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ApsTrRACT. In this paper we introduce and study a subclass ¥p(a, A, p, 32, ) of mero-
morphic univalent functions which is associated with generalized polylogarithm functions.
We obtain coefficient estimates, extreme points, growth and distortion bounds, radii of
meromorphically starlikeness and meromorphically convexity for the class @p(a, A, p, 2, )
by fixing the second coefficient. Further, it is shown that the class ¥p(0, A, p, 2, c) is
closed under convex linear combination.

2010 Mathematics Subject Classification: 30C80, 30C45.

Keywords and Phrases: Meromorphic functions, meromorphically starlike functions,
meromorphically convex functions.

1. INTRODUCTION

Let ¥ denote the class of functions of the form

flz)=z"1+ Zanz” (1.1)

n=1

which are analytic in the punctured open unit disk
Ui={z:2zeC,0< |z| <1} = U\ {0}

Let X5, ¥*(a) and Xg(a), (0 < a < 1) denote the subclasses of ¥ that are meromor-
phically univalent functions , meromorphically starlike functions of order & and mero-
mophically convex functions of order o respectively. Analytically, f € ¥*(a) if and only
if, f 1s of the form (1.1) and satisfies

& (22) 0, e
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similarly, f € ¥y (a), if and only if, f is of the form (1.1) and satisfies

f ”f-?)) i
R (1+ e >a, zel,
and similar other classes of meromorphically univalent functions have been extensively
studied by Altintas et al. [2], Aouf [3, 4], Ganigi and Uralegaddi [10], Kulkarni and Joshi
[14], Mogra et al. [20], Uralegadi [28], Uralegaddi and Ganigi [29] and Uralegaddi and
Somanatha [30] and others [1, 7, 8, 11, 13, 17, 18, 19, 21, 22, 24, 25, 26, 27, 32].

Let X p be the class of fu:nctions of the form

:z_1+Zan::“, ay, = 0, (1.2)
n=1

that are analytic and univalent in U*. For functions f € X given by (1.1) and g € X given

by
=271 —|—Ebﬂz”, (1.3)
n=1

we define the Hadamard product (or convolution) of f(z) and g(z) b

(f * 9)(= zanbz —: (g% f)(2). (14)

For 3 € N, the set of natural numbers with » > 2, an absolutely convergent series

defined as

is known as the polylogarithm. This class of functions was invented by Leibnitz [15]. For
more works on polylogarithm and meromorphic function (see [1, 27, 32]).
We consider a linear operator

Q. f(z) : E=X%

which is defined by the following Hadamard product (or convolution) :

Qe f(2) = 6(2) =—+Z n+2

where
bue(z) = 2 2 Li(2).
Next, we define the hnear operator

T, 5 =Y

as follows:

5 (2) = ( f()——au) +inﬂ+g
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For function f in the class ¥p, we define a linear operator %  f(z) as follows

D, of(2) = 0 f(2)

Dy of(2) = (1 =)o f(2) + p2(0.f(2)) = Dy, ..f(2)

-‘70 f(2]= Di, 5 (D, £ (7))

Dol (2) = Dy, (252 1(2))
_%-pz[l_'—ﬂ:”f;l anz", ke M.

Now, in the following definition, we define a subclass @p(a, A, p, 2) for functions in the
class ¥p.

Definition 1.1. 27]) For 0 < a < 1,0 < g, A < 1, k3¢ € N and 3 > 2, let
Gp(a, A, p, #) denote a subclass of ¥ consisting of functions of the form (1.1) satis-
fying the condition that

AT () . ,

(G nae s ) o <Y -

The main object of this paper is to obtain coefficient estimates, extreme points, growth

and distortion bounds, radii of meromorphically starlikeness and meromorphically con-

vexity for the class @p(a, A, p, 32, ¢) by fixing the second coefficient. Further, it is shown

that the class ¥p(a, A, p, 3, c) is closed under convex linear combination. Our first
theorem gives a necessary and sufficient condition for a function f € ¥p(a, A, p, ).

