valued functions defined
on £ and let the subspace of functions in C*(£) which have compact support be denoted by
CL(£). The space of bounded functions in C*(€) whose first derivatives are also bounded is

denoted by C (€). For any function f € Ky(E), h € C*(£), we define

Il =sup|f(@), lAllx = [lAl+ (7]
rel

where i’ denotes the derivative of h. The space Cy(E) is equipped with the uniform topology,
i.e., we say that a sequence of functions (f,, € Cp(€),n > 1) converges to a function f €
Cyo(&)if || frn — f|l = 0 as n — oo. The space C*(&) is equipped with the topology induced
by the norm ||-||1.

For a given metric space &, let the Borel o-algebra be denoted by B(E). Let the space
of finite non-negative measures on £ be denoted by M (£). We use the notation v(B) and
v({y}) to denote the measure of a Borel set B € B(&) and an element y € £ with respect
to the measure v € Mp(E), respectively. The space of probability measures is denoted by
My (€). Also, let MY (E) C M;(€) be the subspace of probability measures defined as
MY (E)={ve M(E) : Nv(B) € Z,, VB € B(E)}. For any ¢ € Ky(E), v € Mp(E),
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we define
(v, ) = /g Sy (dy).

The space of measures My (E) is equipped with the weak topology induced by the weak
convergence of measures.

The age of an active job is the time elapsed since its arrival. To model the dynamics of an
Erlang loss system with capacity C' for each server by a Markov process, we define the state
of each server as (n, ay, as, - ,a,) where n denotes the number of jobs that are in progress
at the server and a; denotes the age of the i job in progress. We now define a space I/ that is
used in earlier works to study queuing models with general service time distributions by using
the classical supplement variable method [29, 41] such that it contains all the possible server

states as elements. The space I/ is defined as
U = U5_U,,

where Uy = {0} and an element in U, for n > 1 is of the form (n,aq,...,a,) where 1 <
n < C and a; € R;. We specify that the state of a server that has n jobs belongs to the space
U,,. Here, one might omit the variable n and consider just (a1, --- ,ay) to represent a server
state, but such representation does not account for idle servers while (0) is the state of idle
servers in our representation. Furthermore, the variable n, directly gives us information about
the number of progressing jobs at a server which changes upon every arrival and departure.
Hence, it is convenient to work with the server state representation that has a variable that
denotes the number of progressing jobs at a server.

It is also possible to define an element in U, by (n,a1,- - ,ay,0,---,0) of size C' + 1.
This allows us to have constant size of C' + 1 for an element in /. Note that the zeros in
the state (n,ay,- -+ ,an,0,---,0) act as dummy variables as there are only n jobs. Hence, to
make it simple, we consider an element in U, is of the form (n,aq, - -, a,) with size n + 1.
Without loss of generality, we refer to an element in the set / by u and an element in the set
U, by u,,. Note that we have ug = 0. Fory,, = (n,y1,...,Yn), Zm = (M, 21,.. ., 2m), We

define the metric di/(y ., Zm ) as

21';1 ‘yi—zi| ifn=m,
dZ/{ (Ym Zm) - ‘
00 otherwise.
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For (n,u1,...,u,) € U, and y > 0, we use the following notation
u, = ('I’L,U],"' ,’Ltn),
u'r_L] = (n_ 17“’17"' 7uj71auj+17"' 7un)7
(uimy) = (TL+ 1»“1;"' yUj—1,Y, Uz, - 7un)7
(u;jvy) = (nvulv'“ yUj—1,Y, Uj4+1," " ,Un)-

For any Borel set B € B(U), let I{ gy be the indicator function of B. Let the function 1 be
defined such that for all u € U, we have 1(u) = 1.

af(un)
o

U

A function f : U — R is said to be differentiable if for every n > 1, the function

exists for all 1 < ¢ < n at every u, € U,. As a result, the function I{un},n > 1is

1 —
17 = ma s (e |20 ).

Further, for a differentiable function f : & — R, let the function V; f be defined as

differentiable. For a differentiable function f : i/ — R, we have

df(uy)
8ui

vlf(n’uh”' ’un) =Vf-1= Z 6J;(;1”)

i=1

@)

A measure v € Mp(U) when it is restricted to Uy is a Dirac measure at {0} satisfying
v(Up) = v({0}). We say that a measure v is absolutely continuous with respect to Lebesgue
measure if v({x,}) = 0 at every x,, € U,, for all n > 1. For any Borel measurable function f

that is defined on U/, we define
c
(v, ) = FO){0}) + > y f(zn)v(dzy).
n=1 n

We now define the function Z : U — R as follows:

S ifn>1,
I(xn) = t

0 otherwise.

For b > 0, let 7'b+ : U — U be the transition operator defined as

(n,$1+b,"',$n+b) n217
T;(Xn) =
0 otherwise.
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Similarly, for any b > 0 and f € Cp(U), let the mapping 73, : Kp(U) — Kp(U) be defined as
m,f(u) = f(r, u). Also, for b > 0, let the measure 7, € Mp(U) be defined such that for
any Borel set B € B(U), ,v(B) = v(7; (B)). For v € Mp(U), the measure 7,v € M p(U)
satisfies (rpv, f) = (v, 7 f) for all f € Kp(U) and the existence of the unique measure 73,v

follows from the Riesz-Markov-Kakutani theorem [40, Theorem 2.14].

Measure valued stochastic processes.

For a Polish space ‘H and a nonnegative real number T' < oo, let the cadlag functions,
also referred to as RCLL (right continuous with left limits) functions, that are defined on
[0,7] and [0, c0) with values in H be denoted by D ([0,T]) and D([0, c0)) respectively.
Similarly, let the space of continuous functions that take values in A defined on [0, T'] (resp.
[0, 00)) be denoted by Cx ([0, T]) and Cy ([0, 00)), respectively. The spaces Dy/([0,T]) and
D ([0,00)) are equipped with the Skorohod .J;-topology and hence, are Polish spaces. Let
the covariation of two local martingales (M},¢+ > 0) and (M2,t > 0) in Dg([0,7]) be
denoted by (< M*, M? >,,t > 0) and the quadratic variation of (M}, ¢ > 0) be denoted by
(< MY >t >0)= (< MY, M >4t >0).

In our analysis, we study H—valued stochastic processes where H = Mp(U). The
considered stochastic processes are random elements defined on (2, F, P) with sample paths in
D ([0, 00)), and are equipped with the Borel o —algebra generated by the open sets under the
Skorohod J; — topology [4]. We say that a sequence of stochastic processes { X, }»>1 where
X, is defined on (9, F,,,P,,) with sample paths lying in D ([0, 00)) converges in distribu-
tion to a stochastic process X defined on (€2, F,P) with sample paths lying in D ([0, 0)),
if for every bounded, continuous, real valued functional F' : Dy/([0,00) — R, we have
lim,, 00 En(F(X,,)) = E(F(X)) where the expectation operators E,,, E are defined with
respect to P,,, P, respectively. We denote the convergence of { X, },,>1 in distribution to X by

X, = X.

4. State descriptor and system dynamics

We index a sequence of systems by N that denotes the total numbers of servers. In-
coming jobs arrive according to a Poisson process with rate N\ and the job lengths are

iid. from a common distribution G(-) defined on R,. The state of a server is written as
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a, = (n,a,---,a,) € U when there are n progressing jobs and i job has age a; for
1 < i < n. A server with state say a,, can be viewed as a particle with the given state.
Therefore the system evolution can be considered as the evolution of a system with N particles
where the interactions between particles takes place while routing an arrival according to the

SQ(d) routing policy.

The age of a job that is in service at a server increases linearly with time at unit rate until
its service is completed. We next describe the possible state of a server at time ¢ + h (h > 0)
given that it has state a,, at time ¢. We assume that when A is small enough, in the interval
[t,t+ h), the probability of having multiple events of arrivals or departures is negligible. In the
interval [¢,t 4 h), if there is no arrival or departure at the given server, then the server state will
be equal to 7, (ay,) at time ¢ + . On the other hand, if i job expires in the interval [t,  + h),
then the server state will be equal to T;r (a,,*) at time ¢ + h. Considering arrivals, suppose there
is an arrival into the server at time ¢t 4+ (0 < r < h), then the arriving job chooses its position
uniformly at random out of n + 1 possible positions and suppose it chooses j® position, then

the server state will be equal to ((7;" (a,))’; h — r) at time ¢ + h.

Let S(JY y € U be the random variable that indicates the state of the server ¢ at time .
Although, one can think of considering (S(J\{ YRR S(]y\/, t)) to denote the system state at time
t which is a Markovian representation of the system, the dimension of this state space increases
with N as N — oo which is inconvenient to work with since our focus of interest is to study
the asymptotic behavior of the system as N — oo. Hence, we consider an alternative simple
system state representation that can be used to describe the system evolution as the evolution
of a Markov process. Note that the system is symmetric with respect to the servers as they are
identical and the server identities do not play any role in the evolution with time. Therefore
to model the system evolution by a Markov process, we will show that it is enough to just
keep track of the number of servers that lie in each state u € U/ in order to establish the mean-
field limit. Measure-valued Markov processes have also been used to study other interacting
particle systems as in [20, 28, 37] where each particle state x € R™, n > 1 is viewed as a
measure-valued Markov process. Following these works, we consider the following system

state descriptor.

Definition 4.1. At time t, the state descriptor of the system with index N is a random measure
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given by
N

0= b, 3)

i=1
The interpretation of 7} is that for any measurable function f defined on I/, we have

N

i )= F(SH )

=1

At time ¢, conditioned on server states say S ((th)) = 8(4,1)- the system state can be represented

by a measure v defined as
N
v=> s, )
i=1

For ntN = v, an element y € U is an atom of v if there exists at least one server with the
state y at time ¢. The mass of an atom of v denotes the number of servers lying at that atom
at time ¢. As a result, since the number of interacting particles in the system is equal to /V, the
measure v defined on U contains a finite number of atoms which is bounded by . If all the
servers have different states then the number of atoms is equal to N, otherwise the number of
atoms is less than N. Let V; be the number of atoms at time ¢ and let the i atom be denoted by

vgi). Further, let the mass of the atom V,Ei) be denoted by aii). Here, agi) denotes the number

of servers that lie in the state vgi) at time ¢ and agi) > 1. Hence, for time ¢, from (4), we can

also write v as

Vi
V= Z agz)évgi). %)
i=1 )

For any Borel set B € B(U/), the number of servers with ages lying in the set B is equal to
nY (B) = v(B) = (v, I{p}). We now define the measure of an element y,, = (n,y1, - ,Yn)
as below. Let B(y,,) = {(n, 71, -+ ,70) 1y <13 <y; +€,1 <i<n}. Thenasin [18], we
define

v({yn}) = lim v(B(ys))- (6)

Essentially, v({y }) indicates the number of servers with state y,, at time ¢ and can be viewed
as an occupation count. The notation dv(y,,) denotes the number of servers with state lying in
the interval [y, y» + dyn), where dy,, = (dy1, - - , dy,) and y,, + dy,, is the vector addition
of y,, and dy,,. If there is no server lying in the state y,, at time ¢, then v({y,, }) = 0, otherwise
¥n is an atom with mass v({y, }). The number of servers that have n progressing jobs at time

tis given by v(Uy,) = (v, Iy, y)-
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We now obtain the probability that the destination server of an arrival lies in a particular

state.

