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Lyapunov exponent is a widely used tool for studying dynamical systems. When calculat-
ing Lyapunov exponents for piecewise-smooth systems with time-delayed arguments one
faces a lack of continuity in the variational problem. This paper studies how to build a
variational equation for the efficient construction of Jacobians along trajectories of a de-
layed nonsmooth system. Trajectories of a piecewise-smooth system may encounter the
so-called grazing event where the trajectory approaches a discontinuity surface in the
state space in a non-transversal manner. For this event we develop a grazing point es-
timation algorithm to ensure the accuracy of trajectories for the nonlinear and the varia-
tional equations. We show that the eigenvalues of the Jacobian matrix computed by the
algorithm converge with an order consistent with the order of the numerical integration

Impact oscillator method, therefore guaranteeing the reliability of the proposed numerical method. Finally,
the method is demonstrated on a periodically forced impacting oscillator under the time-
delayed feedback control.

© 2020 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY license.
(http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Analysing grazing events for nonsmooth systems is a challenging task [1]. In general, vibro-impact systems, such as
ship mooring interactions [2], bearing looseness [3]| and multi-degree-of-freedom impact oscillators [4], may have abundant
coexisting attractors when grazing occurs. Tiny differences in modelling will lead to different motion of the system [5-7].
For example, the motion of an impact oscillator experiences significant change due to a slight variation of its parameter
when a grazing bifurcation is encountered [8]. In [9], Nordmark studied the characteristic scaling behaviour near grazing
bifurcations, and used the self-similarity under scaling to derive a renormalised mapping. Nordmark [10] presented the
grazing bifurcation of a hard impact oscillator, where the Poincaré map has a singular Jacobian, by using a first-order Taylor
expansion. It has shown that the stability of the oscillator can be studied more precisely if its grazing events are computed
more accurately. This paper will study a new method to improve the accuracy of calculating the grazing events by estimating
the impacting time of the system. Based on this accurate grazing trajectory, stability analysis of the system can be carried
out.
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In many applications [11-17] arise differential equations in which the derivative of the unknown functions at a certain
time depends on the value of the function at previous time. These are so-called delay differential equations (DDEs). For
example, Zhang et al [13]. studied a delayed pest control model which was a high-dimensional differential equation with
impulsive effects at different fixed impulse times. In [14], Carvalho and Pinto used a mathematical model with delay to de-
scribe the dynamics of AIDS-related cancers with the treatment of HIV and chemotherapy. In [15], Yan et al. used the basin
of a time-delayed system modelling cutting process to determine the unsafe cutting zone. The above studies are concerned
with smooth DDEs. The analysis of nonsmooth DDEs is more challenging due to the lack of an accurate algorithm for com-
puting the grazing events. Until now, there are very few systematic studies regarding to nonsmooth DDEs, which is the focus
of this paper. The present work will study a new algorithm to determine the occurrence of grazing for improving computa-
tional accuracy and a new method for calculating Lyapunov exponents (LEs) along the trajectories of a nonsmooth DDE.

The LE of a trajectory is a quantity that characterises the rate of separation of infinitesimally near-by trajectories [18].
It determines a notion of sensitivity of this trajectory to perturbations in initial conditions. If the largest LE, which is re-
ferred to the maximal LE, is greater than zero, any small perturbation of the initial condition will result in an exponential
divergence of the resulting perturbed trajectory until the distance between the perturbed and unperturbed trajectories is no
longer small. This sensitivity with respect to initial condition is one of the defining features of chaos. If the LEs are identical
for typical trajectories of an attractor in a dynamical system, one speaks of the LE for this attractor (or this dynamical sys-
tem). The LE indicates predictability (or lack of it) for dynamical systems, such that it is considered as an important tool for
studying the stability of dynamical systems. Therefore, the development of an efficient method for calculating the LEs of dy-
namical system is an active area of research, see e.g. [19-26]. For finite-dimensional dynamical systems Benettin et al [20].
introduced a systematic method for estimating the LEs of smooth dynamical systems. Wolf et al [21]. developed a method
for extracting the largest LE from an experimental time series. For nonsmooth systems, Miiller [24]| developed a model-based
algorithm to calculate the LEs of nonlinear dynamical systems with discontinuities. They found that the required linearised
equations must be supplemented by certain transition conditions when crossing the discontinuities. In [25], Dellago et al.
generalised Benettin’s classical algorithm and applied it to the case of dynamical systems where smooth streaming was in-
terrupted by a differentiable map at discrete times. Lamba and Budd [27] have shown that the largest LE has a discontinuous
jump at grazing bifurcations in Filippov systems and scales like 1/|In€]|, where € is the bifurcation parameter. In contrast to
ordinary differential equatrions (ODEs), DDEs are infinite dimensional systems. such that the computation of LEs for nons-
mooth DDEs combines difficulties from discontinuities and high dimensionality. In principle, a DDE could be approximated
by a high-dimensional ODE, which can be linearised along trajectories obtained by numerical integration [28,29], such that
the LEs can be constructed for the Poincaré map. Studies by Repin [30] and Gyéri and Turi [31] have shown that DDEs can be
analysed using approximating high-dimensional ODEs. However, if the delay time is large, calculating the LEs of nonsmooth
DDEs needs to store excessive history data points during delay period compared to smooth DDEs [32-34], e.g. the data at
past encounters of the discontinuity. In this case the global convergence of the system cannot be guaranteed. Therefore, it
may cause inaccuracy in calculating the eigenvalues of Jacobian matrix which is used for estimating the LEs of nonsmooth
DDEs.

The contribution of the present work is the development of a novel method for precisely calculating the LEs of piecewise-
smooth differential equations with a delayed argument, which can provide improved accuracy for stability analysis of pe-
riodic orbits. In detail, if an algorithm cannot estimate the point of discontinuity along trajectory with an accuracy of the
same order as its integration method, especially in the grazing event, the expected discontinuous coefficients of the vari-
ational problem will have unexpectedly low accuracy leading to an accumulation of errors. Similar work was reported by
Miiller [24]| who studied a method for constructing the map of systems with discontinuity, and combined it with the map
obtained along the differentiable parts of the trajectories to generate a composition of Jacobian matrices for calculating LEs.
However, Miiller’s approach is difficult to implement for piecewise-smooth DDE due to its high dimension and complex
dynamics, which could cause a high computational cost and an accumulation of computational errors at discontinuous mo-
ments. We address this issue in the present work, demonstrating our approach for the delayed piecewise-smooth oscillator.
We construct a Poincaré map that consists of many local maps for each small time step, which are linearised for the LE
computation. As the linearised Poincaré map requires accurate information about the time of crossing or grazing of a dis-
continuity (when impact occurs), we will introduce a grazing estimation algorithm to obtain an accurate Jacobian matrix
for the oscillator. The novelty of our proposed method is that it can estimate the point of discontinuity locally along tra-
jectories of piecewise-smooth DDEs, improving the accuracy of computations of the system trajectory and of the LEs. The
proposed method can also be extended to other nonsmooth dynamical systems, such as the hard impact oscillator with
a time-delayed controller or stick-slip vibrations with a delay term. To demonstrate the reliability of the method, we will
carry out an error analysis for the nonzero eigenvalues of the Jacobian by adopting the spectral approximation methods
introduced by Chatelin [35] and Breda et al. [32,34]. Our study indicates that the proposed method can reduce the error for
the nonzero eigenvalues of the Jacobian by increasing the dimensions of the system of ODEs approximating the DDE slightly,
which is generated by linearising the DDEs along trajectories obtained by numerical integration.

The rest of this paper is organised as follows. Section 2 introduces the mathematical model of a periodically forced me-
chanical oscillator subjected to a one-sided soft impact. This is followed by some basic relevant definitions and preparations.
Section 3 presents the method for constructing the Jacobian of Poincaré map of piecewise-smooth DDEs. However, such a
construction is inaccurate due to the nonsmoothness of the considered system. Thus, Section 4 studies an estimation method
for determining the points of discontinuity accurately. Here, two cases of grazing events are considered based on the geom-
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Fig. 2.1. Physical model of the soft impact oscillator [40].

etry of the trajectory. Section 5 uses linear operator theory to carry out an error analysis for the eigenvalues of the Jacobian,
which can validate the reliability of our proposed method. In Section 6, the steps for computing LEs are detailed. Examples
and several control scenarios of the oscillator are presented in Section 7 to demonstrate the accuracy of the method. Finally,
some concluding remarks are drawn in Section 8.

