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_// ‘ ABSTRACT
1/ This theai& considers some sspecte of equivalence relations,
~especially in sress cutside methematics ond in the developzent

of children's thinking,

ot

The aim of Section 1 is to show that eguivalence clssses (and
by implicetion equivalence relaticne) are zn essentizl mode
of thinking for adult Ennlish gpeckers in a variety

activitiesn.

As children have their own patterns of thinking which are
developing toward adult form, Scetien 2 is devoted to
eotablishing a fremework within which ob beervotions ohout the
development of the concept of equivalenceArﬁlation can be

oroanised.

The réiévant fectors of Plaget's work are taken as the
eterting point. These are reviewed aolongeide more vecent
fAmerican studico. Scme recent refornulations of Pilagebts

theory of groupings by Germen writers are 21so considered.

This review identifies difficultics arising fron
(a) diversity of interpretation ef (i) Piaget's work
(ii) termineslogy used,

(b)

2
£

ips betveen the psychological wmedels ard the

s

behavioural counterports which they were designed te
represent,
(c) laek of agreed criterinn for concept ottoinwment.
Pointo aricing from {(w) ond (e) have been considored in
greater deteil in tho context of
[ « the identification and modification m? puints of

voaknoess in the hypothesis thot seristion implics



- un attempt to specify the characteristics of o test of

conservatien of a guantiteltive relstion.

The revicw also showse gaps in the reseerch, netably, in the
study of the growth of the understanding of symmetlric
reletions; proposels for further testo to clarify the stagec

n the development of the ceoncept of symmetry are put forwerd.

[ 5

The feasibility of these tests has been studied in the class-

TDOMme.
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SECTION 1

1.1. The role of the concept of eguivalence relation in mathematic

I3

"The concept of equiucaf.ence relation £4 basde to many Ldeas in
mthematios, I enables ws fo {dnd common rna¢nd pox mowt
topdes and {5 casify LPRustrated by concrede examples,"

(. Bruckheimer and N. Gowar: ""q ence relations and

Compatibility”, Hathematics Teaching, ma. 34, Spring 1966, p. 60)

Part of the evidence which supports the above guotation is summarized
by the following. diagram:

A sclection of topies from a "traditional” O-Level Mathepatics

Syllabus which are underpinned by an equivalence relation.

Fractions « Equivalence = > Length
/ Relation \
Integers-< Angle
Similarity < ‘Paraliels
Congruence

At least tuwo of the topics in the diagrem present difficulties for
pupile, both conceptually and meninulationally, which percoptive
teachers have anpreciated for a léng time. These topics are fractions
and integers, where the difficulties centre particularly around
addition and multiplication, respectively. Any methods which offer

possibilities of iwproving the teeching of these topics merit further

a

study. The construction of integers as equivalehce classes of ordered
pairs of natural numbers and the explicit recognition of the logical
status of retiocnal numbers as equivalence classes of ordersd pairs of
integers (or natural numbers if only the positivebratiunals are
defined) goes back at least to Landau's classic exposition (1930) (1);
but these structures were for a 10nq time appreciated enly by

relatively advanced mathematicians who were interested in the

foundations of the subject.
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Introducing them as part of the systematic line of development in school
mathematics, or at leas i regarding them as essential background knowledge
for teachers, only becans part of current thinking in the early '6Us,
See, for example, Hansfield and Bruckheimer (1965) (2), and the School

Mathesatics Preject (1965) (3).

*

An essential step in the development of mathematice eleng these lines is
the careful definition of certain equivalence clesses and the performence
of operations on the classes as a whole, regarding them as new individual
entities. These same ideas have applications elsewhere, later on in
mathematics - for example, in the teaching of vectors and in more
advanced topice such as operational calculus and topolegy, This means
that thie new material was proposed not only as an isolated inncvation
but, in part, to improve the teaching in long-stending areas of
difficulty. It was an important function of the "new" to make the "old"

more intelligible.

Readers wishing to follow up é discussion of how thrze major steps in
mathematical education ~ the introduction of "fractions", the
introduction of “directed numbers™ end the introduction of free vectors -
need not be regerded as three problems provided that they are seen from
a suitably abstract algebraiec (i.e. equivalence rolatlow) point of view,
are referred to two articles by B. Fletcher (1970) (4), and by

T.J. Fletcher (1970) (5).

~

Further exemples of how soae of those devising new curricula considered
that more explicit recognition of equivalence relations could assist
the teaching of some other traditional topics are provided by Skemp's
treatment of lengths of line segments (1965) (#) and Choauet's
trestment of angle (1969) (7).  Very many mathsmatical entities gan be

regarded as equivalence classes - although to advocate teaching them



.

from this point of view at present micght be neither natural nor

expedient.

Howover, it is not the purpose of the present paper to justify our
initiel cuotation. The point at issue is: can s similar statement be
made ebout this concept with respect to subjects other than mathematics?
In other words, are we justified in stating that

"The concept of equivalence relation is basic not only in

mathematies but also in other parts of the curriculum?V

1.2. The role of the concept of eguivalence reletion in subject areas

other than mathematics

It sppears that the answer to the question posed at the end of the
previous sub-section is "yes¥, We begin our justification of this by
considering words such as

congress; fleet, pride, library, herd, audience.
Ve see that each word in this list is, or con be, used to refer to a
collection of chjects, for exanple

library ~ & collection of bocks for study or reading.
When used in this context, these words are described os collective
nouns. They sre a fundamental part of the clessificatory system on
which the linguistic structure of English and other Furopeon lenguages

in bosed,

But whenever lerge numbers of objects are being classified, simple
classifications are noé usually ennugh.v Frequently, further sub-
classifications are employed, For example, on returning to ocur
library exarple, we note that the Bewey classificotion systenr has been
developed to provide & sorting process whereby the books in the library
are nlloccted to a particular set of shelves. Thio system divides the

collection of baoks in the library into subsets sccording to the
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subject matter of the beook and spocifics their loceticn to the potential

borrower.

»

Similar systeme of classificaticn and sub-classification can be found in
alimost any area of human sectivity. Cut whicheyer sub~claspificaticon is
being Qsed in é»given context, an sttempt is being made to separate the
large nurber of Yobjects" in the collection into subsets such that each
"object" of the original collection is in cne end only one subset. In
other words, an attempt is being made to partition the original
collectimh. ‘oreover, if no ambiguities arise in the sorting process
under consideration, then, as we shall see later, the resulting
partition d@fines an equivalence relation and every equivelence relation

defines n partition.

This separation inte equivalence classes by an eguivelence relstion is
importent in mathenatics because the classes ere used to build up
further logical systems. Thus, at one end of the spectrum we have the
precise clessificstions of wathematics in contrast with the less precise
classifications of everyday speech. For in spite of the fact that o
large number of classifications used in everyday speech appear to be
precige, closer examinaticn revescls weaknesses and exesptions which
would lead to considersble difficulties should these classifications be
handled by the methods of mathemztical legic. Breakdown frequently
BCCUrs bacaus& the sots under discussion sppear to be well-defined when

closer examination shows that they are not.

For example, st first sight it would appear that the human race is
pertitioned into two equivolence classes by sexs but until we have
legislated for tronsvestites ond pathological borderline cases, the
sots are not well-dofineds Lven then, as the terms are normally used,
over & period cFltime certain rare individuals traonsfer from cﬁe cless

to snother,
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Nationality appeors to be a partitioning of living members of the human
race into eguivalence classes. Closer examination shewéyﬁhat these
claszes are not well~defiﬁcd¢ The laws of nationzlity differ from
country to country, some people are stateless and ab any particular |

moment the status of some individuals may not be properly defined.

In evervday speech the attempt is often made to classify people by roce,
but again closer cxamination shows that these divisions can be verny ill-
defined indesd. However, the concept af’race in the aenimal kingdom is
more precisely defined in Biology. In fact, modern Biology depends
“upon systems of classification whi&h are, ideally, precise and go back
to Linnacus and beyond.  But prior to 1735, confusion hed arisen
amongst biologists because the same name had been used for different
plants (and animals) end different names had been given to the scame
plent (or animal), and so Linnacus introduced a system of naming
enimals and plente which uses two words:
-~ The first word in the name of every animal snd plant is the
Latin name of the genus to which it belongs. (This defines
‘its closest relationship with other species, e.g. Felis -
cate and matmals like them.) |
- The second word in the name is the Latin name of the speciese
(A species is roughly o group of individuals sble to breed
armong themselves if one disregards geagiaphia&l separvation,

but not to breed with orgenisms of other groups.)

Many other biological systems of classification depend much on similar
sequences of sub-divisions which lead to a diagram like an inverted

trez., For example, consider the extension of our previous exemple:
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“ve cus Mollusce Arthropods Vertebrotes (Phylum)
Fish Amphibidgng Reptiles Birds Mammals (Clase)
////;k \\\\ -
e Turdus Corvus (Genus)
ses coroiio moneduls  corax (Species)
(carrion  (jackdaw) - {raven)
crovw) ‘ '

Comparatively little use seems to be nade of this typo of classification
in mathematics., But one of the most eminéhtbdGQEImeeﬁtel psychologists,
Jean Pinget, pursued his’eazly studies as a bislogist. Consequently,

the matheratical models of thiﬂkiﬁg,whiéh we find in his theories of
‘csgnitive development, particularly ﬁis theory of groupings (see Section
2.2.), draw heavily on this kind of biaiqgical thinking. Here,; we sce
parsllels with the point of view that menbers of an equivalence class in
this kind of biclogical classification cen often be regarded as Vequal?
in‘the sense that they serve equally well to exemplify the properties
involved in the ﬁariitien. But in the Biology lesson this latter point
shpulﬁ not be pressed too far as the child may see the charscteristics .

much more easily from some members of a species then from others.

In 8ll ef‘the exampzés Just discussed the principles undariying the
classification have been non-numerieal.,  However, ﬁartitieningris often
brought sbout by numerical reletionships and we will nox give some
exanples of thesé from various subject aress. The extent to which
Yealeulations' are done with the equivelence closses varies and,
generally spesking, the examples to follow show a progreseion - the
"caloulations" with equivalence claseges being increasingly importent in

the later oexamples. .
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In the musical scale notes on octave spart (or an integral nusber of
octaves apart) have @ particularly simple reletionship between their
frequencies and this is the underlying reasson for their being dencted by
the come letter. Practically, the existence of this clese relationchip
means that when o picce of music is arranged for different ina%rument&;
a melody may be transposed an octsve if this is more convenient, without
affecting the harmony. For, to a large extent, the notes oceurring in
chords are &egresen%atives of equivalence classes, ancther menber of the

class could replace them, althoush rather special rules apply to the

base notes of chords.

Husic at another lﬁvelbshuws equivalence classes of relations ~ as

distinct from equivalence classes of clemente. Musicisns think in terne

of intervals énd an interval is an equivalence class of pairs of notes

Just as a rational number is an equivalence elass of ordered pairs of

integers. For example, the major scalefinporpor$tes the intervalss
tone, tone, semitone, tone, tone, xioﬁc, semitone.

These are relotionships between frequencies and equivalent relationships

occur in every major key. (See Budden (8)).

The ideas considered above are part of musical theory snd the acadenic
musician h&ﬁ-tQ work with proper regerd for the grammar of these ideas.
'He will not usually think of this process ss being one of calculation,
although students who pass harmony exeminaticns by ueing the rules,
without mentally hearing the notes they are writing>dcwn, must surcly be

performing a process closely resembline caleculaticn.

Hany systems of classificotion are used in Geography, but we will
mention one in which the partitioning of points into equivalence classes
takes an unusual form which has interesting geometrical properties.

Isopleths are lines drawn on a map through places having the same value
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of some measurement.  Thus contour lines erc isoplethe because théy are
linee dravn on @ mép through places having the aéme height. Isothaxms:
Jjoin places having the seme tgmparaturavover a certain period.

Isogonic lines join places having equel magnetic declihatisn.
Geographers alse use iscbars (preeau:e); ischaths (depth below sea-
level); isohalines (ealinity); ischels (duration of sunshine);

isohyets (depth of rainfall) and isonephs {eloudinese).

In evary'eaee the equivalence clgaées correspond to lines on o map

only some of which are drawn, end in » sense the geocgrapher Yealculates
with these in en intuitive way. For certein geometricel features
indigate relsted aspects of the variable concerned.  Thus, where the
isapieths are closer together the cuentity is changing more rapidly;
elosed loops surround local maxina end local minima; & saddle poinkt has

its own peculiasrities, ste.

Chemistry has wade progress by recognizing equivalences. Initially,
the cﬁamist eppears to be confronted with en infinite variety of
au@stancea. As é result of the experience of centuries, these becanme
classified as a certain number aé plements end their compounds.  Thus
chemists decided that there wes not on infinite variety of atoms, but
‘enly {in the first place) 92 different kinds. In addition, it was also
recognized that any one stom of say, hydrogen could replace any octher
atom of hydrogen without the chenge being chemically noticesble. Thus
the fundamental coﬁ@aneﬁts of matter, as sgen ot the time, were put

into 92 cguivalence classes. Under this system some apparently
different thinges sre clessified ns equivalent. Thus certein physically
differvent substonces are 2ll classified as ﬁulphuf; charcoal, graphite
aﬁd diamond sre all clossified as carbon, end so on.  This view, |

however, has had to be adspted to deal with isotopes and with the



internnl structure of the atom, and it continues to be adapted to
'acccmmedatﬁ‘naw discoverics on pérticle physies, But thege refine-
ments do not alter the fundanental strateqy of orgenizing the fundamental
constituents of motter inﬁn some gpecific nurber of clésaes, the motbers

of which sre in some cense cquivalent to sech cother.

The pericdie table had the sdvantage of grouping together elemonts with
sirilar physical and chemical sropértieag | These properties are largely
dependent. upen the number of electrons in the cuter shell of the atom,
and proceeding down @ group of the pericdic teble, there is en increase
in the tendency: |

(a) to form electrovalent compounds containing positive ions,

{b) to show metallic character,

(e) to be & reducing sgent,

(d) to form basic oxides end hydroxides.

In addition, the periodic table produces 2 grouping of elements which to
some extent con replace one enother in compounds. For example,
consider some of these chemical relationships between the elements in

Group 1 and Group 7.

rowp 1 Group 7
301 Lithium Fluorine F 9 Bromine is sble te
11 Na  Sodium Chiorine €1 17  displace iodine: e.g.
19 K Petassium Bromine Br 35 Z2KI ﬂrg = 2B + Iz
37 Rb  Rubidium Iodine I 53 Chlorine is oble to
55 Ce Caésium Astzkine At 85 displace bromine: e.g.
87 Fr  Frenecium 2(Br + C1, = 2KC1 «+ Br,

Fluorino is able to
disploce chloring: ©.¢.

201 = F2 = 2KF 4 812.
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Thus we see that the arrangement of clements in the perindic taoble wos an
attempt to produce equivalence classes and subseguently to order them.

It must have looked initially ao if this clapsification would secount
completely for valencys bu£ uqfﬁztunately this was ﬁotvtc be., If it
héd Eean posaibie to explsin vélcncy’by‘attriﬁuting to every elément a
unique (emall) inﬁegar, thie would have been & furthgr triumph for

“eauivalence classes.

The examples discussed are just a few of many that could have been chosen
to illustrate the differences which occur between the clessifications
which are aesociated with equivalence reletions apd those which ere
- agsaciated with near-gquivalence relaticns‘(i.s. relstions like Yis a
synonym of? on the set of &ll English words which tend fo be spoken of as
if they were equivalence relations but which do not in practice entirely
saticfy the mathematicsl criteris for an equivalence relation (see
Section 1.3.)), and between those which have numerical and non-numerical
principles underlying them. Further exemples could have been given from
the fields of ”

Art  (shope, colour, material cmployed, ... ctc.)

Hendieraft (techniques cuploysd, tolerancesS, se. gtc;>

History  (political effiliation, dynasties, ... etc.)

-

to highlight these differences.

But there is one further example which should be discussed in fuller
detail. In the following paragréﬁhs we will consider some linguistie
ideas ususlly associsted with Chomsky. These concern the grammstical
étructure of speech, and we will éee that they make use of certain
partitions of words and phrases into eguivalence classes.  Furthermore,

a certain algebraic structure relates these classes to one another.
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For the purpose of introducing the ideas to be discussed, we will begin
by congidering samebaf the points wmade by Ruth Strickland (1962) in %The
Language of Elementary School Children: Its ﬁel&ticnshib to the
Language ef’ Reading Textbooks and the Quality of Reading of Selected
Children.  Here Strickland, who is cnncerned with the deveiopment of
lenguage in young children, describes simple methods of constructing -
sentences. This startls with a "fixed slots" approsch in which numbers
are assigned to types of element as follows:

subject wverb copule indirect cbject direct object complement

(e.g.is)
1 2 2b 3 4 5
5o that
I saw the cat > (124)
John ran > (12)
Mary is protty : > (12b5)
He gave ne a sweet > (1234)

This means that acceptahle zentences are of certain prescribed

patterns, €.g. (124), (12b53), and that particular sentencos are obtrined
by replacing "variables" such as 4" by perticular "valuea" such ag “cat"
or "ewest", The variables sre therefore equivalence classes énd the
values they teke are elements which are equivelent to one another in the
seng@vthat they are egually acceptsble from o grammatical paint of view.
It is important to note that this type of analysis is concerned all the

time with grammatical form end not with meaning.

Chomsky 's phrase-structure grammar cen be regarded as an extension of the
above method, An example of one such system is |
(i) Sentence ——— > NP 4+ WP
(1) W ————>T 4N
(iii) Vv ———aV + NP

(iv) T —————>the
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(v) N ————> {man, ball, . . .}
(vi) Y ———> {hit, took, + « +}

(See Lyons (9), pe5%).

Note that cach cne of this set of rulee is of the form X ————> Y,
where X is a single symhal,‘v is o gtring consisting of one or more
symbols end ———> denotes Yrewrite X as YV, We regard NP and VP ap
single symbels). And so, on starting with the symbol "Sentence" and

applying rule (i) we obtsin

by (ii) and (iii) we obtain

T+ N+ VNP,
On applying (ii) again, we obtain

TNV +T+ N
Finally, on applying (iv) and (v) twice and (vi) once, we are able to
obtain the terminal string
the + ran + hit + the + ball,

This process, which has generated the sentence "The men hit the ball",
can be summarized by o tree-diagram as fullows:

/

NP, VP

VRN RN
T N v

|

the man hit i

Sentence.

This perticulur example given by Lyons of & phrase-structure grammar is
rather trivial as it will generate only one type of sentence. (ther

similar systems are much picher and will, in faet, generate indefinitely
long aentencem of the type occurring in "The house thet Jack built", for

example.
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¥e will now give some examples which illustrate this aspect in a context
which shows that the type of thinking employved by Chomsky in linguistics

is also ewployed in mathematics,

Example 1

Roversed Pplish notstion iz employed in mathematical logic and computing.
In fact, many pocket caleulators use it rether than the conventional
algebraic notation.

torking with some particuler system employing Polish notation, all the
acceptable expressions can be generated by the following rules, which are

written in the nototion employed by Lyons.

(1) exp > VBF
OR  (i1) exp ——— exp + exp + binop
OR (iii) exp ——> exp + unop

(iv) wvar — %, vy, zy, . . o}

(v) binop > {8, My, + . o}
(vi) wnop— {8, R, . ..}
The interpretotion of these syrbols is &g follows:
axi denotes an expression
var denotes 2 variable frowm the set ¥, ¥, zZ, « « »
binop denotes & 5inary gperator, and A, H, . . « are the binary
operators such as Yadd", "multiply", ste.
unop denotes & unary operator, and N, Ry + « « uwre the unary

operators such as "negate", "reciprocate", etc,

Hence, successive application of the above rules can generate
exp + exp + binop
from "exp" by rule (4i). On applving rule (iii) twice, we obtain
exp + unop -+ exXp + unop + binop, |
Application of rule (iii) to the sbove expression as e whole, gives

exp «+ unop + exp + unop + binep + unop.
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And so by rule (i) twice, we now have

Var o+ unop -+ var 4 unop + binop + unop.
On choosing % as replecement for the first "var", y as replocement for
the éecond tyar®, R for “unop" and A for "binop", and en dropping the
zddition signs as we have now chnsen the symbols for our terminal string,
we obtain

xRyRAR.

. . . . . 4
In ordinary notation the expression obtained is T

Y

b

Exarple 2

The official international definition of the much used programming

lenguage ALGOL 60 is given in this form. (See Naur (10).)

However, the limitastions of the sbove approach in snalysis of language
are several. Ve have already noted that we sre not concerned with
meaning. Horéover, this approach is not really adeguate for handling
such aspects of language as inflexion, active and passive voice or
changes of mood.  To cope with these features Chomsky extended his idess
to transformstional grammer. Tronsformational grammars are more
complicated systeme which consist of trsneformation rules that are
spplied to the phrase-structures derived from the phrase-structure
grammar. The trensformation rules asre often sensitive to context and
they modify the simple classifications into equivalence classes arqund
vhich phrase-structure grammar is built, For example, if we try to
proceed by phrase-struscture we might in some system generate Pro + V,
{i.e., pronoun followed by verb)., For V we might seck to substitute
YpangW,  This would be weceptable if for Pro we substitute any pronoun.
Problens now arise if we try te transform Pro + V from the past to the
present tense, for Ysang" has to become “sing® if Pro is "IV, “you",

et or "they", but "sings" if Prc is "he" or “she". Thus we see that
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context is involved in @ way which phrase-structure grammer in ite besie

L3S

forim is insufficient Lo handle.

Recognition of these limitations, however, nced not détract cur interest
from the fact thot for & particuler phrase-structurs grammsr, to each of
the symbols such as NP, VP, ete., there corresponds o substitution sot
which ie derived from the fundemental substitution set N, V, etc.  Thus,
as in traditional 31g¢bra, the symbols N, V, . . « can be regarded as
plece-holders for elements from the substitution sets and these
substitution sets are equivalence classes with respect to graematical
sceeptebility. They are in no way_equivalencevclasees with respect to

meaning, but this analysis is not concerned with meoning.

Following this line of argument, the linguist might be said to
“ealeulate® with equivalence classes in the senss thet corbinatorial

analysic is undertsken or performad with classes ss wholes.

Many of the sbove ideas have been applied to the teaching of foreign
langusges. As &n elementary example we may give Lonoman's Audic Visual
French, intended Tor lower secondery school children, which uses many

exanples of fixed slot patterns with rather limited substitution sets.

At this point ve sﬁauid note that eguivalence classes with respect to o
phrase-structure grammer in one language do not necessarily carry over
into other languages. For thevstructures of lanﬁuagas'arﬁ'aften very |
sensitive to context (e.q. German).  IF we try and convert the diagram
en page 12 into Cerman, the two 'T's have to be replaced by two

different things, the first by "der" and the second by Yden.  Theso

two German words arve not equivalent. In order to produce grammatically

ceeeptable sentences one, or the other, or even some other verient, has
to be substituted for 'T'. Hence

The men hit the bell ———— Der HMenn schlug den Ball

Ry
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Thue we see that theo set of rules with their ssscciated equivalence
classes, niven on Page 11, which produces grammatically acceptable
sentences in English does not preduce grammatically acceptable sentences
in German if the rules snd the equivalence classes are trenslated as they
stand.  So phrase-structure gramnar may be of very limited help in
problens of translation. In adéitioh, meaning is sensitive to context
and as there is certainly not a one-to-one correspondence between words
and phrases in different languages examples Truqueﬂ*iy occur where simple

vords such as "box" in English and Ybofte® in French correspond in

certain contexts but not in others.

Before concluding this review of linguistics, we must also point ocut that
within a particular language Chomsky and his followers have argued tha i
certain patterns are fundamental in grammatical spoech, end that these
patterns gnable oll fluvnt speakers of that language to produce and
understand sentences which they have never heard before. In other words,
the Yerestivity" within a language eppears to imply the fundamental

importance of equivalence classes,

Ve have given merely a small selection frem an enormous range of possible
examples of the uses df equivalences and near equivalences. It is to be
hoped that this selection, small though it is, is sufficient to indicate
that equivalence classes (and by implicetion partition with the
associated eguivalence relation) are &n essential mode of thinking for

adult English speakers and indeed for adult speakers of all the familiar

languages of developed countries.

Children, however, have their own patterns of thinking which arc
developing towards adult form, but which at various stoges of growth
display more or less stable configurations with a logic of their own.

Consequently, we must now turn our attention to cognitive development
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thsory, for as pointed out by L.P. Steffe (1)

# . . . Coonitive developrent theory can contribufe fo an
undewstanding of how £t s a child acquires krowledpe of
the mathemationd spstems Fuough £43 deseriptions of
cognitive operations children acquire and the meahanizm

thioagh which ehifdren acquine them, A wathematical
edueaton connot siop there, however, because the
ceaniiive openaiions demanded by mathematical sysiems
may be distinguishable from {but fncfude) Zhe cognitive
oparations deseribed in cognitive~development psychologit.
Mathemotios educatons do net yet bnow how o wtifize the
cognitive operations sludied 4in cognitive drvaﬁon L

';r

bt cimﬁanf in the funther vequdsdiiion of cogniiive
operations demanded by the mathemticalf sgsfoms mentloned,
In fact, {em attempts have been made fowerd Zhe

Ldentd {Leation of relationships belween the cogndlive
operations atudied in developmenicl payehology end ithe

coanitive operations devanded by the mathemetical systens,

» o o ((7?), Pe 3)-

Thus, on taking up the challenge introduced by Steffe, we ses that an
cssential preliminary to any discussion of the ways in which ecuivalence
relations and the associcted ideas of partition snd equivalence classes
are and could be used, is an investigation arising from the following
question:

if a child is or is not in possession of the cognitive

‘operaticns associated with the properties of an equivalence

relation, what does this say about his knowledge or

]

acquisition of an equivalence relation?

In other words, we requirc an investigation of the probable growth of
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the concept from initial gemmination to explicit recognition and
confident use.  Scction 2 of thié ba&er is therefore devoted to
discussion of the psychngansﬁic ﬁevelapmant of the caﬁc&pﬁ of cyuivalence
relation. | |

But go far the term Yequivalonee relation® has been undefined. Our
invediate pequiverent ie sﬁ.égraeé sot of ﬁefiﬁiiiﬂna_aﬁd_résuits
associated with equivaience felaticn on which to bése the discussion to
be undertaken in’Sectien 2. It is therefore proposed that the following
definitions end resulie be taken as the agreed foundation. Ve shall uce

then throughout except in direct quotetions.

T¢3. Definitions sond results

SET will be taken as an undefined torm.
Intuitively & set is seen as any collection of objects, which may be
concrete objects (e.g. doge, chairs, Manchester United Football toam
(seen as 2 specific sct of players)), or abstract objects such as é%h&?g
seto previcusly dofined {e.g, Footbell teams in the Firot Divieion). |
Sets can cometimen be defined by explicitly listing their elements. ;Ih
general, we say that each ebject in the set is sn ELEMENT of the ot
We also use the nomencleture that each element DELONGS to the sobt.
To avoid having to write in full that any element x either belongs or
does not belong to & sei, we use the following notations

X e A

% belenge to (or is a mesber of) the sst A

X & A

¢ does not belong to (or ie not @ mesher of)  tho set A

o
&

At this point we chould note that set theory, in elementary teaching,
is usually introduced by what may be termed Yunformalized description”

as exemplified by the sbove pavagraph. It can be objected that such
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unformalized description only conveys asnything to the reader becouse he
implicitly sppreciates certain equivélameesef Thug, this fomm B?:
procentetion rung the risk of a certain kind of circulority. The
ezcmeat$ of a sct sre in some particular relation to one another (iF only
in that thoy have beon ascribed to ﬁhﬁ game set) and it would seom that
we cannot identify the set without st the séme time recognizing the

relation and we connot describe the relation without at the come tinme

recognizing the sot,.

However, cven withlfully formalized sxiem&tie sot theory, in the wmost
rigourous mathematicel formuletions so for schieved, somewhat similsy
chjections apply. Decouse if o symbol fA' is used, the reader has to
regard various asymbol 'Ats on different parts of the page, gach
differing from the others in microscopic detail as well as position end
so recognizably distinet, as denoting the same logical fohject' - thet
io to say oo being in some way egquivalent. It wmnlﬁ be difficult to

coneeive of any fornulation to which this does not epply.

But this chbjection clearly involves e confusion of the theory and the
mota-theory, It involves o confugion between the well-defined system
under serutiny and the inwémgletaly dofined system, potentislly copoble
ef’inéefinite'axtenﬁiﬁn end medification, within whieh the systen under
study is embedded. Ve hove to avoid circularityrin the theory, wé‘

eannot guarentee to aveid it in the meta-theory.

Yhen the veriocus syrbels 'AY on 2 page of set theory or logic are
recagniﬁed as being Ythe some®, this recagniticn‘(i-e. this usge of an
equivai&nae relotion, or use of an equivalence clens ~ whichever way it
is regarded) is outside the theory. There are many eguivalent fAfe,

but there is only one A.

