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ABSTRACT

This work is primarily cogcerned with various aspects of
Lagrangian and Hamilonian mechanics. These different aspects are
related in a somewhat complicated way, which is clarified by the
introduction of the unifying concept of a jet bundle. Here, bundles
are first considered in some generality and then jet bundles are
introduced and their bundle structure investigated especially with a

view to formulating Lagrangian and Hamiltonian mechanics invariantly.

The second chapter is devoted to a discussion of the two
Schouten brackets and it is explained why each is of importance in
mechanics. The symmetric Schouten brackét enables the notion of a
killing tensor to be defined on a Riemannian or pseudo-Riemannian

manifold. A theorem is proved which gives an upper bound on the

dimension of the space of killing tensors of a fixed rank.

In chapter 3 Hamilton-Jacobi theory and a version of Noether's
theorem are presented from a modern viewpoint. Then conditions are
obtained which entail the existence of a constant of motion which is
polynomial in momenta. These conditions are used to construct several
classical Hamiltonians with "hidden" symmetries - the usage of the
latter term is briefly justified. Most importantly, all systems with
two degrees of freedom which have a quadratic integral independent

of the Hamiltonian are characterized.

In chapter 4 the geometrical properties of TM and the closely

related space J1(HLDD are investigated. It is shown that J1(IR,M)



ii

has an intrinsically defined 1-1 tensor in -.. analogy
to TM. The behaviour of these tensors under diffeomorphisms is
investigated. The chapter concludes with a discussion of the

various notions of symmetry in Lagrangian theory.

Chapter 5 begins with a review of symplectic geometry and
continues with the definition and examination of contact manifolds
in the same spirit as symplectic geometry. In particular, contact
diffeomorphisms are described on the space Ji(M,HD . Finally,
two theorems are given which endeavour to explain the general
principle enabling the Lie algebra of a subalgebra of vector fields

to be transferred to a collection of forms.
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INTRODUCTION

During the past twenty five years there has been renewed interest
in the subject of classical mechanics. The coordinate—free techniques
of modern differential geometry have provided just the right language
for expressing the different approaches to mechanics. Moreover,
many topics which have traditionally been hard to state precisely sgch
as Hamilton—Jacobi theory, have been seen to be very natural
consequences of an invariant, geometric formulation. At the same time
many subtle, new issues have been raised which may have ramifications

quite remote from the description of simple mechanical systems.

This work begins by developing geometric machineryAwhich enables
Lagrangian and Hamiltonian mechanics to be developed inﬁariantly. In
fact much more than this is done. Bundle theory is developed in its
own right with a view to defining and exploring the properties of the
so-called jet bundles. These provide an appropriate context in which
to formulate virtually any system of partial differential equations

invariantly.

In the second chapter, Schouten's brackets are defined and their
principal algebraic properties obtained; Each of the two brackets is
very important in theoretical mechanics. The importance of the
symmetric Schouten bracket is explained in section 2.2 and this leads
to the concept of a Killing tensor on a Riemannian or pseudo-Riemannian
manifold. The skew Schouten bracket is important because it enables
Poisson manifolds, which are manifolds having a Poisson bracket
structure, to be characterized conveniently; Important examples of
Poisson manifolds are cotangent bundles and the dual spaces of finite
dimensional Lie algebras. The latter are briefly investigated in

section 2.3.
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Chapter 3 is concerned with constants of the motion in
Hamiltonian mechanics. Noether's theorem and Hamilton-Jacobi theory are
presented bBut the. chapter mainly. deals-with constants of the notion which are
polynomial in the momentum variables; Conditions are obtained
which ensure the existence of such a constant of motion and these
are used to construct several classical systems with hidden symmetries.
Exactly why it is reasonmable to refer to such systems as "hidden'" is

explained at the end of section 3.3.

Whereas chapter 3 was concerned with Hamiltonian mechanics,
chapter 4 deals with Lagrangian theory. The main geometrical properties
of ™M - the tangent bundle of some smooth manifold M - are presented
and then much the same analysis is presented for J1(BR,M) . Each of
these spaces have an intrinsically defined 1-1 tensor called S, the
one on TM actually being the restriction of the one on J1(IR,M) . It
is explained why these tensors behave slightly differently under
diffeomorphisms. Section 4.3 is concerned with symmetry in

Lagrangian mechanics.

Chapter 5 begins with a brief review of symplectic manifolds.
In section 5.2 one definition of contact manifolds is presented and
the corresponding geometrical properties are developed. These include
the construction of a skew bracket analogous to the Poisson bracket of
a symplectic manifold andba 2-vector which is geometrically equivalent
to the contact form. Section 5.3 is based on some ideas of Lie and
gives a way of obtaining all contact transformations on J1(M,HD - the
spaée of 1-jets of maps from M to IR. ~ Section 5.4 endeavours to
explain the general principle by which the Lie algebra structure of a

subalgebra of vector fields may be transferred to a suitable collection
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" of forms.

As regards the original element in this work, the author has
deliberately tried to give a new twist to whatever 'standard" topics
which have been presented. Apart from a few novel observations in
chapter 1, there is one substantial theorem, namely, 1.8.3.
Section 2.2 is the only really original part of chapter 2. In
chapter 3, Hamilton-Jacobi theory and what is referred to as the
"general Noether theorem" are quite well-known. Apart from that,
most of the remainder of chapter 3 is quite original and undoubtedly
this constitutes the main original element in this thesis; In
chapter 4, section 4.2 and some of the remarks in section 4.3 are new.
In chapter 5, the author knows of no reference for proposition 5.1.1
at least in its present form. It is fair to say that most of
section 5.2 is known though some of the results were known, at least
to the author, only in their classical form. Section 5.3 is, as was
mentioned above, essentially a presentation of some original ideas of
Lie. Theorems 5.4.4 and 5.4.5 are original. Prior to the submission
of this thesis two papers relating to it have been published by the
author; these appear as [9] and [39] in the bibliography. [39] is
basically the same as example 3 of section 3.5. [9] is a joint work,
of which the author's contribution is here covered approximately by
sections 1.7 and 4.2. 1In addition, a letter and a paper based on
sections 3.3, 3.4 and 3.5 have been accepted for publication in the
Journal of Physics 'A' and the Journal of Mathematical Physics

respectively.

I would like to thank Dr. Marek Kossowski for numerous stimulating
discussions during the course of this work. I also wish to express
my sincere appreciation for the advice and encouragement of my supervisor

Dr. Michael Crampin throughout the writing of this dissertationm.
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NOTATION

Theorems, propositions, lemmas and corollaries are itemized
sequentially within each section of each chapter. The differential
geometric notation agrees largely Qith Sternberg's [381. M,N
denote smooth manifolds - M being of dimension m. Occasionally
the notation of classical tensor calculus is employed and where
appropriate upper and lower indices are used to denote contravariant
and covariant geometric objects respectively. However, most of
the tensor célculus notation occurs where there is a Euclidean
metric Gij available, in which case whether an index is up or down
is of no significance. The summation convention is always in force
over repeated indices whether or not they are both up or down or

one up and one down. The formula
LXw = Xddw + d(XJw)

where X 1is a vector field and w a p-form and the left-hand side
denotes the Lie derivative of w along X 1is usea repeatedly.

The term "¢ is a local map from M to N'" means that there is an

open subset U of M such that ¢ is a map from U to N.

I shall summarize the remaining notation below: all géometric objects
defined will be assumed to be smooth though of course sometimes
smoothness has to be proved to be a consequence of certain assumptions.

Recall that N a smooth manifold.

VP(N) the module of p-vector fields on N (i.e. in classical

language totally antisymmetric contravariant p-tensors).

P () the module of p—-forms on N (i.e. in classical

language totally antisymmetric covariant p-tensors).



sP ()

sPan)
TN

T*N

[Y]X

af |

graph (o)

Xda

Xto

<X,o>

s 1

1x

the bundle over N whose fiber at x € N consists of
the p-th symmetric power of the tangent space TXN

to N at x.

sections of Sp(N) over N.
the tangent bundle of N.
the cotangent bundle of N.

the Lie derivative of a p-form w along a vector

field X.

a tangent vector to N at x, vy being a map from

a neighbourhood of 0 in R to N such that y(0) = x.

a covector to N at x, £ being a map from a

neighbourhood of x in N to R such f(x) = 0.

the submanifold of M x N given by the image of &

which is a map from M to N.

the interior product of a p~form o by a vector X
(this notation can also be usefully extended where

X 1is a g-vector).
the interior product of a g-vector X by a p-vector o.

the contraction of a p-vector X with a p—coveétor o
this notation will also be used where a is a 1-p type

tensor.

derivative in the i-th coordinate vector field —EI
9x

direction.



31 covariant derivative (associated to a metric) in the

B . . 9 . .
1—-th coordinate vector field —T direction.

ax
A(l1"'lp) the symmetric part of the contravariant p-tensor
i ...1
A 1 p (likewise for covariant tensors).
[i1.. 1]
A P the skew-symmetric part of the covariant p-tensor
i, ...1 '
Al P (1ike for covariant tensors).
(E,n,M,F) a bundle with total space M, projection = and
fiber F.

(E,n,M,F,G) a fiber bundle consisting of a bundle (E,w,M,F) and

structure group G.

Jr(E) the bundle of r-jets of local sections of a total

space ‘E fibered over - M. -
Jr(M,N) the bundle of r—jets of maps of M to N.

¢—1(E,H,M,F) the induced bundle of (E,w,M,F) arising from a map

¢ : N> M.

VE the vertical bundle of a bundle (E,w,M,F).

. the pointwise tangent map from TxM to T¢(x)N where
¢ is a map M > N and x € M.

% the pullback of FP(N) to FP(M) induced by ¢ : M > N

Té the tangent bundle map : TM - TN induced by ¢ : M > N



CHAPTER 1

BUNDLE THEORY FOR MECHANICS AND DIFFERENTIAL EQUATIONS

This chapter is very largely a collection of definitions, some
of which are quite familiar, others of which are not so easy to find.
First of all affine spaces are defined and it is explained how they
may be made into a category. Next, in section 4.2, bundles are
defined and several ways of defining new bundles from given ones are
considered. Then in section 4.4 some particular kinds of bundles are
considered. The definition of a Lie group bundle appears to be novel
and is a very natural generalization of that of a vector bundle. 1In
fact, the definitions of Lie group and vector bundles are given
together so as to emphasize that the latter is a particular case of
the former. Affine bundles are also defined and their relationship

to vector bundles is explained.

In section 1.5 "fiber bundles" as opposed to bundles are
considered, in other words, the structure group of a fiber bundle is
introduced. It is then explained how two apparently different
definitions of fiber bundle due - originally to Steenrod and
Ehresmann respectively — are equivalent. ‘There then follows a variety
of examples which give examples of all the various kinds of bundles
which have been introduced so far in the chapter; In section 1.6 a
new type of bundle is introduced, which provides the appropriate
framework for formulating partial differential equations in
differential geometric language: these are the jet bundles. It is

shown that jet bundles detect when a section of the

jet space over the source space is actually the jet of a section of



the target space over the source space. These results are by now

fairly standard.

In section 1.7 two fundamental jet bundles - J!(R,M) and
J1(M,HU are singled out and their various bundle structures investigated.
"Also the relationship of the spaces J1(M,HO and T*#M and J1(IR,M) and
'TM are elucidated. In section 1.8 the canonical dilation vector field
of a vector bundle is defined and it is shown that mappings which
preserve this vector field are precisely vector bundle morphisms.
Finally, in section 1.9 a very brief review of Lagrangian and

Hamiltonian mechanics is included.



1.1 Affine Space

The first topic I deal with is the notion of an affine space. Whilst
very important, it is hard to cite a good reference for this concept on
the same level as say vector spaces.

Definition 1.1.1 An affine space consists of an ordered triple (V,X,p)

in which V 1is a vector space and X 1is a set, such that V acts on X

via p (say on the left) freely and transitively.

Sometimes the definition of an affine space is given rather differently. Now
as I have defined it there is a map p: V xX »X with some special proper-
ties: if one chooses x €X there is an induced map V—X by vip(v,x)

and there is one such for each x ¢X. Now the assumption of freeness and
transitivity in the action ensure that each of these maps is invertible;

this is equivalent to saying that there exists a map €:X xX -V called

the Lneldence map. We are thus led to the following equivalent definition
of an affine space.

Definition 1.1.2 An affine space consists of an ordered triple (V,X,e)

in which V 1is a vector space and X 1is a set and a map €:X xX =V

satisfying (i) X€X=3e(x,x)=0 and (ii) x,y,z €¢X=>elx,y)+e(y,z)=e(x,z).

~Notice that it is the freeness and transitivity of the action in the ori-
ginal definition which ensure the existence of the map € 1in the second
definition, whereas the action properties give (i) and (ii). The first
definition is more suitable for analytical develoﬁment whereas the second
better for geometric intuition. In fact we may picture a pair of points

x,y and e(x,y) as the displacement vector which joins them.

One often says also that the affine space X is modeffed on the vector

X

space V.



Definition 1.1.3 The dimension of an affine space is the dimension of its

underlying vector space.

Definition 1.1.4 Given two affine spaces (V,X,p), (W,Y,0) an affine mor-

phism is a pair of maps f:V =W and F:X »Y where f is linear such

that the following diagram commutes:

p

> X
fxF F
o

WxY

VxX

If the affine spaces were defined by the second definition and named

(v,X,e), (W,Y,9) then instead one would have the following equivalent

diagram €
Xx X > v
FxF £
¢
YxY > W

Clearly the collection of affine spaces and affine morphisms form a cate-
gory and the notion of affine isomorphism is clear. This category will be
denoted by AFF. The definition of affine morphism just given captures
the classical notion of affine transformations as those which ''preserve

+ parallelism".

Given the foundations laid here one could proceed to a theory of affine
geometry but I will limit myself to a few more remarks. It can be shown
that if oﬁe selects a particular point X of an affine space (V,X,p),
then it can be given the structure of a vector space isomorphic to V.with
X playing the role of origin. Conversely, any vector space V may itself
be naturally regarded as an affine space. For, one may interpret the vector

addition in V as the action of V on a set X where X is the underlying set



associated to V (technically, one applies a forgetful functor).

For further development of affine geometry I refer to {36]. The
main reason for discussing affine spaces is that they are important in
making precise the bundle structure of jet bundles. These are defined
in section 1.6 here and form the setting for most of what follows
later. However, before giving the definition of a jet bundle, it is
convenient to consider bundles and fiber bundles in some generality and

I turn to this topic next.



1.2 -Smooth Bundles

A bundle may be viewed as a purely topological construct or else it
may be thought of as a geometric object. Here it is the latter which is
of primary interest and so it will tactily be assumed that all maps and
geometric objects which are considered are smooth i.e. ¢® . This conven-
tion must be excercized with some care because it can happen that objects
which are not smooth arise from the interaction of smooth objects. For
example, when a Lie group acts on a manifold the quotient space of the
manifold by the orbits need not yield a smooth manifold. With this word

of caution I now proceed to a fundamental definition.

Definition 1.2.1 A bundle consists of a quadruple (E,n,M,F) in which

E,M,F are manifolds and n:E—~M 1is a surjective submersion such that

for each point x€¢ M, firstly, 1fl(x) is diffeémorphic to F; secondly,.
there is a neighborhood U of x in M and a diffeomorphism ¢ of Ux F

to 1fl(U) such that for all z€ U, n(p(z,y))=z. E 1is called the total

space (or less accurately the bundle), M the base, F the fiber and =

the projection.

Given x€M, Tfl(x) is the fiber over x; according to the definition

u_l(x) is diffeomorphic to F which is why F 1is referred to as the

fiber. A bundle in where there is a ¢ which gives a(global) diffeomorphism

of MxF to E 1is said to be trivial and hence the second condition in the
definition is referred to as local triviality. In the definition given above
there is no mention of the structure group. This will be introduced in section 1.
below in which case I shall speak of "fibre bundle' rather than'bundle. A map p

of M to E such that mep=i is called a section of E over M.

I now explain how bundles may be made into category.



Definition 1.2.2 For two bundles (E,n,M,F), (E',xn',M' ,F') a bundle

morphism is a pair of maps ¢,p such that the following diagram commutes:

E ° >E'

>

" M S

In case ¢ and ¢ are diffeomorphisms' one talks of a bundle isomorphism. The
following proposition consists simply in checking definitions.

Proposition 1.2.3 The collection of bundles with bundle morphisms forms

a category which will be denoted BUN.

The main point of definition 1.2.2 is that it forces @ tobe fiber-preserving:
two points in the same fiber in E must map to the same fiber in E'.

Now suppose that (®,¢) is a bundle morphism as in definition 1.2.2. One
may conjecture that ¢ is a diffeomorphism if & {s, but the following

example shows this to be false.

Example 1.2.4  Suppose that (E,n,M,F) is a bundle. E may be viewed via

iE as a bundle over E with a fiber consisting of a point. The following

diagram shows that (i_,n) defines a bundle morphism; however, since

E

(E,m,M,F) was an arbitrary bundle 7 need not be a diffeomorphism.

T

However, one does have the following.



Proposition 1.2.5 Let (¢,$) be a bundle morphism of (E,m,M,F) and

(E',n',M",F') such that ¢ is onto. Then ¢ is onto.

1(x'). Since ¢ 1is

Proof: Suppose that x'€M' and choose p'€n'
onto there is a p € E such that ¢(p) = p'. Now let x = w(p).
Then

¢ (x) = ¢57r(p) =7m'0d(p) = w'(p") = x'. H

Example 1.2.4 shows, using the notation of definition 1.2.2, that if
¢ 1is one-one ¢ need not be. Other examples may be readily
coﬁstructed in which the surjectivity or injectivity of ¢ does not
imply the same property for ©¢. However, one result which is

useful for global questions is the following.

Proposition 1.2.6 Let (%,¢) be a bundle morphism of (E,n,M,F) and

(E',n',M',F') such that ¢ 1is one-one and ¢ is fiberwise one-one.

Then ¢ 1s one-one.

Proof: Suppose that p,q € E and that &(p) = &(q). Then
m'00(p) = 7'09(q) = ¢on(p) = ¢on(q)
and hence.ﬂ(p) = 1(q) since ¢ is one-one. In
other words p and q belong to the same fiber
of E and hence by assumption

2(p) = ¢(q) = p =q.

An obvious subcategory of BUN consists of all bundles fibred over M
and morphisms in which the base map is iM. I denote this category
by BUN(M) and note that this is a category but not full subcategory

of BUN. I finish this section with one more basic definition.



Definition 1.2.7 A bundle (E'n',M',F') is a subbundle of (E,n,M,F)

if there exists a bundle morphism (i,j) where i:E-E and j:M'- M and
both i and j are injective.

Notice that according to the definitions a section of a bundle (E,n,M,F)

is p?ecisely the same thing as a BUN(M) morphism of (M,iM,M,f)to (E,n,M,F),

where f just denotes a single point.

I have purposely avoided all mention of the local description of
bundles so far so as to keep the basic definitions clear. However, it
should be clear that the local trivialization condition amounts to the
. . . i A i, .
introduction of a coordinate chart (x7,y ) on E where (x°) is a chart

i .
on M. Suppose that (x' ,y'A) 1s a second such chart on E'. Then the
local description of definition 1.2.2 is given by

x'd = ¢l y'B = @B(xl,yA).



1.3 Categorical Constructions with Bundles

I next describe several important ways of obtaining new bundles from
old ones. The first one is simply the categorical product in BUN. Thus,
let (E,n,M,F), (E',n',M",F') be two bundles; then a new bundle

(Ex E',nxn',Mx M' , Fx F') may be formed which is called the product of the

bundles.

Another important construction is the induced bundle. Suppose that
(E,n,M,F) is a bundle and that ¢ 1is a map from N to M,N  being
another manifold. Then one may consider the subset of pairs (y,e) in

N xE such that, for e€E, n(e)=¢(y) for some y€N. This is a bundle

over N and given yé&N the fiber over y 1is n-l(w(y)). This genera-
lizes the usual idea of restriction of a bundle and is also referred to as

the pullback bundle.

M ~
- /
< LT
N € il
'}
/’//
— i
,éi/"y .
induced
bundle

The next construction is the categorical product in BUN(M). Suppose
that (E,m,M,F) and (E',n',M,F') are bundles over M. Then the subset of
pairs (e,e') of E x E' such that w(e) = n'(e') defines a bundle over M
whose fiber is F x F'; which is why this construction is also known as
the fiber product. Alternatively, the fibre product may be defined as
the pullback of the product bundle (E x E', m x «', M x M, F x F') via

the diagonal map of M into M x M.
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Another case in which the induced bundle construction arises
is the vertical bundle associated to a bundle. Let (E,w,M,F) be a
bundle and let NI:TM -+ M and e : TE > E denote the tangent bundle
projections. The following commutative diagram defines a VBUN
morphism

T
TE > TM

m induces a bundle over E which is not TE and which I denote by
n_1(TM). We now have two bundles over E, namely, TE and n—1(TM) |
and a BUN(E) morphism of TE onto n‘1(TM). Taking the kernel on
each fiber gives a new bundle over E called the vertical bundle of
E or sometimes the fiber-tangent bundle denoted by VE. VE is the
subbundle of TE consisting of all tangent vectors of E which are

tangent to the fiber of E over M.

Another simple but extremely important construction that may be
made is the following. Suppose one has two bundles over the same

M,Fz) and moreover that F, and F

base, say, (E1,ﬂ1,M,F1) and (Ez,nz, : 9

are vector spaces. A new bundle may be formed with base M and

11(x) w;1(x) for each x € M. I shall

fiber F1 S F2 by forming w

denote this bundle by E1 M E2 and refer to it as the temsor product

bundle of E1 and E2 over M.
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1.4 Lie Group, Vector and Affine Bundles

In differential geometry one usually asks that the fiber has more
structure than being merely a manifold.

Definition 1.4.1 A bundle is a Lie group (vector bundle) if the fiber

is a Lie group (vector space) and if each point in the base has a neighbor-
hood U such that there is a trivializing BUN(U) diffeomorphism ¢ and
moreover, the restriction of ¢ to each fiber is a Lie group (linear)
isomorphism.

The next definition goes hand in hand with the previous one.

Definition 1.4.2 A morphism of Lie group (vector) bundles is a bundle

morphism which is a Lie homomorphism (linear) in each fiber.
In the same way as proposition 1.2.3 one has:

Proposition 1.4.3 The collection of Lie group (vector) bundles and Lie

group (vector) bundle morphisms form a category denoted by LGBUN (VBUN).
Thus VBUN is a subcategory of LGBUN which is in turn a subcategory of BUN.
Moreover, VBUN is a full subcategory of LGBUN though neither VBUN nor
LGBUN are full in BUN.