2. Mathematical model and relevant preparations

The impact oscillator shown in Fig. 2.1 represents a mechanical system encountering intermittent so-called soft impacts,
which will be studied in the present work. Soft impacts occur in mechanical systems when an object hits an obstacle of
negligible mass but non-negligible stiffness. In Fig. 2.1 the object is modelled by the block of mass m and the obstacle is
modelled by the spring with stiffness k, (a backlash spring). The collision occurs when the distance g between block and
spring reaches 0. Since at impact the spring is relaxed, the forces in the system depend continuously on g (and, hence,
on the position y of the block), but the spring constants exerted by the backlash spring are discontinuous: 0 for g>0, k;
for g < 0. Systems with soft impacts are common to a broad range of engineering applications, e.g. [36-39], where the
repeated collision of mechanical parts is unavoidable [40]. The vibro-impact capsule system [41,42] is a typical two-degrees-
of-freedom dynamical system experiencing soft impacts and nonlinear friction. Any small variations in friction or system
parameters (e.g. the stiffness of the backlash spring) may lead to a qualitative change of the dynamics of the system [43,44].
Thus, accurate prediction of its collision is crucial to fully understand the dynamics of the system, in particular, in the
presence of time-delay effects [45].

The nondimensional equations of motion of the impact oscillator can be written in a compact form as below [8],

{x’(r) = (1), (21)
V(1) = aw?sin(wt) —2¢v(t) —x(t) — B(x(T) —e)H(x(T) —e), ’

where H(-) stands for the Heaviside step function and x’, v" denote differentiation with respect to the nondimensional time
T. The discontinuity boundary is fixed at x = e, with e> 0 being the nondimensional gap to the rest point of the linear
spring. Eq. (2.1) was nondimensionalised from the representation in Fig. 2.1 by introducing the following variables and
parameters

k1 Q c
Op =4[ —, T = wat, w=—, =5—,
m Wn 2mwy

_Y e £ oA @,

Yo Yo Yo kq
where yy >0 is an arbitrary reference distance, wy is the natural angular frequency of the mass-spring system (m, k; in
Fig. 2.1), w is the ratio between forcing and natural frequencies, § is the stiffness ratio, ¢ is the damping ratio, and a is the
nondimensionalised forcing amplitude.

In the present work, we will consider a control signal u(t), which will be superimposed on the system’s external excita-
tion as follows

X

X(t) =), 22)
V(t) = (aa)2 sin(wt) + u(t)) —2¢v(t) —x(t) — B(x(r) —e)H(x(t) —e), )
where
u(t) =k(w(r —1y) —v(r)), =0, (2.3)

defines the proportional feedback controller that feedbacks the difference between the current measurement of v and a
measurement of v from some time 74 ago [46]. In the expression above, k>0 represents the feedback gain of the controller
and t,4>0 stands for a predefined time delay. The control objective here is to avoid undesired chaotic responses and to
suppress the multistability of the impact oscillator in the vicinity of the grazing events. We are interested in this type
of time-delayed feedback, because it may result in a zero control signal if 7; = 27w /w and if (2.3) successfully stabilises
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a period-1 motion. This is the case even if we do not know the precise time profile of this period-1 motion, which is in
contrast to standard linear feedback control u(t) = k(vs(t) — v(7)). The asymptotically vanishing control signal is attractive
in applications where energy consumption is a critical issue, e.g. [47].

Eq. (2.2) can be rewritten in the form of a general piecewise continuous DDE with a periodic external excitation as

(&) = [iy(©).y(t —14)) + p(t), for Hy(t),e) >0,
(&) = Ly (), y(t —74)) + p(t), for Hy(t),e) <O, (2.4)
yt) =y), for H(y(t),e) =0

where fi5:R?xRY - RY, H:RY — R are sufficiently smooth functions and p : R* — R? is smooth and periodic with the
period T> 0. The delay 74 is assumed to be positive but may be different from the period in general. In the present work,
we only consider one single delay in the system for simplicity, and assume that for any y.y.yq. 74 € RY, fi, f» and H satisfy
the Lipschitz condition

[f1.20.Y4) — fi2. Y| < lily — 1 + L1y — Yal,
[H(y.e) —H{y.e)| < kly -y,

where I, I, I3>0 and |- | is a norm on RY. We assume that the initial condition is a suitable initial function on [tg. tg — T4].
The general form (2.4) belongs to the class of hybrid dynamical systems 1], which consists of a flow (in our case only forward
in time), combined with discrete events.

Take N ¢ Z* sufficiently large, and define the discretisation grid points ré = i%", i=0,....N, and u;(t) :=y(t — ré) for all
t>0,i=0,...,N. Eq. (2.4) can be approximated by a d(N + 1) dimensional piecewise-smooth discretised problem studied
in [30], which will be presented in Section 3. This approximation method has also been studied by Krasovskii [48], finding
that the solution of the approximating system uniformly converges to the solution of the original DDEs when N — co. By
using the same approach, Gyori and Turi [31] and Banks [49] carried out convergence analyses for two DDEs. Breda et al.
[33] studied the characteristic roots of linear DDEs, and used a Runge-Kutta method to construct a high-dimensional approx-
imating system. The nonzero eigenvalues of evolution operators were computed through a pseudospectral collection, which
was used to analyse the asymptotic stability of DDEs. Since Eq. (2.4) is a piecewise-smooth DDE whose trajectories can en-
counter discontinuities, the methods used for smooth DDEs are not suitable, or, at least, converge with lower-than-expected
order. Therefore, motivated by the periodic forcing of Eq. (2.4), our plan here is to derive a Poincaré map (also called stro-
boscopic map) for discretising the system and study linear stability of its orbits by considering the Jacobian matrix of the
map in these orbits. After such a reduction to the Poincaré map, we will be able to define LEs for this time-discrete map.

For the piecewise DDE (2.4), we consider a constant phase surface as the Poincaré section defined by PI :={(y,t) €
C(ltp — 74, to]. RY) x RY| t =t + kT, k € Z*}. For the corresponding Poincaré map

P: PF P! (2.5)
the LEs can be defined as follows.

Definition 2.1 [19]. For any initial condition xy € P!, let {xm}3_, be the corresponding orbit of the map P, and let AT, --- , AT
be the n largest in modulus eigenvalues of DP™(xg), which is the Jacobian matrix of P™ with respect to the relevant orblt
sorted such that |AJ'| > ... = |A]!|. The LEs of x, are

9 := lim In[A™|w,i=1,....n (2.6)
whenever the limit exists for xo and for all i <n.

The above definition is applicable to our map P acting on the infinite dimensional space PI, since P is differentiable
and its linearisation is bounded and has a spectrum only consisting of a sequence (finite or infinite) of eigenvalues of finite
multiplicity converging to 0 and zero. The expression in the limit (2.6) is not a practical recipe for computation since A"
may be very large or very small.

3. Constructing the Jacobian matrix of the Poincaré map

For a nonsmooth system with a delay t; smaller than its forcing period T, i.e. 0 <74 <T, the period T can be written
as T =nty + At, for some n e Z* and Ate|0, t4). For any time interval [t tm + 74], Where ty, =t; + (m — 1)T, t; =ty and
m € Z*, the solution of system (2.4) can be approximated by N steps of size h = de by using numerical integration. The
expressions derived in this section initially ignore grazing of the discontinuity surface {H = 0}. Section 4 will explain how
the expressions will be modified at the respective events. The modified Euler integration formula [50] gives for a single step
of size h = 7y/N

ug(tm + h) =uo(tm) + %[fj(uo(tm)s Uuo(tm — hN))
+ fi(ug, o (tm — (N = 1)) | + 5[ p(tw) + p(tm + h) ], 3.1)
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(here written only for the first step at tp) where ug = ug(tm) + hfj(ug(tm), g (tm — hN)) + hp(tm) and

j=1, if H(ug(tm).e) > 0,
i=2 if H(uo(tm), €)) < 0,
Uo(6) = uo(ty),  if H(to(tm). €) = 0

Iterating this map N+ 1 times gives a discretised map for the delay-time interval [ty,tm + 74], which we call P, :
RIN+D 5 RAN+D) |t satisfies

Um,l = Pd (Um,O)s (32)
where Uy, o := (U} (tm). -+ ul (tm), ul (tn))T € RIND and  Up g 1= (ul (tm + 7). -+ u] (tm + 7). ul (tm + 74))T € RINFD),
and we use the general convention that u;(t) = ug(t — (i/N)ty) for arbitrary i e {0,...,N} and t. Iterating the map P; n
times, we can obtain a map Pg from U at time t; to U at time ty, + nty,