2. COEFFICIENT INEQUALITY BY FIXING THE SECOND COEFFICIENT

Furthermore, we say that a function f € %p(a, A, u, 3), whenever f(z) is of the form
(1.2). For the class @p(c, A, p, 3¢), we derive the following characterization property:

Theorem 2.1. Let f € ¥p be given by (1.2). Then [ € ¥p(a, N, p, 3¢) if and only if

Z[n-—i—a—o:/\(l + n)] % a, < (1—a). (2.1)
n=1

Proof. If f € %¥p(a, A, p, ), then
x [1+prn+1)F il

o AT () )= R e ™
@) '

(A=12Z5 f(z)+ Xz(25 . f(z)) s i()\—l—l—nh] 1+ p(n+1)"
n=( (n+2)x

1
ﬂzn+

By letting z — 1, we have

1+ p(n+1)]"
_l—I-Z —(ﬂ—e—Z] n
1+ p(n+1)"

n+2r "

—1+ Z(/\— 1+ nA)
n=1
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This shows that (2.1) holds.
Conversely assume that (2.1) holds. It is sufficient to show that

w—1
w4+1-—-2a

B A, f(2)
C(A=0ZE L f(2) + A Fg L (2)

< 1,

where

Using (2.1) that
(2, ,-f( — [(A=1)F; . f(2) + A2(F] . f(2))]
Z(Qﬁ,xf( {1—2& [{}\.— 1) (=) —|—Az(.@£ Hf{z}l}’]
1+ p(n+ 1))

B El (I1=X)(n+1) i) ap 2"t

a o0 . B B 1+ p(n+ 1))~ .
—2(1 —a) +n§1 [(1+(1—=2a)A)|n+ (1 —2a)(A—1)] 2 2"l

e . [1+ p(n+1))" "

) S a-N@n A,

- e _ 1+ p(n+1))"
2(1 —a) — nz=:1 [(1+(1—2a)A)]n+ (1 —2a)(A—1)] CEDL an,

<1

Thus we have f € ¥p(a, A, p, 3r). O

For a function defined by (1.2) and in the class ¥p(a. A, g, 3¢), Theorem 2.1, immedi-
ately yvields

ar < (1— cﬂll i (2.2)
(1+a(l —2X) 3—9«;
Hence we may take
1—
a = ( Q)TI o c(0<c<1). (2.3)

(1+a(1-2)) =

Motivated by the works of Aouf and Darwish [5], Aouf and Joshi [6], Ghanim and
Darus [11], Magesh et al. [17], Sivasubramanian et al. [24] and Uralegaddi [28], we now
mtroduce the following class of functions and use the similar techniques to prove our
results.

Let ¥p(a, A, p, 3, c) be the subclass of ¥p(cr, A, p, ) consisting of functions of the
form
f(z) :%+ a _Q)T1+2 G Z n+a—al(l+n) D?’“T;}{IH a,z",
: (1+a(1—2/\))3—f n= "

(2.4)
where 00 < ¢ < 1.
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In our next theorem, we now find out the coefficient inequality for the class ¥p(a, A, p, 3, c).

Theorem 2.2. Let the function f(z) defined by (2.4). Then [ € ¥pla. A, p. 5, ¢) if
and only if,

Z[n—l—a—akl—kﬂ]%mﬁg(l—a){l—c). (2.5)
n=2

The result is sharp.
Proof. By putting

1 —a)e
a = ( Q}Tl—l—Z R 0D<e<l, (2.6)
(1+a(l—2)) 3—:‘“
n (2.1), the result 1s easily derived. The result is sharp for the function
1 (1—a)e (1—a)(l—2¢)
flz)=—+ [ z+ —:" n =2
z 1+ 2p" 1+ p(n+1))"
(2.7)
O
Corollary 2.3. If the function f defined by (2.4) is in the class ¥p(a, A, p. 32, c), then
a, < (1-a) {l—c} —, n>2 (2.8)
(n + 2)

The result is sharp for the function f(z) given by (2.7).
Next we obtain growth and distortion properties for the class ¥p(a, A, p, 3, c).

Theorem 2.4. If the function f(z) defined by (2.4) is in the class ¥p(ev, A, p, 32, ¢) for
0 < |z| =r <1, then we have

1 (1—a)e (1—a)(l—-2c) 5
Z_ —T — TR r- < |f(z)|
r (1+a(1—2)‘})[127f‘“'] (2+a{1—3x)[1+473’”
1 (1—a)e (1—a)(l—c¢) 9
=-+ T+ T
" (1+a(l—2)) [“‘3—3“' (2 4+ a1 —3N) [1:—,3“]
The result is sharp for the function f(z) given by
1 (1—a)e (1—a)(1-2¢) 5
flz) =—+ —z — 2.
(1+a(t—2x) L2 9o gy L2240
Proof. Since f € ¥p(a, A, p, 3, ¢), Theorem 2.2 yields,
(1—a)(l—2¢)
an < Ttpmrpr "22 (2.9)

[n+ a — aA(l +n)] CESE
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Thus, for 0 < |z] =7 < 1
1 (1—ade
O }