This being said we will now procesd with our description of set theorvy
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Uhen every element of the set A is en element of & set I cleo, we swy that
A iz a SUBSET of B end denole this as follows:

AcCHB ‘
Thus A is said to be & subset of B if. and only if, each element in A also
belongs to B, i,g. A is @ subset efrﬁ if xe A impliss x € B.  Note aloo
that this definition of o subsot does not excluds the poseibility that the
two sete are equal; indeed, it leads to a eénveﬁiant definition of
>equality. Two sets £ and F say, arc said to be equal if snd only if‘aach
is o subsst of the other., Hence, we write E‘#vF i? and only if £ c F and

FckE.

AND is read as "A intérseetimn 8% and is used to denote the set of
elements which bclong‘ta BOTH A and B, i.e.

An!ﬁé{x: yeh end xeB}
vhich is road "A intersection B ie sgual to the set of all elements x such
that x belongs to A and x belongs to B¥, |
N3. This definition uses a style af set description which is open to
mathamaticai ohjection but is usually found more resdily intelligible ﬁhagxx
a ﬁefe corroct form. Here, ﬁechnically ANB={xec At x<B}is

better.

A UD is read as YA union BY snd io used to denote the set of clements
which belong to A or B or both, i.e..

Aub={us neA or (inclusive) xe<th

The set of all ordered pairs (x, y) such that x € A and y € B is celled

the CARTESIAN PRODUCT of A by B and il is denoted by A x 0.
Axb={0y)xech, yeb}

Thus the ordercd pair (x, y) ic an ELEEEN? of the Cartesion product if

xeh, y< B
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Any subset R of such ordered pairs (i.e. a subset of the Cartesian
product) defines a CORRESPONDENCE denoted by the orderved triple of sets
(A, B, R) from A to B with

Rc 8 x B,

Az a special case A and B may coincide, in which case we speak of a
RELATION R IN A.  The relation is the ordered pair of sets (A, R) where

RC A x A,

For every set A there exists
By = {(x, x): xeAl
which is called the DIAGONAL of A.  Thus we see thal DA is a subset of
AxA, i.e.
B, c A x A,
A
Further relations on a given set may be defined by introducing two

operationg, inversion and composition.
Cvery relation (A, R), where R < A x A, has the inverse (A, R"1)
R“1 = {ly, x): (x, ¥) € Ri.

if (A, S) and (A, T) are two relations in A, their composition is also
a relation (A, SoT) in A given by |
S-o T={(x,y): (x,2)e8§, (z,y)eTh
A reiaticn (A, R) in A is said to be REFLEXIVE if
BA C R,
A relation (A, R) in A is said tc be ANTIREFLEXIVE(1) if

D,NR=#

A

where # denotes the espty set.

- - e o o

1 These definitions correspond to the terninclogy as used in "Travaux
Pratiques de Mathdmatique - Serie II: Les Relations", by Duvert,
Gauthier and Glaymann, 0.C.D.L., 1968,



A

A

relation (A, R).

relation (A, R)

relation (A, R)

relation (A, R)

relation (A, R) i

relstion (A, R)

relation (A, R) i

relaetion (A, R)

in A

in A

in A

inA

in A

in A

is said to be Now-REFLEXIVECD 17
R
is said to be SYMMETRIC if
th = Re

is said to be ANTISVMMETRIC if

2 ARl |
an‘n ;DA.

ic caid to be Non-svsErRIctD AT
1 s p,
ig said to be ASYMMETRIC if
'ﬁﬂﬁﬂq = fa

is said to be TRANSITIVE if
RoRcR.

it said to be ANTITRANSITIVE if
(Roﬁ)ﬂﬂ:%a

is eaid to be NON-TRANSITIVE if
ﬁ@RQﬁR;

These definitione are not necessorily universally nceepted.

The sbove type of formulation may be unfamiliar to some readers. What i
follows may seem less obscure because it is an attemplt at a more direct

model of ordinery speech and reasoning,

somewhat less precise.

definitions as with indiceting correspondences between ordinary

Unfortunately it is slso

However, we are not so much concerned with A

language and an ideslized model.

A relation in A may be denoted by the letter P soy, which replaces the



verb or verbal clause in o statement. Here
aPb .
has to be a meaningful stetement for all a, b € A which ig either tyus

or false for any &, b <A, but never both.

The relation P in A is REFLEXIVE if and only if for all %, x € A, the

statoment Py is true,

The relation P in A is ANTIREFLEXIVE if ond only if for all x, X € A,

the statement xPx is false.

The relation P in A is NON-REFLEXIVE if and only if, for some but not

all x, x € A, the statement %Px is true.

The relation P in A is SYMMETRIC if and only if, whenever xPy is true

then yPx is true (x, y <A).

The relation P in A is ANTISYMMETRIC if and only if whenever xPy and
yPx are both true then x = y is true (x, y € A).  (By % = y we mesn

that % and y are both the same slement of A,)

The relation P in A is NON-SYMMETRIC if and only if for some but notl

2ll %, vy € A, xPy iz true and yPx is false (x, y € A).

The relation P in A is ASYMHETRIC if end only if whenever »Py is trup

yPx is felse (X, y € A,

The relation P in A is TRANSITIVE if when xPy and yPz sre both true

then x’z is true (X, ys z € A).

The relation P in A is ANTITRANSITIVE if when xPy and yPz are both true

then ¥Pz is false (%, vy, z € A).

The relation P in A is NON-TRANSITIVE if for some but not all

X, ¥y z < A, ¥Py ond yPz are both true but xPz is false (%, vy, 2 € A),
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Ye can novw define equivalence relation:
A relation which is at one end the same time reflexive, symmetric

and transitive is an EQUIVALEMCE RELATION.

A PARTITION of @ set A is a separation of the elements of A into subsets

such that each element of A is in one and only ong subset,

v
These last two definitions give vise to a very important result:
Any equivalence relation R in A partitions the set in that x and y
belong to the same subset if and only if xRy, snd conversely, given
a pértition of a set A, xRTy if ané only if »x and vy belongvto the
séme subget of the given partition of A, defines an equivalence
relation R? in A.

{Sec Appendix 1).
The subsets of a partition of A are called EQUIVALENCE CLASSES.

The terms defined above will assist discussion in the following
asection, It will be seen that we have defined ten possible properties
of a relation yet our finzgl definitien of equivalence relation requires
only three of them. This is done partly for clarity (because
varistions in the terminology do Gccur),'parhly because when discussing

discuss the

0

particular property onc also nesods t

2

examples of
various types of ccuntér—axamples, and partly for completeness.

Relations possossing other combinations of these propertiss (i.e. other
than the specific titrce properties of cquivalence relations) are by no

mesns without importance and relevance as we shall sec.



SECTION 2

2.0, Alm of the sechtion

In this section an sttempt will be made to establish a framework within
which observations about the developwent of the concept of equivalence

relation can be organized.

2.7. The contribution of Pianst

As no investigation into any aspsct of concent development can ignore the
19} ]

.

tremendous contribution made to this Tield by Jesn Piagelt; a review of
the relevant factore in his work will be taken as our storting point.
Further justification for this line of approach, in view of the aim of
this section, is provided by D.C, Johnson (12).

M. o he xeseanch £8ferafurie surrounding the work of the Geneva

chock provides a §ramework fox '

1) expfodning how menzal operations basic fo mathematical Thought
develop,

(2] ddentifying structwnal characteristics of Zhought as they
wndeago change with age, and

{3] foaming a Zheonetical basis for certaln curnndieubar decisions
and expendmenis in the Learndng of rathematics”

((12) p. 123).

But on examining the detalls of this structure which relate to ths

concept of ecauivalenece relation, we may find that the framework

constructed to date is too coarse to provide sufficient help for the

n

classroom teacher. It is possible that there are large geaps in our
knowledge which need toc be filled., This cautionary note is even more
appropriate when we 2lse take into consideration the fact that Piaget

has done ond said so much in fifty years of work en cognitive develop-

ment that foei for contention end disagreement abound.

However, the widely recegnized ond substantially uncontested parts of

Piaget's work are his obversations of children and his deseriptive



accounts of the stages of development their thinking goes through.

Less well known, bubt of great iméartance to Piaget himself, are the
theoretical models of cognition he has devised to describe the
characteristics of thought which sppear et different stages of develop-
ment. The predominant part of this is the theory of groupings, which
provides sigebraic models of various aspects of thinking wuch as the

more recent work by Thom (13) provides topological models of other

aspects of thinking.

2.2. Piaget's theory of érauginas

The three defining prapertigs of an eqguivalence relation,_reflexivity,
symoetry and fransitivity, are attributes which have been incorporated
‘1nts Piaget's theory of groupings. There are nine distinct groupings
which Piaget and his sssocietes have derived in their attempts to find
adequate wodels of cognition in the concrete~operstional subperisd of
child developrment. Of thcsc onz is reyarded as a minor, preliminary
grouping as it cccurs as a special case in the remaining eight more
complex structures. But all of Piaget's groupings are seen as

possessing the attributes of & group® and a lattice®¥,

"

*
A group (G, o) is a set G with a binary operation o defined on it with
the following properties

(iii) there is an identity element e e G such thet for all a € G,
ace=acz=eoa,
(iv) for any element a € G, there is an inverse element b € G
such that
acb=e=bhboa.
5

A lattice is s partially ordered set in which a subset composed of any
two elements has both a least upper bound and a greater lower hound.
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For the eight major group/lattice structures (i.e. groupings) ccncelved'
by Piaget, the following quotation from "The Developmental Psychology of
Jean Pisget™ by J.H. Flavell summarizes their role.

"These groupdngs are viewed as wodels fox aognéiion in several
di4fenent reakms of Intelfectuak eadeavor, Fiust, they describe
the organlzation of Logical ap,aa$4oné proper, L.e. operctions
dealing with logdeal cfasses and relations.  Four of the wajor
anoupdngs relate Lo class operations and the other four fo
relation vperations. Seccond, these same grouplngs afso f42
the ongandzation of what Piaget calls infralogical operations
{{o.e. cognitive ections beardng on position and distance
nefationshins and pert-whole relotionshins apropos of concrete

Apaitiotemporal objects on conflgunationsi®.  ((14), p. 171

groupings I - IV concern operations performed on sets

-
A

In particular
(referred to as logical closses above).  On the other hand, groupings
V ~ VIII involve operations upen the relations which may exist between
two or more elements or between two or more sets. But fundemental to

each is the hybrid structure between a group and a lattice.

The formal properties for the composition of operaticns in a grouping,
as given hy Piaget in "La Psychologie de l'intelligence" (1947},

produce an unsatisfactory mathematical formalizsticn.  In particular,

we noto that

(3) x+y=z ‘ (composability)

(ii) z -y =x

or zZ=-X=z=y (reversibility)
(iii) (x+y) + 2z = %+ {y + z) (sssociativity)

(iv) x-x=19 (identity)

where X, ¥, and z repressnt grouping elements, and "+" and "-" represent
’ i 9



- 20 -
grouping cperations, wore or 19”" describes the group-structure. Oy
including |

Cy) X =% (tautology)
however, Piaget's grouping reduces to & singleton-group only, as there
ean only be one idempotent element in a group, namely, the identity

elenent.

Moreerf, Piaget's cecount of his groupings is far from cle&r.i (See
(?5) (1{) and (17)).  For example, his &cmaunt of the preliminery
grouping of equalities dce¢ not appear in thcse three rpference° but it
is described in (18). This is reported by Flavell (14) who says
(p. 187). o
- uThe ?ke&4n&ma&g Grouping aﬁ Equalitics.
Bried mention may be made of this extremely A&wofe but
" fundamentat groupdng which is sadd %o ocew: 4n disguised
fonm as « specdal case £ all the mecadézé mefor
gnoupings,  U178), p. 33-34). It closely :c&»&m%;bﬁézs
Grouping VI, inasmuch as it fnvelves the addition of a
particulan Zype of symmetrical reloetion: equality on, &4
Pinget sometimes ealls i, "pwie equivelence,  Tt4
camp&aitiéné are oévzhe éé&m (A=Rl+ (BeC)=1A=2C);
such compositions ane clearly associniive; the inverse
of an eperation |A = B} s, analogous o Grouping VI,
{5 = A},- the genenal identity L3 (A = Al; and each
| eqm,w‘:y plays Lhe )wfe of speciaf Identity with Liself
and every other equalily, c.g. (A =38) + (A= 38) = (%-: 5)

and (A = B) + {€C =D} = {C =D},

But this account sppears to contein a nurber of notational chscurities

and confunions.



(a) fasic to these is the lack of definition of the set involved,
is {A, B, €, .« . .} the set under consideration or have ve to

regard (A = B) as a typical elenent of the set?

(b) The equals sign is used to denote both 'equslity! or 'pure
equivalence! between two elewments of a set, end aleo to denote the
deduction of one statement from another, or the deduction of a
third statement from two civen ones. To accommodate this;»the
staterents are re-written below using ~ to denote ‘equality‘vand
===> for implication. It may aleo be observed that 'equality! or
‘cure equivalence® is o symmetric relation whereas 'implication'

is not.

{e¢) Compesiticn of relatione is confused with logical 'ond'
(i.e. conjuﬁction). But composition and conjuncticn differ in
'nnturc in tha£ composition is not in general commutative
“(i.e. aob % b o ), vhereas conjunction is, and also that when
elenents have inverses (es here) composition cen be 'undone',
meaning |

eobobq::a,

vhereas there is no corresponding process with conjunction.
Hﬁwever, in the note on "The Preliminary Grouping of Equalities"
there is the effort to combine together relsticnal statemente as
if they were elements of a group - which they are not. They are
not because they only cbey a restricted law of composition, much
like bound vectors in formulatione of vector algebrs (or near-
vector algebra) in which AB + BC = AC but where we may not say

7B + €D eguale anything. However, it would be possible to
legitimatize this by & construction analogous to the one erployed

to turn the algebra of line segments into the algebra of vectors.



It could be the intention to deal with cquivalence classes of
stetements, but thic is nowhere stated, Unce'&gain the set under

discussion is not clear.
- It would seem possible to re-write the sbove eguations in en acceptable
mathematicul form as follows:

(A =C)
becomes (A~B) A{B ~C) zz=sd (A~1)

i

(d) (A =8)+ (B=C)

(e) the inverse of (A

t

B) is (8 = A) becemes (A~ B) == (B~ A)
(f) the general identity is (A = A) becomes, for all A, A ~A.

(g) The final two equations concerning the special identity properties

of 'equality' may be reformuleted as follows:

(A =B) + (A=D) = (A =8B)
becomes (A~ B) A (A~B) === (A~ B)
and
=0) = (C =D)

(A =8)+(C
' | becomnes (A~ B)Y A (C ~ D) === (C~ D).

These two equations suggest that the elements of the set under

consideration are equalities of the form (A = 8), end they are an

attempt to force a group structure on the set of elements of this

form, which they do not necessarily have for the reascns considered

in (c¢) above.

Horeover (d), (e) and (f) correspond to the properties of transitivity,
symmetry end reflexivity - the basic prapcrties_of an equivalence
relation. Thusg, given that Flavell has accurately tranglsted the
relevent sectinn on p. 33-34 of "Classeé, relations et nombres: essai
sur le ‘yroupement' de la logistique et la réversibilité de la pensce!,
we see that Piaget's preliminary graupihg "simple, but fundamental®,

which is gid to occur in disguised forms as & gpecial case in all the
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,Ieﬂedinn !i.’d'[}r Toy; in-.“ﬂ" Seens {:O be nﬂthinq i:‘ut thQ id{?a Q‘ an
pe g ped

equivalence relation in a malforned notation.

- At this point we should note that Piaget was not attempting to give a
fully formalized asccount of his ideas snd it is hardly’aﬂpropriate to
eriticize hinm for omitting mathematical detail where it is clear‘hew it
may be filled in, but there are some places where it is notvcléar how -
it is to be filled in. It is not clear how sets and relations are to
be defined, which‘af the two is fundamentsl, and which (if either) is
to be defined in terms of the other. This means thet there is a

serious risk of circularity in the fundamental concepts.

Unfortunately, circuiarity scems to be regarded as an unavoidable
problem in this field of psychology, as the-fnllewing argument by Lesh
(19) showgé

"&iatlzmaﬂg:imw can {omnalize o mathemuticat stwelwe (e.g.

define a stuiet parntial ondeving refation®) by stonting with

*In this Americen paper o strict partial ordering relstion has been
defined as follows:

"< 48 a stndet pantinl onderdng on a set S 44 < is a set of
ondened pairs of efements {n S such that

1. Forn every efement a dn S, la, a) 43 not fn <,
{nonreflexive property), :

2. For every pair of efements a, b in the set S, if la, b) is in <
then (b, al 4is not i <,
lasynmetade propenty],

3. Fox any thiee elements a, b and ¢ in the set S, if la, bl 4s
in <, and if b, e] L8 dn < then la, ¢} 48 dn <,
(transitive propeity)h ({19}, p. 98).

This definition differs somewhat from the standard English definition
of o strict partial ordering relation, but of greater significance to
the present diccussion is the fact that the term 'nonreflexive! has
been used to name the property which we, following Duvert et el, have
called the antireflexiva‘property. (¥c repeat that except in
quotstions we shall use the terminology given on pages 21-24.)
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centedn axdons, wndefined Lewuns, on accepted nules of Logde,
and construet theorems and definitions on the basis of these,
That 44 , aexiomatics lowminates endfess rearession by beginning
with undefined tenms and it avolds cineubarity by enbitranily
chovsing o sfwelting point which has not been demonstraied,
Paggkaﬁagicaﬁﬁy, however, one £s not affonded Zhe Luxury of
béginnihg;ﬁét& dndefinables, axioms or accepied rufes of
Loofc, | |
For example, in the case of the ordendng relation <, Zthe
nowedlexive, asymmednde end trensiiive proporiies cannol be
wsed as self-evident ae;zée;v&,' Before the refation < has
bees coondinated with {45 dnverse, each of #hese propertics
44 nepeatedfy and oftfen emphalticalfy denied‘bg c&iﬁd&am‘z3.
Even such éaiﬁem&iéaaﬁﬂg prdnitive concepls as Hilbent's
onder axdom |£f B 48 befween A aud-C theﬂ it 45 akso ba&vaag
C and A} ere not a priond éinmom for chifdren an;w:’. :tf‘«zéf
bedieencss nelation has been subsumed within ar syaten of

fiwtaﬁﬁé{?}o” l‘;q’, ;@o 99;»

Is fhevéuthor trying io say that the logical snalysis:of any

- psycholegical situatien'muﬁt necessarily be circular? This eclaim would
obvieusly be for too strong. HMoreover, §feater sympathy with the
author's point of view would have been achieved if'the arquments used
had been haéed on evid&ﬁca of attempts to identify agreed primitive
‘terms and axiems on which to base definitions end theorems for this

branch of psycholegy. It is hard te believe that any mathematician

(1>§nhalder, Do & Pioget, J,» "The early growth of logic in the child:

Clasgification and scriation', translated by E.A. Lunzer, Routledge
and Paul, 1964. ' :

<2>Piagat, J. & Inhelder, 8. “The mentel imagery of the childﬁ,
. | (contd)
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“would wish to uece nsn»reflexiviﬁy,'asymmatry or tronsitivity ss self-
evident concepts! dany applicstiens of mathemetics have to find
sequences. of develapment which nay not correspond to the axiomatic.
sequence by which the mathemstical model might be developed on its own,
and they succeed by aveiding circularity, not acquiescing torit, The
psychologist's plea that he is dealing with some unsequenced totality
may be merely sn admission that he has not yet succesded in recognizing
a suiteble sequence in terms of which to analyze the situation., But
as we are csncerned with psychogenctic development, it would seem to be
the-c&se that later stoges ore étructurally richer then earlier stages
and there?are that some things precede others. Hence, if oneg is
seeking to construct a mathematical model, then the problem is to
ensure thét the mathematical counterparte of the psychogenetically
ﬁficr concepts precede (in a logical sense) the psychogenetically

subsequent concepts.  Such a model would aveid circularity.

Fortunztely, the incipient ecircularity in Piaget's presentetion of the
theory of groupings waﬁ avoided in the reformulation of groﬁping theory
developed by E. Wittmann (20). This has been summarized by

H.Gs Steiner (21) and this summary is reproduced heré, with slight
'natatiénal changes to facilitate direct eaépariscn with Wittmenn's

original formulation.

‘2.3. Mittmann's end Steiner's refermulations

", . G grouping 4s @ S-tupfe (M, MxiM, AN, 0, <) wdlth
Zhe foblowing data and propentics:

(L] M L8 a non-emply sel, whose efements a, b, ¢, + &

(contd)
Translated by P.A. Chilten, New York: Basic Books Inc., 1971,
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ene catfed afates,

~

Hox 4 s #he aet of aff ondered pains la, b) where

...
;.
.
&~
—

a, be t, The elaments la, b} of i x ¥ axe called
operations,

L24) D\ s a subsot of M x Michose elements are called
elenentaty operations,

{iv) o 48 the canonfcad partinl composilion on K x M
dedined by

le, B) o (b, ¢} = la, cl,

lv) <ais ¢ refation £n M, defined by means of A 4in the

a < b if and only 4§ thore ane lay, byl lay, by
.o e {ﬂn, éni € N such Thet
le, b) = {a?’ b1} 0 !agggbgi 0 ¢a0 (ang bn"
< 45 the undon of < and the ddentily relation in H.
Wi} The foflueing nostubates shall hold
le] ¥ x H 48 generaded by A u AT sesative
to o were A7 = fle, d): 4, e)e Al

(b) {4, Q) 48 a fattice,”  ((21), p. 242).

However, Steiner omits to point out that from this complex structure
r‘ﬁ'ittmann does derive the five psychologically important properties
which Piaget sought, os the following quotation shows:

10,1, Composahility of operationd:

(1) within a notural restriction operatfions are

ahhlirardly composable,

(L) as a nuele, an ogama‘a{ou' can be aepresenited as
a product of operations in scveaat different

WU B



Gelo Msociaé:ivéfg: the pantial composiiion ¢ Ls
Erivially essocitive,
GoZe Reversibifity: o, b} o (b, ¢) o e, b) = la, b)
' for all e, b, ¢ < H,
Gedo Tdontical operaiions:

(i) ta, b} o th, e} = la, a) for abl

a, b e ff{;
(i) e, 6) o (b, b) = la, bls
6.5, Tautology: 14 a b denotes the Least upper

bound of a, b in the Laitice lox
semi-fattice) then, for all a, be
auch 2hat ¢ 't{Ji) o

{£) e = ¢ |fautofogy)

(L) avb = b (c';f)«iafepﬁﬂﬁ.”

((20) p. 127-128).

In additicn, Yittmenn acknowledges that his account is & redundant
formulation, and in fact H.G, Steiner (21) has shéwn how Wittmenn's
axioms can be simplified to give the following definition:.
A !zéé’tfi:éamﬁ «5{}&&’1 {4, A} 45 called a grouping 4§ and ondy
£ I8, RTIA)), where RTVA] i the reffexive Lransitive hull of
A, is o fartices  (21), p. 263).

{See Appendix 2a for notes on the reflexive, trensitive hull of A)

From the chove definition the following prmperties_wezé also derived by
teiner to provide a comparison -witﬁ Piaget!s laws (i) - (v)e. (Scf‘:‘
page 27). |

(1) (a, b) o (b, ) = (0, ©)

(11) ((z, 1) o (b, ©)) o (c, b) = (a, b) ,
(I111) ((a, b) o (b, ¢)) o (c; d) = (&, b) o ({b, ¢) o (c, &)



(V) (a, &) o (b, &) = (a, a)

(V) aiaa = =,

Bul as already indicated, Wittmann éDlliF?utClV raintained the extended
fornulation which is alse close to Piaget's original in deference to the
péychalngic&l application for which groupings were intended. Nor must
we loce sight of the fundamental reason. for which they were concelved,
that is, to snswer the question: to what extent cen 7-11-year-old
children operate to grouping specifieation and hence Justify the

grouping as a mbdel of their cognition?

In response to this question Piaget has devised a variety of experiments
with children to see if it is possible to bring to the surface
behavioural anzlogues or counterparts of one or sther differentisting
component of a given grouping. For exemple, Pisget has crested tosts
to tap end probe for the prescnce or absence of

- the sbility to effect transitive cémpasitisns of asymmetric

relations (Grouping V ~ see ﬁﬁpandix'Zb)}
- the capacity to grasp the syimetry of gymmetric relations

Grouping VI).

2.4, The relevance of the experiments associsted with Groupinge V and VI

As indicated shove, grouping VI dnvelves comgusitiwns of several

distinet and different kinds of symmetric relations:  some transitiye,;
some non-transitive, some rsflexiva,~smme non-reflexive or anti- |
reflexive, whereas grouping V is aec1fzcaily concerncd with o ywaetrmc‘
relations vhose compositione are tronsitive.  Conseguently, grouping VI;
hag been teken as the model for the cognitive actions present when the‘ﬁh
child is using e symw airmc relntlon, Similarly, grouping V hos been
token s the model for the cognitive escticns present in the act of

seriating objects st stage three level¥, for combinativity has been "
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interpreted in.tcrms of relation composition to produ;e the required
transitive property, as the follewing quotaticon showss

"In Groupdng V, Addétion of Asgmmeirdeal Relations, consider
%e&@ﬁ&n0<ﬁ<ﬁ<c<ﬂ,&m 259<§,0<&

0 <€, efe, are denoted by a, b, ¢, eie, and A<B, B<C, £ <7,
ele, a&é dénoiad by at, bY, et eﬁcg”xeapeniiéeﬁg, then
eam@imaﬁivéiy la + a? = b} 45 dnferpreted as transdtivity

of the relotion when wiliten as given, ,'iﬁééh and Plaget,

(73,7 ' , |
1966, pe 177) ‘ * ‘ ((22), p. 48).

Moreover on the basis of this argument Beth end Piaget (1956
hypothesize that transitivity is necessarily present when e child
exhibits behaviour characterized as stage three (operational) seriation®

behaviour.

Thus we sec that it is appropriate to the present investigation to
consider the experiments and results associated with groupings V and VI.
But the question as to which set of experiments should be considered

first, now arises.

Dy following the suggestion
", o o the feacher should finst see how the chifd grasy
each of these p&agegzieé (i.e. reflexivity, symmetry ond
trensitivity), Jdndependently of the othens in siéfuations

whexe ey can be clearfy ibfustrated,” ((23), p. 28),

- rer o

*0perational seristion (stage three) is distinguished by
1. the discovery of & systematic way of forming a series,
2. the ability systematicelly to insert new elements in an
existing series.

(?)Seth, EWe & Pioget, J. "Mathematical epistemclogy end psychology",
Dordrecht-Holland: D. Reidel, 1966, '
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our attention is inmediately drawn to grouping V which, sccording to

Piaget, via seriation, focuses on the transitive ﬁroperty{ Horeover,

this grouping is considered by Piaget to be one of a pair of groupings

which are the first to emerge. 1

"In fact, the operafionaf groupdngs which become established

. at the age of nound about 7 on & la Little before sometimes)

“Eﬂd up with the {ollowing SERUCAURC S Finst, they Lead Zo

the Bopicak gpeantions of class inclusion {the questfon of

brown beads A bodng ﬁeéé numerous Lhan the wooden beads B

i sofved about 7) and of sendailon of csymmetrde nefallons,

From this comes the discovery of the ikan&iizviig on which
e based the deductdons: A = B;ﬂ B = ¢ therefore A e C;
o A< B; B < fherefore A< C.  Furither, as scon as

- Zhese additive?® groupings hove been acquixed The
reltdplicotive’ g&dupingé are af once understiood as
cornespondences:  knoming how Lo serdate obfects acconding
Lo Lhe xelations A§-< Bp<C <e¢an Zhe subfect has no
furtien diffientty in seriating 4o on mone coflections
such as Ay < B, <Cy <4 o o which correspond Lewm by temns
fo one Aequence of dolls of Ancreasing sdize which he hos
already ondered the T-yewr-old wifl know how Lo wateh a

sequence of siicks on bags, and even be abfe Zo {ind,

The iest cituations associoted with Greuping I - Primary Addition of
Clesses, and Grouping V ~ Addition of Asymmetricol Relations, focus on
the child's ability
- to think of a set and subsets of that set simultenecusly,
-~ to build up elements into an asymmetrical, transitive series,
respectively. In contrect, the test situations sssocickted with
Grouping III - Bi-univocal Multiplicetion of Classes, ond
Grouping VII - Bi~univocal Multiplicotion of Relations, focus on the
child's capacity
- to find the intersection (logicel product) of two or more sets,

' (contd) |



efter everyindng has been nixed up, the efement of ihé one
Aequence which conresponds Lo some anbiineny efement of
the othen (e mubiiplicative chanaeter of the grouping
does not add any difiieuliy 2o he additive Gpaﬁationé of

serdetion which have already been discovered,}”

(Translation of (18), p. 158).