Lemma 4.1. At time t, given that the system state is v, i.e., )" = v, under the SQ(d) routing
policy, the probability that the destination server of an arrival at time t lies in the state z,, =
(n,z1,- -+, zn) where z,, is an atom of v is given by

v({zn}) (Ba(5)? = Bata(%)%)
N (Bu(%) = Bua(%))

where R, (%) = Zgj:n +(U;) represents the fraction of servers with at least n, jobs.

(N

2Ix [2lx

pr(v:zy) =

Proof. When a potential destination server is chosen uniformly at random from N servers,

it will have state (1, z1,. .., z,) with probability “d(21e-20)})

. Suppose out of the d po-
tential destination servers, say j servers have occupancy n and the remaining d — j servers
have occupancy at least n + 1. Further, out of the j (j > 1) potential destination servers
with occupancy n, assume  (r > 1) servers lie in the state z,,. Then the probability that the

destination server is a server with state z,, is given by

(;z) (,) (j) (V({zzvn}) ) (u({unn];u({zm)“ (i ) )

Finally, by summing over all the possible values of j (j > 1) and r (r > 1), we have

SR ()0 (5) () (et =t) (3 42)

SOHE ) (e

j=1 :i=n—+1

e u({}zvm r "({fv'"}) _ u({;m j=r
x ZT(J v({tnD) v({UnD) '
r=1 N N

The term inside the square bracket in the above equation is the average of a binomial random

v({zn}) . . .
variable and hence, it is equal to j (u({ﬁn})> . As a result, the above expression simplifies to
v{tn])

i (::?;;) zd: (j) <i:;cn:+1 u(j\?))d‘j (u({%”})y

Jj=1

We can further write

oy 7) = (E;i) l Ed:( ) <“§,;H u(z]éi)>d—ﬂ' (v _( $- vl

3=0 :i=n+1

>d
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After simplifications, we get (7). 0

Remark 4.1. We can also interpret the expression of the p,.(v : z,,) as follows: The probabil-
ity that all the potential destination servers have occupancy at least n and there exists at least
one potential destination server with occupancy n is equal to R, (%)? — Ry41(%)?. From
the SQ(d) policy, the probability that the destination has occupancy n is equal to R, (%)% —

R (%)d. From the list of the servers with occupancy n, the fraction of the servers with the
v(zn})
(1)

- CE D AVEE Y
state z,, is equal to (ZaT) X (Rn(%)* = Rpy1(£)%)-

state z,, is equal to . Therefore the probability that the destination server lies in the

For the case of exponential job length distributions, U, = {n} and z, = n. Hence,
pr(v : 2n) = Ry(%)? — Ruy1(%)? coinciding with the analysis for the exponential case

in [31, 35].

As it is clear from (7), the routing decision depends only on the number of servers lying in
each possible server state. Hence, we get the evolution of the process (ni¥,* > 0) by tracking

arrival events, routing decisions, and departure events.

5. Main results

Our aim is to study the limit as N — oo of the empirical measure of the distribution of
the servers. For this, we define a sequence of systems such that a system with index /N has
N servers that process the incoming jobs arriving according to a Poisson process with rate
N, and all other system parameters remain the same for all N as given in the Section 2.
The system consists of a central job dispatcher that routes an arrival to a server according to
the SQ(d) policy. For given N, the process (n}¥,t > 0) defined in equation (3) describes the
dynamics of the system with index N. The goal is to characterize the limit of the normalized

process (7Y ,t > 0) as N — oo where

N
=N _ Tt

e =N ®)

For a Borel set B € B(U), 7Y (B) is equal to the fraction of the servers with state lying in the

set B at time ¢.

5.1. Summary of analysis

We now give a brief overview of the analysis in the paper.
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The mean-field limit corresponds to limy ﬁ{v =1, t > 0, that takes values in
Cat,y([0,00)) and is a deterministic measure-valued process satisfying a set of evolution
equations referred to as the mean-field equations. We then obtain an alternative form of the
evolution equations satisfied by the process ({7, 1),t > 0) for ¢ € C,(U). This is stated in
Lemma 5.1. Using these equations, we show in Theorem 5.1 that there exists a unique solution

to the mean-field equations for a given initial point.

We then show that the sequence of processes {(7),¢ > 0)} is tight. For this, we first
study the Feller property of the Markov process (n,¢ > 0) and obtain the expression of
its semigroup operator in Appendix A. In Appendix D, we construct a martingale process by
using the generator of the Markov process (72", + > 0) by employing the Dynkin’s formula [11,
Theorem 7.15]. We then show that the martingale process converges to the null process as
N — oco. Using this we prove the tightness of the sequence of processes {(7)¥,¢ > 0)}.
Furthermore, we show that any limit point of the normalized process (72,¢ > 0) coincides
almost surely with the unique solution to the mean-field equations referred to as the mean-field
limit. This is stated in Theorem 5.2.

Finally, we obtain a set of the partial differential equations satisfied by the mean-field
limit. We then prove the uniqueness of the fixed-point and its insensitivity. This is stated
in Theorem 5.3. The proofs of Theorem 5.2 and Theorem 5.3 are given in Section 6 and

Section 7, respectively. The remaining proofs are given in the Appendix.

5.2. Transient regime:

In this section, we discuss the results on the transient regime. For given system parameters
A, C, d and the probability density function g(-) of the service time distributions, in Proposi-
tion 5.1 we state the mean-field equations. The dynamics of a mean-field solution (7,,¢ > 0)
are described by using a set of evolution equations of the real valued processes ({7, ¢),t > 0)

for all ¢ € C}(U), referred to as the mean-field equations.

Proposition 5.1. Mean-field equations:

For given system parameters (X, C,d, g(+)), the process (7j;,t > 0) satisfies:

1. The mapping t — 7, is a continuous.
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2. For ¢ € C}(U), the process (1j,,t > 0) satisfies

<ﬁt7¢> = <ﬁ07¢> +‘/ <nsv 1¢>

n

/— (i;/ /M] n’) = 6(xn)) dm(m))ds

+ [ (momem) 60,0 - fzi / / —
< XD, (7, (0(4:0) — 6x ) 5 )

where the index j is used to denote the position of the departing job when there are n progress-
ing jobs and i denotes the position of the arriving job when there are already n progressing

jobs at the server. Further, ®,(7],) = ((Eif(ﬁ(%){;:g":gsgj) where R;(7],) = Zin:j 7, (Up).

In (9), the second term on the right hand side is due to the increase of the ages of the
progressing jobs linearly with time at unit rate. The third and fourth terms on the right hand

side of (9) are due to the departure and arrival of a job, respectively.

Remark 5.1. The t-continuity of the mapping 7, is equivalent to the continuity of the mapping
t s (7, ¢) for all ¢ € C}(U) since C} (U) is a separating class of M1 (U) [13, p. 111].

Although the mean-field equation (9) is defined for the class of functions ¢ € C}(U), it
is more useful to obtain an approximation of the process ((77¥, I (B}),t > 0) for an open set
B € B(U). Therefore we need to obtain the evolution equations of the real valued process
({74, Itpy),t > 0). In this direction, we first obtain the evolution equations of the real valued
process ((77;, %), t > 0) where 1) € Cy(U). We then proceed to obtain the evolution equations
of the process ({7, I{py),t > 0) where B is an open set with the help of the monotone
convergence theorem since there exists a sequence of functions in C,({/) that increase point

wise to I;py.

Lemma 5.1. A process (v € M1(U),t > 0) with continuity of the mapping t — v; satisfies
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the mean-field equation (9) iff it satisfies the following equation for all ¢ € Cy(U),

(1:0) = (.m0} _ (fj 3 [/ () (7 006,7) = 790 o)

n=1j=1

n [M{O})A%(m (rir6(1,0) = 71, 6(0)

C—-1n+1

2.2 / /u (nil)mn<w-><n_,¢<xﬁ;;0>—rt_7.¢<x7z>>du,-<xTL>Ddr- (10)

n=1 j=1
The proof is given in Appendix B.
Using equation (10), we show that starting with an initial measure v, for ¢ > 0, there exists
a unique measure v; € M (U) that satisfies equation (9).
For any finite measure v defined on I, the operator (v, ¢) is a continuous linear operator on

the space of functions ¢ € Cp,({/) and let

[{v: &)
secyw) N9l

Y

vl =

Theorem 5.1. There exists a unique solution in C g, 14 ([0, 00)) to the mean-field equations.
In particular, if (v}, t > 0) and (v}, t > 0) are two mean-field solutions starting at initial

measures vy € Mq(U), v3 € M1(U), respectively, then
v = 1 < g = o BN, (12)

The proof is given in Appendix C.
We now show the convergence of the sequence of the processes (772, ¢ > 0). For this, we

first assume:

Assumption 5.1. The sequence of the initial random measures {7} } satisfy
(o » (79, T)) = (9, (9, 7)), (13)

where ¥ € M (U) is a probability measure that possesses a density (w.r.t. Lebesgue measure)

and (¥, T) < oo.

Theorem 5.2. If the sequence of random measures {ﬁév } satisfies the Assumption 5.1, then
mN,t > 0) = (m;,t > 0), where (1,,t > 0) is the unique solution to the equation (9) with

the initial point 9. The process (7],,t > 0) is referred to as the mean-field limit.
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The proof is given in Section 6.

Remark 5.2. For any time ¢, a consequence of Theorem 5.2 is that as N — oo, any finite set
of servers are independent of each other. Furthermore, as N — oo, 7, indicates the probability
law of a server’s state at time ¢ and the arrival process to a server is a Poisson process with
rate \®,,(7,) when there are n (n > 0) progressing jobs. The proof follows from the same

arguments as in the proof of the Proposition 2 of [35].

Lemma 5.2. For any time t, the measure 7, has a density function w.r.t. Lebesgue measure

for almost all u,, € U, n > 1.

The proof is given in Appendix F.

