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priate coercivity condition. These are then used to extend known KEYWORDS
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monotonicity conditions to allow derivatives in the operator acting equations; higher moment
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1. Introduction

Let T >0 be given (2, %, (F1)iefo,1], P) be a stochastic basis and W := (W)se[o,17 be
an infinite dimensional Wiener martingale with respect to (:%;)sc[o,1}, i.e. the coordinate
processes (W{)tE[O,T]) j € N are independent .%;-adapted Wiener processes and W; — W,
is independent of .% for s < t. Further assume that H is a separable Hilbert space, V is a
separable, reflexive Banach space embedded continuously and densely in H and V* is the
dual of V. Identifying H with H* using the Riesz representation and the inner product in
H one obtains the Gelfand triple

V< H=H* — V*

where < denotes continuous and dense embeddings.
Consider the stochastic evolution equation

t o0 £, :
ut = uO + / AS(”S) dS + E / B]s(us) dWi) t S [Oa T]s (1)
0 =170

where the initial condition ug is an H-valued .%y-measurable random variable. Moreover,
Aand Bl,j € N, are progressively measurable non-linear operators mapping [0, T] x € x
V into V* and H respectively. The exact assumptions will be given in Section 2. Further
note that the formulation of (1) is equivalent to considering the analogous equation driven
by a cylindrical Wiener process, see Appendix 1.
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The nonlinear stochastic evolution equation (1) has been initially studied in Par-
doux [14] and Krylov and Rozovskii [9], where a priori estimates are proved, giving
the second moment estimates under what are now classical monotonicity, coercivity and
growth assumptions. This then allows the authors to obtain existence and uniqueness of
solutions to (1). One of the key results in [9] is the theorem about Itd’s formula for the
square of the norm of a continuous semimartingale in a Gelfand triple obtained separately
from the related stochastic evolution equation. This theorem provides the continuity of
the solution in the pivot space of the Gelfand triple and is key to obtaining the a pri-
ori estimates and in proving the existence and uniqueness of the solution. These, now
classical results, have been generalized in a number of directions. Of those one notes the
inclusion of general cadlag semimartingales as the driving process in stochastic integral,
see Gyongy and Krylov [6] and Gyongy [5]. Closely related to the results in this paper
is the work by Liu and Réckner [11] (or [13]). They extended the framework of Krylov
and Rozovskii [9] to stochastic evolution equations when the operators are only locally
monotone and the operator A, which is the operator acting in the bounded variation term,
satisfies a less restrictive growth condition. To obtain a generalization in this direction Liu
and Rockner [11] need higher-order moment estimates and to obtain them they place
a restrictive assumption on the growth of the operator B (i.e. (5)), which is the opera-
tor acting on the solution under the stochastic integral. As a consequence one may not
have derivatives appearing in this operator. The local monotonicity and coercivity condi-
tions are further weakened in Liu and Rockner [12] but again at the expense of having
a growth restriction on the operator B. Moreover, Brzezniak, Liu and Zhu [2] extend the
results in [11] to include equations driven by Lévy noise but again with suboptimal growth
restrictions on the operators appearing under the stochastic integrals (see also Remark 6.1).
Fully deterministic equations under local monotonicity assumptions are considered in
Liu [10].

The main contribution of this paper is to identify appropriate coercivity assumption
which allows one to obtain higher-order moment estimates and to prove existence and
uniqueness of solutions to (1) without the need to explicitly restrict the growth of the oper-
ator B. To be exact, we prove our results without requiring the first inequality in (1.2) in [11]
or equivalently in (5.2) in [13] or (1.2) in [2].

Examples of stochastic partial differential equations which do not fit the framework of
Krylov and Rozovskii [9] or Liu and Rockner [11,13] or Brzezniak et al. [2] but which
fit into the setting of this paper are given. See also Remark 2.1. Finally, an example is
considered that, together with results from Brzezniak and Veraar [3], shows that the
coercivity assumption identified in this paper is, in this context, the optimal one. See
Example 6.5.

This article is organized as follows. In Section 2 the main results about higher-order
moment estimates as well as existence and uniqueness of solutions are stated, together
with the assumptions required. Section 3 is devoted to proving the a priori estimates and
uniqueness of the solution. Galerkin discretization is used to obtain a finite-dimensional
approximation to (1) in Section 4. Moreover, moment bounds for the solutions of the finite-
dimensional equations, uniform in the discretization parameter, are established. These are
used in Section 5 to prove existence of solution to (1). Finally, Section 6 is devoted to exam-
ples of quasi-linear and semi-linear stochastic partial differential equations which fit into
the framework of this article.
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2. Assumptions and main results

Let (2, 7, (F1)tefo,1), P) be a filtered probability space satisfying the usual conditions,
i.e. the probability space (2,.%#,P) is complete, .%( contains all the P-null sets that are
in .# and (%) seo,1] is right continuous. Let W := (W) e[o,7] be an infinite dimensional
Wiener martingale with respect to (.%;)c[0,1]-

Let (X, ]| - |x) be a separable and reflexive Banach Space. For a given constant p € [1, 00),
LP(L2; X) denotes the Bochner-Lebesgue space of equivalence classes of random variables
x taking values in X such that the norm

x| @x) == (Elxlf)?

is finite. Again, L?(0, T; X) denotes the Bochner-Lebesgue space of equivalence classes of
X-valued measurable functions such that the norm

T 1/p
x| 10 0,75) °= ( / x5 dt)
0

is finite while L*>°(0, T; X) denotes the Bochner-Lebesgue space of X-valued measurable
functions which are essentially bounded, i.e.

|X|z0(0,73%) 1= €8S SUPye (.1 l%e]x < 0.

Finally, L ((0, T) x €2;X) denotes the Bochner-Lebesgue space of equivalence classes of
X-valued stochastic processes which are progressively measurable and the norm

T 1/p
X[ 22 (0, 1) x Q%) = <E/o |xel% df)

is finite.

Moreover, let (H, (-, -), | - |g) be a separable Hilbert space, identified with its dual and let
(V,| - |v) denote a separable, reflexive Banach space embedded continuously and densely
in H with (V*,| - |y+) denoting its dual and (-, -) the duality pairing between V and V*.
Thus one has

Ve H= H"< V*

with continuous and dense embeddings.

Let A and B/, j € N, be non-linear operators mapping [0, T] x 2 x V into V*
and H respectively. Assume that for all v, w € V, the processes ((A:(v), W))¢e[o,1] and
((B]t(v), W))tefo,1) are progressively measurable. Since the concept of weak measurability
and strong measurability of a mapping coincide if the codomain is separable, one gets that
forallv € V,j e N, (A;(v))se[o,7] and (B]t(v))te[O,T] are progressively measurable. Finally,
up is assumed to be a given H-valued .%(-measurable random variable.

The following assumptions are made on the operators. There exist constantso > 1, 8 >
0,po > B+2,0 > 0,K,L and a nonnegative f € LPO/Z((O, T) x 2;R) such that, almost
surely, the following conditions hold for all ¢ € [0, T].
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A- 1 (Hemicontinuity): For all y,x, X in V, the map
e (Ai(x 4+ €X),y)

is continuous.

A- 2 (Local Monotonicity): Forall x,xin V,
e . .
2(A4¢(x) — Ar(®),x — %) + Y Bj(x) — By@®I} < LA+ [XI$) (1 + %15 |x — %3
j=1

A- 3 (Coercivity): Forallxin V,

2(A®), %) + (po — 1) Y IBL I} + 0141y < fi + Klxlf.
j=1

A- 4 (Growth of A): Forall xin V,
1A < (f + KX A + x5,

Note that, if pp = 2, i.e. 8 =0 and L=0, then the conditions A-1 to A-4 reduce to
corresponding ones used in Krylov and Rozovskii [9].

Throughout the article, a generic constant C will be used and it may change from line
to line.

