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A GOING-DOWN PRINCIPLE FOR AMPLE GROUPOIDS AND THE
BAUM-CONNES CONJECTURE

CHRISTIAN BONICKE

ABSTRACT. We study a Going-Down (or restriction) principle for ample groupoids and
its applications. The Going-Down principle for locally compact groups was developed by
Chabert, Echterhoff and Oyono-Oyono and allows to study certain functors, that arise in the
context of the topological K-theory of a locally compact group, in terms of their restrictions
to compact subgroups. We extend this principle to the class of ample Hausdorff groupoids
using Le Gall’s groupoid equivariant version of Kasparov’s bivariant KK-theory. Moreover,
we provide an application to the Baum-Connes conjecture for ample groupoids which are
strongly amenable at infinity. This result in turn is then used to relate the Baum-Connes
conjecture for an ample groupoid group bundle which is strongly amenable at infinity to

the Baum-Connes conjecture for the fibres.
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1. INTRODUCTION

One important step in the study of C*-algebras is the computation of its K-theory. This
is a notoriously difficult problem, especially for group C*-algebras and crossed products.
Baum, Connes, and Higson present in [3] a general method to attack this problem:

If G is a locally compact, second countable group and A is a C*-algebra equipped with
a strongly continuous action of G by x-automorphisms, the topological K-theory of G with
coefficients in A is defined as

KI°P(G; A) 1= i KK (Co(X), A),

where X runs through the G-compact (i.e. the quotient space X/G is compact) subspaces

of a universal proper G-space £(G) ordered by inclusion, and KK% denotes Kasparov’s
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A GOING-DOWN PRINCIPLE FOR AMPLE GROUPOIDS AND THE BAUM-CONNES CONJECTURE 2

equivariant KK-theory. The authors in [3] then proceed to construct a group homomorphism
pa: KP(Gh A) = Ki(A %, G).

This map is usually called the assembly map and the Baum-Connes conjecture asserts, that
pa is an isomorphism. By work of Higson, Lafforgue and Skandalis (see [24]) it is now
known, that the conjecture is false in this generality. It has however been proven to be true
for large classes of groups including the class of amenable groups and the conjecture with
trivial coefficients (i.e. A = C) is still open.

In his thesis [30], Le Gall introduced a groupoid equivariant version of Kasparov’s KK-
theory, which was subsequently used to define a version of the Baum-Connes assembly map
for groupoids (see [42] for a survey). The question, when this map is an isomorphism has
been investigated by Tu in [40, 41]. He proves that the Baum-Connes conjecture is true for
every locally compact, o-compact Hausdorff groupoid acting continuously and isometrically
on a continuous field of affine Euclidean spaces. The latter condition is fulfilled in particular
by all amenable groupoids. On the other hand, the groupoid version of the Baum-Connes
conjecture is known to be false even in the case of trivial coefficients (again by results in
24]).

In the case of locally compact groups, Chabert started in [12] to study permanence prop-
erties of the Baum-Connes conjecture for the case of semi-direct products. In subsequent
work of Chabert and Echterhoff (see [13]) these methods were refined and it was proved
that the class of groups satisfying the conjecture is stable under taking subgroups, Cartesian
products, and certain group extensions. A similar approach was used in [15] to prove that
the topological K-theory of a transformation groupoid G x X does not depend on X, i.e.
that the canonical forgetful map Ki°P(G x X; A) — Ki°°(G; A) is an isomorphism. Finally,
n [11], the authors formalize the methods used to prove the main results in all of the above
mentioned work and abstractly develop the so called Going-Down principle, which allows to
analyse certain functors connected to the topological K-theory of a locally compact group
in terms of their restrictions to compact subgroups. The Going-Down principle has turned
out to be very useful in the computation of the K-theory of certain C*-algebras, for example
crossed products of the irrational rotation algebras by finite subgroups of SLs(Z) (see [20])
or the C*-algebras associated to a large class of semigroups (see [16, 17]).

The starting point of this paper is the work of Tu, who proves in [39] an analogue of
the main result of [15] for second countable, locally compact, étale groupoids and uses it to
show that satisfying the Baum-Connes conjecture passes to subgroupoids (within this class).
Inspired by the ideas in this work we set out to develop a general Going-Down principle in
the spirit of [11] for the class of ample groupoids. Although it seems plausible that similar
results can be obtained for all étale groupoids, there are a lot of topological difficulties yet
to overcome. In the case of ample groupoids however these difficulties disappear and the
theory can be developed beautifully. Many interesting examples studied in the literature fall
naturally into the class of ample groupoids.

Let us summarize our main results and simultaneously give an overview of how this paper
is organized.

After reviewing some preliminaries on groupoids and proper actions we focus on a detailed
study of induced algebras. One way to look at the induced algebras we are interested in is

to use the picture of pullbacks along generalized morphisms of groupoids as developed by Le
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Gall in [30]. We however chose to develop the theory in analogy to the classical approach in
the group case, which seems to be more useful for our purposes. To the best of our knowledge
this approach has not been carried out before in the literature.

We then turn to the study of Le Gall’s groupoid equivariant version of Kasparov’s KK-
theory. We prove a generalization of a result of Meyer (see [32]) on when the operator in
an equivariant Kasparov triple can be chosen to be equivariant with respect to the action of
the groupoid. We then proceed to prove one of the main technical ingredients in the proof
of the Going-Down principle. It says that a canonically defined compression homomorphism
compg is an isomorphism:

Theorem A. (see Theorem 6.2) Let G be an étale, locally compact Hausdorff groupoid with
a clopen, proper subgroupoid H C G. Let X := Gy . If A is an H-algebra and B is a
G-algebra, then

compf; : KKY(Indy A, B) — KK (4, Bjy)

is an isomorphism.

Section 7 focuses solely on the proof of the Going-Down principle for ample groupoids.
For convenience, this paper focuses on the following case of the Going-Down principle, which
is the main technical result of this paper:

Theorem B. (see Theorem 7.10) Suppose G is an ample, locally compact Hausdorff groupoid
and A and B are G-algebras. Suppose there is an element x € KKG(A, B) such that

. TCSG xT
KK (C(H), A1) 8 KK (C(HO), Byy)

is an isomorphism for all compact open subgroupoids H C G. Then the Kasparov-product

with x induces an isomorphism
QT KiOp(G; A) — KiOP(G; B).

The final section is dedicated to illustrate an application of the Going-Down principle. It
revolves around the recent notion of (strong) amenability at infinity for étale groupoids as
introduced by Lassagne in [29] (see also [2]). Based on ideas of Higson (see [23]) we prove
the following result:

Theorem C. (see Theorem 8.3) Let G be a second countable ample groupoid, which is
strongly amenable at infinity and let A be a G-algebra. Then the Baum-Connes assembly
map

pa s KPP(G; A) — Ki(A %, G)

is split injective.

The counterexamples to the Baum-Connes conjecture for groupoids presented in [24] are in
fact ample groupoid group bundles. Consequently, it is in turn very natural to ask when such
a group bundle does satisfy the Baum-Connes conjecture. As an application of our results
we are able to relate the Baum-Connes conjecture for such a bundle to the Baum-Connes

conjecture for each of the fibre groups. More precisely, we prove the following:

Theorem D. (see Theorem 8.11) Let G be a second countable ample group bundle, which is
strongly amenable at infinity. Suppose A is a G-algebra such that the associated C*-bundle
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is continuous, and G satisfies the Baum-Connes conjecture with coefficients in A, for all

uwe GO Then G satisfies the Baum-Connes conjecture with coefficients in A.

Given the length of the current version of this paper further applications will appear in
separate articles. One is a joint work with Clément Dell’Aiera on the Kiinneth formula
for crossed products by ample groupoids [9] and the second will deal with the K-theory of
twisted groupoid C*-algebras (see [8]).

2. PRELIMINARIES ON GROUPOIDS AND PROPER ACTIONS

Recall, that a groupoid is a set G together with a subset G() C G x G, called the set of
composable pairs, a product map (g,h) — gh from G®@ to G and an inverse map g— gt

from G onto G, such that the following hold:

(1) The product is associative: If (g1, g2), (92, g3) € G@ for some g1, go, g3 € G, then we
also have (9192, 93), (g1, 9293) € G®) and

(9192)93 = 91(9293).

(2) The inverse map is involutive, i.e. (¢g7!)~! = g for all g € G.
(3) (9,971 € GP for all g € G and if (g,h) € G@, then

g Y(gh)=h and (gh)h ' =g.

The fact that multiplication is partially defined implies that multiple elements may act as
(partial) units: The set G := {g € G | g = g~! = ¢?} is called the set of units in G.
There are canonical maps d : G — G© given by d(g) = g~'g and r : G — G given by
r(g) = gg~!, called the domain and range map respectively.

For subsets A, B € G0 we will write G4 :=d~'(A), GF :=+~(B) and G% := G4 NGP.
If A (and/or B) consists just of a single unit u € G(©) we will omit the braces (e.g.: we will
write G := r~1({u})).

In this paper we will be concerned with topological groupoids: We say that G is a locally
compact Hausdorff groupoid, if G is a groupoid, which is equipped with a locally compact
Hausdorff topology, such that the multiplication and inversion map are continuous. The fact
that G is Hausdorff ensures that the unit space G is closed in G.

We will mainly deal with étale groupoids. Recall, that a locally compact groupoid is
called ¢étale, if d : G — G is a local homeomorphism, i.e. every point g € G has an open
neighbourhood U C G, such that d(U) is open in G and dji; : U — d(U) is a homeomorphism.
It follows easily from the definition that for an étale groupoid G the unit space G is open
in G and for each u € G the sets G* and G,, are discrete (in the subspace topology).

An open bisection in a locally compact Hausdorff groupoid G is an open subset U C G
such that the domain map d and the range map r are homeomorphisms onto open subsets
of GG respectively. The set of all open bisections will be denoted by G°P. It is well-known,
that G is étale if and only if G°P contains a basis for the topology of G.

One of the most powerful tools in the study of locally compact groups is the existence
of the Haar measure. There is an analogous notion for groupoids. Recall, that a (left)
Haar system for a locally compact Hausdorff groupoid G is a collection (A"),cq0) of positive

regular Borel measures on G such that the following hold:

(1) The support of each A* is G*.
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(2) For any f € C.(G) the function \(f) : G(© — C, given by

/f X

is continuous (and hence belongs to C.(G(?)).
(3) For any g € G and f € C.(G) we have the equation

/ F(gh)dA%9) (h) = / F(h)aN @ (1),

Gdlg) Grg)

In the case of a locally compact group the above definition reduces to the definition of
(the) Haar measure. One should note that in contrast to the group case, locally compact
groupoids neither necessarily admit a Haar measure (see [37] for a counterexample), nor is
it unique.

As we have (G*)~! = G, and the inversion map is a homeomorphism from G onto itself,
we associate with A% the measure \, := (A%)™! on G, given by \,(A4) = A4(A~!) for a Borel
subset A C G,,. Consequently, we get the formula

/f )d Ay ( /f (g~ Hd (g

The existence of a Haar system on a locally compact groupoid G has strong topological
consequences. Indeed Renault shows in [36, Proposition 2.4], that whenever G admits a Haar
system, then the range and the domain map are necessarily open maps.

The domain and range maps being open is reminiscent of étale groupoids, which always
have this property. Indeed, every étale groupoid admits a particularly nice canonical Haar
system given by the family of counting measures (see [34, Proposition 2.2.5] for a proof).

Convention: From now on, when talking about étale groupoids, we will always
take this family of counting measures as the canonical Haar system.

The following well-known basic result will be needed later:

Lemma 2.1. Let G be a locally compact Hausdorff groupoid with a Haar system {\"}, cq) -
If K C G is compact, the set {\*(K) | u e GO} is bounded.

Proof. Let f € C.(G) with0 < f<1land f=1on K. Then

u(K) < / F(@)ar" ()
Gu

for all u € G(9). The result follows from axiom (2) of the definition of a Haar system. O

For later purposes it will also be important to note, that the set of functions f for which
A(f) as in the definition of the Haar system is continuous, is not limited to functions with

compact support.

Definition 2.2. A function ¢ € C(G) is said to have proper support, if for every compact
subset K C GO the intersection supp(p) Nr~(K) is compact.

Lemma 2.3. If ¢ € C(G) has proper support, then A(p) : GO — C given by

M) (u) = / (@)X (z)

Gu
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is continuous and bounded.

Proof. We will show that A(¢) looks like a continuous function locally. More precisely given
any u € G we can pick a relatively compact neighbourhood V of u. Then choose a function
Y € Co(G) such that 1 = 1 on V. Then f(z) := o(z)(r(x)) is a continuous function
with compact support since supp(f) C supp(p) N r~!(supp(x))) and ¢ has proper support.
Thus A(f) is continuous. But for all v € V' we clearly have

AP (w) = / (@)(0)dN () = M@)(v).
GT)

Thus A(¢))y is continuous. Since u was chosen arbitrary A(¢) must be continuous. O

There is an important subclass of the class of étale groupoids, which is of particular interest

to us:

Definition 2.4. A locally compact Hausdorff groupoid G is called ample, if the set G* :=
{A € G°? | A is compact} forms a basis for the topology of G.

It follows directly from the definition, that every ample groupoid is étale. Recall, that
a topological space X is called totally disconnected, if the connected components in X are
the one-point sets. It is easy to see that every ample groupoid has totally disconnected
unit space. Exel noted in [21], that this characterizes the ample groupoids among the étale
groupoids, i.e. an étale groupoid G is ample if and only if G is totally disconnected. Many

interesting groupoids fall into this class:

Groupoids associated to aperiodic tilings and quasicrystals (see [4]).

Groupoids associated to directed graphs (see [28]) and higher-rank graphs (see [27]).