Let us therefore consider experiments associated with orouping V first. -

25 Grouping V

(i) Pianet's transitivity studies

The core operaticn of grouping V (i,g. the building up of eloments into
a transitive, asyminctric series) has been studied via

{i) the ability to sericte ﬁﬁ sticks (A - J) of varying lengths end
then insert 9 more sticks (a - i) in their proper places,
(Piaget, J. "The childs canp&gtiﬁn of numﬁgr", New Yorl:
lwreanities, 1952, ch. €).

(ii) the cbility to seriatg three objects by weight, two at @ time
“only, where volume is not a relisble clue to weight. | |
Piaget, J. & Inheldsr, B. "Le developprent des cusntites chez
'1'en§ant"? Neuchatel: Delachoux ot Niestie, 1941, ch. 10).

(iii) the “Conservation of weight ond transitivity of the relation
'+« o weighs rore than » . o' experiment®.

(Nuffield tiathematics Project, "Checking Up II%, Chambers/

* (contd)
~ to build e double-entry mabrix with respect te two asymuetrice,
trancitive relations,
respectively.

- Piaget regords tho setting up of o one-to-one correspondence betveen
two sets of

(contd)
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Murray/Miley, 1972, Summary Check-up Ne. 3),
to name but three. (See alsc Appendix 2c for further instruments
designed to test a child's ability to use the trensitive property of

matching and length relations.)

To illustrate the general iensr of these experiments, let us examine
more closely one of these experiments for investigating traneitivity of
weight, namzly (ii) esbove. As outlined, this experiment entails
placing before the child three objects af different wel gi {(but weight
uncorrelated with volume).  The child is then asked to seriate them by
weight {e.g. lightest, middie, heaviest) but under the condition that
he can compare the weight of only twe objects at a time. It turns out
that young children in the preoperational subperiod of development have
considerable difficulty in solving this problem.  Typical responses of
such a child are as follows
(a) he establishes only that A is lighter then 5 and A is lighter than
C, and then concludes that
(i) A is lighter than B which is lighter than C
or (ii) A is lighter than C which is lighter than B,
{b) he is unable to “see" that A is lighter than C is a necessary

conclusion from the knowledge that A is lighter than 8 and D

[*N

¢ lighter than C.

These responses indicate that in the first case (&) the child is
drawing an invalid conclusion from evidence which does not permit a
conclusion to be drawn, whereas in the second case (b) the child does
not draw any conclusion from evidence which perinits a conclusion to be

drawn.

¥ (contd)

unseriated elements as the b

asis of 511 Grouping IIT operations.
seriated clements as the bagis of ¢

111 Grouping VII uperatlong.
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JeHe Flavell (14) summapizes Piagetfse interpretation of this type of

2>

response as follows

"The central difddleulty undenlying these diverse pre-

operaiional faifures, Péagel befieves((18), p. 301-302.),

{6 the inability to see that each efement in an

aﬁgﬁﬁmikiaaﬁ sendes must be admufianeously concelved in

foams of both o diveot (<) and an dnverse { >) xelotionnt

operaiion:  Zhe efement B must be both Largen Zhan A end

amallen then C fo be fusented between Fhem in the series,

& Pdaget feels that zhe fellune Lo grasp this reversdb{Lity

inhenent in systems of asymmetiical nelations Lies behind

the youngen child?s oceasional willingness fo conclude B < C

from A< B and A <, his occnsional nelfuctance Lo conclude

A<C from A <Band B<C, and his genenal {nabllify to

ereate and mandpulote asymmetnical sendes,”  ((14), p. 193)
However, one éf the problenms whigh arise when presenting an overview
even of a limited set of experiments is that details tﬁat could be
sigﬁificant in 2 particuler situstion cen be leost. For exanple, one
reason why, for young children, weicht and vﬁlumebare appurently not
seen as distinct end different properties vhich con vary inée?eﬁﬁently,
stens from the fact that weight and volume are often ecorrelsted in
nature. ?his fact is often relied on by sighted adulis us can be
tested by asking any sighted person to judge the weight of two
‘suiteases which are very different in velume (ono large end bulky, the
other emall ond compect), but which are epproximately the same welght.
After lifting Doth suitcases, the odds sre in favour of his response
being thet he found the lerger suitease lighter, for on ceeing the twoe
suitcases, he sizes them up end anticipates that the bulky one will be

heavier becouse of ite volume and prepares himself accordingly, only to,



find it lighter than expected.

Thus, if ne balance is used, it is possible that "bigger therefore
heavier" type reasoning is operating for young children in the situation
where the three objects used in experiment (ii) are three distinct

cubical parcels ags illustrated belows

/

Parcell Parcel
A Parcel B v c

(Weight %kg)

(Weight 2kg)
(Weight 1kg)

ig lighter

s

Here, the child establishes that "A is lighter than B and A
than €% snd since this does net contradict the "bigger therefore
heavier" type argument the child continuss to use that srgument and

without checking the

agel

- gives the response corresponding to A< € <

relationship between B and C.

Thus we see that when devising a test situation which is intended to
focus on a child's ability to effect trensitive composilions of an
asymmetric, transitive relation, such as " . . . is lighter than A R
there are at least thres points requiring careful consideration.
There is the need to check |
(i) that the child has had sufficient experience in handling
weight so that the likelihcod of his recagnizing the |
possibility of dedueing something from A< B, B<C is
increased,
(ii) whether any of the key attributes are undifferentiated by the
child in bis everyday conversation (e.g., age and size as

exemplified by the remark "he's bigger than me" made by a 47t 2in

7-year~old boy of his 3ft 10in. 8-ycar-old friend.),
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(iii) thuat there is no attribute of the materiels selected other than
the one on which the experimeniris baged, which could doninste
the child's perception (e.g. lencth when transitivity of weight

is under investigatien.)

Concern over the use of distracting perceptual cues has also been
expressed by T.P. Carpentor (24). He criticizes the studies by Piaget,
Inhelder and Szemenske (1960) which relate to the logicsl inter-
dependence df conservation and reasurement, on this point:
Mo o o At all companisons distrecting cues were percepiuct
o o " ((28), p. 145)
Moreover, Carpenter maintains
“There L8 evidence Lhet cendain concfusions of Piaged ot
af (1960} nesubied from this fack of experimental
varndab L8485,
They conclude that young ehildren are dominated by the
dmnediate perceptual quelities of the situation,  Howewer,
iﬁalﬂeéuﬁié of anothes Anvestigation [Carpenter, 19?51(7}
dnddeate thet young children respond Zo numenioal cues with
':dzéaw the some degree of frequency e pereeploal cuéﬁ."
((26), p. 145)
Consequently
~ H, . o the question as Zo whether conservation and reasraent
fallunes ane padnandly the nesuki of o dependence é;@

perceptual cues, Lhe orden of the cues on an interaction of

(1
Carpenter, T.P. "The role of cquivalence ond order relations in the
developrent end coordination of the concepte of unit size and number
of unite in selected conservation type measurement problems",
Technical Report No. 178, Wisconsin Resesrch and Developrent Centor
for Cognitive Learning, Hadigon: The University of Wiscensin, 1971.
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the five was fnvestigated. That 4s, an affempl wes nade Lo

detonmine whether young childien nespond differently to

visuad and numerdeal cues i conservalion and measwrienent

probfems or whethen they simply respond Lo the fast cue

available To Zhem™ ((24), p. 151),
wag 8 main‘puéﬁésé in Cérﬁenter'a ihvéétigatieﬁ "The Performance of
First~ snd Second-Grade Children on Liquid Conservation and lessurement
Prot:lems Employing Equivalence and Order Relatiuns", and the
conclusions arrived at from this investigation which relate to this
pur;:ése z‘zreb 4

it appeans that & 48 not sdimply the percepiuak properties of

the atdmdd thet produce evions &n conservetion probfems,

There 44 no signifdcant diffencnce in diéfficully befween

consesvation pfwf;ﬁ‘izzw.; mﬁcazyx@«i;samﬁszg measwiement probfems

A which the distracting cues ere numerieals  The position

of Piaget 11952, 19600\ 1 V) mynen, otver and Groengictd!?!
and others that young children axe highly dependent on

pexcepiual properiies of events and Zhat conservailion pfmizﬁem
ccowr becawse the dmmediate perceptust properides of the
conservaiion problems everrdde the Logleal properiies that
Lmply conservation, has been based on Zoshs in wilch
distracting visurk eues afways appeared Lost,  The resufis

o4 the cwwent fnvestigation, however, demonsirate that

(1 Piasget, J. "The child's conception of number™, Routledue and
Kegen Paul, 1952. '

(2) Piaget, J. "Equilibration and the develepment of logicél structures",

in JuM. Turner & B. Inhelder (eds.) "Discussions on child

development™, VYol. 4, Tavistock, 1960.

(3) Bruner, J.S5., O0lver, R.R. & Greenfield, P.M. et al. "Studies in

cognitive growth", New York: John Wiley and Sons, 1966.
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misbeading numerieal cues produce the some errons as m&ﬁaadﬁzﬁ
visual cucs,

5 e o

Thus £ appeans that the wost ségnificant {acton in

defenmining which cues young chifduven aftend ivléé.zhe oxrden

4in which the cues appﬂa&; PR &Gwaba&, the onden of the

cues was noil the onfy foctor that was found to affect |

HCAPONACS, |

P

This, of the {actons under consddenation in this study Lt

af;;samlé'ﬁz@ centendng on a single dominant dimension Ls the

‘mjwz reason fon wost conservation and measwiement faffurcs

and Zhe devefopneni of consenvation and measwrement concepis

cen be desendbed dn tewns of increasing a§££i£g fo dacenté&.

In the eerfiest sfage chifdnen respond on the busis of @

Adngle drmediate dominant dimension. The dimension may be

| elther visunl on munenleak, depending on the problems o o &

((28), p. 167-169).
However, in the present investigation, the conjecture that centering on
~a single dominant dimension is aleo a major reason for most trensitivity
failures, vhich underlies point (iii) above, arcse from discussion of
the situation involving the three cubical parcela; This situstion
highlighted the na&d‘for caution over the use of distracting perceptual
cues when we saw the possibility thot a child could Le using "bigger

therefore heavier" type arcuments.

But the possible use of the “bigger therefore heavier" type argument in
this situation alsc suggests that transitivity of volume could emerge
before trensitivity of weight, whereas with respect to conservation,

conservation of weight cccurs before conservation of volume. (See
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(14), p. 299). DBut it is answers to questicns such as
Is there a natural order of concept formation which is
subsﬁantiully unaffected by teaching, or can the order be chonged
by eppropricte experience/teaching?
that are needed‘iffwé are to achieve our original goal of building &
framework within which observations zbout the development of the coencept
of equivalence relation esn be organized, In fact, there are two
issues which demand attention when applying the above question to the
acquisition of the concept of transitivity.
1. - If we consider tiansitivity with different physical
quantities (e.g. length, volume, weight), is it the case that
these are always mequired in some specific aorder, |
substentially independent of the experience/teaching given,
or can the order be offected by the experience/teaching A
oiven?
2. If the concept of transitivity is broken down into components,
ig it the case that in every'physical context these components

are escquired in an inverisnt order?

At this point we should note that the objective of idgntifying the
order of emergence of transitive relstiong, as outlinéd by Question 1
above, woe not one of Piaget's major goals for the exﬁeriﬁents he
devised.  VWhen the children were working with a transitive relation
Piaget wos looking to see if they used the five prapertieé of his
grouping V, particularly reversibility, for as soon 6% reversibility
appears in thé sclution of & particular problem

%, . o the childts thought {fon Zhis one problenm at Leasl) hes

passed beyond the fevel of preoperational representation £nio

the subperiod of concrele operaiions,” ((18), p. 165).

In other words, Piaget was focusing his investigotions on poart of
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the answer te Question 2.

(ii) The extensions of Piagetian-type transitivity experiments

(a) Recent research in the U.S.A.

Meny experimsnters in following up Piaget's investigations have,
however, extended the ccope of the tests used in en ettempt to find
answers for Question 1. For example, in ths investigation by
D.T. Owens (22), questions asked of disadvantaged five- and six-year-
old children after formal instruction on
(i) establishing matching relations (i.e. "as many as", "more than"
and "fewer than") and length relations (i.e. "longer than",
"shorter than" and "as long as") only,

(ii) establishing matching and lenyth relations (as above),
conserving matching relations and transitivity of,matching
relationg* |

 included

| - To what extent does an experimentally induced capability to
conserve and Use transitivity of matching relations transfer
across relational categories to conservation and transitivity of
length relations? |

- Is the ability to use transitivity of meteching ralatiéns relaied

4 to the ability to use transitivity of length relations?
(See Appendix 2c for notes on thé transitivity tests used in thig

investigation.)

KThe chief methed of the transitivity training wss what has been terned
fixed practice with empiriecal control (Smedslund, J. "The acquisition
of transitivity of weight in five- to seven-year-old children®,
Journal of Genetic Psychology, 1963, 102, p. 245-255). The
instructor gave explicit instructions for comparing sets A and B, then
8 and C. Sets A and C were compared after the child made a
prediction of the relation between then.
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In the discussion of these results which relate to the trahsitivity of
matching and length relaticns, we find |
"The mean performance of The ehifdnen in the {ull treatment
ghoup (i.e. those given formal instruction on transitivity of
matching reletions) was signdifdeantly greater than the
mean perfonmance of the children £n the panticl treatment
group (i.e. those not given formal instructicn on the transitivity
of wmatching relstions) on the Transitdvity of Matehing Relations
Tests  This was an fndication that the z‘fzaa;tmwzi was effeetive
din dmprovdng Zhe ability of the children in wsing the
Lnansitive property of these refations,  However, the nesults
from the Transdtivity wabﬁeml dndicated no relationshiy between
o student's membershdy in a Irneatment group and his fevel of
performance on the Trensiliivity Problem,  This apparent
diésenepancy may be dnterpreted by an examination of the
Lasks and Zhe .émiyzuc,timmé aetivities,  In the Instructional
setting the children were dnstaieted to establish the relation
belween Zwo s2ts, say A and B, and befween B and e Hhind set C.
The sets were construeted in such a way that the same nelation
extated between B and C as befween A and Be  The chifdren
. wene Lhen ashed fo predict the nelfotion beiween A and C ond
. were givé:z an opportunity fo vendfy thein prediction, Toeh ifenm of
the stwctured transdtivity Lest followed this same procedure
excepd fhat on the fest the chifd did not have the opporifunity
Lo vendfy his conclusfon. Also Ain the Lesting sltuation
the obfects wene scneened ot Zhe Zime of the trensi{iive
inference, whereas Hhis was not aliws the case in {nafruction,
In the Transitivity Problen the chifd was fzeqwizzer! 1o compare

sets A and B, and sets A and C where A condodined Lo more
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abfeets than B o €, He Zhen was aequired Lo xemove ledther
phusdcally on menickly) fwo objects from the sel A Lo form ¢ new

set which was cqudvafent fo B and € before applnding fhe fnansifive

i Mas wany ast, and Lo conclfude that B was esuivalent
i ’ 7

i
~
(=]

o
3
2,
&
<
o

fo Co  The xeasonabfe concfuslon then,is that the Lreaiment
Leproved Zhe ablfity of the chifdren fo perfoum foshs very
sueh Léke the ;z?.:&vi}:ze?;tzft activitics, but this Leyvovemant did
not aenerclize to the Tnansitivity Problem, o higher onden
oAl

These resulfis ane consistent with provious Dransdtivily
Inaindng studies. In a study with {{ve- 2o seven-yeny-old
cliildnen, Smedsfund (1] tound that none of the childnen

”

acquired Transitivity of wedlght due Zo practice. In

gy

" _
another study, he {Snedslund { }) found Lhat abeut 305 of

ly,‘
cnoup 0f eight-year-ofd children acquined transitivity of
ﬂ‘&igﬂb’i by vacetice, while onfy 12.5% of a control group
cequined nansiiivity,  Thus, behavilour fndicative of
nansdiivity has been obfoined dn some Dransdiivdty studies,
but £t appears Lo be difficult Lo Anduce Lransdltivily by
practice, |

1% appears fnom Plogef's theowy that £ o child's cognitive

»

Atruciune confadins the grouping of addiiion of esymmetrical,
transiiive xefofions, hie can wse the Lransitive properiy of

and Aueh refoilions, negandfess of conexete embodiment,

e e ae w -

n

(

)

Smedslund, J. "The ecquisition of transitivity of weight in five~
to seven-vesr-old children', Journal eof Genetic Psychology, 1963,
102, p. 245-255,

Smedslund, J. "Patterns of experience and the acquisition of
concrete transitivity of weight in eight-year-old children®,
Scandinavian Journal of Psychelogy, 1963, 4, p. 251-256.
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Wﬂgezi{” has Indicated, on the contrary, that a fowmal
staveture of transitivity L4 not aequired aff at once, but
£ musi be reacquined every Lime a new embodiment £
encountered, Sinaﬁaé&tg’ has funther suggested Lhat
propenties of the cononele embodiments {such as diserets ox
éonz’,{;woew} wlll affect the afininment of psychofogieally
penalle? cancé.;sm*
In zhe present study, experdences in Length refations were
ggiue.n Lo intnoduce an embodiment of the fransifdlve refations
4n addition fo the matehing fekations, but no instruction
was glven dn Lransdtivity of the Length nelations. The

resulds dndicate thet while the Ineatment dmproved the

ability Zo wse Lransltivity of matching nefations, there

vias no covesponding drprovement dn the abifity for the

childien Lo use Lranaltlvity of Length nelotfions, = Thus,

the conelusion was reached that the freatment was rathen

task specdfdie and no generaldized schame of transdlivity was

Andueed,

This conclusion 4s consisient with Plaget's confecture, and

with the resulis of iraining studies in conservatidon, Fox

example., Beé&isz‘,a”j .wbjmts Loproved «i&z,came,’w:iﬁok of

number and Length when experiences were givéfz.- v-h'cwe;ve;z, ::'ﬂe
i’{za/ﬂiﬁﬁg was not sufficient Lo foster gez:zefca&ézmész o conservation

of aren," ((22), p. 69-7G).

(1)

(2)

Piaget, J. "The child's coneception of number", Routledge and
Kegen Paul, 1952, p. 204,

Sinclair, H. YNunbers ond measurement", in M.F. Rosskopf,
LoP. Steffe and S. Taback (Eds.) "Piagetian cognitive-development
rosearch ond mathematiecs education®, Washington, D.C.: HNatiocnal
Couneil of Teachers of Hathematics, 1971, '

(Beilinte (1) overleafl)
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Sut the investigation by D.T. Owens outlined above does not provide
conclusive evidence that transitivity of matéhing relations necassarily
precedes transitivity of length reletions, and this ié duly acknowledged.

"These data gave no Lndieation that, for ihe subfects in

this study, ithe abifiiy 20 wie the transitive properdy in

one xelfational eategory consistently preceded the abllily

o use the trnensitive properdy in the other nefationok

m@gﬁflé{.n ((22)5 p« 69)0

(b) Commenta:ios based on Plagel's work
The last of Owen's statements guoted aho?c seems to contradict the
gencral tenor of chservations on the order of emergence of transitive
relations that are to be found in a numbér of commentaries written in
the late 1960s, and which are based on the work of the Geneva school.
Typical of such commentarics are Chapters 1 - & of "Primary Mothematics
Today™ by E.M, Hilliems and H. Shuard (25) as the introduction |
indicates: |

9The book begdns with a chifdis {inat experdences of objects |

and events, end ifrnaces the growth of mathematical ideas in

the Light of the {indings of neseanch woxkers Like Piaged

who have studied Zhe development of children's Hhiinkdng,”

((25), p.2). o
In fect, Eﬁapter 2 is devoted to & summary of the stages of growth
identified by Piaget and his associates, and all references to agpects
of concept development discussed in these eight chapters lead to one

of the following books:

(0 Beilin, H. "Learning and operational convergonce in logicsl
thought development®, Journal fo Experimentsnl Child Psycholoay,
1965, 2, p. 317-339.
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Piaget, J. & Inhelder, B. "The Child's Conception of Space™ -
Piaget, J. YLogic and Fsychology®

Inhelder, B, & Pisget, J. Y"The Early Growth of Logic in the Child"
Piaget, J. "The Child's Conception of Number"

Piaget, J.I, inhalder, B. & Szemenska, A. "The Child's Cencepti.mn of

Geometry.

Eivut in order to gouge the extent of the ccntradicticn between Uwenés
statement and the conclusions that ecan be drawn on the order of
emergence of transitive relations f‘mm. this sourée, we require an
appropriately deduced sequence of such conclusions. Let us therefore

consider the following set of quotations:

&

"A relation which chifdren reeognize at
a very early age A5 that of higger Thant My o 48 biggern than . "

ok tamablon Fhant,® (p. 36).

Y. o o dendation depends on wsing the at a later
nefotion 'higgen' lon amallen) fo connect stage, refined
cach successlve padr of things in a to
sequence.  Such refations can also be

B
added.  1f one tin L5 faller than M, . @b fallen Zhan o WV
another, and fthe second tén L3 fallen (Height)

-ﬁza}z a thitd, then the child puiting or (if appropriate)
the Zwo relationt together, will be e o 45 Longer Than o WM
able Zo say that the fiust tin 48 - (Lengkth)
taller than Zhe thind's (p. 18).

MAL the preoperational stage o chifd is
unabfe Lo hofd in mind mone .s:'}zan one leter

nelation at o tine, 40 that he s

wwble Lo compare, for inafance, the



capacdtics of fwo fugs which differ in
width as weld as 4n hedght, + o .

At a Latex siloge he ié'4§£e~$o toke
{nto account ai the same time both the
greaien hedght and the smaller base,
and 50 %o ch@gﬁizzvihax zhe volwme L5
uncliered by ifhe change in its shape.
| This grasp of the Logdeak
mltiplication of refotions L4 o
charactenistic of the concrele-

operationel stage of thinking."(p. 36)

"The orderdng of wedghts 4s moxe

dédfdeult than fosming a sequence of

seits, Lengths on capacities, since each -

patr must be balenced untdl the correct

orndendng 48 found.” (p, 42).

te obtain

%, o holds wmone than o "
(Capacity)

or

My a :ff:éf‘ae/sb up more Apace

ihan}. o

(Velime)

later

still

Lt .
oo A heavien Than o Y

Length Volume
—| "is longer r;j"takes up more |-
" H "
Sizes of several than § space than Weight
objgcts:_ . ‘, L "is.
ordering via : | 1 heavier
"is bigger than" Héight J Capacity _J ~ than"
— "is taller 1 "holds more
than" than"
e : Preoperational > < Concrete operations ———
subperiod subperiod

where 'volume' is associated with the 'amount of material in the solid

object' and 'capacity' is associated with the 'space inside a container'.



Clearly, order in the acquisition of transitivity with different physical
quantities is implied by these quotations., Hence, Owen's statement does
conflict with the oversll trend iwplied by the quotstions from "Primary
Mathematics Today¥. Bult on teking into sccount the specific context of
Ouen's statement, namely, the relationship between transitivity of
matching and length relstions, we see that no contradiction hae in fect
oceurred becsuse of the coarseness of the frameworik that we were able to
set up from the quotations used. Clearly, more information is required

to close these gaps.

Fortunately, there has been & drematic Piagetian renaissance in

- mathematice educztion in the United States during the past decade.

This stems from the recognition that Piaget's theory and date were not
generated by researchers primarily‘intarested in the esteblishment of
scientific pedagony, so theat it cannot be iﬁdiﬁcrimiqgtély applied in
the hope that, somehow, such appliecation will impraﬁ@ the state of
affeirs in mathematice education.. Héwever,~the Americsns are aséuming
that applications of cognitive-development can be made to mathematics
education in which learning-instructional models can be fbrmulstcdvand
tested eirpirically, on the understending that such a model may not
attain the status of a theory, but that it con be used to describe ond
presceribe le&rningainstructionalvﬁhanumana concerning mathematics until
it btovea unusable in terms of desired cbjectives and/or learning
process. It is ageinst this background thet the studies undertakeﬁ'hy
D.C. Johmson (12), Lesh (19), Owens (22) and Carpenter (24), which have
already contributed to the disgussion in this section, end those of

Steffe and Carey (26) end M.L. Johnson (27), should be viewed.

On: referring to Appendix Zc, ve ose that four of these six studies have

involved transitivity. The results of the investigation by D.T. Owens
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which relate to this property have already been considered. It remains
to consider the contribution of the studies by D.C. Johncon (12); Steffe

and Carey (26) and H,L, Jchnson (27), to our knowledge of transitivity.

(iii) The contribution of the studies by D.C. Johnson, Steffe snd Carey,

and M.L. Johnson

The study by D.C. Johnoon (12) wes designed to include the following
purpose:
to investigate that if specific instructicnsl conditions improve '

ghilities to

4]

(a) form clasges
; (b) estsblish selected equivalence or order relations
whether transfer occurs to the transitive property of the solected
enguivalence and order reiatiens¢
Hence, activitics were designed to define operationally thé.relaticns
Umore thon', "fewer than" and "as meny as". VThe equivalence relations
gome shape as" end Ysane colour ss" were also included in the

investigation.

The results showed that the instructionel actiﬁitiQS‘pfaduced a
positive transfer to the trencitive prbﬁerty of the squivalence and
ordey relatinss'useﬁ in the study. But this was sttributed to clarity
of language rather than to usage of the trensitive praserty as the
items hased on the relations of shape and colour contributed greatly to
the rather high mean scores of the'Transitivity Test (TR)., (See
Appendix 2e). Mean scores for control snd experimental groups on
ratehing reletions were 30% and 55% respectively, whereas the analogous

mezns for the shape and colour relstions were H6% and 97% respectively.

Althounh it was noted that

fad
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n, . . xelations such as "same shape as” and "smme cofowr as
and the transitive propenty of these relations were very
easy even fon kindergentenons. Very Little, 4f any,

inatruetion 4s nequined in hindergarten fon suclh {Leﬁaﬁ.‘:éoms."

(€12), p. 143),
no attempt was made to relate this to possible differences in nature
between the concepts undeflying the eguivalence relations "samé shap
as", "same colour as" and Yas many as". For Lesh (19) has in fact
identified at least two subcategdries within the class of concepts:
mAn example of the {4inaf of these types £s the concept of

nped®,  This type of concept may be referred Lo as a

concaete concept sdnce all of .t{za Indormation Lthat 44
necessany 4n onden to distinguish instances from non-
instances L5 dinectly given fn the precepiunk §ield, ‘
fu»zmthe;a Iype of concept may be xeferred Lo as an operationet
concept {n that Lt dnvolves abstractions, noi fust fnom
directly percedved propenties of objects, but atso from
nefations between obfects, on from operations (ox
transformations) that axe perfoumed on obfects (Piaget, 1971,

p. 26} u ((19), p. 95).

These definitions reveal a fundawental difference in the methods
reguired te teach concrete concepte end operational concepts. In
order to tezch a concept such as Yred" or “triengle", the child can

simply be shown examples and counterexsmples of red or trianguler

‘objects, whereas in order to give a child an intuitive understending

of the relstion "as many es" or "same length as", the situation is

not so simple.

5

&

(v

translsted by D. Coltmen, New York: Viking, 1971.

Piaget, 3. "Science of education snd the psychology of the child®,

-



The complexity of developing an intuitive understanding of the length
relations "same length as", "longer than" and Yshorter than" is discussed
in the introduction to the study undertaken by Steffe and Carey (26).
Here they establish a case teo jusiify the following point of view:

"Before presenidng Length relations to chifdren bebow six

yeans of age, Lt seems necessony then, *o defdine #he

relodions on o basis that does not cssume nuwber.  Such o

definition f[ollows, | Let A, E and C be é@gmenié; BLEZ

the same Lengih as B, Lf and only 4§, when segments lor

#heix ikanééo&mé) Lie on a Line in such a way thet fwo

andpoinits codnedde (Left or night), the two xewaining

Q!zdpﬁ-{ﬁfé coinedde. A is 12&&9@; Zhan B if and onky L

Zthe nemadining gndpo{ni of B codineddes with a point between

the endpoints of A, Also in this case, B Lt shonter fhan A"

((25)9 P 2@)1 v ' ”
and the operational counterpart of this definition was used as a basis
for the instructional sequence designed to develop the ability'of

children to sstablish a length relation between two curves.

Concerning the main investigation we find that one of the guestions
“asked of four- and Five-year-old children after formal instruction on
(i) establishing length relations only,
(ii) establishing length relations, conserving length relations
and using preperties and consequences of length relstions,
vas
Are children able to use the trensitive property of length

relations?