Un.n :Pdo"'opd(um,o) :P;(Um,O)v (3.3)
where Uy, ; := (uf (tm +ihN), - ul (tm + ihN))T € RIN+D_ Finally the discretised map for the time At is defined as Pa; :
RIN+D) _, AN+ which can be represented as

Um<n+AN = Par (Umn)’ (3'4)
where  Upnyan i= UK (tm +h(N+ AN)T, - ul (tn + h(nN + AN))T e RIN+D and  AN:= 4L, Thus combining
Egs. (3.3) and (3.4) we can construct map Py as the discretised Poincaré map P advancing by tlme T

Un.nsan = Paisc(Uni1,0) = Pat o P{(Un o). (3.5)

which we can then iterate further by setting Uy, 41 o = Up.ny an. When an arbitrary perturbation $U is applied, the variational
equation for Py, can be written as

N+1

0Pgisc Unm.0)
oU, = AT Su_q (Em), 3.6
m+1,0 = Z i1 (Em) Ui_1(tm) (3.6)
where 8Up, g 1= (Suk(tm). -+ . 8ul (tm). Sul (tm))T € RAN+D and we use again the convention that Su;(t) := Su(t — i), i=
0,---,N. In fact, Eq. (3.6) can be obtained from discretising the continuous variational equation of system (2.4), and its

form can be obtained as

L sugtt = 2t “‘5(:3 VD sy + I “‘5(”2 UV g 0, (37)
where
{]_1 if H(ug(t),e) > 0,
j= if H(ug(t),e) <0,
ug(tt) =up(t™), if H(up(t),e) =0.

An example initial function ¢4 for (3.7) is of the form ¢ (t;) = (€.0,---,0)T e R? and ¢5(t) = (0,--- ,0)T e R? for t € [t; —
74, t1), and sufficiently small €. Discretising Eq. (3.7) in the interval [tm, tm + nty] by using the modified Euler integration
gives

Sug(tm + 1h) =8ug(tm + (I — 1)h)
+ 5[AmiBuo(tm + (I = 1)h + By 18uig (tw — (N — [+ 1)h)] (3.8)
+ %[Am,lﬂguo(tm + h) 4 By 141 8ug (tm — (N — l)h)],

0 fj(ug(t).un (1)) 0 fj(ug(t).un (1))

where I=1,.--,N,--- .aN+ AN, Ap = ——5——l_tn+n0-1)> Bmi=—""p5— li=tw+hq-1) and me Z*. Rewriting
Eq. (3.8) in a matrix form gives
Sun(tm + Lh) Sun(tm + (I —1)h)
: — My, : . (3.9)
Suq (tm + Lh) Suy(tm + (I=1)h)
Sug (ty + Lh) Sug(tm + (I—=1)h)
where
Mm,l = Mm,le,l’
I 00 B
My, = oo ,
o --- 10

h h
_ij,lH o 0 T- jAm,lH
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Fig. 4.1. (a) Case 1: for t = t* > 0, such that Hy :=H(up(t*), ) <0 and H, := H(up(t* + h),e) > 0 (or H; >0 and H; <0). (b) Case 2: for t = t* > 0, and there
exists 8t e (0, h), such that Hy :=H(up(t*), e) <0, Hy := H(up(t* + h)) <0 and Hc. := H(up(t* +t).e) =0 (or H; >0, H, >0 and H,.; = 0).

and
0 1 0
Mp, =1 - S :
0 o ... I
hp 0 - I+1%A
2Pm,l 28m,l

By using the map (3.2), the matrix form of the variational Eq. (3.9) can be rewritten as
O0UnN=Mpno--oMpu18Upnyo.
Since we have n maps, combining all the maps for the interval [ty tym; + T] gives
8Umnn =Mmpnn o+ 0MmpaoMpn18Ung.

In addition, the map P, for the interval [t + nty, tm + T] can be written as

5Um+1,0 = Mm.nN+AN ©--+0 Mm,nN8Um‘n~ (3-10)
Finally, the overall variational equation can be obtained as
(SUmH.O = Mm(SUm,m (3.11)

where My = My anean © -0 Mppn o -+ - o M 1 is the approximation of Jacobian matrix of the Poincaré map P.

Similarly, for the system with a large delay time, e.g. 7,>T, the solution of system (2.4) can be approximated by N
steps of size h = Tﬁd by using numerical integration, which can be considered as a special case of the nonsmooth system
with a small delay time (O <t4<T) when n=0. Let Ny = % be the sample number for one period T, construct the map
P4, and combine all the linearised maps at the interval [tm, t;; + T). Finally, we can obtain the same variational equation as
Eq. (3.11) and the Jaocbian matrix of the Poincaré map P.

4. Modifying the algorithm at the discontinuity

In this section, we will discuss a special phenomenon of the impact oscillator, the so-called crossing and grazing events.
Since the system has rich complex dynamics when it experiences grazing [5,51], a careful consideration in calculating the
time of reaching the discontinuity is required. In addition, the global error of our proposed algorithm will depend on
how accurately we capture the effect of switching, as the error made at the switching boundary could accumulate, lead-
ing to unexpected large global error. Therefore, during the grazing event, we need to modify our proposed algorithm from
Section 3 by considering the two grazing cases illustrated in Fig. 4.1.

4.1. Case 1

For Case 1, we assume that for time step [* € Z* at time t* :=t;; + (I* — 1)h the switching function H changes sign:
Hy :=H(ug(t*), e)<0 and H, := H(ug(t* + h),e) > 0, or H; >0, H, <0. Thus, we expect that for some time §te<(0, h), the
switching fucntion is zero: Hg.q := H(u(t* + §t),e) = 0. In order to guarantee the order of convergence of our proposed
algorithm to O(h?), the crossing time St needs to be estimated first. Since 8t <h, the condition H..1 = 0 can be linearised
as

Herq ~ H(u(t*) + u(t*)3t, ) ~ Hy + L H;[1(t*)8t] = 0,
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such that
—H
St=—— >l —.
i [u(e)]
Once &t is calculated, the switching time t* + 6t can be obtained, and the variational equation at the step crossing the
switching can be written as
Sug (t* + 8t) =8uo (t*) + S [An 1-Suuo (t*) + By - Sun ()]
+ SIA% | Sug(t + 8t) + B! . Sun(t* + 8t)], (4.2)

m.l m,l*
st _ 0fjug(®).uy(®) st _ 0fjug(®).uy(®)
where Am,l* - JT't:t,;+h(l*fl)+5t’ B = JT

discretised map from t* to t* + 8t can be written as
Sun(t* + 8t) Sun(t*)

(4.1)

|t:t,;+h(p«,1)+5t and I*=1,.--,N, ---,nN+ AN. Thus the

: =M, : (4.3)
(SU] (t*+5f) 8“] (t*)

Sug(t* + t) Sup (t*)
where
MOt — Nt et

m,l* m, = m I

et oo
ml 0 .- 10

8 s
__7IB$t ... 0 I—iA‘St

m,l* 2 mlx

B or --- 0

NPt Do ’
! 00 - I
_%Bm’lé 0o - I+ %Am,l*

af; af; . . .
Ap e = %{Whﬂmwutl) and B, - = %}V’W’(mhﬁmh(,*,]). It is worth noting that du;(t* + 6t) can be approxi-

mated through linear interpolation based on the historical data obtained from the delayed time interval which also includes
the grazing data.
Similarly, for the time interval [t* + §t, t* + h], we can obtain

Sun(t* +h) Supn(t* + 4t)
: — ", : (4.4)
Suq (t* + h) Suq (t* + 8t)
(SUQ(t* + h) 8110 (f* + 8’.’)
where 1\71’,;“* = M’n71_l*1\7l’r}1’l*,
-0 I ... 0
[ /— : : - :
ml 0 0o ... I
h=§ h-$
| "5EBY L 0 e T BAN
and
! 0 0 -
W,o=| L :
! 0 N 0
R A L
Finally, we have
CSUN(I* + h) 5”1\/({*)
: NNV I (4.5)
Suy (t" + ) L suy ()

Sug(t* + h) Sup(t*)
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Therefore, when Case 1 occurs, M’fn I*ngt_z* should be inserted between My, .., and M, ;. for the time interval [t*,t* + h] in
Eq. (3.10). The expressions for crossing events from H> 0 to H <0 look identical, except that the subscripts 1 and 2 for fin
Eq. (2.4) are reversed.