For any subset B € B(U), once (7¥,t > 0) = (7,,t > 0), since 7, is absolutely
continuous w.r.t. Lebesgue measure for every ¢ > 0, the continuous mapping theorem implies
that (77", I{gy),t > 0) = ({7, I{p}y),t > 0). This shows that for large N, we can

approximate @i\[,I{B}) by (M, I(B})-
5.3. Stationary regime:

We now discuss the stationary behavior of the mean field.

We first demonstrate an analogy between the MFEs of the considered multi-server Erlang
loss system under the SQ(d) routing policy and the dynamics of an another single server Erlang
loss system with state-dependent arrivals. We then exploit this analogy to prove the uniqueness
of the fixed-point of the mean-field and its insensitivity. We first recall the dynamics of the
probability measure of the server state of a single server Erlang loss system with capacity C,
where jobs arrive according to a Poisson process with pre-specified state-dependent arrival

rates.

Consider a single server system with capacity C' where jobs arrive according to a Poisson
process at rate «,, when there are n progressing jobs in the system. The service times are
generally distributed as stated in the system model of Secion 2. Let {*""#'®) be the probability

measure of the server state at time ¢ defined on U. For ¢ € C}(U), it can be verified that the
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Kolmogorov equations are given by,

. v t )
<Vt(smgle)7¢> _ <V(()azngle)’¢> +/ <V‘gsmgle)’vl¢> ds
s=0

_ /St_o (;;//MW B(x;) ($(x57) — p(xn)) A1) (x,,)
+ | (o940 (001.0) - 010)) + Cg_:i [] o

X (O(x7;0) — d(x,,)) dpf*im9te) (xn)} ) ds. (14)

On comparing the mean-field equation (9) with the Kolomogorov equation of a single-
server system given by (14), it is clear that both the dynamics are similar except that «,, in
equation (14) is replaced by A®,,(7j,) when the probability measure of the server state is 7, at
time s. Equation (9) only differs from the equation with a, in that the arrival rates depend on
7,. This is an example of a non-linear Markov process which means that the generator of the
Markov process at time ¢ depends on the current distribution 77, of the Markov process [27]
while in equation (14) for fixed (;,0 < ¢ < C) denotes a Markov process whose generator
does not depend on the current distribution.

We now study the fixed-point of the mean-field. Let P;(0) be equal to v;({0}) and let
pt(x;,) be the probability density of 4 w.r.t. Lebesgue measure at x,,. We obtain the differ-

ential equations satisfied by the process (P, ¢t > 0) with P, = (P;(u), u € U) where

Y1 YUn
Pt<yn>=/ O/ i) day - da, (15)
1= Ly =

Here, from Remark 5.2, since 7, is the distribution of a server’s state as N — oo, it implies
that P;(y,,) is the probability that a server has n jobs and the i job’s age is at most 7; for
1 <i<nasN — oco. Also, since ﬁiv() = 7)(+), for a large value of N, the fraction of

servers with n jobs and the i™ job’s age is at most y; for 1 < i < n can be approximated by

Pi(yn)-

Lemma 5.3. The process (P;,t > 0) satisfies

C”ZEO) = / :5@) (W) dy — A®o(P,) P,(0), (16)
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for1<n<C-1,

dPi(yn)  ~=0P(y,) = [ NCEN.
DY oy T2~ | _ Bs) or, dz;
=1 Y j=1"%; 0 J

- aPt(Yn X )
-3 [ e (P e

n ®,_1(P .

j=1

and forn = C,

dPt Yn _ OP(yn) Py, j) .
Z dy; ;/ < O o

(Rn(P)=RL, | (P)) c . .
(PR ya(Py @nd Bu(P) = 32055 im0 Py (7,0, ).

where ®,,(P;) =
The proof is given in Appendix E.

Remark 5.3. Specializing the results to the exponential case with mean i, B(z) = u, and
denoting Q¢(n) = limy_o, Pi(n,b, -+ ,b), it can be verified that the process (Q¢,t > 0) =
(Q¢(n),0 <n < C,t > 0) is the unique solution of the mean-field equations given in [35] for

the case of the exponential distributions with rate p = 1.

We next state the the principal result on the insensitivity of the fixed point of the MFEs.

The proof is given in Section 7.
Theorem 5.3. The process (P;,t > 0) = (Py(u),u € U,t > 0) has a unique fixed-point
givenby ™ = (n(y),y € U) where

m(yn) = W(e“’)u”H/ G(z;) dx; (19)

x; =0

and w(e%P) = (w(emp) 0 < n < C) denotes the unique fixed-point of the mean-field when

the service times are exponentially distributed with the mean ﬁ and W(wp )

is the stationary
probability that there are n jobs in the limiting system. Further, since fz:O G(z)dr = %L, the

fixed-point of the mean-field is insensitive, i.c.,

lim 7(n,b,--- ,b) = n&*P), (20)

b—o0
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6. Convergence of the normalized processes: proof of Theorem 5.2

By using the results on the construction a martingale in Appendix D, we now show that the
normalized process (72", ¢ > 0) converges to the mean-field limit.

Let (?iv, t > 0) be the right continuous filtration associated with the process (71, ¢ > 0).
Note that we have (7Y,t > 0) € D My ([0,00)). We first show that the sequence of
processes (7", > 0) is relatively compact and we then prove that every limit point (¢, ¢ > 0)
almost surely has continuous sample paths with respect to ¢ and coincide with the unique
mean-field solution with the initial point v}. For every limit point (x,¢ > 0), xo almost surely
coincides with the measure ) from the Assumption 5.1. Further, we have that the mean-field
solution is unique for the given initial measure. Hence, we conclude that for all the limit
points, almost surely sample paths coincide with the unique mean-field solution (77,,¢ > 0)
with the initial point . The process (7j,, t > 0) is referred to as the mean-field limit. Therefore
(N, t > 0) converges in distribution to the mean-field limit.

For ¢ € C}(U), from Proposition D.1, the process (Mﬁv((b), t > 0) defined as follows is a

RCLL square integrable .Tiv —martingale

N B B t B t C n
30 = @ o) - @0 - [ @ viods— [ (;g//m)
< (0x?) — 6xa)) a7 )
C—1n+1
+ o) 0.0 o)+ X3 [ [ s

X /\‘I’n(ﬁf)w(%; 0) — ¢(xn)) dﬁiv(xn)} ) ds. (21)

‘We further have
t C n
<T(6) 2= [ /. (Z S [ 2w 009 o))" e
; [nﬁ ({01)A2o(Y) (6(1,0) — 6(0))?
C—1n+1 1 3 ; )
+ ; ;//u D A 004 0) — 606,) dﬁiv(xn)DdS]- 22)

Since the space Dy, (11)([0, 00)) endowed with the Skorohod topology is complete and

separable, by using the Prohorov’s theorem [4], establishing the relative compactness of the
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sequence of the processes {(ﬁ,{v ,t > 0)} is equivalent to proving the tightness of the processes

{@N,t > 0)}. From Theorem 4.6 of [21], Jakubowski’s criteria that we recall below can be

used to establish the relative compactness of the sequence of the processes { (7, ¢ > 0)}.
Jakubowski’s criteria: A sequence of { X} of Dy, 1) ([0, 00))— valued random elements

defined on (2, F, P) is tight if and only if the following two conditions are satisfied:
J1: Foreach T > 0 and > 0, there exists a compact set Ky , C M (U) such that
1}5nj£ofp(xgv €K, Vt€[0,T]) >1—7. (23)
This condition is called the compact-containment condition.

J2: There exists a family Q of real valued continuous functions F' defined on M, (i) that
separates points in M (/) and is closed under addition such that for every F' € Q, the
sequence {(F(X}N),t > 0)} is tight in Dg ([0, 0)).

To prove the condition J2, we define a class of functions Q as follows:
Q2 {F:3f € C}(U) such that F(v) = (v, f), Vv € My (U)}. (24)

Clearly every function F' € Q is continuous w.r.t. the weak topology on M (I/) and further
the class of functions Q separates points in M (i) and also closed under addition. We next
recall the following result (From Theorem C.9, [38]) to prove the condition J2.

Tightness in Dr([0,T]): If S = Dg([0,T]) and {P,,} is a sequence of probability distribu-

tions on S, then {P,, } is tight if for any € > 0,

C1: There exists b > 0 such that
P (|X(0)] > b) < e (25)

foralln € Z,.
C2: For any v > 0, there exists p > 0 such that
P,(wx(p) >v) <e (26)
for n sufficiently large, where
wx (p) =sup{|X(t) — X(s)| : s,t <T,|s —t| < p} 27

and any limiting point P’ satisfies P(Cg([0,77])) = 1.
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We first establish the relative compactness of the sequence {(77\¥,¢ > 0)}. For this, we
next prove the conditions C1 and C2 that are sufficient to prove the relative compactness of
the sequence {((’, ¢),t > 0)} for ¢ € C}(U) in Dg([0,00)). Forany T > 0, t € [0,7],
we have (7V, ¢) < ||¢||1 (7, 1) and since (7)Y, 1) = 1, the condition C1 is trivially satisfied
with b = ||¢||1.

We next prove that the condition C2 holds. For ¢ > 0, by using equation (22) and the
Doob’s inequality [13, page 63], we have

P (sup M'(9)| 2 e> < SE[<MV() >r

t<T

1
2
< ATI¢lI" 5 (181 + dA)

and hence, P (SUPth ‘Mﬁv (qb)‘ > e) — 0 as N — oo. Therefore the sequence of processes
{(Miv (¢),t > 0)} converges in distribution to the null process from the standard convergence
criterion in Dg([0,T]). Further, the sequence of processes {(Mﬁv (¢),t > 0)} is tight in

Dr([0,T]) and hence, there exists p’ > 0 and N’ > 0 such that for all N > N’, we have

> ”) <3 (28)

P sup >
w ST Ju—v|<p/ 2

For any u < v < T, from equation (21), we have

(70 0) — (T, &) S/, |72, V)| ds + 2] BIIg]C [u — o] +2[[ @l A [u — o]

+ |31 (0) -3 9)] . @9

Further, we can write

@ 8) — @Y 0| < Jv—ul Cllglla (1 + 28 +2dX) + |3 (¢) = B, (9)] . (30)

Therefore by using equations (28) and (30), there exists p > 0 and N7 > 0 such that for N >
Ny, we have P (SUPu,ng,|u—u|§p (@Y, o) — @, ¢)| > ’y) < . This proves the condition
C2. Since the conditions C1 and C2 hold, the condition J2 also holds.