Remark 2.1: From Assumptions A-3 and A-4, one obtains
o0
i 2
S B < © (1A 4 xlfp o+ 1l + 115 i)
j=1

almost surely for all ¢t € [0,T] and x € V. Indeed, using Holder’s inequality, Young’s
inequality and Assumption A-4, one obtains that almost surely for all x € Vand t € [0, T,

o
[(A(x), x) |

IA

—1 1
A0 4 2
- |A¢(x) [y a| Iy

a—1

IA

(G + KII + ) + 1
< C (fi+ ety + Lt ety + £ 4 (L i)
The above inequality along with Assumption A-3 gives the result.
Remark 2.2: From Assumptions A-1, A-2 and A-4 one obtains that almost surely for all
t € [0, T], the operator A is demicontinuous, i.e. v, — vin V implies that A;(v,)) — A;(v)

in V*. This follows using similar arguments as in the proof of Lemma 2.1 in Krylov and
Rozovskii [9].
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One consequence of this remark is that progressive measurability of some process
(vt)te[o,) implies the progressive measurability of the process (A:(v¢))¢e[o,1]-

Definition 2.1 (Solution): An adapted, continuous, H-valued process u is called a solution
of the stochastic evolution equation (1) if

(i) dt x P almost everywhere u € V and

T
E[ (el + |uel ) dt < oo,
0

(ii) foreveryte [0,T]and¢p € V

t o0 t . .
(ur, §) = (uo, §) + / (As(us), $) ds + ) / (¢, Bi(u)) dW]  ass.
0 =170

Note that the fact that u is a continuous, H-valued process and (i) in Definition 2.1
implies that almost surely

T
/ (|ut|§§+ Iut|‘{’/|ut|g> dt < oo.
0

The following are the main results of this article.

Theorem 2.2 (A priori estimates): If u is a solution of (1) and Assumptions A-3 and A-4
hold, then

T
sup E|ut|P° —HEf |ut|§f—2|ut|“",dt < CE (|uo|§f —i—/ SPO/2 ds) for po > 2,
te[0,T] 0

T
sup E|ut|H+E/ lus|% dt < CE (|u0|§l+fo fsds). )

te[0,T]

Moreover,

T
E sup |ul? < CE (|uo|é+/ fsds)
0

te[0,T]

and [E sup Iutlg)rSCE (Iuolp0 / PO/zds) , (3)
te[0,T]

for any r € (0,1), where C depends only on py, K, T, r and 6.

Note thatif py > 2 then one cannot make use of the Burkholder-Davis—Gundy inequal-
ity to prove (3). Indeed, in this case, one would end up with a higher moment on the
right-hand side than on the left when trying to prove the a priori estimate. One avoids
this problem by using Lenglart’s inequality (see, e.g. Lemma 3.2 in Gyéngy and Krylov [7])
but this means one can only get (3) for 2 < p < py.
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Theorem 2.3 (Uniqueness of solution): Let Assumptions A-2 to A-4 hold and ugy €
LPo(2; H). If u and u are two solutions of (1), then the processes u and u are indistinguishable,

ie.
Pl sup |y —lg=0)=1.
te[0,T]

Theorem 2.4 (Existence of solution): If Assumptions A-1to A-4 hold and uy € LP°(Q2; H),
then the stochastic evolution equation (1) has a unique solution.

At first glance Assumption A-3 (equivalently A-3, see the Appendix) seems to be more
restrictive than the one used in Liu and Rockner [11] and the reader may conclude that our
results do not cover some SPDEs that can be treated by [11]. However this is not the case.
Given the growth condition on operator B that has been assumed in [11, Theorem 1.1,
inequality (1.2)], Assumption A-3 follows immediately from their coercivity condition.
Indeed, below we recall the coercivity condition (H3) and growth condition (1.2) used by
Liu and Rockner [11]: for all (t,w) € [0,T] x Qand x € V,

2(As(x), %) + 1B, vy + O1%I5 < fi + KlxlEy (4)
and
B3, vy < Cfr + 1xI7). (5)
Then multiplying (5) by (po — 2) and adding the equation obtained to (4), one obtains
2(A¢(x),x) + (po — DIBi®IF, .y + O1xI% < fe + KlxlF,

whereﬁ ~=ft + C(po — 2)f withf € LP/2((0,T) x ;R) and K = K + C(py — 2) which
implies A-3 holds. Examples 6.1-6.4 show that the converse does not hold. Moreover,
Example 6.5 shows that our assumption A-3 (which is equivalent to A-3) is sharp.

3. A priori estimates and uniqueness of solution

Proof of Theorem 2.2.: Let u be a solution to Equation (1) in the sense of Definition 2.1.
Then, applying the It6’s formula for the square of the norm (see, e.g. Theorem 3.2 in [9] or
Theorem 4.2.5 in [15]), one obtains

t o0 . o0 t . .
luely = luol?; + / 2(As(ug), us) + Y 1B(u)lfy | ds+2) / (us, Bl (u5)) AW
0 j=1 j=1""

(6)

almost surely for all ¢ € [0, T]. Notice that this is a real-valued It6 process. Thus, by It6’s
formula,

o0
d|ut|"°="§|ut|§§‘2 2(Ac(u), ) + Y |Bj(up)l | dt
=1

P ; ; -2 g ;
+ poluds? zj_Zl(ut,B’t(ut»dWH%w,’; 4j_Zl|<ut,B’t<ut)>|2dt
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almost surely for all ¢ € [0, T], which on using Cauchy-Schwarz inequality gives

o0
d|ut|”°s*1§|ut|‘;§‘2 2(Ai(ue),w) + (o — 1) Y [Byun)lf; | dt
j=1

+ polugly > (s, B(up)) dW). (7)
j=1

One aims to apply Lenglart’s inequality (see, e.g. Lemma 3.2 and Remark 3.3 in [7]). To that
end let T be some stopping time. Moreover, to estimate the term containing the stochastic
integral in (7), one needs a sequence (o) 4eN of stopping times converging to T as n — 00,

defined by
oy = inf{t € [0, T] : |uslg > n} A T. (8)
By using Assumption A-3 and Young’s inequality in (7), one obtains

0 . PO tAO AT Po—z 5
litnane 20 < ol +3f 27 (f + Kluglly — 0lusl%) ds
0

tAOH AT

+po Y / Jus 92 (1, Bl (5)) AW
=170

tAORNAT -2 tANORAT
2 0
< |u0|§{0+/ SPO/ ds+‘pT/ Iusli?ds
0 0

PO tAOu AT 20 PO tAO AT po—2 o
—i——K/ s |y ds—@—/ luslyy ~lusly ds
2 Jo 2 Jo
o EAGH AT . .
+po Y. fo sl ™ (uasr Bhuss)) AW,
j=1

Thus,
PO tAOu AT s tAOu AT 2
ttno e |22 +97/ g 202 g% s < [ 22 +/ 90/2 g
0 0
o(K+1) —2
L P+ D=2

t
/ 1is<o,nt) |us|€? ds
2 0

oo

tAOy
—2
=+ po E / l{sfr}lusl‘g)
. 0
j=1

% (ug, Bl(u15)) AW, ©)

Then in view of Remark 2.1 and the fact that u is a solution of equation (1), it follows that

o Aoy 2 . .

E E f 1{35‘[}'”.9'1;1(') (us, Bﬁ(us)) dWé =0.
. 0
=1
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Therefore, taking expectation in (9), one obtains

» PO tAOR AT po—2
Eltsgnon ne |12 + 931@/ g2 [ di
0

T t
K+1) —2
5E|u0|§;+1@/ gy REFD 72 2) E/ o ne 0 ds.  (10)
0 0

From this Gronwall’s lemma yields

T
_ 2
T e <|uo|’;§ + / o/ ds) (11)
0

forall t € [0, T]. Letting n — oo and using Fatou’s lemma, one obtains
T o2
Elunelfy < e(o®+D=2/2TR <|uo|f;;’ + / fie ds> (12)
0
forall t € [0, T]. Using Lenglart’s inequality, with the process (IuTAtI%) )t=>0, one gets

T

’

E sup |ut|€})r < — lPoK+D)=2)/T R (Iuolﬁ) +/ fSPO/2 ds)
t[0,T] l—r 0

for any r € (0, 1), which proves second inequality in (3).
In order to prove (2), the estimate (11) is used on the right-hand side of (10) with7 = T
and with n — 00. One thus obtains

t T
|y 52 +9’§Ef |ug [0 g% ds < CE <|uo|‘,§° +/ o/ ds)
0 0

for all t € [0, T]. If Assumption A-3 holds for some py > B + 2, then it holds for py = 2
as well. Thus, using the stopping times (0,) 4en in (6) and taking expectation, one obtains,
using the same localizing argument as before, that

t T t
]E|ut|§,+9Ef lus|% ds < E<|u0|§,+/ des) +E/ Klug|% ds
0 0 0

forall t € [0, T]. Application of Gronwall’s lemma yields,

T
sup Elu|? < CE <|u0|§1 +/ Jgds)
te[0,T] 0

T T
GIE/ g% ds < CE <|uo|§1+/ deS>
0 0
and hence (2) holds.