4.2. Case 2

Let 6t be the first crossing time for Case 2, which can be calculated based on Eq. (4.1). We define §t* as the time
where H is maximal, such that Hpax := H(u(t* + &t + 6t*)) = maxte[t*ytuh]H(}l(t), e), and 8t as the time where H changes
sign back, such that He.5 := H(u(t* 4 8tgraz)) = 0, where Stgra; 1= 6t + 5t* + 6t. The estimate of ot follows Eq. (4.1). From a
computational point of view, Case 2 can be triggered either by (i) H; <0, H, <0, $H; >0, 4H, <0 and 0 < dtg <h, or (ii)
H]>O,H2>0 H]<0 H2>Oand0<(stg<h

Since

*dt v dt

»dt »dt

SH(t* + 8t + ) |rsrr A Hera[Ui(t* + 88) +1i(t* + 86)8t*] + L5 Hep [12 (£ + 86)8t*] = 0
we have
(fT,Hcrl[u(t* +8t)]

8t* = — _duT (4.6)
ﬁHcr,l[u(t* + 80] + du2 Hcrl[uz(t* + 8t)]

For 8t we have
Her2 ~Himax + 2 Hmax [U1(t" + 8t + 8t*)18T
~ Heros 1 + S Heros 1[1 (8" + 8t) 8¢
+ [ dh Heros.1 + gy Heros, 1 [t (¢ + 86)8t*]][i(t* + 8t) + ii(t* + 8t)8t*]8F = 0.,
which gives

8t =~ [Hcrl + duHcrllu(t* + 3t)]5t*][duz Her.

+ & Hep i [u(t* + 86)8t* 1 [(e* + 8t) + it + 86)8t7] 1. (4.7)
Therefore, for the step from t* to t* 4 8t, the variational equation can be written as
_SuN(t* + 6t) Sun(t*)
: Y. (48)
8“1 (t* +8t) ' (SU] (t*)
_(SUO (t* + 8t) Sup (t*)

For the step from t* + 8t to t* + 8tgra, We have

[Sup (t* + Otgraz) Sun (t* + 8t)
: = Mgfg;jz : , (4.9)
Suy (t* + Stgraz) ' Suq (t* + 8t)
| Sug (t* + Stgraz) Sug(t* + 4t)
where
at Taz . 5[ raz 5t raz
M 57 =M} Mmgl* ,
I 00 !
s Do
WPt . o ,
m! 0 .- 10
(Sf* $ Otgraz St*+8t Stgraz
s thgl* o0 =0y S48t potan
01 0
0L, Lol :
M grjz - s . : ’
! 00 - I
5t*+8[ Bét 0o ... I+ 8t*+8tA6t

m,l* m,l*
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st 9 fj(ug(t),un(t)) St 0 fj(ug(t),un(t)) - " "
Amﬁrfz — %|f=fr}+h(1*71)+5[gmz and Bm,glr:z — %lt:t&Jrh(l*f])Jr&gmz' For the perlod [t + ngraz,t + h],
suN(t* + h) ‘SuN(fk + (Stgraz)
S : , (4:10)
Suq (t* +h) Suq (t +5tgraz)
Sug (t* + h) Sug (t* + (Stgraz)
where
h rh h
Mm,l* = Mm,l*Mm,l“
I 00 !
[y Do
ml 0 ... 10
h—8tgras h—3tgra;
— z[g Bnpi1 - 0 I-— %Am,m]
and
0 1 0
Nt : R :
ml 0 0 - I
h—8tgraz pOtgraz h—8tgraz 2 0tgraz
By 0 I+ TREALY

Finally, we have
SUN(t* + h) SUN(I*)

— Mh Matgraz M&

m, = m, I m,l*

: . (411)
Suy (t* + h) Suy (£%)
Sug(t* + h) Suo(t*)

Thus, once Case 2 is encountered, M;YI*M;S;‘%TZM?;‘I* should be inserted between M, ;«,1 and My, - in Eq. (3.10) for the step
from t* to t* + h.

From the discussion above, we can obtain an accurate Jacobian matrix for the Poincaré map (2.5). In the next section,
we will discuss the convergence of eigenvalues of the Jacobian matrix when a perturbation is introduced in order to ensure
the accuracy of our proposed method.

5. Convergence analysis
5.1. Properties of the evaluation operator

According to [35,52], the spectrum of the Jacobian for the Poincaré map consists of eigenvalues and 0. So we will study
the Poincaré map of Eq. (3.7) and its relevant Jacobian.

For the space C9, assume P := [t;, t; + AT], which is a bounded interval in R and AT < +oo. C(P, C?) denotes the Banach
space with all bounded continuous functions from P to C¢ with the norm ||u||c = max.cp |u(t)|, where u € C(P,C%) and |- |
is a given norm on C¢.

Now, we rewrite Eq. (3.7) as

$8ug(t) = F(t, Sug(t), Sun(t)), wheretePand F:PxCdxCd— 4, (51)
5”0(15') = ¢5 (t), where t € [t1 — T4, t]] and ¢5 € C([tl — T4, l']], (Cd), ’
where ¢ is defined in Eq. (3.7). Here, we assume Suy(t) = duy(t), and F can be written as
F(t, 8uo(t), Suq(t)) = Fj1(6)Suo(t) + Fi2(£)Suq(t), (5.2)

where
j=1, if H(ug(t),e) > 0,
j=2, if H(up(t),e) <0,
F(t=, ug(t™), dug(t™)) = F(t*, Sup(tt), Suy(t*)), if H(up(t),e) =0,

0f;(tug(6).uq(t))

. . 0fj(tug(®).uqy(£))
Fj,l (t) = T, and Fj,z(t) = #

duy
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According to [34], a nonautonomous delayed dynamical system can be represented as an evolution operator. So, for any
t; € P and sufficiently small h > 0, we have

U(t + h, t1) s = Sug(t1 + h), (5.3)
where Sug(t; + h) is the solution of Eq. (5.1) at t = t; + h. For any time t = t; + N;h, VN; € Z*, dug(t) can be written as
Sug(t) =U(ty + hNt, t; + h(N: — 1)) ---U(ty + 2h, t; + h)U(t1 + h, t1)Ps.

Next, we will construct the approximation operator with finite dimension for the evolution operator U(t; + h, t;). In order
to simplify our discussion, we define the following spaces

P i=C([t1 — 7a.t:1]. €9,
and

Pt :=C([t1, t; + h], CY),
their relevant norms

[l-11:= max |-[,
telt;—14.t1]

and

[I-]]7:= max
tefty. b +h]

and the space
P*:=C([t; — Tq.t; + h]. T,
with the map L: P x Pt — P* satisfying

n .
L(s,2)(n) = {¢8(t0) +/t z(0)do. if n e [ti.t; + h],

1 .
@s(m), ifnelty -1t
According to [34], the map L can be divided into two operators L; : P — P* and L, : P* — P* with
L(¢ps, w) = Ligs + Lo, (5.4)

where (¢5, w) € P x PT, L1¢ps = L(¢hs, 0) and Lyw = L(0, w).
In addition, we define the linear operator © : P* — P* via

[OV](t) = F(t, v(t), va(t)), (5.5)
where v € P*, t € [ty, t; + h] and v4(t) = v(t — 7). The fixed point problem

w* = OL(¢g, w*). (5.6)
has a fixed point w* € P* if the original problem (5.1) has a solution in [t{, t; + h]. So w* satisfies

Uty +h.t1)¢s = L(ds. @"). (5.7)
According to Eq. (5.4), Eq. (5.6) can be rewritten as

(Ip+ — BOLy)w* = OL1¢; (5.8)

where I+ is the identity operator for the space P*. Therefore, we can derive the following properties for the operators ®L;
and GL,.

Proposition 1. If the operator © is defined by Eq. (5.5), it is a bounded linear operator acting on v € P*.

Proposition 2. If L; and L, are defined by Eq. (5.4), then ®L; : P — P* and ®OL, : P — PT are bounded linear operators with
regard to w € P™.

5.2. Approximation of the evaluation operator

Since system (5.1) can be approximated by large finite ODE systems, the approximated operators are constructed through
discretisation by introducing the relevant discrete space for 7 and P* along with the following operators. As large finite ODE
systems can be obtained from the modified Euler integration, we can adopt linear interpolation to discretise the space P
and PT.

