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We discuss the effects of many-body coherence on the speed of evolution of ultracold atomic gases and
the relation to quantum speed limits. Our approach is focused on two related systems, spinless fermions and
the bosonic Tonks-Girardeau gas, which possess equivalent density dynamics but very different coherence
properties. To illustrate the effect of the coherence on the dynamics, we consider squeezing an anharmonic
potential which confines the particles and find that the speed of the evolution exhibits subtle but fundamental
differences between the two systems. Furthermore, we explore the difference in the driven dynamics by
implementing a shortcut to adiabaticity designed to reduce spurious excitations. We show that collisions between
the strongly interacting bosons can lead to changes in the coherence which result in different evolution speeds
and therefore different fidelities of the final states.

DOI: 10.1103/PhysRevResearch.2.023125

I. INTRODUCTION

While the Heisenberg energy-time uncertainty relation is
often viewed as a purely fundamental restriction on quan-
tum mechanical measurements, it also has implications for
dynamical processes. This was first formally recognized by
Mandelstam and Tamm (MT) [1], who used the standard
deviation of the energy to introduce the lower bound, τQSL �
h̄π/(2�H ), on the minimum time required to transform a
given quantum state into a final one. This quantity has be-
come known as the quantum speed limit (QSL) time [2,3].
In the past few years, QSLs have been extensively stud-
ied, in particular for applications in quantum computing [4],
quantum metrology [5,6], quantum optimal control [7,8], and
quantum thermodynamics [9,10]. Various improved bounds
and alternative derivations have been proposed, including
generalizations to interacting many-body systems [11], mixed
states [12,13], and open systems [14,15].

Among all possible dynamical processes driven by time-
dependent Hamiltonians, adiabatic evolution and quench dy-
namics have in the past received a large amount of attention.
The first one happens on infinitely slow timescales and keeps
the system in an eigenstate at all times, whereas the second
one describes an instantaneous change that does not usually
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end in an eigenstate of the system. More recently the field
of shortcuts to adiabticity (STA) has shown how one can
construct dynamical processes that lead to an eigenstate on
finite timescales with almost unit fidelity [16,17]. The use of
shortcuts is well established for single-particle and mean-field
systems [18,19], where the fidelity between the achieved final
wave function and the target wave function is a good indicator
for the success of the shortcut as only local properties are of
interest. However, interacting many-particle systems can be
more complex and present further challenges when exact STA
techniques do not exist [20]. Furthermore, nonlocal correla-
tions between the particles need to be taken into account and
evolved on the given timescales, which means that the speed
at which correlations can spread becomes important [21–25].
One can therefore expect the speed limit to depend on the
coherence inherent in the system.

Applying and testing this idea by designing shortcuts for
many-particle systems is a formidable problem as it requires
one to solve many-particle systems exactly. While this is not
possible in general, noteworthy recent experimental progress
has allowed realization of the textbook example of a strongly
correlated bosonic quantum gases in one dimension, the so-
called Tonks-Girardeau (TG) gas. This model, even though
it describes the physics of strongly interacting particles, is
solvable due to the existence of a Bose-Fermi mapping theo-
rem [26,27], which also implies that the fermionic counterpart
is exactly solvable. Since the coherences in the bosonic TG
case are

√
N times larger than in the fermionic case [28–30],

where N is the number of particles, these models offer insight
into two interesting limits.

In this work, we first consider a sudden quench of the
confining potential and show that the pure state bound holds
for all local properties in both systems, but that the coher-
ence properties in each need to be carefully analyzed when
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considering the dynamics of the reduced single-particle den-
sity matrix. In a second step, we focus on designing a STA
for these many-body states using the usual scale-invariant
approach [19]. While such a task is not easy, the Bose-Fermi
mapping theorem allows us to essentially treat this as a single-
particle problem which can be approached by a Lagrangian
variational method [31,32]. We show that one can then create
approximate many-body STAs that can prevent dynamical
excitations in the entire system [33–36] and which can lead
to high-fidelity dynamics on short timescales. To quantify the
success of the STA, we use the many-body fidelity for the pure
state dynamics, while for the reduced single-particle density
matrix we show that the trace distance is a good figure of
merit [13]. Furthermore, it is in the latter quantity that we find
subtle differences depending on the system and its coherence
which is not observed in the pure state fidelity. The speed of
the dynamics during the STA is qualitatively similar to the
one predicted by the QSL and highlights the importance of
coherence in the control of many-body quantum states.