To complete the proof it remains to show first inequality in (3). This is done using the
same argument as in Krylov and Rozovskii [9]. It is included here for convenience of the

which in turn gives
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reader. Considering the sequence of stopping times o, defined in (8) and using Remark 2.1
along with Definition 2.1, one observes that the stochastic integral on the right-hand side
of (6) is a local martingale. Thus invoking the Burkholder-Davis-Gundy inequality, one
gets

o tAoy, . . 00 TAo, . 172
E sup (Y- / (us, Bi(ug)) AW < 4E [ )~ / |(us, Bo(u5))|* ds
te(0,1] =7 JO =170

Furthermore, on using Cauchy-Schwarz inequality, Remark 2.1 and Young’s inequality one
obtains

1/2
o /

tAoy, . . o TAoy )
E sup |3 /0 (us, Bi(ug)dWi| < 4E [ > /0 |uts 771 B (us) |7y ds
j=1

Troy 1/2
< 4K ( sup |um(,n|%{ (fs + |us|%—] + |us|(\x/) ds)
te[0,T] 0

Troy,
<€eE sup |uino,|f + CE (fs + luslfy + lusly) ds. (13)
te[0,T] 0

Moreover, taking supremum and then expectation in (6) and using Assumption A-3 along
with (13), one obtains

T
E sup |uman|%{ <€l sup |ut/\0n|%‘f +C (Elu()ﬁ{ + E/ fsds
te[0,T] te[0,T] 0

T
+E/ lus| ds +  sup Elutlﬂ .
0 te[0,T]

Finally, by choosing € small and using (2) for py = 2, one obtains

T
E sup |ut/\gn|%{ <C (Eluolﬂ +]E/ fsds>
t€[0,T] 0

which on allowing n — oo and using Fatou’s lemma finishes the proof. |

Definition 3.1: Let W be defined as the collection of V -valued and .%;-adapted processes
Y satisfying

T
/ o () ds < o0 as.,
0

where
p(x) == L(1 + x1%) (1 + |x|%) (14)

forallx e V.

Note that if u is a solution to (1) then u € W.
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Remark 3.1: Forany ¥ € Wandv e L*(2, C([0, T]; H)),

t S t S
E |:/ e~ Jo o) drp('al’s”vsﬁ{ d5:| <E sup |Vs|%{/ e~ Jo o) drp(ws) ds
0 s€[0,t] 0

=T sup [vl% [1 — e Jortm dr]
s€[0,t]

<E sup |v5|%1 < 00.
se€[0,t]

This remark justifies the existence of the bounded variation integrals appearing in the
proof of uniqueness that follows.

Proof of Theorem 2.3.: Consider two solutions u and # of (1). Thus,
t O et ; .
w— i = [ Ao = A ds+ 3 [ (Bl - Baw) awl - as)
0 — Jo
=1

almost surely for all t € [0, T]. Using the Ito’s formula and the product rule one obtains

t - _ _ t - _ _ _
d (e_fo plts) dsyy, ut|%1) = e Jor@)ds [dlut — |3 — p () |y — |3 df]

= e @9 | 50A ) — A, e — i) + Y Bjup) — Bl | dt
j:l

+ 32 (s — i, Bl(u) — Bl(@)) dW] — p il — iy e
=1

almost surely for all t € [0, T]. With Assumption A-2 one sees that, with ¢, := ¢ A 0, and
oy = inf{t € [0, T] : |ug|lg > n} Ainf{t € [0, T] : |islg > n} A T,

o 4
tn - n s . . .
e " PEIdsyy, g 2 <2y / S as,st(us)—Bé(as)) dws.
: 0
J=1

Then,
th - _
E [e_ fO p (i) dslutn — iy, |%{:| < 0.

Letting n — oo and using Fatou’s lemma one concludes that for all t € [0, T] one has
P(|lus — % = 0) = 1. This, together with the continuity of u — # in H, concludes the
proof. |

4. A priori estimates for Galerkin discretization

Existence of solution to stochastic evolution equation (1) will now be shown using the
Galerkin method. Consider a Galerkin scheme (V) ,cn for V, i.e. for each m € N, V,, is
an m-dimensional subspace of V such that V,,, C V,,11 C V and U;,en Vi, is dense in V.
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Let {¢; : i = 1,2,...m} be a basis of V,,,. Assume that for each m € N, ' is a V},,-valued
#-measurable random variable satisfying

Po
[n

sup E|ul'l?) < oo and Eluf' —uplf; — 0 asm — oo. (16)

meN

It is always possible to obtain such an approximating sequence. For example, consider
{¢i}ien C V forming an orthonormal basis in H and for each m € N, take ug' = IT,,,ug
where I, : H — V,, are the projection operators.
For each m € N and ¢; € V,,;, i =1,2,...,m, consider the stochastic differential
equation:
t m t ) )
(', b1) = (g p0) + / (A, i) ds+ ) / (o B dwe  (17)
0 — Jo
j=1
almost surely for all ¢ € [0, T]. Using the results on solvability of stochastic differential
equations in finite dimensional space (see, e.g. Theorem 3.1 in [9]), together with Assump-

tions A-1 to A-4 and Remark 2.2, there exists a unique adapted and continuous (and thus
progressively measurable) V,,-valued process u™ satisfying (17).

Lemma 4.1 (A priori estimates for Galerkin discretization): Suppose that (16) and
Assumptions A-3 and A-4 hold. Then there is C independent of m, such that

T T
sup Elu"[? +E/ |u;"|‘{‘,dt+Ef PO de < G, (18)
t€(0,T] 0 0
E sup Iu:”I‘z <C, (19)
te[0,T]

with p=2incasepy = 2 (i.e. B = 0) and p € [2,po) if po > 2,

T
B[ eV esc (20)
0

00 T
Y. [ iBuhhdssc (1)
j=17°

Proof: Proof of (18) and (19) is almost a repetition of the proof of analogous results in
Theorem 2.2. Indeed, for each m € N, one can define a sequence of stopping times

o) :=inf{t € [0, T] : |u}'|g > n} AT
and repeat the steps of Theorem 2.2 by replacing u; with u}" and o,, with o). There are two

main points to be noted. The first is that the stochastic integral appearing on the right-hand
side of (6), with u; replaced by u}", is a local martingale for each m € N. Indeed, on a finite
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dimensional space, all norms are equivalent and hence
TAo)! TAo)!
E/ |uf”|‘{‘,dt§CmE/ n* dt < oo
0 0

with some constant C,,. The second point is that, since

sup Eluf'|f* < oo,
meN

one can take a constant independent of m to obtain (18) and (19).

The estimates (20) and (21) can be proved as below. One obtains from Assumption A-4
that

T T
I=E / AV ds < E / (fs + KIu"1$) (0 + [u"|5p) ds
0 0
T T T T
:IE/ fsds+E/ fs|u§"|ﬁds+KE/ |u§”|“",ds+KIE/ "%l [§, ds.