_ . [1 +2p]n |z| +Zaﬂlz|
(1+a(l—2X)) 5 n=2

1 (1—a)e =

1 2
E + . [J_ T Qrii_]h; r—+T Z Ay
(l +Of|{1 — 2)\)) S—X n=2
1 (1—a)e (1—a)(l—c¢) 5
< —+ _ —T + r
< 1+ 24" 1+ 3ul®
(1+a(l —2)) [27;*] {2+a(1—3)ﬁ)}[:7f]
and
el > Lo (1 a)e =Sl
' — |z (1+a(l—2)) [14'3—3#] n=2
1 (1 —a)e e
= ERT I
(1+ﬂ(1—2/\)} T n=2
L1 {1—a}c1 . (1—a)tf1—lc)3 2
(1o —20) L2 (940 gy L2240
Thus the proof of the theorem 1s complete. L]

Theorem 2.5. If the function f(z) defined by (2.4) is in the class ¥p(a, A, p, 3, ¢) for

0<|z|=r <1, then we have

1 (1—a)e (1—a)(l—c) '
= - e = < |f(2)
™ 14 a(l - 20 [lg—f*‘] 2+ a(1—3))] [12_?;;,]
1 (1—a)e (1—a)(l—c¢)
<=+ — + —T.
™[ +a(l-2) “%ﬁ"‘] 2+ a(l —3\)] [1:7?*“]
The result is sharp for the function f(z) given by
1 (1—a)c (1—a)(l—2¢) N
flz)=-+ —z+ — 2.
* L+ a(l—2N) [1273“] 2+ a(1—3))] [1“:7?“]
Proof. In view of Theorem 2.2, 1t follows that
Tidn < 20 —a)(l—c) n > 2. (2.10)

1+ p(n+1)F°

[+ a — aA(l + n)) CFIE
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Thus, for 0 < |z| = r < 1 and making use of (2.10), we obtain
' -1 (1—a)e = .
|f (Z” {_: ? [1 + 2!_’5];\ + Zﬂ.ﬂﬂ|z| 1'. |2| =r
[1+a(l—2)\)] —a n=2
1 (1 —a)e =
< — ;
= 3 + . [1 T Q,u]" —l—?‘z Thily
[J.+G:l:1 —2)\)] 3—/ n=2
1 (1 —a)e (1—a)(l—2¢)
< S+ + . T
- 1+ 2u" 1+ 3pul®
" 4ol —24)] [";7,“] 2+ a(1—3))] [17,#]
and
‘ —1 1 —a)e i B
el o e = Y nanlel™, i =
[1 4 a(l —2))] T” =
1 (1 —a)e =
e — rz na,,
- a9 K
" [d+a(l—2)) [lg—f’“] =
- 1 (1 —a)e B (1—a)(l—-c) .
- 2 1+ 2ul® 1+3p]"
" [+a(l—2)) [J;)—ji] 2+ a(1 — 3))] [Z—x“]
Hence the result follows. ]

Next, we shall show that the class Mp(a, A, ¢) is closed under convex linear combina-
tion.

Theorem 2.6. If
1 (1—a)e

filz) = -+ 2 (2.11)
? [+a(l—2))] [lg—f*‘]
and
1 (1—aje - (1—a)(l—2¢)
falz) = =+ Z+Z . 2", n>2
. [1+2p]" 7 & o L+pe+ 1"
1+ a(l—2))] —5 =2 [n+ a — aA(1 + n)] W
(2.12)
Then f € Gp(a, X, p, », c) if and only if it can expressed in the form
f(2) =) pnfal2) (2.13)

where p, = 0 and Z pn < 1.

n=2
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Proof. From (2.11)(2.12)(2.13), we have

f(z} = Z :unfn(z]

1 (1 —a)e (1 —a)(l —c)un "
= —+ z+ o
* L 4all—2))] [1+3_f:“ Z_; -+ a—ad(l+n)) L J“(:T;z”]
Since
. . [+ p(n+1)"
o (1-a)1 : r:‘:ly,n{ : I+ —aXl+n)] —C 55
— 1+ p(n+1)% (1—-a)(l—c¢)
n=2 [n 4+ a — aA(l + n)] I

oo
:Zﬁn:l_#lil
n=2

it follows from Theorem 2.1 that the function f € ¥p(a, A, p, 3¢, ¢). Conversely, suppose
that f € ¥p(a, A, p, 32, ¢). Since

(1-a)(1—c)

dn = n > 2.
~ M+ pn+1) " =
n+a—al(l+n)] CED)E
Setting
[n+a— a1l + n) L+ p(n +_1)]
L (n+2)~ .
" T—a)i—0 "
and .
i =1- Zp&n.
n=2
It follows that .
=Y pnf(2)
n=2
Hence the proof complete. ]

Theorem 2.7. The class %p(a, A, p. 3, c) is closed under linear combination.