II. MODEL AND HAMILTONIAN

A. Quantum speed limits

The well-known QSL time as derived by MT describes
the minimal timescale for the unitary dynamics of the initial
wave function |�0〉 through the variance of the Hamiltonian
�H =

√
〈�0|H2|�0〉 − 〈�0|H |�0〉2. Margolus and Levitin

(ML) proposed an alternative expression in terms of the
expectation value of the Hamiltonian 〈H〉 = 〈�0|H |�0〉 and
a unification of the MT and ML bound has been shown to be
tight [37], such that

τQSL � max

(
h̄

�H
B(�0, �τ ),

2

π

h̄

〈H〉B
2(�0, �τ )

)
, (1)

where B(�0, �τ ) = arccos (
√

F (τ )) is the Bures angle. This
allows one to generalize the QSLs to arbitrary initial and final
pure states, �0 and �τ respectively, with F (τ ) = |〈�0|�τ 〉|2
being their many-body fidelity [38].

While the MT bound describes the timescales for pure
states well [39], extensions to mixed states ρ0 and ρτ can yield
tighter bounds depending on the coherences [40,41]. There-
fore, to derive a QSL that takes the coherence of a many-body
state into account, one must start from the density matrices of
the initial and final states and quantify the connection between
these two in terms of the trace distance. This can be done by
starting from the geometric formulation of the QSL time using
the Schatten-1 norm [3,13,41–43]

�p(ρτ , ρ0) = ‖ρτ − ρ0‖p = (tr{|ρτ − ρ0|p})
1
p , (2)

with p = 1, which gives

τQSL � �1(ρτ , ρ0)
1
t f

∫ t f

0 ‖ρ̇t‖1dt
= 2TD(ρτ , ρ0)

v
. (3)

The QSL time is therefore characterized by the
trace distance TD(ρτ , ρ0) = 1

2 Tr[
√

(ρτ − ρ0)2] and the
time-averaged norm of the dynamics (1/t f )

∫ t f

0 ‖ρ̇t‖1dt =
(1/t f )

∫ t f

0 ‖ 1
ih̄ [H (t ), ρ(t )]‖1dt taken over a time duration t f .

The latter quantity is commonly called the speed, and in the

following we label it as v for simplicity. Even though there
are a large family of bounds to define the QSL time, e.g.,
the Bures angle, the quantum Fisher information, and the
Wigner-Yanase information, they are all bounded by the norm
of ρ̇t [44]. Therefore, the QSL time which is characterized by
the Schatten-1 norm is tighter than others [13].

In general, the calculation of ‖ρ̇t‖1 for large many-body
states can be numerically challenging. However, by simpli-
fying the problem to consider the dynamics of the reduced
single-particle density matrix (RSPDM) which describes the
two-point correlations in the system after tracing out all
particles but one,

ρ(x, x′; t ) =
∫

�(x, x2, . . . , xN ; t )

× �∗(x′, x2, . . . , xN ; t )dx2 . . . dxN , (4)

it becomes computationally tractable in certain limits and we
summarize the technical details in Appendix A [45]. We will
use the speed v to quantify the dynamics of the RSPDMs
of two related systems, spinless fermions and the strongly
interacting TG gas, specifically focusing on two common dy-
namical processes, a sudden quench and the efficient control
of the system by using a STA.

B. Degenerate quantum gases

In the following, we consider a gas of N interacting bosons
of mass m trapped in a quartic trap and assume tight transverse
trapping potentials, such that the motion of the particles is
confined to one dimension. The system can be described by
the Hamiltonian

H =
N∑

i=1

[
− h̄2

2m

∂2

∂x2
i

+ m

2
λ(t )x4

i

]
+ g

∑
j<k

δ(|x j − xk|) , (5)

where λ(t ) is a tunable strength of the potential. Such an
external geometry can be experimentally realized by propa-
gating a blue-detuned Gaussian laser along the axial direction
of the gas [46]. Our choice of the quartic potential [47] is
motivated by wanting to explore the dynamics away from
the well-known and extensively studied harmonic oscilla-
tor, where the single-particle dynamics is exactly known
[18,48–51].

We assume that the interaction between the bosons is point-
like and controlled by the three-dimensional (3D) scattering
length via g = 4h̄2a3D

md2
⊥

1
1−C a3D

d⊥
, where d⊥ is a length scale char-

acterizing the strong transversal confinement and the constant
C is given by C = ζ ( 1

2 ) ≈ 1.4603 [52]. In general, this model
is not exactly solvable for arbitrary values of g; however,
the solution becomes tractable in the TG limit of g → ∞.
In this regime, the interaction terms in the Hamiltonian can
be replaced by a constraint on the many-body bosonic wave
function given by

�B(x1, x2, . . . , xN ) = 0, if xi − x j = 0 with i �= j ,

(6)

which is formally similar to the Pauli principle for iden-
tical fermions. This allows one to map the strongly
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FIG. 1. Single-particle states of the quartic trap |ψn(x)| with
strength λ0 = 1. The long-dashed line is the width of the har-
monic oscillator single-particle states, σ HO

n = (
∫

ψnx2ψ∗
n dx)1/2 =√

2(n + 1/2), while the short-dashed line represents the approxima-
tion to the width of the quartic trap states σn ≈ σ HO

n ( 2n+1
3λ0 (2n2+2n+1)

)
1/6

.

interacting bosons onto a gas of noninteracting and spin-
polarised fermions which are described by the many-body
wave function

�F (x1, . . . , xN ) = 1√
N!