0 0 0 0

Using Young’s inequality one can see that

Po—2  po

4 2 -2 )
fs +fs|u§n|g < _fSPO/ + + |u;n I/?I(pO/(PO ))‘
Po Po Po

Moreover, |u§”|g <1+ |u§”|H)P°_2, since pg > B + 2. Hence

T _
I< iE/ o2 gg 4 PO
Po Jo

_5 T - T
Il E/ || PPo/ (Po=2)) ds+KIE/ ™ ds
Po Po 0 0

T
+ KIE/ ™% (1 + || g)P0~2 ds.
0

Furthermore, applying Holder’s inequality,

2 _ 2 T ﬁ/(Psz)
/ P0/2 T+ Po T((Po—2=B)/(Po—2)) (]E/ |UT |l;([) ds)
Po Po 0

T T
+(2P0—3+1)KE/ Iu?“l"éds+2f’°‘31</ "y

2 —
/ bo/2 4 T+‘D0 T sup E|ul Ip0
PO po 0<s<T

T T
@y I)KE/ "l d5+2p°3K/ "t s, (22)
0 0
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where one has used the fact py > § + 2. By using (18) in (22), one obtains (20). Further-
more, by Remark 2.1, one gets

T © T T
E/ Z|Bi(u§“)|%;ds56[T+Ef ;"°/2ds+Ef ' ds
U —— 0 0
T T
+E/ |u;“|%ds+]E/ |5 (1 + [ P2 dS]
0 0

T
<C T—}—E/ ftPO/st—f—T sup Elu?ﬁ;
0 s€[0,T]

T T
+ [y as B [ o]
0 0
and hence by using (18), one gets (21). |

5. Existence of solution

Having obtained the necessary a priori estimates, weakly convergent subsequences are
extracted using the compactness argument. After that the local monotonicity condition
is used to establish the existence of a solution to (1).

Lemma 5.1: Let Assumptions A-2, A-3, A-4 and (16) hold. Then there is a subsequence
(m) ke and

(i) there exists a progressively measurable process u € L*((0, T) x 2; V) such that
u™ —~ gy inL*W0,T) x V),
(ii) there exists a progressively measurable process a € Le/@=D (0, T) x Q; V*) such that
A@™) —~a in LC7(0,T) x V*),
(iii) there exists a progressively measurable process b € L2((0, T) x S €2(H)) such that
B(u™) —~ b inL*((0,T) x §;£%(H)).

Proof: The Banach spaces L*((0, T) x Q; V), L*©@=D((0,T) x € V*)and L*((0, T) x
Q; ¢2(H)) are reflexive. Thus, due to Lemma 4.1, there exists a subsequence my, (see, e.g.
Theorem 3.18 in [1]) such that

(i) u™ — yin L*((0,T) x ; V),

(i) A@™) — ain L©@=D((0,T) x Q; V*),
(iii) (B/(u™))2 — (B2, in L2((0, T) x 5 £*(H)).
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Whilst not needed to prove results in this article, it is also possible to show that there is
a subsequence of (my), again denoted by my such that 4™ converges weakly star to u in
LP($2;L°°(0, T; H)). This is a consequence of Lemmas 4.1 and A.6.

Lemma 5.2: Let Assumptions A-2, A-3 and A-4 together with (16) hold. Then,

(i) for dt x P almost everywhere,

t o0 to. .
ut=u0+fasds+2/ b.dw’
0 . 0
j=1

and moreover almost surely u € C([0, T1; H) and for all t

t o0 X o0 t . .
|wé=m@+f 2asu) + 3R, $+z§JX%%MW£ (23)
0 , — Jo
=1 =1

(i) Finally, u € L*($2; C([0, T]; H)).
Proof: Using It0’s isometry, it can be shown that the stochastic integral is a bounded lin-

ear operator from L?((0, T) x €;£%(H)) to L>((0, T) x ; H) and hence maps a weakly
convergent sequence to a weakly convergent sequence. Thus, one obtains

Mg .. ) L. )
> [ el ~ Y [ lawl
j=17" j=17°

in L>((0, T) x % H), i.e. for any ¥ € L?((0, T) x 2 H),

T Mk ot ) T 0 £ .
E / > / Blu(™) dW, (1) | dt > E / > / BedWh () | dt. (24)
0 =10 0 =170

Similarly, using Holder’s inequality it can be shown that the Bochner integral is a bounded
linear operator from LY @=D (0, T) x ;V*) to LY@ D((0,T) x €;V*) and is thus
continuous with respect to weak topologies. Therefore, for any ¢ € L*((0, T) x ©; V),

T t T t
E/ <f As(u;"k)ds,w(t)> dt — IE/ </ as ds,w(t)> dt. (25)
0 0 0 0

Fix n € N. Then for any ¢ € V,, and an adapted real valued process n; bounded by a
constant C, one has, for any k > n,

t
0

T T
E/ Ny, b) dt:E/ ne | (ug*, ) +/ (As(ug™), ¢) ds
0 0

Mk t . .
+ 3 [ @slarawl) an
j=17°
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Taking the limit k — oo and using (16), (24) and (25), one obtains

T T t ot t . .
E [ nonordt=E [ n( e+ [@oras+ [oohaw!|a
0 0 0 oo

with any ¢ € V,, and any adapted real valued process 1; bounded by a constant C. Since
Unen Vi, is dense in V, one obtains

t O et .
vt=uo+/ asds + E /bﬁdWi (26)
0 — Jo
=1

dt x P almost everywhere. Now, using Theorem 3.2 on Itd’s formula from [9], there exists
an H-valued continuous modification u of v which is equal to the right-hand side of (26)
almost surely for all t € [0, T]. Moreover, (23) holds almost surely for all ¢ € [0, T]. This
completes the proof of part (i) of the lemma. It remains to prove part (ii) of the lemma. To
that end, consider the sequence of stopping times o, defined for each n € N by

oy = inf{t € [0, T] : |us|lg > n} A T.

From the Burkholder-Davis—-Gundy inequality, one obtains

1/2
X iAo, , , X rTro, . /
Esup |3 [ wothawd <48 (3 [ thi e
te[0,T] j=1 0 j=1 0
Using Cauchy-Schwarz’s and Young’s inequalities leads to
1/2
o tAo, . . 0 TAo, .
2 swp (3 [ anthaw] sam | Y [ el o
telo.1] |37 Jo j=1"70
1/2
o0 TAo, .
<4E | sup |ut/\gn|%{Z/ |I7£|%1d5
te[0,T] =1 0
00 TAo, .
<e€E sup |thn|12q+CEZ/ |b£|12qu. (27)
te[0,T] =1 0

Taking supremum and then expectation in (23) and using Hoélder’s inequality along
with (27), one obtains

T (a—1)/ T
E sup luo, % < Eluol +2 (E[ |/ @D ds) (E/ gl ds)
te[0,T] 0 0

1/a

+€E sup |ugng,lf + CEZ/ |47 ds
te[0,T] j=1 0
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which on choosing € small enough gives

T (@a=1)/a T
E sup |une, | < C|Elugl? + (E/ |as|®/ @D ds) (E/ |us|% ds)
te[0,T] 0 0

1/a

o) T .
+EZ/ bl ds
j=17°

Finally taking n — oo and using Fatou’s lemma, one obtains

E sup |“t|%{ < 00.
te[0,T]

This concludes the proof. |

From now onwards, the processes v and u will be denoted by u for notational conve-
nience. In order to prove that the process u is the solution of equation (1), it remains to
show that df x [P almost everywhere A(v) = a and B(v) = ¥ for all j € N. Recall that W
and p were given in Definition 3.1.