Next, suppose that (E,n,M,G) is a Lie group bundle and that e is
the identity in G. If =xe€M, U 1is a neighborhood of x and ¢' is
a local trivialization then there is a distinguished point in the fiber
over x 1.e. Q-l(x,e) since any other trivialization is also a Lie
isomorphism on each fiber. Thus (E,n,M;G) has a distinguished section
called the identity section which may be shown to be a smooth submanifold
of E diffeomorphic to M. ~In VBUN one refers to. 'z ero section"
rather than identity section. The followipg diagrams are intended to illus-

trate several different kinds of maps which can occur in VBUN.



vector bundle morphism

bundle morphism preserving
zZero section but not linear
in fibers

bundle morphism

map preserving zero section
but not even a bundle morphism

13
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I now turn to the notion of affine bundle . In sectionm 1.1 I
showed how affine spaces are very closely related to vector spaces: in
fact a choice of point to serve as an origin in an affine space enables
alisthe structure of the associated vector space to be transferred to the
affine space. On a bundle level one must choose a section rather than a
single point. Thus, one could défine an affine bundle as a fibered mani-
fold in which each fiber is an affine space and which is locally trivial
the trivialization giving an affine isomorphism on each fiber. However,
as Goldschmidt [14] observed there is a rather neater definition. Notice
that as a consequence of the provisional definition of affine bundle just
given, and the definitions of affine space and vector bundle, an affine
bundle must have a vector bundle associated to it. Goldschmidt's defini-
tion derives the required structure from this vector bundle.

Definition 1.4.4 An affine bundle <(E, n,F,V,p,W,M) consists-of a vector

bundle (V,p,M,W), a bundle (E, n,M,F) and a BUN(M) morphism of VxyE  to
E such that for each x€ M n-l(x) is an affine space modelled on p_l(x)
and the BUN(M) morphism is given by the action of p-l(x) on n-l(x).

The definition of a morphism of affine bundles is now almost obvious.

Definition 1.4.5 A morphism of affine bundles (E,n,F,V,p,W,M)

(E',n',F",V' p'" W' M') consists of a BUN morphism (¥,¢) of (E,n,M,F)
and  (E',n,M',F'), a VBUN morphism (¢,¢) of (V,p,M,W) and (Vr,p' ,M'" W)

such that the following diagram commutes

vV x,E ' > E
1, ¢ x Y ¥
V'XM'E' . }E'
Proposition 1.4.6 The collection of affine bundles and affine bundle

morphisms form a category denoted by AFFBUN.
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1.5  The Structure Group of a Bundle

In this section I will explain the role of the structure group
in a bundle. TFirst of all we should recognize that there are several
notions of "bundle". On one level one may simply consider the
category of fibered manifolds without any reference to "the fiber".
Alternately, one may use the term "bundle" in the sense of
definition 1.2.1; however, notice that in the former case if it 1is
assumed that the projection = is a submersion then the fibers will
all be submanifolds of the same dimension. Suppose next that one has
a trivial bundle (M x F, ©m, M, F) then clearly any fiber may be
unambiguously identified with F. However, if the bundle (E,w,M,F)
is not trivial there will be several ways in which to identify
w_1(x) (x € M) with F. This ambiguity is measured by the structure
group of the bundle. From now on. I shall reserve the term "fiber
bundle" for a bundle with a given structure group. It would be
possible now to give a definition of a fiber bundle and this was
indeed the course followed by Steenrod in the first definitive account
of the subject [37]. There is an alternative approach, however,
which Steenrod attributes to Ehresmann [12] and it is this that I

shall outline next.

In the Ehresmann approach to fiber bundles, the fiber bundle
itself is not to the forefront. Instead, one considers the
appropriately named construct of a principal bundle. The subsequent

definition is taken from Sternmberg [38] and would also follow from
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Husemoller's treatment [21] as applied in the category of smooth
manifolds. Actually, Husemoller derives as a consequence of his

definition that the fiber is diffeomorphic to the structure group.

Definition 1.5.1 A (right) principal G-bundle (P,n,M,G) is a

b;ndle (in the sense of definition 1.2.1) in which, in additiom, G

is a Lie group which acts freely (to the right) on P 1in such a way
that the quotient space P/G i.e. the space of orbits is diffeomorphic
to M. Moreover, each x € M has a trivializing neighbourhood U

1

such that ¢ : 7 (U) = U x G; and also, where n(p) € G s€G, pEn—1

(v)
¢(ps) = (n(p), n(p)s).

Thus, a principal bundle is a particular kind of bundle in which
the fiber is a group G, which also acts on the total space in such
a way that the fibers of = are the orbits of G. One should note
that the Lie group bundles defined in section 1.4 are not principal,
because the structure group is Aut(G) not G. Also, it is easy to
show that a principal bundle is trivial iff it has a section [38].

I now give the definition of morphism for principal bundles.

Definition 1.5.2 A morphism of principal bundles (P,7,M,G) and

(p',m",M",G') consists of a bundle morphism (2,¢) and a homomorphism
f:G>G" such that Vp € Pand Vs € G

o(ps) = o(p)f(s).

Proposition 1.5.3 The collection of principal bundles and morphisms

form a category denoted by PBUN. Also, the collection of principal

bundles with fixed base M and morphisms fibered over iM form a

subcategory of PBUN denotes by PBUN(M).
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I now consider fiber bundles from the Ehresmann viewpoint and
begin with an important proposition which enables the definition of

fiber bundle to be given immediately afterwards.

Proposition 1.5.4 Let (P,p,M,G) be a right principal bundle and F

a smooth manifold upon which G acts effectively on the left. G
acts to the right on P x F by (p,f)s = (ps, s—1f) (pepr, fETF, s €0G).

We may consider the space of orbits P x GF of P x F under the action

of G. Then P x GF is a smooth bundle over M with fiber F.

Proof: Firstly, I define a map = from?pP X GF to M by

n( U (pS,S—1f)) =p (p) (p €P, f €F).
SEG

7 is well-defined because if U (ps,s_1f) and U (p's,s~1f') are two
s€G SEG
representatives of the same element of P X’GF p = p't for some

t € G, pt then p(p) = p(p') and so w( U (ps,s_1f)) =q( U (p's,s—1f')).
s€G -1 s€G
Clearly 7 is onto because if x € Mand p€p (x), £f €F

71U (ps,s '£)) = p(p).
s€EG

. -1 .. .
I next show that given x € M, 7 (x) 1s in one-one correspondence with

F. 1In fact we can certainly define a map p from F to ﬂ-1(X) by p€P and f€F.

fr— U (ps,s_If) where
s€G

p  is evidently onto and it is also ome-one. For, suppose that

U (ps,s-1f) U (p't,t_1f').
s€EG teG

1

Then certainly f' uf for some u € G and hence
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u (ps,s—1f) U (p't,t-1f‘)
s€G teG

U (p't,t—1uf) _
teG

U (p'u u—1t, t_1u £)

t€G

]

U (p'us,‘s—1f).
s€G

[

From the first and last terms of these equalities above, it follows

that p p'u_1, and hence from the freeness of the G action on P

that u = e. Thus £ = £' and F 1is in one-one correspondence with

n_1(x).

It is now high time to describe the differentiable structure of
P xGF. Suppose that SgG(ps,s—1f) € P XGF. Then p € P and as such,
by the local triviality of P, there is U open in M with p €U
such thatpﬂ(U) = U x G. Hence, 0_1(U) >< F=UxGx F. Now since
the local trivialization of P commutes with the action of G, we
may conclude from the preceding argument, that 9‘1(U) X GF is in
one-one correspondence with U x F. Taking enough U's to cover M and
enough charts for the U's and F will provide an atlas for‘I’xGF.
Moreo&er, given any point of I’XGF we can identify 7 just as the
projection from R" x B® to R and so it is certainly a smooth

submersion. All in all it has been shown that (p x F,n,M,F) is a

G
smooth bundle. a8
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If ¢u, ¢v are any two local trivializations of p x_F i.e.

G
_1 _1
¢u:n(U)sUXF,¢>v:n(V)zvxF

we can define amap ¢ : U NV -+G by
-1
o (X)y =¢ (¢ "(x,y))

and the @vu's are a group of automorphisms of F.

Definition ‘1.5.5 With the notation of the last proposition, P xGF is

said to be the fiber bundle with structure group G and fiber F
associated to the principal bundle (P,p,M,G). Conversely, (P,p,M,G)
is said to be the principal bundle associated to the fiber bundle

(E,m,M,F,G) if E = P x F.

The maps ¢ which appeared above are known as the transition
functions of the bundle. They represent restrictions on the possible
changes of coordinates which preservé the structure of a fiber bundle.
The chief advantage of the Ehresmann definition of fiber bundle is
that it sidesteps the introduction of the transition functioms.
Although it is convenient to avoid mentioning the transition functions
in the definition, they are important, and can be used to give an
internal description of fiber bundles which is essentially the
Steenrod definition. In facf one has the following theorem - versions

of which may be found in [21, 32, 38].

Theorem 1.5.6 Let M and F be manifolds, G a Lie group acting

effectively on F and A an atlas for M. If V U, VEV 3
maps ¢ :VNV > G such that VAVEUNVNW (U, V, WE A)

dﬁv(x) qﬂj(x) = gﬂj(x), then 3 a fiber bundle (E,n,M,F,G) for which
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the & 's are the transition functions.
VU

In particular, starting from a fiber bundle as it has been
defined here, theorem 1.5.6 can be applied to retrieve the associated
principal bundle. Specifically, replace the fiber by the structure
group, allow it to act on itself by right translation and use the
original transition functions. One obtains a principal bundle and if
one next forms its associated fiber bundle using the original fiber
according to definition 1.5.5, one obtains a bundle isomorphic to the
original one. Thus, coming full circle we see why the Steenrod and

Ehresmann definition of fiber bundles are equivalent.
I now turn to the notion of morphism for fiber bundles.

Definition 1.5.7 For two fiber bundles (E,w,M,F,G), (E',n',M',F',G")

a morphism (9,¢,f) consists of a bundle morphism (¢,4) and a

homomorphism £ of G to G' such that
VY e € E, Vs €G (0(e))f(s) = d(es).

0f course, this definition is just the more general version of

definition 1.5.2.

Proposition 1.5.8 The collection of fiber bundles and their morphisms

form a category denoted by FBUN of which PBUN is a full subcategory.
Moreover, PBUN(M) is a full subcategory of FBUN(M) - the collection of

all fiber bundles with base space M and morphisms fibered over iM.

I next give a variety of examples of fiber bundles, some of which

will be examined at greater length in subsequent chapters.



Example 1.5.9 Let M be an m-dimensional manifold and let

F=R". If (R(i) : U+ R and (xi/) : V> R" are two overlapping
local charts on M one can define a map ¢VU :UNV-~>GL(m R)

by .
q x>
[ (x)17 = (— x€eunv.

va T 3

v
From the chain rule, the hypotheses of theorem 1.5.6 are satisfied

and the resulting bundle is TM. The principal bundle associated to

T 1is FM - the frame bundle of M. If instead one takes

i . -1
]

]

theorem 1.5.6 is still applicable and yields T*M with associated

principal bundle F*M ~ the coframe bundle of M.

Example 1.5.10 Let s® denote the unit sphere in r" (with

Euclidean metric). Then note that S3 may be identified with the unit
sphere in C2 (with the standard Hermitian metric), S1 may be _
identified with the unit circle €. Also, 82 may be identified with
€ P(1), as follows. Firstly, € P(1) may be viewed as equivalence
classes of pairs of complex numbers [(21, zz)] all differing by a
non-zero complex multiple and satisfying z.z, # 0. Secondly, 82 may
be identified with € U {»} (the Riemann sphere) by, for example,

stereographic projection. I can now define a map A : € P(1) > € U {=}

by
_2_1
A

[(z,, z,)] ~
1 2 2

(22 # 0)

[(z, O] = .

21



It may be checked that A 1is well defined, bijective and smooth.
. 2
With the above identifications 83 may be viewed as a bundle over § .
; 3 2
In fact, if (z1, 22 € 83 define m : ST » S~ by n(z1, 22) = [(21, zz)].

It is easy to check that w is a surjective submersion. Next, let

Tyl =2

: - (1,0) and U, = 82 - (0,1) so that {U1,U2} is an open

2

cover of 82 and define
z z
2 1
s' by (z,2) > [(=1, D1, D2
1272 22 22

X

o, n—1(U1) > U

1 1

-1 1 Z i 3
@2 ] (UZ) > U2 X S by (21,22) > [, E:)], (2;0
1

Then S3 is a principal bundle over 52 with fiber S  and local

trivializations @1, @2; it is known as the Hopf bundle.

Example 1.5.11 Consider the unit square [0,1] x [0,1] in IR2

and identify the ends as indicated.

v

V

\V4

This gives the Mobius band in which the base is [0,1], the fiber is
[0,1] and the structure group G is Zz.

Example 1.5.12 In this example I want to consider the generalization

of example 1.5.9 to vector bundles in general. Unfortunately,the term
"vector bundle" is ambiguous because it does not indicate whether it is
to be viewed as an object in BUN or FBUN. Rather than inventing some
nonstandard terminology to overcome this prbblem, I shall just give

the extra qualification as needed. The same procedure will be adoptgd

for Lie group and affine bundles. 1In this exampie I am working in the

category of FBUN.
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Suppose that (V,P ,M,W) is a vector bundle in the sense of
definition 1.4.1. Suppose also that {Ui} is an open cover of M. Then

in order to be able to view (V,p,M,W) as an object in FBUN one needs

. to give transition functions
¢.. : U. NU, > GLW).
ij i j
_a a
If (Xi) : Ui > R™ and (Xj) : Uj + R™ are charts and also
a a, b
X7 = .
P (x,)
are th i & A i
e change of coordinates and (Xi) and (x,) are the fiber
J
X -1 -
coordinates on p (U.) and p 1(U.) respectively then the ¢.. satisfy
1 ] b 1] ,
Vo = [d)..(x)]BA A
J 1] 1
(here, there is a summation over A and i,] merely index the cover
{Ui} on M). In example 1.5.8 the @ij‘s were defined in terms of the
¢a's i.e. in terms of the geometry of M. More generally one may
consider the tensor bundles formed by tensoring copies of J%M and

T*M . (x € M).
X

Example 1.5.13 Following on from the last example I consider affine

bundles as objects in FBUN. Let (E,w,F,V,0,W,M) be an affine bundle
modelled on (V,p,W,M) as in definitionm 1.4.4 and employ the same
notation as in example 1.5.11, but also let (e?) denote the fiber
coordinates of E over M on Ui' This time the transition functions

are maps

Y., : U, NU. > Aut(F).
1 ]

1]
which satisfy
B BA A B
= + T,
ej [¢ij(x)] e; FJl (x)

where the @ij's are the same as in the last example and the Pij's are
given functions. This demonstrates in local coordinates the precise

relationship between affine and vector bundles. Notice also that any
affine bundle gives rises to a principal bundle in which the fiber is
a vector space acting on itself by translation : thus, there is a

functer from AFFBUN N FBUN to PBUN.
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1.6 Jet Bundles

Suppose that (E,n,M,F) is a bundle. If f and g are two

sections of E over M then I will say

Definition 1.6.1 f and g are yv-equivalent at x € M if for all

curves y : R -+ M, such that y(0) = x and all functions F : E > R
such that F(x) = 0
s s

d
(Fofoy(e))| . =
ac® t=0 4t

A
7]
IA
=
~

= (Fegey(e) |,y (0

(t denotes the natural coordinate on RR) .
This definition gives an equivalence relation on the set of

sections of E over M.

Definition 1.6.2 The r—equivalence class of a section f at x is

called the r-jet of f at x and is denoted by j;f : x is
known as the source of jrf and f(x) as the target. The union of
X

all r-jets of sections at all points x € M is denoted by JT(E).

I shall outline next the fact that Jr(E) is a manifold : it is
moreover a bundle over each of M,E and J3(E) (0 55 < r) with

corresponding projection maps denoted by T

;, ﬂ; and ﬂg. Suppose that

M and E are of dimension m and m + n respectively and that U
is a typical open subset of M i.e. part of an atlas. Then
(nﬁ)_1(U) may be taken as a typical open subset of J°(E). From a
coordinate viewpoint (xi) : U~ R" and (xi,zA) : w—1(U) > Bfwul are
coordinates on U and H—I(U) respectively and j;f € (w&)—1(U) so
that £ has the local representation as

Xl _ xl’ zA - fA(Xl)
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and the coordinates on (n;)_1(u) are denoted by

(xl,zA,z% ,...,zé FIRREE ) then the coordinates of j;f are given by
! e ey 2_A r A
i 1 A A, i A of A _  3f A 3 f
x=x,z =§f), 2z, =—+, 2z, .= ——mr cegZi s eee: = - -
9x 9X 3x dX 90X ...0X

Suppose that V were a second typical open subset of M and that
(;i, ;A) are coordinates on n—1(V) and that UN V # ¢. Then since
E is a bundle over Mwe must have for smooth local functions

83 . ™ > B and o® : B77 - R

W=l 2R = Pit .
Using the chain rule and Leibnitz derivation properties these equations

give the transition functions of the induced jet coordinates. Indeed

J
if the section f has the second local representation
=% FPEh
these transition functions will be given by
. .. . -1.1..B
- i, =B B, 1 A -B ‘ ad A
x) = ¢J(x ), 2 =& (x,2), z. = 29&—1———K—-z.,
‘ S R P
i i
-1, -1,72 B
z? i = 3(¢_') . 8(¢_.) . 8¢A z? ; t terms with first order
11)2 ax7 1 ax72 0z M2
jets,
: i i i
_ 1,71 -1,72 -1\'r B
2D ... = a(q>_). . a(¢_.) ...a(d)_.) . MAZI} ...; + terms (1.6.1)
I I 2% 1 %72 ax’r 0z M x

with (r-—1)St order jets.

Theorem 1.5.6 may now be invoked and one concludes that Jr(E) is a
manifold which is a bundle over both M and E. Moreover, counting
the number of independent coordinates on Jr(E) one also finds that

dim J"(E) =m +n (™ i)
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Jet bundles provide an appropriate context in which to view
differential equations geometrically. <Central to this approach,
which was pioneered by E. Cartan, is the fact that‘jet bundles
come naturally equipped with a canonical module of linear

differential forms.

Definition 1.6.3 On Jr(E) the rth—order contact module is the

module of 1-forms &' defined by

r,, .r—1 , v-1
-— oL 7'<
r pm T Mt BT T
J xt i, f

(E) (1.6.2)

The importance of the contact module is that it characterizes jets of

sections.

Theorem 1.6.4 A section 5 of Jr(E) over M 1is the r—jet of a

section of E over M iff s* @ = 0.

Proof: One method of proof would be to show that definition 1.6.3

leads to the usual basis for the contact module. If
i A A A A

(x",27,2. ,.¢.52. ,..., Z. .... ) are local coordinates for JY(E) as
I 34 SEI
given above this basis is
(dzA - z? dxl, dzé - zé idxl,...,dz{“ ..... - zé oo dxl).
v 3y M S N

However, definition 1.6.3 affords a more elegant argument. Suppose

firstly that s = jrf for some section f of E over M. Then for

x €M
r .Y r* r® .r-1 r—1
(s*2) | = (G E)*(n__, me G DR T T (E)
] f
X
r  .r .r—1 r.r r—1
= o - o * *
((n o i D)*- (G md ) )T.r_1fJ (E)
X
= ((jr_1f)* - (jr—1f)*) T Jr_1(E) since m_ o jrf = 1
jr—1f M M

X



The converse will be proved by induction on r. Note firstly that

L e . (1.6.2)

- This 1s because

r* , r-1 _r*% r-1% r=1%,.1=2 |\ s r-2
ﬂr_1(9 ljk—1f) r—1(" Ty (3 f)‘)Tfr_2 J “(E)
X r-2 j f
- x
% 1% * -2
SR G LI DEOE ML S L ¢
i, f
r—1* r-2 r—1 .
and the fact that = (T*r_2 J (B)) T%r_1 J (E) since
r-2 jx f jx £
Jr—1(E) is é bundle over Jr—z(E).

Now suppose by induction that for t a section of Jr—1(E) over

L t). Let s be a section of

M)t* Qr—1 = 0 implies that t = (WE—
Jr(E) over M such that s*Q@F¥ = 0 and let f be the section of E over

M given by “; °© 3. The best way to proceed now is to fix a point

x € M. Then s(x) € Jr(E) and so by definition there is a section of

E over M, say,fx such that s{(x) jrf . Since s*af =0 (1.6.2)

X X
implies that S*wz_1x9r-1 = (ﬂ§_1 ° g)% Qr—1 = 0. Hence by the
induction hypothesis
ot o g = .r—1(ﬂr—1 o ot s)
-1 J E -1 ° %"
r-1 r _.r _ r o _ .r1 .
But e m__q° § =Ty s f and so LI s =3 f. This shows

that jr—1f and jr_1fX agree to (r—1)St order at x.
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% % — * -
Now 0 = s* erjrf I I S le )T* J* 1(E)
X X r—1 M X ,r-1f
J X X
= (Gl e % = TR om0 9)9)TH 3 (E)
r j f
X X
- (G5 - TN, ).
b'e =1
3J £
X X

It follows from the preceding argument that jr_1f and jr_1fX
1

agree to first order as sections of JTNE). Now JT(E)

J1(Jr—1(E)) and since jrf and jrfX are sections of
JY(E) it follows that f and £ agree to order r at x. The
X

induction is completed by noting that the case r = 1 gives

immediately the condition that f and f agree to first order at x. B
X

In the language of jet bundles a system of rth order partial
différential equations (P.D.E.r.0.) is simply a local submanifold Z
of the r-jet bundle of sections of a bundle E over M. M is the
space of "independent variables" and the fiber of E over M the
space of ''dependent variables". A solution of I 1is the r-jet of a
local section whose image lies in Z. Since Q" detects those
sections of Jr(E) over M which are r—jets of sections of E over
M, the problem of finding solutions may be rephrased as one of finding
m—-dimensional integral manifolds of Q" restricted to £. I now
examine the bundle structure of the jet spaces. Arbitrary order jet
bundles are not in general vector bundles. Instead one has

Proposition 1.6.5 ©Let E be a bundle over M. Then Jr(E) via

n:_1 has the structure of an affine bundle over Jr—1(E).
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Proof: Two parts j;f, jff of Jr(E) are in the same fiber over
x
3t 1(E) iff x = x and f and f are (r-1)-equivalent at x.

