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ABSTRACT

Blade stresses are determined from blade tip timing (BTT) data by relating the
measured tip deflection to the stresses via Finite Element (FE) models. This process
includes some uncertainties due to the following: 1) the shift in the equilibrium
position of the blade tip due to steady deflection and/or movements, 2) the change
in effective stiffness due to rotation-induced inertia, which affects the BTT-stress
calibration factors, 3) the assumption of constant speed over a single revolution
that is made in most of BTT algorithms, which is not appropriate for rapid speed
rates. This study shows the effect of such uncertainties on the vibration
measurement and blade stress estimations.

1. INTRODUCTION

The determination of frequency and amplitude of vibration of turbomachinery
blades using BTT algorithms constitutes an essential step towards a full
understanding of the dynamic behaviour. The ultimate step involves the estimation
of the stress levels corresponding to such measured vibration data, in order to
define the fatigue limits of the blades. This latter step requires a validated FE
model [1] since BTT vibration data is limited to the blade tip deflection.
Unfortunately, the link between FE and BTT is not as yet established or
standardised due to complications arising from a number of uncertainties in BTT
measurement and data processing on the one hand, and FE modelling on the other.
The required calibration factor (i.e. stress-to-displacement ratio in MPa/mm) is
determined from FE model predictions of tip nodes displacements and blade stress
distribution, and is then applied to the measured BTT displacement to compute the
corresponding stress [1]. The predicted tip displacement used in the determination
of the calibration factor has to be determined at the node that is nearest to the
measurement position, while the predicted stress value can be at any desired
location on the blade surface (typically the location of the maximum stress).

Table 1 - BTT Uncertainties

BTT Uncertainties FEM Uncertainties
-Measurement position, due to: -Condition -Measurement position
e blade steady movement number -Model validation tolerances
e probe/blade offset -Filtering -Non-homogenous material
-Coherence (least squares error) -Zeroing properties
-Signal to noise ratio -Averaging -Mistuning
-Number of probes -Time resolution




The uncertainties associated with BTT measurements and analysis, in addition to
those of FE modelling, have to be considered in order to achieve the best results. If
all uncertainties are controlled, the current BTT capability could produce end-to-end
stress measurements with uncertainty of only +/- 2.5% or better [2]. The sources
of uncertainty associated with both BTT and FEM are listed in Table 1 based on
previous studies [1-5]. Jousselin et al. [6] presented a method for establishing the
levels of uncertainty for the blade tip displacement amplitudes measured by a BTT
system. Russhard [2] studied the levels of most of the aforementioned
uncertainties and showed that mostly depend on the operator, who must be highly
experienced to avoid extreme uncertainty levels [2].

Uncertainty in the mean position of the probe (the sensing position) relative to the
blade tip affects both the BTT measurements and the calibration of the data against
FE predictions. It arises from two sources [7]: (a) positional errors (offsets) during
installation of the probes and/or blades; (b) steady (non-oscillatory) deviations of
the blade tip from its mean position and orientation, which are caused by the
changes in the speed dependant operating conditions, such as thermal expansion
and axial float of the rotor, bearing wear, and non-uniform gas loading [7]. The
measurement position uncertainty considered in this paper is of type (b) since it is
more problematic due to the variation of the associated positional error with speed
(in contrast to (a), where the positional error is independent of speed) [7]. This
shift (of the probe measurement point from its nominal position relative to the
blade tip) can have a great impact on the calibration factor relating tip deflection to
stress, since both the original and new points may have different amplitudes of
vibration, thus introducing errors into the stress and the fatigue limit estimates.

tdet,j

Figure 1 — BTT Measurement System

Turbomachinery blades are typically modelled using rotating cantilever beam
models, which have vibration characteristics that vary significantly with speed
changes [8]. One of the factors responsible for this variation is the centrifugal
inertia force, which causes a significant stretch in the blades, resulting in a change
in their effective bending stiffness. Some studies have considered centrifugal



stiffening, and other rotation-induced inertia effects in shaft-blisk (i.e. bladed disk)
assemblies, and showed their effects on the natural frequencies of the rotating
systems [9,10]. However, stress stiffening does not only change the natural
frequencies, but also affects the calibration factors, as will be shown in this work.