N
det

n, j=1
[ψn(x j )] , (7)

where the ψn(x j ) are the single-particle eigenstates of
the trapping potential. To obtain the TG many-body
wave function, one needs to symmetrize the fermionic
state, �B(x1, . . . , xN ) = s(x1, . . . , xN )�F (x1, . . . , xN ), where
s(x1, . . . , xN ) is the unit antisymmetrization operator [53].
Therefore, in this hard-core limit, calculating the dynamical
evolution of the entire strongly interacting gas only requires
evolving the single-particle states ψn(x, t ), which are gov-
erned by the single-particle Hamiltonian,

H̃ = −1

2

∂2

∂ x̃2
+ 1

2
λ̃(t )x̃4 . (8)

Here we have chosen to rescale our system with respect
to a harmonic oscillator of frequency ω0 as this provides a
convenient basis for discussing the dynamics of the individual
single-particle states. While the width of the quartic trap
single-particle states is smaller than the width of the harmonic
oscillator eigenstates (see Fig. 1), they can be approximately
mapped to one another by applying a scaling factor which will
be introduced in the next section. We therefore express lengths
in units of d‖ = √

h̄/(mω0), time in units 1/ω0, energy in units
of h̄ω0, and λ̃(t ) is the time-dependent trap strength in units
mω3

0/h̄. For simplicity of notation in the following sections,
we will drop the tilde for the scaled variables.

Bosons in the TG limit share many properties with spinless
fermions, such as equivalent densities and thermodynamic
observables [27], and they also possess identical fidelities as
the symmetrization operator vanishes when taking the many-
body overlap 〈�0|�τ 〉 [54]. In fact, the fidelity between two

FIG. 2. RSPDM for (a) 50 fermions and (b) 50 TG particles in a
quartic trap of strength λ0 = 1.

states can be conveniently written as

F = |〈�0|�τ 〉|2 =
∣∣∣∣∣ 1

N!

∑
σ1

∑
σ2

N−1∏
i=0

(−1)σ1(i)+σ2(i)Pσ1(i)σ2(i)

∣∣∣∣∣
2

= | det P|2, (9)

where σ1(2) denotes a permutation in N indices, Pi j = 〈ψi|φ j〉,
and ψi and φ j are the single-particle states of the fermionic
states �0 and �τ respectively. The equivalent energies
and fidelities of the TG and Fermi gas therefore result in
identical QSLs in terms of the unified MT-ML bound in
Eq. (1).

While the dynamics of the TG and Fermi pure states are
identical, the mixed reduced states of both systems differ
drastically [55,56]. This is because in the TG case the RSPDM
is sensitive to the phase of the single-particle wave functions
through the interactions, whereas in the case of the Fermi
gas, where the particles do not interact, the RSPDM can be
written as

ρF (x, x′) =
N∑

n=1

ψn(x)ψ∗
n (x′)dx , (10)

which does not depend on the phases. This leads to differences
in the nonlocal properties of both systems, such as the mo-
mentum distribution and coherences. Although the RSPDM
of both the TG gas and the spinless fermions do not possess
off-diagonal long-range order, the TG gas possesses larger
off-diagonal contributions than the fermions (see Fig. 2).
One can quantify this by using the largest eigenvalue, θ0, of
the RSPDM via

∫
ρ(x, x′)ϕn(x)dx = θnϕn(x′), where θn are

the occupation numbers of the respective eigenvectors ϕn

and the RSPDM is normalized to the system size such that∑
θn = N . For a noninteracting Bose-Einstein condensate θ0

scales with N , showing that there is a macroscopic occupation
of the lowest energy state ϕ0, while the spinless Fermi gas is
incoherent with θ0 = 1. For the strongly interacting TG gas
in a harmonic trap, it is known to scale as ∼√

N [28]. In
general, the scaling of θ0 is determined by the large distance
behavior of the RSPDM and is therefore a good quantifier of
the presence of off-diagonal long-range order [29]. Therefore,
in the following, we will adhere to the conventional use of θ0

to quantify the coherence of the TG gas [30,57,58].
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FIG. 3. (a) Instantaneous speed v(t ) after a quench from λi = 1
to λ f = 8 for N = 50 particles, for the TG gas (green dots) and Fermi
gas (red dashed line). Inset: average speed v for spinless fermions
(red triangles) and TG gas (dark blue dots). For comparison, the
initial speed of the TG gas, v(0), is also shown (light blue dots).
(b) Evolution of the ten largest eigenvalues of the RSPDM of the
TG gas with the largest one, θ0, indicated by the black line. Inset:
Eigenvalues of the RSPDM of the TG gas at t = 0 (green diamonds)
and at t = 10 (orange dots). The same for the Fermi gas is shown as
the dotted red line (θn = 1 for n = 0, . . . , N − 1).