In the discussion of results which relate to this auestion, we find
’ ’
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"Faw {{ve-yewr-ofd children were able fo use the Zrnansitive
propenty after onfy dnstauetional experience dn eslablishing
Length refations, At his peint in Lime, onky 165 of the
{lve-yean-olds vsed Zhe transitive property, At the same
point in time the distnibution of fofak scones for the four~
gear~olds did not sfatisticolly depart from a bdnomial
diainibution based on random responALAs, &0 WO gc{:zfz-;;amnm‘id
was considened able to use Fhe transdtive properiy of Lengti

- aedetions,  Some efilfdnen ;ég/aﬁomacf noorfy hecause ef thedisn
Anabillity Lo egiab£iéh the fwo indtinl cowpardsons, an
AnabiLity Smed&ﬁawd’{??éslill considers as e reason fok
fallune of é@é‘é& young chifdren fo use the efgzmwi.uve,
properdif.
Inatructional Sequences IT and TII (designed to develop the
ability of children te use the reflexive ond nonreflexive®
properties; to conserve length relations, use the esymmetriev
property end logical consequences respectively), did increase
the abilfity of five-vean-olda o wae the anadtive PROVEATY ,
since the perecent of {dve~yewri-olds able to use the fransiiive
properdy dnexeased fo 31, T&mé‘ sume expesdences did not
increase the abifity of fewn-yewr-ofd ehifdnen fo wse fhe
transdtive properdy hecause again the distribution of foial
Acores fox :éca éaufa-gewz-e&z‘fs did not stalistieally de;a@?zé
{nem o binemiet distribution based on quessing,  The number

of five~yean-obds thet used Transltivify of Length relotions
W <

" For 'nonreflexive' read 'antireflexive' - sec footnote on
page 31. '

{1

~ Smedslund, J. "Development of conerete transitivity of lenuth

in children", Child Development, 1963, 34, p. 389-405.
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ia befow that found by E&aiﬁe(z} but above that found by
Sedsfund (1?64)‘2’. 1t appears that these experdences
were not Logicat-mathemalioal expendiences thatl readily
{nerease chifdren's abifity Lo use the Lransdtive phoperity.
ALL the children woy not have had a mental strucivie
suffiefont to aliow assimifation of the infonmation,
The mean Verbal tatwidity and 1,0, 0f five-year-old children
who were able o use the nansitive propesty appeared o be
slightly higher Zhan for those who do not use Hhis propenty,
Howover, Zhe cornelations between Zhese fwo variables and
bransitivity scones eanned by the totak sample was nol
 statistically different from zere,  Also, there appeans Lo
be Little, i any, relationship betwcen Zhe vandables Age
and Sociaf Class and the ability of foun- and {Lve-yeor-old

childnen fo use the inansitive properdy.” ({26}, p. 41-42).

Theso results cén be used to argue that there is no case at all for
atﬁempting any instruction using similar populations with a view to
improving the use of the trensitive property of length relations before
five vears of age. IHMareover, this line of ergument is consistent with

the views of Beth and Piaget (1966)(3), who paint out that although

seriation behaviour can be found in children from the sensory-motor

) Braine, M.D.8. "The ontogeny of certain logical operations:
Piaget's formulation examined by nonverbal methods", Psychological
Monographs: General and Applicd, 959, 73, (5, Whole No. 475).

(2) Smedslund, J. "Concrete reasonings A study of intelloectual

development", Monographa of the Society for Resesreh in Child

Development, 1964, © (Serisl No. 93).

() Beth, .4, and Piaget, J. '"Mathematical epistemology end
ngychology", Dordrecht-lolland: D. Reidel, 1966,



stage opwards, it is only when seriation becomes Yaperationnl'* ot
about eight yesrs ef age that trensitivity emerges. (See aleo the

translation of (16), p. 158 on page 36 of this section.)

However, concern over
(i) the lack of informstion on the relsticnship which mey exist
etween seriaticon ebilily end properties of order reilazticns,
and
(ii) the h“all siwount of research reported in which training
procedures were used in on attempt to facilitate seriztien
atility,
led M.L. Jobnson (27) to investigat
1. the influence of training on the wbility of first snd
second grade children to clsusify and seriate objects on
the basis of length,
Z. the influsnce of such training on the child's ability to
conserve ond use the transitive properties of the relations

Ygame length as™, Ylonger then® and Yshorter than'.

Additional objectives included en 1nvest1qaticr of the relationship
between the child's ability to use the trensitive property of the
relations Mlanger then® ﬁne Yghorter then and hie #bility to seriate
on the bagis of these reletions; and to determine if the ability tn |

seriote linewy objecls wes msterisl epecific or relational specific,

In the discussion of the results en irportant question emerges
"The extent of :':s’ze. subifects’ sendation ability, Lfn Zewuns
cf bedng operatlionct fp ¢ Plagedian Aense, wurt be

guestioned when one conaddens the ovenatl perfexrance on

B S Wl B B 6 o s S S B S Y Y BB S G S el D - 0 W K Ak o0 i B0 T S B S0 Thas e Wef S 0 G TR e B YO s S B B ) e B B R O e e Gt Snp BT s o et B s e s e et S

k)
See footnote on page 37.
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the nansitivity test.  In particufan, the Ireatwent (i.e.
tpaining in classification and serietion on the basis of
length) appears Lo have had no effect on the children's
ahitity to wse the fransitive propenty of the onder relations
Anvolved 4n this study.  In fact, no sdenificant relotionship
could be detfected between Transitivity of "Longen Lhan' and
wshorton than' and Zhe ebilily fo sendete wsing these
xefatlonse  This fdnding 48 net consistent with Lhe
hypothesis presented by Beth and Piager 11966)\1) and
congdmed by Efbind 17964)\8) thar tansisivity is

necessandily present when a ohifd exhibits behaviouwn
chareetondized as stage Lhree sendation behaviow. The
guestion L5 raised concewndng what L& 'operational?

sendaiion behaviowr.  In $his sdudy, chifdien were able

to sendate stnings and stichs, s well as inserdt

additional stichs into a sendes abrendy fonmed without any
frnoubfe but could net use e éﬂan&ifiué propeniy of "Longen
than™,  Such xesponses would indécate that %&e aendafion
tradning was successind {n radndng the chilldren o wse an
algonitiv wiich was not part of an operalionakl scheme, T4 Lhis

was the case, £14 would be expected that the nelationsiiy

- - S A A o Vo8 T G S e B B P AR B o IR B A B U P A A 00 T o e B e B U O G e I A e A 0¥ S O GO0 e (D ey B G Nt BV e S TS T B B G Y T T P G e

(1) Reth, .4, & Piaget, 3. "Mathematical epistemnleqgy and
paychology?, Deordrecht-Holland: D. Reidel, 19266.

(2) Flkind, D. "Discrimination, seristion and nuncration of size
and dimensicnal differences in young children: Pleget
replication study VIY, Journal of Genetic Psychology, 1964, 104,
Pe 275-296.
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between sendation and Irensiiivily would be negiigible,

~
oy
-

however, the chifdren were now foperational’ then Zhese
findings suggest that contrary Lo Piaget's hypothesis,
sendation behavdon does not necesswdly Lfmply Lransifividy,
In any case, Lt Ls elear thai we need additicnal guidelines
as 10 whai constitutes operational behavion and moxe

effective ways of measwning such behavion”  ((27), p. 90-91)

To suggest that o more precise study of thé relationship between
seriation and transitivity will resolve the possible contradiction
betueen Beth and Piagett's hypothesis and the results of this study, is
an essy option to take. It is in offect no maie than an indication
that scmabne elss should tackle the problem as thé praposer of this
suggestion has been unable to find possible reasons for the apparent

contradiction.

Let us therefore attempt the more difficult option: to identify
pessible flews in the components of the arguments and to suggest

appropriate modifications.

(iv) The identification and modification of points of weakness in the

hypothesis: seriation implies transitivity

As it stands the hypothesis presented by Ueth and Piaget (1966),
namely,

transitivity is necessarily present when a child exhibits

behaviour characterized as stage three seriabtion behaviour
is ecloarly folse when transitivily is defined as fellows:

The relation R on a set 5 is TRANSITIVE if, whenever

xRy and yRz, then xRz, for all %, y, z € S,

For this definition covers not only the cases vhere the set § containg



three distinct elements %, ¥y 2z, only, but aleo the cases where
(i) xy ¥y, z way be just thrée distinet elements of the set §

which contains more than three distinct elements
(ii) «, y, z need not be distinct elements of the sct $,

and we note that none of the investipations discussed in this section
cover any of the special cases which occur under (ii). Mor hove we
found any cvidence which suggesés that Beth and Piaget took sccount of
these speéiél ceses before their hypothesis was pregented.  Thus, we
can argue that the core operation fbr grouping V as interpreted by
Beth and Pisget and investigated by these studies, is restricted-
transitivity which we now define as follows: |
A relation R in a set S has restricted-transitivity if whenever
Ry end yRz, with %, v, z, all distinct, then xRz (x, y, z € S).
At this peint we glso note that this definition of restriclted-
trancitivity contains st lemst two levels'ﬁf spplicationss
Level It when the set 5 contains three distinct elements
¥, ¥y Z Only,
Level I1: when the get S chtminﬁ»mare than threé distinct
clements,
for all of the studies discussed in detnil in Sections 2.5 (i)-(iii)
except Carpenter's, weré concernod with Level I,  The extent to which
s child was sble to apply restricted-transitivity to situstions
involving four (or wore) cubical parcels, four (or more) sticks, or

four (or more) collections, wos not included in these studies.

it is therefore suggested that the first wodificetion of Beth and
Piaget's hypothesis should be
Restricted-transitivity (Level I) io necessarily present when a

child exhibits behaviour cheracterized as stage three seriation



hehaviour.

But the argument which led to the above

account tho fact that on establishing

Theavier than" "lighter than®
"longer than "ghorter than"
"more than" "fewor than"

amencnent did not talke into

tgane weight as”
“"some length as
LLEP ‘many ae¥

"gsame colour as"

“gene shape os"

on the appropriate triples, ALL these relations give rise to instances

of restricted-transitivity (Level 1), 17, theréforc,'we attempt to

apply the strict criterion for concept attainment suggested by Lesh

(19), namely

B4 coneept has been attlained when the ehdld can, within a

pdven undvense of expordence, distinguish instances from

Coonondrsionces of the concept” ((19)5 p. 95),

within the context of the weight, length or matehing reletione, we-

have, for example

Restricted-transitivity (Level 1) has been ettained when the child

ecan, with respect to length relations

y Gistinguish instances from

noninstances of remtrictedﬂtransitivity (Level 1),

which is imposeible.- Only by extending the. universe of experience

to noninetances, i.c. to relstions such as "lives next doer to", on

an eppropriate triple of persons, can we

restricted-trensitivity (Level I).

ensure concept attainment of

Unfortunately, none of the relevant investigations discussed in this

section presented any evidence that such counterexamples had been

taken into conpideration. it scems to be the case thet all of these

studies involved situations in which it was impossible for the child
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to nttain the concept of restricted-tronsitivity (Level 1) as specified
ghove. If so, then not even the first modification of Beth and
Piaget' hypotheses was being tected by H.L. Johnson (27), and so
"Restricted-transitivity (Level I)* nust now be deleted from the

modification.

Thus we see that the second modification of Beth and Piaget's hypothesis
chould toke the following form:
- ie necessarily present when a child exhibits

behaviour characterized as stage three seristion behaviour.

Byt now the question arises ss to what should fill the gap left by the

deletion of "Restricted-transitivity (Level I)".

Remembering that identification of behavioural counterparts of one or
mther differentisting component of o qiven nrouvana was a najor f&ctnr
in the design of Piaget's CYﬁGrlﬂﬂntﬁ, is it possible thui "ehe
behavioural countergart of restricted-transitivity (Level I)Y is the

reguired gap-filler?

If this is the case, then there is a plausible argument which accounts
for the discrepancies such as

". o o childnen wene able Lo sendate stndngs and ij":&

as well as dnseut edditional stichs into a sendes already

forred without auy troubfe butl coulfd not wie fhe

trensitive propenty of PLonger thant.® ((27), p. 91),
where we interpret "use the ti&nsitive prsﬁéity of tlonger than'® to
mean “us e rectrnctpﬁ~tran 1L1v1ty (Lovel I) of longer than®. The
“arpument is that tho ocquisition ond usc of the behavioural counter-
part of restricted-transitivity (Level I) is analogous to the

sequisition of an unconscious habit or to perfeetly correet use of
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grampar by & young child, in thet the acguisition ond use of the
behavioural counterpart of reeﬁricted;transitivity (Lével 1) ocours
hefore the child is explicitly awaere of end can verbalize his snalysis
of the operstions end reletions that ere inplicit in his seriction
setivities. In addition, wevaiso note that restricted-transitivity
(Level I) ie formulated es an implication and the proper usé gfvan

implication is more then the enunciation of ideas in seguence.

Thug, ﬁﬂ”tﬁ@ basis of the sbove discussiocn, it is prnsased‘that the
hypcthésie underlying experiments to follow the guestion raised by
~ #,L, Johnson, should be
The behaviourel counterpart of restricted-treneitivity (Level I)
is'nécessdfily present when @ child exhibits behaviour
characterized oo stage three veriastion behaviour,
for the decision to take stage three seriation behsvicur as the
actual behavioural counterpart of restricted-treneitivity (Level I)
must be left to the educotional psycholegists., But until o decision
iz made on this point, eny sttempt to rebuild a franewerk which tekes
- into account the levele of application of trensitivity considered

above, will be incomplete.

2.6, Grouping VI

(1) Piaget's svimetry studies

On turning our attention to grouping VI, we find that |
"There {4 vory Little dinect experdmentol evidence on ﬁ’m
arouping,  What there is concerns almost exclusively e
acquisition of the symmatry propenty of sypmnetrical
relotions « « o ((14), p. 194).

This comment is still applicsble, but during his pre~-1930 studies,

Pizget did ehow that children in the preoperational subperiod of
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developnent tend net to see the symmetry which may or may not exist in
relations such as " . . i the brother of . . ", Y. . iz the eneny

of « %, end so on.

For example, in "Judgement and Reasoning in the Child®, first published
in 1928 by Harcourt Brace, New York, we find an experiment based eon
finding the absurdity in esch of five sbsurd sentences drawn from the
Binet-Simon intelligence teét (1917), which included the sentence
I have three Srathars: Paul, Ernest and myself ~ (Tester: Hole)
sisters: Peuline, Jeanne & myself (Tester: Female)
Unfortunately, this sentence highlights the conflict that exists
between & posaible logicel interpretation of the word "brother® as
‘"male and has the ssme parents as" which produces a reflexive relation
{any male has the sowe parents as himself), on & set of men or boys,
and colloquial usage in which a male cannot be his own brother.  Thus,
colloguial usage gives rise to an antireflexive relation on a sct of
men or boys, end hence to en absurdity in the above saﬁtence, whereag
the sbove logical interpretation of “brother" doss not. However,
the purpert of the sbove sentence was interpreted by Piaget as fallﬁws:
NThe thuee brothens test requines that the chifd shoutd dénd
a contradiction belween e exdsfence of éﬂxa&-ﬁaaﬁ&e&4 i
one fanily {Paul, Crnest and rurael ) and,zﬁé proposed
fudaement "1 have thiee brothers, (Paul, Exneost and mgéaﬁg!."

((28), po 74).

It is therefore ageinst colloguial usage that the follewing analycis

of results should be judged.

Piaget found that of the 44 boys sged 9 te 12 years end 3 aged 14,
only 13 succeeded in finding the sbsurdity. For the 72% who did not

succeed, sore failed because they did not view "wyself" (i.c. the
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nale testor) as a brother to Peoul and Ernest, slthough they roadily
asserted that Poul end Ernest are the brothers of "myself¥.  Thus, for
these boys, the total number of "brothers" in the fomily is two: FPoul
and Ernest. And from Plaget's peint of view, this meant that these
boys had found the Ywrong absurdity®s. Other boys assimilated the
relationel "I have" into & classificatory "there ere" in the sentence
and so found nothing absurd about it. There was also a third group of
boys for which differentiotion and coordination between relational and
clagsificatory "br#thér“ wae made but not sustained throughout their

YOaSOning.

From these o&servatiﬂns fiaget srcues that the various iypes of
incorrect answers given by the boys, indicetes
(i) their inshility to differentiste between two points of
view
(2) that of "brother" as o SET with set members {“we are
three brothers", I mm a brother', etc)
(b) that of "brother" cs a RELATION between individuale
("I have three brothers", “he is my brothor", etc)
and more generally

(ii) their difficulty in hsndling relations as opposed to sets.

But this preliminary study»af the brother concept wes in fact fsliowéﬁ
~up by a second, larger-scale investigation in which sbout 240G childrEﬂ
aged 4 to 12 years were asked the following sct of questiona:
w1, How wmany brothens have you?  And how nany s4s1erns?
(Lot ws suppose that the child has o brother A and @
asisten B )
And how many brothens hos A7 And how many sistens?

CAnd how muy brethens has Bf And how many sistens?
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How wany brothers are there dn The famdfy?
How many ALEQLST
How wany broethens and sistons eliogetion?

There ave three brothers in a family:  Augusie, Alred and
Ragmonde  How vy brothers has Auguste?  And AE{red?
And Raymond? '

tthat L o brother?
Aslaten?

Are you a brothen?
siston?

¥
+

Eunest has thiee brothers, Paul, Hewwy and Chaxles.
How many brothers has Peuf?  And Henay?  And Chorles?

How many brothens ene there 4n this fanily?” {{28], p. 98}

In this second investigation the principal findings were as indicoted

below:
Teble showing the aue when st least 75% of the éhiidren in that HQEI.
arceup answered the Quastiun correctly |
Ao o, of the question(s) answered correctly
Il . |
5 -
G 2
7 2
B 2, 3
9 2, 3 4
10 1, 2, 3, 4, 3y &
11 1 2, 3, 4, Sy &
12 1, 2, 3y 4, 5, 6
{uestion 13 Children had difficulty in soeing themselves as brothers

or gisters of their own siblings. The extent of their
difficulty is indicated by the following table which

shows the percentage of right answers given by the



different age groups
Years: t4-5 6-7 8-9 10-11 12

Percentage: 195 - - 24% 55% 8% 100%

Guestion 2: Some children also had trouble inclqding themgelves in the
total nusber of brothers and sisters in their fomily.
However, the success rate of 755 achieved et & years of
zoe when compared with the results obtained for Question 1,
suggest that
"ihe chdld ks for oftener had oecasfon 1o ke up #he
point of view of his famify as a whole than that of

each one of his brothors and aistens,t ((28), p. 101)

(uestions 3, 5 and 63
The difficulties highlighted by Guestions 1 and 2 were
augmented when parallel questions were ashed sbout s
hypothetical femily., Cuestion 3, however, was gasier for
most of the children than either Questibn 1 or Question 5.
Piaget sugogests that the explanation for this i |
Yin £he case of fesl 1 the child hus wmone dif{dcally 4in
enterdng dnto The podnt of viaw of his buothers fhan
dnto that of *he three brothers of test 3, becouse in

Zhe case of his aum fomily L 48 not enough {on him o

entern {nfo fhe point of view others, he muat abse
Look at himself frnom fhe point of view of others, which

£ fwice es diffdenll.  HNow dn Lest 5 e child is
placed atraloht awey of The privileged point of viow,
that of Canest, The difidentfily is thexefore anafogous
Az ¢ sonse Lo that of dest 1. These consddenations

expladn why fest 3, :n'u’.c!r does not Lnvefve Lhese



Second half
of Question
42 (i;e. the
question
éalling for
definition

of the word

throther' or

tgister'.)

-7 -
peeulian difffonltics, 44 found to be easien #han fest

1.7 ((28), p. 103).

An interesting sequence of responses emerged:
Stage 1: The most primitive definition simply stetes
that @ boy is & brother.
e.g. "Lo lage 5} A sdsten 48 a génd you know.”
- Yare all the ainfs you bnow sistens?t
- "Yes, and el The boys are brothers,”
((28), p. 104).

.Staq&,Z: The child realizes that there must be Ewa or
more children in the family in‘order to call
cne of them a brother, but the cnncept is
not yet genuinely relaticnal for the child
does not essign the title to all the
appropriate children. .

e.g. "Hel lage é}: "when there L4 a boy and anofhen
bou, when thene are Zwo of thowm"
- "Has gouwr {athen got a brothea?®
- ﬂyefsﬂ‘
- ”whgf"
~ "Beeause he was boxn second.”
- "Then what 44 a brother?®
- 91T 4% the second broilien Lhetl comes’,
- "Then fthe {inst L3 not a brothent"
- YOk ne. The secend brother thet
comes L4 calfed brotheny,
Piaget comments:s "IL would be {mpossihle Yo show
moxe. clearfy ihe absence of

nekativity from the wond



((28) s 3 ?85).
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thaothest b

Stace 3: The child was able to give a definition which

et —

implies the idea that there must be at least two

in the same family for there to be a brother or

sister, snd which includes & fair to good ¢rasp

of the reletional meaning of the word.

e.qe "L lage 7%):

-~

"4 brother 44 o W
"a‘ bogﬂ

Ave all bous brothens??

o y %33

"14 a boy whe 4 Zhe only one in e
foundlyy o brothen?” |

"h{aﬂ

"hy ane ygou a brofhent®

"Because I have sistenst

“hn T a brothe?"

”5\4’0"

YHow do gou know??

BBerause gou ane a mu,"

UHas goun fathen pot bnolfhens?”

tfyesil | '

"14 he a brothert?

ﬂ‘y’%t?

"ét?fzy?"

Y"Because he hud a brother when fe s
Little,

UTell me what a brother £4,7

tithen there axe sevexed chifdren in
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@ famlly M
N.3. Aceording to Piaget's date sbout 60% of 7-year-olds

and 75% of 9-year-olds were shle to give "correct"

(isp. Stage B‘type) definitions.

Thus we see that the asbove analysis of responses to (uestion 4 supports
the conjecture:
| .The semzntic features that are more general, more central to the
weaning of the word are acquired fifat,
with respect to the word 'bUrother' (or 'sister'). This evidence also
implies thet the featurcs assoclisted with the colloguial use of the

word 'brother! are scquired as follows:

male and not adult — » Stage 1.

+ (later)

Y
implies more than one in

the sane generation but
the title is not essigned
to all the children whers

agprapriate : s Stage 2.

+ (latér still)

if a boy has e brother,
then he is a brother also

{(i.e. the symmetric aspect

of the definition) ’ > Stage 3.

(ii) Confirmation of these results by Danzicer

A parallel set of results was also obtained by K. Danziger (29) in an
investigation conducted with 41 Australian children (20 boys, 21 girls)

between the sges of 5 end B,



In onder Lo sudy The devefopment of the wnderstanding of
refotioned ferms o group of Auwstralion children befuween
the ages of {dve and eight were ashed fo give definitions
of o muwber of binshiy tewms £ike brother, sister,
denghter, uncle, cousine They were also ashed a sendes
of quesifons refating Lo iZhe use of each Zewn
The 4indings Ldndicate u clean sepzration belween fwo
concepiual Levels widelh show o connelation wiih age. I
Zhe finat Fevel, Zhe ferms are weee! atinibuwtively and do
not imply o nelationship, while at the second Level fhey
ane wsed refationally.  Fundthen, two distinet Levels in
the nefaiional vae of these feams appeared, A% the Lowen
fevel the fewn expresses a relatienshiy that is bm:h
concrete and Lsofated, whife at the higher fLevel fhe
relotlonsiidy L6 Linked up with others £o foxm o Aysten and
L8 defindtion dendves from Lo posfiion in his system,
The kinshidy tewm £3 now defdined in o general way,”

({29), p. 231).

(iii) Critique of the sbove studies

Unfortunately, these investigations by Piaget and Danziger not only
itnore the passibiliﬁy of bhildren interpreting the word 'brother! in
its logical form (see page 67) but they do not take into account the
poesible application of a previously encountered relational property
which &auld be influencing the type of resnsnée made by some of the
children to the questions used., This sscond relational property ie

restricted-transitivity,

In section 2.5 (iv), the term restricted-treneitivity was deliberately

chusen because the children who were able to make the transitive
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inference in the studies discusaed, had been working with conerete
eﬁbmdiments in which e, b and ¢ were distinct. These children had yet
to encounter the ivpoct on their understonding resulting from the
application of the definition of trensitivity (see page 23) to situations
summarized by the following:
Consider o relaticn R on & set, and @ pair of elements {e, b} such
that aRb and bRa are true.
If R ie transitive, this enteils the truth of aRa elso, for as sRb
and héa then we nust have oRa.
Similarly, BRb is true also, since bRe and oRb implies bRb.
Hence, within a transitive reletion, eny two elements of a pair such
as {a, b} for which aRb and bRa are true, rust be elements for which
aRo end bRb are aléa true.

For these children "trensitivity" meant "if aRb and bRe, then aRe where

a, b ond © are distinct".

Let us therefore consider some of the possibilities assoeiated with the

emergence of restyicted-transitivity.

Suppose th&raxperimantsr follows up a correct response to fuestion 3
with supplementary questions such as
Is Raymond the brother of Alfred? Is Alfred the brother of Auguste?
Is Raymond the byother of Auguste?
What else cen you teil me about another family when I tell you that

Rohert is the brother of David and Bavid is the brother of Paul?,

evidence could be obtained about this additional aspect.

However, svaluation of the responses given Lo these questions will
require care. For example, let us suppose that as 75% of the children

aged 8 and upwards gave correct answers to Question 3, that Hal (aged 9)



- 76 -
vas one of them., The two responses

"ecause he was born secopd®
and

"1t is the ﬁecund that comes",
that Hal gave in response to fiuestion 4 (sce page 71), suggest that the
additional relation Y. . ie younger than , " is.asaaciateé’with his
interpretation of the werd 'brother'.  If this is so, the order of the
names in Ouestion 3 (i.e. Auguste, Alfred, Raymond) could be taken by
{al as informotion on the order of birth so that

"Is Raymond the brother of Alfred?™
is interpreted as

"Ie Raymond younger than Alfred?™
ete, ~ With this mentsl set in operation, Mal's response

"obert is the brother of Paul",
really means

"Robert is younger than Poul.

fut even when contamination by an additional relation such as ". . is
younger than . " has been.gliminatéé, the recponse "Rebert is the
brother of PaulY does not provide conclusive evidence on the child's
_abiiity te use restricted-transitivity in similer situations. This
response is concerncd with a situstion in which the child is ocutside
the family under consideration. ‘Yhere appropriste, the child's
ability to use resirlcted-trcn31t1v1ty with respect to his own fomily
should also be tested. The evidence collected when the child is part
of the family under consideration could show what effect, if any

(i) the size and composition of the feumily

(ii) his position in the fomily
has on this ability. Furthermore, if as Plaget suggests, it is twice

as difficult for the child to see his family from the point of view of
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his own siblings and to look ot himself from their point of view also,
there is the pogsibility that a child will be sble to analyce correctly
the restricted-transitivity iﬁ a hypotheticel family, but that he will be
unmylc te transfer and extend this snalysis to his own family. Hence,
tha fbllawing stages in a child's ability to hendle restricted-

transitivity seen possible:

Restricted-  Hypothetical Own
transitivity family  family
Stage A x X

Stage D /
Stage C / /

Note that it is also possible that the child's response to the
’quection

What else can you tell me sbout encther family when I tell you

that Robert is the brother of David and David is the brother

of Paul?,
could clso provide additional evidence on the child's capacity to grasp
the symmetry in the sbove situstion., This in turn could lead to the
" ponfirmation (or rejactlen) of a parallel set of steges in the child's

capacity to gresp symmetry which ie implied by Piaget's suggestion.

But whether or not it is confirmed that the stages A - € outlined above
occur for both restricted-transitivity and symmetry, guestions
concerning the extent of the interactions between these two properties
remain. For example, is it true that both proporties emerge together,
resulting in confusion in arguments used by the child, as First cne and
then the other dominates his thinking et & particular moment?  Answers
to this guestion and others vhich highlight the nature of the inter-
action between restricted-trensitivity and symmetry are required before

we can conplete the evidence on the order of scquisition of the features
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associated with the colloquial use of the word brother'. In other
words, the possibility that

~the child is shle to see his

the ohild is oble to yse

oun family frem the point of
‘restricted-trensitivity

vigw of his own siblings and ===z
and symmetry os sppropriaste

te look at himgelf from their
with confidence,
point of view '

requires further investigation.