Groupoids associated to inverse semigroups (see [34]).
e The coarse groupoid studied in large scale geometry (see [38]).

Let us now turn to actions of groupoids. Recall, that a (left) action of a locally compact
Hausdorff groupoid G on a locally compact Hausdorff space X consists of a continuous map
p: X — GO, called anchor map and a continuous map G * X — X, (g,x) — gz, where
G+ X ={(g,2z) | d(g9) = p(z)}, such that the following holds:

(1) If (g,h) € G® and (h,z) € G x X, then (g, hz) € G * X and (gh)x = g(hz).

(2) For all x € X we have p(z)r = z.
In this case we will also say that X a (left) G-space. Similarly, one can define right actions in
the obvious way. Groupoid actions give rise to a new groupoid, usually called the transfor-
mation groupoid of the action: If G acts on X we can form a new groupoid denoted G x X.
As a set it is the subspace of G x X consisting of all pairs such that r(g) = p(x). Two such

1

pairs (g, ), (h,y) are composable if y = g7z and in that case we define

(9,2)(h,y) = (gh, x).

Furthermore we define the inverse map by

(g,2)" = (g7 97 ).
The unit space of G X X can be canonically identified with X. Under this identification the
range map becomes the projection onto X and the domain map is given by dgxx(g,x) =

g~ 'x. One easily verifies, that if G is étale, then so is G x X.
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If G acts on X, say from the right, we can form the space of orbits X/G. More specifically
we can define an equivalence relation ~ on X by declaring x ~ y if and only if there exists
a g € G such that p(y) = r(g) and z = yg. We then define X/G := X/ ~ to be the quotient
of X by the equivalence relation ~. If G was a topological groupoid acting continuously on
a space X we equip X/G with the quotient topology. The following result is standard. A
proof can be found in [43, Lemma 2.30].

Proposition 2.5. Let G be a locally compact Hausdorff groupoid. Then the range and
domain maps of G are open if and only if the canonical quotient map X — X/G is open for
every G-space X. In that case X/G is locally compact (not necessarily Hausdorff), if X is

locally compact.

Many properties of dynamical systems can easily be formulated in terms of the corre-
sponding transformation groupoid and thus give a nice way to generalize them to arbitrary
groupoids. The following is an example of this: Recall, that a continuous map f: X — Y
between locally compact Hausdorff spaces X and Y is called proper, if f~!(K) is compact
for all compact subsets K C Y. If I' is a discrete group acting on a space X, the action
is called proper, if (g,7) + (z,¢g 'z) is a proper map I' x X — X x X. In terms of the
transformation groupoid the latter map is just the map r x d: I' x X — X x X. Thus, for
general groupoids, one defines:

Definition 2.6. A locally compact Hausdorff groupoid is called proper, if r x d : G —
G x GO is a proper map.
Similarly, we say that X is a proper (left) G-space, if the associated transformation

groupoid G X X is proper.

In practice it is useful to have some more equivalent conditions to check properness. These

are provided by the following proposition.

Proposition 2.7. [43, Proposition 2.14] Let X be a locally compact G-space. Then the
following are equivalent:
(1) X is a proper G-space.
(2) For every compact subset K C X the set Fx ={g € G| gK N K # 0} is compact.
(8) If (x\)x is a convergent net in X and (gx)x is a net in G such that d(gy) = px(z))

and (gaxx)x s convergent as well, then (gx)x has a convergent subnet.

Remark 2.8. It is useful to note, that the set Fx defined above for any compact set K C X
is always closed in G. To see this let (gy) be a net in Fx converging to some g € G. For
every A there exist ky, k) € K such that g\ky = k). As K is compact we can pass to a
subnet if necessary to assume that ky — k and k) — £ for some k, k' € K. By continuity of
the action we have gk = limy gxky = limy k) = k’. Thus, we have g € Fk, as desired.

Note, that it follows easily from the above characterization, that every groupoid G acts
properly on itself. Identifying G with the transformation groupoid G x G in the obvious

way we get a similar looking result characterizing properness of the groupoid itself:

Proposition 2.9. Let G be a locally compact Hausdorff groupoid. Then the following are

equivalent:

(1) G is proper.
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(2) For every compact subset K C GO the set G% 18 compact.
(3) If (ga)a is a net in G, such that (d(gx))x and (r(gx)) are convergent, then gy has a

converging subnet.

One of the features of proper Hausdorff groupoids is the fact, that their orbit space is

again Hausdorff.

Lemma 2.10. Let G be a locally compact Hausdorff groupoid and H C G a subgroupoid with
HO closed in GO). If H is proper, then H is closed in G.

Proof. Let (gx)x be a net in H converging to g € G. Let K be a compact neighbourhood
r(K)

of g. After passing to a subnet if necessary, we can assume gy € K N H C H d(K)" Since
H is proper, the latter set is compact and hence closed as a subset of G. Thus, we get
g = lim, gy € Hd((fg CH. 0

There is a close connection between proper actions and so called induced spaces. Let us
review the definition: Let G be a locally compact Hausdorff groupoid and H C G a closed
subgroupoid. Suppose Y is a (left) H-space with anchor map p: Y — H (). Consider the

set
G xgo Y ={(g,y) € GxY | d(g) =py)}

There is a canonical action of H on G X Y: The anchor map P : G Xg0) Y — H 0) ig
given by P(g,y) = d(g) = p(y) and we define h(g,y) = (gh™", hy).

Lemma 2.11. The action of H on G X0 Y defined above is proper.

Proof. Let K C G X0 Y be a compact subset. We need to show that Fx = {h € H |
hK N K # 0} is a compact subset of H. If K1 = pri(K) is the image of K under the
projection onto G it is not hard to see that Fx C KflKl N H. Since the latter set is

compact and F is closed in H, the result follows. Il

It follows from the above Lemma combined with the fact that quotients by proper actions
are Hausdorff and Proposition 2.5 that the quotient space G xg Y = H \ (G xg© Y)
is a locally compact Hausdorff space. This space is called the induced space. There is a
canonical left action of G on G xpg Y, coming from the action of G on itself. The anchor
map G xg Y — GO is given by [g,y] — r(g) and we define g1[g2, y] := [g192,y]. One easily
checks, that this gives a well-defined continuous action.

Lemma 2.12. Let G be a locally compact Hausdorff groupoid with open domain and range
maps. If H C G is a closed subgroupoid and Y is a proper H-space, then G XY is a proper
G-space.

Proof. We will check condition (4) in 2.7. Let ([gx,ya])x be a convergent net in G xg Y
with limit [g, y] and let (hy)x be a net in G with d(hy) = r(gx) and such that (hx[gx, ya])a is
convergent as well. We have to check, that (hy)y has a convergent subnet. Our assumptions
imply, that the quotient map G X0 Y — G Xy Y is open. Hence we can pass to a subnet
and relabel twice, to assume that (gx,yx) — (g9,y) and (hagx,yn) converges as well. Using
the fact, that G acts properly on itself this implies, that (h))) has a convergent subnet, as
required. O
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3. INDUCED ALGEBRAS

In this section we first review the notions of Cy(X)-algebras and upper-semicontinuous
C*-bundles and groupoid dynamical systems and then define induced C*-algebras. Recall
that if X is a locally compact Hausdorff space and A is a C*-algebra, then we call A a

Co(X) — algebra if there exists a non-degenerate x-homomorphism
O :Cy(X) = Z(M(A)),

where Z(M(A)) denotes the center of the multiplier algebra of A. For every = € X there is
a closed ideal I, in A defined by I, = Co(X \ {z})A and we call the quotient A, := A/I,
the fibre of A over x. We write a(z) for the image of a € A in A, under the quotient
map. Put A =[] .y A;. Then A can be equipped with a topology such that it becomes
an upper-semicontinouos C*-bundle over X and moreover A = T'o(X,.A), where I'o(X,.A)
denotes the continuous sections of this bundle which vanish at infinity. For further reference
let us record, that a basis for the topology of A is defined by the sets

Wi(a,U,e):={be A|q(b) €U and ||b—a(q(d))| < ¢},

where a € A, U C X is an open subset and € > 0. Throughout this work we will freely
alternate between the bundle picture and the picture as Cy(X)-algebras. For convenience
bundles will always be denoted by calligraphic letters. The reader unfamiliar with the theory
is referred to the expositions in [44, Appendix C] and [22, Section 3.1].

The following density criterion will turn out to be very useful, when working with Cy(X)-
algebras. The proof can be adapted easily from [44, Proposition C.24].

Proposition 3.1. Let A be a Cy(X)-algebra and T' C A be a linear subspace. Assume
additionally, that

(1) T is closed under the action of Co(X), meaning fa € T for all f € Cp(X) and a € T,

and
(2) the image of T under the quotient map A — A, is dense in A, for all x € X.

Then I' is dense in A.

An application of this result is contained in the proof of the next well-known lemma. Before
we can state it, recall that a *-homomorphism ® : A — B between two Cp(X)-algebras A
and B is called Cy(X)-linear if ®(fa) = f®(a) for all f € Cp(X) and all a € A.

If®: A— Bisa Cy(X)-linear homomorphism, it induces *-homomorphisms &, : A, —
B, on the level of the fibres given by ®,(a(x)) = ®(a)(z). Conveniently, one can check

several properties of ® on the level of the fibres and vice versa:

Lemma 3.2. [18, Lemma 2.1] Let ® : A — B be a Co(X)-linear homomorphism. Then ®
is injective (resp. surjective, resp. bijective) if and only if ®, is injective (resp. surjective,

resp. bijective) for all v € X.

We shall need several constructions involving Cp (X )-algebras:
Pullback. If A is a Cy(X)-algebra and f : Y — X a continuous map, we can define the
pullback of A along f as follows: Let ¢ : A — X denote the upper-semicontinouos C*-
bundle over X associated to A. Then we can form the pullback bundle f*A = {((y,a) €
Y x A| f(y) = ¢q(a)}. The bundle f*A is an upper-semicontinouos C*-bundle over Y whose
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fibres (f*A), are canonically isomorphic to Ag). We let f*A := T'o(Y, f*A) denote the
corresponding Cy(Y')-algebra. Note, that we can canonically identify (f*A4), = A fy)- Itis
an easy exercise to show that if A is a Cy(X)-algebra and f:Y — X and g : Z — Y are
two continuous maps, then the algebras (f o g)*A and g*(f*A) are canonically isomorphic
as Cp(Z)-algebras.

It is an easy consequence of Proposition 3.1 and often helpful when working with pullbacks
that

span{p®@a | p € C.(Y),a € A}

is dense in f*A, where ¢ ® a is given by p ® a € T'.(Y, f*A) by
(p®a)(y) = e(ya(f(y))

When working with crossed products it is often useful to consider another topology on the
algebra of continuous sections I'( X, .A) of an upper-semicontinuous C*-bundle. We say that a
net (fx) of functions in I'( X, A) converges to f € I'(X, .A) with respect to the inductive limit
topology, if and only if there exists a compact subset K in X such that f and, eventually,
all the fy vanish off of K and || f\ — f|lcc — 0. One can show (see [22, Corollary 3.45]), that
span{p @ a | ¢ € C.(Y),a € A} is also dense in T'.(Y, f*A) with respect to the inductive
limit topology.

The next lemma studies the behaviour of pullbacks with respect to Cpy(X)-linear *-

homomorphisms. The proof is straightforward:

Lemma 3.3. Let A and B be two Cy(X)-algebras and f :' Y — X a continuous map. If
®: A— B is a Cy(X)-linear homomorphism, then the map

£ f*A— f*B

given by (f*@)(¥)(y) = Pr)(Y(y)) is a Co(Y)-linear homomorphism. Moreover, the pull-
back construction is functorial meaning if ¥ : B — C is another Cy(X)-linear *-homo-
morphism into a Co(X)-algebra C then f*Wo f*® = f*(V o P).

Push forward. Let A be a Cy(X)-algebra and f : X — Y a continuous map. Then we
can turn A into a Cp(Y)-algebra as follows: Since the action ® : Cy(X) — Z(M(A)) is

non-degenerate there exists a unique extension
¢ : Cy(X) = M(Co(X)) — M(A)
to the bounded continuous functions on X. We need the following
Lemma 3.4. The image of ® is contained in the centre Z(M(A)) of M(A).

Proof. Recall from [44, Lemma 8.3], that it suffices to show, that ®(f)ab = a®(f)b for all
a,b € A and f € Cy(X). Furthermore, since ® is non-degenerate, it suffices to check this
for elements of the form @ = ®(g)a € A with g € Cy(X) and @ € A. So let g € Cyp(X) and
a,b € A be given. Then we have

O(f)ab = ®(fg)ab = a®(fg)b = a®(f)P(9)b = a®(g)®(f)b = ®(g)a®(f)b = a®(f)b,
and the proof is complete. O

If we now consider the induced homomorphism f* : Co(Y) — Cp(X) we can just compose
it with ® to obtain a homomorphism Cy(Y) — Z(M(A)). In other words: For all ¢ € Co(Y))
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and a € A we can define ¢ - a := ®(¢ o f)a. In order to see that this indeed turns A into a
Co(Y)-algebra we just need to check the non-degeneracy condition, which is the content of

the following Proposition.

Proposition 3.5. Let A be a Cy(X)-algebra and f : X — 'Y be a continuous map. Then A
is a Co(Y)-algebra with respect to the homomorphism ® o f*: Co(Y) — Z(M(A)).

Proof. We only need to check, that ® o f* is non-degenerate. First observe, that f* is non-
degenerate in the sense that f*(Co(Y))Co(X) is dense in Cy(X). This follows easily from
the Stone-Weierstrass theorem since if z # y € X then we can choose a function ¢ € Cy(X)
such that ¢(x) = 1 and ¢(y) = 0. Furthermore let ¢ € Cy(Y') be a function such that
U(f(@)) = 1. Then (£*(8)e)(x) = w(f())p(x) = 1 7 0 = D(F)elw) = (F))).