Proof of Theorem 2.4.: For y € L*((0,T) x ;V)Nw¥N L2(€; C([0, T); H)), using the
product rule and Itd’s formula one obtains

t
E (=020 %) — E(luolh)

t s .
_E / e o 20y + SR — ol | ds|  @9)
0

j=1
and

t
E (e* fo p(W¥s) d5|u:”k|%_l> _ E(W(’)”kl%{)

t s Mg
=E f e~ o PO {2 (A W™), ™) + > 1B — p () |ul™ 1 | ds
0 ;
j=1

(29)

forall t € [0, T]. Note that in view of Remark 3.1, all the integrals are well defined in what
follows. Moreover,

t s Mg
B| [ frms [ aa i + 3B - peliy | &

0 i

t 'S
=E / e Jo P dr Lo A W™y — AdPrg), u™ — W) + 2(As (), ul™)
0
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2(As(ug™) — As(s), ) + - B’(ws Z Bl [

j=1

123 (BLG™ Biw)) = p) (1™ = villy = 1l + 26, )] ) ds} .

j=1

Now one can apply the local monotonicity Assumption A-2 to see that

t
E (e’ Jo p(‘ﬁs)dﬂu:nkﬁ{) — E(lug*I3)

t S
sﬂ{ /0 e Jo W dr (2<As(ws),u KY + 2(As(us™) — As(Yrs), ¥rs)

- Z Bl +2 Z (Bl@™), Blwo) + o) [l — 26, x/fs)]) ds} :

j=1

Integrating over ¢ from 0 to T, letting k — oo and using the weak lower semicontinuity of
the norm one obtains

T t
]E [[ (ef .[0 p(lljS)dS“/ltI%_I _ |u0|%{) dt:|
0

T ¢ dsi m
< liminf E |:/(; (e_fo Ps) Sluy™ (3 |uok|H> dti|

k— 00

T pt " 0 '
<E |:/0 /0 e Jor(ndr (2<As(‘/fs), us) + 2{as — As(Yr), ¥rs) — Z |B]s(1//s)|%{

j=1
+2 Z(%’B{s(ws)) + p(¥s) [|1//s|%-1 — 2(us, WS)]) ds dt:| . (30)
j=1

Integrating from 0 to T in (28) and combining this with (30) leads to

T pt s
E { / / e Jop(rdr (z<as — As(Yy), us — )
0 0

+ 3 1B W) — Bl — p () lus — wé) dsdt} <o. (31)

j:l
Furthermore, using Definition 3.1 and Lemma 5.1,
ue L0, T) x V) NN L2 C([0, T]; H)).

Taking ¥ = u in (31), one obtains that B(u) = b in L?((0,T) x €2(H)). Let n €
L®((0,T) x R), ¢ € V,e € (0,1) and let ¥ = u — en¢. Then from (31) one obtains
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that
T ot
E |:/ / e Jo plur=eng) dr (2e{as — As(us — €nsg), ns9)
0 0
- 62/0(”5 - 6775¢)|775¢|%-1) ds dt] <0. (32)

Dividing by ¢, letting € — 0, using Lebesgue dominated convergence theorem and
Assumption A-1 leads to

T ot
E |:/ / e~ Joplun) dranslas — As(us), @) ds dt} <0.
o Jo

Since this holds for any n € L*((0, T) x €;R) and ¢ € V, one gets that A(u) =a in
L%/ @=D((0, T) x Q; V*) which concludes the proof. [

6. Examples

In this section, some examples of stochastic evolution equations are presented which fit in
the framework of this article and yet do not satisfy the assumptions of [9,11].

Throughout the section, R? denotes a d-dimensional Euclidean space. For x,y € R,
the inner product is denoted by xy. Let 2 C R be an open bounded domain with smooth
boundary. Then for any p > 1, LP(2) is the Lebesgue space of equivalence classes of real
valued measurable functions u defined on & such that the norm

1/p
lulpp = (/ lu(x) P dx)
9

is finite. For i € {1,2,...,d}, let D; denote the distributional derivative along the i-th
coordinate in R?. Furthermore, let V := (D, D3, ..,D,;) denote the gradient. Finally,
WP (2) is the Sobolev space of real valued functions u, defined on Z, such that the norm

1/p
lul1p = (/@ (lu@P + [Vux)lP) dX)

is finite.
Let C3°(Z) be the space of smooth functions with compact support in Z. Then, the

closure of C3°(2) in WP (2) with respect to the norm | - |1, is denoted by WS’P(Q).
Friederichs’ inequality (see, e.g. Theorem 1.32 in [16]) implies that the norm

. 1/p
= \Y
110 ( /_@ Vu(x)| dx)

is equivalent to |u|1 , and this equivalent norm |u| Wi will be used throughout this section.
0

Moreover, let W5 (2) denotes the dual of Wé’P (2) andlet | - |yy-1, be the norm on this
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dual space. It is well known that
W' @) = 1(2) = LX) — W (),

where < denotes continuous and dense embeddings, is a Gelfand triple. Finally, define
A:WHH(D) - WD) by

(Au,v) == —/ Vu(x)Vv(x)dx Vve Wé’z(g).
@

Clearly
|Au|y-12 < |”|W3’2 (33)

and so the operator is linear and bounded.

The following consequence of Gagliardo-Nirenberg inequality (see, e.g. Theorem 1.24
in [16]) will be needed in the examples presented below. If d = 2, then there exists a constant
C such that

1/2
12

1/2

i (34)

lulps < Clul 5" |ul

Furthermore, if d =1, then there exists a constant C such that

3/4
12

1/2
12

1/2

1/4
[1a < Clul ull/2,.
0

Julgs < Clulyhul}ia <

|ul |ul

Example 6.1 (Semi-linear equation): Let ¥ be a constant such that y? < % For
i=12,...,d,let g : R — R be bounded and Lipschitz continuous and h; : R — R be
Lipschitz continuous. Let f : R — R be a continuous function such that

fW] < KA+x%) and () = fONx—y) < KA+ yPlx =y YxyeR.
Consider the stochastic partial differential equation
du; = (Aut + g(up) Vuy —|—f(ut)) dt + (yVur + h(uy)) dW; on (0,T) x &9, (35)

where u; = 0 on 09, uy is a given Fy-measurable random variable and A is the Laplace
operator. Moreover, W is an R%-valued Wiener process. It will now be shown that such an
equation, in its weak form, fits the assumptions of the present article.

LetA: WS’Z(@) — W (2)and B : Wé’z(@) — L?(2) be given by

A(w) == Au+gw)Vu+ f(u) and Bi(u) := yDju + hi(u)

fori=1,2,...d. The next step is to show that these operators satisfy Assumptions A-1 to

A-4. One immediately notices that A-1 holds, in particular, since g and f are continuous.
One now wishes to verify the local monotonicity condition. By using the assumptions

imposed on f and g one can see for u, v € W&’z (2), upon application of Holder’s inequality,
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that
(A@W) = AW, u =) = =l = Vo + @V = v),u—v)

+ (Vn) (W) —g),u —v) + {(f(w) —f(V),u —v)

2 2
< —|lu—v Clu—v|, 12lu—v Clv|y2|lu—v
< - My+ I lwp2] |12 + Clvly2] 74

+ Clu — vliz + C|V|i4|u — v|%4.
Then (34) implies that
(A) = AW, u = v) = —lu—=vly1o + Clu—viyalu — v
+ C|V|Wé,2|u — v|p2|u — VlWé’z
+ Clu — vliz + C|v|%4|u - V|wé>2|u — V2.
Young’s inequality with some € > 0 finally leads to
(A(w) — A(W),u—v) < (e — D]u— v|2Wé,z +C(1+ |v|2Wé,2 + V) u = vI2,.

Moreover,

d
Y 1B W) — BMIj < 27 lu—vI3 10 + Clu — vip.
0
i=1

Thus using (34) once again, one obtains

d

2(A() — AW, u—v) + Y |Bw) — B0}, < Qe +2y” = 2)lu— v@Vé,z
i=1

2 2 1,12 _
+C1+ |V|Wé’2 + |V|L2|V|Wé,z)|u

If y € (—1,1), then one can get that for some 6 > 0,

d
2(A@) = AW =) + D 1B'@) = B0 +0lu— vl
i=1

<Ca+ |v|2Wé,z)(1 + [VIF2) u = vi32s

forall u,v € Wé’z (2). Hence Assumption A-2 is satisfied with « := 2 and 8 := 2.