Thus we see that on reviewing an example of
"o o o ONC 0f Plaget's favowrites for this grouping:
2he aymmeindeal refations found within a genenfogieal
khiekﬁ&chg." ((14), p. 182),
we find that symmetry alone is ndt nocecessarily the only reletional
property that could be in use with relstions such as
« o i the brother (sister) of . .
o o i the cousin of . ,
« « bas the sore grandfather zs . .
~on the ag@rapriate sote.  Horeover, when we alse teke into
coneideration
(i) the differences Letween the lcgiéal and colloguial
interpretotions of the word ‘brother' (or ‘siséer'),
(ii) the difficulties surrounding the corprehension of secondary
kinghip terms such as cousin, nephew, ete, experienced by
rmost 10-year-olds, bercause these words involve more semantic
features und are thus more complex,
the suitability of these relations for‘studying the child's capacity to
grasp 'synmetry! is suspect. It is therefore somevhat surprising to

find the following in "Checlking Up IIIM,



.“{fﬁe new focws on the siyrmeinde ;ﬁfaa;aé}asfzj. Relations established
bediween the members of a fanily provide fnteresting situntions
fon chech~upte o o o The aelation 'p La The sdister of gf
in an ell-gind fandly Ls symnelric, ob woudd be 'x 15 the

brother of y' in a family of boys. 14 we consider he
chifdren of several brothens and W‘,ef:.zs, Lhe }camion Y db
the cousin of n' L& symmetrde when considening both boys and
ginls,” ((23), p. 29),

when on the Tacing page we find the quotation slready given on page 37,
namely, - -

e £5 suggested that the feachen should §inst see how Zhe
child ghasps each of these properties fndependently of fhe

others, {n sdduations where Lhey can be cleanly LZlustrated,”

$

In order to eliminate the objecticns raised sbove, we require a
relation in s set which is
(i) sywmetric
(ii) either antireflexive (i.e. sRa never occurs) or
nonreflexive {i.e. @ie does not ococur for &ll &)
{iii) non-transitive,
and which is within the child's everyday experience. Let us therefore
congider ekperimen&al eituations involving o set of three (or four)
Action-itan type dolls and the relation *. « iz wenring & different

coloured shirt from . . Y.

(iv) Proposals for further tests - to elorify the stages in the

developrnent of symmetry

Moterials required: Four Action-Man type dolls .

Six shirte (3 red, 2 blue, 1 vollow)
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A emall suitease or box, which represents

thoe dells' house.

At the start of each seguence of tests the child is given the following

information:
"Four dnliz called John, Paul, David and Robert want te play & new
gene with us, Here are their rules:
1. Sometinmes only three dolls will play in o ragnd of the vames
sonetines all four dolle will play in a2 round,

2. The dolle are not allowed to fell us oll of their nomes.
Instead, we are allowed to look st their neme~laobels, Thim
is to help us to romerber which dolis are playing in a
narticular round of the game,

3+ The dells are allowed to tell us something sbout the shirts

they are wesrzinu. They want to see if wo can tell which

-

doll hoe which name from whet they tell us ebout their

4, Ve are allowed te pin the name-label on & doll when we are
sure we know the dolits name.

5. After each round of the game 81l of the dolle sare allawéd
to go into their house so that eome of them can change |

their chirks for the noxt round of the gameJ®

Before commencing the test sequence, the experimenter must check that
the child eses the same colour similarities and differencos as the
experimenter, so it is suggested that the introductory dinlogue
continues with
"Here are the four dolls who will be playing the gome and all of
the ehirts they will be wearing.®

(Experimenter displays four dressed dolls plus two oxbra shirts).
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“Show me & red shirt?  Vhat eré the colours of the other

shirts here??

Test A: - (Three dolle - John, Paul and David)
Two of . the dolls are wearing red shirts and one is weering e

blue ghirf,

Jehn
{zed) {zed) - The experimenter picks up a doll wearing @ rod
. ® w .
shirt end ssks the following seguence of
® . ’
{bfue) ~ - cuestions:

Questiﬁh 1(=): This is John. (Experimenter attaches Jéhn label and
apréads out the other two labels.) John is wearihgv
a different coloured shirt from Paul.  Hhich dall ig
ecalled Paul? .

Juection 2: Is there another doll wearing a different cnlauied.
shirt from Paul?

If the child says "Veso!, ashk

Quostion 3@ What is his name?

fuestion 43 Are John and David weeping shirte which are the some
colour or ore they different?

Nabio
As a preliminary to Test B when oiven on B seperate oceasion, Test A

can be ropeobed with fuesktion 1(r) reploced by

Duesgtion 1(b): This is Jobn.  (Cxperimenter sttaches John lsbel and

gpreades out the other two labele.) Paul is wearing
o different coloured shirt from John. - Which doll is
calied Paul?
8if§é£cncea in the lencth of the hesitation (if any) before ans&ering
Queatiéns 1(e) and 1(b) will give some indication ag to which of the two

posaible ways of using this relation the child finds easiest to handle.



Test 8: (Four dolls - John, Faul, David end Robert)
Three of the dolls are wearing red chirts and enc ic wearing &

tlue shirt.

John
{rned) - {ned) The experimenter picks up e doll wearing a red
v * . ’
shirt end sske the fellewing seguence of
® »
{hfue) {red) guestions:

“Question 1 fhis is Jotme  (Exporimenter attaches John label ané
spreads cut the other three lobels.) He is wearing a
different coloured shirt from Davide Vhich doll is
called David?

'Quastisn 2: I David wearing a different coloured shirt fram Paul?

If the child says "Veo" ask:

Nuestion 3t Tell me the names of twp dolle that are wesring different
caloured shiétﬁ. Can you tell me the names of ancther

two dolls who are wearing different coloured shirto?

Test £: (Four dolls ~ John, Prul, David and Robert)

Thres of the dolle are wearing red shirte and one is weasring o

hluz shirt.

David _
{ned) {red) The experimenter picks up & doll wearing s ved
. e o ’
shirt and says:
® * h
{red] {bfue) Thig is David (experimenter attaches David

Paut )
lsbel) and this is Paul. (Experimenter ettoches

Paul label and spreads out the other two labels,)
I am going to aay_thé names of two dolls ond I
want you to twil me whether their chirtes sre the
game colour or whether they are differcnt:

1. Dovid and Peul |

2 ;John and Paul

3. David aend John
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4o Peul and Robert
5. Robert end David

6. John ond Rebhert

Test Dt (Four dolle - John, Paul, David and Robert)

A S s
Two of the dolls are weering red chivts, one is vearing & blue
chirt and one is wearing = yellow shirt.
John : :
{zed) {biue) The experimenter picks up a doll wesring = red
® * -
shirt snd asks the following sequence of
. . ' ‘ '
{yellow)  (ned) questions:

Questicn 1: This is Johne (Experimenter stteches John lsbel and
spreads cut the other three lsbels. John is then replaced
in the group of four dolls,) John, Paul and David are all
vearing different coloured shirts, Will you please put
John, Paul and David sitting together in & group in front
of you, Which doll is called Robert?

Question 2: Are Robort and John wearing shirts which are the came

| colour or are they different?

luegtion 3: Are Robert and Paul wearing shirts which are the same
colour or are they different?

fuestion &: Are David and Paul wearing shirts which are the same

colour or are they different?

Test E: (Four dolls - John, Peul, David end Reobert)

- Three of the dolls are wearing red shirts and one is wesring a
blue shirt,
{#ed) {zed) The experimenter picks up the doll wearing o
.

blue shirt end says:

{bzua) (&éd} Thie is Paul,  (Experimenter sttochez Paul lzbel
Paul ’ .
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end spreads out the other three lgbels.)
I em gniné to eay the names of two dolle and I
want you to tell we vhether their shirts ore the
same colour or whether they are different.

1. Paul and Pavid

2. John and Robert

3, John and Paul

4, David and Robert

Test F: (Four dolls - John, Peul, David and Robert)

Two of the dells ere wearing red shirks end twe of the dolle

are weering blue shirte.

John '
{red} {bfue) The oxporimonter picks up e doll weoring a red
L] o .
- ohirt and zske the following sequence of
® ]
{bEue) {ned) questions:

Question 1+ This is John. {(Cxperimenter attaches John label and
spreads out the other three lebels.) John is wearing a
different coloured shirt from David. Can we tell which

c¢oll ig called David?

prs

If the child saye "NoY, aslk:

fuestion 2: Which doll might be called David?

luostion 3: Jehn is wearing o different coloured shirt from Paul,
Are Peul end David wearing shirts which are the came

colour or are they different?
(fuesticn &: VFhich dell is colled Raobept?

Question 52 Are the shirts of Poul ond Rebert the same colour or

different?

Test G: (Three dolle -~ John, Paul and David)



Twe of the dells are wearing red shirts and one is wearing o

blue shirt,

{red) {red) The experimenter asks the following questions:
L L}
»
{bLue)
fuestion 1t John is wearing @ different coloured shirt from Peul and

Paul is wearing & different cnloured shirt from Dovid.

thich doll is called Paul?

Quostion 2: Are John end David wearing shirts which are the some

colour or are they different?

Test H:  (Four dolls - John, Paul, Dazvid end Robert)
Three of the dolls are wearing red chirts ond one is wearing @

blue chirt,

{xed) {ned) (a) The experimenter forms two distinct peirs

| ’ ’ with the four dolls ond asks the following

l&éd) (bé&e} cuesticn: ”

{luestion 1: John end Paul are sitting tagethef and ﬁcbert‘and PDavid
are sitting together. Robert and David are weaiing
different colourad shirte, Vhere sre the dolls called
Rovert and David?

_(h) The experimenter allows the four dolls to fo to théir
Yhouse' and a2 red shirt is changed Fbr a bluye &ﬁirt.
The dolls are once agein placed in front of the child
so that they now form twe blue/red pairs, and the
questioning continues ze follows:

fuegtion 2: John and Poul ore sitting together and Roberf ond David
are sitting tegether. Robert end David ere stili

wearing different coloured shirte., Cen we tell where



Robert znd David are citting?
The experimenter then picke up a doll wearing a blue shirt ond sshke:

fuestion 3: Thie is Reobert. (Exporimenter sttaches Robert label and

re~establishes the poir Robert - David),  Just now one of
the dolls changed his shirt from e red one to 2 blue one.

Can vou tell me which of the dolls changed his shizt?

Underlying the design of the sbove tests sre two basic factors:

1« The relation ¥, . is wearing a different coloured shirt from
« " in the sots of dolls, really does have symmetry without
being embedded in sn equivalence relation,

2. It is assumed that the significant stage in the development of
symrmetry is the ability to pick out a pair (or pairs) ef dolls
without being bethered that you do not know'which doll eof &
solution_paif corresponds to X and whieﬁ to ¥y in xRy or yRX.

N.O.

The assumption stated in (2) sbove is based on the hypothesis thot the
subjectls ability to disnssociate himself from the need to know which

doll correzponds to x and which doll corresponds to y in xRy or yR¥ is
an indication that the subject has recounised and can use the symmotroy

in the situstion ag eppropriate.

Consequently,‘a small pilnt study was undertaken to see whether or not
this sssumpticon was ill-founded, In fact, the guestions used in this
simall pilot study were designed to extend the above assumption in the
following ways

To see if the subjects' responses indicated the Follawing three

stanes of development.

Stoge 1: The child recognizes a pair (x, y) such that "x io

wearing & different coloured shirt from y", when certein
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about both individuzale,
Stage 2: The child recognizes a pair (or pairs) (x, y) cuch that
%y is wearing a different coloured shirt from y¥, when
certain ebout one individual only.
Stave 3: The child recognizes a pair (or psirs) (%, y) such that
"x is wearing a different coloured shirt from y¥, when

not certain shout either individuni.

(See Appendix 2d for the list of‘quéstisns used snd the results of this

pilot study.)

 The results of the pilot study appeared to support the conjecture that
the subjects! responsces indiéate at lesst three stoges in the develop-
ment of symretry which correa&oﬁﬁ te the stages specified above. A
review of the tests used was therefore undertaken. This highlighted

a nusber of points of weskness in the overall design of the items
included, should these items only be used in a larger scale follow-up
study, the purpose of which would be the confirmation or rejection of
the existence of these three stages in the development of symmetry.
Consequently, adﬁitimn&l items which wete similar in structure to the
items used in the pilot study were included in the proposals for further

tests given at the beginning of this sub-section.

There are two further observations to make about the sequence sf_tests
as propused. Not all of the guestions focus ageéifically on identifying
Stage 1-2 responses. The intention is to incorperate the decisive
qﬁestinns in the context of a more genersl conversation about the dolls

in e particular situastion.

It may be noted also thaot other legical notions may be involved in the

child's deductions; notably there moy be arguments by elimination.
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For example, if we have three dolls and we know they are John, Paul end
David, then there may be arguments of the fornm

¥This ie John, that is Peul, so this must be David.®

-t

his may be said quite independently of the shirt colours. Ve have
assumed that all children chosen as subjects for an investigation into
these stages in the developwent of symmetry are copsble of this form of
srgument, so our classification of responses does not involve it. This
could be & design fault, but at this stage no eonclusion can be drawn on
this particular point. Similarly, at this stage, no conclusiens can be
drawn on the other points raised in this sub-gection. Clearly, further

. development of the test items is required.

Suﬁxeven if the three stoges outlined sbove are confirmed tﬁere zre otill

important aspects of the development of the concept of symmetry which

have yet to be taken into sccount., For exomple, we need to distinguish

between two levels of recognition by the child before we soy that the

concept of a symmetric relation is fully developed., These two levels

of recognition are

Level Ar Given a set of objects x, ¥y + « + ond @ relation R

(which is symmetric, ec.g. ". « is wearing & different
coloured shirt fram . "), the child recognizes instances
of xRy and xfly {where »fly denotes a non-exemplar of the
basic relstion, e.g. "x is NOT wearing a different

coloured shirt from y¥) with respect to Stages 1-3.

Level B: Civen o set of relations R, 5, T, » « « {eeg. ", . is
wearing a different coloured shirt from . 8, Y, ., is
taller than + ", Y. , same colour as . W%, ¥, . is
older then . ", ete) on appropriate scte, the child

recognizes instences and non~instances of reletions
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~which are symmetric,

Qz%ﬂ aﬁithe first leval; Level Ay the child ig in the pesition of
recognizing whether peirs of objects of a given set hove or have not a
given propertys but only on attaininé the second level, Levei‘ﬁg does
he see the given property es a thing in itself, that moy be compared
with other things of o similar kind and clessified according to sOng

higher level concepic.

Vs

The doll experiment discussed in this sub-section is an experiment
desioned to identify the degreo of ccﬂfiﬁshce that the subject has when
vorking ot Level A only. And so before we can ensure attainment of
the concept of symaetry, the child's universe of experience must be
extended to inéluda gituasticns based on relations which are not

gymnetric,

2.7 Reflcxivitx

(i) Piocetion type reflexivity check-ung

o date, the only informotion to be found concerning ?iagai's'views on
the growth of the remaining defining property of en equivalence
rolntion, nanely, reflexivity, seemc to be in YChecking Up ITIY of the
Nufficld Hathenatics Froject. Here, all of the check-ups have been
preﬁgred by a team from the Institut des Spiences de 1'Cducation in
Genéva under the ceneral supervision of Picget, and on page 26 we find
1«  "Fon many cﬁéﬂd&en, the neflexdive properiy of a &aﬁazicn,

aﬁfha&gh Zﬁ:msg Look setf~evident at Limes, 44 the most

digédents fo undenstand,  The foffowing iy a check-up

forn this Adea, |

The teacher should coffect fogether a group of children

be who are weardng pulfovers with edthern shints or Liousesrss



11.

16,

21,

26,

There slioufd Le at Least fwo gi}z&. who each have a shind
and pulfover of Lhe same colours A Lorge sheel of papex
and Lots o4 cofourned pencifs will be needed, ALL the
childnen are asked Lo stand awwound the paper and Lo print
thein names on it af the neanest place fo Them,  The |
boys wrne asked Lo wiile wider theln names the word
oullovent followed by the cofoun of the pulfover They ane
weardngy Lhe ginds do the same buf jox both ;méﬁaue}a _cu'zd
A,&mz, e.0. 'pullover red, shirid green’,

One of Lhe children 44 asked Zo point fo the nwne of each
chifd dn Zuwn 1o see 44 he ean {ind any gixls who have a
sbint which 44 the same cofour as that particulen ehild's
pubfover,  He then drows one on mone arxnows podnidng |
from the name of thet ehild Zo hat of the ginf, on ginls,
concerned.  Several chdildren smej be ashed o do #hés,
each daawing ondy o fer of Zhe aviows.

The teacher walches the children playding the game o see
what they do ebout Zhe two Liiile ginis each weming a
fumoen the }sma cofeuwr as hex shint,  One of Zhe chifdren
mlght say: "She {4 weandng a blue shirt and a blue pulfover
40 she can point Lo henself’. 1§ none of the chifdren
mention this spontoneously Zhe z’:mcs’ze,é way ask:  "Can we
duaw arother arnow §rom this ginfem ... “Ghere would £t be
pointing?? ... "hat cofowe of pulfover and shint does Hiis
aénl have?®  The feacher could draw an anvow Lihe this:

~

Jane
Pullover green
Shint green

and could ask: Mihy is fhis ginl pointing to herseld? ...



vt does this annow mean?”
The '§inst-name/swmene! aame afven by Papy {n his book
Hathératique Soederne L4 also excellent for checkdng up on

the child's gnasp of the neflexdve propertyd. o s o7

(ii) Critigue of the shove check-uns

The sbove oxtract roises & nurber of peints of econcern:

(a) Lines 1~3: MNo evidence is given to support the staterent given.

whiléﬁ no evidence is given in support, it would appear that the
statement is true since reflexivity scems to be psychogenctically
subsequent ¢o the other properties of eguivalence reletions.
Streng argurents in support of this conjecture can be found in the
history of mathematics itself, where on o nurher of occasions
properties of relstione ore investigated - the relstions not being
reflexive initislly but being redefined subsequently so that they
become so, onee the convenience of reflexivity is realized. As an
example, cmnsider the set of lines in the Fuclidean plene and the
following Euclideen definition:

Two lines are said to be perallel if the§ have no painis in

COMMCN
This definition 'partitions' the set of lines into 'classes! -
‘not equivalence classes however, bub we have proeduced a set of
subsete of lines with the following properties:

~ the intercection of any pair of subsets is empty,

~ the unicn of all these cubsets is the set of lines in the

Fuclidesn plane.

By definition,jéﬁerefcre, we can drop the quotes surrounding the
word portition above, ond we see thot we can partition with some-
thing less than en equivalence relation. Having dono this,

however, thero ic an induced eguivalence relation on the set of
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lines, nomely, " . is in the same class as o W%,  Thus we soe that
for centuries parallelicm was based on antireflexivity., It became
an eguivalence relation retrespectively when we adopted the
convention that lines are parallel to themselves, i.e. when we
adopted the convention of reflexivity aend made appropriate change in
the definition of porallelism. And so it could be argued that
reflexivity is often o useful mathematical convention applied to
relations rother then an intrinsic property which some relations
posgess.,  Hore often than not we have a choice of convention ﬁo

make, rather than an externslly imposed constraint to sccommodate,

(b) No attempt is made to give explicit fornslizstion of the relation
under consideration. Lines 17-19 sunnest that the relstion is in
fact

“. « is wearing o skirt which is the same colour as . . . .'s
pyllover."”
But this relation is quite complex, and might be wore difficult for

a child to grasp than an adult might think.

(e) The set on which the relation is to be used is not made explicit.
The authors are implying that attention should be focqsed on the
subset of girls who have skirte of the szme colour as their
pullovers. Over this subset, the relation is reflexive. QOver
the whole set of girls in the group of children selected, however,
the relaticn will not necessarily be reflexive, and over any set
involving boys the relation cannot be reflexive. These
ochservations highlight the necessity to specify the set under

congsideration to avoid mieinterpretuation.

(d) Bimilar criticiswm can also be made shout the presentetion of the
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second example in thisg section of "Checking Up III".  The variation
of the '"first name/surname’ game (see (G0), p. 88~91) in which the
first names have the same initisl as the accompanying surname (e.ge
Kevan Heegan) dees in fact give 2 reflexive reistion on the
appropriate set. But again, the relation is diffirult to grasp and
difficulties may arise for the children through caéplicating factors
which are not themselves the objects of study. Horeover, this type
of situation will not have immediate relevance for the children - is
this why an assignment card has besn suggested as the sppropriate

place for this exercise?

Thus, on taking into zccount the points raised under the four headings
(a)=(d), namely
(a) the psychogenetically subsequent nature of reflexivity in
equivalence relations,
(b) the need to give an explicit formslization of the relation
under consideration,
() the need to specify the set on which the relation is to
be used,

{d) the desirability of relevance for the children,

vtha following conclusion has been reached., Hith a class of children,
a more appropriate context Lo begin the study of the reflexive
property is given by the challenge to point to someone in your class
who satisfies the relation " ., . lives in the same house as . « "
Subsequent activities would alsc include non-instances of the concept
of reflexivity to satisfy the strict criterion for concept attainment

that was suggested by Lesh (19).

{(iii) Recent American studies

On searching for further guidelines from recent American studies, we
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find that additional informsiion concerning children's use of the
reflexive property is limited.  The study by Steffe and Carey (26)
does, however, include the guestion
Are children able to use the reflexive and antireflexive
properties?
as one of the guestions asked of four~.and five-ypar-old cHildren after
formal instruction on
(i) establishing length relations only,
(ii) establishing length relations, conserving length reletions
and using properties and consequences of length relatione,
In addition, the following gquestion was also considered:
Does formal instruction on conserving length relations; on the
reflexive, antireflexive, and asymmetric properties; and on
consequencés of length relastions, improve the ébility to use the

reflexive and entireflexive properties of length relations?

To mzasure tﬁe pupils' capabilities a Reflexive and Antireflexive Test
wag dssigned. Thie consisted of six items: ‘three of the items
invelved the reflexive property of "same length as" and thrse of the
items involved the antireflexive property of "longer than" or

Yshorter than. In administrating the test, the items were assigned
at random to eech child so that each had & different sequeﬁca of the

same six items,

In the discussion of the results which relate to the above questions,
we find
"Wery few fouwr~ and §ive-year-ofd children were able Lo use

he neflexive and nonnedlfexive® property. .+ o o  Instructionat

* . - »
For 'nonreflexive' read 'antireflexive' - see footnote on page 31.



experiences on Length compardson appear to be sufficdent for
such chifdren Zo exhdibit the xeffexive properdy, 14% of
i{ze. sanple wene able }a‘:o vse the reflexive property cn the
f At test administration li.e. after exposure to Instructional
Séqﬁence I - 7 sessions of 20-30 minutes designed te develop the_
ability of children to establish a length relation between two
curves) at compated 1o 4% who were able io wse both propentics.
Tnstruetional Sequences T1 and 7171 (designed to develop the ability
- of children to use the reflexive and nonreflexive* properties; to
conserve lengtﬁ relations and use the asymmetric property and
.1ogica1 consequences, respectively) adgndéfleantly dnoreased
the ability of four~ and five~yearn~-old children Lo wse boih
propenties,  On the second test adminisination 41% of the
sample were able Lo use only the rneflexive properdy end 30%
“of the sample were abfe Lo wie both.,  Only 29% of Lhe sample
did not display an ability *o use the nreflexive on
noweflexive® properties,  These concfusions substontiate
Piaget!s Lheony that experdience £5 a necessary but not
sufficient condition §or the development of Logical Zhought
processes beeause al? the children received the Aqe
sefected experdences. Centainly, the defa substaniicte
that the abifity to wse zhe reflexive propenty Ls diffonent
{nom and precedes the ablfity o use the nonreflexive®

propentl,

Thete appeans to be Little, if any, nefation betfivcen Zhe

student vardabfes Verbaf Matundiy, 1.0., Age and Social

B s G (W N S PR A B B TP P RS G O S B P S B U A D A W S PO S S S S S B B S W W S V5 SO B e Y e B A Bt e e e B T S R B B S S0 e Wt B N . B el

¢ ,
For "nonreflexive! read ‘antireflexive' - see footnote on page 37.



Cinss and scores cwmed by fown~ and {dve-yean-ofd childyen
or the Reffexdive and Honwreflexdive® Test.  Oaly conrelations
Lnveludng Scelel Class wene sionificantly different from

zeno, buf fhese connelations were Low.® ((26), p. 41)

The cbservations contained in the last paragraph of the ﬁbgve quotation
together with the staltement
"Tnsinuetional Sequences T and 111 ségnifdeantly increased
the ablity of fouwr~ and §ive-gear-old chifdren to wse both
propentics.”,
could be used Lo argue a case that the appropriate instructional
activities may profitably be undertaken with similar populations of
four- and five~§aar~olds. But such an srgument is net taking inte
account at least twe qualifying factors.
1. The information given by.the rosulls of this inveatigntian
da not enable us to specify, in advance, vhich children will
benefit from such instruction and which wili not. ALl we

are told is that some will benefit.

Z. By applying the strict criterion for concept attainment in
~ this context, nanely,
‘reflexivity’ has been attained when the child can, with
" respect to length relations, distinguish imstances from non-
instances of reflexivity,
it cen be argued that
(a) as only 30% were able to use both properties, no more
than 30% of the sample should be regarded as having

attained reflexivity with respect to length relations.

* - v o , M
Fer 'nonreflexive' read 'antirefloxive' - see footnote on page 31.
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(b) the use of the reflexive property only, by ¢1% of the
sample in this study, sucgests a 'learned response! té the
relation "seme length as® had occurred.
This last poseibility was in fact acknowledged by Steffe and Carey, (oee
(26), p. 42), and it could only have been resolved by ﬁheir undertaking
an appropriate study of the temporsl development of the concept. Butb

without this additional information the question surrounding the

poychogenctically subsequent nature of reflexivity remains.

Before concluding this review of studies conecerning the dovelopment of
the properties of transitivity, symmetry and reflexivity, undertaken in
Sections 2.5 - 2.7, we note that one of our original aims was

to sec how the child grasps each of these properties independently

of the others, in eituastions where they cen be cleerly illustrated.
This aim vwas, hdwevcr, not strictly adhered to because not all of the
studics considered chose to highlight just one of the three defining
properties of an equivalence relation, In fact, the aims of the
Amprican studies covered a ﬁuch broader base than that indicated in-the
discussion so far. Let us therefore redress this imbalasnce by
sunmarizing the basie themaé of the purposes end guesticns of these

American studies.

; .
Basic themes of purposes/guestions
Author(s Conke - P e
uthor(s) , ntext af the investigalion
T.f. Carpenter Conservation 1. Assgssment of degrec of developrnent
{z24) and of ideas of measurement and
measuremnent conservation.

of liquid. 2. Identification of factors involved

in this develcpment.

D.C. Johnson Closeification 1. The effects of training.

(12) by and , ‘e P
. 2 > use of specif Jors 28 {
estab]ishment 2. The use of specific properties of

of metehing the relation (e.g. tronsitivity).
relations. 3. The possibility of trancfer of
learning. '
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Basic themes of purposes/guestions

Author(s)  Context of the investigation

Lo Johnson Classification 1. The effects of treining.

(27) ﬁ;dlﬁgiiitlon 2. The use of specific properties of
relati&ns. the relation.
ReAe Lesh Interdependent 1, The effects of training oﬁ fransfer
(19) development of of learning.
claesification

serigtion and
‘nurber concepls

DeTe S§ens ' Esﬁabliﬁﬁing 1. The effecte of,training; '
(22 “matehing and o T b A
length 2. The effects of coe.
relations, 3. The possibility of trensfer of use
of properties across relational
categories. '

4, The relstionships betwesn use of
properties of the relations
including conservation.

L.F. Steffe Establishing 1. The effects of training.

and length v . L .
fvrnts Ao e Z. The use of specific properties of
Rel.o Carey relgtiong. the relation. ,

(26) :
3, The relationships between the use of
properties of the relstions
including conservetion.

This summary shows that the theme 'the use of specific properties of
the relation' ie one of three which are common to two or more
investigations. However, the rmlevént detsiles of this thens have
already been discussed in Spetions 2.5 (i) end (iii), and 2.7 (iii).
1t remeins to eoneider further detaile of thé findinge concerning the
relationships between the use of properties of the relations including
congervation, This will be undertsken in Section 2,8. But first,
let us concider further detasils of the effects of the Eraining used.
Thetqueatien of the effecte of training was first raised in Section
2.5 (i) with recpect to the traneitive property only. In five of the
Americen studies it is posed in 2 puch broader context as the

following summary by K. Lovell (31) shows.



Authonls)

Group

Noture of Training

L= a9

Efbects of Taaindng

P.Ce Jobnaon
{12} :

Kindengenien
and {inal
grade.
children with
measured To0,
§0~120, No
precise
details of
Aocial
backgrownd,

To form classes,
infersection and
union af classes,
complement of
closses, relaiions
between cfasses
and befiween class

efementss

Imponoved performance
on afl §ive direct
achievement teats and
on Thaee cof the
tranasfern Leatls,
althougl not on Zhe
fost of Class
Inclusion,  Some
doubl remadns as Lo
whethen thene L6 any
Lmprovement {n reqwrd
to operativiiy,

Helo Johnson
- {47)

Fiwst and
second grade
childnen:
Hegroes and

Cdddie chass

Caucasian
pupifs,  No
T.04 aiven

To cfassdify on basis

~of equivatence

refation "amme
Length as” and
sendete on basis of
ornden refations
"Longern Than',
“ahonton than',

Improved pexformance
on Serdation Teat,
No Lrprovemend on
Classifdention Teat,
Conservation of
Length Relaiiona
Teat ox Transitlvily

Tesle

Rﬁgé L%h
{19]

Aged 5:3 Zo
6:2, Trawn
{nom small
Indiana
commundiy
A spmead of
Q.{JMQ! o

To classdfy and
senfate,

Improved pexforance
on nwnber fests bui
not on fashs
{nvolving spatick
Lransfonsotions,

ﬂ. TQ {7&}?}% :
(22)

Five= and
SAx~gei~0kids,
Disadvantaged
Negho
childnen,

To estabflsh Length
relations Lo con-
senve matehdng
nelotlons, and Lo
wse the Tnansllive
property of

matehing relaiions.