If a € A and € > 0 are given, there exist ¢ € Cp(X) and b € A such that ||®(¢)b—al < §
since ® is non-degenerate. Since f*(Cy(Y))Co(X) is dense in Cp(X) we can find functions
g € Co(Y) and h € Cy(X) such that ||f*(g)h — ¢ < s1p7- Consequently, we get that

12(f*(9))2(M)b — all = [2(f*(9)h)b — a
< [12(f*(9)n)b — B()b]l + [ 2(2) — a

<5 (9h — llbll + [ 2()b —af| <e

O

It is important to note, that this construction (in contrast to the pullback) does not change
the C*-algebra itself, but just the associated bundle structure. We will sometimes write fiA

for the pushforward of A along f. One has the following general description of the fibres:

Proposition 3.6. Let A be a Cy(X)-algebra and f : X — Y be a continuous map between
locally compact Hausdorff spaces. Fory € Y let Xy = f~1({y}). Then, viewing A as a

Co(Y)-algebra via pushing forward along f, there is an isomorphism
Ay — To(Xy, Ax,)-

Proof. Identify A with the section algebra I'g(X,.A) and consider the restriction homomor-
phism
res : To(X, A) = To(Xy, Ajx,)-

We will show, that this homomorphism factors through the desired isomorphism. First of
all ker(res) can be identified with the ideal I,: For all z € X, ¢ € Co(Y \ {y}) and
a € A we clearly have (¢ - a)(x) = ¢(f(x))a(z) = ¢(y)a(z) = 0 and thus I, C ker(res). If
conversely a € ker(res) and € > 0 is given then K := {z € X | |la(x)|| > €} is compact. By
continuity f(K) is also compact. Since clearly y ¢ f(K) there is a function ¢ € Cy(Y) with
0 < ¢ < 1such that ¢ =1 on f(K) and ¢(y) = 0. Then ¢ -a € I,. For x € K we have
la(z) — (- @)(@)]| = la(z)—o(f())a(z)| = 0 and for = ¢ K we have [la(z)—p(f(z))a(z) | =

|1 — p(f(x))]|la(z)|| < & by construction. Thus, we can conclude ||a — ¢ - a|| = sup||la(z) —
reX

o(f(z))al]| < € and hence a € I,. Surjectivity follows from another easy application of
Proposition 3.1. O

The following describes the interplay of the pushforward and the pullback construction:
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Proposition 3.7. Let f: Y — X and g : Z — X be continuous maps. Consider also the
pullback space Y xx Z ={(y,z) € Y x Z | f(y) = g(2)} with the canonical projection maps
my Y XxZ =Y and g Y Xx Z — Z. Suppose A is a Cy(Z)-algebra. Then f*(g.A) is
canonically isomorphic to (my)«(n5A) as Co(Y')-algebras.

Proof. We will define a map
O F(g.A) = (my)(m3A).
Note first, that for y € Y the fibres of each of these Cy(Y')-algebras are given by
9+ A)y = (9:A) ) = I‘O(Zf(y),.A|Zf<y)), and

(my )7z A)y = To((Y xXx Z)y, 77 Ay xx 2),)-
For ¢ € f*(g.A) = To(Y, f*(g9+.A)) define (()(v)) (v,2) = (¢(y))(2). It is straightforward
to check, that ® is an isometric, Cp(Y)-linear *-homomorphism. Surjectivity however is

obvious for the homomorphism ®, at the level of each fibre, hence an application of Lemma
3.2 finishes the proof. O

Tensor products. Let ®p,q, denote the maximal tensor product of C*-Algebras. If A and
B are C*-algebras then the canonical embeddings ig : A - M(A ®mas B) and ip : B —
M (A ®maz B) extend to commuting embeddings M(A) — M (A ®pmqar B) and M(B) —
M (A ®maz B). One easily checks, that these embeddings take central multipliers to central
multipliers. By the universal property of the maximal tensor product, there is a homomor-
phism
ZM(A) @maz ZM(B) = ZM (A Qpaz B),
characterized by the formula (m ® n)(a ® b) = ma ® nb.

Proposition 3.8. [6, Corollaire 3.16] Let A be a Co(X)-algebra and B a Cy(Y)-algebra
with structure homomorphisms ® : A — ZM(A) and V : Co(Y) — ZM(B). Then the
composition

Co(X) © Co(Y) *BY ZM(A) @maw ZM(B) = ZM(A @y B)
is a non-degenerate x-homomorphism. Hence AQmayz B is a Co(X xY')-algebra. Furthermore,

there are canonical isomorphisms
(A Qmazx B)(;g,y) = A:p Omaz By-

If A and B are two Cy(X)-algebras, we would like to consider a notion of tensor product,
which is again a Cy(X)-algebra. To this end consider the diagonal map A : X — X x X and
define the (mazimal) balanced tensor product of A and B over X to be the pullback A @5
B := A*(A ®maqz B). Note that there is a canonical isomorphism A @R B = A @z B/IA,
where In = Cp((X x X) \ im(A))A @maz B is the ideal in A ®ynqp B corresponding to the
closed subset im(A) C X x X.

Next we want to remind the reader of the definition of actions of groupoids on C*-algebras.

For a more detailed exposition see [33].

A groupoid dynamical system (A, G, «) consists of a locally compact Hausdorff groupoid
G, a Co(GO)-algebra A and a family (ag)gec of *-isomorphisms oy @ Ay — Apg) such
that oz, = oy 0 ay, for all (g,h) € G and such that g - a := ay(a) defines a continuous
action of G on the upper-semicontinuous bundle A associated to A.
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It follows easily from the definition that for all u € GO we have ay, = id 4, and for all
-1
g1 =ay

We will often omit the action « in our notation and just say that A is a G-algebra. The

g € G we have «

following lemma gives us a better handle on the continuity assumption for the action:

Lemma 3.9. Let A be a Co(G9)-algebra and o = (ag)gec be a family of x-isomorphisms
ag 1 Ageg) = Ap(g), such that agn = agoay for all (g, h) € G®). Then (A, G, ) is a groupoid
dynamical system, if and only if for every a € A the map g — agy(a(d(g))) is a continuous
section G — r* A.

Proof. If (A,G,a) is a groupoid dynamcial system, it is clear that the mapping g —
ag(a(d(g))) is continuous.

For the converse we need to show, that if (g, b))y is a net in G x A converging to some
element (g, b), then oy, (by) = a4(b) in r*A. We want to apply [44, Proposition C.20] again.
Choose a € A with a(d(g)) = b. If we put uy := oy, (a(d(gy))) and v := ay(a(d(g))) = agy(b),
then property (a) holds by our assumption and (b) and (c) are automatically satisfied. It
remains to check (d), i.e. that for all ¢ > 0 we eventually have ||y, (by) — uy|| < €. But
lag, (bx) — un|l = ||bx — a(d(gx))|| and since by — b we have that by will eventually be
contained in the basic open neighbourhood W (a, G(%), ¢) of b, which finishes the proof of
(d). O

We will now study several constructions of groupoid dynamical systems.
Pullbacks. Suppose that ® : H — G is a groupoid homomorphism. Let ®q : H©) — G be
the corresponding map between the unit spaces. If (4, G, «) is a groupoid dynamical system,

we obtain an isomorphism of Cy(G)-algebras:
O v P (dA) — D (riA)
by Lemma 3.3. Now using the identifications
A3 (@) A) = (@9 0 dyy)* A = (d 0 ®)" A = B* (ds A)

and similarly

(@A) = O (rgA),
we obtain a Cy(H )-linear *-isomorphism

dpr(PpA) = r(PpA),

which defines an action of H on ®jA by [33, Lemma 4.3].

A particular instance of this is given by the inclusion of a closed subgroupoid. Let H be
a closed subgroupoid of G and ¢ : H < G the inclusion map. If A is a G-algebra we write
A = 1pA and the action of H on Ay is just the restriction of the action of G' on A.
Pushforward. Suppose X is a (left) G-space with anchor map p : X — G and (4,Gx X, a)
is a groupoid dynamical system. Then pushing forward along p we can also view A as a
Co(G)-algebra. Recall that A, is canonically identified with To(p~*(u), A). We can define
a family (8,)g of *-homomorphisms S, : Ay — Ay by

Bg(f)(x) = O‘(g,x)(f(g_lm))'

Proposition 3.10. The tripel (A, G, ) is a groupoid dynamical system.
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Proof. First of all 8, : Ayg) — Ap(g) is an isomorphism, as one easily computes that 3, L=
Bg-1 is an inverse. A similar computation yields that By, = 84 0 By, for all (g, h) € GO, 1t
remains to check, that the action of G on the bundle p,.A is continuous. Recall that the action
of G x X is implemented by an isomorphism « : D*A — R*A, where D,R: G X X — X
denote the domain and range maps respectively. Using the pushforward construction along

the projection 7 : G x X — G onto the first factor, we obtain a *-isomorphism
e T (D*A) — m (R*A).

Now an application of Proposition 3.7 provides the identifications m,(D*A) = d*(p.A) and
m(R*A) = r*(pA). A quick computation reveals that under these identifications we have

(mear)g = By O

Tensor products. Given groupoid dynamical systems (A,G,«a) and (B, G, ) we want to
define the diagonal action of G on the balanced tensor product A @74} B, following [31].

G
Using the canonical identifications of Co(G)-algebras d*(A @7 B) = d*A @@ d*B and
r*(AQZE B) = r*A®E® r* B the desired action is defined by the isomorphism

a®p:d"AREY d*B — r* AQEY r* B.

For g € G we have (a ® )y = ag ® B.
Crossed products. In this short paragraph we remind the reader of the definition of reduced
crossed products of C*-algebras by étale groupoids roughly following [26]. Let G be an
étale groupoid and (A,G,a) a groupoid dynamical system. Consider the complex vector
space I'.(G,r*A). It carries a canonical x-algebra structure with respect to the following
operations:

(rixf)lg)= D Ahan(fa(hg))

heGr(9)

and

F*(9) = ag(flg™)").
See for example [33, Proposition 4.4] for a proof of this fact. For u € G consider the
Hilbert A,-module £2(G*, A,). It is the completion of the space of finitely supported A,,-
valued functions on G*, with respect to the inner product

= 3 ey nn)

heGu
We can then define a x-representation m, : I'.(G,7*A) — L(£*(G*, A,)) by

mu()E(g) = D ag(Flg™ h))E(R).

heGv
Using this family of representations, we can define a C*-norm on the convolution algebra
I'.(G,r*A) by
[fllr = sup [lma(f)I]-

ueG(0)
The reduced crossed product A x, G is defined to be the completion of I'.(G,r*A) with
respect to |||,
We will now define and study a noncommutative analogue of the construction of the
induced space, that we studied at the end of section 2. The definition is well-known in the

group case and has appeared in the literature before also in the groupoid setting (see for
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example [10]), but since we could not find a study of the basic properties, we chose to give
a detailed exposition here. Most of our treatment follows ideas quite similar to the group
case, which are presented nicely in [35].

Let (A, G, a) be a groupoid dynamical system and X a right G-space with anchor map
p: X = GO, Consider the upper-semicontinuous C*-bundle A over G associated to A.
Form the pull-back p*(.A) to obtain an upper-semicontinuous C*-bundle over X. Then define
IndX (A) to be the set of all bounded continuous sections f € I'y(X, p*(A)), such that

(1) for all z € X and g € G,y we have ay(f(z)) = f(zg™!), and

(2) the map [zG — | f(x)||] vanishes at infinity.
As Ind} (A) is a closed *-subalgebra of I'y(X,p*(A)), it is a C*-algebra. If the action of G
on X is proper, Indy (A) carries more structure:

Proposition 3.11. Let (A,G,«a) be a groupoid dynamical system and X a proper right
G-space. Then IndX(A) is a Co(X/G)-algebra with respect to the action

(o f)(@) = p(x@) f(x),
for p € Co(X/G) and f € IndX (A).

Proof. First recall that the orbit space for a proper action is a locally compact Hausdorff
space, so that our at least claim makes sense. Secondly, using [44, Lemma 8.3], we can

easily check, that the formula above defines an action of Cp(X/G) as central multipliers: For
f.g € IndX(A) and ¢ € Cy(X/G) we have

e(f1)(z) = p@G) f(2)f'(x) = f(@)e(xG)f () = f(f)(x).

It remains to check the non-degeneracy of the action. So let f € I ndg;(A and € > 0 arbitrary.
By definition of the induced algebra there exists a compact subset K C X/G such that
|f(z)]| < € for all 2G ¢ K. Choose a function ¢ € Co(X/G) with 0 < ¢ < 1 such that
o(xG) =1 for all zG € K. Then we have |pof — f]| < e. O

In what follows we want to identify the fibres of Indx (A) with respect to this Co(X/G)-
algebra structure.

Lemma 3.12. Let G be locally compact Hausdorff groupoid with Haar system (A"),,cq0) and
let A be a Co(GO)-algebra. Given an element f € T(G,r*A) such that supp(f) "= (K) is
compact for all compact K C GO et

A(f)(u) = / F(g)AN“(g). 1)
Gu

This defines an element M\(f) € T'(G©), A).

Proof. 1f f is compactly supported this is well-known (see [22, Proposition 3.53] for a detailed
proof). In the general setting we can proceed as in the scalar case presented in Lemma
2.3. O

The next lemma is a groupoid analogue of [35, Lemma 6.17], which tells us that there are

lots of non-trivial elements in Ind (A).