Traditional methods of BTT data processing assume that the rotational speed is
constant over the course of a single revolution [11]. In reality, it is impossible for
the rotational speed to keep constant [12]. Moreover, this assumption is incorrect
in the case of transient rotor speeds [11] especially when the rate of change of
speed (“speed rate” in rpm/rev) is high. Especially in the latter case, it is therefore
expected that the constant speed assumption will result in noticeable errors in the
estimated stress values as well as the vibration levels. Currently, some research
studies are concerned with the development of measurement systems for
applications involving significant speed rate [11-15].

This study shows for the first time the effects of three sources of uncertainty on the
BTT vibration measurement and blade stress estimations: 1) Probe measurement
position, 2) Centrifugal stiffening, and 3) High-rate speed change. A BTT simulator
that has been presented by the authors in [16,17] is used to generate the
simulated BTT data including the considered effects under controlled conditions. A
new approach for the calculations of both strain and stress values simultaneously
with the BTT displacement data using the simulator is presented.

2. BLADE TIP TIMING

BTT systems involve the use of a number of circumferentially distributed
non-contact probes j, j=1,...,Np, and a data acquisition system as shown in Figure
1 to detect and acquire the arrival times t4; oOf all blades at the probe angular
locations during every revolution [16]. The arrival time is the time at which a blade
tip passes within the range of a probe. Another probe, known as the once per
revolution (OPR) probe, is typically used to detect the start/end time of every
revolution, from which the following information can be calculated: (1) the average
rotational speed over the revolution; (2) the number of completed revolutions; (3)
the expected times of arrival t.,; of the blades past the probes if the assembly
rotates as a rigid body. It is noted that some researchers have proposed to
generate such information from the blade arrival times without need of the OPR
[18,19]. The collected BTT data are then processed in order to determine the blade
tip displacements as follows

d; = ORAY (1)

where d; is the tip displacement in the plane of rotation (X —Y plane) at probe no.
j, 2 is the average angular speed (rad/s) over a single revolution [20], R is the
radius of the blade tip measured from the centre of rotation, and At is the
difference between the blade’s expected and detected arrival times.

Aty = texpj — tder (2)
The BTT displacement data are analysed in order to determine the vibration

parameters (amplitude, frequency, and phase), and the equivalent stress levels are
then calculated using FE-based calibration factors.

3. PROBE MEASUREMENT POSITION ERROR

Probe measurement position errors have significant effect on the estimation



of stress levels in blades from BTT measurements. The errors considered are those
arising from the blade steady movement, which can be resolved into three
components (rotor axial shift, blade lean, and blade untwist). Figure 2 shows a
blade tip that shifts axially (parallel to the axis of rotation Z). Initially (with no
steady movement), the optical probe’s laser beam intersects with the blade tip at
point (1) which has the same axial position of the probe. Once their angular
positions agree, the time is recorded as tq.;);, and the displacement is calculated
from Eq (1) using the value of t,;);, where the difference between both times
(At)),) is proportional to the instantaneous displacement at point (1). If the blade
moves axially by an amount Au®®, the measurement position will shifted to point
(2) and the recorded arrival time is denoted as tq;),. The expected arrival time for
point (2) will be different from point (1) but, since the movement is unknown, the
instantaneous displacement at (2) is calculated using At;); = teyp ;)1 — taer;)2 iN EQ
(1). There are therefore two errors: 1) a "DC” error due to the use of te, ), ; 2)
the vibration is being measured at point (2) rather than point (1) and the vibration
amplitudes at these points are typically different. The DC error can be removed by
the method presented in [7], while the second error will result in wrong stress
estimation unless the calibration factor is updated to refer to point (2). The method
of [7] makes this possible since it allows the quantification of the steady movement
and thus the location of the new sensing point (2) on the blade tip.