III. QUENCH DYNAMICS

We start by examining the simple case of a sudden increase
of the trap strength from λ(0) ≡ λi = 1 to λ(t f ) ≡ λ f = 8.
The instantaneous speed v(t ) = ‖ρ̇t‖1 of the subsequent evo-
lution is shown in Fig. 3(a) for the TG gas and the spinless
fermions. While the fermionic speed can be seen to be fixed
and not change over time, the speed of the TG undergoes
dramatic changes. It is maximal immediately after the quench
and significantly larger than the speed of the fermionic sys-
tem. However, it very quickly slows down and saturates at
an average value lower than the one for the fermions. This
difference stems from the excitation of a collective breathing

mode in the TG gas after the sudden compression, whereas
the noninteracting fermions only react with single-particle
dynamics. In fact, these TG gas oscillations are known as
a many-body bounce [59] and are the result of interparti-
cle collisions between the strongly interacting bosons, while
the noninteracting fermions just pass through one another.
In the harmonic trap, periodic revivals of the larger speeds
would be observed; however, due to the anharmonicity of
the quartic trap, the single-particle states used in the Bose-
Fermi mapping approach dephase with respect to each other
during the dynamics, which prevents the creation of perfect
revivals of the initial state. Indeed, this sudden decay of the
speed is amplified with increasing system size [see inset of
Fig. 3(a)] as more particles are involved in these collisions
on differing timescales. This decoherence effect can also be
observed in the dynamics of the largest eigenvalues of the
RSPDM, θn(t ), as shown in Fig. 3(b). The initially large
coherence θ0 and consecutive eigenvalues quickly decay and
reach quasisteady values on the same timescale as v(t ). In
fact, these eigenvalues become tightly grouped and the tails
of the eigenvalue distribution broaden, showing that higher n
eigenvectors ϕn(x, t ) contribute more to the dynamics at long
timescales (see inset), highlighting that the quench reduces the
coherence in the system. In comparison, the eigenvalues of the
RSPDM for the Fermi gas do not change after the quench and
therefore the gas experiences no change in coherence. This
suggests that the speed of the TG dynamics is closely related
to its coherence, a fact that will become important when later
discussing the driven dynamics of the system.

IV. DRIVEN DYNAMICS AND SHORTCUTS
TO ADIABATICITY

We will next consider a finite-time driving dynamics that
ramps the trapping potential in such a way that a desired final
state is reached. Such processes are known as shortcuts-to-
adiabaticity (STA) and their success can be quantified using
a number of different fidelity measures. For pure states, the
standard approach is to use the many-body fidelity as defined
in Eq. (9), which corresponds to calculating the overlap be-
tween the evolved state at the end of the ramp, �(t f ), and the
target eigenstate, �τ , as F (t f ) = |〈�(t f )|�τ 〉|2. For an adia-
batic process, this fidelity is unity, implying that the final state
is an eigenstate of the target Hamiltonian and that no dynami-
cal excitations remain in the system. The energies of the final
and target state are therefore equivalent, E (t f ) − Eτ = 0. For
a nonadiabatic process with F (t f ) < 1, one gets E (t f ) − Eτ >

0, which means that the system possesses nonequilibrium
excitations [34,35]. A good fidelity measure for mixed states
is the trace distance, TD(t f ) = 1

2 Tr[
√

(ρ(t f ) − ρτ )2], where ρτ

is the RSPDM of the respective target state. Similarly to the
pure state situation, a vanishing trace distance means that the
target state has been reached.

Again, we will consider the dynamics of squeezing the
trap, λ f > λi, and optimize the time dependence of the ramp
such that all unwanted excitations are minimized and the tar-
get ground state is achieved for any finite timescale. However,
for many-body systems which are not scale invariant or are
in anharmonic trapping potentials, only approximate STAs
can be designed, which will not suppress all excitations of
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the many-body state [20]. Nevertheless, they can still allow
one to find a close-to-optimal driving ramp that realizes
quasiadiabatic dynamics on short timescales. In our case, we
use an STA which is based on a single-particle state of the
system and which will be the same for the Fermi and the TG
gas, ensuring that any discrepancy is due to the difference in
coherence inherent in the respective systems.