Improved performance
o tranaltivity of
mateldnyg refotions -
o fosk similen Lo
activities in freat-
ment,  Ho Zransfer
to olthen Zoshs,

L.P. Stefde

and
RoLs Carey
{26}

Four- and
fhve~tieas-
Of-d/ﬁc

Hoxmal soread
off 1.0, and
social bach-
ground,

To establish Lenanth
relotions belieen
Fo cunves, L0 use
redlexdve and
nowred Lexive®
propernties and Zo
consenve fengih
nelations,

Tmproved ability Lo
compane the fepgtha
0f fwo curves, A
conseavation of
Lesah nefoiions, in
wse of redfexnive and
nonreffexive®

properties,  Limited

- dmprovement 41 use of

Transdiive properties
by S-year-ofds.

(1), pe 191 )e
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By taking into account some of the serious reservations we have alrcady
noted concerning interpretation of results, we nead not bo misled by the
positive weighting of the statements in the last coluan of the above

table.

2.3, Relationships between the use of propertiss of relationg

(i) The contribution of the studies by Steffe and Carey and D.T. Dwens

On turning our attention to the theme 'the relationships bstween the use
of properties of relations including conservationf, the specifie
questions asked by Steffe and Carey (26) of four- end five-year-old
children after formal instrupﬁicn on
(i) establishing length relations only,
(ii) establishing length relaticns, conserving length relations and
using properties and consequences of length relations,
were designed to producs answers to:
~ Is the ability to use the reflexive and antireflexive
properties necessary (or sufficient) for children to
{a) conserve relations,

(b) use the trensitive property of length relations?

« TIg the shility to conserve length relations necessery (or
sufficient) for children to use the transitive property of

length relaticons?

In the discussion of results which relate to these queaticnﬁ; ve
Find
B e o the abdf4ty fo use the xeffexive and nonteflerive®
properddies ws measuned here 45 nol o necessary on a

subficient condifion for ithe ability to wse Transi{iivity

*
For 'nonreflexive! reed 'entireflexive! - see footnote on page 31.



-~ 101 -
of Lenaily nelations,
s o o becanse some children could kwe the reffexive
propentyy but not the Lransiiive ;3&0;12!43” ty, there may be
factors which enabfe children o wie the reffexive
propesty begone they are able to wse thansitivity {e.g.

- spatial doageny or the definition of "ihe same Length as”).
in 5@@&, the results indicate That ﬁ:f’ze redlexive propernty
sy De necessuarl fon tras JMUM}; This observation mey
be due o fhe possibility ﬂzat m* of the regfexive
@wpe;a::g; n Ends study was more of ¢ 'Lewwed nesponse!
then o fogical~rothematical process,  1# also appears
Zhet use o4 the reflexdve and nomeffexive® properties 4s
not a necessany on suffielent condition forn beding able fo
conserve nefations, o ., However, fhe data do not |
coninediet the fact thet being able Lo wse onfiy the
redlerndve propenty may precede an abifity fo consenve
Lenoth nefations, o o » The data in £his study éammmt
the eontention that conservation of ddentity £s noi
undiony {n natwee.  Centainfy, 44 a child fjudges that o
sthel L6 the same Length as itself, he must clso judge thet
AL L5 not Longer on shonien Zhen {tself or a conlradicition
would be ﬁxe&enﬁ.“ On a Loglcal basds and on a'néﬂc&éﬁaaicaﬁ
basis, when one considess "eonservation® 1 wb&’ﬁié, At s

necessery Lo consdiden zhe propeniies of the relations which

marr be Lnvefved,

¥ A . ‘ » -
For 'nonreflexive' read ‘entireflexive! - see foctnote on page 31.

(N Smedslund, J, "Deovelopment of concrete transitivity of length o
children, Child Develapment, 1963, 34, p. 389-405).

(1) See page overfead e



- 102 -
o o o AL seems that conservation of Length relations 45
necussany forx DrnsLlivity,

« '« » The above datn are consistent with Smedsfund's !1%3}(”
observation that what ke cafls conserwaelion of Lenoth 45 a

necessauy condition for what he calls franaitivity.”

((26), p. 42-43),

Un remembering that we are interpreting 'transitivity! in the sbove
context to be restricted-transitivity, it sppears that the main points
of the shove discussion cen be summarized as follows:

Reflexive (See Section 2.7 (iii))  _ Antireflexive
property s i property

— \

Conservation of = . ~ Restricted
length relations. . X pransitivity of
length relstions.

> precedes
—> is @ necessary condition for

—> is not a necessary or sufficient condition for

sut before commenting on the sbove discussion of results, let us
consider further evidence on the relationship between conservation and

restricted-transitivity.

In the investigation by D.T. Owens (22), answers to the following
questions were sought
~ Is the obility to conserve matching relations related to the
| ability to use the transitive property of matching relatitons?
~ Is the sbility to conserve length relations related to the
sbility Lo use the transitive property of length relations?

-~ Is the sbility to conserve matching relations related to the
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ability to conserve length relations?

Is the =bility to solve ﬁasrohlem involving tronzitivity of =
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matehing relation related to pecformance on a test of conservation

er transitivity eof wmatehing relsations which utilizes & stendardized

interview technique?

The question concerning the relationship between tronsitivity of

matching and length relaticns was discussed in Section 2.5 (iii).

In the discussion of the results whlﬁh relate to the sbove questions, we

find

", . o 10 evidence L5 provided by these data Zhet, for the
chifdren in this study, he obilily fo conserve relations
preceded the abilidy Lo use the fransiiive propenis, The
case &5 different, Jwaz:@a&, in the ecase of the Transiifivity
?fwbﬁem.

« o

The daie gave ne indication that conservetion of maic&iﬁg
relations paceedes conservation aé Length nelotions fon he
children in this studye o+ o o This evidence 45 dn
opposiilon Lo the sugpesiion that the ebiiify Lo coms%qe.
mateiding refnifons precedes the abw.x; o conserve Lenath

nelatlonst  ((22), pe 68-69).

tThe resuld that about one-hafd of the chiddren who wsed ﬂzz
Lranaiiive pfcopeﬁiu An each relational category 5@&5&% Zo
wse the consenvaiion of thal ,'ze/.s;aec;t:éve. cotegoiy L8 ot

vardence with reslfts of previows atudies,  Smedafund
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{;%4‘5}{” found only 4 oui 6f Iof.? subfects who passed Zhe
Foat on Zrensitiviiy end felled on conseavaiion of
discontinuows quantities and only 1 subject was in the
eonsesponding celf fox Length,  Owens and Szfaéf e {1972 ){ 2
ohseaved onfy 4 of 126 instances lameng 42 au bjacu; £n
which tronsliivity of o watching xelation preceded
consevation of :t!gazt relation,  Diverns (1970} ts) found
that in §7% of 2‘“&& cases whene &ama»’vw: of a Length
relation was atindned, the reletion was also conseaved.

In the studies ciied, the nesufrs comsisiontiy aﬁiﬁﬁi%ﬁ(’l{f

' :wazi atiatnment of conservation preceded atiatnment of

the Zransitive property,  Nene of the studies fnvolved
instnuelion on practice, and he present resulls way he
intenpreted in fexms of Lrneatment effect. The Lreaiment
was effective {n Onproving péjaécfasz-wzce on the Zest of ihe
transitive property while the reatment had no effect on ‘
conservation perforurance fon matehing relotions.  Thus
some chifdnen in the Lreatment group met the erndlerion on
fhe franadiivity teat w:m rzf.e:'f etherise not have
ca&fz-éswi Bronsitivity,  Onfy fwo chifdren whe wsed

franaitivity on the Trensitdvity Problem faifed to cxhidbit

conseavation, This explenntion applics, however, oenfy to

(1)

(2)

(2)

Smedslund, J. "Concrete reasoning: A study of intellectusl
development®, Menographs of the Sociely for Resesrch in ﬁhild
Development, 1964, 29 (Serial No. 93).

Oweng, D.T. &nd Steffe, L.P. "Performance of kindergaerten children
on transitivity of three matching relations", Journzl for Research
in Mathematics Education, 1972, 3, p. 141-154,

Divers, B.P. Jr. "The ability of kindergarten and first grade
children to use the transitive property of three length relations
in three perceptual situations", Unpublished doctoral
digeortation, University of feornla, 1970.
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the wadching nefationnl categery beeanse 2he treafment was nol

ebfeetive in dmproving the performance on DrantLLividy of Length
nelations,
Penhaps on Anfeapretation can be made dn Zeww of fhe charactendstics
of #he children 4n the $amp£eg Shuypeck iI?éé}(T’ conducted a study
which inwobved both widdfe and Lowen sccio-economdc stafus children.
it s Jound that emong the Lomern status children ihe development
pattenn of coudinal pumber coa&eﬁva¢4on was enratie, While the
prosent sfudy incfuded no midﬁée elass grouy ok Compuiison, &
appesns thet the patieans of ciladnment of consenvetion and
selational properties wes innegulfar fon these Low ceonomic subfecis,”
((22), p. 71-72).

On incorporating the main points of the ebove discussion into our susmary

diagram, we obtain

Reflexive (See Section 2.7 (iii)) Antireflexive
proportv //////,///;7V§3:iity
Cowas*vatzan of ““\«\\_ Restricted-
length relations — . " transitivity of
‘ length relations
Conservation of - Restricted-
matching relations . : .. transitivity of

matching relstions

> precedes
— - is a necessary condition for

<~ is not a necessary or sufficient condition for

This second diagram differs from the first in two respects - there is
the queried hypothesis about matching relations end a query is insertec

on & hypothesis sgbout length relations.

- e -

(e

Skypeclk, D M. "The relationship of sccio-cconomic status to the
aevelopment of conservation of numbcr", unpublished doctoral
digsertation, University of Wisconsin, 1956,
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Except for tha-referance wade in the introduction to ﬁiaget's earlier
ipiting and to o paper by Morthwan and Cruen, which szupgest thet
transitivity is being used in establishing equivalence (i.e. cardinal
nuaber) conservation, the results of this investigation by Bwens (22)
challenge the gencrol conclusion of the previous studies he cited,
namely,

Cﬁnaervatiéb of & set of gueptitative relotions such as matching or

length relutions, is a necessery condition for restricted-

transitivity of the same set of quantitetive relotions.

One reascn not considored by Owens for this apparent contradiction may
be the way in which the word Yconservation" is Interpreted and used by
the investinstors concerned. For example, variations in use of the
terninology csn be found in the following quetation from Owen's
introduction te his investioation. _

M, o o A a fash gdven by Smedsfund 11965)11} a child was

ashed fo eateblish that one stlch was Longer Zhan a

second stick and Zo 'magr_’.nfmm that the one stick was Longex

agilen a)ceﬁéﬁieiéﬂg cue was dntnoduced,  Whife Smedsbund

called the fash Yeonscrvation of Length®, o simifar tash

in the present sfudy i cakied Mconsowation of the

nebation "Longen than'® " ((22), p. 51).

(This passage is repested, in its context, overleafl).

Let us therefore congider some of the ways in which the word

conservation™ has been interpreted end used.

- e ) " 3 "5 - o

" . . * . »
1 Smedslund, J. "Development of concrets transitivity of length in
children®, Child Development, 1963, 34, p, 389-405,



(ii) Verious interpretetions =nd wses of the word "eonservation”

: Limiteériﬁfsrmatian on the veriations in points of view of Pinget,
Van Engen, Smedolund, Nufthman and Gruen, and Owens concerning the
caﬁcept of conservation, are to be found in Owen's intreduction to his
inveatigaﬁian.
in Piagetls {1*}55’}{” eLessieat conservation of number Loshs,
a chibd L ashed Fo estnblfish thetl fherne ane as many cbjiects
ina set A as in set B,  Then one of the colfections, say A,
iy taken Huouch o physical #:fa;mémmﬂtémz, Then fhe child
Ls asked "Ane there M‘ezizmy‘ a's as bls on does one have
moref?  Van Engen (1971, p. 43) (2} hes argued that this Zash
pay be measundng whethen ox not the chifd conserves fhe
ene-to-one correspondence rathen Than conservation of
number,  In s study o fosh adnifox Zo the ahove example
L4 consddened To be o measwie of conservation of the
nefation Yes wany ast. It L8 not necessary Lhot conservation
be Limited fo cases of equivafence,  For ewample, in o Tash
gdven by Smedslund (i963)l3’, a child was ashed 2o estahPish
that one stick was Longen than o second stick and Lo madniodn
Zhat the one stich éms Longer after a conffieting cue was
introduced,  While Smedsfund called the fask Peonservation
of Lengih", o sdmifon Lash in Zhe present study 45 caffed

Yoonservalion of the nefation 'Longer Lhan',  Thus, oader

(1)

Piaget, J. "The child's conception of number", Routledge and
Kegan Psul, 1952, |

(2) Van Engen, H. "Epistemology, resezrch und instruction", in H.F.
Rossiopf, L.P. Steffe and S, Taback (eds) "Wisgetisn cognitive-

‘;7 -

development research and mathematicel education”, Vashington, D.C.t

Nationsl Council of Teachers of Hathenatics, 1971,

(2) Smedelund, Jd. "Developmont of concrobe tronaitivity of lenoth in
children®, Child Development, 1963, 34, p. 389-405,
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nefntion consenvation 44 afse dncfuded,
Consorvation 46 studéed from the refutionat point of view
end FranAltivity Ls neccasandly a refotionak propeiiy.

Thut *he relationship bedween the devefopmen? of conservation

”

ad atfainment of t wanddtivity L& oppreached {nom Lhe stand-

f»

podnt of relationss  In bds emnlien wnifing, Pimgel (1952,

pe 205) 1) seponted that ¢b soon as children can eatahfish
o feating equdvalence {that Ls, conserve the equivalencel,
they con af once wse the tranailive prependy,
mThe explanation 44 sdupler  the composiiion of two
equivalences (Lransifiviiy) 44 already Amplied in
. Zhe construetion ag a single fasiing equivalence
Letween fwe sets, Adnee fhe difiexent succearsive
honms of Fhe Avo sels acen fo the ohild o be
digfenent sels™  Pdeget, 1952, p. ’2{?51(”.
S{miﬁaxﬂg, fosthwan and Gruen 119701{’1 angue Lhatl trans{tivity
involved in equivaionce conservation,  Suppose ihe subject
stabfishes A equivalent fo B (A = B).,  Uhen an e.quziuaﬁanae# ’

4 I

smeseaving fransformation T 44 pexfonmed, Tne subfect
eatoblishes leoverntlyl A = TIA).  Then, transitivity L5 wsed
in orden to deduct TIA) = B on 2o consenve the eguivalence

o!; lf\ (U'l'?{ Z.;.

Sraedslund (i"éz’l( 5) s orgued thot from a Legdead point of

- Bt S e e o D B o e B S5 B U e s L 0w B s S W A B e S 0 A SO0 N W e e e S e S B 0 B A S A e e s S A e A et W I A 0 S S e S e 0 e

N

(2)

(3)

Piaget, J. "The child's conception of nuwber", Routledge and
Kegan Paul, 1952,

Northmen, J.E. and Gruen, 6§.E. "Reletionships between identity
and equivalence conservation', Developmental Paychology, 1970,
2, 311,

Smedelund, J. “"Concrete reasoning: A study of intellectual
develapment”, Honographe of the Society for Research in Child
Develounent, 1964, 29, (Serial No. 93).
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view, cq:;,se/wa;{:éan precedes transl{tivity 4n the child's
devefopment,  Consdden three gquanitities which are nelofed by
& transitive refatdon p.”  Asswne that a child establishes
ApT, Blox Al u‘ l,mdwag;o‘ Acime fransfonmation T begore

B 44 compared with C; othensise A and C can be compared

sercepiuatiy.,  Hence, B o= TIBY lox A = TIA)) wust hold from
5

p

one. comparnison Lo the other”

(it might, incidentally, be asked whether Smedslund's argument

focuses on the right point. It is not a matter of whether A and C

can be compured directly but whether they are compared directly.

Bu

s

To

t perhaps his comments concern test design and not the child's

e of logic.)

"Tn a Pater disenssion of training teseareh Plaget [Beth and

)U)

Plaget, 1966, p. 192 also alluded fo an ondendng An Lthe

atteinnent of conservaiion and i/zan/siﬂf,{viﬁig. te neported
thet Smedslund easily dnduced conservaiion of wedght by
nepeated?y changding the shape of a small clay ball and
cheching the weloht on a scafe.  Smedslund was not
successful in obtaining fmmedicte Lecrning of the ironsiiive

}}fiﬂpéﬂﬂj.” ((22), po 54"'5?)&

the sbove we may now add the following quotation from the

introduction to the study by Steffe and Carey (26).

(1)

Deth, E.Y. and Piaget, J. "Mathematical epistemology end
psychology®, Dordrecht-Holland: D, Reidel, 1966,
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“Regandloss of the content of these problems, fhey

(i.e. conservation tests devised by Piaget) fnvofve r* enting
the Au&jﬁci wdth e varndebfe (V) and a.ézané&xd {s)

stirubus that ane initi fably equivalent in both Zhe

pereepniual and quantitative sense, The subfect 44 Lhen
ashed Lo mekhe @ fudgement resending hedn quantiiative
cquivalence,  Once the fudgement 4 made, Zhe variable
sE{nufus £ subjeeted #o a transformation ¥ --> U1, which
aliens the perceptual but pot the quantitaiive equivelence
befween Ihe variabfe and Zhe standend,  Alten complelicn of
the Irensfonmation, the subfect is asked to fudge e
quantitniive equivelence between the standasd and the

){7}‘37

transformed vandoble (p, 14 ((26), B, 19).

Vhen formulated in this way, Steffe and Car@y point cut that
", .. fudnement of conservetion uwwy be refotive
(L) %o #he conservation of @ quantiiative nefation, o
(i) o the ddentity of V and V.7 ((26), p. 19).
which was the basis for Klkind's cafeguiizatimn of Pimsget's
conservation tests. But Steffe and Carey also draw our atte‘n’t.‘lan to
aspects of conscrvation which are not cowpletely clarified by E lkind'e
cotegorization. In particular, they argue @ case for the fellowing
gtatement
ng comurehensdon of nelational tenms s a ;:)}:.mequaiz':e io
probfens 4 conservation of fhe relaiion,®  ((26), p. 20),
by considering conservation problers involving the relations Mas many

aﬁ" and Mis longer then®, These highlight the nced to be assured that

s o

) Elkind, D. "Piaget's conservation problems®, Child Developument,
1947, 3%, p. 641-B48.
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the child
(&) zsesociates & one~to-one correspmndence.@ith the phrase "es meny
as", \
) is toking into asccount both sets of endpoints when establishing
a length relation.
In other words, we have an echo of Van Engen's point of view
Ty o o one nust be asswred Thet a consenvetion probfenm

i85 noid o Tesi of Lewninofogy.”™ ((26), p. 19).

MNote that Steffe and Corey have alse extended their discussion to
“"eonservation! problems in situations where the initial relation under
consideration is an order relation, not just anlequivalence relation.
Their interpretatign of Yconservation® in this extended context has to
bbe inferred from the following:

e o o L0 conseave the (lenoth) sefation fhe chifd must

nealize thait the relation obtains regardless of any

Length-presenving transformaiions on one or hoth cwives,

In cihen tems, The child wmust nealize that, after such

a Irnensformaition, 4if the cunves are moved back aide by

side as in the oniginal state, the ends will be sE2E in

the same refotive mamen”  ((26), pe 21).

Even so, of the varistions considered so far of whst Pisget regards as

a key concept, the strongest guidelines on how the word "conservotion”
shiould be interpreted and used are given by Steffe and Carey. Hence,
their mccuﬁnt will be taken as a starting peint in an attempt to clarify
the wain igsue roised in Section 2.6 (i). éut first we require a more
precise mathematical formulation of the characteristics of a

conservetion problem.
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(iii) An attempt to specify the cheracteristics of & test of congervation

of a quantitative relation bosed on Steffe and Carey'a

interpretation

The characteristics of & test of conservation of a quantitative relation
as interpreted by Steffe and Carey appear to be as follows:
Let i be a domsin of quantities wodelled by a finite sot of objects
which represent quantities of M (e.g. 8 set of Cuisenaire rods - for
the domain of lengths). The subject is presented with a pair
(%, y) where x, y € l4, and is asked to identify the guantitative
relation R with respect to a giveﬁ physicel acntext (e.¢. matching,
length, volume, weight) such that xRy. |
The child having establiehed xRy, the elements x and y are
subjected to transformetions S and T which alter perceptual aspects
only, i.6s X ===>5(x), y -~=>T(y) where § and T are transformations
which preserve the quantitative relation under consideration.
(N.B. S or T can be the identity trensformation of the set of
guantitative-preserving transformations 4 under consideration).
After completién of the transformations, the subject is esked to
make a judgement concerning the truth of thé statement SR T(y).
To conmerve the quentitative reletion R, for the pair (x, y), the
child must realize that there exist inverse transfnrﬁatiana 5"1
and T~1 such that
sTHseOR THT(Y)) = iy,

If the above interpretation is what Steffe end Carey had in mind,
then |
1. it would zppear that conasrvation.nf length relations, for
exairple, should be interpreted as mesning the child con
conserve each of the length relations "same length as",

"Jonger than" and “shorter then®, i.c. the child realizes
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that there exists o set of length-preserving tranzformations
such that
sTHsGOR, TGN = sy (1= 1, 2, 3)

where 5, T, 5'1, T”1e;§>, R1 denotes the relation Ysame length

as", Rz denctes the relation Ylonger than", and R3 denotes the |
relation "shorter than". ; 3
2. by taking x = y, "conservation of identity" can be interprated
as follows:
To conserve identity, the child must realise that there

exist S, ST 1e & such that
-1 -1 |
STS(x)IR § (S5(x)) = xBxe

Note that since y is now the seme as X, and since we are
concerned with physical transformations, T is necessarily
the same as §S. There is only ons object, and two

transformations cannot be performed on it simulteneously.

{Un comparing the statement
Ty o o wiat sometives passes fox a fest of conservation of
idcntiiy 45 no wore than o test of the neffexive and |
nonteflexdve properties.”  ((28), n 22)
with the equation
sTs00IR 571S00) = ix,
we see that it is possible that consideration of x = vy in the general
case hes given rise to this statement. Unfortunately, such & line of
argunent faile to toke inte account @ number of iéporﬁant peinte.
L.et us therefore concider in greater detail the steps to be taken on
putting x = y in the general case, by corparing end commenting s

appropriete.

K .
For ‘nonreflexive' read 'antireflexive' - see footnote on page 31.
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(iv) An onalysis of peints requiring consideration if the definition of

conservation of identity is to be derived from the general case by

putting % = vy

1. (&) "The subject is presented (a') "The subjoct is presented
with a pair (x, y) where | with a pair (x, x) where
Xy ¥ € MM % € MY

Comment

in (&%) the subject is being asgked to consider @ special case in which

&n element is to be paired with itself

2. (b) "The subject is asked to . (b') ¥The subject is asked to
identify the quantitative | identify the guentitetive
relation R with respect relation R with respect
to a given physical to a given physical
context such thet xRy. \ context such that xRx.

Comment: |

5ffirmative responses to "Is x longer (chorter) thsnlx?“, for example,
at this stage, indicate that these relational terms are not understood.
In other words, tho restriction % = y implies that ‘

(i) an exemplar of the entireflexive property for gach of the order
‘relgtinns of the particular relational category under
consideration is beingvtested ihdirectly;

(ii) an exeﬁplar of the reflexive property of the equivalence
relation of this particul&r relztional category is slso being
tested, |

for as noted by Steffe and Carey

“Centainly, 4§ o child judges that a stick Ls the same Length
as AEself he nust alse fudoe that Ot £s not Loncen on shonien
than £Lself, on a contradietion would be m&se.nt. "

(€26), po 43)e
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But to ensure that the antireflexive and reflexive properties of the
relations in @ perticular category are being tested, we must extend the
set M under considerstion to maré than one elements This will entail
acking the child to consider elements Xs (i=21,2, e ¢ ey n2>2)in
such & way that each is paired with itself snd then to identify the
quantitative relation R with réspect to the given physical context such
that xRx, for all x, € Hl, i.e. the child is being tested on his
recognition of |

- the antireflexive property for each of the order relations of the

particular relationsl category,
~ the reflexive property of the equivalence relation of the

particular relatiocnal catevory.

3. (c) "The child having (c') "The child hoving

estsblished xRy, the
elements x and y sre
subjected to
tronsformations S and T
which alter perceptual
aspects onlys + +
After completion of the
transforpations, the
subject is asked to meke
& Jjudgoment concerning the
truth of the statement

S(x)R T(y).

established »Rx, the
element % is subjected

to trensformation § which
alters perceptual aspects

only. .+« After

campletion of the

transformation, the subject
is asked to meke a judgement
concerning the truth of the

S(xIR 8(x).

Comment s
IT extension of 1 te include meore than one element has not taken ploce,
then the child is being tested on his recognition of the compalibility

of o quantity preserving transformation § with an exemplar of the
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reflexive property of R, If extension of M has taken place, the twe
p&ssibilitieé need to be considered.

(#) o single transformation § can be applied to each x; and the
child asked to consider the truth of the statement S(xi)ﬂ S(xi)
for all X; € t, i.e. the child is being tested on his
recsghitien of the compatibility of the quanfity~preserving ‘

transformation § with respect to the reflexive property of .

(b) different transfcraatiebs Si-where Si e b for each i, con be
: applied to each Xy and the child asked to consider the truth of
the statement Si(xi)ﬁ Si(xi) for each i, i.e. the child is
being tested on his recognition 6¥vthe compatibility of a set
of auantity-pregerving transformations with respeet to the

reflexive prépatty of R.

4. (d) "To conserve the (a") “Té conserve identity,
quantitative relation R the child must realize that
for tﬁe pair (%, v), the there exishs 51 such that
child must realize that 3'1(S(x))ﬁ 57 1s(x)) = xRy,

there exist inverse
transformations 5“1 and
71 such that
s HsGIR THT)) = sy,
Canment
Onee again, three interpretations concerning recognition of inverse
quantity-preserving transformations are possible.
If the extension of M to include more than cne element has not taken

nlace, the reccqnition that there exists 5"1 such tha

s Hse0m sHs(x)) = six

can be interpreted es recognition of an exemplar of conservetion of
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compatibility of a guantity-preserving transformation S with respect to
an exenplar of the reflexive property of R.
If extension of i has tsken place and a single transformation 5 has been

1

appliod te each X the recognition that there exists § @ such that

=Trero Vo e=Trer. .
5 (S(ai))ﬁ 5 (S(ki)) = xini

for each % € My can be interpreted as recognition of an exemplar of
congervation of compatibility of & gusntity-preserving traensformation 5
with reopect to the reflexive property_mf R.

If extension of lf has taken plece end different transfornations Si have

besn applied to the'xi'3$ then recognition that there exists 521 for

5 St e ) S~ {‘“ . - ". ;‘ .
5715, 0eR 87708, (50 = xRy

for each X5 € i, czn be interpreted ss recognition of conservation of
compatibility of qusntity-preserving tronsformations Si with reospect toe

the reflexive property of R.

From the shove enelysis it eppears that confusion between "canservaﬁian
of identity" and the "reflexive snd sntireflexive properticsY could have
arisen from {wo sources:

1. failure to recognize thet the definitions of reflexivity and
antireflexivity, as with transitivity, imply at least two levels
of wpplicntion
Level 13 when x ig the only element of the set M
Level 2: when x is just one element sf the set H, which

containg more than one elemnont,
ond that application at Lovel 2 nust be attained before we can
ensure understanding of the reflexive and entirefloxive

properties, hence the deliberate introduction of the word
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toxenplar! at stage (b') of the sbove analysis té highiight this
point.

2. the applicstion of cuantity-preserving transformaticn(s) is not o
necessary desighwfeature faor & test of reflexivity or anti-
reflexivity, whereas the introduction of quantity-preserving
transformation(s) is necessary to test conservation.

Thus it ecems that leck of clarity on interpretation ond use of the
terminolagy is the underlyving scurce of con?usian expressed hy the

statement quoted on puge 113.

(v) An sttempt to clarify the main issue raised in Section 2.8 (1)

At this point we note certain similarities in the interpretation and
use of the word Yconservation" by D.7. Owens to those of Steffe and
Caray. Consider, for example, the following guotaticn

0, o o orden relation censenvation 45 also fncfuded..