First of all, based on the time step h, consider the mesh An,q := (t; — Nh,--- .ty — h, ty) in [t; — 74, t;]. We construct a
restriction operator 1y, : P — Py, := CIN+D on Ay, 4, such that ry¢s € Py,q. Where [ruds]i = ¢s(t — (N+1 —i)h) e C%. In
addition, there exists a prolongation operator on the mesh Ay, such that for any @y, := (@' (t; —=Nh),--- ,@T(t;))T €
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Prni1. Where @ € P, Ty it € [t; — Tg. 1] = T () € CAN+D F7 5y — (N+1—i)h)oN =@ (6 — (N+1—1)h), ieZ[1,N+
1], and 7, (t)y, 1 is a polynomial with a degree less than or equal to 2.

Similarly, consider the mesh Ag,q := (t1,t; +hs,--- ,t; + Khs) in [ty,t; + h], where 0 <hs <h, K = h/hs, the space P+
can be discretised by the restriction operator Ry : Pt — P¢ = C4®+1D) on the mesh Ay ; such that R, ¥ € Pi.1s
where Rhswi = (t; + (i—1)hs) € CY. For mesh Ag,; we construct a relevant prolongation operator as follows. For any
@1 = (@7 (ty), -, @ (t; +Khs)) € P, ;, where @ € P+, Ry, it € [ty, ty +h] — Ry, (t) € CUED | such that Ry (t; + (i —
Dhs)oy, 1 = (g + (i—1)hs), i€ Z[1,K+ 1], and Rhs (t)wg,1 is a polynomial with degree less than or equal to K + 1. Here,
the operator £ := Rhs (t)Ry is a Lagrange operator [53].

Let K =1 (i.e. hs = h) and for any given N, the relevant approximated operator Uy, 11 (t; + h, t1) : Py,1 — P, satisfies

Uny12(t1 + R, t1) @ = rpL(7 (€ — T4) D, Ry, ()W), (5.9)
where t € [ty,t; + h], ® € Py,q and W* € 7312;1, which is the solution of the following equation

W* = Ry, OL(F (¢ — Tq) D, Ry, (£)WF). (5.10)

It is worth noting that the operator Rhs at the time interval [t{, t; + h] can be more accurate if the time step h is reduced.
5.3. Convergence analysis for the nonzero eigenvalues of the Jacobian matrix

In this section, we will present the convergence analysis for 0 < t4 <T only. The proof for t4>T is similar, so will be
omitted here. In order to ensure a unique solution for the initial problem (5.1), we introduce the subspace Pzgp of P+ with
the norm

Wl = 1@ + VI ¥ e Py,
where I(yr) is the Lipschitz constant of ¥, and the subspace Py, of P with the norm as

N = 1) + VAL & € Pup.

To carry out convergence analysis for the eigenvalues of Jacobian of the Poincaré map (2.5), the following lemmas are
given based on [34].

Lemma 5.1. For any o}, 05 € P,

o) = L£OL(¢s.07), ¢s € P, (5.11)
and

05 = OL(¢5,03), ¢s € P,
for sufficiently small h, and we have

llof —o3|I™ < c1h?, (5.12)
where cq is a positive constant.

Based on Eq. (5.9), a new operator in the interval [t, t; + h] can be introduced as
Uni12(t1 +hotr) = FUng1 206+ hot)ry © P — P, (5.13)

which has the same geometric and partial multiplicities as the operator Uy, 2 (¢ + h. t1) in Eq. (5.9). Therefore, there exists
amap Uy (t; + h,t1) : P — P such that

Up(ts + h, t1)ps = L(¢ps, o), 5 € P, (5.14)
where o* € P is the solution of Eq. (5.11), and Uy.1 »(t; + h. t;) can be written as

Uns12(ti +htr) = £05(t +h.tr) L.
Lemma 5.2. If the operator U, (t; + h, t1) is defined as Eq. (5.14), we have

0o (t1 +h.ty) =U(ty + h.ty)]| < csh?, (5.15)
where c3 is a positive constant.

It is worth noting that the evolution operator U, (t; + ih, t; + (i — 1)h), wherei=1,--- ,N and N := N+ n+ AN + 1, must
have the same properties as the operator U(t; +ih,t; + (i — 1)h) in the inequality (5.15). Thus, the Poincaré map can be
obtained by combining all the evolution operators U(t; +ih, t; + (i — 1)h) over the entire time interval [t;,t; +T]. As a
result, the convergence problem is equivalent to studying the convergence of the operator ]‘[?’: 1 Uy (ty +ih,t; + (i— 1)h) to
U(ty,t1+T).
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Lemma 5.3. For the entire interval [t1,t; + T] and a sufficiently small time step h, we can obtain
N -
Ut +T.t1) = [ [Ua(ts +ih, ty + (i — Dh)|| < csh?, (5.16)
i=1

wherei=1,2,--- N, N:=N+n+ AN+ 1, and c, is a positive constant.

Combining the inequality (5.16) with the results in [35,52]| and Theorem 4.6 and 4.7 in [34], the following lemma can be
obtained.

Lemma 5.4. Let A € C\ {0} be an isolated eigenvalue for the operator U(t; + T,t;) with the finite algebraic multiplicity mq
and ascent (length of longest Jordan chain) k, and I" be a neighborhood of A for A of U on the time interval [t;,t; + T]. For a

sufficiently small h, Uy (t; + T, t;) has m eigenvalues Ay, where t=1,....,mq, and we have
max |A — Ay, < cshr, (5.17)
1=1,....mg !

where c5 is a positive constant.

It should be noted that UN+1,2 and U, have the same nonzero eigenvalues, geometric and partial multiplicities and eigen-
vectors. This leads to the following theorem.

Theorem 5.5. Let A € C\ {0} be an isolated eigenvalue for the operator U(t; + T, t;) with the finite algebraic multiplicity mq

and the ascent «, and let I be a neighborhood of A for the time interval [t1, t; + T]. For a sufficiently small h, Uy, 2(t; + T, t1)

has m eigenvalues An.12,, where 1 =1,....,mq and we have

] ax A —Ans12l < Csh%, (5.18)
mq

1=1,...,
where cg is a positive constant.

The inequality (5.18) holds for any interval [tm,tm + T]. From the above study, we can ensure that our proposed ap-
proximation method has the expected convergence rate on the nonzero characteristic multipliers of the system (5.1). So our
approximation for the Jacobian of the Poincaré map (2.5) is reliable. It is also worth noting that by adopting a high-order in-
tegration method (e.g. Runge-Kutta method) with a sufficiently small time step h, the approximated operator could be more
accurate O(h*). However, this would also require higher-order corrections at the crossing and grazing events for the terms
derived in Section 4. Without these corrections the convergence of the approximated operator cannot be guaranteed to be
the same with the order of the numerical integration. Furthermore, if the system encounters a sufficiently large number of
grazing events, the convergence rate will be lower than O(h?) due to these grazing events.

6. Calculation of the Lyapunov exponents

The dynamics of system (2.4) can be represented by the Poincaré map (2.5) as
Yni1.0=P"(Y10) =Po---PoP(Y10), (6.1)

where the Jaobian matrix of P™ is []"; M;. According to Definition 2.1, LEs can be calculated as
¥ = lim l1n|)»lm|, i=1,.-- ,dN+1), (6.2)
m—oo M

where A" is the it eigenvalues of [T, M;.