Considering now equation (1.6.1) we see that the difference of

two such points depends only on their r-jet and transforms as tensor.

If we use two sets of standard coordinates (xl,zA,z?,...,z% D

-i-A - - . . =i i, 3
(x,2z ,z?,...,zé,...lr) and make a transformation x = ¢1(xJ),

i
-A _ A, j B . )
z7 = ¢ (x",z ) we see that this tensor transforms with

I PR 4
20 D' aTh? aeThHT ae
-1

%1 2% "2 ax'r 9z

A

This means that it

: *
transforms as an element of ST (M) ® V(E). Hence by theorem 1.5.6

it follows that Jr(E) is an affine bundle modelled on Sr(M) ® V(E). |
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1.7 3" (R, and 3'OLR)

Let M be a smooth m-dimensional manifold. We may think of

R xMand M x IR as trivial fiber bundles over R and M respectively,
and tﬁen sections are simply curves and functions on M respectively.
Thus, we may consider the bundles J1(]R x M) and J1(M x R) . In the
case where one deals with jets of maps as opposed to jets of sections,
it is convenient to write Jr(M,N) rather than Jr(M X N), where M x N
is regarded as a trivial fiber b’undle over M. Hence, I write

J1 (R, M) and J1(M, R) rather than J1 (R x M) and J1(M x 1R)
respectively. It should be ciear from the definition of J1(IR, M) and
J1(M, R) and the "usual" definition of TM and T*M (see for example
[38]), that J1(]R,M) is globally diffeormorphic to R x TM and

J‘(M, R) globally diffeomorphic to R x T*M.v Indeed, TM and T*M may

actually be defined as subbundles of JT(]R,M) and J1(M,IR) respectively.

All of the spaces J1(]R,M), ™, J1(M,IR) and T*M are very
important for what is to follow in this work. J1(IR,M) is the setting
for Lagrangian mechanics and chapter 4 examines some of the intrinsic,
geometrical properties of J1(IR,M) and TM.‘ T*M occurs in chépters 2
and 3 in connection with Hamiltonian theory. The first three sections
of chapter 5 are essentially concerned with ‘imitating the geometric
constructions of T*M on J1(M,IR), in other words, passing from
symplectic to contact geometry. Clearly then,it is important to know
the various bundle structures of J1(1R,M) and JT(M,IR) . These will

now be Ainvestigated and I start with JT(M,]R) .
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J1(M,HU may be viewed as a bundle over R, M, T*M or M x TR
and the associated projection maps will be denoted by o, B, y
and o x B respectively. a, B, y may be defined by
for j:{f € 3 o, w)

.1

“Ge O =3 8G, 0 =26, vGlo =at] .

Indeed, J‘(M,HU is naturally a vector bundle over M or T#M

by defining, for A € R j;if, j; g € J1(M,HO

1
Ix

1 .1 A
B+ g =13, (F+), (G, ) = i, Q).
J1(M,HO may also be viewed as a vector bundle over M x R but one

must define instead

J'.L_f * J'L g = jl{ (f+g - £(x)), A(j;- £) = j:{ (Af = (A-1)£(x))

where f(x) denotes the identically constant function with value f(x).
The precise relationship of the spaces T*M and J1(M,HO may be

clarified by the following diagram:

p 4
TR Y > T‘M ! > 7 (M a{R)
0 Axf |
Y N
N > M ] > MxR
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Here, m is the cotangent bundle projection and jM denotes the
inclusion xt—> (x,0). Also, j 1is the map given by

df|xt—€>jL (f-£(x)), where again f(x) denotes the constant function
£(x). Both y and j are VBUN morphisms — indeed T*M is the pullback

of J1(M,HD via jM.

Each of J1(M,HO and T*M carries an intrinsically defined 1-form.
In the case of J1(M,HQ this 1-form, say, © is defined by, for

.1

j £ €.J1(M,BD where i is the identity function on IR,
X

R

0 |.1 = dg - oxf* d(ip)
i £
x i
In any standard coordinate system (x°, z, pi), © has the local

. i .
expression dz - pidz . O is an example of a contact structure
whose properties will be examined in chapter 5. On T*M the canonical

1-form 6 is defined by, where p € T*M with w(p) = x
8(p) = m*(p).

Hefe, I IXfM - T?*T*M and so 6 defines a section of T*T*M over T*M
i.e. is a 1-form on T*M. 6 is also characterized by the universal
property that o*6 = o for any o € F1(M). If (Xi,pi) are standard
coordinates on T*M, 6 has the local form pidxi and hence

j*g = - 0. The exterior derivative of © is the canonical example of
a symplectic structure, whose properties are briefly reviewed in
section 5.1. More generally, d6 may be dualized to give a 2-vector

and this is an example of a cosymplectic structure, which are

discussed in chapter 2.



There is one further property of J1(M,IR) that is needed in
chapter 5 and which it is appropriate to give here. J‘(M,]R) may be
embedded in T*(M x TR) : in fact if j; fe JI(M,]R) define a map

it 3 ALR) > TG x R) by
.1 . = -
j xf i—> dle,f(x) where F(x,z) = f(x) - z.

It is easy to see that if 6MX]R denotes the canonical 1-form on

T#(M x R) then lx(eMX]R) = -0,

The decision to examine JI(M,IR) before J1(]R,M) was not made
without reason. J1(M,IR) enjoys its many linear properties becauée
it consists of functions into a linear space i, : Now J1 (R,M)
also has linear properties which it derives in virtue of its
duality with JI(M,IR) . J1(]R,M) may be viewed as a bundle over
R, M, TM or R x M and the corresponding projection maps will be
denoted by p, o, T Vand P X0, p,0 and Tt are defined by,
for j1t Y E’J1(IR,M)

1

.1 .
D(Jt Y) = t, G(Jt

Y) = y(v), T(j; Y) = y(t).

The relationship between the spaces TM and J1(IR,M) may be summarized

in the following diagram.

1
TN T x TM J > T(R,m)

]

k m
M .

7 RxM

v
=z
[
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Here, I is the tangent bundle projection and jM denotes the inclusion

x > (0,x). Also g 1is the map given by [Y]X +»j;y.

I showed above that J1(M,HU is naturally a vector bundle over
both M and M x R via 8 and o x B (although (i , jM) does not
J (M, R)

define a VBUN morphism). There is a pairing of elements jtY,in

J1(ELDO with those j;f in J1(M,HU_ which satisfy y(t) = x by

LT d
Ge¥s 3 B> = 3 (£ o y(e))] teo

It is clear that this pairing is non-degenerate and demanding that it
is bilinear, endows J1(HQ}D with a vector bundle structure both over
M via o, and over R x M via p x g. TM may be made into equivalent
.vector bundles using either of these two vector bundles structures;

then, both (rt, iM) and (g, jM) are VBUN morphisms.
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1.8 Canonical dilation vector field on a vector bundle

Suppose that (V,m,M,W) is a vector bundle in the sense of
definition (1.4.1). The scalar multiplication by IR on each fiber
gives rise to an action a of the multiplicative group of R* on V.

In fact if v, € V define a : R* x V > V by
(, VX) > O‘V)x'

Since for A,u € R* a(Ay, Vk) = a(A,(uxbx) = a(),a(y, vx)) a does
indeed define an action. It follows from Lie's second fundamental
theorem [32] that there is an induced vector field A on V. A is
called the canonical dilation veﬁtor field and is defined by,

VEEFWV), Vv _CV

]

. . :
Af(VX) o (£Ca(n, Vx)))|>\=0'

Clearly A is tangent to the fibration m ¢ V - M : in fact if coordinates
(xi) are introduced on M and (yA) are fiber coordinates then A has

the local expression N gg-. The existence of A renders it possible
A

to speak of a function being homogeneous in the fiber : f € F(V) will

be said to be homogeneous of degree s 1in the fiber if Af = sf. The

following observation is important.

Proposition 1.8.1 A function f : V - R is homogeneous of degree

zero iff it is (the pullback of) a function on M.

Sketch of proof Af = 0 means geometrically that the levels of f are

tangent to A: but given any point v € V there is an integral curve

through v "ending" on the zero section and so f 1is entirely



determined by its value on the zero section. This means that f is
the pullback of a function on M. Conversely, if f = n%¢ for some

function ¢ on M then Af = A(m*¢) =(m,A)$ = O since A is tangent. to

“the fiber. K

The vector field A may also be considered on a vector space
which corresponds to the preceding case when M degenerates to a
point. On a vector space V any vector field may be identified as
an endomorphism of V. From this poiﬁt of view, A corresponds to
thelideﬁtity automorphism iv. Next, a point of notation. If
$ : M > M is a map of manifolds then I use T® to denote the induced
bundle map of TM to TM'. 1In general & does not induce a map of
V1(M) to V1(M'), indeed this only happens when ¢ is a diffeomorphism.
Again, if ¢ is not a diffeomorphism there is no bundle morphism of
T*M' to T*M. There is, however, always a map of sections i.e. of

F1(M') to F1(M) and this will be denoted by ¢*. Finally, o, will be

36

used to denote the pointwise map of tangent spaces; hence in the case

where ¢ is a diffeomorphism and X € V1

2. X ° 9 = (T®) ° X.

Lemma 1.8.2 Let V, V' be vector spaces with canonical dilation
vector fields A and A' respectively and & a smooth map of V to V!

Then A and A' are ¢-related i.e. A' o & = (T®) o A iff ® is linear.

Proof: Make the identification of A and A' with iV and iv'

respectively. The condition of ¢-relatedness then becomes

iV'O(p:T(DOiV
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where ¢, is regarded as a map from V to V'. But the last
equation says of course that & = T which is precisely the

condition that ¢ be linear. g

The last result prepares the way for the next on the bundle

level.

Theorem 1.8.3  Let (V,w,M,W), (V',n',M",W') be vector bundles and

A and A' their respective canonical dilation vector fields. Then a

map & of V to V' is a VBUN morphism iff A and A' are ¢-related.

Proof: If ¢ is a VBUN morphism then, since A and A' are tangent

to the fiber it follows that A and A' are QIVX—related on each fiber
VX by lemma 1.8.2. This gives the necessity and the sufficiency also
follows, provided only that one knows that & is a BUN morphism.

Next suppose that v1, v, € V satisfy ﬂ(V1) = W(Vz). Then there are
integral curves of A passing through v, and v, respectively and
"meeting" on Ov (the zero section of V). Since A is é-related to

A' there must be integral curves of A' passing through @(v1) and
¢(v2) respectively which "meet". However, two integral curves of

A1 "meet" only if they lie in the same fiber of V1; hence

T o @(v1) =7' o @(VZ) i.e. the fibration is preserved. |

Corollary 1.8.4 With the notation of theorem 1.8.3, ¢ is a VBUN

isomorphism iff A" o & = (T®) o A. X
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1.9 A brief review of Analytical Mechanics

In this section I give a brief summary of mechanics as it is
needed in Chapters 2, 3 and 4. A great deal of apparatus has been
~developed in this chapter and some of the manifolds defined provide

the kinematics. It remains to add the dynamics.

There are essentially two distinct approaches to mechanics
which bear the names of Lagrange and Hamilton respectively.
Traditionally it has usually been assumed that the difference between
Lagrangian and Hamiltonian mechanics is rather formal. As Goldstein

"...the Hamiltonian formulation usually does not materially

[16] says
decrease the difficulty of solving any given problem in mechanics.
The advantages of the Hamiltonian formulation lie not in its use as
a calculational tool, but rather in the deeper insight it affords
into the formal structure of mechanics." Indeed, the development of
intrinsic geometric methods has led to a deeper appreciation of the
difference inherent in the two approaches; these can be quite

significant especially when one comes to formulate field and quantum

theories for example.

Lagrangian dynamics is usually formulated on R x TM = J1(BR,M)
and Hamiltonian dynamics on T*M where, as always, M denotes a
smooth m-dimensional manifold. 1In both cases M is called the
configuration space and is the space in which the actual motions
occur. TM(T*M) is called phase space and R x TM evolution space.

The fact that Lagrangian theory contains the extra IR factor enables
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it to deal with systems which are explicitly time dependent. There
are subtle differences between the spaces TM and IR x TM and these
are investigated in chapter 4. In the rest of this section it will
be assumed that Lagrangian theory is formulated on R x TM and
Hamiltonian theory on T*M. However, Crampin [8] has recently
explained how Lagrangian theory may be formulated.difectly on TM.
Also, time dependent Hamiltonian systems are easily accommodated on

R x T*M.

Lagrange's equations of motion are second order equations
constructed from a function L called the Lagrangiqn which depends
on first order quantities. As follows from section 1.6, a system of
second order ordinary differential equations (0.D.E. 2.0) is locally ,
from the geometric viewpoint, a cédimension m submanifold I in
JZ(IR,M) . Adopting sténdard coordinates (t, s, ii, ii) for
JZCR,M) the problem of solving an 0.D.E. 2.0 may be restated as that
of finding m-dimensional, integral manifolds of the contact module
{dxi - iidt, dki - Xidt} restricted to I for which also dt # O.
It may be possible to write the system of 0.D.E. 2.0 in the form
Xi = Pi(t, X, ii) (where the Pi's are smooth functions); geometrically,
this means that I is transverse to the fibration n? : JZ(IR,M) - J1(IR,M).
If this happens the restricted contact module is {dxi - xidt, dki - Pidt}
and one sees that the whole problem has been pulled down to J1(IR,M).
In other words I has been identified with the space J1(IR,M) which
explains how the second order theory case be formulated entirely on
J1(]R,M) . On the other hand, it should be appreciated that not

every system of 0.D.E. 2.0 can be treated in this way; I shall call
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0.D.E. 2.0. with this property regular. In the case of the Euler-Lagrange
equations the submanifold I is determined by the vanishing of the

m functions (see Crampin [7])

2 . 2 . 2

0L 4 3] —ETE—i + 33 —ETL—. - —E%L-.
atax* ax7 3% a% axd ax

Clearly then, the condition that allows the equations to be pulled

2.
down to J1(]R,M) is det C——E—ET—) # 0. A Lagrangian which satisfies

9% 3x
this condition at all points of J (R,M) is said to be regular.
Hence, a regular Lagrangian gives regular Euler-Lagrange equations.
Geometrically, the Euler-Lagrange equations arise as the condition

obeyed by the extrremals of the variational problem det. This

derivation is standard and may be found in [16] for example.

I now turn to the formulation of Hamilton's equations which, in
contrast to the Euler-Lagrange equations are not derived from a
variational problem. Instead, one simply chooses some function h
on T*M. Letting 6 denote the canonical {-form on T*M, d6 is a
symplec;ic structure and hence there is some vector field Xh on T*M
defined by Xh*Jde = —dh. Xh is the global Hamiltonian Vector field
associated to. h - and, unlike the Lagrangian, any smooth h can be
chosen. In terms of standard coordinate§ (xi, Pj) for T*M
Hamilton's equations are obtained:‘

ii _ _%h . dh
op. Py 0% .
i i

However, from the geometrical point of view they are not, nor
necessarily equivalent to, second order equations. Indeed, the

construction of Xh depends only on the symplectic structure of
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T*M i.e. dO@ rather than 6. Hence, Hamiltonian dynamics may be
formulated on any symplectic manifold: all one need do is choose

any smooth function to obtain the dynamics.

A vector field X which satisfies the condition d(X _{d6) = 0
is said to be locally Hamiltoni;n. By the Poincaré lemma, it follows
that locally there is a function h such that dee = —dh, though
h need not be globally defined. However, it is a standard fact
that the Lie bracket of two locally Hamiltonian vector fields is

always a global Hamiltonian vector field (see Armold [1]).
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CHAPTER 2

SCHOUTEN'S BRACKETS WITH APPLICATIONS

Chapter 2 is concerned with Schouten's brackets. It is shown
that there are actually two quite distinct brackets on S(M) and
A(M) - the space of symmetric and skew symmetric, contravariant
tensors associated to a smooth manifold M. The definitions and
essential properties are proved rigorously for the bracket on s
and sketched in the case of the bracket on A(M). Each of the two
brackets has an important role to play in theoretical mechanics.
The bracket on S(M) allows the concept of a Killing tensor to be
defined and this is done in section 2.2. A theorem is proved which
gives an upper bound for the maximum possible dimension of the space
of Killing tensors on Riemannian or pseudo-Riemannian manifold. As
a corollary, one can also obtain the dimension of the homogeneous

Killing tensors of rank n and degree r on a flat manifold.

The bracket A(M) allows the notion of a Poisson manifold to be
defined. A sketch using local coordinates is given of why Poisson
manifolds are precisely those which have Poisson bracket structures
i.e. commutative and Lie algebra structures related by a derivation
type property. One of the two natural examples of a Poisson manifold
is T*M: this has the stronger property of actually being symplectic.
The other natural example is the dual space of a finite dimensional
Lie algebra g. This is examined in section 2.3. It is shown that g%

is indeed a Poisson manifold and that S(g) has a natural (Schouten-type)



bracket which enables it to be identified with a subalgebra of

Fo(g*). The results in section 2.3 are more or less standard.
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2.1 Schouten's brackets

Schouten's brackets were introduced quite some time ago but it
_is only comparatively recently that their important in mechanics has
been recognized [29, 43]. In the first place, it should be
emphasized that there are actually two distinct Schouten brackets.
These are defined on S(M) and A(M) the space of symmetric, contravariant
and skew-symmetric, contravariant tensors respectively, associated to
a smooth manifold M, which, as usual, will be assumed to be
m-dimensional. 'S(M) and A(M) are each graded R-algebras under © and
A respectively; these products arise from the associated bundles
S(M) and A(M) and hence §£§l is commutative whereas Qﬁylbsatisfies
[A,B] = (—1{’[B,A]'(A € i&ﬁl’ B EKiggl). The symmetric Schouten
bracket onféﬁgl'makes it into a Lie algebra in which the two algebraic
structures are related by a derivation formula. The situation on
‘A(M) is rather similar except it is a graded Lie algebra and the
derivation formula respects the grading.
The bracket on S(M) is defined as follows: firstly, if A,B € s(M)
[A,B] = O.
Secondly, if A € §1£§l and B €'§2§
[A,B] = AB i.e. the directional derivative of the function B.
Thirdly, if A,B € ' (1)

[A,B] is the Lie bracket of vector fields.

This defines the bracket on elements of degree zero and one. Since

S(M) is a commutative, graded algebra the bracket 1s now determined
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automatically on the other degrees by insisting that it be R-bilinear

and that it be a derivation in both factors i.e. for A, B, C € S(M)

[A,B © C] [A,B] © C + BO[A,C] (2.1.1)

[AGB, C] [A,C] OB + AQ[B,C] (2.1.2)

The definition of the symmetric Schouten bracket just given is
essentially the same as that given by Woodhouse [43]. If A, B € S()

and local coordinates are chosen so that A and B have the components
i,...1 Jyee-]

A ! P and B ! 9 then [A,B] € Sp+q_1(M) and it has the components
(see [29])
JUUOE TUUNIRE ¥ PRUUE JUPRNE SUPUS BRI SR ¥ ¢ PO
(a8 TPTATh o T TRTlg Te et g T e
Joeed )
A, TPt (2.1.3)

(2.1.3) may be used to give a proof that the symmetric Schouten
bracket satisfies the Jacobi identity. Alternatively, one may

proceed as follows.

Proposition 2.1.1 For all A, B, C € S(™)

[A,[B,C]1] = [[A,B], €] + [B, [A,C]] (2.1.4)

"Proof: In view of the definition of the symmetric Schouten bracket

(2.1.4) is certainly true when the A, B, C's are of degree zero and one
(or any mixture of zeros and ones). Since any element of §E£§l may be
written as a sum of decomposable (simple) symmetric tensors, and in
view of the R-bilinearity of the bracket, (2.1.4) in general results
by induction, from the following two part argument. Firstly, if

\
A E'Sp(M), B € Sq(M), cest (M), and if the Jacobi identity holds for

IA

all p £ p', @' £q, r £ r' then it holds also for all p < p' + 1,

r'.

IA

q' £ q, T
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Proof: Let D € S1(M). Then I shall show that
{aep, [B,C]] = [[AeD,B], C] + [B, [AeD, C]]. (2.1.5)
- Now reducing the left hand side gives, using (2.1.1) and (2.1.2),

[aeD, [B,C]] = A®[D,[B,C]] + [A,[B,C]] 6D

= Ao[[D,B],C] + Ae[B,[D,C]] + [[A,B],C]0D + [B,[A,C]]ED
by Jacobi.

Next, considering the right hand side of (2.1.5) and using (2.1.1)

and (2.1.2)

([AeD,B],C] + [B,[AGD,C]]

([A,B]éD,C] + [A®[D,B],C] + [B,[A,C]6D] + [B,AO[D,C]]

[[A,B],C]6D + [A,B]O[D,C] + [A,C]6[D,B] + 46[[D,B],C]

n

+ [B,‘[A,C]]@D + [A,C]O[B,D] + [B,Al0[D,C] + A@[B,[D,C]]
(again by (2.1.1) and (2.1.2))
= [[A,B],C]OD + AO[[D,B],C] + [B,[A,C]]6D + A@[B,[D,C]].
(by skew-symmetry) .

This shows the equality of the left and right hand sides of (2.1.5)
and the first part of the induction argument is complete. The second
part asserts that with A, B or C as above, the Jacobi identity also
holds for p £ p', q' £ q, r £ r' + 1.

Proof: Again let D €'S1(M), Then I shall show that

[A,[B,coD]] = [[A,B],COD] + [B,[A,COD]] (2.1.6)
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Firstly, reducing the left hand side gives using (2.1.1) and (2.1.2)

[A,[B,C]]6D + [B,C]6[A,D] + [A,C]O[B,D] + CO[A,[B,D]]

(a,(B,CoD}]

[[a,B],C]0oD + [B,A,CleD + [B,C]O[A,D] + [A,C]O[B,D]

+ CO[[A,B],D] + CO[B,[A,D]] by Jacobi.