We next prove the compact containment condition J1. Let (1;(t), 241 (t) . . . , i, (1) (£)) be
the state of the i™ server at time ¢ where z;;(¢) denotes the age of the j job at the i™ server.
Clearly, we have (7}, Z) = + Zil\il,n,;(t)>0(xi1(t) T+ T, ) (1))

We can classify the progressing jobs into two classes. The jobs that are in service from the

beginning (t = 0) form the first class and the second class of jobs are the ones that entered
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the system in the interval (0,¢]. At a server, the number of progressing jobs that belong to
each class are upper bounded by C. Let Y; be a random variable representing the age of a job
belonging to the second class that is in progress at time ¢, and Y be a random variable with job

length distribution G, then for any b > 0, we have
P(Y; > b) < P(Y > b). 31

Therefore, using equation (31), since each server has capacity C, for any time ¢t > 0, we can

write

1 N
B, T) 2 b) SP<<TI(I)VvI>+Ct+N;(Yn+.-.+EC) 2b>, (32)

where (Y;;,1 <i < N,1 < j < C) arei.i.d random variables with distribution G. Further, by
weak law of large numbers, we have ﬁ Zi\il()/il +...4+Y0)= % as N — oo. Therefore,

by choosing Zp = 2(9,7) + 2CT + % we have

]P’( sup (7N, T) > ZT> -0 (33)
t€[0,7)

as N — oo. Let us define L7 £ {¢ € My(U): (¢,T) < Zr}. Since ((,I) < Zr for
C€Lr,let B=1U U (Up>1{(n,y1, -+ ,yn) : 0 < y; <r,1<i<n})and B be the
compliment of B, then we have ((B) < ZTT Hence, lim, o supyc .. ((B) = 0. Therefore
from Lemma A7.5 of [23], L7 is relatively compact in M (/). Further, from equation (33),
we have liminf y_, o P(Y € Lp,Vt € [0,T]) > 1 — 7. Let Kz be the closure of Lr, then
we have a compact set Kt such that liminfy_,o P(7 € Kp,Vt € [0,T]) > 1 — ~ for all
0<y <1

This establishes the condition J1 and hence the proof of the tightness of the sequence of

processes (77¥, ¢ > 0) is completed.

Let (¢, t > 0) be a limit of a converging subsequence {(ﬁiv ¥t > 0)}. From the condition
C2, x; is continuous in t , P, — a.s., where P, is the probability law of (x;,t > 0).
Furthermore from [22, Theorem 1.7] for f € Cy(U),v € M;(U), it follows that for any
T > 0, we have (11,0 < ¢t < T) — ({1, f),0 <t < T) is continuous in the Skorohod

topology. Then since the martingale (Miv 'k (¢),t > 0) converges to the null process, by the
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continuous mapping theorem, we conclude

(s 8) = (o 6) + //O<x57v1¢> s

C

JL(S S [ et i
C—1n+1 1
+ {(xs({o})mo(xs) (6(1,0) — ¢(0))) + n; ; / . /u ey

X A‘I)TL(XS)(QS(X"ZL; 0) — ¢(xn)) dxs (xn):| ) ds. (34)

From the Assumption 5.1, xo = ¥ almost surely and hence the sample paths coincide almost
surely with the unique mean-field solution with the initial point ¥). This argument holds for
every limit point, and hence, the sample paths of every limit point are almost surely the same

as the deterministic mean-field solution with the initial point ). This completes the proof.

7. Insensitivity: proof of Theorem 5.3

We now show that 7w = (w(u),u € U) is the unique fixed-point of the mean-field. From
[35], we first recall that under the assumption of exponential service time distributions, there
exists a unique probability measure of occupancy 7 (¢7P) = (7{**”) 0 < n < C') on {0,1,---,C}

to the stationary MFEs given below,

Meap) (qlexp)yzleap) — (5 4 1)#”511?)’ (33)

n

where

(S ™) = (T m )
(5™ ™) = (i 7™

Let 6 = (f(u),u € U) be a fixed-point of the MFEs of the process (P;,¢ > 0) under

Agf“’) (ﬂ.(ewp)) - (36)

general service time distributions. Using 6, let the corresponding probability measure of
occupancy be I' = (I',,,0 < n < () defined such that I, = lim;_,o #(n,b,--- ,b)) and
Ty = 6(0). We now show that

n AT
(Hil zl‘u ) n Yi
0y = ——————L [[ [ Gl s, @)
T+ <Hi_1 i ) =
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and
1
60) = c m ATy
1 + Zm:l Hi:l [

Then it implies that I" also satisfies equations (35)-(36), and hence I' = r(ezp) concluding the

(38)

insensitivity of the fixed-point. Furthermore, we have that 0(y,,) = 7\ i T, i;o G(z;) dx;
concluding the uniqueness of the fixed-point of the mean-field under general service time
distributions.

To complete the proof, it remains to show the validity of equations (37)-(38). We now
recall the stationary distribution 7r(s9'¢) — (z(single)(u), u € U) of a single server loss
system with state-dependent Poisson arrival process with rate o, (0 < n < C') when there are
n progressing jobs and the service time distributions are as in the system model of Section 2.
Then from [9], the stationary probability that the server has n progressing jobs and the i job
has age at most y; (1 < ¢ < n) is given by

nooooi—1 n )
gt (y, ) = @ . )a, wT1 [ G do (39)
[ DD (Hi:l Zpl> i=17%i=0

and
1

C moooi1)
1+Zm:1 (Hi:l [ )

For the given fixed-point @ of the mean-field and its corresponding occupancy probability

7_‘_(single) (0) _

(40)

measure I', consider a single server system under the assumption of a Poisson arrival process
with state-dependent rate )\%emp ) (T") (0 < n < C) when there are n progressing jobs. Then the
unique stationary distribution is given by equations (39)-(40) with a, replaced by A& (T)
for all 0 < n < C. But from equations (9), (14), and Lemma 5.3, since R,,(0) = chzn r,,
we have that € is also an another stationary distribution for the single server system with
state dependent Poisson arrival process having rates Alezp) (T) forall 0 < n < C. Since

the stationary distribution must be unique, equations (37)-(38) must hold. This completes the

proof.

8. Numerical results

Showing that the fixed-point of the mean-field approximates the stationary distribution of

the system with large IV, remains an open problem. If one can establish that the equilibrium
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or fixed-point of the MFEs is globally asymptotically stable (GAS), then the conclusion of
the interchange of limits would follow from the Prohorov’s theorem [4]. Proving that the
equilibrium point of the MFEs is GAS is a challenging problem because the joint distribution
of the occupancy and ages does not possess any monotonicity properties unlike the case of
exponential service time distributions [35]. In this section, we present numerical results on the
validity of the GAS of the mean-field for the case in which the service time distributions are
mixed-Erlang. In this case, the state of a server is also multi-dimensional and the mean-field
is also not monotonic unlike the exponential case. It is numerically easier to solve the MFEs
for the case of mixed-Erlang distributions as they are systems of ODEs unlike the case of
general service time distributions for which the MFEs are PDEs as we have shown. One more
reason for using mixed-Erlang distributions is that such distributions are dense in the set of all
distributions that have support on R, see [3]. Our numerical results show that the mean-field
is GAS for the case of mixed-Erlang service time distributions.

We consider the system parameters as follows: The capacity of a server is assumed to
be C = 5. The average job length is assumed to be equal to one, i.e. p = 1. The service
times have a Mixed-Erlang distribution given by sums of independent exponentially distributed
random variables (known as an Erlang distribution) where the number of exponential phases
(or independent random exponentials) is equal to ¢ € {1,2, ..., M} with probability p; such

that Zf\il p; = 1. Each exponential phase is assumed to have rate y1,,. Therefore, we have,

1 _ Zz]\il ipi

H Hp

We choose M = 3, p; = .3,p2 = 0.3,p3 = 0.4.

Under mixed-Erlang service time distribution assumptions, let S’ be the set of all possible
server states defined as S = US_S,, where So = {(0)}and S,, = {(n,7r1,...,7) : 1 <1 <
M,1 < i < n}. We refer to an element in the set S by r and an element in the set .S,, by r,.
The system dynamics can be modeled as a Markov process xV (t) = (z2 (¢),r € S) where
2 (t) denotes the fraction of servers with n jobs such that 7 job has r; remaining phases at
time ¢. Since the Markov process (x¥(¢),¢ > 0) is defined on a finite dimensional space, we
can establish the mean-field limit x(¢) = (z,(¢),r € S) by using the same procedure as that of

the exponential service times case in [35]. Hence we recall the following result without proof

from [44].
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Proposition 8.1. If xV(0) converges in distribution to a state u, then the process x (-)
converges in distribution to a deterministic process X(-,u) as N — oo called the mean-field.

The process x(-,u) is the unique solution of the following system of differential equations.

x(0,u) = u, (41)

Iy, (t,0) = hy (x(t, 1)), (42)

and h = (hy,r € S) with the mapping h,.,, given by

n

Pr
e, (%) = ) (ﬁ) Tz Mt (%) = 22, AN () ey
b=1

+
—

n

n
+ MPI{”<C}$("%§1) + Z ,U/p.’)?(nyrl’“. To—1,TF 1o 1,0 Tn) NpZLr,, , (43)
=1 b=1

o

where
A < ’ < '
A;ME)(U) -~ Zzubl — Z Zubi . (44)
(Zrn U, ) i=n by i=n+1 b,

In Figure 1, we plot d%,(x(¢,u), ) as a function of ¢ where d is the euclidean distance

defined by
dg(u,v) = Z luy — v
les

It is observed that for d = 2, A = 1, and for four different initial points u;, us, us, and
uy, the mean-field x(¢, u) for mixed-Erlang service time distribution converges to its unique
fixed-point 7. Note that the computed 7 depends on the chosen value of d. This supports that
7 is globally stable.

We conclude with some numerical results for the blocking probability of the above system
showing closeness to the theoretical lower bound. Under asymptotic independence any finite
set of servers are independent and the fixed-point of the mean-field implies that the fixed point
is the stationary distribution of the state of a server. The average blocking probability is then
given by 7,(C)? where 7, (C) = limp_,oo 7(C, b, - - -, b). Let us recall the lower bound on the
average blocking probability, denoted by Py’ for any routing scheme shown in [36]. From
the Little’s law, the average number of customers in the system is equal to (1 — P9, JN X

which is upper bounded by NC'. Hence,

v C
Pyodi > (1 - )\) ;
+
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Global Asymptotic Stability
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FIGURE 1: Convergence of mean-field to the fixed-point
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where (z); = max (z,0). In Figure 2, we plot the lower bound (1 — <) . and the average

blocking probability under the SQ(d) routing, and the state-independent random routing where

a destination server is chosen uniformly at random, as a function of A. It is clear that the

resulting average blocking probability under the SQ(d) policy is much lower than the resulting

average blocking probability when pure random routing is employed. Furthermore, the average

blocking probability under the SQ(d) routing approaches the lower bound as d increases.