Figure 2 - Probe Measurement Position Error

4. CENTRIFUGAL STIFFENING
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Figure 3 - Centrifugal Stiffening, a) Blisk Segment (UV-plane), b) Blisk



Segment (UZ-plane), c) fixed-free beam with force and moment loading
The centrifugal inertia tension Np, on a blisk segment with mass centre P,
(Rp,,Y,,Zp,) and radial extent ARp, can be calculated as [17]:

Np, = 92{Z§:1Aijj}|R1=RPk 3)

where the summation is applied to radial segments with mass centres located along
the same angular and axial position of P, (9,,Zp,) and proceeding radially outward.
With reference to Figure 3(a,b), the centrifugal tension N;, stiffens the segment by
inducing moments in the edge-wise (UV) and flap-wise (UZ) planes (szk, M,

VP
respectively) which oppose the corresponding angular deformations Ozp,r Oup, :

A
M, —Np, Av = —NPkARPkﬁ = —Np,ARp, 0

P ZPk

M,, =Np Az = Np ARp, —> = —Np ARp, 0 )
VP Pr Pr=5Pr ARp, Pr= P Yvp,

where Av, and Az are the deflections in V and Z directions respectively. In order to
understand the effect of the above moments on the calibration factors and
estimated values of stresses from BTT measurements, the simple cantilever shown
in Figure 3(c) is considered. The cantilever is subjected to a force (F) at the free
end. The maximum deflection and maximum stress of the segment can be
respectively calculated as

FL? FL(t/2)
dmax)F = 361 Umax)F = I (5)

The calibration factor € can then be determined as

_ Omax)F _ 3E(t/2)
O = e~ 2 (6)

Now, considering a moment M applied at the free end of the segment, in addition to
F, the maximum deflection and stress due to the total effect become

FI_ ML _ FL/2) _ M/2)

Amaxdtot = 351 z2E1 ! Omax)tot = I 1 (7)

The new calibration factor will be

c, = mder _ (B2 w) | sserz) 8
S T (T R () R (8)
3El 2EI

Substituting from Eq (6) into Eq (8)

_ (FL-M)
G = (FL—3m) xG 9)

From Eq (9) it should be clear that, for the actual blade whose generic segment is
shown in Figure 3(a,b), the moments induced by the centrifugal effect will affect
the calibration factor (reference location stress to tip deflection).

5. HIGH SPEED RATES

BTT processing algorithms assume that the rotational speed is constant over a
single revolution [20], which is not valid in case of time-varying speed. In such a



case, assuming linear variation in speed from £, rad/s to 2 rad/s over a duration T,
the rotational speed at any time t can be calculated using the following formula:

2 =0 +<¥)t (10)

Therefore, the BTT displacement at each probe should be calculated from Eq (1)
using different values of speed based on Eq (10). The general form of the blade tip
displacement d; measured at probe no. j after processing (minimization of noise
and offset) is assumed to follow the following form [16]

dj = ag + M _1 (a1 sin(E0,,0t;) + ay, cos(EO0,,0¢;)) (11)

where EO,, is the engine order of excitation no. m, m=1,2,..,M, whose frequency
wy, =E0,0, and t; is the sampling time at probe no. j during revolution no.n
according to the above assumed fit. For a constant rotational speed 2, t; = t;,,, +
(n-1)2r/0, n=12,.. and so, the term EO0,,0t; = E0,,2{t; ,-q + (n — 1) 21/0} always
represents the same angle EO,0t;,-, provided EO,, is a fixed integer. Hence, Eq.
(11) can then be rewritten in terms of the fixed probe angular position 6, = 0t;,_,:

M

dj=ay+ Z (am sin(EOmGj) + aym cos(EOmGj))
(12)

m=1

The representation of Eq. (12) is used in some of the main BTT analysis algorithms,

such as the two parameter plot [21] and sine fitting with data preparation methods

[22]. As shown above, it is only valid if the rotational speed 1 is either constant or

assumed to be approximately constant over one revolution, while varying gradually

over time. Therefore, this assumption is not valid in case of high speed rates

(rpm/rev), and may therefore result in large amount of errors in the estimated

stress values. The speed rate can be calculated as

60(02; — )

Speed rate (rpm/rev) = ————
") (13)

6. BTT SIMULATION

The following sections include descriptions of the FE model, and the BTT simulator
used to generate simulated BTT displacements and blade stresses, in order to
examine the effects of the abovementioned sources of uncertainty on the stress
estimates.