Next reducing the right hand side of (2.1.6) with (2.1.1) and (2.1.2)

gives

([A,B], cep] + [B,[A, COD]]

i

[[A,B],C]oD + co[[A,B],D] + [B,[A,C]oD] + [B,[A,D]oC]

[[A,B],C]oD + CO[[A,B],D] + [B,[A,C]]6D + [A,C]O[B,D]

+ [B,[A,D]]OC + [B,C]O[A,D]
showing that the left hand and right hand sides of (2.1.6) are equal.
The proof of proposition 2.1.1 is now complete because although the
Jacobi identity involves three arguments, the induction follows from
just.(2.1.5) and (2.1.6) in view of the skew-symmetry of Schouten's

bracket. |

In chapter 3 I shall be concerned with constants of motion in
Hamiltonian mechanics. The symmetric Schouten bracket is of fundemental
importance in this context and the following theorem will be used
frequently. It depends on the fact that a symmetric, contravariant
tensor M may be identified with a function on T*M which is
polynomial in the fiber. If A €’§:k§l then a 1is defined by
a(p) = A(x)(p,...,p) where p € T*M and w(p) = x, there being n

arguments on the right hand side.
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Theorem 2.1.2. The map defined by A > a just described, defines a

Lie algebra isomorphism from'gﬁgl to FO(T*M). The proof can be

given from a coordinate calculation using (2.1.3) or, more elegantly,
by establishing the result for §E£§l and é1tM) and then using
R-linearity and (2.1.1) and (2.1.2) to deduce the general case by
induction.® In fact the Hamiltonian formalism on T*M briefly described
in section 1.9 provides yet another way to view the symmetric Schouten
bracket. Any a £ FO(T*M) defines a global Hamiltonian vector field

Xa on T*M as was explained in section 1.9; Hence, any symmetric,
contravariant tensor field A on M may be lifted to a vector field
Xa on T#M. Thus, starting from A,B E'§£§l one may construct Xa and

Xb and thence [Xa’ Xb]. Since [Xa’ Xb] is globally Hamiltonian, it
determines a function on T*M which may be normalized so as to give a
function which is polynomial in the fiber (it must be made to vanish
on the zero section of T*M) and which thus can be identified with an

element of S(M).

In section 2.2 the Schouten bracket on. S(M) is used to isolate
the notion of a Killing tensor. This concept, which is a generalization
of the familiar notion of a Killing vector, applies in the category of
Riemannian or pseudo-Riemannian manifolds. Specifically, a Killing
tensor is a symmetric, (contravariant) tensor which Schouten commutes
with the metric. As we shall see,kKilling tensors are first integrals
of the geodesic flow, but play a role in the problem of finding first

integrals of more general Hamiltonians.
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I turn next to the skew Schouten bracket onl}iﬁl. It should be
emphasized that it is not possible to define a bracket on C(M).
If one tries to define it along the lines of the symmetric Schouten
bracket it will not be ﬁell-defined and one obtains different answers
according to the order in which various operations are performed. Of
course general elements of gﬁ&l cannot be identified with elements of
FO(T*M) which is another manifestation of the same phenomenon.
However, in the case of‘éﬁ&l something analogous can be done by way
of constructing a bracket. 1In fact Schouten's skew bracket is defined
in the same way as the symmetric bracket for elements of degree
zero and one. Again it will be extended to higher degrees by using

IR-linearity and the following rule instead of (2.1.1) and (2.1.2):

for A € AP(M) and B € A%(M) with A and B decomposable, say,

A = A'A...AA s, B =B,A...AB
P ! q

where each Ai and Bj are vector fields on M define
[A,B] = .Z. A1A...AAi_
1,3

Technically, the Lie derivative operation has been extended to A(M)

AAA~A. A AfA.,B.JABA...AB. AB.A...AB
L P 1] 1 -3 q

1 1

as a 'biderivation of degree one'". This means that one has instead of

(2.1.1) and (2.1.2), for A, C € A(M), B € Aqv).

[A,BAC] = [A,B]aC + (-1)9 BA[A,C] (2.1.7)

[AaB,C] = (-1)9[A,C]AB + AA[B,C] (2.1.8)

Again if local coordinates are chosen so that A and B have the
i1...i ji"'j

components A P and B q’ [A,B] € Ap+q—1(M) and its components

are given by
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Jgeeed o ilj,e-.3 ., 3 I 4] i3, eeed 4 3 ceed o]
[A,B] 1 Ap+q L. P 1B’ p.-."ptq-17 (-Pd 1 q 1A,q p*tq-1
i 1
(2.1.9)

Hence, rather than being skew-symmetric the bracket on AQM) satisfies
[4,8] = (-1PI[B,A] | (2.1.10)

Similarly, one also has a graded Jacobi identity which may be proved
from (2.1.9) (see [29]), or much in the same way as proposition 2.1.1

but this time respecting the grading
[a,(B,C]1 = [[4,B],c] + (-P[B,[4,c]] (2.1.11)

where A € AP, B € 220D, ¢ € A(M)

Schouten’s bracket on A(M) is important because it entirely
characterizes menifolds which have a Poisson bracket structure. Suppose
Q is an element of AZ(M). Then we may certainly definme a map from

FO(M) X FO(M) to FO(M) by
(f,g) =~ Q(df, dg) = {£f,gl.

The map is evidently skew-symmetric and bilinear but it does not make
FO(M) into a Lie algebra in general. 1In fact this happens, as
Lichnerewicz showed, iff [Q,2] = O where the bracket is Schouten's
bracket on FO(M). One can easily see this frog (2.1.9) because, using
coordinates (xi) on M

Kaf g dh

s (2.1.12)
1 axj axk Bxl

((£.g),h} + (1g,h},F} + {{h,£},g} = o'l @

and the right hand side of (2.1.12) is just [Q,2] (df, dg, dh).

Sometimes the tensor Q is referred to as a cosymplectic structure [19]
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and a manifold equipped with a cosymplectic structure is known as

a Poisson manifold. Of course, a symplectic structure is a familiar,
special case of a Poisson manifold. There is also another context
in which Poisson manifolds arise naturally, namely, on the dual
space of a finite dimensional Lie algebra and I consider these in
section 2.3 after presenting some properties of Killing tensors in

" the next section.



2.2 Killing Tensors

Let (M,g) be a Riemannian or pseudo-Riemannian manifold. Let V
denote the metric connection and G denote the contravariant metric
corresponding to g. A symmetric covariant n-tensor field K on
M is said to be a (symmetric) Killing tensor if the symmetric part of
thé‘n+1 tensor VK vanishes. As is well known Nijenhuis[29L

Woodhouse {43] this is equivalent to the condition that the symmetric

Schouten bracket of K with @G vanishes; in terms of local co-ordinates

the index condition

Koo ..y
(11...1n,1n+1)_ 0. (2.2.1)

The space of all symmetric Killing tensors forms a subring under sym-
metrized tensor product, and a Lie subalgebra under the Schouten

bracket of the collection of all contravariant tensor fields on M.

(2.2.1) is obviously a very natural generalization of the
conditions for the existence of Killing vector fields whose importance
has long been recognized in the context of general relativity. It
is well-known that in flat spaces i.e. those for which the curvature
tensor of g vanishes the number of Killing vectors isvmaximal. One
is thus led to conjecture that something similar holds for Killing
tensors and indeed this is the case. In the sequel K: denotes the
dimension of the vector space of analytic, symmetric rank n Killing

tensors on (M,g) and K will denote a Killing tensor of rank n.
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Proposition 2.1: If Kb b is a Killing tensor in a flat space then
' 1°"""n

K =0 j.c. the Killing tensors of rank n are polynomials
b, ...b , a,...a -
1 n 1 n+ 1

of degree less than or equal to n.

_Proof; - Supposec  as induction hypothesis that for 0 £ k < n
K , ) _
bl"'bk (dl"'an—k’an—k+1'° an+1)
Then
0 =K
by-eby (ayeeay o -2, )
_ n-k
n+2 bl"'bk+1 (al°"an—k-1,an—k"'an+1)
. k+2 g -
2 byeeeby (ayeeean han e eedn B

From the induction hypothesis, it follows that the second term on

the right is zero whence so is the first. The result now follows ‘by induction

which begins successfully because Kb b is a Killing tensor. B
1°"""n

The next result gives an upper bound on K: .

m (m+n-1)!(m+n) !
Theorem 2.2.2 Ky < (oD imini(nsD)T
Proof: Recall that the Killing tensors are assumed to be real

analytic. The argument is pointwise at any point p of M so I
shall refer to all derivatives and functions as being evaluated at p.

It follows from (2.2.1) that

Ko oid 4 iy B
ittt taer Jpe-cdy) = 1octnendrt eIy (2.202)

where the B's are functions which are linear combinations of deriva-
tives of K of order'less than or equal to r with coefficients which

depend only on the metric and its derivatives. Before proceeding I show
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that the functions Kii .3k may be isolated and expressed
: n

R T D
: n’31°
as a linear combination of lower order derivatives. This follows from

(2.2.2) withr=n and r=n-1 and because

K,. .. . K, .. .
(11...1n,31...3nk) = 11...(1n,31...3nk)

K, . .. .
n+2 11...1n_1k,1n31...3n

K,. . . s .
n+2 (11...1n_11n,31...3n)k .

Thus all derivatives of order areatern than n maybe recursively com-
puted from lower derivatives. Now for r = 0,1,...,n (2.2.2) maybe
regarded as a system of linear equations whose dependent variables
are all the derivatives of orders between‘l and n+l. Starting from
r=n we may recursively compute all £ower order derivatives. Linear
algebra tells us that at each stage we pick up a. number of free para-

meters which is precisely the number of K, .. . . i.e.
ijeeai i Jyeee]
1 n’"'n+l “1 r

m+r m+n-1 . . . .
(n+1:> (, n ) less the number of independent equations contained in

(2.2.2) which is (m+§-1) (::?>. The recursion continues to r = 0;

+n-1

n ) free parameters, the constant

there remain, however, a further (T
Killing tensors, which trivially satisfy (2.2.1) If the metric is not

flat there will be‘further integrability conditions imposed by the

expressions for Kii...i ;i +1j1...j in terms of g and its deriva-
n n

tives. In flat space in view of proposition 2.2.1 these hold identically.

Hence
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) - g () () - L) )

_ (m+n-1) ! (m+n) !
B (m-1) 'm !'n ! (n+l) !

The preceding' argument is a generalization of that used by Kalnins

and Miller [23] to compute a bound for K? . It also follows from the
argument:
Corollary 2.2.3 If M 1is flat the dimension of the space of homogeneous,

rank n Killing tensors of degree r denoted by K: . is for m 2 2
b

(m+r—1) (m+n-1) (m+r—2) m+n | ( 1 (m+r-2) ! {m+n-1).! ¥
T n - r-1 n-1 = \f-r+ r !'(n+l) ! (m-1) ! (m-2) !

The corollary only makes intrinsic sense for flat space. Again in [23]

it is shown that spaces of non-zero constant curvature possess the maxi-
mum number of independent Killing vectors. For these spaces and flat
spaces it is natural to conjecture that the higher rank Killing tensors
are simply symmetrized products of Killing vectors. Unfortunately, to
actualiy to compute the dimension of the space of symmetrized products of
Killing vectors seems. at least to the present author, a rather forbidding
combinatorial prbblem. However, I can confirm the conjecture in spaces
of constant curvature in several cases: n=1, n=2 m arbitrary; m= 2,

n arbitrary (in which case a basis for the Killing tensors is easily

written down); for m,n arbitrary and r=0 K: 0= (m+2-1) etc.

)

For spaces other than those of constant curvature the analogous conjec-
ture is false,and it was to investigate just this phenomenon that Hauser

and Malhiot [17 ] initiated their program.
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I end this section with a result which is sometimes useful.

Proposition 2.2.4 Let (M,g) be a flat pseudo-Riemannian manifold.

Let A , A be covariant, symmetric tensors of
a,...a a,...a
1 n 1 n—1
rank n,n-1 respectively. Suppose also that Aa a is Killing.
- 1°"""n
Then K = A . . — A is Killing iff
a,...a a,...a_ i,i a,...a
1 n—1 1 n-1 1 n-1
nA(a a a ) * Aa a ,ii ~ 0
17" ""n-1""n 17" n?
Proof: K a a * Aa a iia A
R AR L L e T S R LN
= K = A, . — A .
.(a1...an_1,an) 1(a1...an_1,an)1 (a1...an_1,an)
Thus K =0 iff A. . — A = 0.
(a1...an_1,an) 1(a1...an*1,an)1 (a1 ..an_1,an)
Since Aa a is Killing, it follows that
1002,
0 =0 4 = A C+ LA n
n (a1 ..an’;)l 1(a1 ..an_1,an)1 noa,...a ,ii
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2.3 The cosymplectic structure on the dual of a Lie algebra

In this section I shall show that if g is a finite dimensional
Lie algebra then g* has a natural cosymplectic structure. If
pG;* and X € T*pg* then since g* 1is, in particular, a vector space
one has that T*pg* 2 g*%, Since g is assumed to be finite
dimensional g** = g. Hence, a covector on g* may be identified

with an elemént of g. This enables the cosymplectic structure Q of

g* to be defined by
Q(X,Y)p = <[X,Y], p > , (2.3.1)

Here, on the left hand side X and Y are to be thought of as elements

of T*pg* and on the right hand side as elements of g.

Theorem 2.3.1 2 1is a cosymplectic structure.

Proof: Let F, G € Fo(g*) and let (x) and (pj) be dual coordinate
systems for g and g* respectively. Then at each point of g¥,

653—) may be thought of as an element of g. Using (2.3.1) one can
i
define a "Poisson bracket" as follows:

_k oF 3G
{F,G}—Cij pk E.Fp';'

(2.3.2)

Here C?j are the structure constants of g. Now if indeed (2.3.2)
does yield a Poisson bracket structure, then by Lichnerowicz's
characterization of Poisson manifolds [24], © must be a cosymplectic
structure. Thus, it must be shown that Q is a 2-vector and that the
Jacobi identity holds. It is clear from (2.3.1) that @ is alternating
and Fo(g*) - linear and hence Q is a 2-vector. Finally, if H € Fo(g*),

then



n _k BF oG oH + ol

{{F,G},H} = ckmclJ ap . Fj . apm

Hence {{F,G},u}+{{cG,H},F} + {{H,F},G}

k
C. C. .
Im ij k n Jp. apl apj Bpi

2
(3 F 3G + OF
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9 G

Gpjapl

n k n k n k oF 3G oH
- (Ckm ij Cki jm ijmi) apj ) apm
ot k b p (82F 3G orF 82G oH
1m kj"k'n “9p. Bpl apj api apjapl Bpm
ot Ck P (82G oH oG BZH ) 9F
lm ij PPy ap. apl Bpj Bpi Bpjapl apm
ot k BZH oF , oH 32F oG

C. . .
1m ij k n ap Bpl apj 8pi Spjapl Bpm

The first term of the right hand side above vanishes because of the Jacobi

identity: the other terms may be grouped into three pairs of which one is
2 , 2
kL, 2F 6 oH  enck o F W 3G
Im i3%k"n piap1 apj apm Im ij PPy Bp Bpl Bpi : apm
n  k k 82F G oH
= C.. +C A A - :
(Clm 1] 13 ml)pkpn 9p.op ap. ap (re indexing)
11 ] m
k n k n 32F 9G oH
- (Cimplj ClJle) kPn Bplap : apj : apm :

Because of the skew-symmetry of the C;k's it follows that the preceding

terms are each zero and so Jacobi is satisfied. E

In section 2.1 it was shown how the symmetric Schouten bracket enables
S(M) to be viewed as a subalgebra of FO(T*M) both with respect to the

commutative and Lie algebra structures. A rather similar comnstruction can

oH

Bpm
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be made with S(g). TFirstly, the bracket may be extended from g to
S(g) by linearity, defining the bracket of any element of g with a

scalar to be zero and the derivation rule
[AoB,C] = [A,C]OB + AGB + AO[B,C] (A,B,C € S(g)) (2.3.3)

Notice that in this purely algebraic construction, one must define
the bracket of elements of S(g) with scalars so that the extended

bracket, being defined on elements of degree O and 1, is completely
determined by the derivation property. The precise relationship of

S(g) to Fo(g*) is given by the following result.

Proposition 2:3.2 S(g) is a subalgebra of both the commutative and

Lie algebra structures of F(g*) — the two being related by (2.3.3).

Proof: As usual an element A of S(g) may be identified with a

polynomial on g* and with this identification, S(g) with
symmetrized tensor product, is a subalgebra of Fo(g*). Moreover, in
the identification just mentioned, scalars correspond to constant
polynomials; this, together with (2.3.1) shows that the homomorphism
property holds for elements of degree zero and one i.e.

[A,B] + {a,b}. But (2.3.3) and the analogous property for F(g#
imply now that fhe homomorphism property holds for elements of

arbitrary degree. |

In his discussion of these topics, Hermann suggests another
way of viewing S(g) as a Lie algebra [19]. To present this it is

necessary to recall two standard algebraic ideas.
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To begin with let V be a vector space neither necessarily finite
dimensional nor of zero characteristic. Then the symmetric tensor
algebra associated to V is defined as follows: it is a pair (i,S(V))
such that i:V—S(V) and if f is any linear map from V to W an
associative algebra satisfying f(x)f(y)=f(y)f(x)(x,ye V) there exists

an associative algebra homomorphism F from S(V) to W such that

1 > 5(V)

W
As is well known S(V) 1is unique and may be realized éoncretely as the
quotient of the contravariant tensor algebra T(V) by the ideal generated
by elements of the form x®@y - yox (x,y€e V).

I next turn to the universal enveloping algebra associated to a Lie
algebra g. Firstly, however, it should be noted that whenever A is
an associative algebra A may naturally be regarded as a Lié algebra by
defining

[a,b] = ab-ba (a,be A).
In fact every Lie algebra arises as a subalgebra from a Lie algebra con-
structed in this way [22]. Whenever an associative algebra A is thus

regarded as a Lie algebra I shall use the notation A With this preli-

L
minary the universal enveloping associated to g may be defined as follows:

Suppose that B is any associative algebra and f any Lie algebra homo-

morphism from g into B, the universal enveloping algebra associated to
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g consists of a map i from g to an associative algebra U(g) such
that.there is an associative algebra homomorphism F from U(g) to B

such that: i

>U(g)

B=BL

Here B:BL regarded as sets. Again the universal enveloping is unique
and may be considered as the quotient of the tensor algebra c(g) by the
ideal generated by all elements of the form a©®b-b®a-[a,b] (a,b€ g).

Next, recall that an algebra A 1is said to be 'gaaded if

(=]

A= z A, where each A, 1is a subspace and moreover A A, CA.  ,. Given
120 i i : i™j i+]

i
such a graded algebra A, one can define Bi= z Ai and then A may be
3=0
viewed as a filtered algebra. An algebra B 1is said to be 6&££eaed if
for any non-negative integer i there exists a subspace B such that

(1) B.cB, whenever i<j (ii) B= U B, (iii) B.,B,c B, .. Thus, it
i i - i-0 & i7j i+4]

is possible to pass from a graded algebra to a filtered algebra. Conversely,

starting from a filtered algebra B as above, one may define AizBi/Bi_l,

[oe)
set A= Z
i=0

Ai and define a multiplication in A by

(b,+B. . )(b.+B, - J)=b.b +B. . ..
i i-1 j j-1 i7j Ti+j-1

In view of (iii) above this multiplication is well defined and makes A
into a graded algebra.

The considerations of the last paragraph may be applied to the universal
enveloping algebra U(g) of a Lie algebra g. I denote the graded algebra

GR
corresponding to U(g) by U (g). The following important theorem holds:

THEOREM 2.5.1 S(g) and UGR(g) are isomorphic as graded algebras. E




62
For the proof of this result I refer to [ 20 J. The result is not hard
to believe when one considers the concrete characterizations of S(g)
and U(g) given earlier. ' This result is essentially the Poincaré-Birkhoff-

Witt theorem and its proof is a tour de force in the indexing of monomials

[20, 227.

In addition to their Lie structures, S(g) and UGR(g) also have
commutative algebra structures and by the very construction of UGR(g)

these are isomorphic.
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CHAPTER 3

CONSTANTS OF MOTION IN HAMILTONIAN MECHANICS

This chapter is devoted to the Hamiltonian approach to mechanics.
I begin in section 3.1 with se?eral new results which ensure that
Hamiltonians of various types have particular integralé of motion.
In section 3;2 I give a modern treatment of two familiar, classical
topics - Noether's theorem and Hamilton-Jacobi theory; whilst the
results given in this section are not new, they are of obvious
importance for the existence of first integrals in the Hamiltonian
context. In section 3.3 conditions are obtained which entail the
existence of an integral of motion which is polynomial in momenta for
a Hamiltonian of standard mechanical type. These conditions are
formulated, firstly in&ariantly; and then with coordinates using the
machinery of chapter 2. 1In section.3;4 an explicit example»is worked
out which demonstrates how the conditions obtained in the preceding
section may be used in practice to obtain a system with an intégral
of motion of degree four. In section 3.5 the results of several
calculations akin to those of section. 3.4 are givéen. Most
importantly, it is shown that two of the results from section 3.1
entirely characterize all those Haﬁiltonians with two degrees of
freedom which have an integral of motion quadratic in the momenta -

a problem considered and partially resolved by Darboux.



3.1 Some general results on integrals of motion

The results which I give here belong properly to the realm of
symplectic geometry. N thus throughout denotes a symplectic mani-
fold and { , } denotes the Poisson bracket on F°(N) the ring of
functions on N.

Proposition 3.1.1 Suppose that H is the Hamiltonian of a system

and that
H=f(A,B ,...,B )
1 T

where A,Bl,...,Bre FO(N) and f 1is a function of the r+l arguments

indicated. Suppose also that {A’Bi} =0 (1 <i:§rJ. Then {H,A} = O.

The proof of proposition 3.1.1 is trivial from the properties of {

N
and though it may seem innocuous it can sometimes yield useful results.
The next result has been given before [39] but I shall now

expand upon it considerably. Again the proof is straightforward using

the derivation properties of { , } .

Proposition 3.1.2 Suppose that H,A,B,P,Q¢€ FO(N) and that

A+B
PQ

where {4,B} = {PQ} = {4Q} = {P,B} = 0. Then {H, A—l?fg-}: 0.

The last result leads immediately to the following, the proof being
similar.

Proposition .3:1.3 Suppose that H,Ai,PJ.EF_O(N,) (1<i,j<r)

and that A +A +...+A where
H = 172 S o
P1+P2+...+Pr

‘{Ai,Aj} = '{Pi,Pj} = {Ai,PJ.}= 0 (i#j) .
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Al(P2+...+Pr)-Pl(A2+...Ar) AZ(P3+...+PFP1)~P2(A3+...+Ar+A1)

Then
P1+P2+...+Pr ’ | P1+P2+...+Pr

Ar(P1+...+Pr_1)-Pr(A1+...+Ar_1)

Tt P1+P2+...+Pr

are r integrals of motion for H which themselves mutually commute.
In particular, if r=%dim(N) and these integrals are independent, the

system determined by H is completely integrable in the sense of louiville's

theorem.