Proof. Suppose that the function f be given by (2.4), and let the function g be given by

1 1-—a)c
( [1+2]hz+Z|b alz" 0> 2.
3=

g(z) = -+
L+ a(1—2))

Assuming that f and g are in the class ¥p(«a, A, p, 3¢, c), it is enough to prove that the
function H defined by

h(z) =(f(z) + (1=Qglz), 0=(<=1
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is also in the class ¥p(a, A, u, 3, ¢). Since

1 (1—a)e =
h(H) =—-+ wZ Tt |ﬂ'n@ + (1 - c)bn|zn-.
14 a(1 —2n) L2 HZ:;

SH

we observe that

S lnta—axi+n) T(f ﬂzl)]n an + (1= Qbal < (1= a)(1 =),

n=2

with the aid of Theorem 2.2. Thus h € ¥p(a, A, u, 3. c). 0J

Next we determine the radi of meromophically starlikeness of order 4 and meromoph-
ically convexity of order 4 for functions in the class ¥p(a, A, p, 3. c).

Theorem 2.8. Let the function f(z) defined by (2.4) be in the class ¥p(a, A, p, 3, c),
then we have
(1) f is meromophically starlike of order 8(0 < & < 1) in the disk |z| < ri(a, A, ¢, 8)
where ri(a, A, c,d) is the largest value for which

(3-6)(1—a)c . (n+2—0)(1—a)(l—re¢) il
—Tr+ - —r" < (1-4), n > 2.
1 +a( 2] B2 o a1 ) [H(qfi;]x”]

(i1) f is meromophically convexr of order (0 < & < 1) in the disk |z| < ra(a, A, ¢, 8)
where ro(a, A, c,d) is the largest value for which

B-0(1-a)e _, nin+2-0)0—a)l=0) _ wnio(q_g) n>2
[1+ 2pu)" 1+ p(n+1))" - T
1+ a(l EA]]T [n+ a —aX(l +n)] (n+2)

Each of these results is sharp for the function f,(z) given by (2.7).

Proof. 1t 1s enough to highlight that

1‘51—5, |z| < 1.

N
' f(2)
Thus, we have

— (1—a)e
2f'(2) 1' |7 T iren oy
f(z) a

(1
EE I 2+Z?an +_+[1+ 12;\|Jﬁ'33“—xz+zﬂn

n=2

1+ (1-ajc ”"‘Zaﬂ

+a(1—2x)] 2 =

(2.14)
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Hence (2.14) holds true if

(1—a)e 2 - , n+l
G T+ Z{n—l— 1)an,r
[1+4 a1l —2))] BT n=2
< [:1 _ 5) 1 — (1 - ﬂ'}‘[:'l — ]n r2_ anr”’H -. (215]
l+al -] == o=
or,
3 8)(1— >
[: ]( [PE]FCE ]h: T2+Z(n+2_5}aﬂrn+l ‘:_: {1—5} (216]
[+ a(l—2))] S—f 2
and 1t follows that from (2.5), we may take
1-— 1 —
an < 1= —c e 22, @.17)
[n+a — a1l +n)] L+ pln+ 1)
(n+2)~

where p, > 0 and 3 p, < 1.
n=2
For each fixed r, we choose the positive integer ng = ng(rg) for which
(n+2—29)
[1+p(n+1)]"
(n+ 2)=

n+1

n+a—aX(l+n)]

1s maximal. Then it follows that
- (ng+2—8)(1—a)(1—c)
+ p(ng + 1)]°

(ng + 2)*

(n+2— Na,r™t! <

7 pno+L, (2.18)
n=2 [-H.D. + o — le)\(]. —+ 1 l

Then f is starlike of order § in 0 < |z| < ry(a, A, ¢, §) provided that
(3—48)(1—a)c 9 (ng+2—-98)(1—a)(l—2c¢)
r

rﬂ:n+1 1— 4.
[1+a(l—2))] M + p(ng + 1)° <( d)

[0 + o — aA(1 + ng)] L

3% (no + 2)
(2.19)
We find the value ro = rq(k, ¢, 8, n) and the corresponding integer ng(ry) so that
(3—48)(1—a)e 5 (no+2—48)(1—a)(l—rc) notl _
[1+ 2p]" 1+ p(no + 1))" o =(1-9).
1+ a(l—-2))] ——— [no + a — aA(l + ng)]

3 (no + 2)*
(2.20)

It is the value for which the function f(z) is starlike in (0 < |z| < .
(i1)  In a similar manner, we can prove our result providing the radius of meromor-
phically convexity of order 4 (0 < & < 1) for functions in the class ¥p(a, A, p, 3, c), so

we skip the proof of (ii). O
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