Lemma 3.13. Let G be a locally compact Hausdorff groupoid with Haar system (A"),,ccq) -
If (A,G, ) is a groupoid dynamical system and X a proper, right G-space with anchor-map
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p: X = GO, then for every ¢ € Co(X) and a € A the formula
poata)i= [ plegay(ald(9)dn(g)
Gr(z)
gives a well-defined element ¢ o a € IndX(A).
Proof. Since the action of G on X is proper, the set {g € GP®) | z-g € supp(p)} is compact

for each fixed € X. Thus, the integrand is an element in C.(GP(®), Ap(y)) and we can form
the integral. For each ¢ € G,y we have

poazt™) = / (et g)ag(a(d(g))) a1 (g)
Gr(zt—1)
o210 / o(zg) g (a(d(g))) AN (g)
Gr(z)

= / p(zg)ag(ald(g)))d\"™(g)

Gr(z)
= ai(poa(zr))

Furthermore ¢ ¢ a is bounded. To see this note that the set S := {g € G | supp(yp) -
g N supp(p) # 0} is compact. From Lemma 2.1 we know that there is a C' > 0 such

that AP(@)(S) < C for all z € X. Then we have ||poa(z)]| < [ |p(zg)|d\?®)(g)|al| <
Gr(z)
N@) (S [olllla]l < Cllell|lall. We want to see that ¢ ¢ a is continuous. Note that (y,g) —

o(y)ag(a(d(g))) is an element in I'(X x G,r%,,(p*A)) with proper support and thus by
Lemma 3.12 the map

/ (1) ag(a(d(9))d(5, © WD) (y, g)
XxG)*

/ o290 (a(d(g)))dN") (g)

Gr(z)
is continuous. Finally, note that the support of the map G — ||¢ ¢ a(x)|| is contained in
the image of the compact set supp(¢) C X under the quotient map, and hence certainly
vanishes at infinity. O

We are now ready to identify the fibres. To simplify the notation (and because we are
mainly interested in this particular situation) we will now also assume that the action of G

on X is free in the sense that g = x implies that g is a unit.

Proposition 3.14. Let G be a locally compact Hausdorff groupoid with Haar system (A“),. If
(A, G, ) is a groupoid dynamical system and X a free and proper, right G-space with anchor
map p : X — GO, then IndX(A) is a Co(X/G)-algebra, such that the fibre (IndE(A))zc
over xG € X/G is canonically isomorphic to Ay,

Proof. The first part of the assertion has already been dealt with in Proposition 3.11. It

remains to identify the fibres. For z € X consider the evaluation map

v, Ind (A) — Ap(a)-



A GOING-DOWN PRINCIPLE FOR AMPLE GROUPOIDS AND THE BAUM-CONNES CONJECTURE 17

We will show, that the kernel of ev, coincides with the ideal

Lo = Co(X/G \ {zG})Indg (A)

and that ev, is surjective. Let us start with the kernel. If ¢ € Cy(X/G \ {zG}) and
f € Ind}(A) we have ev,(¢ - f) = o(xG)f(z) = 0. Thus I,¢ C ker(ev,). If conversely
[ € ker(ev;) we have f(xg) = a,-1(f(z)) = 0 for all g € G. Hence f is zero on the whole
orbit of z. Given € > 0 the set K := {yG | || f(y)|| > ¢} is compact by definition of the
induced algebra. Since X/G is Hausdorff there exists a ¢ € C.(X/G), 0 < ¢ < 1 such that
p(xG) =0 and ¢ =1 on K. One easily checks that ¢ - f € I, and ||f — ¢ f]| <e.

To prove surjectivity it suffices to show that ev, has dense range. So let a(p(x)) € Ay, and
e > 0 be given. Choose a neighbourhood U of p(x) in G such that ||ag(a(d(g)))—a(p(x))|| < e
for all g € GP*)NU. Since the action is free and proper one checks (using Proposition 2.7(3))
that 2U is open as a subset of G and hence we can choose V' C X open such that VNzG =
2U. If ¢ € C.(X) is positive and has support contained in V' define

-1

o= | [ oagario) | o).
Gpr(z)
Then
/ p(zg)dN") (g) = 1
Gr(x)
and we have

I o alz) —alp(x))]| = || / p(zg)ag(a(d(g)))dg — alp(z))|

Gr(z)

< / p(zg)llaglad(g))) — a(p(x)) [N (g)
Gr(z)
<eE.

Remark 3.15. Note that it follows from the proof above and Proposition 3.1 that
span{poa | p € C.(X),a € A}
is dense in [ ndé A.

We will now turn to the situation which is of most interest for our purposes. Let G be a
groupoid and H C G a closed subgroupoid. Set X := d~'(H®)) C G. Then H acts from the
right on X, where the anchor map is the restriction of the domain map to X and the product
is just given by multiplication. This action is obviously free and proper since X x H is a
closed subgroupoid of the proper groupoid G x G. As the restriction of the range map to X
is invariant under the H-action, it factors through a continuous map 7 : X/H — G©). This
map serves as the anchor map for the canonical action of G on X/H given by multiplication
(note that gz € X for all g € G and x € X with d(g) = r(z)).

Note that for each (g,xH) € G x X/H Proposition 3.14 gives us isomorphisms ev, :
(IndXA), — Ag(e) and e/v;fx t (IndgA)g-1, — Ag(z)- Hence we get an isomorphism

Qg H) = evy o e/vg\_Tx : (IndﬁA)gqu — (IndSA)



A GOING-DOWN PRINCIPLE FOR AMPLE GROUPOIDS AND THE BAUM-CONNES CONJECTURE 18

Let o = (q(g.0m))(g,2H)ecaw x/ be the family of all these ismorphisms. We want to see that
(1 ndﬁA, G x X/H,«) is a groupoid dynamical system. To check continuity of the action we
need the following observation:

Lemma 3.16. Let g : A — X be an upper-semicontinuous C*-bundle. Suppose (ay)x and
(ba)a are nmets in A such that q(ay) = q(by) and limy ay = a = limy by. Then

li —by|| =0.
1§HHGA Al

Proof. Let € > 0 be given. Choose f € I'g(X,.A) such that f(g(a)) = a. Then a is contained
in the basic open set

W(f,5) = {be Al lb— fa®)] < 5}

By assumption, for large A we have ay,by € W(f, 5). Consequently, we eventually have

lax = ball < llax = f(a(ax)ll + [1/(g(br)) = ball <e.

Proposition 3.17. The triple (IndﬁA, G x X/H,«) is a groupoid dynamical system.

Proof. Let us first check that « is compatible with the groupoid structure. We compute
-1

P

o~
g oH) O Vg g=lgpy = Uz O€U 1, 0€U —1,  O€U -1 -1,
o~ —
= €Uy o €U(g1g2)71m
= Q(g,g2,3H)

Next, we have to check continuity. By Lemma 3.9, it is enough to check, that for any net
(gnaxH)x in G w X/H with (g, axH) — (g,2H) € G x X/H and every f € IndA we
have

Y gran i) (f + IgglmAH) = a(gen)(f + L-12m)

By definition, we have (g ,m)(f + Ig-1,1) = ez *(f(g'x)). To achieve a contradiction,

suppose that the net %71(]0(9;1%\)) does not converge to év, '(f(g 'x)). Then, by
definition of the topology on the bundle associated to the Co(X/H)-algebra Ind: A, there
exists f’ € Indy A such that f'(z) = f(¢g~ ') and £ > 0, such that after passing to a suitable

subnet and relabelling, we can assume for all A:

1F (g5 ex) = /@)l = leva, ™ (f(gy 'an) = ' + Loyl > ¢

After passing to another subnet (and relabelling), we may also assume that z) — x by [44,
Proposition 1.15]. But then, by continuity of f and f’ we have f(g;lfm) — flg7'z) =
f(x) « f'(z)). Hence Lemma 3.16 implies, that

(g5 zx) = F (@)l — 0,

a contradiction. O

Remark 3.18. The dynamical system (Ind A, G x X/H, a) can also be obtained using the
construction of a pullback along an equivalence of groupoids in the sense of [31]. Given a
closed subgroupoid H C G the space X := d~'(H®) C G as defined above implements a
G x X/H — H-equivalence. One can show that Indx A and the pullback X*(A) are isomorphic
as G x X/H-algebras.
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If A is an H-algebra we can use the pushforward construction along 7 to turn Indx A into
a Co(G®)-algebra. Concretely, for ¢ € Co(G)) and f € Indy A this action is given by

(o z) = ¢(r(z))f ().
Let us also identify the fibres of Inds A with respect to this Co(G()-action.

Lemma 3.19. In the above situation the fibre (Ind)éA)u of IndﬁA over u € GO is canon-

ically isomorphic to the algebra IndﬁuA.

Proof. Consider the restriction homomorphism

res : Indy A — Indy A.

The kernel of res can be identified with I, = Co(G© \ {u})IndX A as follows: Let ¢ €
Co(GO \ {u}) and f € Ind¥A. Then for all z € X" we clearly have (¢ - f)(z) =
o(r(x))f(z) = p(u)f(x) = 0. And thus I, C ker(res). For the converse inclusion let
f € Ind¥ A such that res(f) = 0. From the definition of Indx A we know that for any £ > 0
the set K = {«¢H € X/H | || f(z)|| > €} is compact. Since 7 is continuous 7(K) is also
compact. Since u ¢ #(K) we can find a function ¢ € Co.(G®) such that 0 < ¢ < 1, p =1
on 7(K) and ¢(u) = 0. Then clearly ¢ - f € I,, and we have || f — ¢ f|| < € since if zH € K,
then r(z) = #(zH) € 7(K) and |f(x) — p(r(2) f(@)]| = | £(z) — f(z)]| = 0 and if 2H ¢ K
then [|f(x) = o(r(x)) f(2)] = [1 — ¢(r(@))|[ f(z)] <e. Thus, we have f € I,.

To finish the proof we need to show that res is surjective. To this end it is enough to show
that im(res) is dense in Indx A. It is clear that im(res) is a linear subspace in Indy A.
Moreover, it is closed under the Co(X*/H )-action since if ¢ € Co(X“/H) and f € im(res)
then we can identify X“/H with the closed subspace 7 1({u}) € X/H and thus find an
element ¢ such that @ xu/g = @. If f with res(f) = f then clearly ¢- f = res(@- f) € im(res).
Furthermore, for all H € X*/H we know that {res(f)(z) | f € Ind%A} = evy(IndXA) is
dense in Ag(,) from Proposition 3.14. Since Ag(,) = (I ndﬁuA)xH we can apply Proposition
3.1 to conclude that im(res) is dense in Indy A as desired. O

Proposition 3.20. Consider the family of isomorphisms (B4)4ec, where
By + Indgy" " — Indy"", By (f)(x) = flg™ ).
Then (Indx A, G, B) is a groupoid dynamical system.
Proof. Apply Proposition 3.10 to (IndXA,G x X/H, «). O

For later purposes we want to examine what happens, if we restrict our G-action on I ndﬁA
to the subgroupoid H again. We have the following result:

Lemma 3.21. The restriction (Ind)j_gA)‘H of the G-algebra Ind)éA to the subgroupoid H is

isomorphic to the induced algebra Indg/A, where G/ = Ggig; CcX.

Proof. Recall that (I ndﬁA)| p 1s defined as the algebra of continuous sections of the bundle
cro IndX" A vanishing at infinity. Thus, we can define a map ® : (IndﬁA)H{ — Indg,A
by letting ®(f)(z) = f(r(z))(x). One easily checks that this is a Co(H?)-linear *-homo-
morphism. It is not hard to see that the composition of ® followed by the restriction
map [ ndglA — 1 ndﬁuA coincides with the evaluation homomorphism ev,, : (I ndﬁA)‘ H —
I ndﬁuA. Hence ® induces the identity on each fibre, which is an isomorphism. By Lemma 3.2
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it follows that ® must be an isomorphism itself. Following the construction of the restricted
action it is easy to see that ® is compatible with the H-actions on both sides. O

Earlier we claimed that the process of induction should generalize the construction of

induced spaces presented in section 2. The following proposition finally justifies this:

Proposition 3.22. Let G be a locally compact Hausdorff groupoid and H C G a closed
subgroupoid. IfY is a left H-space with anchor mapp:Y — HO) | then Co(Y) turns into an
H-algebra. Consider the right H-space X := d~'(H©)). Then Indy(Co(Y)) is canonically
isomorphic to Co(G xg Y'), where G xg Y is the classical induced G-space.

Proof. We want to define a map from Indx(Co(Y)) to Co(G x g Y). For this let B denote
the upper-semicontinuous C*-bundle associated to the Co(H(®)-algebra Co(Y). Now let
f € Ind¥(Co(Y)) be given. Then for each x € X we have that f(z) € (dTX(B))x =
By = Co(Y)aw) = Co(Yae)) where Yy = p~*({d(x)}) C Y. Define ® : Indy(Co(Y)) —
(G %y Y) by
(1) ([ ) = (F(2))(p).