(36)

2
s

The next condition that ought to be verified is coercivity. Taking v=0 in (36), one

obtains for all u € WS’Z(@)

(A),u) = (¢ = Dlulyo + Clulp,
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which implies, together with the assumptions on h, that
d .
2(A(),u) + (po = 1) Y IB @I = (2€ +2r(po = 1) = 2) [l + C (14 uly)
i=1

One can now take pg := 4 and see that if y> < 1/3, then Assumption A-3 holds with § :=
2 — 2e — 6y? for € > 0 sufficiently small.

Finally one wishes to verify the growth condition. Using the boundedness of g and
Holder’s inequality one obtains, for u € W& ’2(_@), that

|g(u)Vu|W71,z < C|M|Wé’2'

Moreover, due to Holder’s inequality, one gets that forany 1 < g < coand u,v € Wé’z (2)
3 3
(F),%) < Clvlza + Clufsq1 Ve < Clvlynz + ClulZsgoon My,

where the last inequality is consequence of the Sobolev embedding and the fact that d=1
or 2. Hence, with g = 6 one obtains that

F@lw-12 < C(1+ [ul}igs) < C(1+ [ulp2ulfs)

where the last inequality follows from interpolation between spaces of integrable functions,
see e.g. [16, Theorem 1.24]. Finally, using the Sobolev embedding again, one can see that

A3, < C (1 + |u|2wé,z) (1+ |ulf)

thus Assumption A-4 is satisfied witha = 2, § = 2.

Ifd=lor2,a =2,8=2,py =4,y < 1/3anduy € L*(Q; L*(P)) is .Fo-measurable
then, in view of Theorems 2.2, 2.3 and 2.4, one can conclude that equation (35) has a unique
solution and moreover for any p < 4 one has

T
E( sup utl}, +/ el 12 dt) < C(1+Eluglp)-
t€[0,T] 0 0

Example 6.2 (Stochastic p-Laplace equation): For o > 2, consider the stochastic partial
differential equation

d d

du; = (Z D; (IDius|* "2 D) + f(ut)> dt + >y |Diug > AW} + Y " hi(uy) dW]
i=1 i=1 ieN

(37)

on (0,T) x &, where uy = 0 on 9% and uy is a given Fy-measurable random variable.
Moreover, W' are independent Wiener processes. Furthermore, assume that there are
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constants ,s,t > 1 and continuous function f on R such that
fx < KA+ [x]“2H; [f(o)] < KA+ [x[)

and  (f(x) —f)x—y) < KA+ y)lx—y" VxyeR

Finally, fori € N, let h; : R — R be Lipschitz continuous with Lipschitz constants M; such
that the sequence (M;);cry € £2. Let A : Wé’a(.@) — W™¥(2) be given by

d
A(w) := ) Di (IDul* "> Diu) + f ()
i=1
and B : Wé’“(@) — L*(2) be given by

)/|D,-u|o‘/2 +hi(uw) fori=1,2,...,d,

Bi(u) := .
hi(u) otherwise.

It will now be shown that these operators satisfy Assumptions A-1 to A-4 if any of the
following holds:

1) d<a,r=a+1, s<a, t=2anduye L(%L*(2)).
2 d>a, r=2a/d+a—1, s<min{((e*(t—2))/((d—a)(a—2))),(a(x —1t))
[ —2))}, 2 <t <aanduy € L°(%5L%(D)).

Case (1) One immediately notices that A-1 holds since f is continuous.
One now wishes to verify the local monotonicity condition. From standard calculations
for p-Laplace operators, one obtains for eachi = 1,2,...,d,

_ _ 2
(D; (1Diul*2Diu) — D; (IDiv*2Dv) ,u — v) + |y IDiu|*/* — y|Div|*/*|,, < 0
provided y2 < (4(a — 1))/a?. Further for d < «, one has Wé’a(@) C L*®(2) by the

Sobolev embedding and therefore using the assumptions imposed on f one obtains that
for u,v € Wy*(2),

fw) —fv),u—v) = Kf@(l + [V [ u(x) — v(x)|? dx

< K1+ [Vljeo)|u — VI3,

= CA A+ lu = v,

2
< CA A Vel = Vi
if s < . Moreover, using Lipschitz continuity of the functions #;

W' (w) — W )2, < MFu—vl2,.
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Therefore, for all u,v € Wé’“ (9)

2(A(w) — AW),u—v) + Y |B'(u) = B2,

ieN

d
Z[ (IDsul* 2 Diu) = Di (1D Div) s = ) + [y Dl = y 1D/, |

+2[<f(u) —f@hu =)+ Y i) — h(v)@}<c<1+|v|wm)|u—v|iz.

ieN
Hence Assumption A-2 is satisfied with 8 := 0. Again,

d

2 " (Di (IDiul*"*Diu) ,u) = —20ulf 1

i=1
Using assumptions on f, Holder’s inequality and Sobolev embedding as above, one obtains

2(f(u),u) < 21</ (1 + [u@)| @2y dx < 2K + [u%|ul;2)

<ca+ |u|“/1a|u|Lz) < 8lul” 1y + CL+ ul?),

Wla

where last inequality is obtained using Young’s inequality with sufficiently small § > 0.
Furthermore, for any py > 2

d d
(Po— DY 2|y IDul*?[} = (po — D22y /@ IDu()I* dx = (po = D2y [l{ 10
i=1 i=1"%"~

Hence Assumptions A-3 is satisfied with 6 := 2 — 2(py — 1)y? — 8§ > 0. Note that using
Holder’s inequality, one gets for u, v € Wé’“(@),

(@—1)/a 1/a
/ |Dz~u<x)|“—1|Div<x)|dxs( / |Diu(x>|“dx) ( /| |Div<x)|“dx>
7 9
d (a—1)/a
< (Z / |D,-u(x>|“dx) (Z | 1o dx)
— Jg

= lulg i Ve

1/

Further using assumption on f taking r = o + 1, Holder’s inequality, Gagliardo-Nirenberg
inequality and Sobolev embedding,

f@lf(u(x))IIV(x)IdxsK/@(lJrIu(X)I““) |v(x)|dx

< Klvlio (14 1850 = KVl (1 + [ulfs ul2)

L+l

= Kvljypa (1 + Iulwlalule)
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and hence

JAW) | y—ra < Klul® 1 4+ K@+ w5 [ul2) < KO+ [u%0) 0+ [ulf).
W, W, W,

0

Thus Assumption A-4 holds with 8 = 2a/(«¢ — 1) < 4 and in view of Theorems 2.2-2.4,
one can conclude that equation (37) has a unique solution and moreover for any p <
(4 — 2) /(o — 1) one has

T
E( sup |Mt|‘z2 +/ |”t|(;vl,adt) < C(l +E|u0|g§a_2)/(a_l)>,
t€[0,T] 0 0

Case (2) In the case d > «, one can obtain the result using the Sobolev embedding
W&’“ (2) c L@e/d=2)(Z) and following the same steps as in [2].

Example 6.3 (Stochastic Burgers equation): Let d=1 and ¥ = (0,1). Let y €
(—+/1/3,4/1/3) be a constant and let & : R — R be Lipschitz continuous. Consider the
stochastic partial differential equation

du; = (Auy + wDuy) dt + (yDuy + h(u)) dW;  on (0, T) x 9, (38)

where u; = 0 on 2 and an L?(2)-valued, Fy-measurable u is a given initial condi-
tion. Here W is a real-valued Wiener process. Weak formulation of this equation can be
interpreted as a stochastic evolution equation as follows.

Define A : Wé’z(.@) — W (2)and B: Wé’z(.@) — L*(D) as

A(u) :== Au+uDu and B(u) := yDu + h(u).

Note that Assumption A-1 is satisfied following the same arguments as in Example 6.1.
Next, one would like to check the local monotonicity assumption. Note that, if u,v €
Wé’z (9), then

1
ED [u2 - vz] = uDu — vDv
and so using integration by parts
Loy
(uDu — vDv,u — v) = _EW — v, D(u —v)).
Thus,

(A(w) — A(v),u —v) = —|u—v| ((u— V)Z,D(u —v)) — (v(u—v),D(u — v)).