To design the STA, we use a variational method where we
choose an ansatz for the nth single-particle eigenstate of the
external potential to minimize the effective Langrangian of
the system [31,32]. For the quartic potential, a good ansatz
is given by a scaled harmonic oscillator eigenstate, as these
states have the appropriate functional form for an oscillatory
dynamics [60,61]

ψn(x, t ) = An exp

[ −x2

2a2
n(t )

+ ib(t )x2

]
Hn

(
x

an(t )

)
. (11)

Here An = [1/2n√πn!an(t )]1/2 are the normalization con-
stants, Hn are the Hermite polynomials of order n, and b(t )
is a chirp. The scaling factor an(t ) ensures the rescaling of
each single-particle state to the width of the quartic trap
σn ≈ σ HO

n ( 2n+1
3λ(t )(2n2+2n+1) )

1/6
with σ HO

n = (
∫

ψnx2ψ∗
n dx)1/2 =√

2(n + 1/2) being the width of the corresponding harmonic
oscillator eigenstate. This ansatz therefore allows us to map
the quartic potential to the paradigmatic problem of a single
particle in a harmonic trap [49,50] and leads to the explicit
Lagrangian

L = − (2n + 1)

2
a2

n(t )ḃ(t ) − (2n + 1)

[
a2

n(t )b2(t ) + 1

4a2
n(t )

]

− a4
n(t )λ(t )B(n) , (12)

where B(n) = 3(2n2 + 2n + 1)/8. After calculating the
Euler-Lagrange equations with respect to an(t ) and b(t ), we
get the Ermakov-like equation [33,34]

än(t ) + 3(2n2 + 2n + 1)a3
n(t )λ(t )

2n + 1
= 1

a3
n(t )

. (13)

Any change in λ(t ) is closely coupled to a change in the
scaling factor an(t ) and induces an energy shift in the single-
particle states, which is associated with the adiabatic invari-
ant [19,62,63]. One can therefore reverse engineer the λ(t )
ramp that leads to the desired adiabatic evolution of the system
by fitting the scaling factors an(t ) that characterize the ansatz
in Eq. (11) by a polynomial an(t ) = ∑5

i=0 cit i [64]. The exact
form of an(t ) can be calculated by using the boundary con-
ditions an(0) = [(2n + 1)/8B(n)λi]1/6, ȧn(0) = än(0) = 0 at
the initial time and an(t f ) = [(2n + 1)/8B(n)λ f ]1/6, ȧn(t f ) =
än(t f ) = 0 at the final time. The corresponding ramp λ(t ) is
then found by solving the auxiliary equation, Eq. (13). In
Appendix B, we discuss the details of the suitability of the
ansatz and the derivation of the STA for arbitrary power-law
potentials and we compare the STA to nonoptimized ramps.

In what follows, we shall assume the total number of
particles in the system is fixed at N = 50 and compare two
ramps based on STAs for a single particle either in the n = 0
state (i.e., at the bottom of the Fermi sea at T = 0) or in the
n = 49 state (i.e., at the Fermi edge at T = 0). Both ramps
are shown in the inset of Fig. 4(a) for a trap compression

FIG. 4. (a) Many-body fidelity F vs duration t f for the STA
ramps λn=49(t ) (black solid line) and λn=0(t ) (dotted green line).
The inset shows the explicit form of both ramps for t f = 2. The
total particle number is fixed at N = 50 with λi = 1 and λ f = 8.
(b) Infidelity vs particle number N for t f = 2. (c) Scaling factors an

for the initial state as a function of n. The inset shows the difference
between neighboring single-particle states, �an = an+1 − an.

going from λi = 1 to λ f = 8 over a time of t f = 2. While
at first glance both control pulses seem to possess a similar
form, they differ significantly at the beginning and end, with
λn=49(t ) having a gentler slope compared to λn=0(t ).

To test the ramp, we time evolve the system by nu-
merically intergrating the time-dependent Schrödinger equa-
tion ih̄dψn(x, t )/dt = H (t )ψn(x, t ) where the initial single-
particle eigenstates ψn(x, t = 0) and the target states φn are
found by numerically diagonalizating Eq. (8). Note that we
use the ansatz only for deriving the STA, but not for the
numerical work. At the end of the STA process, the many-
body fidelity F (t f ) = |〈�(t f )|�τ 〉|2 is computed from the
single-particle expression using Eq. (9), stressing again that
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this is equivalent for the TG and Fermi gases. In Fig. 4(a), we
show this many-body fidelity as a function of t f , and one can
see that for slow ramps (t f ≈ 4) the fidelity of the two STAs
are equivalent and very close to one. In this limit, both ramps
can therefore be considered adiabatic; i.e., the final state is an
eigenstate of the target Hamiltonian and dynamical excitations
have been successfully suppressed. However, for shorter pro-
cess times, the shortcut ramp λn=49(t ) shows a clear advantage
by achieving unit fidelity already for t f ∼ 1, while the shortcut
ramp λn=0(t ) results in distinct oscillations of the fidelity.
For ramp times t f < 1, both STAs becomes ineffective and
instead of reducing excitations they create them. This is due
to a combination of our approximate approach and the fast
modulations in the trap strength λ(t ) needed at short times,
which drive the system far out of equilibrium [35,36].