We need to see, that this is well-defined. Recall that the left action of H on G X0 Y
is given by h - (x,y) = (xh~ ! hy). Then we have ®(f)([xh~ !, hy]) = (f(zh™1))(hy) =
(It (f(x)))(hy) = (f(x))(y), where It : d*(Co(Y)) = 7*(Co(Y)) denotes the action of H on
Co(Y) induced from the H action on Y. Let us show that ® has image in Co(G xgY). First
consider functions of the form ¢ o g for p € Ce(X) and g € Co(Y). Let k: G X 0) Y — C be
the function k(z,y) = ¢(x)g(y). Clearly k has compact support. Combining this with the
fact that H acts properly on G X ) Y we obtain that the map H x (G X4 Y) — C given
by (h,z,y) — k(h™!(z,y)) is continuous and properly supported. Thus, the map

(2,y) / k(@ )AND © 5, ) (k2! 3)
Hx(GX 40 Y) (@)

is continuous by Lemma 3.12. But the latter integral equals

[ elah)gh 1 )ax 1 1) = 8o 0 g)(z. ).
Hd(®)
Thus ®(¢ ¢ g) is continuous and compactly supported. Since the linear span of elements of
the form ¢ ¢ g is dense in [ ndgCg(Y) and @ is clearly a x-homomorphism and isometric, its
image is contained in Cyo(G xpg Y). A quick application of the Stone—Weierstrass theorem
gives that im(®) = Co(G xg Y). O

We also have, that the process of induction is compatible with the maximal tensor product
in the following sense:

Lemma 3.23. Let G be a locally compact Hausdorff groupoid and H C G a proper sub-
groupoid. If A is an H-algebra and B a G-algebra we have a canonical isomorphism of
G-algebras
@ : (IndyA) @5 B — Indi (AR Bi)
satisfying
(f @b)(g) = f(g) ® By-1(b(r(g)))
for all f € IndﬁA and b € B.
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Proof. Tt is easy to check that ®(f ® b) € Ind (A @7 Bjr). Recall, that we can identify
the fibre over u € G as ((IndyA) ® B), = Ind3"A® B, and (Indj(A ® Big))u =
IndX" (A ® Byg). Using this identification we get that the image of ®(f ® b) in the fibre
(Ind¥(A® B\g))u can be identified with the function g — f(g) ® 8,-1(b(u)). Hence we can

compute

[2(f®@b)|| = sup [|2(f®b)(u)l
ueG0)

sup sup || f(g) @ By-1(b(u))]
weG0) geXu

= sup sup [|f(g)[l[[b(u)]
ueG ) geX™

= sup || fixullllb(u)]l
ueG0)

= sup | fix« @ b(u)
ueG0)

= febl

Hence ® extends to a Co(G(?)-linear *-homomorphism. To check it is an isomorphism, it is
enough to check that ® induces an isomorphism on each fibre. Viewing Inds" (A ® Big) as
a Co(X"/H)-algebra it is also not hard to show that im(®,) is a Co(X"/H)-linear subspace
such that for each fixed g € X“ the set

{2u(€)(9) | € € Indy" A® By}

is dense in (Indyy" (A® Bjy))gn = Ad(g) ® Bag)- Thus, im(®,,) is dense in Ind}y" (A® By)
by Proposition 3.1. Conversely, these arguments show that functions of the form f X b €
Indy (A® By) for f € Indy A and b € B, defined by (fRb)(g) := f(g) ® B,-1(b) generate
a dense subspace of [ ndﬁu(A ® Bp). The same computation as above then shows that
fRb s f®@b defines a bounded linear homomorphism Indy (A ® By) — Indy A ® By,
which is clearly inverse to ®,. Consequently, ®, is an isomorphism for all u € G(© and

hence ® must be an isomorphism by Lemma 3.2. O

4. EQUIVARIANT KK-THEORY

In this section we first review the basic constructions of groupoid equivariant KK-Theory
and lift some well-known results from the group case to the realm of groupoids. Our expo-
sition is based on the work of Le Gall (cf. [30, 31]). Let us start by reviewing some facts on
Hilbert modules over Cp(X)-algebras:

Let A be a Cy(X)-algebra and E a right Hilbert A-module. For ¢ € Cy(X) we can define
an action of Cyp(X) on FA = E by adjointable operators by

- (za) = z(ap)
It is straightforward to check that this action actually takes values in the center Z(L(FE))

of the adjointable operators on E. Using the canonical isomorphism M (K (E)) = L(E) we
actually get a sx-homomorphism ® : Cy(X) — Z(M(K(E))). For rank-one operators this

action is given by ¢ - O,y = Oy (here for z,y € E, O, , denotes the adjointable operator
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given by O, ,(2) := x(y,2)4). It is straightforward to show that ® is non-degenerate and
hence, that K(FE) is a Cy(X)-algebra.

Similar to Cy(X)-algebras we can also view E as a fibred object in the following way: For
x € X let E, be the quotient (as a vector space) of E by the closed subspace Cy(X \ {z})E.
Denote the image of an element e € E under the quotient map on E, by e(x). Then we can

define an A,-valued inner product on E, by

(e(x), €'(x)) a, = (e, ) alw).

One can show that F, is complete with respect to the norm induced by this inner product.

Remark 4.1. Note that one could also define the fibre E, as the tensor product F ®4 A,
(compare [31, §4.1]). The canonical morphism

E®AA$—>EI,

sending an elementary tensor e ® a(x) to the product (ea)(x), is an isomorphism.

If E,F are two Hilbert A-modules, then every operator T' € L(F, F) is automatically
compatible with the Cp(X)-structures on E and F. Hence T factors through a well-defined
operator T, € L(E,, F;) for every x € X. Using [44, Lemma C.11] one can show that
|T|| = sup,ex||Tz||. If T € K(F) is a compact operator, then so is T} for every x € X. For
a rank one operator O, y € K(E) this is obvious since (O, )z = Oc(a), (). The general case
follows by approximating 7" € K(FE) by finite linear combinations of rank one operators.
This gives rise to a convenient description of the compact operators on of E,. Indeed, the
canonical map T +— T, factors through an isomorphism

K(E)s = K(Ez),

where K (F), denotes the fibre of K (E) over z with respect to the Cy(X)-structure described
above (see [31, Proposition 4.2]).

Let £ = [[,cx Ex be the disjoint union of the fibres. We want to see, that in analogy to
Co(X)-algebras, there is a topology on € such that E is isomorphic (as a Hilbert- A-module)
to I'p(X, £), where the inner product and A-action on the latter are defined pointwise (using
the identification I'g (X, A) = A).

We need some preparations for this: Consider the compact operators K(E @ A). Then we
have an embedding ip : E — K(FE @® A) given by

in(e) = (8 S) .

Analogously, we get embeddings of each fibre ip, : B, - K(E; & Az) = K(E & A),. Since
K(E ® A) is a Co(X)-algebra, there is a topology on K(E @ A) := [[,.x K(E ® A), such
that K(EG A) = I'o(X,L(E® A)). The inclusions ig, induce an inclusion i : £ - K(E& A)
and we equip & with the induced topology. Write I'g(X, £) for the continuous sections of
the bundle £ — X vanishing at infinity. Then we get a commutative diagram, where the
homomorphism at the top is given by e — [z +— e(x)] and the right vertical map is given by
sending f € I'y(X, &) to the map x — ig, (f(z)):
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E

Io(X,€E)

iE h

KE®A) — TyW(X,K(E® A))

Thus, the isomorphism in the bottom row restricts to an isomorphism E — T'g(X,€) as
desired.

In the next step, we want to define pullbacks of Hilbert modules with respect to the
Co(X)-action. If f : Y — X is a continuous map and A is a Cy(X)-algebra we can form
the pullback f*A of A under f. We equip it with the canonical right Hilbert f*A-module
structure. Define a left A-action ® : A — L(f*A) by (®(a)f)(y) = a(f(y))f(y). One easily
checks that this is a well-defined *-homomorphism.

Definition 4.2. [31, Définition 4.3] Suppose A is a Cy(X)-algebra and E a right Hilbert
A-module. If f: Y — X is a continuous map we define the pullback f*E of E as the internal
tensor product f*E := F ®¢ f*A.

For y € Y we then have (f*E), = (F ®o ffA)y = E ®¢ f*AQpa (ffA)y = E®a
Ag(y) = Eg(y). Here we used that for each Cp(X)-algebra A there is a canonical isomorphism
A®y Ay — Ay given by a ® b(x) — ab(x). The following proposition is concerned with the

behaviour of the interior tensor product under pullbacks.

Proposition 4.3. [30, Proposition 2.3.3] Let A, B be two Cy(X)-algebras. If E is a Hilbert
A-module, F is a Hilbert B-module, and ® : A — L(F') is a x-homomorphism, then for every

continuous map f:Y — X there is a canonical isomorphism of Hilbert f*B-modules
In particular for each x € X, there is a canonical isomorphism

(E ®a F)x 2 FE,Qa, Fy.

We can now define what we mean by a groupoid action on a Hilbert module. For this
let (A,G,a) be a groupoid dynamical system and E be a right Hilbert A-module. From
the discussion above we know that F is equipped with a Cy(G(?)-action arising from the
corresponding action on A. Now, if d,7 : G — G© denote the domain and range maps
respectively, we can form the pullback modules d*E and r*E. By construction 7*F is a
right Hilbert r*A-module, but we can also equip it with the structure of a right Hilbert
d* A-module by letting x - a := x - a(a) and (z,y)g-4 = a ({2, y)ra).

Thus, we can consider elements T' € Lgsa(d*E,r*FE). For g € G consider the operator
T, € LAd<g)(Ed(g)7ET(g)) induced by T on each fibre. Using Remark 4.1 this operator can
also be described as

Tg =T® Qg : Ed(g) =d'E Qg2 Ad(g) —1r"E Qg+ a Ar(g) = Er(g)'

Definition 4.4. Let A be a G-algebra and E a right Hilbert A-module. An action of G on
E is a unitary V € Ly 4(d*E, r*E) such that V,V, = V,, for all (g,g') € G®.

For every locally compact Hausdorff groupoid G with Haar-system A there is a canonical G-
equivariant Hilbert Co(G(®)-module denoted L?(G) given as the completion of the complex
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vector space C.(G) with respect to the Co(G(?)-valued inner product

(i fa) () = / 7@ f2(9)dN"(9).
GI

and right Co(G©))-action

(f - 9)(9) = f(9)e(r(9))-
Note that L?(G) is a full Hilbert Co(G(?))-module in the sense that the ideal (L?(G), L*(G))
is dense in Cp(G) by an application of the Stone-WeierstraB-Theorem.

Now we define a G-action on L?(G): From [22, Lemma 4.37] we know that there are
isomorphisms d*(Co(G)) = Co(G x4, G) and r*(Co(G))) = Cy(G X, G). Thus we have
4" (L*(G)) = L*(G) ¢y d"(Co(G')) = L2(G) €, (g0 ColG Xay G)
and similarly r*(L%(G)) = L?(G) () Co(G Xy G). Now we define V' : d*(L*(G)) —
r*(L*(G)) as idp2g) @ It, where It : Co(G Xy G) = Co(G Xy, G) is given by

it(f)(g,h) = f(g.97"h).

Then V is a unitary with V,, = V,V, for all (g,¢') € G®.
More generally, if A is any G-algebra we can view it as a CO(G(O)) — A bimodule and form
the G-equivariant right Hilbert A-module

L*(G, A) = LX(G) Q¢ (o) A

Note that we could also concretely construct L?(G, A) as the completion of the pre-Hilbert
A-module I'.(G, d*A) with respect to the inner product

(e £2)a(@) = [ ay(l9)" folg)dN(0)
G:E
and the right A-action

A canonical isomorphism
O : L*(G) ©cy g0y A = Te(G, d* A)
is given on elementary tensors by

O(f ®a)(g) = f(9)ag-1(a(r(g)))
for f € C.(G) and a € A. The following result is a special case of [30, Proposition 2.3.2]:

Proposition 4.5. There is a G-equivariant x-isomorphism
U K(L*(G)) @p A— K(L*(G, A))

given by U(T ® a)(§ ® b) = TE ® ab. Consequently, L*(G, A) implements a G-equivariant
Morita-equivalence

(K(L*(@)) Qa0 A, AdV @ a) ~y (A, a).

Even more generally, let E be a G-equivariant Hilbert A-module. As seen above there is
a natural *-homomorphism ® : Co(G(®)) — L(E) induced by the Co(G(®)-structure of A.
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Thus we can form the tensor product
L*(G,E) = L*(G)®s E

Again we could also explicitly construct L?(G, E) as the completion of the pre-Hilbert A-
module I'.(G, d*E) with respect to the inner product

(s £204(2) = [ ag({fi(9): £2(9)) 4, )X (0)
G:l:
equipped with a right A-action given by

(f-a)(g) = f(g)ag-1(a(r(g))).

Again, an isomorphism
d: L*(G) @ E — T (G, d*€)

is given on elementary tensors by

(f@e)(g) = f(g)Vy-1(e(r(9)))

for f € C.(G) and e € E.

Finally, we recall the definitions of groupoid equivariant KK-theory, as introduced by Le
Gall in [30, 31]. Throughout we will assume, that G is a locally compact, second countable
Hausdorff groupoid. Let A and B be two G-algebras. A G-equivariant Kasparov Triple for
(A, B) is a triple (F, ®,T), where E is a G-equivariant Z/2Z-graded right Hilbert B-module,
®: A — L(F) is a graded G-equivariant *-homomorphism and 7' € L(F) is an adjointable
operator of degree 1, such that ®(a)(T — T*), ®(a)(T? — 1), [®(a),T] € K(E) for every
a € A, and for every element f € r*A = T'y(G,r*A) the mapping

g— q)r(g)(f(g))(Tr(g) - Vt]Td(Q)V;)

defines and element in I'o(G, 7 KC(E)) = r*(K(E)).

Two Kasparov triples (E;, ®;,T;), i = 1,2 for (A, B) are called unitarily equivalent if
there exists a G-equivariant unitary U € L(F1, E2) of degree 0, which intertwines the repre-
sentations ®; and ®o as well as the operators 77 and T5. We denote the set of all unitary
equivalence classes of such triples by E¢(A, B). A Kasparov triple (E, ®, T) is called essential
if (A)E = E.

A homotopy in E9(A, B) is an element in E9(A,C([0, 1], B)) and the triples in E“(A, B)
obtained by evaluating at 0 and 1 respectively are called homotopic. Homotopy is an equiv-
alence relation on EY(A, B) and the set of homotopy classes of E¢(A, B) is denoted by
KK%(A, B).