The last two rgsults seem very cioseiy related to some classical
results of Louivillé (see Whittaker [42]). Also, one could write down
more integrals by using proposition 3.1.3 and choosing, for example,
A=A1+A2, B=A3+...+Ar P=P1+P2, Q=P3+...+Pr etc. The preceding results
are valid for arbitrary symplectic manifolds. By contrast, the next
result and its corollary hold in the case that N=T*M or, more gener-
ally, on an exact symplectic manifold. In the former case, denoting
the canonical 1-form by © and the canonical radial vector field by
A, it is easily shown [ 40] that for any fGF?(T*M) A4f=<kf,q> ; here
Xf is the Hamiltonian vector field associated to f. Hence, f is
homogeneous of degree s in the fibers iff <Xf,6> =sf. Recall that

the next propostion and corollary apply to exact symplectic manifolds.

Proposition 3.1.4, For two Hamiltonians H,K the conditions

{H,K} = 0 and {(XH,G),K}= 0 imply that {H,{Xg,0>}= 0.

X {Xg0® D

<[xH,xK],e> + X <Xy, 0+ do(Xy )

Proof: {H,{XK,6>}

<x{H’K},e) -{<XH,9 3K} + {H,K}

0 + 0 + O. =
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Corollary 3.1.5 For two Hamiltonmians H,K the conditions

{H,K}=0 and (XH,6>=SH imply that {H, (XK,G)}=0.I The use of this

result is that starting from a given homogeneous Hamiltonian and one
first integral for the corresponding Hamiltonian vector field one

can generate new integrals. A version of it is to be found in Lie

(25].

I give one final result which is valid only for Rzm.

Proposition 3.1.6 Let H:T&(Rm)ﬂRzmﬂR be a Hamiltonian given by

=%p.pre(x)+f(x)

where f 1is an arbitrary function of x=(§g§%§ and e satisfies
xegrad(e)+2e=0
i.e. e 1is homogeneous of degree minus two. Then the function E
is a constant of motion where
E=x2p2—(§.2)2+2§.§g . E
Again I forgo the proof of this result which is an unenlightening
computation. However, notice that the term which is quadratic in the
momenta in E corresponds to a rank two Killing tensor of the (co-)
metric éij - an observation which considerably eases the proof. More-
over the result makes essential use of the linear and metrical properties

of R" and would not make sense on a general T M.



3.2 Hamilton-Jacobi theory and Noether's theorem

In this section I consider two topics which are important as far
as constants of motion are concerned. Presently, I shall discuss
Noether's theorem but begin with an examination of Hamilton-Jacobi theory.
As the name implies this has had a long history,being the most powerful
tool available for the explicit integration of systems in classical
mechanics. Today it also has considerable theoretical importance, and
the equation known as the Hamilton-Jacobi equation plays an analagous
role in classical mechanics to that played by the Schrodinger equation

in quantum theory, at least so folklore has it.

To formulate Hamilton-Jacobi theory in modern language we need one

preliminary concept.

Definition 3.2.1 Let (N,w) be a 2m-dimensional symplectic manifold.

An m~dimensional integral manifold of w (i.e. a submanifold of N
such that w pulled back to it vanishes) is called a Lagrangian

submanifold.

It is a standard result that Lagréngian submanifolds are maximal in
the sense that the pullback of w cannot vanish on any submanifold of
dimension greater than m [41]. To describe all the Lagrangian
submanifolds of a symplectic manifold is a delicate business. Certainly
on T*M any fiber is a Lagrangian‘submanifold as too is the zero section.
Moreover, one has

Propostion 3.2.2 On T*M the graph of a 1-form ¢ (i.e. the

m-dimensional submanifold of T*M its image describes) is a Lagrangian

submanifold iff d¢ = O.
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Proof: It follows from the universal property of 6 that

$%0 = ¢.

Hence

¢*do = dé and the result follows. |

I explained how, in section 1.9 a choice of a function h
on T*M gives a vector field Xh on T*M. Using the map vy of sgction
1.7, h may be pulled back to give a function on J1(M,HO . If one
now chooses a level of h and hence a level of vy*h one obtains,
at least locally, codimension one submanifolds of T*M and J1(M,HO
respectively. However, the latter is precisely what one means by a
first order partial differential equation (P.D.E. 1.0) with one
dependent variable. In fact there 1s no need to work on JT(M,HU .
Codimension one submanifoldsof T*M are P.D.E. 1.0's in which the
dependent variable does not occur explicitly. Since h 1is a
function on T*M, the different levels of h form, at least locally,
a codimension one foliation of T*M, and each leaf may be interpreted
as a P.D.E. 1.0. The main idea behind Hamilton-Jacobi theory is
that this foliation and the vector field Xh ihteract nicely; for
example, the conservation of energy law Xhh = 0 1s a consequence of

the fact that Xh is tangent to the levels of h.

In the classical literature one often runs across the phrase
"complete solution of a P.D.E. 1.0" (see for example [6, 25]).
Roughly speaking, a complete solution is ome which depends on m

arbitrary constants. More precisely, if the P.D.E. is described
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locally by h = 0, a complete solution is a foliation of T*M by
Lagrangian submanifolds, each one of which is tangent to some level
of h. Actually, this definition allows a more generous notion of

solution since it allows the possibility of many-valued solutions;

also, although stated globally the idea is mainly a local one. From
the definition of complete solution there are m (local) functions

on T M which parametrize the leaves of the foliation., I call these

a; (12igm) so that if (Xi) are coordinates on M, (a,,x.) are
1’71
coordinates for T*M. I now give the statement of the Hamilton-Jacobi

theorem.

THEOREM 3.2.3 Under the circumstances just described i.e. given

a function h on T M and a complete solution in which the leaves

are parametrized by the ai's then
(1) the a;'s are constants of motion for X,

(ii) the a,'s are in involution 1i.e. {ai,aj} = 0. | |

1f the conditions of the theorem are met, then the system determined by

h is, according to the modern usage ''completely integrable'" . Unfortu-
nately this is not the same thing as in the Frobenius theorem and the
classical authors said simply '"integrable'.

I now turn to the proof of the theorem which depends on a relatively

simple lemma from linear symplectic geometry.

Lemma 3.2'4 Let (V,Q) be a symplectic vector space and W a hyper-
plane. Then there is a unique l-dimensional subspace A of V characterized
by the property that it is the collection of vectors E such that

Q(g,W) = 0. Moreover, if A 1is a Lagrangian plane 1.e. a linear subspace
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which is a Lagrangian submanifold then A < A.

Proof: To show existence, let o be a covector whose kernel

is W. Define & by £]9 = 0. Then
- QUE,W) = <W, ela> = <W,a> = 0

since W 1is the kernel of a. To show uniqueness, suppose that
£ € V satisfies Q(g,W) = 0. Then <W, £]9> = 0 and hence

W = ker(£JQ). Since 9 is nondegenerate, one must have that

It

W = ker(£lQ) = ker a. This means that o and £lQ differ only by a

1

non-zero factor; the uniqueness of A follows._ To show that
Ac A consider the subspace spanned by A and A. " Clearly

Q(A,A) =0, and since A 1is Lagrangian

Q(A,A) = 0; also Q(A,A) = 0 by the characterization of A and the fact

that Ac W. Hence  vanishes on the subspace spanned by A and A j

but by the maximality of A we have AcC A . |

Now we can prove theorem 3.2.3.

Proof of theorem 3.2.3:
(i) It follows from the definitions and lemma 3.2.4 applied in the

tangent space that Xh 1s tangent to all the submanifolds a, = o
a, = Coeres a = cm. Hence Xh 1s also tangent to the submanifold

24

. _ . . .. '
c, 1L.e. Xha1 0 and likewise for the remaining a;’s.

(ii) Again, from lemma 3.2.2 it follows that Xa is tangent to all

i
the Lagrangian submanifolds. Hence Xa is also tangent to the bigger
i
submanifolds a. = ¢, i.e. X a5 =0or {a.,a,} = 0 as claimed. 4
] ] a. i’73

1
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One may consider Hamilton-Jacobi theory for simultaneous
P.D.E'sh1 = 0,...,hq = 0 in which a complete solution is a foliation
of T*M by Lagrangian submanifolds each one of which lies in some

level of hi for each 1 £ i £ q.

Proposition 3.2.5 The simultaneous P.D.E's h1 = O,...,hq = 0 have

a complete solution only if {hi,hj} = 0.

"Proof: Picking a level hi =c, we know from lemma 3.2.4 that

Xh is tangent to the Lagrangian submanifold lying in hi =c; hence
3 ,
tangent to hi = ¢ itself.

It is possible that non-involutive functions may possess isolated solutions
even though they cannot possess a complete solution. Also, this idea of

involution is the simplest case of a far more general notion in P.D.E.

theory; for example see Cartan [4 1,
The usefulness of these ideas is that when confronted with some Hamiltonian é
vector field which had to be integrated, the classical authors found that |
in practice they could often obtain complete solutions to the H-J equa-
tion and hence they had a maximal collection of independent pairwise
involutive first integrals, namely, the ai's of theorem 3;2;3. These
ai’s also give rise to the vector fields {ai, } and since {ai,aj}= 0

these Lie-commute and so form a completely integrable system of vector

fields in the Frobenius sense! This system can thus be integrated, and we
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o]
may suppose that {ai, } = 53—-(1§.i§nﬂ where the bi’s are functions on T*M.
i

Hence, at ieast locally d& = dai)\dbi. Another point to note in
theorem 3:2.3 is that h is a function of the ai's

i.e. dh(\dalA.... Adam = 0; this follows from the hypothesis that the
leaves of the complete solution all lie in the levels of h'. This then
leads to a more familiar looking version of Hamilton-Jacobi theory (see
Goldstein [16] or Arnold [ 1]).0On p.260of the latter reference the
Jacobi theorem is stated. Essentially, this just comes down to the fact
that since H 1is a function of the ai's, Hamilton's equations

___-——=0 '_1"-‘—'——

oh
dt ob,

i i
are trivial to integrate.
I next turn to Noether's theorem. This theorem was originally presented
in terms of the invariance of the Lagrangian of a mechanical system [30].
There is a very closely related result based not on the action of a system
but rather on its Cartan l-form and the relationship between this result
and Noether's theorem will be investigated in some detail in section 4.5.

The former result has a direct analogue in Hamiltonian mechanics,and this

is the version of Noether's theorem considered here. One of the main
points that I wish to make here is that both this version of Noether's
theorem and Hamilton-Jacobi theory appear as very natural consequences of

the geometric formulation of Hamiltonian mechanics.
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THEOREM 3.2.6 Let (N,0) be a symplectic manifold and h be a function

on it. Then
(1) If f 1is constant on the flow of the vector field Xh defined
by XHJw= -dh the vector field Xf defined by XfJu)=—df satisfies

th=0 and fow =0

(2) Conversely, if a vector field X on T M satisfies
Xh=0 and Low =0

then, locally, a function f determined by XJdw=-df is constant on the
trajectories of Xh'
Proof: I shall prove only (2), since (1) is the reverse argument which,

however, works regardless of the topology of N since any exact form is

closed but not necessarily vice-versa. Thus
0= pxw = Xldw + d(Xdw)

Q d(XJw) = O

and so, at least locally, there is a function f on N such that

XJow = -df

Now
X f = Xh..ldf

= —Xh.J XfJ(_L)

= d
Xf Xth

= =X th
= -X_.h
= 0. |
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3.3 Constants of the motion polynomial in momenta

I shall refer to theorem 3.2.6 as the 'general' Noether theorem

in the Hamiltonian context; in particular, it applies in the case

where N 1is the cotangent bundle of some manifold, say M. ‘In this case,
any symmetric tensor A of rank n on M gives rise to a function a
on T M which is a homogeneous polynomial of rank n in the fibers:

one simply defines, for pXETKM with w(p) = x.
a(p) = A&)(p,...,p)

there being n arguments on the right hand side. More generally, a
collection of symmetric tensors of various ranks may be used to define

a function on T M which is an inhomogeneous polynomial. I shall write

H=A0+A1+A2+ ces

where the Ai’s are tensors of rank 1 respectively. According to the con--
vention used above

h=ao+a1+a2+...

is the corresponding function on T M.
Suppose that Y 1is a vector field on M. Then it is not hard to show
that there is a unique vector field X on T M with the properties that

(i) n X=Y

(ii) LXG = 0.

In fact, if (x°) is a coordinate system on M and (xl,pi) the induced

* ; i 8 3yl o
coordinates on T M and Y= Yl——f then X::Yl——E-— p_—XT 3
ax ox L ax pj

The foregoing considerations lead to the following result which I refer

to as the ''special'" Noether theorem.
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Theorem 3.3.1 Let X be a vector field on TKM which satisfies (i)

and (ii) above with Y a vector field on M. Suppose also that
h:T*M =R and that Xh=0. Then Y regarded as a function on T*M is a
first integral for X.

Proof: The result is merely a specialization of theorem 3.2.6 (2).
»Fo;, clearly X satisfies Xh=0 and wa=0 where ww=d® . Thus, by the
theorem there is‘a first integral associated to h, and since X has the

. ]
R iod - aY” d . . . .
local expression Y axf-pi axI 3P’ it follows that this integral is

Ylpi i.e. Y regarded as a function on TwM. ]

In case h 1is of the form considered previously i.e. h=a0+-al4-a2+u..
the condition Xh=0 is equivalent to the conditions [Y,Ai]=0 (0<i<n),
This willvbe investigated more closely presently but for now I

will further specialize the last result to obtain what I shall refer to

as the 'classical' Noether theorem.

Theorem 3.3.2 Let G be a rank two symmetric contravariant. tensor field

i.e. a cometric on M and V be a function on M. Define H=%G+V and
let h denote the corresponding function on TRM. Suppose that Y is a

vector field on M satisfying

(i) LYG=O
(ii) Yv=0

Then Y regarded as a function on T M is a first integral of Xh.
These last two results are particular instances of an even more
general result. 1In fact notice that since a not necessarily homogeneous,
contravariant, symmetric tensor A on M determines a function a on

T*M, it also determines a vector field Xa on T*M. Since Xa is

Hamiltonian it obviously satisfies L, d6 = 0, so one obtains immediately

X
a
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the following result which is a direct generalization of theorem

3.3.1 and whose proof is similar.

THEOREW 3.3.3 Let h : T*M » IR and suppose that A 1is a not

necessarily homogeneous contravariant, symmetric tensor on M such
that Xah = 0 where a 1is the function on T*M associated to A.

Then a 1is a first integral of Xh' |

This is an appropriate point to giﬁe some attention to the
question of "ob&ious" versus "hidden" symmetries; It would seem
natural to éall a first integral arising from theorem 3.3.1 as
"obvious". Indeed, in that case the symmetry Qector field associated
via the general Noether theorem is the natural lift of a vector
field on M. 1In all other cases, the_symmetry vector fields on T*M
will not be projectable to vector fields on M and these may
therefore be called "hidden": Furthermore, when h itself has the
standard form of a classical mechanical system, the conditions
satisfied by these obvious symmetries i.e. (i) and (ii) of

theorem 3.3.2 are entirely determined by the geometry of M.

As we have seen, a function on T*M which is polynomial in the fibers
may be identified with contravariant, inhomogeneous, symmetric tensor
fields on M. Thus, one may consider a Hamiltonian h where

h=hd+ hl+h2 4 oeeet hS
and hO’hl""’hs are the functions of degree 0,1,...,s in the fiber

corresponding to some tensors HO’HI""’HS of rank O0,1,...,s respec-

tively. Similarly, one may consider a function a where

a=a.+a, +a, +...+a
0" "1 2 n
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and ag,ay,---,a  are the functions of degree O0,1,...,n respectively.

The conditions that h and a Poisson commute are obtained from theorem

3.2.6 and equating to zero terms of each grade i.e.

[HO,A.O]=O
- [HO,A1]+-[H1,AO]==O

_______________________________ (3.3.1)

Conditions (3.3.1) may be obtained in coordinates in the special case

where h is a classical Hamiltonian.

Consider a standard Hamiltonian of classical mechanics
= 1 -+

where (xi,pj) is a coordinate system. Suppose that f 1is a constant of

motion for the system determined by h and that

f=A ... p Py + Aa . P, ---P, + ... A p + A

1 % n 1 %1 n—1 a3y

where Aa cee 3 A ... ,...,Aa , A are symmetric tensors of rank
1 n 1 n—1 1

n,n-1,...,1,0 respectively. Conditions (3.3.1) in that case are easily

seen to be

A =0
(a1...a ,an+1)
A =0 (3.3.2)
(a1 --a 1,an)
A = nV, .A
(a1 "an—Z’an—1) ia, a1
A, = 2V’ 'A .
a ia,i
1 1
0 =V,.A
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Several remarks can be made about (3.3.2). Firstly, if V is

itself a polynomial in co-ordinates then so too is f. Secondly,

the alternate equations of (3.3.2) decouple into two sets, and so it
asuffices to look for constants of purely odd and purely even degrees.

Thirdly, the first two equations of (3.3.2) define Aa and

...a
1 m

Aa ' a as Killing tensors of the metric Gij. Recall from
ERL

proposition 2.2.1 that Aa , must then be polynomials of degree at
R
most n.

Returning to 3.3;2 it is clear that linear integrals are just
the obvious symmetries of theorems 3.3.1 and 3.3.2. I shall be
interested here in hidden symmetries rather than obvious ones.
Quadratic integrals, which from the preceding comments may be taken in
the form Aijpipj + A, correspond to rank two Killing tensors which

also satisfy the conditions

A, = 2v,inj. (3.3.3)

A may be eliminated from these conditions leaving several fLineatr
second order partial differential equations to be satisfied by V.
For the case of two degrees of freedom conditions (3.3.3) reduce to a
. single independent eondition which is analyzed later in example 3 of

seetien 3:5:"Mbre generally, when using (3.3.2) to detect polynomial
integrals of odd or even degree the second highest degree term is
always subject to some linear eduations which also involve the
components of»the Killing tensors; these may be obtained, at least in

theory, by differentiating the conditions

A(a ...a a ) 1 a a i
1 n-2’ n-1 1" ""n—-1

enough times so as to be able to eliminate the Aa a components.
1°"""n=-2
However, for degree three constants or higher there will also enter



nonlinear equations due to the other conditions in (3.3.2), which
makes the problem of finding such integrals much more complicated.

Example 6 in section 5 gives an example of such a complication.

79
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3.4 A specific example

I shall next give a rather detailed example of how equations (3.3.2)
may be actually be used in practice. Referring to section 3.3, 1 suppose
that m=2 and write x=x1,y=x2,px=pl,py=p2. I also assume that V=V(x-y)
and so the quantity M=%(p£—py) is a constant of motion by Noether's
theorem. Besides M and the Hamiltonian H there must be one more
functionally indeéendent integral depending on (x,y,px,py), and one may
ask whether this third integral is polynomial in momenta. It is quite
straightforwar§ to show that if the polynomial has degree two or three,
then up to various inessential additive and mﬁltiplicative constants

V = x-y or vV = ——l;—f (3.4.1)

(x-y)

Now suppose that f 1is a degree four integral. By considering the
sequence f,{f,M} , {{f,M},M} .... it is clear that it is sufficient to
look for an f whose Killing components are of degree less than or equal to
one in x and-y. Now {f ,M} # 0 otherwise there would be three mutually
commmuting integrals {H,M,f} which would force f to be dependent on
H and M. More generally one may refer to a polynomial integral as
trivial if it can be obtained from polynomial combinations of constants
of lower degree. In two dimensions it is certainly true that the Killing
tensors are generated by the Killing vectors as was explained in section 2.2.

Hence, it is sufficient to take the degree four term of the integral as

Nem 3 2 3
&ﬁklpipjpkpl = 4(ypx—xpy)(D1px— 3D3pxpy4-3D4px&;- DZPy)

(3.4.2)

2

3 4
y+4E4 pxpy+E2py

4 3 2
E
+E1px +4E3pxpy-+6 5PP

where the D's and E's are constants.
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Now applying conditions (3.3.2) one obtains the following system of

equations where ' denotes differentiation with respect to the variable
x=y.
Ap1 = AV A A0
Bp,2% 289 1 = 12V (A1) Aqp))
‘ (3.4:.3)
Bog 1+ 2819 5 = 12V1(A 155 A199))
Bgg 9 = BV (A 590 = Aypry)

and

)

>
1}

2V'(A11- A12

3.4.4
) (3.4.4)

Arg = 2V1 A1y - Ay

(34.3) yields partial integrability conditions on' the Aij: use the
first pair and last pair to obtain, after differentation, expressions

for and A12,22' Then demand that A12,1122 = A12,2211' One

A2 11

obtains

15(D, +D.-D.,-D, )v'"

1 2 3 4 +E —2E +2E4)V =O- (3.4.5)

2 773

+(2D1(x-2y)+2D2(2x-y)+6D3y—6D4x-El

It follows since V= V(x-y) that

T "

15(D1+D2-D3-D4)V +(3(D1+D2-D3-D4)(x~y)—E1+E2-2E3+254)V =0 (3.4.86)
_ _ ""= O .
and (D1 D, D3+D4)V (3.4.7)
or else D1+D2-D3—D4=Dl—D2-D3+D4=El—E2+2E3—2E4= 0 (3.4.8)

If (3.4.6) and (3.4.7) hold, V is of the form

vV = K(x-y) or V= Q(x-y) + 3 > (3.4.9)
‘ (x-y)



where K 1is a cubic polynomial, Q a quadratic polynomial and q some

constant. Next, using (3.4.4) one obtains the further condition:

tt 1

(81-899)0V = (A 9-By9 1Ay 2 ¥ 899 1V (3.4.10)

vIt follows from either of conditions (3.4.9) together with (3.4.10) that
V has one of the forms given by (3.4.1) and that f 1is necessarily trivial.
I next turn to the other alternative 1i.e. that (3.4.8) holds. Using
4 2

the fact that M ,HM ,Hz are all polynomial integrals one may further

suppose that either

(34.11)

or D, = -D2 =1, E. =E, =E, =E, = E. = 0. (3.4.12)

1
(3.4.11)° 1leads once again to V = x-y .(3.4.12) in conjunction with

(3.4.10) leads to the following condition where W‘=V
[RR) 1 " " [ K
WW +3(x-y)W W +3(x-y)W W +12Ww W = 0. (3.4.13).

Besides the solutions equivalent to (3,4.1),(3.4;13) gives -a third possi-

1

bility i.e. that V = . Thus the»Hamiltonian given by

2
(x-y) /3

H = 5(p2 +p2) +
X y : )2/3
x-y

has the quartic integral f given by

8(px-py)((ypx-xpy)-(x-y)(px+py)) +32(x+y)

f = ‘*(pr'xpy)(px'py) + (x-y) 24 (x—y)4/3

Moreover, this is essentially the only system which admits a non-trivial
quartic polynomial.