2 1
Wyt 2
But using integration by parts again we see that ((z — v)2, D(u — v)) = 0 and so

(A(w) =AW, u—v) = —[u— Vlivé,z — (v =), D(u = v)).

So from Holder’s inequality one observes that

2
(Aw) —AW),u—v) < —lu— V|Wé,2 + Vlpslu — vipfu —vlyn2
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and thus Gagliardo-Nirenberg inequality, see (34), and Young’s inequality imply that for
anye >0

(AW) = AW, u = v) = =l = VIg o+ €lu = v + CVRIVlu—vIE. (39)
This, along with Lipschitz continuity of h, gives

2(A() = AW), u—v) + |B@) — B}, < (=2 +2¢ +2yH)|u — vl 1,

+CU+W@XLHM%QW—M§

forall u,v € Wé’z(g). As y? € (0,1/3) one can take € > 0 sufficiently small so that —1 +
€ + y? < 0 and hence Assumption A-2 is satisfied with o := 2 and § := 2.

The next step is to show that the coercivity assumption holds with py = 4. Indeed,
substituting v=0 in (39), one obtains

(Aw),u) < (=1 +Oul? 15
0
which along with linear growth of h implies that

2(A@w), w) + 3B < (=24 2€ + 6y D) ulf10 + C(1+ul,).

Note that since 2 € (0, 1/3) one can take € > 0 sufficiently small so that § := 2 — 2¢ —
6)/2 > 0. Then with f: = C, Assumption A-3 holds.

Finally, one should verify the growth assumption on A. Using integration by parts,
Holder’s inequality and (34) one obtains for u, v € Wol’z(@),

(D) = = (0, Dv) = 2 [l Yl ygre < Cllgz a1l 02
which then implies that
[uDulyy-12 < Clulgzlul 1z, (40)
Hence using (33), one obtains for all u € Wé’z(@)
mwmwusam%ALHmp
proving that Assumption A-4 is satisfied fora =2, =2and f =C.

Thus, in view of Theorems 2.2-2.4, if ug € L*(Q;L?(2)), then equation (38) has a
unique solution (u¢)se[o,r] and for any p <4

T
E(W3M@+/Iw%ﬂd<cu+mw@L
te[0,T] 0 0

where we recall in particular that C depends on T.
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Example 6.4: Letd=1and Z = (0,1). Let y € (—+/2/5,4/2/5) be a constant. Consider
the stochastic partial differential equation

dus = (Aus + uDu; — ”?) dt +yudW: on(0,7) x 2, (41)

where u; = 0 on 3% and an L*(Z)-valued, Fy-measurable 1 is a given initial condi-
tion. Here W is a real-valued Wiener process. Weak formulation of this equation can be
interpreted as a stochastic evolution equation as follows.

Define A : Wy*(2) — W=12(2) and B: Wy (D) — L*(D) as

A() = Au+uDu—1u> and B(u) := yu’.

where A and B are well-defined using the Sobolev embedding Wé’z (2) C L*®(2) and (34)
above. Clearly, Assumption A-1 is satisfied. Furthermore, using Mean value theorem it is
easy to observe that

(—® + vV u—v) + |y — vz)liz <0
since 2 < 2/5 and hence using (39), one obtains
2(A(u) — A(W),u —v) + [B(w) — BW)|j2 < (=2 + 2€)|u — v|2wé,2
+CA+ 7)1+ |v|§vé,2>|u -5

< (—2+42¢ u—v?
( it = vl

+CA+ [+ |v|$vé,2>|u -5

for any € > 0 and for all u,v € Wé’z(.@). By choosing 0 < € < 1, Assumption A-2 is
satisfied with o« := 2 and 8 := 4.
Further Assumption A-3 holds with pp = 6 and 8 = 2 — 2¢. Indeed, one has

2{A@w), u) +5|B@)|f < (=2+20)[ul’, 1.

Finally, one should verify the growth assumption on A. Using Sobolev embedding one
obtains for u,v € Wé’z (9),

(=1 ¥)| < luloo|Vloolulfz < Clulyalvlyzulf,
which then implies that
| = w12 < Clulplulyo.
Hence using (33) and (40) one obtains for all u € Wé’z(g)
Ay = Clulla (14 [ulp)

proving that Assumption A-4 is satisfied foroo = 2, = 4and f =C.
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Thus, in view of Theorems 2.2-2.4, if ug € L°(;L*(2)), then equation (41) has a
unique solution (u;);c[o,7] and for any p <6

T
E ( sup |“t|IL)z +/ |”t|?,vl,2dt) <C (1 + IE|1/40|22) >
te[0,T] 0 0

where we recall in particular that C depends on T.

Remark 6.1: Note that taking & = 0 in previous examples, one requires 2 < 2/3 in Exam-
ples 6.1,6.3 and less than (8(a — 1)) /a® A (2(a — 1))/(3a — 1) in Example 6.2. Here, y2 is
the coefficient of |v|{; appearing in the growth of the operator B. However, the correspond-
ing values required in main theorem of [2] would be less than 2/5 for Examples 6.1, 6.3 and
less than (8(a — 1))/a® A (2(a — 1))/(5a — 1) for Example 6.2. Thus, the restriction on
y appearing in the growth assumption of operator B is not optimal in [2]. Furthermore,
operators B having growth like in Example 6.4 cannot be covered by [2].

One should note that the restriction on the range of values y may take is not surpris-
ing in view of known results for linear stochastic partial differential equations where the
‘stochastic parabolicity’ condition is needed. To see how this arises, consider the initial
value problem

1
th = (1 — E)/2> Avt dt on (0, T) X Rd

with vy € L>(R¥) given as an initial value. This is well-posed if (1 — (1/2)y?) > 0. Let
ui(x) := v(t,x + y Wy), where W is R-valued Wiener process. It6’s formula implies that

d
du; = Augdt + Z yDjuydW;, on (0,T) X R, Ug = vo.

i=1

Hence one can only reasonably expect this stochastic partial differential equation to be
well-posed if (1 — (1/2)y?) > 0.

On the other hand, one can see that the range of values of ¥ one may take, so that
Assumption A-3 is satisfied, depends on py. This may seem surprising in view of results in
Krylov [8] on LP-theory for stochastic partial differential equations. The following example,
which is not covered in [8], from Brzezniak and Veraar [3], explores this question further.

Example 6.5: Consider the stochastic partial differential equation
du; = Audt + 2y(—A)1/2utth on (0,T) x T, (42)

where T is the one-dimensional torus R/(277Z), y € R is a constant and JF(-measurable
ug is a given initial condition. Here W is a real-valued Wiener process.
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For 2 € (0,1/2) and uy € L*(2; L*(T)) the results in Krylov and Rozovskii [9] imply
existence and uniqueness of the solution to (42) and moreover the solution satisfies

E sup [l < CE (14 luols ) ) -
te[0,T]

On the other hand, Brzezniak and Veraar [3] have shown that if
2920 - 1) > 1,

then the problem (42) is not well-posed in L ((0, T) x €2; L?(T)). It will be shown that this
example fits in the framework considered in this paper and that the coercivity condition,
Assumption A-3, is satisfied as long as

292 (po— 1) < 1. (43)

This shows that the coercivity condition in this paper is sharp, since (42) is ill-posed as
soon as Assumption A-3 does not hold.

Let the space L2(T) denote the Lebesgue space of equivalence classes of C-valued mea-
surable functions u defined on any interval of length 27, which are 2w -periodic and the

norm
1/2
|ul 27y = </T|u(x)|2dx> < o0.

Furthermore, W"2(T) denotes the closure of C>(T), the space of smooth functions, in
L*(T) with respect to the norm | - |1, given by

1/2
lul 1 = ( /T (142 + [Du) ) dx) .

Let F : L*(T) — ¢*(Z) be the Fourier transform given by

Fu = (U)ez with iy = \/% /T u(x)e *xdx
and F~!: £2(Z) — L*(T) its inverse which is given by
F Y 0kez = u  with u(x) = «/% kz e,
eZ
For u € WbH2(T), one has
Ul = |Fulps gy + 1F D)l g, since |ulls g = [Fuljs - (44)
Furthermore, for each k € Z,
[F(Duw](k) = ik(Fu)(k). (45)

Consider the operator (=A)/2 . WHE(T) — L*(T) defined by

(=) 2y = FH((KI(Fu)(K))kez)
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and the operators A : W"2(T) — W~12(T) and B: W“?(T) — L?*(T) defined by
A(w) = Au and B(u) =2y(—A)Y?u.