It is not hard to see, that homotopy respects the operation of taking direct sums of
Kasparov triples. Using this one can show that KKG(A, B) is an abelian group with respect
to taking direct sums of the representing Kasparov triples. The same proof as in the non-
equivariant setting (see [5, Proposition 17.3.3]) works.

The higher KK-groups are defined as follows: For n € N and two G-algebras A and B,
define

KKY (A, B) = KKE(4 ® Cy(R"), B)
It is well-known that KK is functorial, contravariant in the first, and covariant in the

second variable. As in the non-equivariant case KK®-theory comes with a version of the
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Kasparov product, i.e. for separable G-algebras A, B and C there exists a bilinear map
®c : KK(4,C) x KKY(C, B) - KKY(A, B),

which is associative in the appropriate sense (see [31, Theoreme 6.3] for details). We shall
also use the fact, that the equivariant KK-theory is functorial with respect to groupoid
homomorphisms (see [31, Propositions 7.1 and 7.2])

An important special case of this is given by the inclusion of a subgroupoid H — G. In
this case we will also denote the resulting map KK%(A, B) — KKH(A|H, Big) by resg and
call it the restriction homomorphism.

The following proposition extends the pushforward construction for C*-algebras as in
Proposition 3.10 to Hilbert modules and hence provides a homomorphism on the level of
KK%-theory.

Proposition 4.6. Let G be a locally compact Hausdorff groupoid and X a G-space with
anchor map p : X — GO . For every pair of G x X -algebras A and B the map p gives rise
to a homomorphism

pe : KK9"X(A, B) - KKY(A, B),
compatible with the Kasparov product in the following sense: If A, B and C are separable
G x X-algebras and x € KK“*X(A,C) and y € KK%X(C, B), then

(2 ®c y) = p«(x) ®c P (y).

Proof. On the level of Kasparov triples (E,®,T) € ES*X(A, B) the desired map is basically
given by the identity. Viewing A and B as G-algebras via the pushforward construction (see
Proposition 3.10) also E inherits a canonical fibration over G and using the same formulas
as in the C*-algebraic construction we can push the action of G x X forward to obtain an
action of G on E. Since neither the operator T nor the left action ® of A on E changed, it
follows from the isomorphism 7, (R*(K(E))) = r*(p«(K(E))), where R: G x X — X is the
range map and 7 : G x X — G is the projection on the first factor (confer Proposition 3.7),
that (E, ®,T) equipped with this G-action represents an element in E¢(A, B). Applying the
same arguments to a homotopy gives the desired homomorphism. Using again, that only the
action on E changes under p, it is easy to see, that p. respects the Kasparov product. [

Proposition 4.7. Let G be a locally compact Hausdorff groupoid admitting a Haar system
and H C G a closed subgroupoid. Suppose, that A and B are separable H-algebras. Then

there is an induction homomorphism
Ind% : KK (A, B) = KK (Indy A, IndXB),

where X = d_l(H(O)). The homomorphism Indg 1s compatible with the Kasparov product
in the following sense: If A, B and C are separable H-algebras and x € KK (A,C) and
y € KK(C, B), then

Indf (z @c y) = Indfj («) O nag c Indf (y).
Proof. The space X = d 1 (H (0)) C G with the induced topology implements an equivalence
between the groupoids G x X/H and H. Hence by [31, Definition 7.1, Theorem 7.2] there is a
canonical homomorphism X* : KK (A, B) — KKG'XX/H(Ind%A, Ind$% B) compatible with

the Kasparov product (compare Remark 3.18). If we now compose this homomorphism with
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the homomorphism obtained by pushing forward alsong G x X/H — G as in Proposition 4.6
we obtain the desired map and compatibility with the product follows since both maps in this
composition have this property. Alternatively, one could define this map explicitly along the
lines of [25, §5] as follows: If 2 € KKY(A, B) is represented by the Kasparov triple (E, ®, T,
then we can form the induced Hilbert Indy B-module Ind E as the set of all ¢ € T',(X, d*€)
such that V,(&(z)) = &(zh™?) for all x € X and h € H and [zH — [|£(2)]]] € Co(X/H),
equipped with the pointwise actions and inner products. Pointwise action on the left gives
a representation Ind%® : Ind¥A — L(Ind% E). Using a cutoff function ¢ : X — RY for the
groupoid X x H as in Definition 5.1 we can define an operator T e L(Ind%E) by

(Te)(x) = / () Vi (T (€(h)))axi@ (1),

Hd(z)

Then (IndyE, I ndﬁ@,f) can be shown to be a Kasparov tripel representing the element
Ind} (x) € KK (Indy A, Indy B).
O

Finally, Le Gall showed in [30, Propositions 7.2.1 and 7.2.2] that for a locally compact
o-compact groupoid G equipped with a Haar system and two G-algebras A and B there

exits a canonical descent homomorphism
ja : KKY(A,B) - KK(A %, G, B %, G),

which is is compatible with the Kasparov product.

For later reference let us outline the construction of the map jg in the étale setting: Given
a Kasparov triple (E,®,T) € E“(A, B) we can define a right I'.(G, r*B)-module structure
and a I'.(G, r*B)-valued inner product on I'.(G,7*E) by

.89 = > Bur((a(h),&(hg)))

h€Gr(g)

S e)Bu(F(h1g)).

heGr(a)
The Hilbert B x,.G-module obtained by completion is denoted by E x,.G. A representation

®: A x, G — L(E %, G) is determined by the formula
(®( = > O Vi(€(h™9)),
heGr(9)

where f € T'o(G,r*A) and € € To(G,7*E). Finally, one defines an operator T € L(E %, G)
by

and

(Tf)(g) = Tr(g) (5(9))
Then one can show that (E X, G,Cf,f) € E(A %, G, B %, G) and the map jg is given by
jc([E,®,T]) = [E %, G,®,T].

Remark 4.8. Equivalently, one can use the canonical representation B — M (B x, G) to
define E x, G as the tensor product E ®@p (B %, G) (see [30, Définition 7.2.1]).
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5. AUTOMATIC EQUIVARIANCE

In this section we shall elaborate, when the operator in a Kasparov triple can be chosen
in an equivariant way. The main ideas are based on the paper [32], which deals with the
case of locally compact groups.

Let A and B be (trivially graded) G-algebras and let (E, ®,T") be an equivariant Kasparov
triple for (A, B). We call 7" € L(E) a compact perturbation of T if the operators ®(a)(T"—T)
and (7" — T')®(a) are compact for all a € A. In this case the triples (E,®,T) and (E, ®,T")
are operator homotopic via the trivial path Ty := (1—s)T+sT” and hence represent the same
element in KK%(A, B) (see for example [5, Corollary 17.2.6]). To illustrate the usefulness of
the above notion, we want to show (the well-known result) that if G is a proper groupoid, then
every element in KKG(A, B) can be represented by a Kasparov triple with a G-equivariant

operator. For the proof we need the following notion:

Definition 5.1. [41, Definition 6.7] Let G be a locally compact Hausdorff groupoid equipped
with a Haar system (A*),cq0). A cutoff function for G is a continuous map c : GO - RF
such that

(1) for every u € G we have [, c(d(g))d\"(g) = 1, and

(2) the map 7 : supp(cod) — G is proper.

Tu showed in [41, Propositions 6.10 and 6.11]) that a locally compact Hausdorff groupoid
equipped with a Haar system admits a cutoff function if and only if it is proper. If moreover
the orbit space G\ GO is compact, then G admits a cutoff function with compact support.

We are now ready for the proof of the promised example using compact perturbations.

Proposition 5.2. Let G be a proper groupoid with Haar system (A*),cqo and (E,®,T) €
EY(A, B) a G-equivariant Kasparov-triple. Then there is a G-equivariant operator TG €
L(E) which is a compact pertubation of T.

Proof. Let (E,®,T) € E(A, B) be given. Choose a cutoff function ¢ for G. Then for
u € G define
(19 = [ ldlg)ViTuy Vy1dX'(9).
Cru

This clearly defines an operator T¢ : E — E. It is adjointable since we can apply the whole
construction to T* and an easy computation reveals that (77)% is the adjoint for 7¢. Another
elementary computation using inner products shows that 7 is indeed G-equivariant.

It remains to show that 7¢ is a compact pertubation of T, i.e. we need to see that
®(a)(TY —T) € K(E) for all a € A. By density we can assume that a viewed as a section
G — A has compact support. We have

(®(a)(TY —T)) / 9)VyTag) Vy-1dX"(g) —

/ (VyTug)Vyr — To) dA"(g)

= (V Tyg)Vy—1 Tu) d\“(g)
Gu
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- / B, ) (c(d(9))a(r(9))) (VyTae) Vs — Ty(ay) da-
p)

Note that g — ¢(d(g))a(r(g)) defines an element b in I'.(G, r*A) (continuity is obvious and
supp(b) C supp(cod)Nr~t(supp(a)) implies that b has compact support). Since (E,®,T)
is a G-equivariant Kasparov triple the family

(@) (c(d(9))a(r(9)) (VgTug)Ve—r — Tr(g)))gec

defines an element in r*K(E). Then, by Lemma 3.12, integration against the Haar system
yields an element in K (E). Consequently, the above computation shows ®(a)(T¢ — T) €
K(FE) as desired. O

Definition 5.3. Let Fy be a graded G-equivariant Hilbert A-module and Fs be a graded
G-equivariant Hilbert A — B-bimodule and E := E1®4FE,. For z € E; define an operator
T, € L(Ey, E) by

To(y) =z ®y.
Let Fy € L(E1). An operator F' € L(E) is called an Fy-connection if T, Fy — (—1)2*F2 FT, €
K(F9, E) and FRT} — (—1)9%9T*F ¢ K(E, E5) for all x € Ej.

Now we prove a generalization of [32, Lemma 3.1].

Lemma 5.4. Let G be a o-compact locally compact groupoid with Haar system, and let A
and B be o-unital G-algebras and (E,®,T) € E%(A, B) an essential Kasparov triple. Then
there is a G-equivariant T-connection T' on L*(G,E) = L*(G, A)®¢ E. If T is a self-adjoint

contraction, then so is T".

Proof. Consider the space I'.(G,d*E) of continuous sections of d*€ with compact support.
The inner product

(i Fo) () = / Bo((f1(9), £2(0)) B, )N (9)
Gu

together with the right B-action

(f-0)(9) = f(g9)By—1(b(r(9)))

turns I'.(G, d*E) into a pre-Hilbert B-module. Its completion is canonically identified with
L?*(G, E) via the isomorphism which sends an elementary tensor f ® e € L?(G) Ocyay E
to the function g — f(g)V,-1e(r(g)). Here, the V, denote the unitaries implementing the
G-action on E. Since ® is essential, we have

L*(G,E) =2 L*(G,A) ®¢ E.
Now define 7" : To(G, d*E) — To(G, d*E) by
(T"f)(9) = Tag)(f(9))-
We have
1T fI1? = [T £, T f) 5|

= sup |[(T"f,T"f)p(u)]
weG0)
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= sup || [ By(((T"f)(9): (T")(9)) Bugyy AN (9l

G(0)
ue &

= Slép ” Bg((Td(g (f(g))aTd(g)(f(g)»Bd(g))dAu(g)H
ueG (O
G <|ITI12(f(9).f(9))

<7120

Thus, 7" is bounded with ||77|| < ||T||. Let us check that 7" is indeed G-equivariant. If V'
denotes the unitary implementing the canonical G-action on L?(G, E) given by (Vyf)(s) =
f(g~'s), then we have

(Tr/(g)vg/f)(s) = Td(s>(Vg’f(8)

An easy computation reveals that self-adjointness of T implies self-adjointness of T”.

We claim that 7" is a T-connection. To show this we have to check that K := T¢T —
T'Ty € K(E,L*(G,E)) for all £ € L*(G,A). Let us first take a closer look at the rank
one operators in K(E,L?(G,E)). For x,y € E and an element in L*(G, E) of the form
f®elg) = f(g)Vy-1e(r(g)) for f € C.(G) and e € E we have

Orsea(y)(g) = ((f @ €) - (z,9)4)(9)
= (f@e)(g) - ag-1((z,y)a(r(g)))
= f(9)Vy-1(e- (z,y)a(r(9)))
= (f ®0ex(y))(9),

where the last equation again uses the identification L?(G) Qo (GO) E = L?(G, E) described
above.

Back to the operator K: Since elements of the form f ® a, where

(f @ a)(g) = fg)ag-1(a(r(9))),

form a dense subset of L?*(G, A), in the definition of T¢ we can restrict to ¢ of this form.