To compare the two shortcut ramps further, we show in
Fig. 4(b) the resulting infidelity as a function of N . One can
see that the STA λn=0(t ) is effective for small particle numbers
(N < 6), but gets increasingly worse as the system size grows.
In comparison, the STA λn=49(t ) improves as N → 50 and
is efficient for most N . It should be not surprising that the
STA designed for higher energy states performs better for

larger systems, as near their Fermi surface the scaling factors
of the single-particle states become comparable with values
an ∼ (3λin)−1/6; see Fig. 4(c). Actually, for single-particle
states with n � 20 the differences in an between consecutive
states is less than 1% [see the inset of Fig. 4(c)], suggesting
that the dynamical timescales of these higher lying states
are closely related. Therefore, with similar scaling factors
and thus equivalent dynamics described by Eq. (13), a large
majority of particles in the Fermi sea are optimally driven
by the STA λn=49(t ). In comparison, the scaling factor of
the ground state is much larger, a0 ∼ (3λi)−1/6, and an varies
greatly between successive low-energy states of the trap. This
renders the STA based on λn=0(t ) ineffective.

Let us now explore the dynamics of the RSPDMs of
the fermionic and TG gas using the trace distance. We
can rewrite the trace distance in terms of the eigenval-
ues and eigenvectors of the RSPDM, specifically ρ(t f ) =∑∞

n θn(t f )|ϕn(t f )〉〈ϕn(t f )| for the state after the STA and
ρτ = ∑∞

n κn|χn〉〈χn| for the target state. Since both sets
of eigenstates form orthonormal systems, we can substitute
|ϕn〉 = ∑

m �mn|χm〉 into the expression for the trace distance,
which gives

TD = 1

2
Tr

⎡
⎣∑

m

|χm〉〈χm|κ2
m +

∑
n

θ2
n

∑
l,m

�ln�
∗
mn|χm〉〈χl | −

∑
l,n

θnκl

(
�ln

∑
m

�∗
mn|χl〉〈χm| + �∗

ln

∑
m

�mn|χm〉〈χl |
)⎤

⎦
1/2

,

(14)
where �mn(t f ) = 〈χm|ϕn(t f )〉. During controlled dynamics, the contributions from the diagonal terms |χm〉〈χm| dominate over
the cross terms |χl〉〈χm| (for l �= m), which allows us to make a good approximation to the trace distance by neglecting the
off-diagonal contributions [65]. Therefore, the above expression for the TG gas can be simplified as

T T G
D ≈ 1

2
Tr

{ ∞∑
m=0

|χm〉〈χm|
[
κ2

m +
∞∑

n=0

|�mn(t f )|2(θ2
n (t f ) − 2θn(t f )κm

)]}1/2

. (15)

Here the out-of-equilibrium fluctuations are captured by the
time-dependent eigenfunction overlaps �mn(t f ) and their oc-
cupation numbers θn(t f ). For spinless fermions, the trace
distance simplifies even further, as the eigenvector occupa-
tions do not change during driven dynamics and are constant
with κn = θn = 1 (n = 0, . . . , N − 1) for both final and target
states. Therefore, the dynamics of the trace distance depends
only on �mn(t f ) and can be written as

T F
D ≈ 1

2
Tr

{
N−1∑
m=0

|χm〉〈χm|
[

1 −
N−1∑
n=0

|�mn(t f )|2
]}1/2

. (16)

In Fig. 5(a), we show the trace distances for the TG gas
and the spinless fermions [calculated with the full expression
in Eq. (14)] after implementing the efficient STA λn=49(t )
for N = 50 particles. We see that the target state is reached
for similar timescales as the fidelity overlap [compare with
Fig. 4(a)], with TD ≈ 0 for t f � 2 for both systems. However,
a strong discrepancy between the results for the different
statistics is also clearly visible. The trace distance of the TG
gas possesses distinct oscillations, unlike the fermionic case,
which is almost monotonically decaying with t f . The source
of these oscillations is again the scattering of the hardcore

bosons off one another [59], which alter the occupations of
the eigenvectors of the RSPDM and therefore the coherence
in the system [see Fig. 5(b)]. This leads to differences in
the off-diagonal elements of the RSPDMs and consequently
to the observed behavior of the trace distance. This can be
clearly seen from the inset of Fig. 5(b), where we show that
whenever the coherence of the dynamical state matches that
of the target state, θ0(t f ) ≈ κ0 (minima of the orange curve),
the trace distance is also at a minimum. Fluctuations in the
coherence therefore strongly affect the final state after the STA
and the ability to reach the target state, an effect which is not
captured by the pure state fidelity.