9. Concluding Remarks

In this paper we have provided a measure-valued process approach to establish the mean-

field behavior of loss systems with SQ(d) routing and general service time requirements. The

extension of these results to multi-class systems where servers are classified into different

classes based on their capacities and jobs are classified into different classes based on their
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FIGURE 2: Comparison of the average blocking probability under SQ(d) with lower bound.

service requirements follow in a similar manner mutatis mutandis from the approach used
here. Establishing the global asymptotic stability of the unique fixed point remains an open

problem.

Appendix A. Properties of Markov process and its semigroup

In this section, we compute the semigroup of the Markov process (n{¥,* > 0) and we then
show that the Markov process (7Y, ¢ > 0) is a Feller process.

Let Ay, be the number of arrivals in the interval [0, h]. Similarly, given the initial state 73’ ,
let Dy, be the number of departures that occur in the interval [0, h]. Note that a job with age

x at time ¢ departs from the system in the interval [¢, ¢ + h] with the probability %ﬂ;g(m)

Further, from the definition of the hazard rate, we have that limj,_,o %% = B(x)

and hence

= B(x)h + o(h). 45)
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Let 7} be the filtration:

ftN = ﬁ6>00({n£} cs <t+e}). (46)

We now define
TN f(v) =E [f(ni)nd = v]

where f is a continuous bounded function f : Mpg(U) — R and the operator T} is a
semigroup operator when (n{¥,¢ > 0) is a Markov process. Before computing the expression
for TN f(v), we first introduce the following notation. Suppose the measure 7)Y = v has
mass at n atoms and let the i atom be v(9) = (n;, vgl), e 71)7(,?) for 1 < ¢ < m and let the
number of servers with the state v(*) be denoted by v({v(")}) = a(¥). If a server lies in the state
b, = (n,b1,...,b,) at time ¢, let the probability that there is no departure at in the interval
[t,t 4+ h] be denoted by pxp(by,, k). We then have

‘7 G(bi +h
p(ba ) = [[ “2 . “7)

Note that using equation (45), we can write

n

pnp(bn, h) = H )+ o(h). (48)

Jj=1

Lemma A.1. Let f be a real valued continuous bounded function defined on M p(U). Then

the process (n¥,t > 0) is a weak-homogeneous M (U)-valued Markov process with semi-
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group operator TN (+) given by

m

TNy =0 =N [ [ (ewvo 9, m)*" | f(mav)

j=1,n;>0

()
+(1— NAR) Z ZaU)( +h)j))G(”’" )>

j=1n;>0r=1 G(UT

nj 7(0,() j - v
| 10 (M> TSR I | N

(4)
w=1,w#r G(Uw ) i=1,n;>0,i#j

x f(thv +0 (rFvy—r) ~ 5(T,jv(i>))

h 1 m n;+1

il (4)

—l—(Nx\h/ . Zznl—{—l (Tev 1 vY)
=1 j=1

e o) —=
X Iin;<cr f (ThV + 5((T;v(i>)j;h_m) - 5(7;\,@))) H (pND(V(k)a h)* G(h—x)
k=1,n;,>0
i (k)
+(n—cy f(rhy) H (pnp (v h))® dz +e(v,h), (49)

k=1,n3,>0

where e(v, h) is a o(h) term for all v. Moreover, the process (n¥,t > 0) is a Feller-Dynkin

process.

Proof. We can write

TN f(v)=E f(m]f)l{Ah:o,Dh:o}lnév =v|+E

f(ni]y)I{Ah:O,thl}M(])V = V}

+ > E|f(

i>1,5>1

+E f(n}]zv)I{Ah:LDh:O}M(J)V =v

nij)I{Ah—i,Dh_j}|77(])V=V]~ (50)

We first simplify the first term on the right side of equation (50). In this case, since there

are no arrivals or departures, we have n,]LV = T,v. As a consequence, we have

E

SO Ia,=o,pp=0y 0 = V} = f(m)P ({Ar =0,Dy =0} =v). (5D
Further, we can write
P (({An = 0,Dp, = 0})|ng’ = v) =P ({An = 0}|ng’ = v) P(({Dn = 0})[Ap, = 0,75 = v).

Since the arrival process is a Poisson process with rate N\ and hence, it is independent of the

state v. Therefore, we have P ({A), = 0}[n)’ = v) = P({4; = 0}) = e~ (¥ ) _On the other
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hand, the number of departures Dy, is influenced by the number of arrivals Aj;. Hence we
need to compute the expression of P (({ Dy, = j})|An = i,n) = v) that gives the probability
that there are j departures in the interval [0, h] conditioned on the event that there are 4 arrivals
in the interval [0, h]. As it is known, if the arrival process is a Poisson process, conditioned on
the number of arrivals Ay, the arrival instants are random variables with uniform distribution

in the interval [0, 2] [39, p. 325]. It can be seen that

m

P (({Dy, = 0})|Ap = 0,n) =v) = H (pnp (v, Ry
j=1,n;>0
We can write
i ; e
E f(ni]y)I{Ah:O,Dh,:O}‘n(])V =v| =(1-NAn) H (pND(V(])a h)) f(mny)
j=1,n;>0
+ El(Va h)a
where
— — 7 (4) )
a(r,h) = (P{A,=0}) —(1=NAn) [ (exp9,0)*" fav)
j=1,n;>0

is a o(h) term for all v.

Similarly, we can write the second term of the right side of equation (50) as

)
Elf(nﬁ)I{Ah_o,Dh_l}néV =u} = (1-NAh) Z Zau)( +h)<J))G(vr ))

j=1,m;>0r=1 G(vr

nj é (4) +h ] WO m ; e
X H <((j)) (pND(V(j)ah))( ?- H (pND(V()ah)) v

w=1,w#r G(viy’) i=1,n;>0,i#]

X flmhv + 5((,,_:;‘,(;'))4) - 5(73\,(1'))) + €2(v, h),

where we use 7 to denote the index of the departing job at a server with the state v() and
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€2(v, h) is a o(h) term for all v given by

e2(v,h) = (P({An = 0}) — (1 — NAh)) Z Z ()

j=1,n;>0r=1

() peTne) n; €0 _ ;
x(em +h>(j))G<r>> 1 (G( +h>> (b o (v, ) =D

G(UT w=1,w#r G(vg))
m ) (0
X H (PND(V(Z), h))* [y + 5((73\,(]‘))71») - 6(7;\,(1')))-
i=1,n;>0,i#j

We next compute the third term on the right side of equation (50). We can write

Elf(miv M {a,=1,0,—0}m = v] = (P({A, = 1}))

h 1 m n;+1 1
— - (4) _
XA:O h ; Jzz:l n; + lpr Tel - T v ) |:I{n <C}f(7_h1/+5 (7, v(’))J h—x) 6(7-:\/(71)))
s o) = i o)
X H (PND(V(k)»h)) ' G(h—z)+ I{ni—C}f(ThV> H (pND(V(k)a h)) ' dz,
k=1,n;>0 k=1,n;>0

where the arrival instant = is chosen uniformly in [0, k] given A;, = 1, ¢ denotes the index of
the atom corresponding to the state of the destination server and j is the position of the routed

job at the destination server chosen uniformly at random from n; + 1 positions. Further, we

write
r h 1 m n;+1
E| f(i ) {a,=1, D=0} 1) = V] = (N)\h)/ R Z o pr v T v(®)
L = i=1 j=1
e B =
X | Itn,<cy f <Thl/ + 0((r v )ish—a) ~ 5(7;\,@))) II Gxo™® ) Gh—2)
k=1,n;>0

m

+I{m_0}f<rhu) [T exoG®, 0"

k=1,n,>0

® dx + e3(v, h),
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where
h 1 m ni+1 1 4
es(v,h) = (P({A, = 1}) = NAR) / w1220 2 e V)
z=0 i=1 j=1
s 0=
I{ni<0}f(7hy+6((Th+"“))-";h—w)_5(riv(i>)) H (pnp (v, 1) G(h — )
| k=1,m1>0
H{""’_C}f(w> I vo®,m)* | | de.
k=1,n,>0

We now show that e3(v, h) is a o(h) term for all v. For this, we apply the method of change of

variables by replacing x with hy. As a consequence, we have

m n;+1

es(v,h) = (P{A, =1}) — N/\h)h/:()% SN ﬁpr(ﬂwy it v()

i=1 j=1

m

Ini<cyf (Th””((ﬁvw;hhy)5<T;v<f>)> [T @voe™.m)

k=1,n>0

o=

G(h — hy)

m a(k)
=y f (Thl/> H (pND(v(k), h)) dy.
k=1,n3>0
By using the dominated convergence theorem, we have limy,_,¢ w =0 for all v.

Finally, by using the fact that f is a bounded function, we now prove that the fourth term
on the right side of equation (50) is a o(h) term denoted by e4(v, k). Since f € C,(MF (U)),
it is enough to prove that -, ;5 P({An =4, D), = jHndY = v)is a o(h) term. In this
direction, we specify that (2122,3‘21 P({A}, =1i,Dy = j}nd¥ = 1/)) < P({A > 2}). Since
P({An > 2} isao(h) term, we have that 3~ ;5 P({Ar =i, Dy = iy =v)isao(h)
term for all v. We now show that 3., P({A4, = 1,D) = jHnd =v)isao(h) term. We

can write

(Y _P({An =1,Dp = j}nj’ = v)) = P({An = 1}ng = v) = P({An = 1, Dy = O}y’ =v)

Jj=1

=P({Ay = 1})(1 = P({Dy = 0}|An = Ly’ =1)).

Again, by using the method of change of variables and the dominated convergence theorem as

in the proof of the result that e3(v, h) is a o(h) term, we get that limy,_,o P({D}, = 0}|Ap =
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1,n)" = v) = 1forall v. Since limj_,o w = N, we have that (Ejzl P({An, =1,D), = j}nd¥ = V))
is a o(h) term for all v. Therefore, €4(v, h) is a o(h) term for all v.
By combining the expressions for all the four terms on the right side of equation (50), and
by defining €(v,h) = €1(v,h) + ea(v,h) + es(v, h) + e4(v, h), we get the expression for
TN f(v) as in equation (49). Finally, from [10, p.18], (¥, > 0) is a weak homogeneous
Markov process.
Finally, the proof of Feller-Dynkin property follows mutatis mutandis from the proof of
Proposition 1 of [12]. U

Appendix B. Proof of Lemma 5.1

Proof. We first show that any process (v4,t > 0) that satisfies equation (9) also satisfies
equation (10). By using the fundamental theorem of calculus, for ¢ € C}(U), a real valued
process ({vy, ¢),t > 0) satisfying equation (9) is a solution to the following differential

equation (52) if the integrand in equation (9) is a continuous function of s,

d<”t7¢> _ AL —j
0, V1) + (;Z [ Bt (o) = o)) dontx)
C—1n+1
+ oD@ (6010 0 0) + 3 [ [ s

X Ay (1) (6(x7,;0) — qﬁ(xn))dw(xn)D. (52)

Therefore we need to show that the two terms on the right side of equation (52) are continuous
functions of t. Since ¢ € C} (U) and the mapping ¢ — v, is continuous, the first term (v, V1)
is a continuous function of ¢. In the second term, the expression related to the case of departures

can be written as

where the function ), is defined as

0 if n =20,

>y B(a)((6(x,7) — d(xn))  otherwise.