The result may be generalized as follows. Define the Hamiltonians
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H k=0,1,2,... by 1

2
2 2
_ L k+1
Hk = z(px+py)+ (x-y¥ .

Then £, is an integral of degree 2(k+l) where

k
2k+1 2k-1
1 k., 2k+1 Zk+1 2k+1 1k 2k+l, 2k+1
16 fi = (P *p )(22k+1(0) ka1 (XY & y 22k T4 )71 (x-y)
1 —
- z(k)——T— (x-y) (px-py))-Z(x+y)(4(px-py) * (xey )2k+1 )

2
(Px-py)

k-1
+.
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3.5 Other Examples

1. Consider the system with m degrees of freedom whose Hamiltonian is

given by

where e 1is a homogeneous function of degree minus two and also

m
{jzlpj,e} = 0. This system is a variation of the Calogero system {[3,28,29,%4]

The following integrals were found using (3.3.2)

E = - . ‘
xixipjpj xixinpj + 2xixie
m m m
F=(2Z x.)p.p. - x.p.CZp.) +2(Zx,)e .
i=1 * 3J 33yt i=1 *

2. As another variation on the Calogero system consider the system with

m degrees of freedom whose Hamiltonian is given by

- L
h = 2pipi + e + f(xixi)

m
where e is a homogeneous function of degree minus two, {Z p.,e} =0
o j=1
1
and f 1is any function ofx ="(x.x)*. This time one has the following

integrals

=2}
|

= X p

P. - X.X.p.p. + 2xixie

. X.P.P.
i7i737] 1735175

(w)
Il

2
(%(Xi)pj - X E(pi))( il(xi)pj - X, ?(pi))4-2(2xi) (e+f).

so that for m=3 this system is completely integrable, Since {D,E} = 0.
3. In this example I consider a system whose Hamiltonian h 1is given

by

=L
h .= 2pipi4-V(xj)

and enquire for which V there exists a constant of motion which is

- quadratic in the momenta. The case of two degrees of freedom has been
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.cussed several times but never completely resolved [10,26,42]. Resuming from
3.3) one has
A, .= 2V, A, .. (3.5.1)
1 J 1]
egrability conditions on A yield

ALV, - Ak.V,.. + V,. (A, ) =0 . (3.5.2)

, - A ..
ij 'ik j it jvii.k o ki1
; assume m = 2. Then from section 2.2 above for some constants a’bl’bZ’Cl’CZ’c3

» obtains from (3.5.2)

2 2
(axy + b.x + bzy - c3)(VXX—Vyy) - (ax"-y) + 2b2x - 2bly -y + cz)VX

1 y

+ 3(ay + bl)VX - 3(ax + bz)Vy =0 . (3.5.3)

2 2
By performing canonical transformations vhich leave invariant P, + py

. 5.3) may be reduced to four different cases which are

2 2 .
xy(vXX - vyy) - -y - c; + cz)vXy + 3va - 3,9vy =0 (3.5.4)

2 2
_ _ _ - = 3.5.5
xy(vXX vyy) (x y )vXy + :fs?vx 3,<:vy 0 ( )
_ - (x- - = 3.5.6
(x+y) (vXX vyy) (x y)vXy + 3V 3vy 0 ( )
- - = 3.5.
C3(Vxx Vyy) + (c2 cl)VXy 0 . ( 7)

(3,5,4)it is assumed that c2 =c - c2 # 0 and in (3.5.7) that not both

, c2—cl are zéro as the corresponding constant of motion in that case is

rely the Hamiltonian itself.
.5.5) may be solved directly to give
2 2
V=e(x,y; - 2) + £(x" +y)

ere f 1is an arbitrary function and e(x,y;-2) indicates a function homogeneous

degree minus two. Proposition(3.l.6)gives the corresponding integral as

2 2 2
(ypx - xpy) + 2(x 4+ y e . (3.5.8)
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For (3.5.4) define the canonical transformation

1/2

2 2 2 2
cv[u R ] p + cu(C _Y-} P
BT VO T AP i B e
k= YT e Py 1/2 1/2
2 2 2
2lu -c 2ic -v
V|12 2 + 2 2
Cc =V u -C

cup - cvp
S A U ,. 172
u2 c -v + VZ u -c
2 2 2
u -c c -v

In these coordinates the solution to (3.5.4) is

vV = f(u; — év) for afbitrary functions f and g.

u - Vv
The Hamiltonian is
2
o = — 1 (WPichyp? + 26(w) + == ((EvD)pl - 2g(¥)) (3.5.9)
2 2 Py 7 2 v
(u-v) u -v

From theorem (2.2) the corresponding constant of motion is

2 2
o (P=cDpl + 26(0) + 5 2((c2-v2)p3 - 2g(v)) . (3.5.10)

u -v u -v

Likewise for (3.5.6) define the canonical transformation

‘ 1/2
o= QEENYE 1kt y v = (2(24y0)) = (xty)
1/2 1/2
(2GRy™) T - app, - (QGIHN T - 20p)
p —
u 4(x-y)
5 9 1/2 9 o 1/2
(Q&E"+y ) + Zy)px + ((2(x +y ")) + 2x)1zX
Py = 4(x~y)
The solution to (3.5.6) is
_ glu) + h(v)

v for arbitrary functions g,h .

u + v



The Hamiltonian may be written as

1 2 1 2
Ho= —=(bup + g(w) + = (4vp + h(¥)) (3.5.11)
and again by theorem '3,1.2 the corresponding constant of motion is
v 2 u 2
- u+v(4upu + g(u)) + u+V(4vpv + h(v)) .

It remains only to discuss (3.5.8). There is "a variety of cases depending

on the values of ¢ 1CyC However in each case there is a canonical

1 3°

coordinate system (x',y',p;;p;) so that the Hamiltonian may be written as

1,2 . 1,2 . - o
= 3.5.1
H=-5p, + Vl(x ) + 2Py + Vz(y ) (3.5.12)
for some functions Vl,Vz. Thus the Hamiltonian is additively separable and

the constants of motion are obvious. It is interesting to observa that proposition
3.1.2 also applies to (3.5.12) and so I have established the result that

together propositions 3.1.2 and 3.1.6 completely characterize all
Hamiltonians with two degrees of freedom which admit quadratic integrals in

addition to the Hamiltonian itself.

Some special cases of the above results have been given recently by

several authors [11,13,44]; they consider systems with potentials of the

form V = %(c1x2 + czyz) + axzy - %-by3 (where a, b, ¢, ¢, are constants) .

These systems are variations on the infamous Henon-Heiles potential which
corresponds to the case a = b = c, =¢, = 1 and which was introduced

twenty years ago as a model in celestial mechanics [18]. The system was

conjectured to be integrable; however, one may easily see directly from
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(3.5.3) that it certainly has no quadratic integral besides the
Hamiltonian. Fordy [13] distinguishes three cases among the more
general potentials such that there is a quadratic integral and

shows that these are the only ones which do have such an integral.

4. .In this example I consider a system with two degrees of freedom whose
Hamiltonian h 1is given by
2 2
ho= 5P +py')-+V(x2+y2).

X

This is the angular momentum analogue of the example treated in section 3.4

so that YP, - xpy is an integral. If one asks for those V which

have non-trivial quadratic or cubic integrals it turns out that in the

former case

1

2 2
V=x +y or V= 53 L
(x"+y7) *®

In the latter case one finds there are no V's which have non-trivial
cubic integrals. This underlines the importance of the harmonic oscil-

lator and Kepler potentials which is indeed what these two are.

5. In the next example I consider a class of systems which includes the
type considered in special relativity. Let p be the Hamiltonian where gij

is a flat metric of any signature and
ij %
h=(+g pipj) +V .

The analog = of (3.3:2) gives, where ; denotes the covariant derivative

of the metric connection obtained from g..,
1]

A n V;i =0
a a
1° 3.9,
A TV =0
Altty | =0
51
i
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It follows that in looking for polynomial integrals it is sufficient to
consider just homogeneous polynomials. Also, this system has precisely

. t
the same £{neasr integrals as the classical Hamiltonian h given by

) . -
h = 2glinpj + V.

6. In thissixth example I will first of all consider the problem of trying
to obtain cubic integrals for systems in general, then specialize to a
particular kind of system with two degrees of freedom. The cubic inte-

gral may be assumed to have the form
Aijkpi%IL + Aipi (3.5.13)

where Aijk is a Killing tensor. One of the two remaining conditions

from (3.3.2) is

A(i,j) = 3V,kAijk (3.5:14)
Now differentiate (3.5.14) twice to obtain
A =V amiiet 3V et Y i1t Bk, m G010

The left-hand side of (3.5.15) is symmetric in all four indices and so
insisting that the right-hand side be symmetric too, gives the following
system of linear, third order, partial differential equations for V

Ak kim T AomY k2,1 Y ke T A K, e K

(3.5.16)

AV kim T Ml,m’ ki T ALK, EY kT ALk, im K
Clearly one also obtains analogous linear conditions on V starting with
any polynomial constant whose degree is bigger than one.

Now I specialize to the case m = 2 and consider, on grounds of

tractability, a cubic integral of the form
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(yp_ - xp )3+Ap + Bp
X y X y

where again I write x=x1. Y=Xy, P =Py py:pz and A=A B:A2 .

X

The remaining conditions of (3.3.2) may be -written as

A 2, oV av

rrele 3y (yEE- XB;')
0A 0B ov av
5—;4.-5;_ -6xy(ya—x-- X'a‘};') (3.5.17)
0B 2, 9V av
3y~ 3x (y5§' XB;')
and
PRLA YL A (3.5.18)
ox dy

Condition (3.5.16) is most easily obtained from (3.5.17) directly, much

as (3.4.5) was obtained in section 3.4. There is a single equation which is

XX

2 3 2 3 2 2
x“yv . (x~ - 2xy )Vxxy+ (y~ - 2x y)nyy- Xy Vyyy

. 2 2
_ - 3.5.19
+ 8xyvxx+ 8(y -x )ny 8xyvyy ( 19)
+ 12yV_-12xV =0
X y
The solution of (3.5.19) is

vV = f(x24-y2) +g+h (3.5.20)

where f is an arbitrary function and g and h are homogeneous functions
of degree minus two and minus three respectively. Thus, applying the second
condition in (3.3.2) imposes strong conditions on the form of V.

In view of (3.5.20) it is convenient to change coordinates so that

o 2,2 Y
E—x+y, n_x -

In order that the transformation should be canonical, one must also have
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1
=2 X - L
p, = 2XR 7 Py o Py Zyp + P,

and the Hamiltonian, in view of (3.5.20) may be written as

(1+n2)pr2] + G(n)

- H = ZCpg + £00) + 7T + Hgn) (3.5.21)
cly

for some functions G and H. The cubic integral now assumes the form

(14-n2)3p3 + ap + bp (3.5.22)
n (4 n

for some functions a and b. It remains to satisfy the last condition

in (3.3.2) as well as to relate a and b to f,G and H. One finds that

2cda _ 4 (3.5.23)
at
2 8b 2.2 da
4; 5_C_+ (]_-)-'rl ) —a? = O (3.5.24)
a(1+n2) (1+n2) ab 2bn 2.2 ,6(n) H (n)
v + — - === =301+ )" ( + (3.5.25)
2 4 an C 4 3
2T g7,

but the last condition (3.5.18)has still not been applied. Still without

applying it, it follows that the cubic integral has the form

2.2 !
L
(o232 s ot + 20 M) 530 02)60))p (3.5.26)
n C ZC 2 n
where © 1is a function of n satisfying
o+ Uen)2 0" = 6(1endH (3.5.27)

When (3.5.18) is applied one finds that the function f  1is a sum of
three functions homogeneous of degrees -1, -2, -3 respectively.. Then
one may argue in several stages that there is no loss of generality in

supposing that f = 0 and G = 0. The cubic integral then has the form

2.2 !
. (1+n )@ . (3.5.28)

L
(1+n2)3p§ +0C°p R
2¢* n
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where in addition to (3,5.27), ©6 and H are also bound by the relation
2.2 .,
36H = (1 + n ) 0'H". (3.5.28)

Next, setting Ksecz = 6 and n=tanz (3.5.28) and (3.5.29) and are

transformed respectively to

K"+2K = 6H' cos z (3.5.30)

3HK = H'K'+H'K tan 2z (3.5.31)

' denotes differentiation with respect to z. One can obtain a

where
single, albeit rather complex, third order equation for K by

differentiating each of (3.5.30) and (3.5.31) with respect to =z and

then using all four equations to eliminate H,H' and H".

Finally, I shall summarize the results of this example using the
original notation. It has been shown that the only systems which have
a potential of the type given by (3.5.20), which have an integral of the

form (ypX - xpy)3 + ApX + pr are those which have a Hamiltonian given

by
HE)

2 2 X

1( + ) +

2\Pp P .
X y (X2+y2)372

In this case the integral is given by

1
‘(YPX - XPy) + =T [KX(XP +Yp ) - (K

AN yz),
2(X +y )2 X

(yp, - XPy)]-

where '

denotes differentiation with respect to z = arc tan (g).
Moreover H and K are related by (3.5.30) and (3.5.31) - conditions

which imply that H depends on three arbitrary constants.
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7. 1In this seventh and final example I investigate the question of
when a Hamiltonian of the type considered in section 3.3 and giving
rise to conditions (3.3.1) has an integral of motion which is a

) homogeneous polynomial in the momenta. In fact (3.3.2) shows that
the existence of integrals which are homogeneous polynomials in the
velocities is a good deal more restrictive than Xanthopoulos [46]
has claimed. For in that case clearly the polynomial

is a Killing tensor, say Aa Q ? related also to the potential
1" ""n

V by the conditions

. V,.=0 (3.5.32)

What has been said so far applies equally to systems with any number of
degrees of freedom. I now specialize to the case of two degrees of free-
dom and use coordinates x and y. In this case, the Killing tensors
consist precisely of symmetrized products of fhe three Killing vector

a ) ¢}

fields — ,

F . Suppose now that one asks for all

— — _x—
ay * 7 3y
systems with two degrees of freedom which possess integrals which are
homogeneous of degree one. Then it is not hard to show that these inte-
grals are necessarily of the momentum type in the sense that there exists

a canonical coordinate system (x,y ,py ) so that the potential is either

,py
. 2 2 A . '

given by V = V(x-y) , or V= V(x"+y"). Likewise, if one asks for systems

which have homogeneous quadratic integrals independent of the Hamiltonian,

one finds again that V has one of the two forms given above and that

the integrals are merely the squares of momentum integrals. The latter

results can be obtained directly or by sbecializing example 3 of this section.
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I sha i i i
11 now investigate systems which have integrals which are homogeneous

cubi .
ubic polynomials. By what has been remarked earlier, this cubic integral

may be assumed to be of the form

3
A(yp_-xp_) 3 - 2 2
K x py + (ypX xpy) (Blpx— szy) + 3(pr+xpy)(Cle+ 2C3pxpy+C21)§)

2 3

3 2.2
+ D -
1Px 3D3pxpy * 3D4pxpy N D2py

where A
’BIBQ’CI’CZ’C3’D1’DZ’D3’D4 are constants. This integral could be

written in classical tensor notation as A :
. . P.P.DP, - ' .
ijk lpka' (3.3.2) now gives three

* d. . .
conditions relating the Aijk and V. 1In order that these be compatible
to yield non-constant V it is necessary that
. 2 '
A11t1227 A2 = 9 (3.5.33)
2
Ayoohi19= Bigp = 0 (3.5.34)
0 (3.5.35)

A1182227 A1128227

When these conditions are imposed one finds that once more they can
be satisfied essentially only in the two ways mentioned above 1i.e. after

a suitable change of coordinates
2 2 .
V = Vix-y), V=vV(+y) (3.5.36)

Indeed, this is almost obvious from just (3.5.35). The preceding argument may
be generalized to ﬁhe case of arbitrary n_ but this shall not be done
because the calculations become rather cumbersome. Thus, one is led to -
conclude that the only standard classical systems with two degrees of
freedom which have integrals which are homogeneous polynomials in the
momenta are of the type given by (3.5.36) a result which obviously conflicts

with those given by Xanthopoulos ' [46].
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CHAPTER 4

SECOND ORDER EQUATIONS AND LAGRANGIAN MECHANICS

This chapter is principally concerned with Lagrangian mechanics.
Section 4.1 describes some of the geometrical features of TM. This is
taken from Crampin's paper [8] but contains a new result about the kinds
of diffeomorphisms which preserve the tensor field S which is also
introduced in this section. Section 4.2 is much the same for
J1(]R,M) as section 4;1 was for TM. Notation is chosen so that
geometric objects, when suitably restricted, give the corresponding
object on TM. However, the constructions on JT(IR,M) are not trivial
modifications of tﬁose for TM. Also the Cartan 1-form is introduced
and its role in formulating Lagrangian theory briefly explained.
Finally, section 4.3 is devoted to a discussion of sevgral types of
symmetry in Lagrangian mechanics. The way in which several different
notions of symmetry interact is investigated. Also, the precise
relationship between Noether and Cartan éymmetries is explained. This
last section is based on papers of Crampin {7] and Prince [33] but

contains some new observations.
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4.1 Geometrical Structures on TM

In section 1.8 the relationship of TM to J1CR,M) was explored
(here M 1is a smooth manifold of dimension m) and in section 1.9 it
was explained that TM provides a suitable setting for time-independent
Lagrangian mechanics wheréas J1(IR,M) is appropriate for dealing with
. time dependent systems. Both TM and J1(Hgb0 have special
geometrical features which are needed to set up Lagrangian theory.
These have been examined in some detail by Crampin [8] in the case of
TM and used to shed light on such questions as the inverse problem of
Lagrangian mechanics i.e. when is an 0.D.E. 2.0. equivalent to a
Euler-Lagrange equation? In this section I review some of the
constructions on TM with a view to carrying out analogous constructions
on J1(IR,M) . I assume that coordinates (t, Xi) have been chosen on
R x M and that (Xi’ ui) and (t,xi,ui) are the induced coordinates on
T™ and J1(]R,M) respectively. Since TM and J1(ER,M) are vector
bundles over M and R x M respectively, they both have canonical

dilation vector fields which have the local form ui 5%—.
i

In [47] it is shown that TM has a canomical 1-1 tensor field S
' 3

~
ou.

which in coordinates has the form ® dxi; S 1is the key ingredient
in Crampin's formulation of Lagrangian dynamics [8]. S may be defined
in several different ways, perhaps the simplest of which follows from

the vertical 1ift construction. If X € TxM then its vertical 1lift to

T(x u)TM where u 1is any point of H-1(x) is given by
, :

Xv(x,u) = A0(x,X). If X 1is a vector field then the process may

obviously be done fiber by fiber to obtain a vector field X' on TM.
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X" is clearly vertical and "constant on fibers". If X has the
. i 2 v i 9
local expression X T then X has the form X su - The tensor
ox : i
S may now be defined by
S (v) = (n_._v)V (verT ™) .
- (x,u) 7 (x,u) (x,u)

In other words S may be viewed as a field of endomorphisms on each
tangent space to TM, and I have given the effect of S on an

arbitrary tangent vector.

A second important lifting procedure on TM is the so-called
complete 1lift [47]. 1Im this one prolongs the flow of a vector field
by using the tangent map. This yields a flow on TM and hence a vector

. c ' . i 9 c .
field X* on ™. If X has the local expression ¥ — then X 1s

iven b Xi.;é; + u -Aézi-: N On hould note tha: the ¢ lete
g y Bxi Uy 3xi v e s n a e comp

J
1ift construction has no pointwise equivalent. Now let T be a (regular)

autonomous 0.D.E. 2.0. I will single out seven basic formulas which

relate the objects above:

x',Y']1 =0 4.1.1)
(x’,v°1 = [x,717 (4.1.2)
x%,v°1 = 1x,71° (4.1.3)

s(x%) = x' (4.1.4)
<T,s>=4~4 (4.1.5)
x', 81 =x" (4.1.6)
(x5, 81=0 (4.1.7)

These may be verified by local calculations or, with more or less

difficulty, by using the intrinmsic definitions.
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Almost all the other results in [8] may be derived from these

formulas. For example, one has

[y
7]
i
(@}

(4.1.8)

o
wn
It
(=}

(4.1.9).

I next give a proof of a result which is fundamental to Crampin's

analysis in [8].

Proposition 4.1.1 Let T be a regular autonomous second order equation.

Then, L.S acts as the identity on vertical vector fields i.e.

r

X € V1(IM) and m.X = 0 = <X, L.S> = X.
Proof: Note first that by the derivation property of Lie derivative

<X,L$> = L.<X,8> - <[I,X],8>

T
and as <X,8> =0 it is sufficient to show that

<[X,T],S> = X.

Secondly, note that if the last equation holds for X = Y' (Y € V1(M))

then if £ € F(TM) one has

<[£Y',T1,8> = <£[Y',T] - (TE)Y’,S>

£[Y,T]

]

= fy'.

.. . . v . .
Hence, it is sufficient to show that <[Y ,T],S> = YV, since the vertical

lifts form a basis for the vertical vector fields. But now

<[YV,r],s> Lyv<T,s> = =<, L, vS>

LYVA (from (4.1.5) and (4.1.8))

=y (from (4.1.6)). 8
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Another point which is worth adding about complete and vertical lifts
is ‘that if (Xi) are a basis of vector fields on M then (Xz, Xi) are

a basis of vector fields on TM.

One may enquire about the kind of diffeomorphisms of TM which leave
S invariant. The following proposition resolves this question

entirely.

Theorem 4.1.3 A diffeomorphism ¢ of TM preserves S iff it is

the lift of a diffeomorphism ¢ of M 1i.e, ¢ = T¢, followed by a

translation of the fibers.

Proof: I begin with the necessity. The first point to note is that

¢ must be a BUN morphism because given any (x,u) € TM the vertical

. vectors in T(X u)TM are a subspace distinguished by S viz., either
9

the kernel or image of S regarded as an endomorphism of T T™.

(x,u)

Now introduce standard coordinate systems (xi,ui), (xil,ui') on TM

. . - =
so that ¢ 1is locally described by U ¢k(xi,uj) ) ¢1(xi).

Then one finds that such a coordinate transformation-changes S as
follows: ' ‘ : .