Finally, the average speed during the STA, v(t f ) =
(1/t f )

∫ t f

0 ‖ρ̇t‖1dt , is shown in Fig. 6. One can see that the
speed of the TG gas exceeds that of the Fermi gas, echoing
the results of the trace distance, which suggests that the TG
gas state changes faster during the shortcut protocol. However,
this should not be construed as implying that the TG gas
reaches the target state quicker, but rather that it is has a
larger average speed due to the presence of off-diagonal
excitations resulting from the scattering between the particles.
As above, these excitations are also the reason that it remains
further from its target state compared to the Fermi gas (see
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FIG. 5. (a) Trace distance after the trap squeezing using the STA
as a function of t f for the TG gas (blue) and the Fermi gas (red).
The inset compares the trace distance in log scale with the respective
approximations from Eq. (15) (yellow dashed and indistinguishable
from the numerical results) and Eq. (16) (black dashed). The param-
eters used are λi = 1, λ f = 8, and N = 50. (b) Fluctuations of the
largest [θ0(t f ) − κ0, orange] and second largest [θ1(t f ) − κ1, green]
eigenvalues of the RSPDM of the TG gas around the corresponding
eigenvalues of the target state. The inset shows |θ0(t f ) − κ0| in log
scale (orange) as function of t f compared to the trace distance (blue)
for the TG gas. The oscillation frequencies of both quantities closely
match.

Fig. 5), suggesting that it requires a slightly longer path to
adiabaticity. In the adiabatic limit, the speed should vanish,
and indeed one can see from the inset of Fig. 6 that at large t f

it decays with a power law that possesses a similar exponent
for the TG gas and the Fermi gas.

V. CONCLUSION

In this work, we have explored the differences in the
dynamics of many-particle systems composed of spinless
fermions and hardcore bosons. While in the gas of spinless
fermions the coherence is low (θ0 = 1), the bosonic system of
the TG gas has a coherence that is much larger (θ0 = √

N ).
Beginning with the average speed after a sudden quench, we
have demonstrated that coherences play an important role
in the evolution of the reduced state of both systems, with
interparticle collisions between bosonic particles causing the
system to decohere quickly.

FIG. 6. Average speed during the STA for the TG gas (blue
circles) and the Fermi gas (red triangles). The inset displays the same
data on a log-log scale, showing an algebraic decay of the average
speed when the systems become more adiabatic. The parameters
used are λi = 1, λ f = 8, and N = 50.

We have also shown that using approximate single-particle
STA techniques in many-body states can yield good results
as long as an appropriate ansatz is chosen. Similar to the
quench, in this controlled setting the particle collisions in
the TG gas can affect the ability to quickly reach the target
state, as the nonequilibrium excitations they create can affect
the coherence in the system and hamper implementing STAs
efficiently.

With the goal to control larger quantum systems for ap-
plications in quantum information and computation, there is
a need to go beyond just characterizing the system through
the fidelity and instead probe deeper into the coherences and
correlations which can exhibit different dynamics. In fact, our
results suggest that the nonlocal correlations of the TG gas are
more sensitive to nonequilibrium excitations and infidelities,
which could be an important consideration for the control of
large entangled states.

ACKNOWLEDGMENTS

The authors thank Steve Campbell for unlimited
discussions. This work was supported by NSFC (11474193),
SMSTC (2019SHZDZX01-ZX04, 18010500400, and
18ZR1415500), and the Program for Eastern Scholar. X.C.
acknowledges the Ramón y Cajal program of the Spanish
MINECO (RYC-2017-22482). T.F. acknowledges support
under JSPS KAKENHI-18K13507, and T.B., T.F., and J.L.
acknowledge support from the Okinawa Institute of Science
and Technology Graduate University.

APPENDIX A: RSPDM AND COHERENCES
IN THE TG GAS

The RSPDM of a TG gas can be expressed in the single-
particle basis as

ρ1
B(x, x′) =

N∑
i, j=1

ψi(x)(P−1)T det Pψ∗
j (x′) , (A1)
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FIG. 7. (a) Exact eigenenergies (yellow dots) and the energies of
the ansatz given in Eq. (11) (asterisk) for each single-particle state
n in a trap of strength λ0 = 1. (b) STA ramps for t f = 4 (black),
t f = 0.5 (blue), and t f = 0.25 (red).

where the Pi j (x, x′) = δi j − 2
∫ x′

x dyψi(y)ψ∗
j (y) are the matrix

elements of P [45]. The integrals over the different single-
particle states, i �= j, describe the coherences of the TG gas.