So in the following computations, let £ := f ® a. Recall that the canonical isomorphism
L*(G,A) ®¢ E = L*(G, E) identifies £ ® e with the function g — ®y,)(£(9))V,-1(e(r(g))).
Thus, for all e € F and g € G we can compute
(Ke)(g) = (TeTe)(g) — (T'Tge)(g)
= (§®@Te)(g) — Tu) (Tee(g))

= D) (§(9)Vy1Tg) (e(r(9))) — Ta(g) Pa(g)(£(9)) Vy-1€(r(g))
= f(9)Pay) (ag-1(a(r(9))))Vy-1T(4)(e(r(9)))
— f(9)Ty g)(I)d(g)( ~1(a(r(9))))Vy-re(r(g))
F(@)Vy-12, () (alr(9)))Tr(g)(e(r(9)))
= [(9)Tag) Vy-1Pr(g)(a(r(9)))e(r(g))
= (%)
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By adding and subtracting the term f(g)Vy-17T,()®y(4) (a(r(g)))e(r(g)) in the last line we
get

(x) = (f @ [®(a), Tle)(9) + f(9)(Vg-1T(g) — Tatg) Vy-1)@(a(r(g)))e(r(9))-
Now approximating [®(a),T] by sums of rank one operators and using our description of
these it is not hard to see that e — f ® [®(a), T]e € K(E, L*(G, E)). The second summand

in (%) can be rewritten as

Vo1 (T(g) = VgTag) V1) @(f(9)a(r(g))) - e(r(g))-

Since (E,®,T) is a G-equivariant Kasparov triple, the family

(Tr(g) = VoTag)Vg—1)®(f(9)a(r(9))))gec

defines an element in 7*(K(FE)) and since f has compact support it can be approximated by
finite sums of elements of the form ¢ ® F for ¢ € C.(G) and F € K(E) where (¢ ® F)(g) =
Y(g)F, (). Passing to such elements we are left with the term

V(g)Vy-1E(g)e(r(9)) = ¥(g)Vy-1(Fe(r(g))) = (¥ ® Fe)(g)
But e — ¥ ® Fe can be approximated by rank-one operators as above and thus we have
shown that K € K(FE, L*(G,E)). O

Now we can use the exact same arguments as in [32, Proposition 3.2] to show:

Proposition 5.5. Suppose A and B are o-unital G-algebras and (E,®,T) is an essential
Kasparov triple in E¢(K(L*(G)) ®n A, B). Then there exists a G-equivariant compact
perturbation of T.

6. THE COMPRESSION ISOMORPHISM

Before we can construct the compression isomorphism we need the following preliminary

observation:

Lemma 6.1. Let G be an étale, locally compact Hausdorff groupoid and H C G a clopen
subgroupoid, such that HO) = GO If A is an H-algebra, then there is an H-equivariant
embedding

in:A— Ind%A

ia(a)(g) = { ag-1(a(r(g))) ,9€H }

given by the formula

0d(q) ,else

Proof. First, we check that i4(a) is indeed an element in Ind% A. The continuity of i4(a) is
clear, as H is clopen in G. Now let h € H and g € G such that d(g) = d(h). Then we clearly
have g € H < gh~! € H and thus in this case we can compute

ia(a)(gh™") = ang-1(a(r(gh™))) = an(ayg-1(a(r(9))) = an(ia(a)(g))-

If g ¢ H we have ig(a)(gh™!) = 04,4, = an(ia(a)(g)). It remains to verify that gH —
lia(a)(g)|| vanishes at infinity. Given e > 0 there exists a compact subset K C H©® such
that ||a(u)|| < € for all u ¢ K. Let C be the image of K in the quotient space G/H. Now
if gH ¢ C, then either g € G\ H, in which case |[i4(a)(g)|| = 0, or ¢ € H, in which case
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r(g)H = gH ¢ C. But then r(g) ¢ K, which implies ||ia(a)(g9)| = |la(r(g))]] < e. It is
straightforward to see that i4 is an H-equivariant isometric *-homomorphism. O

Let us proceed with the construction of the compression homomorphism: Consider an
étale, locally compact Hausdorff groupoid G with an étale subgroupoid H C G. Let X :=
Gy and G’ := G§§§§ Suppose, that H is clopen in G’. Now if A is an H-algebra and B
is a G-algebra we define the compression homomorphism

comp : KK(Indj A, B) = KK (A, B/

as the composition
G

res
KK (Ind} A, B) — KK (IndS, A, Bjy)

RS
RN <%

\\G‘ ta
compg ™~ _
~

KK (A, Bjy)

Here res% is the homomorphism induced by the inclusion map H < G (cf. [31, Proposi-

tion 7.1]), and i4 is the inclusion map from Lemma 6.1. We are now proceeding to prove

the main theorem of this section:

Theorem 6.2. Let G be an étale locally compact Hausdorff groupoid with a clopen, proper
subgroupoid H C G. Let X := G ). If A is an H-algebra and B is a G-algebra, then

compf; : KKY(Indy A, B) — KK" (A4, Bjy)
18 an isomorphism.

In order to prove the above theorem we will construct an inverse. Let (F,®,T) be a
Kasparov triple representing an element in the group KK (A, B ) and let V' denote the
unitary operator implementing the action of H on E. Since H is proper, we can assume that
T is H-equivariant by Proposition 5.2. Consider the complex vector space EC consisting of
bounded continuous sections £ : X — d|*X(5 ) such that

o £(gh™h) =V, (€(g)) for all g € X and h € H with d(g) = d(h), and
e the map gH — ||£(g)|| has compact support in X/H.

Then Ec becomes a G-equivariant pre-Hilbert B-module as follows. Using the identification
B = T(G), B) we define a B-valued inner product by letting

Cmsw) =D By({£9):1(9))Byy)-

gHeX"/H

The second condition on the elements of E, guarantees that the sum in the formula above is
finite (since X*/H is discrete). Let us check that (&,1)p defines an element in I'.(G(®, B):
Consider the map

gH = By((&(9),1(9)) By)-

This map is clearly continuous and hence an element in I'(X/H, 7*(B)), where 7 : X/H —
G is the map induced by the restriction of the range map of G to X. Moreover, its support
is easily checked to be contained in the intersection of the compact supports of the maps
gH — ||&(g)|| and gH +— ||n(g)||, and hence compact as well. Thus, our claim follows from

the following Lemma:
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Lemma 6.3. Let G, H, X be as above and f € C.(X/H). Then the map
uwe > f(gH)

gHEeX"/H

18 continuous.

Proof. For this we only need to note, that the map 7 : X/H — G© is a local homeomor-
phism. Then the same proof, that shows continuity for the system of counting measures on
an étale groupoid (see [34]), gives the desired result. But if U is an open r-section of G,
then 7 will be a homeomorphism onto an open set, when restricted to the image of U N X
in X/H. O

The right B-action on E, is defined by the formula

(£-0)(g) == &(9)By-1(b(r(9)))-

A straightforward computation shows, that £ - b is indeed an element of E, again. The
support of the map gH — [|(b-£)(g)]| is clearly compact since the support of £ is. Let us
check that with the above defined inner product and B-action E, is indeed a pre-Hilbert
B-module: It is straightforward to check that the inner product is linear in the second and
conjugate linear in the first variable. Also, we clearly have (£,£)p > 0 for all £ € E.. Now
if (£,&)p(u) =0 for all u € GO then (€(9),€(9)) By, = 0 for all g € X and thus { = 0.
Compatibility of the B-action with the inner product follows from another straightforward
computation.

Let E be the completion of Ec with respect to the norm induced by the inner product.

To define the G-action on E , let us identify the fibres. For u € G consider the complex

vector space of bounded continuous sections & : X* — d*& such that

o &(gh™h) =V, (€(g)) for all g € X“ and h € H such that d(g) = d(h), and

e the map gH — ||£(g)|| has compact support in X“/H.
We can turn this into a pre-Hilbert B,-module by defining

Emp, = Y, By((E(9),n(9))By)
gHEXv/H
and
(& b(u))(g) = &(g) - By-1(b(u)).

Let F, denote the completion with respect to this inner product. Similar to the case of

induced algebras one verifies, that for u € G(¥) the restriction map res : E, — Fu, &= & xu

factors through an isomorphism between the Hilbert B,-modules Eu and F,.

Let us now define the G-action on E: For g € G define an operator ‘79 € L(Ed(g), Ey )
by
(Vy€)(s) = E(g ') Vs € X700,
With this action E is a G-equivariant Hilbert B-module.
Define a s-homomorphism & : I ndy A — L(E) by the formula

(B(1) - €)9) = Pugy)(£(9)) - £(9).
Last but not least define an operator T' € L(E) by the formula

(T€)(9) = Tu(y) (£(9)).
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To see that T is bounded and hence extends to an operator on E recall the following two

general facts:

(1) If a,b € A are positive elements with a < b, then |a| < ||b]|.
(2) If E is a right Hilbert A-module, then

(T, Tx)a < ||T|*(z, )
for all z € F and T € L(E) (see [35, Corollary 2.22]).

Because of the above facts and using that the positive elements form a cone we have that

1>~ By({Tue) (6(9)), Tatg)(€(9))) Bagg) ) < 1D Bo I T I (€ (9), £,
gH gH

where the sum is over X*/H. Thus, we can compute:

ITE|1? = (T, TE) 8|

= sup |[(T€,T¢)p(w)|
ueG0)

= sw | > Be((Tug)(€(9)) Tug)(£(9))) By
ueG®) ypexu/n

< sup | Y ByllITug1*(€(9), £
weG®) jpexu/n

<ITI? sup || Y Bel(€(9) €@

ueG ) gHeXu/H

=T sup [[€ &) p ()]

u€G0)

= ITI” gl

Hence T extends to a bounded operator on E. It is clearly adjointable with (T ) = T*.
We want to show that (E, <AIS,T) is a G-equivariant Kasparov-triple for I ndf{A and B. To
this end we will need some helpful Lemmas. Note that for every v € G(© we also have a
homomorphism

%A Indy A
from A into each fibre of Inds A, given by the same formulas as i 4. Here, continuity of i%(a)

is not a problem as X carries the discrete topology.
Lemma 6.4. Let u € GO). Consider the set
n
- d(gs
Ao = {Y_ a4, (%" (@) | n € N.gi € X", a; € A},
i=1

where & is the action of G on IndﬁA defined in Proposition 3.20. Then Aqg is dense in
IndX" A.

Proof. We want to apply Proposition 3.1 to Ag. To this end let us first note that Ay is a
linear subspace of Indy" A and moreover it is Co(X*/H)-invariant. To see this let a € A,
g € X% and ¢ € Co(X*/H). Then for every s € X" such that g~'s € H we have gH = sH
and can compute:

(¢ - (@, (i57()))(5) = (s H)ay (159 (a))(s)
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1

Since i4(a) vanishes if g7"s is not in H, we can conclude:

o - (@ (1% (a))) = @4 (1% (p(gH)a)) € Ap.

So to see that Ag is dense we just need to show that for any fixed g € X™ we have {f(g) |
f € Ao} = Agy)(= (Ind%" A),m). But since for any a € A we have dg(ij(g)(a))(g) =
ia(a)(g7"'g) = ia(a)(d(g)) = aqy)(a(d(g))) = a(d(g)) this is obvious. O

Next, we use this result to identify a nice dense subset of the whole algebra I nd)ng.
For this write Ind}.A for the upper semi-continuous C*-bundle associated to the Co(G®))-
algebra IndxA. Let us recall some notation: For ¢ € C.(G) and a € A we can define
o ®iala) € T(G,d*(IndXA)) b

. . .d
(¢ @ia(@)(9) = ¢l9)ia(@) xan = p(9)is" (a).
Furthermore, let
A :To(G,r* (Ind A)) — Indyx A

be the continuous map from Lemma 3.12 given by the formula

= > flg), Vue GO,

geGY
Lemma 6.5. The set
I'={\a(p®iala))|a€ A pe C(G)}

is dense in IndﬁA.

Proof. First we note that I' is a C’O(G(O))—invariant linear subspace of I ndi{IA, since for
Y € Co(G) we have

b Malp ®iala = 3" Y(w)p(9)ay i (a))
geGY

= Y (W ®9)(9)ai4? ()
geGHY

= Ma(y @ p) ®ia(a))(w),

where ¢ @ € C.(G) is given by (¥ @¢)(g) = ¥(r(g))¢(g). Then note that for fixed u € G(©)
we have A9 C {\a(p ®ia(a))(u) | ¢ € Co(G),a € A} C IndX" A. By the previous lemma
Ag is dense in [ ndﬁuA and thus, so is the middle set. Consequently, I' is dense in [ ndﬁA
by yet another application of Proposition 3.1. Il

We are now prepared for:
Lemma 6.6. (E,®,T) € E¢(Ind¥ A, B).

Proof. As a first step we check that 7' is G-equivariant. For this note that for u € G(© the
operator T, : Ey — Ey is given by the same formula as T itself. Thus for all ge G, e Ed(g)
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and s € X"(9) we can compute:

(T Vo) (5) = Tugs) (Vg - €)(5))
= Tus)(E(g™"s))
= (T&)(g™"s)
= (VsTu8)(s)
Consequently, it is enoNugh to check that [T,®(f)], (T2 — 1)®(f) and (T* — T)®(f) are
compact operators on F for all f € I ndﬁA. We will do this in two steps:

Step 1: f =ia(a):
For this we note that there is an embedding ig : E — E of E as a direct summand of E

given by the formula

iamm:{%lwmm>g6H}_

Od(q) ,else

This embedding induces a corresponding embedding i gy : K(E) — K (E’) By checking on
rank-one operators and going through the formulas we can see that for F' € K(FE) we have

the following equation:

(i) (F)E)(9) = { (Vo1 Frg)Vg) -€l9) ,9€ H }

Od(g) ,else

Note also that for a € A we have (®(ia(a))§)(g) =01if g ¢ H. For g € H we can use the

H-equivariance of T to compute:

(ix () ([T5 2(@))E)(9) = (Vg1 [Ti(g), Prg) (alr(9)))IVy)(£(9))
[ )

Consequently, we have ix g ([T, ®(a)]) = [T, ®(iz(a))] for all a € A. Similar compu-
tations show that ig(g)((T? — 1)®(a)) = (T? — 1)®(ia(a)) and if(g) (T — T*)®(a)) =
(T —T*)®(ia(a)) for all a € A.