-1
a¢j a(¢>i ) 5

) _ ‘ '
®dxi— Bui' ! '3u1.®dxk

ou.
i

ox

k ]

-1
_a¢j _.a(q>:.L )

Hence . - = 8.k, which implies that ¢ consists of T
Bui ox Kk h] ¢

followed by a fiber translation. On the other hand, it is clear that

if ¢ 1is a diffeomorphism of M then T¢ followed by a fiber

translation changes coordinates in just the same way and so preserves S. B
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. 1
4.2 Geometrical Structures on J (IR,M)

I now consider some geometrical features of J1(IR,M) . As was
pointed out above J1(IR,M) is a vector bundle over R x M and has a
canonical dilation vector field A, which has the local expression

. 3 . .
u; 3o Of course, (Xi’ui) may be used simultaneously as coordinates

du. °
for T;. In what follows we shall frequently be in a position where
corresponding to some geometric object on TM there is an analogous
object on JI(IR,M). The notation and terminology will be chosen as far
as possible so that by suitably restricting the object on J1(IR,M)
one obtains the cérresponding object on TM. However, I shall not

distinguish between the object and its restriction. The context will

make it clear when I am dealing with J1(EQDD rather than TM.

As waslmentioned in section 1.8, J1(Hg}0- = R x (TM). Hence
the tensof% ® dxi TM may be regarded as a tensor on J1(]R,M) .
Letting ¢t dznote the canonical coordinate on IR and subtracting
A Q§'dt from the tensor just mentioned, gives a 1-1 tensor on
J1CR,M) which will also be called S. Clearly S restricted to TM
makes sense and coincides with the tensor which was called S on TM.
In standard coordinates (t,xi,ui) on J1(IR,M) , ‘S has the form

3 . . .
Y ® (dxi - uidt). This last expression renders evident the

following proposition.

Proposition 4.2.1 S 1is the unique 1-1 tensor on J1(DRJO which

(i) vanishes on vertical vectors and regular second order equations.

1

(ii) if X €V (J1(IR,M)) s S(X) is vertical.

(iii) satisfies S(;:;‘”'[:_-) - - a.
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The analog of the complete lift construction on TM proceeds as

follows. Let X be a vector field on R x M. Then there is a unique

(1

or J1(IR,M) determined by the conditions that it be

(p x g)-related to X and that 1 ,, 9(1) c 9(1) where 9(1)
(n

(¥

the module of contact forms. X

. _ ] i 9,
X and if X =T EE-+ X Tl

vector field X

denotes

is called the first prolongation of

1 . 9 1 3 ) ) i d
X —ng+){l-5;{;—+(§-€+uj~é;(7)(x Tui) —a—q.

Again if X € V1 (R x M) its vertical lift X' will be defined by
v 1 . . i 3
X" = S(X') and it has the local expression (X - Tui) i The

following are the analog of formulas (4.1.1 - 7) where

X,Y € V1(H{ x M) and Xt = T and Yt = V.

v

(x',Y'] = Y’ - vx (4.2.1)
xV, vy - x,v7V + 177 - vx¥ (4.2.2)
x vy 2ok (4.2.3)
sy = ¢ (4.2.4)
<r,s> =0 (4.2.5)

(X', 41 =x" - 1A (4.2.6)
x{D, 87 - [3%3 K] + T & (4.2.7)

Here the symbol T denotes the function obtained by differentiating T
(regarded as a function on J1(BR,M)) along any regular second order

equation.
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~

As is well-known, any diffeomorphism ¢ of M 1lifts uniquely
to a diffeomorphism T¢ of TM. However, the situation on J1(BR,M) is
not quite so simple. Now certainly any diffeomorphism ¢ of M

~“may be lifted to a contact transformation of J1CR,M) ; in fact since

JICR,M) * R x TM this map is just i_ x T¢. However, an arbitrary

R
diffeomorphism ¢ of R x M may not always be lifted so as to give
a global contact transformation of JI(HLPD . A further condition is
necessary. - I shall examine the situation with the help of two sets
of staﬁdard local coordinates (t,xi,ui) and (t',x'i,u'i). We are

given a diffeomorphism of IR x M and this can be described locally
by the equations
t! = ¢O(t,xi), x'j = ¢j(t,xi)
In order to be able to 1lift ¢ to a contact transformation, one must
impose the condition that the contact module {dxfi - u'idt'} be
pulled back to {dxi - uidt}. I shall present the calculation, since it

is almost the same as that which appears in the next theorem; however,

applying the last condition one finds that

3. 9.
u' = .&.-{—vu .._d)_J.
] ot i 3x.
i
3¢0 8¢0
—_— u., —
ot 1 oX.
i
39, 39
and this determines the transformation ¢. We want T + U = to
be always non-zero, which will be the case iff
o9 9¢
0 0 .
e _ = =< <
7t # 0, axi 0 (1 2£1<sm.

But this says precisely that ¢ must preserve the fibration determined

by the map R x M —> R which projects onto the first factor. Thus
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the diffeomorphisms of R x M which can be lifted to contact
transformations of J1(]R ,M) are precisely those which preserve the

fibration of R x M over IR.

Theorem 4.2.2 A diffeomorphism ¢ of J1(]R,M) preserves S iff

it is the 1ift of a transverse (in the sense defined above)

diffeomorphism ¢ of IR x M.

Proof: On J1(IR,M) the vertical vectors form im(S) at each point.
"Hence ¢ must be fibered over ¢ say om R x M. Let (t,xi,ui),
(t',x'i,u'i) be standard coordinate systems on J1(1R,M) such that

® 1is locally described by
" = t = 1 =
t ¢0(t,xi), X F ¢>j(t,xi), u 3 tbj (t,xi,ui).

I shall now show that if & preserves S then u'j is determined

by % and the ¢:j's. Since ¢ 1is fibered over ¢,
30, 20,

9 _ j t _ S ) .
o - 3o, Sav and hence —o5— = ( au.) 55 - Thus, pulling
1 1 J J 1 1
back S by ¢ gives =
099, 3¢. 3. L) .09
SO TC TR S TS TN 0
(aui) Bu, ® (axi dxj + g~ dt = 0, (= de + o dx;)) .

This will be the same as S 1iff

3. 3% . d
A > %o

du. 9% i 9x,
i i i




104

. %,
_J = _v__3
and  ug o ogem = Pl gy ot

0¢. 3¢ .

_.4;]__-(- u _ﬁ.

o = at i Bxi

i (4.2.8)

30, 30,

—_—t u. —

ot 1 9JX.

1

Now (4.2.8) is precisely the condition that ¢ be the prolongation

to J1(IR,M) of ¢ from R x M. Hence, in order that ¢ Dbe globally

defined, it is necessary that ¢ be transverse in the sense described

above. Conversely, the prolongation of a transverse diffeomorphism

of R x M changes coordinates in just the same way and so preserves

S. ' L |
To end this section I shall explain how the temsor S figures in

the geometric formulation of Lagrangian theory.

Definition 4.2.3 Given a Lagrangian L : J1(EhbD +~ R, its associated

Cartan 1-form QL is given by Ldt + <S,dL> (t is the canonical

coordinate on R). d@L is known as the Cartan 2-form. Clearly,

in standard coordinates (t,xi,ui) o is given by
oL

OL = Ldt + Ti (dxi - uidt) (4.2.9)
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Now dO, = dx Adt: + d(——)A (dx -u. dt) = (d (—~——-) - ————dt) A (dx - u.dt).
L ax oX . 1
i Y3 Ui 1
(@0.) =@ 2y - 2L gy AL Ay - 2L gy Adx, —u dE)A. . .A(dx —u_dt).
L du 9% du 9xX 1 1 m m
1 1 m m
Thus
m BZL
OL A(dOL) =L det(aj au.)dt A dxl A ..o A dxm A du1 A eee A dum.
2
Since L 1is assumed to be regular i.e. det ( ) # 0, then

provided L 1is nowhere zero, OL A (dOL) is a volume form and so

O. is an example of a contact structure. Alternatively, ©  may be

L L

thought of as a contact structure on the open subset for which L is
non—zero; Contact structures will be studied in some detail in
Chapter 5. Anticipating developments there, one can assert the
existence of a canonically defined one-dimensional distribution T
which is characteristic to d@L i.e. satisfies I'ldo = 0. T may be

further normalized by insisting that I't = 1. In chapter 5 a different

normalization will be given and the canonical characteristic vector

]

field Z will be defined. Z satisfies 2Jd0 = 0 but <Z,0> = 1.

Clearly, Z =-% I'. This has the rather interesting consequence that

I' is always defined provided only that L is regular, whereas Z

will not be defined at points where L 1is zero.

T 1s of course the Euler—Lagrange.vector field associated to a
regular Lagrangian as may readily be seen from using (4.2.9). The
preceding remarks illustrate what might be considered one of the
drawbacks of Lagrangian theory. OL is tﬁe key geometrical object

in the formalism and yet its connection with the variational problem

for Ldt is not a priori evident.
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4.3 Symmetry in Lagrangian mechanics

This section is intended to supplement works by Crampin [7] and
Prince [33] which deal with the notion of symmetry in Lagrangian
meghanics. Briefly a symmetry of a differential equation is a
one-parameter group of diffeomorphisms which permutes solutions of
the equation. There are several kinds of symmetry whichvmay be usefully
distinguished and to which first integrals of the equations may be
associated either directly or indirectly; I shall begin by considering
two kinds of symmetr& which apply to regular, second order equations

rather than those just of Euler-Lagrange type.

Definition 4.3.1 Suppose that I is a regular, second order equation

so that I can be identified with J1(IR,M) and that T' is the associated

vector field. Then a vector field Y on J1(DRJD such that
[Y, T} =T (4.3.1)

for some A € FO(J1(]R,M)) is called a dynamical symmetry. If also

_

Y for some X € V1(Bi x M) then X is called a Lie symmetry. N

I shall assume that a specific, regular second order equation has been
chosen and use A and C respectively to denote the collection of Lie

and dynamical symmetries.
Suppose that X, Y € C so that
[X,T] = AT [Y,T] = uT

where A,u € F(J1(IR,M)). Then.
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[[X,Y],T] = (Xpu = YA)T. (4.3.2)

It follows from (4,2.3) and (4.3.2) that A and C are R-Lie
algebras and that A 1is a subalgebra of C. 1In fact more is true

in that A 1is finite dimensional though C 1is not.

C may also be viewed as a Lie algebra in a rather different
way; Firstly, note that the collection of all first integrals of T
form a subgroup (indeed subalgebra) of FO(Ji(IR,M)). Secondly,
suppose that f is such a first integral and that X € C. Then

since
[£X,T] = £[X,T] - (T'E)X

and Tf = 0, fX is another dynamical symmetry. Thus, C may be
considered as a finite rank module/algebra over the ring of first

integrals of T.

It is worth emphasizing that the preceding remarks held for
arbitrary regular second order equations. I now suppose that in
raddition T 1is the Euler-Lagrange vector field associcated to a
regular second order equation. This opens up the possibility of other
kinds of symmetries. As in section 4.2 OL denotes the Cartan 1-form
associated to L.

‘Definition 4:.3.2 A vector field Y on J1(]R,M) is called a Cartan
_ X(I)

symmetry if’LY@ is exact. If Y for X € V1(BK x M) then Y

will be said to be a special Cartan symmetry.
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Definition 4.3.3 A vector field Y in Jl(ngD is called a
(1)
a

Noether symmetry if Y is an infinitesimal symmetry of § nd

LYLdt is exact mod 9(1). If Y = X(l)

for X € V1(IR x M), in

which case the first condition holds automatically, then Y will be
said to be a special Noether symmetry. I shall denote the collection
of Cartan (special Cartan) and Noether (special Noether) symmetries
by D(B) and E(F) respectively. The lettering used above for

A, B, C, D agrees with that used by Prince [33] for identical
concepts though the terminology is slightly different. It turns out

that one of the categories above is redundant because of the following

result whose proof is evident.

NONINE)

Proposition 4.3.4  Suppose that X € V1 (J1(Hgb0) and L cQ .

X
Then LXO = LXLdt mod 9(1).1 I shall show presently that

proposition 4.3.4 implies that essentially B = F. First I quote without
proof some results from Crampin [7] which elucidate the relationship
between symmetries based on the Cartan form and symmetries based on a

version of Noether's theorem.

Theorem 4.3.5

(i) If X 1is a Cartan symmetry, say LXO = df, then f - <X,0> is a

constant of motion.

(ii) If F 1is a constant of motion, there is a vector field X on

J1(IR,M) such that L0 = d(F + <X,0>) and any vector field X + fT

X
with f € FO(J1(HQ}D) has the same property.

(iii) Of all vector fields Y differing by a multiples of I which

generate a given constant of motion there is a unique one which
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satisfies Yt = O: this establishes a one-one correspondence
between constants of motion and a Lie subalgebra of vector
fields on J1(]R,M). |

Theorem 4.3.6 If X 1is a Noether symmetry, say
1)

Ldet -df € @7, then f - <X,0> is a constant of motion. i
These results do not quite explain the relationship of Noether and
Cartan symmetries. In fact the situation is this: one may weaken
~ the definition of Cartan symmetry by insisting only that LYG be
exact mod 9(1), say, LYO = df mod 9(1). Then, since T is a
second order equation, it follows that £ - <Y,0> is a constant of
motion. Suppose now that one starts with a Noether symmetry X.
Then, from proposition 4.3.4 X 1is a Cartan symmetry in the
extended sense just mentioned. On the other hand, not every Cartan
(1)

symmetry is an infinitesimal symmetry of Q' 7, and it is this which

is responsible for the fact that theorem 4.3.6 has no converse.

Suppose now that D' and B' denote Cartan and special Cartan
symnetries in the extended sense just mentiomed i.e.

Dl

{y € Vi(J‘(HQbD) ILYG is exact mod 9(1)} and

B' = {Y € V(R x M)ILX(1)@ is exact mod 0(1)} . Then one has the

following relations, where < denotes "is a Lie subalgebra of".

Theorem 4.3.7 (i) B<AKC

(ii) B < B' =F < E< D'

(iii) p < ¢C
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Pféof: (i) Suppose that L (1)6 = df so that X € B. Then
X
LX(1)dO =0 and so
[X(I),F] do =L (rdae) - rlu , . do = 0.
(1) Q)]
X X
Hence [X(T), I'] is characteristic to dO and so

X€ A, A<C is clear.
(ii) The fact that B' = F and E < D" is immediate from
proposition 4.3.4. B < B" and F < E are clear.

(ii1) D < C follows from Crampin's proof of theorem

4.3.5 (iii) given in [7]. B

Notice that since B < A the special Cartan symmetries form a finite

dimensional R-Lie algebra.



CHAPTER 5

SYMPLECTIC AND CONTACT GEOMETRY

This chapter begins by reviewing some of the basic properties of
;;mplectic manifolds. Then linear symplectic spaces are considered
and it is explained why, on the purely algebraic level, the Jacobi
identity is equivalent to a derivation of degree one on the exterior
algebra of the dual space. In section 5.2 the notion of a contact
structure is introduced and it is shown how a program for contact
manifolds somewhat analogoué to that of symplectic geometry may be
carried out. The geometry of contact manifolds is rather more
complex than that of symplectic manifolds and several of the
formulas appearing in secfion 5.2 are new. For example, it is shown
how the canonical characteristic vector field behaves when a contact
transformation is applied. As a corollary those contact transformations
which are fibered over T#M are characterized. Recall that symplectic
manifolds can be dualized to give cosymplectic structures. Although
there is a bracket on the ring of functions on a contact manifold it
cannot lead to a cosymplectic structure. It does, however, give a
2-vector with Cartan properties and this is defined. This 2-vector
allows an invariant proof of a classical theorem in contact geometry
to be given: the theorem says that contact transformations are

precisely those which scale the bracket of functions by a factor.

Section 5.2 was valid generally for arbitrary contact manifolds.
Section 5.3 by contrast, focuses on the space J1(M,HU . A modern

version of some results originally due to Lie is presented;
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specifically, it is explained how all contact transformations may

be obtained from transformations or even suitable submanifolds of
Ja,m x 3oL .

Finally; section 5.4 is an attempt to unify the process by
which the Lie algebra structure on a collection of vector fields is
transferred to a collection of forms. Two particular theorems are
proved and it is shown that they explain several different cases in

which Lie algebras of forms occur.
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5.1 A Symplectic Review

Before getting to the concept of contact structure in the next section
I review some symplectic preliminaries. A symplectic structure
w on a manifold N, necessarily of even dimension, is simply a
closed non-degenerate 2-form. According‘to the Darboux theorem,
coordinates (xi,pi) may be introduced so that locally w = dpiA‘dxi'

*
The canonical example of a symplectic structure occurs when N =T M

(the cotangent bundle of some underlying manifold M) as was mentioned
in section 1.7. 1In this case the symplectic form is the exterior

derivative of the canonical 1-form 6.

Returning to the general symplectic structure it is well known

that because of the nondegeneracy of w a pointwise isomorphism is

* *
defined between T(x p)T M and T(x,p)

b
In particular if f E'FO(T*M) its

* 3 3
T M and hence an identifica-

tion of vector fields with l-forms.

associated Hamiltonian vector field Xf satisfies

Xf.lw = - df.

As was mentioned in Chapter 2 every symplectic form gives rise to a
Poisson manifold. For, if w 1s simply a non-degenerate 2-form (not
necessarily closed) there is a corresponding 2-vector . One may form
the 3-form dw and then '"raise the indices" with w to obtain a 3-vector.
It turns out that the resulting 3-vector is just [£,Q] i.e. the skew

Schouten bracket of Q with itself.
If f,g € F°(T#M) the condition dw = O ensures that
at least locally, that there is a function , denoted by {f,g} , such

that

[xf,xg].lw = - dif,g} .
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Equivalently, dw = 0 implies that the Hamiltonian vector fields form

a Lie algebra.

It is instructive to trace the purely linear analog of the latter
remarks. I begin by assuming V is a vector space equipped simply with
a skew-symmetric bilinear prqduct dénoted by [ , 1. as such, [, ]
determines a unique linear map from AZ(V) to V which will also be

denoted by [ , ]. One may also consider the trilinear map from

VxVxV ‘to V given by, for X,Y,Zcv
(X,Y,2)= [X,[Y,2]1+[Y,(2,X1]+[2,[X,¥]]

and I denote its associated linear map from AB(V) to V by «y .
One may also consider the dual maps of [ , ] and y. I denote by
*

d the dual map of [ , ] so that d is a linear map from V to
2. % % *

A"(V ') and by ¥ the dual of ¥ so that Y is a linear map from
* 3 % i p

V. to A (V). It is not hard to show that any linear map from A" (V)

* *

V (hence one from AP(V") to v¥) may be uniquely extended to

a derivation of the entire exterior algebra. Thus, d and v 'may be

extended to derivations of degree 1 and 2 respectively. One would

expect d and ¥ to be intimately related and indeed they are.

. 2 *
Proposition ,5.1.1 d° =y

Proof: It is easy to check that d2 is a derivation and by the
way both it and ¥ are extended as derivations, they agree on, in fact
' 0, * o
annihilate, scalars i.e. elements of A (V). Hence it is sufficient

2 * 1, * s s
to check that d° and ¥ agree on V = A“(V'). Moreover, picking

X,Y;Z € V and o € v*’ because of linearity the following calculation
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is sufficient to obtain the result.

]

a%a(x,v,2) do([X,Y1,2) + da((¥,21,%) + da([Z,X]. )

«([0x,Y1,2) + a([[¥,2],X]) + o(llz,x1,Y])

I

o([[X,Y],2] + (lv,z1,x] +[[Z,x],Y1D)

*,
Y a(X,Y,2)

1]

The first equality above follows from the fact d is a derivation. O

Corollary 5.1.2 Using the notation of the last proposition, V is a

2
Lie algebra under [ |, 1 iff 4° = 0.
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In this section the definition of a contact structure and several
familiar examples are given. Thereafter, I set up contact geometry, much
as one sets up symplectic geometry, and give coordinate free proofs of some

classical results. Here is the principal definition.

Definition 5.2.1

A contact structure 8 on a manifold N of dimension 2m+l
is a 1l-form ® such that 8a(d8)" 1is a volume form. The pair

(N,8) is together referred to as a contact manifold. B

Suppose that 8 1is a contact structure on N, then it is
well known, imitating the Darboux theorem, that co-ordinates (xi,z ,pi)
may be introduced on N so that &= dz-pidxi. I next give some examples

which suggest that contact manifolds are worth studying.

Example 1.

The canonical I1-form 8 on JI(M,R) is a contact structure.
Example 2.

Let H: T*M"*R, Then H =0 gives a codimension one submanifold, at
least locally, in T*M. Restricting the canonical l-form 0 to this sub-
manifold gives ‘a contact structure. This situation occurs in
Hamilton-Jacobi theory for example, as was shown in chapter 3.

Example 3.
Let L: Rx TM~R. Choosing standard coordinates (t,xi,ui) for

RxTM, the l-form © =Ldt + -2% (dx -u_ dt) is the Cartan {-form!
> L du . i i

as was defined in section 4.2. It was shown there that avay from the

open set where L = 0, provided that the determinaht




2
of ‘the matrix oL is nowhere zero, then eL is a

du_.0u,
1]

contacet structure.

Example 4.

Let H: RxT M —=R. Denoting the canonical coordinate onR as t

the l-form GH = 6- Hdt 1is called the Poincaré-Cartan l-form (11

b

If H is nowhere zero then BH is .a contact structure and clearly
this is the appropriate context for studying time-dependent Hamiltonian

mechanics.

In the remainder of this section I will always use (N,8) to denote a
contact manifold.

Definition 9.2.2

On a- contact manifold (N, ®) the canonical characteristic

vector field Z is the unique vector field such that
zdde =0 , <z,8) =1. 1

I next develop the contact analog of Hamiltonian theory which needs to
be emended since dB is degenerate.

Definition 5.2.3

If 1T is a l-form on (N,.8) then its associated vector field X_
is uniquely that which satisfies
XTJd8=<Z,T>9-T and <X‘t’8>= 0.

The last definition is mainly of interest in the case that T = df for
some f E'FO(N) in which case I write Xf rather than de. Notice also that

from definition 5.2.2 XBE() and so 8 spans the kernel of the map
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1
from FI(N) to V (N) by TF+XT - Using the definition one may con-
struct the analog of the Poisson bracket on a symplectic manifold.

Definition 5.2.4

Given f,g€ FO(N) the Jacobi bracket [f,g] is defined as ng.

If one adopts Darboux coordinates for 8 such that 6 = dz-pidxi then

X

_ of 3 of ) of d of ¢} ¥

f axi api api axi : ;

This coordinate representation yields one way to prove the next result;
I shall not prove it since it is given with slight modifications in
[ 5] and in any case, it is very similar to the analogous symplec-

tic result.