6.1 FE model

The shaft-blisk system shown in Figure 1 was analysed before in [17,23] to study
the effect of rotation-induced inertia on the natural frequencies of the rotating
assembly. The system consists of a stepped circular cross-section shaft supported
by two bearings (with equal stiffness in the two orthogonal directions 1.5 x 107 N/m)
and carrying a disk with four blades, the material is the same for all components
(density 7800 kg/m®, Young Modulus 200 GPa). The FE model has been created using
ANSYS, and the total number of degrees of freedom is 1800858. Both ends of the
shaft were assumed to be constrained from axial motion and the left hand end
constrained from torsional motion. Modal analysis has been carried out, and some
of the resulting zero-speed natural frequencies and their corresponding mode
shapes are shown in Table 2 and Figure 4 respectively.



Figure 4 — Mode shapes: a) mode 1, b) mode 2, ¢c) mode 3, d) mode 4,
e) mode 5, f) mode 6, g) mode 10, h) mode 15.

Table 2 — Natural Frequencies of the shaft-Blisk Assembly

Mode 1 2 3 4 5 6 10 15

Natural
frequency 121.7 | 133.8 | 133.8 | 266.5 | 266.5 | 364.3 | 1156.5 | 1464
(Hz)

6.2 BTT simulator

A simulator that is based on a realistic (FE-derived) multi-modal model of the blisk
was presented by the authors in [16], and upgraded for the inclusion of rotation-
induced inertia effects in [17]. The following section includes a brief description of
the simulator.

If u(t) denotes the 3K x 1 vector containing the instantaneous absolute coordinates
of the nodes P, (k =1..K) on the tip of a given blade, the simulator computes u(t)
by adding the three components that contribute to it: (A) the absolute coordinates
after rigid body rotation from a reference angular position; (B) the steady shift; (C)
the dynamic response. The last component is determined by calculating the
dynamic excitation response Au(d(t) of the non-rotating blisk in the reference
angular position and then transforming it according to the rigid rotation angle prior
to addition to (A) and (B). Au)(¢) is calculated from a transformation to modal
space using as basis functions the first H natural undamped modes of vibration of
the non-rotating blisk in the reference angular position:

Au®@ed(¢) = Hpq(t) (14)

where the Hx1 vector of modal co-ordinates q(t) is governed by the modal
equations of motion:




a(t) + diag([- 2¢,@, - DQ(t) + diag([-+ @7 - Da(t) = H{f(t) (15)

Hp, H; are modal transformation matrices whose H columns are mass-normalised
eigenvectors corresponding to the natural circular frequencies w, (r =1,...,H), {, is
the modal damping ratio, added to ensure decay of transients. f(t) is the vector of
dynamic excitation forces applied to the blisk. In the above approach, the blisk is
divided into radial/angular segments and the rotational inertia effects from the
individual segments, with mass centres at selected FE nodes P, (k=1..K), are
summed over the entire system and added as additional “external” forces to the
modal equation (Eq (15)).

The simulator is implemented in Matlab/Simulink and solves Eq. (15) using a
numerical integration routine with automatic time-step control. At each time step it
determines u(t) by combining its three components. For a given configuration of
probes, t.,; is determined by locating the passing time of the node on the blade tip
that coincides with the angular and axial position of probe no. j using only the rigid
rotation component of u(t). The actual arrival time t4.; is determined in the same
way but using u(t). The blade tip displacements d; are then determined as per Egs.
(1) and (2) and corrupted with Gaussian white noise of prescribed noise-to-signal
ratio (NSR) to simulate AC measurement noise.

6.3 Determination of strain and stress values using the simulator

Figure 5(a) shows the stress map on a blade surface using FEM and indicates the
position of maximum stress. This is usually the way the positions of the strain
gauges (SGs) on the blade surface are selected. A strain rosette (a set of three SGs
a, b, and c) is placed and glued to the surface at the desired location as shown in
Figure 5(b) with a known orientation of each SG with respect to a specified
reference. It can be assumed that the surface area including the strain rosette is
flat due to the small sizes of the SGs, and thus the rosette is assumed to be in one
plane x'y'. In the case of the simulator, the strain values can be obtained in a
similar way to that used with physical SGs as follows.

-An FE node o is selected at the desired position on the blade surface.