APPENDIX B: GENERALIZED STA FOR ARBITRARY
POWER AND EIGENSTATE

The general Lagrangian density for a particle in a power-
law trap can be written as [31,32]

L = i

2

(
∂ψ

∂t
ψ∗ − ∂ψ∗

∂t
ψ

)

− 1

2

∣∣∣∣∂ψ

∂x

∣∣∣∣
2

− λ(t )

2
[x − x0(t )]2q|ψ |2, (B1)

where the asterisk denotes complex conjugation and λ(t ) is
scaled by mq−1ωq+1/h̄q−1. The dynamics is determined by the
extremum of L = ∫ +∞

−∞ L dx and the choice of a proper func-
tional form of the trial function is very important. For q = 1,
the natural choices are the harmonic oscillator eigenfunctions
and for q = ∞ the trigonometric box eigenstates. While it
is hard to find the eigenstates for 1 < q < ∞, a good (and
computationally convenient) ansatz for small values of q can
be based on the harmonic oscillator eigenstates as

ψn(x, t ) = An exp

{
− [x − ξ (t )]2

2a2(t )
+ ib(t )[x − ξ (t )]2

+ ic(t )[x − ξ (t )]

}
Hn

(
x

a(t )

)
, (B2)

where A2
n = 1/

√
π2nn!a(t ) accounts for the normalization, Hn

are the Hermite polynomials, a(t ) is the scaling factor, b(t )
is the chirp, c(t ) is the slope, and ξ (t ) is the center position
of the wave function. In Fig. 7(a), we show that the energies
of the ansatz from Eq. (11) [En = 〈ψn(x, 0)|H |ψn(x, 0)〉] are
in good agreement with the exact eigenenergies of the quartic
potential.

The equations that govern the evolution of a ≡ a(t ), b ≡
b(t ), c ≡ c(t ), and ξ ≡ ξ (t ) can then be found by inserting
Eq. (B2) into Eq. (B1) and integrating over coordinate space,

which gives

L = − (2n + 1)a2ḃ

2
+ cξ̇ − (2n + 1)

(
1

4a2
+ a2b2

)

− c2 − λ(t )

2
C(n), (B3)

with

C(n) = 2n

n!

n∑
j

(
n

j

)2 j!

2 j (s + j)!

×
q∑

k=0

(
2q

2k

)
(x0 − ξ )2q−2k 2k!a2k

22k
. (B4)

Here s = k − n,
(n

j

)
is a binomial coefficient and j =

max(0,−s). The parameter li, which represents a, b, c, or ξ ,
follows from the Euler-Lagrange equations

d

dt

(
∂L

∂ l̇i

)
− ∂L

∂li
= 0, (B5)

where the dot denotes derivative with respect to t . Next, it
is straightforward to substitute the Lagrangian into Eq. (B5),
which leads to

ȧ = 2h̄ab, (B6)

ḃ = 1

2a4
− 2b2 − λ(t )

(2n + 1)a2

q∑
k=0

kC(n), (B7)

ċ = λ(t )
q∑

k=0

q − k

x0 − ξ
C(n), (B8)

ξ̇ = c. (B9)

From the above, we combine Eqs. (B6) and (B7) to cancel the
parameter b and Eqs. (B8) and (B9) to cancel c. We then get

ä + 2λ(t )

(2n + 1)a

q∑
k=0

kC(n) = 1

a3
, (B10)

ξ̈ − λ(t )
q∑

k=0

q − k

x0 − ξ
C(n) = 0. (B11)

Equation (B10) is an Ermakov-like equation which con-
nects the scaling factor, a, of the atomic cloud to the time-
dependent trapping potential strength, λ(t ), and Eq. (B11) is a
Newton-like equation where the center position of trap, x0, is
connected to the center position of wave function, ξ .

In the case of compression, the parameters a and λ(t ) are
time dependent, but ξ = x0 = 0 and do not change. Therefore,
the Ermakov-like Eq. (B10) can be written as

ä + λ(t )a2q−1D(n) = 1

a3
, (B12)

with

D(n) = 2q!q2n−2q+1

n!(2n + 1)

n∑
j

(
n

j

)2 j!

2 j (s + j)!
. (B13)
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FIG. 8. Fidelity of the many-particle state for N = 50 as a func-
tion of ramp duration t f for the STA (black solid) and a linear ramp
(red dashed). The STA is designed using the n = 49 single-particle
state with the initial trap strength λi = 1 and the final trap strength
λ f = 8.

By interpreting a as the position of a classical particle, it
is straightforward to find its potential energy U through the

Newton equation ä = −∂U/∂a from Eq. (B12). In order to
find the minimum of the potential, we set ∂U/∂a = 0 and get

ac = [D(n)λ(t )]−
1

2q+2 . (B14)

This expression can be used to find the specific boundary
conditions as

ȧ(0) = ä(0) = 0, a(0) = [D(n)λi]
− 1

2q+2 , (B15)

ȧ(t f ) = ä(t f ) = 0, a(t f ) = [D(n)λ f ]−
1

2q+2 . (B16)

As there are infinite number of functions that satisfy these
boundary conditions, we choose a polynomial ansatz of the
form of a = ∑5

i=0 cit i for simplicity in our work. Examples
of the STA ramp are shown in Fig. 7(b) for different ramp
durations t f . In Fig. 8, we explore the effectiveness of the STA
by comparing its fidelity with that of a linear ramp. For our
many-body state, the STA is very effective for times t f > 1
resulting in unit fidelity, while the linear ramp always has
rather poor fidelity and cannot reach the target state on these
timescales.
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