11)1 (Xn) -
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Since ¢ € C}(U) and B € C} (R, ), we have that ¢); € Cp,(U). Therefore the mapping
t — (v, 1) is continuous. The expression that corresponds to the case of arrivals can be

written as

(vt Ywny) = ({0 AP0 (1) (¢(1,0) — $(0)))

C—1n+1

1 ;
Yy / - / D) B (0065 0) = 60k0)) v (x)
n=1 j=1 Un
where 1)(,,,) is defined as
0 ifn=0C,
w(ut) (Xn) = & 1 ] (53)
(;gy S ((x:0) — p(x,))  otherwise.

For given vy, since ¢ € Cyp(U), we have that ¢, € Cy(U). Hence for any constant a > 0, the
mapping t = (v¢,%,,)) is continuous.
We next prove that the mapping ¢ — (1,(,,)) is continuous, i.e., we need to prove that

<1/t+b,w(yt+b)> — <ut,¢(,,t)> as b — 0. We have

[Vttt Ywsn)) = Vo V)| S W Coesn)) — et Vo) |+ Vitos V) — e Yn) | -
(54)
Since 1(,,) € Cy(U), we have that lim;_o f(ut+b,1/1(yt)> — (u, ¢(ut)>| = 0. We next prove
that limy_,q ‘<Vt+b, V(rry) — w(yt)>| =0.
For L > 0, let

A ={xp €Up:n>12;> Lforall 1 <i<n}.

For given € > 0, since 14 is tight, we can find some L > 0 such that <l/t,I{U(L)}> < e
Furthermore, from the continuity of the mapping ¢ — 14, we can find some ~; > 0 such that
forall b € [— min (¢, k1), h1],

(Vitb, I{U(L)}> <e. (55)
By using the fact that the mapping t — R,,(v;) = (v, [ (e u; }> is continuous, we next show
that the mapping ¢ + 1) is continuous. For this, we need to show that ||,y — Y@, |l —

0 as b — 0. From equation (53), we have

[P = Poll < 2M ¢l max([@n (viys) = Prya(v1)])

< 4d\ ¢l max(| Ry (ve43) — B (12)])- (56)
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Since | Ry, (Vi45) — Ry (v1)| — 0as b — 0 for all n, [|¢,,,,) — ¥, || — 0. This proves that
the mapping ¢ +— ?(,,) is continuous. As a consequence, we have that ¢, ,) is uniformly
continuous on the interval b € [— min (¢, k1), h1] and u € T (the complement of U(%)),
As a result, there exists some ha € (0, hy) such that for b € [— min(¢, ha), he], u € U(L), we

have
V() (W) = P (W)] < . (57)

Using equations (55)-(57), for b € [— min(t, ha), ha], we have

[ty ~ V)| € s Igpay) +4dNl0lle < e+ ddAolle. ()

By letting b — 0 and then ¢ — 0 in equation (54), we have the continuity of the mapping
t = (Ve )
We next show that a solution of equation (52) is also a solution to another differential

equation obtained by applying a method of change of variables. For r < ¢, we have

d(Vr, Tt r ) — lim Ve, Tt—r—n®) — Ve, Tt @)
dr - h—0 h
— Iim (<Vr+h77't—r—h¢> - <Vr+ha7_t—r¢>) + lim (<Vr+ha7_t—r¢> - <Vr;7—t—r¢>)
h—0 h h—0 h

(39)

We now look at the first term on the right side of equation (59). We can write

<Vr+ha7-t—r—h¢> - <Vr+h77't—r¢> = (Vr+hﬂb>7

where w0 is defined such that w(y,) = Tt—r—nP(¥n) — Tt—r®(yn). We further simplify the

function w by using the following definition, let

oy, 75y +h) — dyn)
88,‘ h—0 h

We can write

W(yn) = ¢(Tttr_h(yn))*qs((Tttr_h(yn))715 y1+t*7’)+¢((7’ttr_h(3%))71%leFt*T)*QS(Tttr(Yn))

Further, we have

+ + -1 N —1
(1 (yn ) =d((T,p (yn)) s n =) = —/ 2 (1L, (yn)) " i s1) dsi.
yi+t—r—h ds1
By replacing s1 with 1 +t —r — hv, we get
1
_ 0 _
o1 n ¥ =0l ) Syt=r) = —h [ 2L (ya)) syt —r—ho) do.

v=0 881
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Similarly, we can write

¢(n7y1+t_ra"'7yi—1+t_7ﬁ7yi+t_r_h7yi+1+t_T_ha"'7yn+t_r_h)

_¢(nayl+t_7"»"'7yi+t—7“7?}i+1+t_7"—h,"'7yn+t—7"—h>
1

0
=-h a¢ <n7 yl+t_7"7 e ayi—1+t—7"7 Z»/H‘t—?"—hv, yi+1+t_r_h7 o ,yn+t_T_h> dv.
v=0 USi

For1l <7 <mn,let

0

w(i,tﬂ’,h”v) (yn) = £(n’ y1+t_r7 Ty yi—1+t_r7 yH‘t—T—hUa Yi+1 +t_T_h7 Ty yn+t_7n_h)
K2

As a consequence, after simplifications, we have

n

1
w(yn) = _h/ OZ (w(i,t,r,h,v)(yn)) dv
v=U4=1

Let the function w(, . ;, .y € Cy (U) be defined as

" 0 ifn=0,
w(t,r,h,v)(yn) = . .
Zizl (w(i,t,r,h,v)(yn)) otherwise.

Now we can see that
(Ve T 0 ®) = Vrgn, T @) - !
’llli% r+h; r - r+hs T - _ }lllg% v:O<VT+h7 wzkt,r.,h,v)> dv.

Since h — (Vpyp, Wi, h’v)) is continuous, by the dominated convergence theorem, we have

}lli% (<Vr+h7 Tt—r—h¢>h_ <Vr+h7 Tt—r¢>) _ _<Vr, V1é> (60)

We now look at the second term on the right side of equation (59). We have

r+h a

<Vr+ha Tt7r¢> - <Vr7 Tt7r¢> = / %Ojua Tt7r¢> du

U=rT

By using equation (52), we have

r+h
Vrtn, Te—r®) — (Vr, Te—r ) = /: <<Vu»v17—tr¢>
C n
+ ;; / e Lﬂ B(x;) (Tt—r(b(xl;]) - Tt—r¢(xn)) dvy,(Xn)
C—1n+1 1
[N ) (-, 000.0) = (0D + 33 [ [ s

X A®,, (1) (Tt d(x25 0) — Tt b(X)) duu(xn)}> du.
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Again, by using change of variables, we have
1
<Vr+h77-t7r¢> - <VT7Tt7T¢> = h/ <Vr+hv7 vthfr(b)
v=0

C n ‘
+ <Z S [ [ e (rmsdl?) = iy bl) vl

n=1j=1 Un
C—1n+1
| 00N ) (s (1,0) = (0 + 33 oo [t

X )‘(bn(yr-&-hv)(Tt—rqﬁ(XgL; 0) = Tt—rP(Xn)) AVp s ho (Xn)}> dv.

As a result, by using the dominated convergence theorem, we have

lim Vr+h»7—t7r¢> - <Vr,7—t7r¢>

= <Vra vth—r¢>

h—0 h
C n ‘
+ (;;/ " B(x;) (Te—rd(x,7) = To—rd(x0)) dvr(xy,)
C—1n+1
+ [I/T({O})/\q)o(l/r) (1e—r9(1,0) — 74— ¢(0)) + Z Z / . /u @ _11_ 5

X )\(I)n(’/r)('rt—r(b(xzz; 0) - Tt—r¢(xn)) dVr(Xn):| ) (61)

Finally, by using equations (60) and (61), we have

C n
W = Z Z/ "/M71 ﬂ('Tj) (Tt_,«d)(X,;j) - Tt—r¢(X7L)) dVr(Xn)

n=1 j=1
C—-1n+1
+ [Vr({o}))\q)O(Vr) (thr(z)(la()) - thr(b(o)) + Z Z / o /I/{ (TL i 1)

X )\q)n(l/r)(Tt—rd)(X%; 0) - Tt—r¢(x71)) dVr (Xn):| .

d<V'r7Tt7'r¢>

By integrating .

with respect to r from 0 to ¢, we get equation (10) for ¢ € C}(U).
Then the result can be extended to the simple functions by using the monotone convergence
theorem and then to the class of functions Cy,(U/) from the standard arguments by using the
Dynkin m — )\ theorem [13, page 497].

We next prove that for ¢ € C} (), the solution ({7, ¢), ¢ > 0) of equation (10) is a solution
to equation (9). For this, it is enough to prove the differentiability of (77,,¢) with respect

to t. Since ¢ € C}(U), the existence of w follows from the dominated convergence
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theorem. By using the Leibniz integral rule, we verify the existence of the differentiation
of the second term on the right side of equation (10) with respect to ¢. According to this
rule, the first condition is that the integrand needs to be continuous with respect to both the
variables r and t. This follows from the same arguments that we have used to prove the
continuity of the integrand in equation (9). The second condition is that the differentiation of
the integrand with respect to ¢ must exist and the differential should be continuous with respect
to both r and ¢. The differential of the integrand with respect to ¢ exists from the dominated
convergence theorem since ¢ € C}(U) and also, it is continuous with respect to r and ¢ from
the same arguments that we have used to prove the continuity of the integrand in equation (9).
Therefore any process (v¢,t > 0) € Cay, w)([0,00)) is a solution to equation (9) if and only
if it is solution to equation (10). Further, note that ¢ need not be a differentiable function in

equation (10). O

Appendix C. Proof of Theorem 5.1

Proof. From equation (10), we first make it clear that for all ¢ € C,(Uf), the operator
¢ — (v, ¢) is a linear operator with v;(U) = 1. Hence from the Riesz-Markov-Kakutani
theorem [40, Theorem 2.14], for v, € M1(U), the existence of the unique operator ¢
(v, ¢) implies the existence of the unique probability measure v;. The uniqueness of v; also
follows from the fact that C, (U) is a separating class of M1 (U) [13, p.111],if 11,72 € My (U)
satisfies (v4, @) = (m1, @) and (v, ) = (12, @) for all ¢ € C,(U), then we have n; = 7.