However, calculating LEs by using Eq. (6.2) will introduce an overflow problem. Specifically, some elements of the Jaco-
bian matrix will be very large for chaotic attractors, and some of them could be very small for periodic attractors, which
may cause inaccuracy. On the other hand, calculating LEs from the Jacobian matrix directly is time-consuming as the time-
delayed dynamical system is high-dimensional. To overcome these issues, LEs can be computed according to the average
exponential divergence rate between the basis orbit started from Y;(0) and its neighborhood orbit along the direction of

Y10
= o7 4S
V1O = vy ol

L1 {18Vl
Y; = lim —1 ’ 3
U (Y1,0. V1,0) ml_{Tc}om n 1Yol (6.3)
where ||8Yp ]| is the norm of §Y;,o and m e Z*.
Next, choose Y; o € RY™+1), and its related linearly independent initial perturbed vector (8Yy, Y2, --- L 8YVD) can
be normalised as
8y} 8y? Sy D
(8010803 g, 8U4G) = e 50 o (6.4)

18V oIl [18YZoll™ 7 8y Dy
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Substituting the vector (6.4) to Eq. (6.1) obtains the second vector (8Y210, 8Y220, . 8Yd<N+”) and Gram-Schmidt orthonor-
malization [50] can be applied to normalise the second vector, which gives a new vector (81/2 0 81}% 0 8vd(N+1)) For the
next iteration, the second vector will be used as the initial vector to be substituted into Eq. (6.1). leew1se repeating m

times for this process gives the mth vector (SY,}L ,(SYHZL , ,8Yn‘1(N+1)). The steps of Gram-Schmidt orthonormalization are
given as follows

1 1
%ﬂO‘_ Syﬁﬂv
Vl
1
no= T
m,0
V2g=  8Y2,— <8YZ, 80> VL0
8 2 VZ(O)
mo= v,
Vo = SRt — < 8YR 0D 8up 0 > U -
d(N+1) d(N+1)-1 d(N+1)-1
- <8,y v, > 8V ,
d(N+1)
d(Ig)l+1) — v .0
m, d(N+1),°
(ANl

where [|VE | is the norm of V] o, (8Y

mo,(Su‘Tm’O)(i, i=1,2,---,d(N+1)) is a standard scalar product. Finally, LEs can be
calculated by using

1. = 1 & ;
O~ —InJTIVHOI = — > In V(). (6.5)
o=1 o=1

Remark. Based on the above analysis, a guideline for the implementation of the algorithm is presented as follows.

Step 1: Calculate the Jacobian matrix according to the relevant trajectory at the time step after the system is stabilised
by the time-delayed feedback controller;

Step 2: If the trajectory approaches to grazing, calculate its relevant Jacobian using Eq. (4.5) or Eq. (4.11), and then
insert it to the matrix My, in Eq. (3.11) at the grazing moment;

Step 3: Choose appropriate initial perturbed unit vectors, and calculate the Floquet Multipliers of each Poincaré map
using Gram-Schmidt orthonormalization;

Step 4: Calculate the LEs using Eq. (6.5) after several evolutions of Poincaré map.

7. Numerical studies

In this section, we will show the effectiveness of our proposed method by studying the soft impacting system with a
delayed feedback controller presented in Fig. 2.1. Since the system has many coexisting attractors when grazing is encoun-
tered [40], our control objective here is to drive the system from its current attractor to a desired one. Calculating the LEs
of the system allows us to monitor the stability of the delayed feedback controller and its effective parametric regime.

We choose the following parameters for the impacting system,

=001, e=1.26, a=0.7, B =28 and w = 0.802.

For these parameters a grazing event is encountered, and a chaotic and a period-5 attractors coexist as shown in Fig. 7.1.
7.1. Case T4=>T

Fig. 7.2 presents the first example of using the delayed feedback controller (2.3) for which a large delayed time (i.e.
T4>T) was considered, and the control parameter k was varied from 0 to 1.4. As can be seen from Fig. 7.2(a), the largest LEs
are all greater than O for k [0, 0.04] and the system presents a chaotic motion as shown in Fig. 7.2(b). The phase trajectory
of the chaotic motion for k = 0.02 is presented in Fig. 7.2(c). For ke (0.04, 0.055), the largest LEs decrease and suddenly
increase to the neighbourhood of zero at k = 0.055 indicating a period doubling of the system. Similarly, at k = 0.065, such
a fluctuation is observed again. Thereafter, the largest LEs decrease dramatically, and then increase gradually from k = 0.07.
For k €[0.07, 1.4], both LEs are below zero, and the system has period-1 response which is demonstrated by Figs. 7.2(d) and
(e).

A critical issue for computing nonsmooth dynamical systems is that the accumulated computational error from the im-
pact boundary due to grazing event could lead to inaccurate simulation. Fig. 7.3 compares the computations of the impacting
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Fig. 7.1. Basin of attraction of the impacting system computed for { =0.01, e=1.26, a=0.7, =28 and w = 0.802. Black dots denote the chaotic
attractor with green basin, blue dots represent the period-5 attractor with red basin, and blue lines denote the impact boundary. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7.2. (a) LEs and (b) displacement of the impacting system under the delayed feedback controller as functions of the control parameter k. Black, red
and green lines denote the two largest LEs and the zero line, respectively. Additional panels show the phase trajectories of the system calculated for (c)
k=0.02, (d) k=0.55 and (e) k = 1. Black dots represent the Poincaré sections, and blue lines represent the impact boundary. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

system for e = 1.2609 controlled from a chaotic response to a period-1 response by using the delayed feedback control with
and without the grazing estimation algorithm. The number of impacts as a function of time without (black line) and with
(orange line) the grazing estimation algorithm is presented in Fig. 7.3(a) which were counted from t = 9722, and the phase
trajectories from chaotic (grey line) to period-1 (red line) response are shown in Fig. 7.3(b). It can be seen from the figure
that the accumulated error was built up in the number of impacts, and a clear difference can be observed from t = 10411.
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Fig. 7.3. (a) Number of impacts as a function of time without (black line) and with (orange line) the grazing estimation algorithm based on the discon-
tinuous condition calculated for { = 0.01, e=1.2609, a=0.7, f =28, w =0.802 and k = 1.4. (b) Phase trajectories of the impacting system controlled
from chaotic (grey line) to period-1 (red line) response. Time histories of displacement of the system (c) without and (d) with the algorithm are presented,
and blue lines indicate the discontinuous boundary. (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)
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Fig. 7.4. (a) LEs and (b) displacement of the impacting system under the delayed feedback controller as functions of the control parameter k. Black, red
and green lines denote the two largest LEs and the zero line, respectively. Phase trajectories of the system calculated for (c) k =0.01, (d) k=0.03, (e)
k =0.043 and (f) k = 0.052 are shown. Black dots represent the Poincaré sections, and blue lines indicate the nonsmooth boundary. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)
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The cause of such a difference can be found from Figs. 7.3(c) and (d), where the time histories of displacement of the im-
pacting system are shown. As can be seen from these two figures, the system with the grazing estimation algorithm was
stabilised quicker than the one without the algorithm.

72. Case O0<t4<T

For the case of a small time delay (i.e. 0 <74 <T), we present the example for 7; = T/2 in Fig. 7.4. It can be seen from
the figures that the system has chaotic motion for k € [0, 0.007] and its largest LEs are all greater than zero (green line). For
k €(0.007, 0.015], the system experiences transient periodic motion, and the relevant largest LEs are smaller than zero which
is consistent with the result shown in Fig. 7.4(b) indicating several alternations between chaotic and periodic motions. At
k =0.016, the system has a very narrow chaotic window and bifurcates into a non-impact period-1 response immediately
lasting until k = 0.0425 at where another chaotic regime is encountered. For k<[0.0425, 0.045], the system has chaotic
response in most of the region, but has a small window of period-3 response in k <[0.044, 0.04475]. After k = 0.045, the
non-impact period-1 response emerges again as the control parameter k increases. To compare Figs. 7.4(a) and (b), the
evolution of the calculated LEs is consistent with system’s bifurcation, which is also demonstrated by the phase trajectories
presented in Figs. 7.4(c)-(f).

8. Conclusions

This paper studies a numerical method for calculating the LEs of time-delayed piecewise-smooth systems by using a soft
impacting system under the delayed feedback control with a particular focus on its near-grazing dynamics. The main feature
of the proposed method is that it can provide improved accuracy for the stability analysis of periodic orbits by estimating
the point of discontinuity locally along trajectories of piecewise-smooth DDEs with an accuracy of the same order as its
integration method. In addition, the method can also be applied to the other nonsmooth dynamical systems with a delayed
argument, such that it can be used as a generic computational tool for stability analysis.

The main tasks were to build an effective variational equation and obtain the Jacobian for the delayed impacting system.
As the delayed impacting system is infinite dimensional, it was approximated by finite dimensional systems, which were
discretised by the modified Euler integration method at each time step. Then the DDE system was converted to a time-
discrete map by constructing a Poincaré map, and its linearisation was introduced to obtain its variational equation. Then
the Jacobian of the map was obtained by combining all the approximating systems linearised from the variational equation
at each time step in one period of external excitation. In order to increase the convergence rate and improve computational
accuracy, a grazing estimation algorithm was introduced. The convergence rate of eigenvalues of the Jacobian matrix was
studied by using the spectral theory of the evolutionary operator. In particular, the delayed impacting system was described
as an evolutionary operator with the expected convergence rate for the relevant nonzero eigenvalues of the Jacobian, there-
fore guaranteeing the reliability of the proposed numerical method.