-Three other nodes a,b,c are selected as close as possible to the node o as shown in
Figure 5(c), so they can be considered in one plane x'y’ where x' and y' are
orthogonal axes intersecting at the node o.

-0a,ob,and oc represent the strain rosette, and the distances ©a,ob,andoc can be
calculated using the coordinates of the nodes before deformation with respect to
the rotating local reference frame xyz as

0a = \/(xa = %)%+ (V2 —¥o)* + (22 — 2,)?
0b = /(xp — %0)2 + (o — ¥o)? + (2 — 2,)? (16)
oc= \/(xc - xo)z + (yc - yo)z + (Zc - Zo)2

The angles 6,,6,,6. are calculated by assuming that x' coincides with the vector oa,
so 0, =0, and then the angles 6;,and 6. of the vectors ob and oc respectively are
obtained, knowing that all the vectors are assumed to be in the same plane:

ob-oa

COSB[7 = W

(17)

where aﬁa: (xb_xo)(xa_xc)+(yb_yo)(}/a_yo)+(Zb_zo)(za_zo) (18)

-The same distances are calculated again at a time ¢ including deformation:



Ba(t) = v/ (xa(®) = % ()2 + 0a(6) = % (0))? + (Za(6) — 20(1))?
0b(8) = /(i (1) = % ()% + () = Yo (D)) + (2 () — 2())? (19)
5e(6) = () = %6 (D)% + (e() = %o ()% + (2e() — 2(1))?

where x(t) = x+ Ax(t), y(t)=y+Ay(), z(t)=z+Az(t), and Ax(t), Ay(t), Az(t) are
the elements of Au@9(t) corresponding to the nodes o,a,b,c.

Finally, the strain values can be calculated as

oa(t)-o0a ob(t)-ob oc(t)-o¢

goa(t) = o3 ’ gob(t) = ob ’ goc(t) = T (20)
Strain
rosette
Maximum
stress
a)

Figure 5 — a) Blade stress map, b) SG rosette, c) Strain vectors.

Now, for the calculations of the stresses, the strain values are transformed into the
orthogonal directions x' and y' using the following equations

Eoa = £, C0S% B, + £, SIN? B, + ¥4y, SiN G, cOS O,
Eob = Ex COS? B + £, SIN? B}, + Vy,y, Sin B, cOs By, (21)
Eoc = Ex/ COS® B + £y, SiN% O, + ¥y, SN O, COS 6,

which can be formulated in a matrix form as

cos?6, sin?6, sinf,cosby|]| Eyr Eob
cos?f. sin?f. sin@.cosb, €oc

cos?@, sin?6, sin6,cosH, [ Exr ] [soa]
Yxryr
or, Ba=c

(22)

By solving the above equation as a = B~¢, The values of normal and shear strain in
x'y’ plane are obtained. Assuming plane stress conditions, and by using the stress-
strain relations

1 1
Exr = E [er - Voyl] 1 Eyr = E [Uyr - Vgxr] 1 Yaryr = % (23)

The stress values can be determined, and then the principal plane stresses and
maximum in-plane shear stress are calculated as

(24a,b)




Finally, the equivalent (Von Mises) stress is calculated as
00 = Z1(01 = 0)* + (0, = 03)* + (05 = 0)*] 2 (25)
where og; = 0.

7. RESULTS AND DISCUSSIONS

7.1 Effect of probe measurement position error

Considering the torsional mode shape of blade shown in Figure 4(h), the amplitude
of deformation at the blade tip is seen to vary significantly, being maximum at both
ends and tending to zero at the midpoint. Assuming that a probe is located at one
of the ends (initial measurement point), and calculating the modal displacements at
all tip locations relative to the initial measurement point, the percentage error in
BTT displacement due to the shift of the blade along the axial direction (axis of
rotation Z) is as shown in Figure 6. The data in Figure 6 were computed using the
formula in Eq (26), where d.,q4 is the displacement at the tip’s end (initial sensing
location), and d, is the displacement along Z-axis at any other location on the tip.

0 /
-10
20+~ s
-30

-40 \

-50 - .