Given an initial measure v, we next prove that there exists at most one mean-field solution
by showing that there exists at most one real valued process (14, ) corresponding to the mean-

field. Suppose (v},t > 0), (v2,t > 0) are two solutions to the mean-field equations with initial
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points 1§, 12, respectively. For ¢ € Cy(U), we then have

t C n
v =12 = (-2 Ty i) (Te—s x;j — Ti_sD(Xp,
(A2, 6) = (-3, ¢>+/S_O<ZZ/ |, 8 (resdlo) = ot

n=1j=1

x d(v}t — Vf)(xn)> ds

t 1 1 .
+/S <|:Z/S({O})>\(I)0(Vs)(Tt—s¢(1ao) 1—s$(0))

=0
C—-1n+1 1 ) i .
D3> [ | G e tlis0) ol o)
- [uﬁ({onmo(u?) (12 6(1,0) — 71—.0(0))
C—1n+1 1 ‘
— Z Z / - / mk%(l/f)(msdxi; 0) - thsqs(xn)) dl/g(xn):|>ds' (62)

The first term on the right side of equation (62) can be bounded as |<1/6 - 13, Tt¢>| <
llvé — 2|l #|l- To simplify the second term corresponding to departures, we define a function

ht s as follows:

0 ifn =0,
ht,s(xn) = '
Yopey Bl@p) (Ti—sd(x,7) — Ti—sp(x,,))  otherwise.

Then since ¢ € Cp(U) and 3 € Cp(R), we have hy s € Cp(U). Further, we have ||h s|| <
2C118||l¢||- Using the definition of h; s, we have

/:_0 (20: 2": / o /Mn Blx;) (Tt—s¢(X;j) - Tt_s¢(xn)> d(vt —v?)(x,)ds

n=1j=1

t
:/ (1/51 fl/f,ht75>ds.

=0

To simplify the third term corresponding to arrivals, we define a function f; s ,, as follows: for

0<n<C-1,

0 ifn=20C,
ft,s,u(xn) -

Z;Lill (n_l;'_l) ‘I’n(V)(Tt—sMX%; 0) — 7¢—s¢(xn)) otherwise.
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Then the third term is equal to fst:() A ((Wh, frswr) — (U2, fis2)) ds. Further, we can write

{(Vivft,s,u§> - <V§7.ft,s,u§>| < }<V1 - Vfaft,s,v§>‘ + |<V§aft,s,1/§ - ft,s,y§>

< ”V51 - Va2'||||ft,s,l/§ + ”Vz‘HHft,s,ubl. - ft,s,l/:‘;

2

Since v

is a probability measure, ||2|| = 1. Furthermore,

frswill < 2d|||| and

| Fesswr (%n) = frisn2(xn)| < 28(|6I] (|Rn(vs) = Ra(W2)] + [Rusa(vy) = Rusa (v2)]) -

We can write R,,(v}) = (v}, f*) where f* is a function defined as

. 1 ifm >n,
[ (xm) =
0 otherwise.
We then have |R,,(v§) — Rn(v2)] < |lvd — V2|l f*]| = |[vi = 2|

Finally, by using bounds for all the terms, we get

t t
0d =20l < (16 =8+ [ 2101wt = 2las + [ saad =2l as) ol
s= s§=

Therefore we have
t
vy = v2ll < llvg — 151l + 2C18] + Sdzk)/ lvg —vZ| ds. (63)
s=0

From the Gronewall’s inequality, for some b, ¢ > 0, ¢ € [0, 77, if ||} — v} < b+c f;zo vl —v2||ds,
then it follows that ||} — v2|| < bect. Therefore, from equation (63), we have ||} — 2| <
[vd — 12| e@CIBIH8* )t Hence, starting from an initial measure v, there exists at most one
solution for the mean-field equations.

We now prove that there exists a process (v, > 0) € Caq, 1)([0, 00)) satisfying the mean-
field model equations. This follows from the relative compactness of the sequence {7Y, ¢ > 0}
in D pq, 1) ([0, 00)) from the proof of Theorem 5.2. In particular, we have that every limit point

of the sequence {?,¢ > 0} satisfies equation (10). Further, each limiting point is almost

surely continuous. This concludes that there exists a solution to the mean-field equations.

Appendix D. Martingale construction

In this section, by using the infinitesimal generator of the Markov process (n¥,t > 0),

we construct a martingale (M} (¢),t > 0) € Dg([0,00)) where ¢ € C(U). We then show



44 T. Vasantam ET AL.

that the scaled version of the process (M;¥(¢),t > 0) converges in distribution to the null
process based on which we later establish the convergence of the scaled version of the process
(nt',t > 0).

Since the set of linear combinations of Q¢ : Mp(U) — R for f € CL(U) defined by
Qs(v) = e~ is dense in the set C(Mp(U)) [38, proposition 7.10], by using AN Q(v),

for any continuous function F' € C(M g (U)) such that the infinitesimal generator AN F(v) =
]E[F(nhN)"’](JJZ:V]_F(V)

limy, o is well-defined, we have for all v

h—0

C n
ANF(v) = lim M —NAF(v) - F(v) ) Z/- /u B(z;) dv(x,)

n=1j=1
+ i i/ . /u ﬂ(l‘j) (F(V + 6(x;j) - 6(xn)) dv(x,)
n=1j=1 n
C—1n+1
+NA (V(EVO})% (%) (F(v+ 61,00 — 5(0)))> +;J§;//M N(%—s—l)@” (%)
X F(1 463 0, 76(xn))du(xn)+/~~ s %% (%) F(v) dy(xc)]. (64)

For ¢ € C}(U), it is clear that the function v € Mp(U) — (v, ¢) € R belongs to the

domain of AV,
Proposition D.1. For all ¢ € C}(U), the process (M} (¢),t > 0) given by
t
MY@) = ()~ o) — [ AN g (©5)
s=0

is a RCLL (process that is right continuous with left limits) square integrable F} —martingale.

For ¢ € C}(U), the quadratic variation of (M (¢),t > 0) is given by

< MY () >,= / _ (iz /- /M ) (607) = 6060))” dnl )
w0 (U0, (%) (60,0 - 0000
+ C;i / - /u n mqm (ZJVV) (6(x1;0) — $(x,))? dY <xn>])ds (66)

Proof. From the Dynkin’s formula [13], the process (M} (¢),t > 0) defined by

MY () = (. 8) — () &) — / A s 67)
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is a RCLL F}¥ —local martingale. Therefore, by simplification, we get

= oo -0 [ oweran (S5 [ [ e

n=1j Un
s )
o (”Ngv{o% (%) 0.0 - 6100

Y5 s (%) <¢<xfg;o>—¢<xn>>dnf(xn>Dds. %)

n=1 j=1

By choosing Fis(nY) = (n}¥, ¢), from [11, Theorem 7.15], we have

t
<MY = / (ANF2 () — 2B, () AN Fy(n)) ds. 69)
s=0

After simplifications, we get equation (66). Finally, since ¢ € C(U) and B € Cp(Ry), we
have E [< MY (¢) >;] < oo and hence, (M} (¢),t > 0) is a square integrable martingale.
O

Appendix E. Proof of Lemma 5.3:

Proof. Let us consider the function é = I{1, i, 0<1;<y;, vi} - For an absolutely continuous
measure Vs which has no atoms, we have (v, QAS> = (vs, V), where Y = Iy, cu,:0<t, <y,, Vil
Since there exists a sequence of functions {f,} € Cy(U) that increase point wise to I{py
where B is an open set in U,, n > 1, by using the monotone convergence theorem and
equation (10), we have that equation (10) is true even for the function ¢ (Indicators on open
sets). Furthermore, since the measure v, is absolutely continuous for all s > 0, we have that
equation (10) is true even for the function ngb (Indicators on closed sets). Therefore we can
obtain the evolution equations for the process (P;,t > 0) that is defined as P;(y,) = (14, ¢)
using equation (10). We can further simplify the expression of the process (P;(u),u € U,t >

0) obtained from equation (10) using the fact that
<Vs, TbI{XTLelxl,L:OSwiSyi,Vi}) = <Vs, I{XTLEM,L:OS:vi+b§yi,Vi}>
= (Vss L, €ty 0<s <yi—b, Vi} ) -

By differentiating P;(y,,) with respect to ¢ and after simplifications, it is verified that the
process P, = (P;(u),u € U) satisfies equations (16)-(18).
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Appendix F. Proof of Lemma 5.2

Proof. From the Remark 5.2, we recall that the MFEs are the dynamics of the probability
distribution of a single server Loss system with capacity C' where jobs arrive according to a
Poisson process with rate A®,,(7,) (n > 1) when there are n progressing jobs. We have that
the initial distribution ¢} has a density function and our objective is to show that for given ¢ = r,
7, has a density function. Forn > 1, u,, = (n,uy,- - - ,uy), we now prove that 7, has density
atu,. Forv; > 0,1 <i<mn,let B=((n,y1, s Yn) : t; <Y <u; +v,1 <i<mn). The
probability that at time ¢ = r, there are n progressing jobs and the i job has age y; such that
yi € (ug,u; +:), 7 > 1, 1is equal to 7j,.(B). Out of the n progressing jobs that are present at
time t = r, let J; be the set of indices of all the progressing jobs that entered the system at a
time ¢ > 0 and J> be the set of indices of all the progressing jobs which are present from time
t = 0. Precisely,

Ji=A{i:r>u;,1<i<n},

and

Jo={i:r <u;,1<i<n}.

Essentially, if 7 € 7;, it implies that the age of the i job is less than or equal to r and
since the ages of progressing jobs increase linearly with time at unit rate, the i job must
have entered the system at a time ¢ > 0. Precisely, at time r, if the ™ job’s age y; satisfies
yi € (us,u; + ;) and i € Jq, it implies that the i™ job must have entered the system in the
time interval (r — u; — 7;, 7 — u;) and stayed in the system up to time ¢ = r. On the other
hand, if j € [Jo, it implies that the 5™ job is present in the system from time ¢ = 0. At time
t = r, if the j™ job’s age y; satisfies y; € (uj,u; + ;) and j € Jo, then its age should lie in
the interval (u; — v, u; +; —r) attime ¢t = 0.

Using the sets /7 and J2, we now obtain an upper bound on 7j,.( B) from which we conclude
that there exists a density function. For given set A, let |A| be the number of elements in the
set A. Further, let J; = |J1| and J2 = | J2].