Our numerical studies considered two scenarios of delay time in the system, a larger (t;>T) and a smaller (O<74<T)
delays than the period of excitation. Both cases showed that the calculated LEs were consistent with the bifurcation of the
system, and the grazing estimation algorithm did improve accuracy for simulating nonsmooth dynamical systems.
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Appendix A

Proof of Proposition 1. Let v¢, v, € P*, where
Ov(t) = F(t, v1(t), v1(t — 1)),
and
Ouy(t) = F(t, v2(t), v2(t — 7g)).
Then we can obtain
O +v2) | <[F; 1 (OV1 () + F;, (Ov1 (t = Ta)| + |F1 (OV2(0) + F2(Ov2(t — 70) |
=1Ov][ + [|Ov,]]

In addition, according to Eq. (5.2), there must exist a positive constant Bg satisfying that, for any v € P*, ||®v|| < Bg||v||-
Therefore, the operator ® is bounded and linear in the space. O

Proof of Proposition 2. For all ¢, there exist wg, w1, w; € P+ such that OL(¢;, wg) = wg and wg = @1 + w,. So we have
OL(¢ps, wp) =O[L1 (¢, w1) + Lyws]
=0OL(¢s) + OLyw, + OLyw,
=0L;1(Ps) + OLy (w1 + @2).

According to the Eqs. (5.5)-(5.7), if ®L(0, w) = w (where w € P*) holds, L(0, w) must be the solution of the following
system

{80 (t) = F(t, Sup(t), Suq(t)), (A1)
dug(s) =0,
where F € C(P,R?) and s € [t; — T4. t1]. Then for any w € P+, it gives ||®Lyw|| = ||w]||, so OL, is bounded.

Let ¢s1.¢5, € P, and for @51 + @55, there exists w € P+ such that OL(¢s 1 + ¢52. @) = w. Also, there exists wq, w; €
P+, such that w = w; + w,. Then we have

L(¢5<1 + ¢5,2’ C()) :L(¢5,1’ C()]) + L(¢5,27 0)2)
=L1¢s1+ Loy + Ligsz + Lrw,
=Li(¢s1 + ¢s2) + Lo
Since
OlLi1¢s1 + Law + Ligs, + Lrwa| = OLi¢ps 1 + OLi1gs, + Olrw
and
O[L1(¢s5.1 + Ps.2) + Law] = OL1 (@51 + ¢s2) + OLrw,
®L; is a bounded linear operator. [J

Proof of Lemma 5.1. Based on Theorem 3.3 in [34] and let o} = 05 + p*, we have

oIl :=llof — o5 11* = [|Ups — £OL) M| (e = DI o311, (A2)
For sufficiently small h, |[(Ip+ — £)||* is the global error from the modified Euler integration, which satisfies

|(ps — O)|I" < c2h?,
where c; is a positive constant. Since

Ip+ — £0BLy = (Ip+ — OLy) + (Ip+ — £)OLy,
and ®L;, is bounded, if h— 0, (Ip+ — £8Ly)~1 = (Ip+ — OL,). In addition, as

03 = (p; — L) 'OL¢s, (A3)
and

o511 < 11pz = OL) I [IOL]] 1] ip- (A4)
||‘72*||Ep is bounded. Thus, there must exist a positive constant ¢; for Eq. (A.2) satisfying

[lp*]] < cih?.
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Proof of Lemma 5.2. For (¢5, w}), (¢s, w5) € ng x P+, based on Eq. (5.4), we have
102t +h.t1) = Ut + b t) || = |IL(s. 0}) = L(gs, 3] = [IL2(@] — @3)]],
where
o* = Ip-OL(¢s, w})
and
o* = OL(¢s, w3).
So
[1Ua(ts + h.tr) = U(ts + h. ty)|| =[|L2 (@] — @3)]|

ti+h
=l / (@} — o) (O)de]| = || (@} — )] *h,

According to Eqs. (A.2) and (A.3) and the inequality (A.4), we have
[|Uz(t1 + h,t1) —=U(t; + h,ty)]|| < c3h®.

O
Proof of Lemma 5.3. According to Lemma 5.2, we assume that there are two positive constants M; and M, such that
N-1
I TTU +iht + (= 1D)h)|| < My, (A.5)
i=2
and
N-1
I T]U2(t + jh.tr + G = D] < M,. (A.6)
j=1
Therefore,
I_V -
||U(t1 +T, t]) — HUZ(tl +ih,t1 + (l— 1)h)||
i=1
_ R N-1
<N U(ty +ih,t; + (i—1)h) l_[ Uy (ty + jhot1 + (J — 1)h)C3h3
i=2 j=1
N 3_ T 3 2
SNM]Mngh = HM1M2C3h =C4h .
O
References

[1] Bernardo M, Budd C, Champneys AR, Kowalczyk P. Piecewise-smooth dynamical systems: theory and applications, 163. Springer Science & Business
Media; 2008.
[2] Thompson ], Ghaffari R. Chaos after period-doubling bifurcations in the resonance of an impact oscillator. Phys Lett A 1982;91(1):5-8.
[3] Muszynska A, Goldman P. Chaotic responses of unbalanced rotor/bearing/stator systems with looseness or rubs. Chaos, Solitons & Fractals
1995;5(9):1683-704.
[4] Yin S, Ji ], Wen G. Complex near-grazing dynamics in impact oscillators. Int ] Mech Sci 2019;156:106-22.
[5] Ing ], Pavlovskaia E, Wiercigroch M, Banerjee S. Bifurcation analysis of an impact oscillator with a one-sided elastic constraint near grazing. Physica D
2010;239(6):312-21.
[6] Jeffrey MR, Champneys A, di Bernardo M, Shaw S. Catastrophic sliding bifurcations and onset of oscillations in a superconducting resonator. Physical
Review E 2010;81(1):016213.
[7] Qiu J, Sun K, Wang T, Gao H. Observer-based fuzzy adaptive event-triggered control for pure-feedback nonlinear systems with prescribed performance.
[EEE Trans Fuzzy Syst 2019;27(11):2152-62.
[8] Ing ], Pavlovskaia E, Wiercigroch M, Banerjee S. Experimental study of impact oscillator with one-sided elastic constraint. Phil Trans R Soc A
2007;366(1866):679-705.
[9] Nordmark AB. Universal limit mapping in grazing bifurcations. Physical Review E 1997;55(1):266.
[10] Nordmark AB. Non-periodic motion caused by grazing incidence in an impact oscillator. ] Sound Vib 1991;145(2):279-97.
[11] Stépéan G, Insperger T. Stability of time-periodic and delayed systems-a route to act-and-wait control. Annu Rev Control 2006;30(2):159-68.
[12] Beregi S, Takacs D, Stépan G. Bifurcation analysis of wheel shimmy with non-smooth effects and time delay in the tyre-ground contact. Nonlinear
Dyn 2019;98(1):841-58.
[13] Zhang T, Meng X, Song Y. The dynamics of a high-dimensional delayed pest management model with impulsive pesticide input and harvesting prey
at different fixed moments. Nonlinear Dyn 2011;64(1-2):1-12.
[14] Carvalho AR, Pinto CM. New developments on aids-related cancers: the role of the delay and treatment options. Math Methods Appl Sci
2018;41(18):8915-28.
[15] Yan Y, Xu ], Wiercigroch M. Basins of attraction of the bistable region of time-delayed cutting dynamics. Physical Review E 2017;96(3):032205.


http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0001
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0001
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0001
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0001
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0001
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0002
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0002
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0002
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0003
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0003
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0003
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0004
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0004
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0004
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0004
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0005
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0005
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0005
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0005
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0005
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0006
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0006
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0006
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0006
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0006
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0007
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0007
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0007
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0007
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0007
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0008
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0008
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0008
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0008
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0008
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0009
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0009
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0010
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0010
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0011
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0011
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0011
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0012
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0012
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0012
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0012
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0013
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0013
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0013
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0013
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0014
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0014
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0014
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0015
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0015
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0015
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0015

Z. Zhang, Y. Liu and ]. Sieber / Commun Nonlinear Sci Numer Simulat 91 (2020) 105451 19

[16] Qiu ], Sun K, Rudas IJ, Gao H. Command filter-based adaptive nn control for mimo nonlinear systems with full-state constraints and actuator hysteresis.
IEEE Trans Cybern 2019.