Proposition 5.2.5 Let f,g,h ¢ FO(N)and A,u €R. Then

(i) [f,g] = -[g,f]
(i1) [Af+ug,h] = A[f,h]+ Wg,h]
(iii) [f,[g,h]]+ [g,[h,£]1]+ [h,[f,g]] = Z2flg,h]l+ zglh,f1+ zh[f,g].

(iv) [fg,h] = £flg,h)+ [f,hlg. i

Actually, Cartan used exterior calculus to give an alternative definition

of [ , 1.

Proposition 5:2.6

Given f,g€ FO(N) mdf/\dgAGA(de)m-1= [f,g18A(d8)™. |
Recalling the definition of the map v in section 1.8 the following result

justifies calling contact geometlry a generalization of symplectic geometry.

Proposition 5.2.7

* x w
Given f,g€ FO(T*M) [y £,y ,g] = v {f,g} .

Proposition 5-2-§

on (N, '8) let (xi,z,pi) be Darboux co-ordinates for 6. Then

[z,xi] =0 [z,pi] =P X
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The last proposition is easy to show from Cartan's definition of [ , ].
Recall that any vector bundle has an intrinsically defined vector field A
corresponding to the action of the multiplicative group of R* on the

fibers. If (p,)are fiber coordinates this vector field, say &, is just
i

3 . .
Pi api as we saw 1in section 1.7.

Proposition 2.2.9

For Jl(M,R) as a vector bundle over M «x R, A = Xg - (Recall
that B8: Jl(M,R)—'R. so B is in particular a function on Jl(M,R)). H
Again, the coordinate verification of the last proposition is straight-
forward. In proposition 5.2.5 we saw that[ , 1 does not satisfy the
Jacobi identity. Thus, there can be no question of defining a Lie algebra map
from FO(N) to VJ(N) as in the symplectic case. However, we do have

Proposition 5.2.10°

Let f,g € FO(N).. Then

[xf,xg] = x[f,g]+ (Zg)Xf - (Zf)Xg

where [Xf,Xg] is the Lie bracket of vector fields and [f,g] the Jacobi
. bracket of functions.

Proof: One may show that
X - 8= - .
([f,xg] X[f’g]).ld (zf)dg - (Zg)df.
The result then follows from definition 5-2.3 and the observations that

((Zg)Xf- (Zf)xg)_ld8= (Zf )dg - (2g)df

and

{(zg)X, - (Z)X,, 8)= 0.

It follows from the last proposition that if one has a collection of func-
tions (fi)é FO(N) such that [fi’fj]= 0 for all i,j, then the associated

vector fields Xf form a completely integrable distribution.
i
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The next definition is motivated by consideration of the space
Jl(M,B) and 8.

Definition 5.2.11

- If (N, 8) is a contact manifold, a contact transformation

is a map of N to itself such that there is a nowhere zero p E.FO(N) which

oo
w

satisfies o 8= p8 .B It follows automatically that if @ is a contact
* m
transformation then ¢ is a diffeomorphism since o 81\(d9fn=an19Ad9 and

8 A(d8)™ is a volume form.

Proposition 5.2.12

If ¢ 1is a contact transformation ¢+Z = Xp+-pZ.

Proof : ©7Jde = 2_1d(o 8)

Z21d(p8)

Z1(dpAB+ pdB)

(Zzp)® - dp from the definition of 2. It

follows from definition 22.3 that ¢,Z = X,+AZ. However, since 08 = p8

p=<2,00>=(22,6) = <xp,e>+- 2{z,8p = A, o

Corollary 5.2.13

A contact transformation on ‘JI(M,IO is fibred over T M iff P is a
non-zero constant.

Ezggfz Note that Z 1is tangent to the fibration ¥ : Jl(M,E)“’T*M,
so ¢ préserves the fibration iff it preserves Z. Examining the form
of  Xp (see definition 5.2,3) this is only possible if Xp =0, which in turn
holds precisely when p = constant. |

-

Proposition 5.2.14

If o,tE.FJ(N) then defining W(o,) ='<Xoﬂ T> defines W as a
2-vector i.e. skew-symmetric (2,0) tensor field.
Proof: This is immediate from properties (i), (ii) and (iv) of

proposition 5.2.5. a
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s}
In Darboux coordinates W has the form ( R p—=—)Am— . It is

clearly the analog' of the cosymplectic structure on a symplectic manifold.
However, Ssince [ , ] does not make FO(N) into a Lie algebra its Poisson-
Jacobi tensor does not vanish.

Proposition 5.2.15

WLt = 0 where t€F'(N) iff 1 = p8 for some p¢€ F(N).

Proof: Since ?Xe =0, WLp® = pX8 = 0. Conversely, WLt =20

implies that X‘r = 0 and so from XT_JdB = <Z,T>>8-t it follows that
=<2,y 8 . E

The foregoing results enable one to prove a classical theorem (see [6]).

THEOREM 5.2.16

Oon (N, 8) the following conditions on a map ® of N to itself are

o
equivalent where in each case P €F (N) is never zero.

ot

(i) ® is a contact transformation i.e. 6 = p8 .

(i1) oW = pW
(iii) For all f,gEFo(Jl(M,]R)) 00 [£,8]=[0f,0 8l.

Proof: The equivalence of (ii) and (iii) 1is immediate from the
definitions of W and [ ], so I shall show that (i)=»(iii) and then

that (ii)=>(i).

(i)=>(iii) Using the Cartan definition of [f,g] and applying o
to it gives ®”[f,g]pm+18/\(d8)m= pmendf/\ Q"dg/\el\(de)m_l and the result

follows since p # 0.

(ii)=>(iii) It follows from proposition 5.2.15 that W is a maximally
non-degenerate 2-vector whose one-dimensional characteristic subspace is
*
spanned by 8 . Now (ii) ensures that ®°8 =A8 for some AE€F(N) but since

also
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<W,d8> = 1 it follows that A = p.

In his original paper (op. cit.) Lie gives two ways of '"determining
all contact transformations'" of JI(M,R). The first way specifically
requires the full structure of JI(M,R) and will be discussed in section
5.3. Thesecond way, which shall be briefly examined now, holds for an
arbitrary contact manifold. The underlying idea is that one may
view the problem of finding a contact transformation as that of finding
Darboux coordinates for © or, to be rather more precise, 8 up to a

non-zero factor. Suppose then that
8 = p(dz-pidxi)

where P, ,2,p, € F(N) with p nowhere zero. It is readily apparent
from the Cartan definition of [ , ] that [z,xi] =0 and [xi,xj]==0;
this observation yields the necessity of theorem 1 in Lie [25]. The
converse of the same theorem argues that if one knows m+l independent
functions {xi,z}, satisfying the above bracket relations then a local
contact transformation is obtained; i.e. there exist functions {p,pi}
p being nowhere zero and the pi's independent such that © has the
canonical form given above. Moreover, p and the pi's are uniquely
determined simply by solving some linear equations. To see this result
notice that immediately from Cartan's definition of [ , ] one has
dzﬁ\dxlfxet\(de)m_l =0. Now one proceeds by induction, working firstly

on the submanifolds z = const. , then Z = const,, X, =const,  etc. This
makes sense since the condition [lei]= 0 has the geometric consequence
that the vector fields Xx are tangent to the levels of z . Eventually one

X i
reaches the conclusion that

dz Adx,A ...Adx A8=0
1 m

which essentially finishes the result.
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5.3 Contact Transformations on JI(M,R)

At the outset of this section it is worthwhile remarking that almost
all of the results in section 5.2 held for an arbitrary contact mani-
fozd. By contrast, this section reaches back to the very origin of contact
manifolds themselves and is concerned with Jl(M,R) and the second descrip-
tion of contact transformations given by Lie. Since contact transformations
are necessarily diffeomorphisms suppose that ¢ is a diffeomorphism of
Jl(M,]R) which does not necessarily respect any of the fibrations determined
by «, B,y or oaxB - actually, for reasons which will become apparent,
we wish to consider Jl(M,R) as being fibred over M xR. Even though ¢ need
not be fiberedover M xR we can associate to it an integer invariant k
which measures to what extent & is fiberedi.e. dim((exB)e@®),; in parti-
cular, if k =m then ¢ is fibered over M xR.

The key to undérstanding Lie's first description of contact transfor-
mations is the observation that such a transformation ¢ may be interpreted
geometrically as a (2m+l)-dimensional submanifold of Jl(M,IO x Jl(M,R)
graph(®) which is transverse to both fibrations determined by projection
onto either factor. As such the following proposition, whose proof is a
straightforward use of the theorem of implicit functions and which I therefore
shall not supply, gives another geometric interpretation of k.

Proposition 5.3.1

With ©® as above, graph(®) 1lies in a (4m-k+1)-dimensional submani-
fold of JI(M,R) le(M,li) which is a union of fibers with respect to the
projection map (axB)z onto (M xR) x(M xR).

Continuing with the notation used above, it is best now to go to the
opposite extreme from the case that ¢ 1s fibered ji.e. when k=0.b For nota-

tional convenience I now index two copies of M as M1 and M2 and
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likewise their respective geometric objects and ignore projection maps

‘ 1
onto either factor of Jl(Ml;Rl) x Jl(Mz,RQ). Also, objects on J (M”Rl)
and JI(MZ,RQ) will be identified with objects on the product.

Propostion 5.3.2

1 1" 2
5.2.5). These hypotheses ensure that the maps

Let F: M, x R,x M, x R2 - R satisfy Zlf # 0, ZZFf 0 (cf.definition

F( , ’XZ’ZZ): M, x Rz'*R.((xz,zz) fixed)
and

F(xl,zl, , ) M, x RQ-*R.((xl,zl) fixed)

can be solved to give maps flelﬂ-B, and f2:M2~-’R2 respectively.

. , a1 1
Now define a map e: M, x R;x M, xR, —J (Ml,Rl) xJ (M2 ’IRZ) by
1 1 :
e(x),2),%),2)) = (Jxlfl’szfz)‘
*
Then e (ZlF9+ZZF82)=dF.

Proof: Compose e with ilx 12 (for the definition of i see

section 1.8). This defines a l-form on Mlx Rlx sz R2 which is 'mot

quite' dF. Denoting the canonical l-forms on Mlx R1 and MZX R2 by

%
6 M]_x Rl and esz R, respectively, pull back via (.(11x 12) oe)
the l-form ZlFE)Mlx Rlf-ZzFeM2x Rz. It follows from the universal property
that :
(1% 1)) 0 e (Z,F 8 o +2Z,F0, "Rz) = dF.

1 1 2
However, from the definition of @

(i1 x 12) (_lee M, x RI ZZFeMz "Rz) = (le)e1 + (z?_F)e2

and the two equalities give the result. d

Corollary 5.3 .3

Using the notation of the last proposition the map from the hyper-
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surface F=0 in Mlx Rlx MZ sz by

' R |
(xl’zl’XZ’ZZ) F—)(fol,szfz)

pulls back (Z;F)8; + (ZZF)BZ to zero. Since the image under this map
is ( m+l)-dimensional it determines a local contact transformation with
“Fy . . .
p = - 22F which, by hypothesis, is never zero. It is by no means
clear that corollary 5.3.3 will yield global contact transformations, but one
may wish to consider a generalized notion of contact transformation much
as one does with Lagrangian submanifolds.

Recall that corollary .5.3.3 deals with the case k=0: I now show how
to extend these ideas to k>-0. Incidentally, it may be helpful to point
out thatin Lie's original paper q = k-1 and so Of}qinu Suppose then
that k independent functions Fl’F2’°"’Fk .on Mlx Iﬁf sz 32 are
given. Then assuming that the levels F1=0, F2= 0,...,Fk==0 define a
codimension k submanifold, which will certainly be true locally, one may
consider F = F1+ AZFZ + A3F3+u.-+'Aka. As the A's vary, F=0
defines a (k-1)-parameter family of submanifolds all intersecting in
Z. The classical word used to describe such a situation was 'pencil'.
Suppose also that all the functions satisfy ZlFi + 0, ZZFi # 0<i<k.
Now one may consider the map from Rk-l x I to Jl(Ml,Rl) le(MZ,Rz)
obtained simply by imitating the construction in proposition '5.3.2 for fixed
(Az,...,lk) emk’l. What is obtained is a (2m+l)-dimensional submanifold
in Jl(Ml,Rl) XJI(MZ’RQ) on which the 1-form Zl(F14-A2F2+...+Aka)81 +
22($14-12F2+...+Aka)82 vanishes which generalizes corollary 5.3.3. Thus
one obtains the converse to propositioﬁ 5_3;1 so that a suitably transverse
2m-k+1 dimensional submanifold in (M xRJz determines a unique contact

. 1 . ' ‘s
transformation on J (M,R). This statement corresponds to proposition 1

in Lie's paper.
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5.4 One generalization of Symplectic Structure

In this section I want to investigate one direction in which symplectic
structure may be generalized. In section 5.1 it was emphasized that the
role of the closure of a symplectic form is important in that it ensures
that the set of Hamiltonian vector fields forms a Lie subalgebra. With
this remark in mind, I consider what carries over for a geometry based
on a closed p-form. Suppose that € is a closed form on a manifold N of

dimension n. Using £ one may define a map lzvl(N)"Fp_l(N) by
Xr-XdQ xevi ).

Of course A may also be viewed pointwise as a linear map from TxN to
Ap_l(T:N) and as such its rank may vary with x. Now the dimension of

T M is n and the dimension of Ap_l(TzN) is (PEL) : thus XA has a
cokernel of dimension at least (pgl)-n' On the other hand, the kernel of

A could have any dimension between O and n inclusive. I assume to
begin with that X has a trivial kernel at each x€ N. Now revent to the
first view of A, i.e. as a map of sections. Then clearly not every element
of Fpnl(N) lies in the image of A. However, because pointwise X ‘has

a trivial kernel, the image of A will be a module of rank n. If de is

in the image of X then I will use the notation X to denote its unique

e

preimage.

I shall consider next equivalence classes of (p-2)-forms whose exterior
derivative lies in the image of A:  two such p-2 forms @ and ¢y will
be called equivalent if d(6-¥)=0 and I will denote the set of such equi-
valence classes by B(¥). I define a bracket on these equivalence classes

as follows: if B8 and ¢ are two such equivalence classes then since



A 1is injective a unique Xe is determined and I may set
(6,9] = Xgldo. (5.4.1)
This bracket is clearly skew-symmetric,6and so to show that it is well

defined it suffices to check just the second argument. So suppose that

for some aEFp—3(N) ¢=¥Y+da. Then <d¢=d¥ and so

[6,v1] ='erd\v .
which shows that the bracket is well defined.

Next, suppose that XgJQ==—d6 and X¢J$2=-d¢. Then

Q
(xy ,x(p]_m (LXeX‘P )

(X 4Q) - Xo4(L, Q)
Lxe ¢ %q

Lxe(—d(p)—Xq)J(XeJdQ + d(XeJQ))

—d(XeJdtp + d(XeJcp)).

Hence

[xs,xq)]m: -dd 9] (5.4.2)

An important consequence of (5.4.2) is : that X[G cp]JQ: -d® ,9] and so
b

([Xe,X(P] - Xpg ’<p]).m= 0 .

Since the map A was assumed to have trivial kermnel it follows that
([x.,x 1 =X (5.4.3
(L 0’ (P] [0,¢] ( )

in other words the map ©-X_. defines a Lie isomorphism from B to,

e
what in view of (5.4.2), is a Lie subalgebra of VI(N).

I examine now how the preceding arguments must be modified if X is
no longer assumed to be injective. Of course the notation Xe does not

make sense but (5.4.1) is still well defined. For suppose that d® and

d¢ lie in the image of A and also that X1Q=-do, YIQ=-d0 and. ZJQ=-d¢.
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Then

(X-Y).ide = Xido-Y.dde

xdzdq + vizia

zJ(x-y)Ma

=0 since (X-Y)dQ=0.

Thus, XJ[de= Yld¢ and so defining [0,9p]=Xlde, where dO and d¢ belong
to the image of A and X 1is any element of v(N) such that XJQ=-de,
makes sense.

Suppose next that d© and d¢ belong to ;he image of A and also
that X,Ye€ vI(N) sétisfy XIQ=-d® and YiQ=-d¢ respectively. Then in

analogy with (5.4.2) one has
[X,v]iQ=-d[6,0] (5.4.4)

and again one may conclude that the X's which satisfy XiQ=-d8 for some
6 in FP_Z(N) form a Lie subalgebra, say, A(Q) of V1(N). It is con-

venient now to isolate thg kernel of A which I denote by X () and .also
call the characteristic distribution associated to Q. With this termino-

logy I can now state the following proposition.

Proposition 5.4.1 Suppose that Q is:a .closed p-form on a manifold

N and that Z € x(2) and X€ VI(N) satisfies d(XJ@=0. Then [X,z]iQ=0.
Proof: O=LX(ZJQ)=[X,ZlJQ+ZlLXQ. However , 1RQ=XJdQ+d(XJQ)=O and so

as required

[x,z]iQ=0. , O

Corollary 5.4.2 x (@) 1is a Lie subalgebra of VI(N) and hence, at

least locally, defines a foliation of N.
Of course versions of this last corollary hold in greater generality, but
it is important to note that X(Q) is not usually an {deal in V'1(N).

However, one does have
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Corollary 5.4.3 x(f1)) 1s an ideal in A(R).

Proof: x€EA(R) =¥ 0=-d6 for some O 1in FP-Z(N)
d(x40)=0
and the result follows from proposition 5.4.1 immediately. O

Most of the preceding remarks may be subsumed in the following
theorem the proof of which is a consequence of (5.4.4).

THEOREM 5.4 .4 0 -x(Q) - A(Q) - BM@AO) -0 is a short exact

sequence of Lie algebras.

I shall give some applications of this theorem presently, but
before that I consider a slight variation on it. Continuing with
the form Q@ and the map )\ etc. as before, define A'(Q) = {X € V1(N)|d(X(X)) = 0}

Suppose that X and Y € A'(Q2). Then, in a way almost identical to that

used to derive (5.4.2), one finds
[X,Y]d 0 = d(xJYiQ) (5.4.5).

Hence [X,Y] € A(Q) which is the analog of the well-known result [1]
in symplectic geometry that the bracket of two locally Hamilonian
vector fields is globally Hamiltonian. It follows from this that
A(Q) is actually an ideal in A'(Q). Moreover, it is immediate from

proposition 5.4.1 that x(Q) is an ideal in A'(R).

Next, define B' to be the subspace of Fp—1(N) consisting of those
closed (p-1)-forms which belong to the image of A. Then in a manner

wholly analogous to theorem 5.4.4 one has

Theorem 5.4.5 0 = x(Q) > A'(Q) » B'(R) ~ 0 is a short exact

sequence of Lie algebras.
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I

I shall try to show next that theorems 5.4.4 and 5.4.5 are
the general principle which underlies the transfervence of an R-Lie
algebra structure on an algebra of vector fields to a subspace of

-

forms of some fixed degree.

Applications of theorems 5.4.4 and 5.4.5

1. The simplest application is of course where p =2 and Q is a
symplectic form. In this case the map XA is injective indeed
bijective. If p = 2 but Q is now longer symplectic theorem 5.4.4
still guarantees the existence of a Lie algebra on equivalence
classes of a subspace of FO(N). Moreover, it is clear from
(5.4.1) that this Lie algebra will satisfy the familiar
derivation rule i.e. for f,g,h € im ()) and denoting the

corresponding elements of B(Q) by £, g, h
[E g, h] = [£,hlg + £[g,h] (5.4.6)

Hence for p = 2 [,] is actually a Poisson bracket. Using
corollary 5.4.2 one may say that, at least locally, N 1is fibered
over a symplectic manifold and that x(R) spans the tangent space
to the fibers. ©Notice that it is only in the case when p = 2

that (5.4.6) can apply, for only the pointwise product of

functions makes sense, not of forms in general.

2. A second case in which A is injective is when p = n i.e. Q 1is
a volume form, in which case the condition dQ = 0 1is empty.
 Indeed it follows from the algebraic. fact any (n-1)-form on a

manifold of dimension n 1is decomposable that X is actually
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surjective. Hence one has a Lic algebra structurce on (equivalence
classes 6f) a subspace of Fn_z(N) and on the closed (n-1)-forms.
This structure has been given before in the context of Louiville
dynamics which is an aﬁproach to mechanics based on a volume férm

rather than a symplectic form [27].

A special case of p = 2 is worth investigating more closely i.e.
when (N,0) is a contact manifold and @ = d0. Recalling the
definition of Z from section 5.2, and assuming it to be complete,
N may be viewed as a principal bundle with structure group R over
some base B, which ﬁeed not in general be a.smooth manifold {31].
Assuming that it is, then as in example (1) it will be a symplectic
manifold. To specialize still further, suppose that N = J1(IR,M)
and that GL is the Cartan form associated to a regular Lagrangian L.
One then obtains a Poisson bracket structure on the first in;egréls

of the Euler-Lagrange vector field T.

The last example may be generalized in a ra;her different way which
leads to the Hamilton-Cartan formalism-[15,35}. Let (E,n,M,F) be a
bundle with M of dimension m and E of dimension m + n. As in
section 1.6 J1(E) will denote the bundle of 1-jets of local sections
of E over M. Suppose one is given a function L on J’(E) and a
volume form w on M. Then relative to these two choices there is an
m-form © called the Cartan form. If (Xa, ZA) are coordinates on E
with (Xa) coordinates on M and (Zi) denote the induced coordinates
for the fibers of J‘(E) over E. 0 is given locally by

aL A

0 = Lw + —x (dzA -z dxb) A —3—-J w . This of course is a

YA oX
a
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seneralization of what was done in Chapter 4 because IR x M may be
.o 1

thought of as a trivial bundle over R and then J(R,M) may be

. s . 1

identified with J (R x M).

The main point of the Hamilton-Cartan formalism is that provided

2
the function 1 satisfies the regularity condition det (~—E—£—E)# 0
aZ 8%
(this is mn by mn matrix) the solutions of the a ’

Euler-Lagrange cquations for the extremals of the m-form Lw are the
same as the m-dimensional submanifolds of the module of m-forms

{vido : v € VI(Jl(E))}, say I, which also satisfy the independence
condition w # 0 [15]. 1In this context it is of interest to consider
conserved currents which are equivalence classes of (m-1)-forms Z on
J‘(E) such that d€ € £ : two such (m-T)-forms are considered equivalent
if d¢ = dn. Of course this is just a particular instance of theorem
5.4.4 which thus explains how the collection of comserved currents

derives its Lie algebra structure.
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