% Error

-60

-70
-80 - \ .
90+

-100
252321 -19-17-15-13-11 99 -7 -5 -3 -1 1 3 5 7 9 11 13 15 17 19 21 23 25

Axial position (mm)

Figure 6 — Percentage error of tip displacement along the axial direction
relative to the displacement at the tip end.

d,—d
% error = ZTH:M x 100 (26)

Table 3 - Effect of stagger angle on probe measurement position error

Stagger angle (degrees) 0 10 20 30 40 45

% error/mm 4.37 4.42 4.64 5.03 5.69 6.16

It is clear from Figure 6 that the error in displacement value would be about 4.37%
per 1 mm shift in measurement position. The rate of error was also examined at
different stagger angles of blade (angle between the blade’s chord and the line
parallel to the axis of rotation i.e. Z-axis) and the results listed in Table 3 show that
the error increases to a value of 6.16%/mm at an angle of 45°. Moreover, complex
blade profiles in which the blade tip nodes have different distances from the blade
root can result in similar errors in the case of blade bending modes, due to the

10




different displacement values at the tips. These errors will then be propagated to
the estimated stress values.

7.2 Effect of centrifugal stiffening

For preliminary checking, the stress/tip displacement calibration factor in the
absence of centrifugal stiffening was first determined by performing harmonic
analysis in ANSYS. A harmonic force was applied at the tip of one of the blades in
the x-direction with a frequency equal to the 1% natural frequency (i.e. 121.7 Hz,
see Table 2). The displacement at the tip, and the corresponding maximum stress
values, were then extracted and the calibration factor calculated as 136.7 MPa/mm.

In order to study the effect of centrifugal stiffening on the calibration factor as
discussed in section 4, the BTT simulator (section 6.2) was then used to generate
the dynamic response values at the desired FE nodes of both the blade surface and
tip, and the stress value was then calculated at the position of maximum stress
using the method described in section 6.3. The simulation was implemented using
the same harmonic force excitation as the above described ANSYS study. In the
absence of centrifugal inertia effects, the resulting calibration factor was 131.24
MPa/mm, which is only 4 % less than the one determined by ANSYS. The
simulation was then repeated by considering the centrifugal stiffening of the blisk.
The Campbell diagram generated first in order to determine the new value of the
critical speed with respect to the first mode, and it is found to be 434.6 rev/s (i.e.
up from 121.7 rev/s at no rotation). The excitation frequency was then updated,
and the responses were extracted and processed to calculate the new calibration
factor, which was found to be 142.6 MPa/mm i.e. 8.6 % higher than the initial one.
This agrees with the explanation presented in section 4.

7.3 Effect of high speed rate

It has been explained in section 5 that the significant variation in speed over one
revolution results in an error in the calculated values of vibration amplitude, due to
inaccurate displacement values at the probes (unless Eq (10) is used in Eq (1)),
and, more significantly, the invalid assumption of the BTT displacement form (Eq
(12)). A number of simulations were done with the same excitation conditions and
the same range of speeds (0 to 250 rev/s) that includes the first critical speed
(Engine Order (EO)=1), but with different speed rates. The generated BTT
displacements were analysed using the multi-frequency sine fitting with data
preparation method [22], and the resulting amplitude of vibration was compared to
the zero-to-peak value of vibration response time history, giving the error values
listed in Table 4.

Table 4 — BTT displacement error vs speed rate

Speed rate 24 120 1200 2400
rpm/rev
% error 1.6 4.2 25 42

These results clearly show the significant adverse effect of high speed rate on the
accuracy of the estimated values of tip displacement. Such errors would then of
course be propagated to the estimated blade stresses.

8. CONCLUSIONS

The determination of blade vibration using BTT, and the estimation of the
corresponding stresses, are subject to a number of uncertainties related to both
measurement and FE modelling. Three sources of uncertainty were analysed with
the aim of quantifying their effects, which were then illustrated for three specific
cases. Probe measurement position error resulted in an error in tip displacement of

11




about 4% per mm shift of the blade, and this error increased with the stagger angle
of the blade. Centrifugal stiffening resulted in an increase of 8.6% in the stress/tip
deflection calibration factor. A high speed rate of 2400 rpm/rev may result in more
than 40% error in vibration amplitude. Unless such sources of uncertainty are
considered in the end-to-end process for the estimation of stress levels from BTT
data, their combined effect may result in a large margin of error.
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