[17] Pyragas V, Pyragas K. State-dependent act-and-wait time-delayed feedback control algorithm. Commun Nonlinear Sci Numer Simul 2019;73:338-50.

[18] Mainzer K, Chua L. The universe as automaton: from simplicity and symmetry to complexity. Springer; 2012.

[19] Parker TS, Chua L. Practical numerical algorithms for chaotic systems. Springer Science & Business Media; 2012.

[20] Benettin G, Galgani L, Giorgilli A, Strelcyn J-M. Lyapunov characteristic exponents for smooth dynamical systems and for hamiltonian systems; a
method for computing all of them. part 1: theory. Meccanica 1980;15(1):9-20.

[21] Wolf A, Swift JB, Swinney HL, Vastano JA. Determining Lyapunov exponents from a time series. Physica D 1985;16(3):285-317.

[22] Dieci L, Russell RD, Van Vleck ES. On the compuation of Lyapunov exponents for continuous dynamical systems. SIAM ] Numer Anal
1997;34(1):402-23.

[23] Stefanski A. Estimation of the largest Lyapunov exponent in systems with impacts. Chaos, Solitons & Fractals 2000;11(15):2443-51.

[24] Miiller PC. Calculation of Lyapunov exponents for dynamic systems with discontinuities. Chaos, Solitons & Fractals 1995;5(9):1671-81.

[25] Dellago C, Posch HA, Hoover WG. Lyapunov instability in a system of hard disks in equilibrium and nonequilibrium steady states. Physical Review E
1996;53(2):1485.

[26] Jin L, Lu Q, Twizell E. A method for calculating the spectrum of Lyapunov exponents by local maps in non-smooth impact-vibrating systems. ] Sound
Vib 2006;298(4-5):1019-33.

[27] Lamba H, Budd C. Scaling of Lyapunov exponents at nonsmooth bifurcations. Physical Review E 1994;50(1):84.

[28] Farmer JD. Chaotic attractors of an infinite-dimensional dynamical system. Physica D 1982;4(3):366-93.

[29] Péez Chavez ], Zhang Z, Liu Y. A numerical approach for the bifurcation analysis of nonsmooth delay equations. Commun Nonlinear Sci Numer Simul
2020;83:105095.

[30] Repin IM. On the approximate replacement of systems with lag by ordinary dynamical systems. ] Appl Math Mech 1965;29(2):254-64.

[31] Gyori I, Turi J. Uniform approximation of a nonlinear delay equation on infinite intervals. Nonlinear Analysis: Theory, Methods & Applications
1991;17(1):21-9.

[32] Breda D. Solution operator approximations for characteristic roots of delay differential equations. Appl Numer Math 2006;56(3-4):305-17.

[33] Breda D, Maset S, Vermiglio R. Pseudospectral differencing methods for characteristic roots of delay differential equations. SIAM Journal on Scientific
Computing 2005;27(2):482-95.

[34] Breda D, Maset S, Vermiglio R. Approximation of eigenvalues of evolution operators for linear retarded functional differential equations. SIAM ] Numer
Anal 2012;50(3):1456-83.

[35] Chatelin F. Spectral approximation of linear operators. SIAM; 2011.

[36] de Souza SLT, Caldas IL, Viana RL, Balthazar JM. Control and chaos for vibro-impact and non-ideal oscillators. ] Theor Appl Mech 2008;46:641-64.

[37] Lazarek M, Brzeski P, Solecki W, Perlikowski P. Detection and classification of solutions for systems interacting by soft impacts with sample-based
method. Int ] Bifur Chaos 2020;30:2050079.

[38] Serdukova L, Kuske R, Yurchenko D. Post-grazing dynamics of a vibro-impacting energy generator 2020;arXiv.2003.02167.

[39] Makarenkov O, Lamb JSW. Dynamics and bifurcations of nonsmooth systems: a survey. Physica D 2012;241:1826-44.

[40] Liu Y, Padez Chavez J. Controlling coexisting attractors of an impacting system via linear augmentation. Physica D 2017;348:1-11.

[41] Liu Y, Wiercigroch M, Pavlovskaia E, Yu H. Modelling of a vibro-impact capsule system. Int ] Mech Sci 2013;66:2-11.

[42] Péez Chavez ], Liu Y, Pavlovskaia E, M W. Path-following analysis of the dynamical response of a piecewise-linear capsule system. Comm Nonlinear
Sci 2016;37:102-14.

[43] Liu Y, Pavlovskaia E, Hendry D, Wiercigroch M. Vibro-impact responses of capsule system with various friction models. Int ] Mech Sci 2013;72:39-54.

[44] Liu Y, Padez Chavez J. Controlling multistability in a vibro-impact capsule system. Nonlinear Dyn 2017;88:1289-304.

[45] Wojewoda ], Stefaski A, Wiercigroch M, Kapitaniak T. Hysteretic effects of dry friction: modelling and experimental studies. Philosophical Transactions
of the Royal Society A: Mathematical, Physical and Engineering Sciences 2008;366:747-65.

[46] Pyragas K. Continuous control of chaos by self-controlling feedback. Phys Lett A 1992;170(6):421-8.

[47] Guo B, Liu Y, Birler R, Prasad S. Self-propelled capsule endoscopy for small-bowel examination: proof-of-concept and model verification. Int ] Mech
Sci 2020;174:105506.

[48] Krasovskii N. On the analytic construction of an optimal control in a system with time lags. ] Appl Math Mech 1962;26(1):50-67.

[49] Banks H. Approximation of nonlinear functional differential equation control systems. ] Optim Theory Appl 1979;29(3):383-408.

[50] Stoer ], Bulirsch R. Introduction to numerical analysis. Springer Science & Business Media; 2013.

[51] Jiang H, Wiercigroch M. Geometrical insight into non-smooth bifurcations of a soft impact oscillator. IMA ] Appl Math 2016;81(4):662-78.

[52] Chatelin F. Convergence of approximation methods to compute eigenelements of linear operations. SIAM ] Numer Anal 1973;10(5):939-48.

[53] Varma A, Mills T. On the summability of lagrange interpolation. Journal of Approximation Theory 1973;9(4):349-56.


http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0016
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0016
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0016
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0016
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0016
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0017
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0017
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0017
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0018
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0018
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0018
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0019
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0019
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0019
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0020
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0020
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0020
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0020
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0020
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0021
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0021
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0021
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0021
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0021
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0022
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0022
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0022
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0022
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0023
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0023
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0024
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0024
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0025
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0025
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0025
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0025
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0026
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0026
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0026
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0026
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0027
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0027
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0027
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0028
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0028
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0029
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0029
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0029
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0029
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0030
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0030
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0031
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0031
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0031
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0032
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0032
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0033
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0033
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0033
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0033
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0034
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0034
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0034
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0034
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0035
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0035
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0036
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0036
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0036
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0036
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0036
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0037
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0037
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0037
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0037
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0037
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0038
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0038
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0038
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0038
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0039
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0039
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0039
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0040
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0040
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0040
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0041
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0041
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0041
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0041
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0041
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0042
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0042
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0042
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0042
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0042
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0043
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0043
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0043
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0043
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0043
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0044
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0044
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0044
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0045
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0045
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0045
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0045
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0045
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0046
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0046
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0047
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0047
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0047
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0047
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0047
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0048
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0048
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0049
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0049
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0050
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0050
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0050
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0051
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0051
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0051
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0052
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0052
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0053
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0053
http://refhub.elsevier.com/S1007-5704(20)30281-1/sbref0053

	Calculating the Lyapunov exponents of a piecewise-smooth soft impacting system with a time-delayed feedback controller
	1 Introduction
	2 Mathematical model and relevant preparations
	3 Constructing the Jacobian matrix of the Poincaré map
	4 Modifying the algorithm at the discontinuity
	4.1 Case 1
	4.2 Case 2

	5 Convergence analysis
	5.1 Properties of the evaluation operator
	5.2 Approximation of the evaluation operator
	5.3 Convergence analysis for the nonzero eigenvalues of the Jacobian matrix

	6 Calculation of the Lyapunov exponents
	7 Numerical studies
	7.1 Case &#x03C4;d&#x202F;&#x2265;&#x202F;T
	7.2 Case 0 < d < T

	8 Conclusions
	Compliance with ethical standards
	Declaration of Competing Interest
	CRediT authorship contribution statement
	Acknowledgements
	Appendix A
	References