Conscxvation L4 studied {rom the acﬁaiiana£ point of view

and ;b‘:ax»z.;sw:u&gf i neeessondly o relotionat waeperdye

Thus, the refotlonshiip belween fhe develepment o

Ll

conservation and oftedument of fronsfiivily L8 approcched
dnon the stendpeint of nelotions . ((22), p. 52),
and the similerity in the design of the Tests of Conservation of

Lenath Relatione by these investigators. {See Appendix 2e.)

Unfortunately, we now have &ll the available cvidence on which to hase
Owen' s interpretation and use of the word "conservation®. Hence,
further attempts to seek points nf»similarity and difference would
result in yet more conjectures with respect to the conjecture already
applied in the attempt to clarify Steffe end Carey's interpretation and
use of the word “conservation". Tﬁﬁs we see that without further

details any sttempt to confirm or reject the epparent contradiction



_surreunding the statement
conservation of @ set of quantitative relations is o necessary
condition for restricted-trensitivity of the same set of
quantitative relations,

 would be open to deserved criticism. Once again, lack of clapity in

interpretation and use of the terminology is our sturbling block,

2,9 Partition - ite role in the dovelopment of the concept of

equivalence relation

In the list of definitions given at the end of Section 1.3.wé inclugded
the following result
Any equivalence reletion R on a set A pertitions the set, in that
% and y beleng to the same subset if;bghd only if, xRy
and conversely, given a partition of a2 set A, xR1y if and only if
% and y belong to the same oubset of the given partition of A,
defines an equivalence relation R?‘inié.
Thus we see that the conceptﬁ‘cf.éﬁcivalence relation and partitisﬁ are
clasely related. Clearly; an ihvéstig§§i0n’into the development of
the ability to partition a‘gi?en*aaﬁ and”othér essociated
'classificatary skills of young cbiléren vwould provide additional

evidence on the development of the cancaptvaf equivalence rolation.

fortunately, clessificatory behavisuf.af young children hag been £he
subject of & number of recent research studies and a very useful over-
view of the main findings of these studiee is provided by H.L. Johnson
~in his introduction te " esrning of Classificstion end Seristion by

Youny Children".
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"Inhelder and Plagel (19641‘1) wexe anong the (st fo
systenatically study fhe behovier of children as Zhey

aliempted to fowm classes,  These authons nepont behavion
neleted io classifdcatony aels ranging drom "araphic
cobbecition” {Siage 1) 4in which the child fonms spatlcl wholes,
to True cﬁa&&iéiaation (Stage T11). Thaue classdfication
appearns when childien are abfe to coondinate both Zhe intension
and extension of o cfass as showm by an abifdily to solve class
Anelusion probiens - somewhere around 8-9 years of age.
Lovels, iitchett and Everett (1962)'%) found behavion sinitar
Zo thet found by Inhelden and Ploget with only Stage 117
children being abfe Zo group objects acconding o moxe than one
erdtendion; auch as cedon, shape on form.  The fact that

the bases o{ ctassification children wse 44 age refafed

was revealed by OLven and Hoanabglai. Thein nescarch

showed that collfections made by very young chifdren are

based on perceptible properties of cbfects {colon, shape,

ete, ) with an dncrease of functional based equivafence as

childnen oqrow pldern.  Othon xeseanchens {Maceoby and
& Y

(1)

(3)

Inhelder, 8. and Piaget, J. "The early growth of logic in the child:
Classification and seriation", Translated by E.A. Lunzer, Routledge
“and Paul, 1964,

Lovell, ¥,, Mitchell, B. and Everett, I.R. "An experimental study
of the growth of some structures", British Journal of Psychology,
1962, 53, p. 175-188,

(llver, R.R. and Hornsby, J.R. "On equivalence™ in J.S. Bruner
’ ’ . ‘ r~ » - - ’
R.R. Olver and P.M. Greenfield et al., "Studies in cognitive
growth", New York: John Wiiey and Sons, 1966.
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Hodiano, 1966811} neponted that the chodee of ariteric fon
classiffeation L5 ¢ Junction of he child's cultune,
shile this may be Zhe case, (fmsted, Paiks and Réickef
(1970](2) reported that the classiiication shills of
cultwnally deprdved chiildren, dncluding an Ancrease in ihe
vardety of exdtenie used for classifdication, could be
imﬁkavad'&gliuvaiuéng the children in a aystematic |
Inadndng procedune,  Edwands (79691(3; L50 neporited anw
énc&eaéé éﬁ‘cfaééiﬁ{catiaﬂ performance of chifelren due to
tradndng. Othex Anvestigatons (Canke, Coopen, and
Loudon, ?9&?{43; Pameld and Bowrne, ?970l5’} neponied
that conditions of @&aiﬁing such as moking the chifd aware
of natural refationships on onderndings among o set of
obfects, way facilfifate the Leawming 0§ equivafensce

ILMLUL‘A'.OH.A;” ( (27) + Po 7&) .

Johneon's assesement of the current literature, however, led to the

following conclusions

n Haceohy, He and Modiano, N. "On culture end equivalence IY in
Je8. Bruner, R.R. Olver snd P.M. Greenfield et al., "Studies in
cognitive growth", New York: Jobn Wiley and Sons, 1964,

(2) Blmsted, P., Parks, C.V. and Rickel, &. "The development of ,

clogeification gkills in the pre-school child", International Review

of Education, 1970, 16, p. 67-80, ' )

(3) Edwards, J. Y"Effects of instruction and concomitant varisbles on

multiple categorization ability", Journal of Educational Psychology,
1969’ 6{}3 p‘ 138“1&3. b

([:') Clar!*(ey AOMQ, COOPGI‘, Goi“‘io End Lﬁud(}n, Eoﬁo‘ “pt Set tﬁ Qﬁtabli@h
equivalence relstions in pre-school children®, Journal of
Experimental Child Paoychology, 1969, 0, p. 180-189,

(5)

Darnell, C.D. and Bourne, L. JpJ VEffects of age, verbal ability,
and pretraining with component concepts on the performance of
children in a bidimensional classification tesk", Journal of
Educational Psychology, 1570, 61, p. 66~71.



".}. . classifdeation has been approached only as o general
catenondizing process not ncluding the majon aelion in
classifying - *he §ommation of equivalence cfasses,  Hence,
any efaiionship which may exist between the chdfd's
kirowbedge of £he wathemaiical propenties of an equivalence
nebation and his cfassifdfcation shifls bosed on that

refation has noit been explicated,” ((27), p. 75).

Consequently, although the main purpose of Johnsen's investigetion was
to datermine{the infliuence of frmining on the sbility of first and
second grade children to classify end seriate objects on the basis of
length, an additional objective was
n, o . Ao determine if the subfectls ability fo use he
Trensiiive property of the equivalence relation ¥aame
- fength ast was refoted £o his abilily to classify on the

basis of the refation; o« « o ((27), p. 75).

»Assoéiated with this'additinnal objective were the following measuring
instrumente: | | ,
1. the two items designed by Johnson to test the child's shility
to use the transitive property of the eguivalence relation "some
length as" that were included in the Transitivity of Length
felations Test (TLRT).,  (See Appendix 2c).
2. a three-item Classification Test:
Item 1 required the child to find and sort into three
distinet piles, stickshccngruent to three given sticks.
Item 2 required the child to discover the criteria for
& given classificatiag.
iter 3 presented the child with the problem of forming
a sot conteining one element.

(See Appendix 2f for further detuils).
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For the subjects of this study, these measuring instruments produced the
following resulist

", . o perfornmance on ilems 1 and 2 was sC4ghtly nelated to

transftivity ability of Psame Lenadll as¥e  No refationsiidp

coubd be detected betveon thansitivity ability and

g&m@iﬁécmﬁmz pesfoumance on {tem 3. Perhaps transifivily

e;a& not néaded Lo correctly perfomn fhe items on the

classdfdlcation Leats” ((27), pe 87).

“In the subsequent discussion, we also find

“The results of the classification fest indicate that Lf was
somewhat easien fon chifdven o classify stichs on the basis
of sobf-selected criteria than o discover the eriteria used
forn atdehs already c»?m&{{iad. While £ittle diféerence was
found in ;:»e;zﬁwmﬁnce {es noted by 5}:@@@1&{.&4 o4 nesponse)
on ifems one and Three, é{ae m sehook cm:i neatment, LL was
clear Hhat sccond prade chifdwen did betfer on both of Zhe

, x‘,i’:a.rm,_ On Ltem Fhree, fhe difference in ;aaza,ssmz,sé ;
frequencies dndicated that second grade children were abie
fo fomm e class with only one clement mone consistently than
the (it graders,  This §dnding was consistent with Piagel’s

- ebservation that the concept of o adngulon class appears in a
child anound eight ox nine yeatrs of ange,
The hypothesdis of a refationship beaveen the clilld!s
classification ehility and his abifity fo wse the transitive
property of the equivalence xefoation of "same Length as" was
noi cyongmad. The fack of o refationship may be explained,
at Leart pontially, in fwo ways:
Te A Zwo-Ltem Lest may nol gdve a e assessment of

Inansltivity abilidy,  Past nesesrch reveals that mueh



Zs

controversy exdists over methodofogical Lssues and af the

age ¢t which chifdren acquine the fnansiiive propentty.

Braine (7959)”’ wsing e non-verbel fechnicue, repanied

that chitdren can use ihe frensitive property of Length
redations as eardy as fowr and one~half yeans of age. On
the other hand Snedsfund {7963) (z) reports that operational
Transltivity occurs eround sever yeans of age and that
Bradne {ailed fo. assess Lransltivily,

Transllivity was not needed o do Zhe classdificalion

foshs,  In Zhe ease of Ltem one his coudd possibly

have been £he case sdnce over one haff of the subjfects

receiving a scone of zerwo on the Tnansiiivily Lest
{inddeating failurne Lo correctly ansver both

Trensiiivity Ltems), performed ot the highest Level on

;c!:,c:a Ltrem,  On 4tem 2 over 50% of ihe subfects

pengommed at the Lowest fevef of performance. across

ransdtivity scones.  Ovex half of fhe subfects

resefving zero on Irensitivity also pernformed at the
Lowest Lovels of penfonmance on tem 3,  Such resufis
suggest that Lransdltiviiy was not neeessany forn the

classifloation Ltems in Lhis Zesf,"((27), p. 91-92).

- 1284 -

Apart from the now obvicus comment that restricted-transitivity not the

trensitive property of "same lencth as® was under investigation, yet a

(1)

(2)

Braine, M.D.5. "The ontogeny of certain logical operations:
Piaget's formulation examined by nonverbal methods", Psychological
donographs:  General and Applied, 1959, 73, (5 Whole No. &475).

Smedslund, J. "Development of concrete transitivity of length in
children®, Child Development, 1963, 34, p. 349-405,
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further possibility could account for the lack of any discernable
relationship between the child's classification sbility and his ebility
to use the "transitive" property of the equivelence relation Yeome
length as". It is this. Given any equivalence relation R defined on a
set A, successful partitien of A into equivalencé classes ean be
achieved by divect reference to the statement which defines R.  In other
wordé, the ability te recognize distinct pairs (%, y) where %, ¥ € A such
that xRy is ALL the child needs to su¢c335fully partition into

equivalence classes.

The{aaurce of this suggestion can be found in Sectien 2.7 (ii).

Here, we noted that we can partition with samething‘less than an
equivalence relation, but on using this near-equivalence relation we
induged on the set under consideraticn the equivelence relation

", « is in the sams subset as . L%, This ides cen be generalized even
further, for in fact, given any relstion $ defined on a et A, we can
construct the partition defined by S as follows:

Step 1: Draw the arrow-disgram for the relation 5 defined on the

set A.

Q\lﬂ\j

)
)

Stgp,Z:_ Put two distinct elements of A into the same subset of the

The relation defined on the set A,

~

pertition if and only if they are connected by arrows of the
arrow-ciaaram, i.e. if and only if we can go from either

elerent to the other by fellowing the srrowe of the disgran
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but without paying attention to the ”sense? of the arrows.
tach element, if any, of set A not associated with an Qrrov
should be put in a class Df its own.

Thie defines the partition P of the sst A.

(’—~;;_”7‘_-’_——_ ) The relation § defined on the
\ l ‘ set AQ
1
\\\\ ’ ' The pertition P produced by S.
§—>P
Oi

By the zbove process we novw have
produces

S ——> P
In addition, the partition P produces the equivalence relation @
", . ic in the same subset as . WM. The arrovw-diagram for this
equivalence rélaiion 1 can be cbtained by using all the arrows
representing the ordered pairs of S agd adding the winimur nurber of
others to then so that the ordered pairs represented by thene
additional arrowes together with the ordered pairs of §, satisfy the

3 » x 3 %
reflexive, symmetric snd transitive properties ,

The procedurs by which P produces 8 could also be described as
forming the reflexive, symmetric, transgitive hull of S, as an
obvious extension of Appendix Za. (@ could also be defined as N&
where & is the family of all equivolence relatione on A each of
which containe S.

t.v
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The relation § defined on the
set A,

The partition P produced by 5.

The equivalence relation {
produced by P,

And sp we now have

produces produces produces produces
P ‘ 0 P > . « ad inf.

[%2]

>P =

[#24

Note that if S is an equivalence relation, then we do not add to the
- arrow-diagran any additional arrows representing ordered pairs after
Step 1 has been completed,  But of greéter significance to the present
argument is the fact that if S is an equivalence relation, then by Step
2 mbove we can put pairs of distinet elements of A into the same subset
of the partitimn by direct reference to the statement defining S and
the job is done - the reflexive, symsetric and transitive properties

are automatically satisfied,

- Thus we see thot it is possible for young children to use the
behaviocural counterpart of Step 2 with concrete materials and success-
fully partition by the eguivalence relation under cansi&eratinn without
being aware of the reflexiye, symmetric and transitive properties.
Moreover, use of this process could zecount Fbr one of the major
difficulties experienced by some children that was reported by Johnsorn.
This was dealing with a singleoton subset, for we note that the process

underlying Step 2 is dependent on pairs so that vhen faced with a



singleton the child has to modify his previous strategy in some way.

1t is also possible that this associstion of pairs is a factor in adult

‘use of near-cquivalence reletions as true equivalence relations.

However, the hypothesis that the behavioural counterpart of the process
hnderlyin§ Step 2 is the one used by young chiidren in partitioning a
get ﬁvwith regspect to soms equivalence reletion S reguires further
inveétigaticn. For other procedures are possible. Consider the
behavioural counterpart of Step 2 when it is speeified as follows:
‘ChOGGQ any element as first. Put it in & class. Choose any
other element s secontd. If it is jeined to the first by an
arrow put it in the sgme class as the first. I not; put it in
& new class. Then iterate with the following procedure until all
the slements are classified:
If any element remains unconsidered, choose any one. If it is
joined to any of the previously considered elements by en arrow
of the arrow-disgram, put it in the same class es thatrelement.
If not put it in & new class,

(For non-finite sete thisg algorithm will require modification.)

Naté that thie slgorithm does not rely explicitly on recognition of
pairs, nor does it.reﬁuire modification for elcrnents not éssaciated’
with arrows ac did the original Step 2 procedure. But we now have two
different epproaches te the idea of partition. . Still cothers masy be
possible, hence the request for further investigation to identif§ the
hehavioural counterpart(s) of the partitioning process(es) used by

young children.

Whatever the outcomes of further research might be, it appears highly

likely that explicit experiences which draw attention to the reflexive,
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symmetric and transitive properties of equivalence relatiocns may be
necessury beforc the child is shble to "see' that these three properties

cen be used to produce a partition of = set.

2.0 Csncludinakremarks

From the vast ocutput of ﬁubli&héd worle of Jean Piagel we have selected
appropriate sections for éhe foundation of @ framework within which
ohservations about the development of the concept of equivalence
relation can be orgenized. In daing so we have encountered widely
differing interpretations of Piaget's work by‘individuals viho have
concentrated their offorts on different sections of it. The
fundarental reasons for this diversity seem to be traceable to at least
two sources. First, the complexity and ocecasional internal
inconsistency that aré to be found in Piaget's published work.
Consider for example,

1. Piaget's psychologicel model known as the grouping,

II. the application of well-defined mathematical terme in restricted

contexts,

The Former (I) does not have @ rigourous mathematical formulation, end
although reformulations exist which appear to be logically satisfectory,
recent American research in this sren has been based enly on tﬁe
imprecise fornulation by Piaget end not on this recent work by Wittmann
and Steiner. The lotter (II) appears to have led to confusions of
itdeas (e.g. conservation of identity and reflexivity) and to
contradictions in the results of recent investigetions. This suggests
that the pay-off from the considerable amount of experimental work done
might have had greater import had greater care been taken with respect
to the terminology used. Second, the tie up between the psychological
modele that have been devised and the behavioural counterparts which

they arc supposed to represent is very slack. Bub, given that it is



difficult to describe the behaviocural counterparts of some of the
simplest mathematical notiens such as restricted-transitivity,
reflexivity and conservation, this cannot be used to excusc the

imprecision we have already noted.

3gst as there are gaps between the psychologicel models ond the
behavioural counterparts which they are required to deseribe, so there
ere paps between the mathematieal notions and their pedagogical
application in other Qarts of the school curriculum,  Two inter-
connected considerations . appear to be involved. The first
canaidgratian is the lack of precision of ordinary language. This
imprécisian varies with the area of application and is related to the
second consideration, which is the extent to which people Yecalculate",
in éome meaningful sense, in the classificatory systems in different
subject fields. These mattere are important because all subjects in
the school curriculum should be contributing to the development of the
Jogical use of language by the child, and we are here considering some
of the difficulties of deing so. Teachers need to appreciate the
traps, and to be aware of the need to maeke decisione on whether or not

to discuss the traps explicitly with the children,

The lack of precision in everyday language is not necessarily g fault
for which the user is to be criticized, as it may be brought about byv
unavoidable features of the metter under discussion,  tHany
classificatory systems in everyday use can only be associated with ncar-
equivalence reletions. TFor example, there is ameng teachers a
reluctence to discuss the frequent absence of the reflexive property.
This sbsence is exemplified in the traditional view of parallelism and
the collogquial usage of the word 'broﬁhér'; The teacher needs to

consider the advantages and disodvantages of adapting usage in such e
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way that the relation becomes reflexive,

Az examples of the difficulties - one cannot epply transiiivity arguments
to equivalences which are only spproximately transitive without sone
modification; old style definitions in qeﬁmetrv (i.e. squsres are not
“har%uses) led to a situation an which genersl arguments feil to cover o
nusber of inconvenient specisl cases which require specinl treatment.

(If mathematiciens themselves ran into urh difficulties vhat may be

expected of others?)

As noted earlier, the extent to which people Pealeulate! with
classificatory systems yaries very ruch in d;fférent subject arees. At
one extrere there are systems in which no Yealculation" is sttempted at
all; =&t the cther extreme, as exemplified in the field of linguistics,
vie have something wo can fairly eall csleulation, asinee linguistic
theorists erploy systems of ideas,of precisely the same type as those
employed in some parts of pure mathematics. The more people wish to
Yealeulate” with elasses, in the sense of menipulsting them ss if they
vere entitles in themselves, the more necessary it is thet the ideas are

forpulated in a precise quasi-mathematical way,

ile also note that the dlverq1ty in 1nterh“stﬁtznn of Pinget's work has
produced implications requiring further consideration when, following
Piaget's lead, we design experimental procedures which fecilitate
dirgnosis end so meintain coptuct with the development we wish to study.
In particulsr, vhen desioning experimentzl procedures te investigate
1. how the child qraspe each of the properties of reflexivity,
symmetry and traneitivity independently of the others,
2., the relationships which may exist between the child's use of
properties of the relations under consideration,

ve see that there is now the need to ensure
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(a) a match batgeen the terminolooy used and the content of the
| experimont,
(b) that strict criterin for concest stteinment are enplicd.

Concerninn thic lattor point of edopting as epiterion the sbility to
distinguish instances from noninstances, we suggest thot had the
invesiiaataré used this criterion
- there would 5ava been no need to identify levels of application
for the concepts of reflexivity end tronwitivity (see Sections
2.5 (iv) and 2.6 (iv)),
~ agreerent on & proper definition of esch comcep£ could have

resulted, thercby evoiding the blurring of meening which we have

gncounterede

Additionsl desiun festures which should alse be incorporated are that
(i) the child should hove hed sufficient experience in working
in the given physical context so that
- viith respect to 1 sbove, the likelihood of his
recognizing the property concerned is increased,
- with respect to 2 sbove, the likelihood of his use of the
relstionship between the properties in increased,
(ii) the key attributes under consideration should be
differenticted by the child in his everydsy conversation,
(iii) there are no etiributes of the nateriels selected other
than the ones on which the experinent is based which could
be the source of failure for the child (e.g. use of

distracting perceptuzl cues in tests of transitivity).

For example, on finding thet o symmetric relotion (outside of tho
context of an equivalence relation) had not been sdequately studied,
the sugoested desion for such on experiment, included in this paper

(which has received @ modest pilot in school), deliberstely incorporoted
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the following F&atuxes:-

- o pet of Action-Man type delle wearing shirts, trousers and

 bootsn,

- colour,

- dolls identical in every respect except for the colours of the

shirts worn,

as ekampiars of (i), (ii) and (iii) respectively. Use was also modo of
non—gxempiérsvof the basic reiaticn."g . is wearing a different coloured
shirt~frsé . o7 for all thres ntages under investigatiﬁn, to see if the
child was in & position of r&éagniz%hg whether pairs of dolls from the

piven sel satisfied or did not satisfy this basic relation.

The aim unnnrlylwz the cbove suggeotlsvﬂ is the improvement of the
effcctivcncss of both dm«qrc;tlc/heurlstlc ond clinical/experimental
methode of enguiry when they ére applicd to this area of studys /fur
BEVere criticism has been applied on this point:

Uit L8 o s eor unmﬂwm on e cé{cmvw%s of ot

mataa of anqa&&j that a{ka Lowe, e&aafg geans of

'?éﬁéﬁ&ﬁ&ﬁ&ﬂ&f Anvestiontion and ¢ discon AHuaaé h&mwéﬁb

of fosly wenns of Labox mo'm mmf«{:m Th, ot fund -cié

accepted kﬁ@ﬁﬁﬁﬁﬁ&:ﬂé the Aubjeat of conceptualization

vmwaae$ s0- Lditle of consequence that £t s hordBy

wonth compllding.”

((32)y pe 190).

Although more than o decade old, this eriticism otill seems very
relevent. The teal of further enquiry nust be to bring shout a state
of offairs in which this criticiswe is no lencer opplicuble, and we hope

that this thesis will muke g pmall contribu tlan in this direction.
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APPENDIX 1

Theorens
Any equivalence relation R in A partitions the set, in that x and y
belong to the same subset if and only if xRy, and conversely given a

1

partition of a set A, xR’y if and only if x and y belong to the same

subset of the given partition of A, defines sn eguivalence relation

R' in A.

Given an eguivalence relation R in A, we can now define subsets of A by
x and y belong to the same subset of A if xRy.

As R is reflexive, xRx (x € A), @0 each element belongs to at least one

subset of A. |

We now chow that x cannot belong te two subsets of the partitibn.

Suppose xc @ and x € C where B and C are subsets of the partition and

B # C, then if b is any element of B and c is any element of C, we have
xRb and xRe

But R is symmetric and so bRx., Also R is transitive, hence bRx and
xRc implies bRc, which in turn implies b, c € B and b, c € C.
Thus we see that any element c of C belongs to B, and any element b of
8 belongs to €, i.e. B = C, which contradicts the hypothesis that
B # €. Thus any equivalence relation R in A partitions the set A.
Conversely, given a partition of a set A we define 81 so that xﬁ1y if
and only if x and y belong to the sane subset of the partition, then

(i) for all x, x € A, xR1x as x belongs to the same subset

as itself, i.c. R is reflexive,
(ii) yR; whenever xR1y, ivee RU is symmetric,

1y and yR1z then xR1z, because the subsets of the

(iii) if xR
partition do not overlap by definition. Hence, R1 is

transitive.
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, 1 . :
" Thus we see that R is an eauivalence relation,



APPENDIX Za

The reflexive, troneitive hull of 4

The reflexive, transitive hull of Z\ coen be obtained as outlined below:

Suppose i is the set as illustrated

and that 2\ is defined by

A= (s, b), (a, ), (c, ), (d, &), (o, F), (Fy 0))

Qe—>—b
denotes the
ordered

pair (a, b)

the paic
(dy o)
¥e now nake all the compositions that sre possible with thételements of
/\ , within the restriction imposed by (iv). For exsmple |

(a, ¢) o (cy d) = (a, d)
hence (&, d) becomes & member af the transitive hull we are constructing.
This gives {(a, b), (&, ©), (e, d), (c, @), (d, d), (e, F), (e, a), (F, o)}

as the transitive hull of A,
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«h

To obtain the reflexive, transitive hﬁll of A, we include 2ll the
ordered pairs of the form (%, x) where x e I{, as elements of the set
i.c. RT(2) = {(a, g}, (&, &), (8, c), (a,bd), (b, B)y (c, ), (c, d),.
(d, ), (e, @), (o5 0, (e, 0), (F, £), (F, 0), (5, 0), (h, W],

Thus RT(A) is the swellest subset of 1 x i which is reflexive,

tronsitive, and contains A\ .
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APPENDIN 20

A noticn used by Dermen didacticians (though seeminuly little discussed
in England) is that of o domain of guantities (Grossenbereich). A
domain of quantitiee i in fact the appropriste sbstract model for the
aetivities of weighing aend measuring which are such 2 strong feature of

the didactics of primery methematics in England.

fyd

A domain of quanhities is defined by Griesel (33) as
A set M, with a binary operation + end a relation < which
satisfies for all @, b & I
1. Commutativity: a+h=b+a

2, Associativity: a+Mbe+e)=(a+b)+ec

4]

-

3, Bithera < borb<as or a=bh
4, a < b if and only if there exists ¢ e I such that

a";'c-":b-

(Note that M is assumed closed with respect to +3  in axiom 3 the for!
is exclusive. o reference is made to a zero element, but by

implication such an elerent is exnl&ﬁsﬁ).

It is easy to show thet exiom 3 ensures that < is ssymmetric, and

x

that the acsociativity end closure of + lead to the transitivity of < .

A domain of magnitudes can be seen as a particular kind of grouping,

snd it corresponds to Piagoet's grouping V.
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APPENDIX 2c¢

Instruments desicned to test a child's sbility to use the transitive

property of motching and length relations

1 The Tronsitivity Test in Stoffe, L.P. and Carey, R.L. "Learnino of

Equivalence ond Order Relations by Four- and Five-Year-0ld Children®.

Sample items
"Hatendals: A ked stick and a green atich of the same Length

atigehed o a candboond as follous:

i

red atich

areen stick
A white stick #he save Lenpih as Zthe red and
preen stieks fon the chifdts wse,
Ouesiions la) V1 the red atich the same Lengih as your sfdeh??
{b) "1s the green stdeh the same fongh as gour
sfdoht?
le) Y15 #he oneen stick shonten than Lhe red stich?t

((26), p. 46).

Further details:

“The Transltivity Test, consdsted of six tems where "Yes" was
the comrect nesponse for three items. Forn these items each
of the refations "Longer thant, "shonter than, and ihe same
Length as" was {ncfuded.,  "No" was the cornnect xesponsc §ox
the remalning three Ltems,  Fach of the fatton thice {tems
invobved trensitivity of "ihe same fength sa®. 1% wee not
possdbife fon the clifd to wse a non-fransliive hypothesis to

awndve al a correct nesponse beeause all of the perceptunt
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cucs were biased ageinst a courect response and the child was
- not ablowed Lo directly compare the Gwe cuwrves under

considenation,  ((26), p. 26)

Testing Procedure:

nThe childnen were fested on a one-to-one basis, The {teims
wone assioned at xandom to cach child so0 Zhat each hed a
different sequence of Zhe same {tems, ALL fesls were
adninistered by specinlly Irained evaluatons.
In the case of the Transttivity Te,ét, unfess a chdild
%taéﬁshed Ao correct »ezom;azvz.i,wm ro measure was obiained
on his ability o wse the transiliive properdy of that
nebetiont  ((26), p. 26~27).

2. The Transitivity Tests in Owens, D.T. "Learning of Fouivalence end

Order Relations by Dissdvantaged Five- and Six-Year-0ld Children®.