It will be shown that these satisfy Assumptions A-1 to A-4. Using the arguments given in
Example 1, the operator A satisfies Assumptions A-1 and A-4 witha =2, 8 =0, py =2
and L=0. Then, using (44) and (45), one obtains

2(A(w) — AW), u — v) + |Bu) — BO) oy,

= (2449 ) FIFwk) - Fu®dP <0
keZ

provided 2y? < 1. Hence operators A and B satisfy Assumption A-2 if 2y? < 1. Further-
more, for any 6 > 0 and py > 2, one obtains

2{A(u), u) + (po — DIBul T2y + Olulfya

= (4% (po = D) = 240) Y RIFw P +0lulfa -
kel

Note that there is 6 >0 such that (4y%(po—1)—2+6) <0 if and only if
2y2(po — 1) < 1. Hence Assumption A-3 holds if and only if (43) holds.
Thus from Theorem 2.2 one can see that the solution satisfies

E sup |ulf,

<CE (1 + Juol
te[0,T]

(T) L2(T) )

for p € [2, po) if po > 2 and for p =2 otherwise.
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Appendices

Appendix 1. Hilbert-space valued Wiener process

Many authors consider stochastic evolution equations with respect to cylindrical Q-Wiener process
W taking values in a separable Hilbert space (U, (-, -)u, | - |u). Here Q is a linear, symmetric, non-
negative definite and bounded operator on U. For an overview of stochastic integrals with respect
to Hilbert-space valued Wiener processes, one may refer to Dalang and Sardanyons [4] or [15].
The operator under the stochastic integral would be taking values in the space of Hilbert-Schmidt
operators, denoted by L, (U, H). The stochastic evolution equation considered is then written as

t t
ue = o+ / Ag(us) ds + / By(u)dWs  te[0,T], (A1)
0 0

instead of (1). The aim of this section is to show that these formulations are equivalent.

First we show that the stochastic It6 integral with respect to cylindrical Q-Wiener process on
a separable Hilbert space can be expressed in the form of infinite sum of stochastic It6 integrals
with respect to independent one-dimensional Wiener processes as considered in (1). Here W is
cylindrical Q-Wiener process in U with Q=1, the identity on U. Let (¢/)jen be an orthonormal
basis of U, which in this case are also the eigenvectors of Q corresponding to the eigenvalues Y )jeN
where M = 1foreachj € N.

For t € [0,T] and j € N, define W{ := W, #)y. Then it can be seen that the processes

(W)iefo,r],j € N are independent real-valued Wiener processes. However, the series Zj'il Wi =

Zfil NgY W{ W does not converge in L?(2; U) as Zjoil M, i.e. trace of Q, is not finite. Consider the
linear map J : U — U given by

oo
1 .
Ju := Z —(u, )y YueU.
=17
Note that J/ = (1/j)w/ for each j € N. It can then be seen that J is an injective mapping satisfying

D Il < oo

j=1
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and for each t € [0, T], the series

> W dyupd =Y Wi

j=1 j=1
converges in L?(2; U). In fact, the series converges in L?($2; C([0, T]; U)) and defines a Q;-Wiener
process on U where Q; := JJ* is a bounded linear operator on U which is nonnegative definite,
symmetric and has finite trace. Moreover, Q}/ 2(U) = J(U) and (Ju/ )jeN forms an orthonormal basis
of J(U) where the norm on the space Qi/ 2(U) = J(U) is given by

1/2

ul g2y = 1Q " July = luly YueU.

For details, one may refer to Proposition 2.5.2 in [15].

Next we show that the two formulations of stochastic integral (with respect to cylindrical Q-
Wiener process, or written as an infinite sum) are equivalent. Consider a progressively measurable
process (By)¢e[o,r] taking values in L,(U; H), where L,(U; H) is the space of Hilbert Schmidt
operators from U to H. Note that

Bi(w) € Ly(U; H) <= Bi(w) o] ™" € LyJ(U); H) = Ly(Qy*(U); H)

and then the stochastic integral with respect to cylindrical Q-Wiener processes is defined by the
following

t t
/BSdWS ::/ BioJ AW, telo,T]
0 0

where the integral on the right-hand side is with respect to Q;-Wiener process on U (see e.g.
Section 2.5.2 in [15]).

Now we show that the above stochastic integral with respect to a cylindrical Wiener process can
be expressed as an infinite sum of stochastic integrals of suitable H-valued processes with respect to

independent real-vglued Wiener processes. Define B’t := B;(¥) = (B; o J V) () for all t € [0, T]
and j € N. Then (B’t)jeN € ¢2(H) since B; € L,(U; H). Further for u € U, we have

Biw) = (BroJ H0w =Y (wd)u(By o] H0W) = > (u,v)uB,
j=1 j=1

and hence

t t o0 [ .
/BSdW5=/ Bso]_ldW5=Z/ BLdw!. (A2)
0 0 . 0
j=1

Thus (A2) implies that u is a solution to (1) if and only if it is a solution to (A1).

Moreover, assumptions in this paper made on operators B/ : [0,T] x @ x V — H can be
equivalently replaced by assumptions on the operator B: [0, T] x @ x V — L,(U; H) as follows.
Assumption A-2 can be equivalently replaced by

A 2 (Local Monotonicity): Almost surely for all t € [0, T] and x,X € V,

2(A(x) — Ap(x), x — X) + |Be(x) — Bt(?_C)|%2(U,H) < LA+ X7+ |9_C|€1)|x — x5
Finally A-3 can be equivalently replaced by

A3 (Coercivity): Almost surely forall t € [0, T]andx € V,
2(As(x), %) + (po — DIBi®)[7 ) + 01x1% < fi + Klxl3;.
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Appendix 2. A compactness result

The following lemma is not new and is included for the convenience of reader. It allows one to obtain
weakly-star convergent subsequences, under appropriate assumptions.

Lemma A.6: Let X be a separable Banach space with dual X* and (-,-) denotes the duality pairing
between X and X*. If (S, ¥, i) is a measure space with (1(S) < 00, and (u,)neN is a sequence satisfying

sup/ Iunlg(*du < 00 (A3)
n JS

for some p > 2, then there exists a subsequence (ng) and u € LP(S,X*) such that (un,) converges
weakly-star to u as ny — o0, i.e.

/(unk,go)du - f(uxp)du Vg e /PS5, X).
S S

Proof: Let (¢;)ien be dense subset in X. Then, it is sufficient to show
[motivan— [warvdn vien vyert s
S S

for some subsequence (1) and u € LP(S, X*). Observe that, in view of Holder’s inequality and (A3),
we have

/S s i) Pt < fs lunlle 1g5ds < Clenll

for some constant C independent of n. Thus, (u,, ¢1) is a uniformly bounded sequence in the
reflexive space LP(S, R). Therefore, there exists a subsequence (1) and &; € LP(S,R) such that

/(”n1>¢1)1/fdl/«_>/511/fdﬂ vy e LP/PD(SR).
S S

Repeating the above process with each ¢; and subsequence obtained from previous step, there exists
a subsequence (#x) and (&;)jen such that

fswnk,@w du — fsaw dp VieN Vy e /PV(SR).
Finally, one can define u € LF(S, X*) by
fs (1, ) dpa += fs Evdn VieN Vyel/0DER)
and note that,
fswnk,aw dyu — /S‘Eilﬁ dyu = [S<u,¢,~>w du VieN Vye/0-DER)

as desired. [ |



	1. Introduction
	2. Assumptions and main results
	3. A priori estimates and uniqueness of solution
	4. A priori estimates for Galerkin discretization
	5. Existence of solution
	6. Examples
	Acknowledgments
	Disclosure statement
	References