Let B; be the event that there exists at least J5 jobs at time ¢ = 0 such that for each j € J5,
there exists a job with age in the interval (u; — r, u; + y; — r) and it should stay in the system
up to time t = r. Note that the total number of jobs say q that are present at time ¢ = 0

can be more than .J,, but only J> of them should stay in the system up to time ¢ = r. A job

Glatt) e

with age x at time ¢ = 0 will stay in the system at time { = 7 with probability o)
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fo = (fo(u),u € U) be the pdf of 9. Let I; be the i smallest element of the set J>. Then
by using all the above arguments, we get the following bound where ¢ denotes the number of
progressing jobs at time ¢ = 0 and 4, is the index of the job out of g jobs which will stay in the

system up to time ¢ = r with age lying in the interval (u;,,u;; + ;) at time ¢ = r:

C

/2 G(z;, +71)
P(B;) < Z Z q}/"'/vfﬁ(mxh---,a?n)( G(_))dm-“

@:q=Jz \ (i1, ,i5,)€{1,2,"--,
where

V={(x1, - ,2q) :xm eRyifm ¢ {i1,--- ,i5,}

and x,, € (u;, —ryuy, —r+y,) form=i,1<a<Jy,1<m<q}

‘We now focus on the jobs that belong to the set /1. Let By be the event that for each j € 71,
there is an arrival in the time interval (r — u; — <y, 7 — ;) and furthermore, this job should
stay in the system until the time ¢ = r. Since the arrival process is a Poisson process with rate
A®,,(7,) when there are n jobs and A®,,(7j,) < Ad for all n > 0, for any time interval [t1, to],
we have

P(X) < P(Y),

where X denotes the number of arrivals to the server in the interval [t1, 2] and Y denotes the
number of arrivals in the interval [t1,¢3] when the arrival process is a Poisson process with
rate Ad. Let k; be the i smallest element of the set 7. Then since the arrival instants have
uniform distribution conditioned on the number of arrivals over a time interval [39, page 325],

we get

1 J1
P(Bs) < (Ad).J (HG(U,W)%J.) (1)

Finally, from (70) and (71), we have

c

B < Y > /"'/Vfﬂ(namh'“ ;)

q:q=J2 (ilv"'71‘,]2)6{1,2,“-7(1}
J —
T G2, +7) (Ad)" _

( H G()) dxl.--d$q>> A (HG(UkJ)ij> . (72)

Clearly, 77, has density at u since 7j,(B) — 0asy; = 0for1 < j <n. O

dz,



48

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[11]

T. Vasantam ET AL.

References

AGHAJANI, R. AND RAMANAN, K. (2017). The hydrodynamic limit of a randomized

load balancing network. ArXiv e-prints.
AMAZON. Amazon EC2. http://aws.amazon.com/ec2/.

ASMUSSEN, S. (2003). Applied Probability and Queues vol. 51 of Stochastic Modelling
and Applied Probability. Springer, New York.

BILLINGSLEY, P. (1999). Convergence of probability measures second ed. Wiley Series
in Probability and Statistics: Probability and Statistics. John Wiley & Sons, Inc., New

York. A Wiley-Interscience Publication.

BONALD, T. AND A.PROUTIERE (2002). Insensitivity in processor sharing networks.

Performance Evaluation 49, 193-209.

BONALD, T., JONCKHEERE, M. AND PROUTIERE, A. (2004). Insensitive load
balancing. In Proceedings of the Joint International Conference on Measurement and
Modeling of Computer Systems. SIGMETRICS ’04/Performance 04. ACM, New York,
NY, USA. pp. 367-377.

BRAMSON, M., LU, Y. AND PRABHAKAR, B. (2010). Randomized load balancing with

general service time distributions. In Proceedings of ACM SIGMETRICS. pp. 275-286.

BROWN, L., GANS, N., MANDELBAUM, A., SAKOV, A., SHEN, H., ZELTYN, S. AND
ZHAO, L. (2005). Statistical analysis of a telephone call center. Journal of the American

Statistical Association 100, 36-50.

BRUMELLE, S. L. (1978). A generalization of Erlang’s loss system to state dependent

arrival and service rates. Mathematics of Operations Research 3, 10—-16.

DAWSON, D. A. (1993). Measure-valued Markov processes vol. 1541 of Ecole d’Eté de
Probabilités de Saint-Flour XXI—1991. Springer, Berlin.

DECREUSEFOND, L. AND M., P. (2012). Stochastic Modeling and Analysis of Telecom
Networks. ISTE, London.



Insensitivity the fixed-point of the mean-field Limit of Loss Systems 49

[12]

[13]

[15]

[21]

[23]

DECREUSEFOND, L. AND MOYAL, P. (2008). A functional central limit theorem for the

M/Gl/co queue. Ann. Appl. Probab. 18, 2156-2178.

ETHIER, S. N. AND KURTZ, T. G. (1985). Markov Processes: Characterization and

Convergence. John Wiley and Sons Ltd.

GRAHAM, C. (2000). Chaoticity on path space for a queueing network with selection of

the shortest queue among several. Journal of Applied Probability 37, 198-211.

GRAHAM, C. (2005). Functional central limit theorems for a large network in which
customers join the shortest of several queues. Probability Theory and Related Fields

131, 97-120.

GRAHAM, C. AND MELEARD, S. (1993). Propagation of chaos for a fully connected

loss network with alternate routing. Stochastic Processes and their Applications 44, 159—

180.

GRAHAM, C. AND MELEARD, S. (1997). Stochastic particle approximations for

generalized boltzmann models and convergence estimates. The Annals of Probability

28, 115-132.

GROMOLL, H. C., PUHA, A. L. AND WILLIAMS, R. J. (2002). The fluid limit of a

heavily loaded processor sharing queue. Ann. Appl. Probab. 12, 797-859.

GROMOLL, H. C., ROBERT, P. AND ZWART, B. (2008). Fluid limits for processor-

sharing queues with impatience. Math. Oper. Res. 33, 375-402.

GARTNER, J. (1988). On the mckean-vlasov limit for interacting diffusions. Mathema-

tische Nachrichten 137, 197-248.

JAKUBOWSKI, A. (1986). On the skorokhod topology. Annales de I’l. H.P. Probabilités
et Statistiques 22, 263-285.

JAKUBOWSKI, A. (1986). On the skorokhod topology. Annales de I’l.H.P. Probabilités
et statistiques 22, 263-285.

KALLENBERG, O. (1983). Random measures. Akademie-Verlag.



50

[24]

[30]

T. Vasantam ET AL.

KARPELEVICH, F. I. AND RYBKO, A. N. (2000). Thermodynamic limit for the mean

field model of simple symmetrical closed queueing network. Markov Processes and

Related Fields 6, 89—105.

KasP1, H. AND RAMANAN, K. (2011). Law of large numbers limits for many-server

queues. Ann. Appl. Probab. 21, 33-114.

KOLESAR, P. (1984). Stalking the endangered cat: A queueing analysis of congestion at

automatic teller machines. Interfaces 14, 16-26.

KoLokoLTSsov, V. N. (2010). Nonlinear Markov Processes and Kinetic Equations.

Cambridge Tracts in Mathematics. Cambridge University Press.

KOTELENEZ, P. M. AND KURTZ, T. G. (2008). Macroscopic limits for stochastic partial
differential equations of mckean—vlasov type. Probability Theory and Related Fields 146,
189.

L1, Q.-L. AND LIN, C. (2006). The M/G/1 processor-sharing queue with disasters.
Computers & Mathematics with Applications 51, 987 — 998.

MICROSOFT. Microsoft ~ Azure. http://www.microsoft.com/
windowsazure/.
MITZENMACHER, M. (1996). The power of two choices in randomized load balancing.

PhD Thesis, Berkeley.

MUKHERJEE, D., BORST, S., VAN LEEUWAARDEN, J. AND WHITING, P. (2016).
Universality of power-of-d load balancing schemes. SIGMETRICS Perform. Eval. Rev.
44, 36-38.

MUKHOPADHYAY, A. AND MAZUMDAR, R. R. (2014). Rate-based randomized routing
in large heterogeneous processor sharing systems. In Proceedings of 26th International

Teletraffic Congress (ITC 26).

MUKHOPADHYAY, A. AND MAZUMDAR, R. R. (2016). Analysis of randomized join-
the-shortest-queue (jsq) schemes in large heterogeneous processor sharing systems. /EEE

Transactions on Control of Network Systems 3(2), 116—126.



Insensitivity the fixed-point of the mean-field Limit of Loss Systems 51

[35]

[37]

[42]

[44]

MUKHOPADHYAY, A., MAZUMDAR, R. R. AND GUILLEMIN, F. (2015). The power

of randomized routing in heterogeneous loss systems. In Teletraffic Congress (ITC 27),

2015 27th International. pp. 125-133.

MUKHOPADHYAYAY, A., KARTHIK, A., MAZUMDAR, R. R. AND GUILLEMIN, F. M.
(September 2015). Mean field and propagation of chaos in multi-class heterogeneous

loss models. Performance Evaluation 91, 117-131.

OELSCHLAGER, K. (1984). A martingale approach to the law of large numbers for

weakly interacting stochastic processes. Ann. Probab. 12, 458—479.

ROBERT, P. (2003). Stochastic Modelling and Applied Probability Series. Springer-
Verlag.
Ross, S. M. (2009). Introduction to Probability Models. Academic Press; 10th edition.

RUDIN, W. (1987). Real and complex analysis third ed. McGraw-Hill Book Co., New
York.

SEVASTYANOV, B. A. (1957). An ergodic theorem for markov processes and its

application to telephone systems with refusals. Theory of Probability & Its Applications
2, 104-112.

TURNER, S. R. E. (1996). Resource pooling in stochastic networks. Ph.D. dissertation,

University of Cambridge.

TURNER, S. R. E. (1998). The effect of increasing routing choice on resource pooling.

Probability in the Engineering and Informational Sciences 12, 109-124.

VASANTAM, T., MUKHOPADHYAY, A. AND MAZUMDAR, R. R. (2017). Mean-field
analysis of loss models with mixed-Erlang distributions under power-of-d routing. In

2017 29th International Teletraffic Congress (ITC 29). vol. 1. pp. 250-258.

VVEDENSKAYA, N. D., DOBRUSHIN, R. L. AND KARPELEVICH, F. 1. (1996).
Queueing system with selection of the shortest of two queues: an asymptotic approach.

Problems of Information Transmission 32, 20-34.



52 T. Vasantam ET AL.

[46] XIE, Q., DONG, X., LU, Y. AND SRIKANT, R. (2015). Power of d choices for large-
scale bin packing: A loss model. In Proceedings of the 2015 ACM SIGMETRICS.
pp- 321-334.

[47] ZHANG, J. (2013). Fluid models of many-server queues with abandonment. Queueing
Systems 73, 147-193.