The Transitivity of Matching Belations (THR) Test

"The puspose of the Trensiiivdly of Hatehing Refaticns (%ésfi":’)
Test wab L0 neasuie ¢ chifdls abifity Zo whe the #ransitive
properdy of watehing sefations. On a THR item c c;!z»::é’;i Wk
presenied Hoee collections A, B, € of physical materials
‘::a!&zmg&i in efustens,  Suppose, fon example, Zhat there were
fewen als than bls and fewer b4 than s,  The c-};/éiid WL
instaueded Lo padln the «'s and b'a &:Z:f was Then ashed

hne Zhene fewer als than ba?h |
The exaniner then put the a's dnfo a cup which saf neanby
aind sndd |

Bpain Hie bl and c'a.Y
Ater the paising the examiner ashed

vhve Zhene {ewer b's Lhop elagy



The a:cccz:r&:éo;: then ploced the chs Zn anothen cup and esbed
RAre there fowen a's than ela?
and
“ixe there wmone ¢'s Zhan gibs?’? {or YAne fhere as many
als as ela??) |
Hote that the sefs A and C were not "paired" and Fhot the
ehjects wone scxeened af the Zime of the Fransitive fnference,

((22)@ Ps 5£§‘55)a )

The Tranaitivit); of Length Relations (TLR) Test

"The, Tranaitivity of Length Refations (TLR) Test was designed
to measuwre the abibiy of a child 4o vse ﬁm\&mé&mg
properdy of the Lfonoth nefotdions.  On each item, as in fhe
THR Zest, ¢ chifd was asked fo establish -a'}ze refaition between
fwo sticks A end B, Stich A was placed in o box and stick B
was companed with anothen stich C such that the same nefation
held bedween D and C as befween A and B, Then atich € wus
placed in a box end fwo quesiions, nelfotive fo A and €, were

aé&t’.’d. ((22), Pa 55).

- The Transitivity Problem (TP)

"The Transitivity Probfem {(TP] wvs desdgned Lo measure the
abiiity of a ehdld Lo solve o problom w?:»ic*.k involbved
nansdidviiy of a :éafwz‘&zg nefation with mindmu quidance
from Zhe examiner. The sifuation involved a cardboard box
from which zhe {ront and Lop were xemoved, The i;sx was
divided {nto helves by a periiiion es showm in Figure 2,

Ten chechers wone atiached Lo the botfom {nséide one ialf of
the box and fen 2iles were affached dn the other side,
Tielve buttons Lay on the Lable 4n {nont of Zhe box.  Aftex

the obfects wone ddentifded, the examinen scid,



e

arind oukt 4§ Zhexe are as wmany checkens as Liles, . You

moy use Fhe butfons Lo hefp you {dnd out”
In genered #he examiner gove as 288Ele auddance as was possibie,
hut if the chibd fe

3

ifed 2o nespond at some point, the examinen
directed the next step fowerd sofution. Uhen @ nesponse was
glven, the excmweﬁ asked for an explanation,

Fiaure £
e

[:] [:] C) Checkes
DD ] D D’f’iﬁe

D D D © Bulion

‘Sereen !cw'v:a’écwd wartition)

O O _O
QOQ
OO OO
0O

CRRE
SJoyoxe)

((22), p. 56).

Scoring Tests

A Llem was sconed Ypeas? provided that zhe ehidd ansvored
conneetfy all fhe questions contained in the Lten end ¥ 5:::{_2"
oifionwise,  The wumben of Lfems sconed * ;ﬂ«v.ws“ by a chikd on
cach test was considered o be his scone on the fest,  Fon
the pupese of compaking Zhese data with othen studies LT
was desinable fo distinguish childien fon which cvidence
existed thet they could wie a property 4rom those fon which
no such evidence existed,  This was accomplished by asetting
o cuitondon scone based on o rendem modefs, 14 was asswned
that o chifd could wase a relational property Lf and onby 44
lie wet the eniterion on a partieufan est,  Four of Zhe slx
Aters was the exliendon set on each of The THR and TIR Teais,
T&(’ probabllity of renchdng his endliendon by puessing was
ot most 0,038,

For Zhe Tranaitivity Problem the following dour Levels of

-
U
-



ehllity Lo apply the iransitive A}é’:@,’?@‘ai&f werne ddentifdied:
1, the chifd neither consistently established nefations nox
wred the &’bmmii:iue propesnty:
2. the ohild establfished neletions but did not wie #he
Dnanstiive property:
3. the child both established nefations and wsed he tnansitive
propenty without edequatle fustification:
4e the chifd established relations, wsed transitivity and gave
adequate justifiication fon his aa;m-&wion,
The consensus of fwo of three judses’ natings, based on franserdipts

of audio fapes was tahen as the ohild's saling on Zhe Transitivity

Problen, ((22), p. 57).

3. Transitivity Test in Johneon, M.L. "Learning of Clessification and

Seriation by Young Children®

Transitivity of Length Relations Test (TLRT)

UThis fest consdsted of adx {fens; we each {on the nelfation
Baame Longlh as?, YEonger Than® ond Yshonten fhan'.  Two
percepiual sLimld wene present:  screened and conflictive,
ARL patorials in this teat consisted of ned, bfue and green
slichs all -‘—f;' dn diameder and diffening in Pength by g’.

Tn each ftem the chifd had §iust o determine the nelation
Thet existed beboeen the aed and blue stichs, then fhe blue
and preen stichs,  To make an inference ahout the redution

Thet exdsted botwoen Zhe ned and preen Atichs the ehifd wes
ashed three questions in iandonm order, (i.e. Iz the red stick

longer than the green stick? Is the red stick the sswe length as
the areen stick? Is the red stick shorter than the groon stick?).
On fhe iiesj:m wlth sereened sAfimnfd the fénal ,ing@axm ahout the

Length of the red and green stichs had %o be made with the stichs



in boxes aud not visible fo the subfects, This fest was used

both ns o pnelest and o postlest with sconing,

((27), p. 78).

4, The Transitivity Test in Johnsen, D.C. "Learning of Selected Parts of

a_Boolean Algebra by Young Children®

Transitivity Test (TR)

UThis 10 Ltem test designed fo measune fhe ehilily of children
£o wee the Dunsitive property of the relfations tfested fox in
the Relation Achicvement Test, (i.e. Ymore than%, "fewer than", “"as

P

reny as®, Yeome shape asY and "same colour as").  Fuwo

::z:am wene designed Lo fest for fhe Tnansilive property of ewch
of the {ive nelations. A Pleft Lo rnioht? and e "night Zo Lediy
mateliding wene used {n the Zesting fon the Trnwwsitivity properdy
of the relations Vas nany as”, "more than' and "ewer than', |
The truipfets of numbens of obfeets vased fon festing fon +he
above Zwee nefations were l?,.7, 7) and (8, 8, §); 8, 7, 6}
and {9, 8, 7}y and {6, 7, &) and {7, &, 9) nespeetively.

The Zesat was wsed ot a Twansfeor mecswre Lo deteanine £f an
abilily o whe fransiiividy 4s dmproved by dnsiruction on the
relalions of concern,

An example of o Tunsitivity {tem fox maiching refations 4
where Lhere wene seven ned dises and seven green dises mounted
in nows on postenboard,  The child was dircoted fo mateh o
piie of seven biuve dises with fhe ned dises and fudee The
relations befween fhe fwo sets,  The ned dises were then
covened,  The chdild wes then direeted fo moteh the bfue dises
with the gneen discs and judge the refations between Zhe #wo

sets,  The green dises were then covered,  Three questions



-
were then ashed: "Are there as many red discs asb green discs?”
ine there mone xed dises Tthan green discs?” and "Are Tiiere
fewen ned dises then green discs?”,  An anafogous procedure
was used for transltivity of the equivalence refations
fnvoluing colon and shape, except only Iwo questions were

- asked, one fon the eppropriate equivalence relation and one

fon its accompanying difference relation. ({12, p. 130).

Administration of TR

"items werne ama;iged in o xow on & Low fable, - Administration
o4 the six Ltems fon matching nelations vxs conducted
gollowed by the fowr Ltems fon the colon and shape relations.
Within this constraint the items wene ransomized Lndependently
for each subfect, A Transltivily Lfem was scored as cornect

only if all questions were correctly anawered,  ((12), p. 132),

18}
I~



APPENDIX 2d

Further details of the pilot study underteken to elarify the stages in

the developrent of symmelny

List of nuestions used:

The questions bélaw vere included ae part of a natural conversation with
the child sbout the dells. One of the purposes of the conversation was
the esteblishment of o sulteble rapport with the child., IF a question
hod to be repeated, however, it was repeated exasctly, os many times as

» required, without providing additionsl clues by‘comment or aesture.

These questions differ from those listed on pages B1-86 in small respects

only. iowever, it may be useful to have them listed completely here.

| (See Test A)

\

_ John Question 1 (&) This is John.  John is wesring o
{red) (red) ,
. - different coloured shirt from Paul.
(b}af) Yhich dol) is czlled Paul?

OR Question 1 (b): This is John. Paul is wesring a different
celoured shirt from John.  Vhich dollkié called
Paul?
Question 2: + Is theré another doll wearing a different coloured shirt
from Paul?

flugstion 2 What is his name?

(Sec Test i3)

John Question 1: This is John. He is wearing a
{ned) {red)
N » different coloured shirt from David.
. % Jhi f . 15 R xd David?
(nod) (blue) Which doll is called David

filuestion 2: Is David wearing a different coloured shirt from Peul?

fluestion 3: Tell me the names of two dolls thet are wearing different



coloured shirts,

- 15

Can you tell we the nawmes of another

two dolls who are wearing different coloured shirts?

(Sce Test D)

John
{xed) {biue)
{red) (gaﬁﬁew)

Question 2: fAre Robert and John wearing shirts which are the seme

flusstion 1:

This is John. Jehn, Paul and David
are all wearing different coloured
shirts., Yill you please put John,
Paul and David sitting togefh&r in a
group in front of you. Which doll

ie called Robert?

colour or are they different?

(lupation 3: Are Robert ond Paul wearing shirts which are the same

colour or are they different?

(Sec Test E)

{red) {ned)

A4 L d

(b:m»sa) zkéd )
Paut

(See Test F)

John ,
{xed) {ned)

ib%aa) lﬂéu@)

This is Paul.

I am going to say the names of

two dolls and I want you to tell me whether their

shirts sre the same colour or whether they are

different.

Nuestion 13

1. Paul and David
2. John and Robert
3. John and Peul

4, David encd Robert,

This is John., John is weaering a
different coloured shirt from David.
Can we tell which doll is called

Dayid?

6 -



GQuestion 2: Vhich doll wight be called David?

fluestion 3¢ John is wearing a difforent coloured shirt from Paul, Are
Paul ond David wearing shirts which are the same colour or
are they differsnt?

fluestion 4: Which doll is ealled Robert?

GQuestion 5: Are the shirts of Paul and Robert the same colour or

different?
(See Test G)
(xed] lyed]} fluestion 1: John is wesring a different coloured
’ - shirt from Paul and Paul is wearing

»
{GLue) . . - a different coloured shirt from
David, Vhich doll ic czlled Paul?
Question 2: Are John and David wearing shirts which are the sane

colour or arc they different?

(See Test H)

la} lred) (xed) fGuestion 1: John and Paul are sitting together

. *

and Robert end David are sitting
{ﬂéd) {béue} together. Robert and David are
wearing different caloured shirts.
Yhere are the dolls called Robert
and David?
{b)  (red) {redd} Question 2: John and Paul are sitting together
’ * and Robert snd David are sitting
{bzac} (b%&c} together,  Robert and David are
vesring different caloufad ehirts.
Can we tell where Robert ﬁnd David
are sitfing?

{lusstion 3: This is Robert (blue). Just now one of the dolls
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chenged his chirt from 2 red one te a blue cne.  Can you

tell me which of the dolle changed his shirt?

Steges of develepment inferred from correct responses to the above

aquestions
It is convenient to classify the responses according to three stages of
development which they may be taken to indicate., Still finer sub-

divisions may be possible, but the three steges described bolow are &

-

suitable initial classification ss the responses of the children confirm.

At Stage 1, in a given prchley situstion, the child recognizes at least
cne instsnce of & pair (%, y) such that " is wearing o different
coloured chirt frow y" when certain sbout both individuals. Further-
moro, he recognizes non-exemplars of tﬁe~basic relation, i.e. he
recoygnizes at least one instance of a pair (x, y) such that "x is NOT
wearing a different coloured shirt from ¥V, when certain about both

individuals,

At Stage 2, in a given problem situation, the child recognizes at least
one instence of u pair (x, y) such that "x is wearing a different
coloured shirt from y" when certain sbout one individusl only.
Furthermore he recognizes non-exemplars of the besic relation, i.e. he
reconnizes ot least one instance of a pair (%, y) such that “x is NOT
wearing s different coloured shirt from yY, when certain asbout one
individual only.

Nagu
A further distinctien was made by referring to Stage 2 , ot which it

was plain that the child could recognize mere then one instonce of the
basic relation in o situstion in which more than one instence was to

be secn.
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At Stege 3, in o given situction, the child recognizes at lesst cone
instance of a pair (%, y) such that "x is wesring a different coloured
ghirt from y" when not certein about either individual, Furthermore
he recognizes non~-exerplare of the hasic relation, i.e. he rocognizes
ot least one instance of a pair.(x, y) such that %x is NOY wearing a
different coloured shirt from v, when not certain ebout either
individuzl.

- NuB.

. . w3 . i
A further distinction was made by referring to Stage 3 at which it was
plain that the child could recognize morc than one instance of the
basic relation in a situation in which more than one instance was to

be szen.

Thus the answers to the various questions may be taken as indicating

the stages of concept formation in the following ways

A carreet response to

Question 1 (u), Test A implies  the ehild recognizes a pair
Qluestion 1 (b), Test A (%, ¥v) such that "x is
tiuestions 2 and 3, Test A ' ' wearing o different coloured
GQuestion 1, Test B shirt from y¥", when certain

sbout both individuals.

(i.c. Stage 1).

A ecorrect response to
Question 2, Test D implies  the child recaénizes a pair
(x, v) such that Yx is NOT
wearing a differont coloured
shirt from y", when certain

zhout both individuals,

(i.c. Stzge 1 on non-exemplar
- 1)



A correct respenssg to
Qlueation 2, Test ©
Duestion 3, Test D
Question 1, Test E
fluestion 3, Test E
Guestinn 5, Test F

(luestion 1, Test G

A correst respones to
fluestion 1, Test H

{juestion 3, Test H

A correct response to
Question 2, Teat E
fluestion 4, Test E
Juestion 3, Test F

Question 2, Test G

e
Lad ib“ L

3

of tho basic relation).

the child recognizes a pair (or
pairs) (x, v) such that "x is
woaring a different coloured shirt
from ¥V, vhen certain sbout one

individual only.

(itey Staga 2)

the child recognizes a pair (or
pairs) (x, y)} such that ¥x is
wearing & different coloured shirt

from y", vhen not certain ebout

‘aithar individual,

(i.c. Stage %)

the child recognizes a pair (or
pairs) (x, y) such that ¥x is NOT
vearing a different coloured shirt
from y", when net certain sbout
either individual,

(i.c. Stage 3 on non-gxemplar of

the basic relation).

The response “Jobn and David" only to Question 3, Test 0, implies the

child recognizes a pair (x, y) such that "x is wearing a different

eoloured shirt from y", when certain sbout both individuals,

A response which includes “Jjohn and David" and either "David and Paul%
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or "David and Robert" to Guestion 3, Test B, implies the child reconnizes

o pair (%, v) euch that "x ic wearing o different coloured ehirt from yv,

when certain about one individuel only, (i.e. Staqe 2).
The response "David and Paul, end David and Rohert! to fluestion 3, Test

£y implies the child recognizes pairs (¥, y) (1;6. rmore than one pair)

such that "x is wearing a different coloursd chirt from y¥, when certain

ebout one individual only, (i.e. Stsge 2 ).

Similarly, @ correct responge to Questions 1 and 2 of Test F implies the

child recognizes pairs (%, y) such that Yx is weering a different

coloured shirt from y", when certain sbout one individuzl only, (i.c.
. !ez,‘
Stage 2 }.
Correspendingly, o correct response to Guestion 2, Test H, implies the

child recognizes pai 8 (%, v) such that ®x is wesring o different

coloured chirt from y", when not certain about either 1nd1v1duﬂ1,

(i.e. Stage 3 Y.

Results

Stage 1:

Test A: Gues tlan 1 (a8) / . J/
Gue atlaae 2& 3 % , X
OB - . ‘ | -
Test Ar Question 1 (b) /1 / VRV VA N A
(Questions 2 & 3 X |/ x\V /%y /17 1/
Test B:s Question 1 ‘ JV /7 x|/ dx Vs 070 /0
Stage 1 on non-exerplor of the basic relation
Test D: Guestion 2 /1 / /| x /
1 01212 I £ I I I A |
~~ P N N N P N N Pan L)
g\-r .Cm u\:u'\ LNCW§>\WC\OCWE$F
0N OICOCc o0 O-~od OO OO0 B O~ 0
~ Cn HSQC’O’JUDU‘MC‘!WUEU\'HG}%%’X
o | @D @ W U T T T OO
L~ [0 0 Y O ) b A U) i  — TN




Test B: Question 2 / / X | / / / /s /1 7 /
Test D: fQuestion 3 X / X / X / / / / /
Test E: Question 1 / / X X / / / / J /.
fluestion 3 / / / X / X J Vs /
‘Test Fr Question 5 X ¥ / / / X X X VY
Test G: (uestion 1 / / X x| /1 / J 1/ X | /
2 1 4 3 11 2 11 1 1 0
= ) N n ) ) v 0 CR PN
5] Kol o o P s c _|D
telde |lce|ldolmo|fo |Ce 6o |86y
e O [ R DN L0 ED 10 U0 1 2 O | M5 Cn O e §R et
L SR B B A KB I BV B < R B+ S IS ST o B 0 s B Y I > O K 5
) el s [ (IS s (T D [T (e e (U s |20 S [N
Stage 2%: '
Test B: fQuesticon 3 ! " X X " X ' i " X
Test I+ Guestions 1 % 1 n u f n " " " 1
and 2

Key: ' Stage 1 respense

" Stage 2 response - Defore giving a Stage 2 response, eye and hand
movemente indicated that each child considered
both possibilities but only onc of the two wes

selected,
Stane 33
) —————
Test H: Guestion 1 s x 2 0 /0 7 x| /1 1 7
fuestion 3 | x| x| x| x| o x| x| % | x| o
Stage 3 on non-exemplar of the basic relstien
Test £: fQuestion 2 /v X x| / J VR 2 /
Question &4 / / / x|/ X / / / /
Test F: Question 3 b X X X [/ X /| s X %
4 - - N
Test G: Guestion 2 / / X /| 7/ X /| X /
2 2 5 4 (l 4 2 1 3 2
[ ool ~~ r\. P P an ~~ ~~ ~~ P " )
G |lown | W | N [gw xR icw e o
£ ] [ 8] (&) Q 6] [l
. 8 e X ‘.‘n ; " \-v;‘ ! bt .v - "; 444.-1 i, ¢ 1‘:_ ‘:.
2tage o= <G8 Mg o8 HPdlldlnd -8 |nd s diE g
Teot He Question 2 X % X "n e R X "t 1me "ne
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Key: o indicates that before selecting one individusl, the child's oye
and hand wovoments showed that both were considered,

"t Stage 3 response - Cefore giving a Stoge 3 response, eye and
hand movaments indicated that each child
coneidered both possibilities but only cne
of the two wes sclocted.

Using an error count on the scoring items for each stage, we obtain

No. of orrors at

Stage 1 Stage 2 Stage 3
Simen (ege 6) 4 f 1
Paul (age 5) 1 1 1
Hayley (age 7) 1 8 2
Tracy (agelé) 0 1 ’2
Sarah (age 3) 0 1 2
Alison (age 4) 1 2 2
Grisn {ane &) | 4] 1 3
Daren (#ge 6) '3‘ 2 &
FJasan (age &) 2 3 4
Dean  (age 5) 2 & 5

These results appest to support the conjecture that the subjocts!
responses indicate at least three stoges in the development of symmetry,
'which correspond to tho steges already specified.  For, apart.féam two
exceptions (Heyley end Daren with more errors at Stage 1 than Stage'Q),
the subjects chowed e steady state or incresse in the nurber of erfors

from Stage 1 through to Stage 2.

further pointes for consideration

Although the aim ef this pilob study was merely to test the feasibility
of en investigation aleng these lines and the suitebility of the

porticular guestions, it was noted that for each of the two sets of

o

eix itens used to identify Stage Z and Stnge 3, we have 27 different
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soxtuples with fcorrect' or ‘incorrect! ss elements. In a very similap
test situstion with sextusles Steffe and Cerey ((26), p. 28) pointed out
that on the hypothesis thet ‘correct' end ‘incorrect! answers were

equiprobeble, the probability that any cne of the Z pawg ible sextuples

778 Thi

vecurred viag 2 . his in tuen would indicate thot the probobility that

]

a child chtained st least 5 or 6 correct responces by gueasing was
anproximately 0.1,  This calculstion is clearly open to criticiem
because of the ass urg}tim of the cquiprobabilities. Vhilst recognizing
this weskness, wo alsgo note that in the present investigation thero were
usually more thuﬂ ? possible enswers to the guesticns, so the sctual
probabilities of achieving 2 score of 5 or & by guessing should be
‘substantially less than the G.11 calculﬁted abpve.  And so, fullewlnﬂ
Steffe and Carey, o total score of 5 or 6 wos taken ss the eriterion

score for Stage 2 and Stoage 3, This gives

Stage 2  Stage 3
Simon (age»&) / /
Paul  (age 5) / /
Hayley (age 7) / | 2
Tracy (age 6) / X
Sarch (age 5) / X
Brisn (zgc-ﬁ) / X
Alison (age &) ® ®
Deren (e 6) X kl %
Jeson  (age 5) ® X
Doan ("' 5) | X %

But before propoeing that sn eppropricte follow-up study be undertaken
to confinm or reject the existence of the three steges in the develop-

ment of symmetry, a nuiber of deficiencics in the decign of the pilet



- 465 -

study highlighted by the atterpt te identifv & criterion score for Stace

2 and 3, need to be rectified to sotisfy this new purpose. These ore
¥ i

1. Inoufficient scoring items (3 only) to test‘St&;s 1 on the basic
relation.

2. Insufficient scoring items (2 only) to test Stage 3 on the basic
relation.

3. The need to checlk that the subject can distinguich between pairs
which gatisfy the basic relotion end pairs which do not satisfy
the basic reletion, at all stages of developmant. Henece, the
need to increase the nunher of items to test Stage 1 on non-
exeiplars of the bacic relations and to include some items to

test Stage 2 en non-exemplers of the basic relotion.

It is therefore proposed that et least the following questions be

included in the seguence of tests:

"hre John and David wearing shirts juestion &, Test A

vhich are the sane colour or are (Stage 1 on non-exerplar
they different?” of the basic relation).
"Are Paul and David wearing shirts Question 4, Test D
which are the same colour or ars (Stage 3).

~ they different??
and that the followiny test be included as Test € of the sequence:
Test C: (Four dolls ~ John, Paul, David snd Robert)
Three of tho dolls are weoring red shirts and one is

wearing o blue shirt,

Davdd
{red) {zed) The experimenter picks up a doll wearing a red
* [
stiirt end says:
. °
{lned) {bfue) Thic is David (experimenter attaches David

Paul
label) end this ic Peul.  (Experimenter attaches



- 166 -
Paul lgbel and spreeds out the other two lobels).
I am going to é&y the names of two dolls end I
want you to tell me whether their shirts are the

same colour or whether they are different.

1. David end Poul (Stage 1)
2. John end Paul (Stage 2)
3. David and John (Stage 2 on non-exemplor

of basic relation)
4, Paul end Robert (Stage 2)

5. Robert and David  (Stage 2 on non-exemplar
of basic relation)

6. John and Rebert (Stage 3 on non~exonplar
of basic relation).

All of these additional items ere similer in structure to items which

were included in the pilot study.
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Conmparison of instrumentss aesianed by Steffe and Carey and D.T. Owens to

test coneervation of lenath relations

Steffe and LCarey

Conservation of Length Relations

Sﬂ-{l &*}QHS

Conservation of Lenoth Relations

Test

Sennle Ttems:

"Levef T - Lonner Lhan

Mateniafss One green stnaw; 3
ned sthows, one
betng Longer than,
one shoxten thas

and one the same

gheen Alnas,
Statement: Using these sed
Alnass, f4nd o
sthaw Longern than
this green straw,

Transsormation:

gheen
nod
{nove the red strau)
Questions "I14 Lhis ned sinaw
SULLE Longen Lhan
s green sfnam?t o

((28), p. 44).

Test

"The Conservation of Lengih
Refations (CLR) Test was designed
Zo measwne the ability of a ehild
Lo conserve Lenglh nefationbe

In each Ltem the chifd was aske
to esfablish o Length f;(’ﬁa«{;écfz-z
betuween fwo atichs {oxn straws)

by ansverdng fwo questions,

Then the stichs were &uw:m@ed v
Lo produce a perceptual bins
agednsl the corvneet conclusion,
and the guestions wene repeated,

((22) g [P 543,



flevel I7 - Lonner than

CHatendals: One green sfrow, 3
white pipe cleanens,
one bedng Lengen
than, one shoxtern
than, and one Zhe
seme Lenpth as the
gheen zsif;aw;
Statement: Using fhese pipe
| eleanens, find a

pine z;éemzé;a
Longen than this

green slraw,

Transformetion:

areen s

pine
cfeanes

{move Zhe grees atnaw)

Questdons "Now is the green
Atnaw Lopgen than

the pipe cleanen?
((26), po 45).
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Further details of the Classification Test used by H,.L. Jobhnson

Clsosificntion Test

"Tnm Fost consisted of Hwee Llems:

oo nequindng the child fo

groug stdcks oi the basis of Leagth and ene in wirich Zhe

child had %o a’etmr.wc the endfenio used fon sticks alrendy

grouped,

The mate w{ Sok A«.'Cef" 1 consisted of

a8 : . .
% dicmeter, with fowr of Lenath 57,

12 axeen atdchs, each

i
four of Lenath 5—}5- and

3
{;om eé fenoth 54", One stick of each Length was mounted

on ¢ plect of papex éo::uad. The three mounted sfdchs wene

. ) » 4
pointed out to ft:’z‘(a afy f’*! who was Lhen

2

"iind afl of the sticks fhat would

inatructed o

6o uj‘f? Jfﬂbé

stich (57}, this stich (Ez.y ) and this stich (5%").

The nine stichs to be closadliled were
the chifd. A zecord of aff stichs o
fneonneatly ploced was hept by Lhe ex
The materdchs of Liem 3 consdisted of

diameton, thiee of Lengfh 4%, three ¢
*311

of fenath &%, and one of Lencth 4 .

1

Ln désorden befone

oriectly and

peadnenios.
. 3!1
ton red atichs a&: ¥a

#
§ Lenpith é’-;— ’ «,vwae

The ten stichs

wene glven to the child and he was {nsirveted fo

Mout alf of the sticks fogethen thai Lelong tooethen.

A neeord of ihe chifid’s octions was k

L 2 L1, ey .
cend by the experdmentes.

Ttem 2 neguined that zhe child detemnine fhe crdierdn used

for growslng.  The materdals fon thi

fiftoen Atleha;  {dve ench af Lengih

siioks were pleced Ante Three dLschz’;

on @ tahle, (ithin a pile, sticks di

diametens with fenoth bednn constant,

}?? . .
&, é—;{ ., and %, The

plles about 15" apart

Afdered in coloewr end

The chifd was

9



Lastructed Lo

o

"Tell pe why 1 hove alf of these sticks logether A Iids

xl » » i d o 4
ndle 6"}, in this pile ié;?; }oand in this pife (657}

74 o covrect ansopk was given, fhe child was ashed Lo fusiify

his answen.,  Upon justdfdicaition, fe wus Then csked
it > '_f_( :{ £y 3 ,ﬁ‘? ) t' %—; s T 105t pn ? on
hy do 1 have these atdichs 4n digferent pdles?
Agedn a justifleation fon o correcd answen was ashed 4o/,

A necond of abl answsens was hept by the experdwentes,
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{{27), p. 791.
Scoring Test
"Enom the chifdren's responses 2o Ltem 1, jour performance

eategonies wane {dentifdfed, They wene:

la) zhe cliiid did noi atiempt Lo clasadldy stichs;

(b} #he ehifd made some panitial classes but did not exhoust
the aset of atichks fo be classigied;

(e} Zhe chiid exhausted Zhe sefl but made some dncoriect
chofces;  and

{d) the chifd conneetly classifdied all aticlas,

120 7 veses o Fdve distinet categoadfes were Ldentified,

(d)

(o]

the chi{fd did not discover the endienia;

the chifd gave a coanectd reason for the piles Lu,w tooether

but witheut jwsic deation;

a conrect neason was afven wilh justifdeation; |

in addition 1o fusldfying the reason §or sticks belongdng

in distinet groups, the subject corneetly gave o reason §ox
tlehs bedng An different groups but without fustifdealion

dor his reason,

all of ld) with justifdeation,
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In ffen 3 ceses o« Foux cafegordes of performance were Ldentifdied;

) no attempt was made to group the stichas;

(b the child made at Least two pifes with the stichs bedng placed
{reorieetly;

le) the child put oLl sticks in connect pifes aeconding to Length
excent Zhe Lengest stdel; ‘ ' '

{d} the child correetly classifled all stichs, including the Lengest
stick, '

((27), p. 85-86).