Step 2 f = Maly ®ia(a)))

Since (T — T*)®(is(a)) € K(E) by the first step, we have

V(e ® (T = T*)®(ia(a)V* € To(G,r*K(E))
for all ¢ € C.(G) and hence
AV(p@ (T = T*)®(ia(a)V*) € K(E)
by Lemma 3.12. Let us show that
(T = T)2(Ma(p ®ia(a)) = AV (e (T = T*)B(ia(a))V"))
For f = XMa(p ®ia(a))) we compute:
(T = T)®(f) - )(s)
= (Taes) — Tys)) Pags) (Malp @ ia(a)))(s)) - £(s)
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= > (0 Tu) — Tie) Pas) (G (157 (@) (5)))€(s)
geGT(®)

= 3 @) (Trg) — T ) @re) (@4 (159 (0))€)) (5)

geGT(S)

= N Vap(9)Tug) — Tig)) Page) (147 () V5 €) (5)
geGr(s)

= Y (o (T — T)8(ia(@) V) @)E)(s)

geGT(®)
= (\V(e® (T = T)(ia(@)V)(r(5)) - §ris)) ()
= AV (p® (T = T)B(ia(@)V") - §)(s)

Similarly, we compute

[T, (Ml @ ia(a))))] = AV (p @ [T, ®(ia(a))])V*)
and
(T° = PN A(p @ ia(a) = MV (p ® (T° = 1)@(ia(a))V*)).
From the previous lemma we know that elements of the form A\(&(¢ ® is(a))) form a dense
subset of 1 ndﬁA and thus the result follows by continuity. O

Applying the same constructions to a homotopy we conclude that the mapping (E, ®,T) —
(E , &3, T) induces a map in equivariant KK-theory, which we call the inflation map:
inf§ : KK” (A, Byy) = KK®(Indj A, B)

Proof of Theorem 6.2. As a first step we claim that the result is invariant under passing to a
Morita-equivalent algebra in the first variable. Indeed if A’ is Morita-equivalent to A and if
we let 2 € KK (A’ A) be the corresponding invertible KK -element, the claim will follow
from the commutativity of the following diagram:

compg

KKS(Indyy A, B) — KK (A, B y0)

T -

Ind§ (z) ® - h
G

G X 7l omPH Hy pr
KKC(Ind¥ A', B) — KK (A’ B)

Here Ind% () denotes the image of z under the induction homomorphism
IndG : KK (A’ A) — KKE(Indx A, Ind A),
from Proposition 4.7. Commutativity of the above diagram follows from the equation
[ia] @ res% (IndG(x)) = 2 ® [ia],
since then for any y € KKY(Ind} A, B) we have
z @ compf(y) = = @ iy (resf (y))
=2 ® [ia] ® resfj (y)
G

= [ia/] ® res% (Ind% () @ res$(y)
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= [ia] ® resg(Indf(z) @ y)
= comp% (Ind% (z) @ y).

We will now show that the inflation map constructed above is inverse to the compression
homomorphism. We will begin with the easier direction: Let (E, ®,T') represent an element
in KK (A, Big). We need to see that comp%([ﬁ,%,f]} = [E,®,T]. By definition the
element compg([E, ®,T]) can be represented by the triple (E‘H, ‘T’|A|H o1y, TIEU{)' It is not
too hard to see that E| g can be obtained by the same definitions as E if we just consider
bounded continuous functions £ : G/ — dTG/E , where G/ = Ggéo;
sequence coming from the restriction map res : E — I‘O(H( ),5) =2 FE; € 5|H<0)- The

Consider the split-exact

split is then given by the map ip and thus E = ig(E) @ ker(res). Now for a € A and
¢ € ker(res) C E we have

B(i4(a))(€)(9) = Py (ia(a)(9))(E(g)) =0,

since for g € H we have {(g) = V,-1(£(r(g))) = 0 and for g € G\\ H we have that i4(a)(g) = 0.

On the other hand given e € E, a € A and g € H we compute

(‘5(iA(a))iE(6))(g) = Pa(g)(ia(a)(9))(ir(e)(g))

) Vy-re(r(g))
:Vg r(9)(a(r(9)))e(r(9))
Vy-1(2(a)e)(r(g))
ig(®(a)e)(9).

Since both sides are clearly zero for g ¢ H, we have

®(ia(a))ip(e) = in(®(a)e).
Combining these results we get that under the identification E = ig(F) and for all a € A
we have

B(ia(a))(e+ &) = @(a)(e),
and thus ® oi4 decomposes as ® ® 0 under the decomp081t10n E = ip(E)®ker(res). Similar
(but even easier) computations yield that T=Ta ﬂ ker(res)- We conclude that

comp$ ([E, @, T)) = [(Ej, <I>|A|H o éA,ﬂng)}

= [(B,@,1)] + [(ker(res), 0, Tigerres))] -

=0

This completes the proof of

For the converse we make use of the first paragraph of this proof and pass to the sta-
bilization A ® ) K(L*(GH (0))) of A (if necessary) which is Morita-equivalent to A via
the imprimitivity bimodule LQ(GH(O) JA) = LQ(GH(O)) () A. Using the identification
K(L*(G))y = K(LQ(GH(O))), we have a canonical isomorphism

Ind (A ® o K(LA(GT™) 2= (Indyy A) @60 K(L*(G))
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by Lemma 3.23. Thus, given a representative (F, ¥, S) of an element in KKG(Ind)fg A, B),
we may assume that ¥ is essential and S is G-equivariant by Proposition 5.5.

Since X"/H is discrete for every u € G the characteristic function XgH is an element in
Co(X"9) /H) . Using these functions we can define a family of pairwise orthogonal projections
{pgr | gH € X“/H} on the Hilbert Indy" A-B,-module F, by letting

ng(\I’u(f)e(u)) = \I]u(Xng)e(u)'

Let us check that this definition is actually continuous in gH or in other words, that gH —
pgr defines an element in L(7*(F)):

For this it is enough to show that for each p € C.(X/H), f € Ind A and e € F we have

that
gH — Pl @ ¥(f)e)(gH) = o(gH)pgr (¥ (f)e)
is continuous, since elements of the form ¢ ® ¥(f)e are dense in 7*(F').

By density, it is enough to consider f € IndxA such that gH — | f(g)| has compact
support and using a partition of unity argument, we can assume that this support is actually
contained in an open set U C X/H on which 7 is injective. But then for any gH € U we
have

Xng|XT(g) = f\XT(g)
since f|xr() (z) # 0 implies 2H € X719 N U. But of course we have gH € X"9) N U as well
and since 7(zH) = 7(gH) we must have gH = xH by injectivity of 7|;;. Thus, we have

f(z) gH==zH

0 ,else

fixro (@) = { } = Xgt fixr() (2)-

It follows that gH — x4 f| xr(g) s a compactly supported continuous section of the bundle
over X/H associated to Indx A. Consequently, for each ¢ € C.(X/H) and e € F we have
that
gH = o(gH)pgr (Y1) (f)e(r(9))) = ¢(gH) V() (Xgr fixr0))e(r(g))
is a compactly supported continuous section of 7*(F), as desired.
It is not hard to check that the following equality holds

VgpsH = pgsva v(Q? S) € G(Q) (2)

Define an operator S’ on F by

S{L = Z ngSung
gHeX*/H

Since for all e € F and f € (IndA). the map

9H = pgrSy(g)pgrr Vr(g)(fixr) )e(r(9)

is continuous and compactly supported, integrating against the counting measures on the
fibres of X/H yields a well-defined operator S’ € L(F). Using equation (2) from above one
easily verifies that S’ is still G-equivariant but additionally satisfies the relation S ()PgH =
pgr S, ) for all g € X. We will show that S’ is a compact perturbation of S which allows us
two assume that any element in KKG(I nd)é A, B) can be represented by an essential Kas-
parov triple with an equivariant operator, which commutes with the families of projections
defined above.
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One easily checks that

((S - Sl)\lj(f))u = Z (Su _ngSu)\Iju(XgHﬁX“)'
gHEXU/H

Using compactness of [S, W(x,m fix«)] we can see that each summand in the above sum

is compact. Then we use our standard argument again that the map gH > (S5,
PatSr(g)) Yr(g)(XgH fixr(s)) defines a continuous section X/H — 7*(K(F)) with compact
support and therefore integration with respect to the system of counting measures on X/H
yields a continuous section G(®) — K(F), i.e. an element in K(F). Now let yy be the
characteristic function of the 7(H(®)) C X/H. The set 7(H ) is clopen since the pre-image
under the quotient map is just H, which is clopen in X by assumption. Thus xg € Cy(X/H).

Now define a projection py € L(F) on the dense subset ¥(Indyx A)F C F by

pu(Y(f)e) = ¥(xu - fe.

Then (E, ®,T) := (pu F,pu¥pm, pu Spu) is a representative of the element comp% ([F, ¥, S7).
Now for £ € E. and u € G() define an element ©(¢) in F by

O ()= D Vy((9).

gHeX"/H

We want to show that this definition extends to a bounded linear map O : E — F. For this
we need the following: Whenever e € pyF and g € G\ H we can use equation 2 to see that

(PH )r(g)Vg(e(d(g)) = 0.

If¢e E, and g,5 € G® for some = € GO such that gH # sH, ie. s 'g € G\ H we have
by the above result:

(Vg(&(9)), Vs(&(s))) = , Es) =0

(Vi-14(£(9))
—_ X~
€prF)g, <€PaFag

Now we are ready to prove that © extends to an isometry as follows:

IO(©)II* = sup [[(B(€)(x), O(&) ()]

z€G(0)

= sup 1YY (Vo(€(9)), Va(€()))

z€GO) gH sH

= sup || (Vy(&(9), Vo€l

z€G0) gH

= sup HZBg(@(Q)»f(Q»)H
z€GO) gH

= |l&|”®

Let us also check that © is G-equivariant:

Vi(@u)()(d(s)) = D Viglé(9))

d(s)
gHEGH((]) /H

= Y VilésT'g)) (gH ~ s~ 'gH)

(s)
gHEGH(()) /H
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= > V(Vul&()

r(s)
gHEGH(O)/H

Similarly, we can show that © intertwines ® with ¥ and T with S. Now if e € F is arbitrary
we can define £ € E by letting

£(9) = (pu)dag) Vg - e(r(g))-

Then we can compute O(£)(z) = > 5 Vo((Pr)a(g)Vy—1 - €(z)) = e(z). This completes the
proof that

inf§;(comp( ([F, ¥, 5])) = inf([E, @, T))

[E,®,T) =[F,¥,S].

g

In the next section, we shall also need the following compatibility property of the com-

pression homomorphism with respect to taking right Kasparov products:

Lemma 6.7. Let G be a second countable étale groupoid, H C G a proper open subgroupoid
and let X := G . Let A be an H-algebra and let B and B’ be two G algebras. Then, for
every x € KKY(B, B') we have a commutative diagram.:

KKC (IndX A, B) —25 KKCG(IndX A, B')

compg compg

- @ res$ (z)

KK (A, Bjy)

KK (A, By)

Proof. Using the definition of the compression homomorphism, it is enough to prove, that
the following diagram commutes:

G Sk
KKC (IndX A, B) — KK (Ind$, A, Bjyy) —— KK (A, Byyy)

“@x @ resG(z) @ res(x)
KK%(Ind¥ A, B') ek KK (Ind$% A, B!,,) B RKH (A, B!,
H HH P\ H »PlH

Commutativity of the diagram on the right follows from the associativity of the Kasparov
product. Using the fact that the map res% is given by pulling back along the inclusion map
t: H — G, commutativity of the left diagram follows from [30, Proposition 6.1.3]. O

7. THE GOING-DOWN PRINCIPLE

In this section we state and prove the Going-Down (or restriction) principle for ample
groupoids. After reminding the reader about universal spaces for proper actions of groupoids
and the formulation of the Baum-Connes conjecture following [42], we first prove a special
case of the restriction principle (see Theorem 7.10), that can be applied directly in many
cases. We then extend the formalism of Going-Down functors as in [11] to our setting and
state the main results in full generality.
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Recall that a proper G-space Z is called a universal proper G-space, if for every proper
G-space X there exists a continuous G-equivariant map ¢ : X — Z which is unique up to
G-equivariant homotopy. Note that a universal proper G-space Z as in the definition above
is unique up to G-equivariant homotopy equivalence. A priori it is not clear that a universal
proper G-space always exists. But by combining several results of Tu ([41, Proposition 6.13,
Lemma 6.14] and [40, Proposition 11.4]) we obtain that every second countable étale groupoid
G admits a locally compact universal proper G-space.

Recall, that a G-space X is called G-compact (or cocompact) if there exists a compact
subset K C X, such that X = GK. We need the following elementary fact, whose proof we

omit.

Lemma 7.1. Let G be a locally compact Hausdorff groupoid. Furthermore, let X be a G-
compact G-space and Y be a proper G-space. Then every G-equivariant continuous map

p: X =Y is automatically proper.

Let £(G) denote a universal proper G-space. Then, applying the above lemma, for any
two G-compact subsets X; C Xy C £(G) we have a canonical *-homomorphism Cjy(X2) —
Co(X7) given by restriction. This homomorphism in turn induces a map

KKY(Co(X1), A) — KK(Co(X2), A)
for every G-algebra A. Thus, the following definition makes sense:

Definition 7.2. Let G be an étale, second countable Hausdorff groupoid and A be a G-
algebra. The topological K -theory of G with coefficients in A is defined as

K (G; A) = lim KK (Co(X), A),

where the direct limit is taken over all G-compact, locally compact and second countable
subsets X C £(G).

Next, we want to define the Baum-Connes assembly map. We shall need the following

well-known result.

Lemma 7.3. Let G be a proper étale groupoid with compact orbit space G \ GO and let
c: GO 5 RT be a compactly supported cutoff function for G. Then the function p. : G — C,

g +/c(d(g))e(r(g)) defines a projection in C}(G). Moreover the class [pe] € Ko(C}(G)) =
KK(C, Cx(G)) does not depend on the choice of the cutoff function c.

We are now in the position to define the Baum-Connes assembly map: Let A be a G-

algebra. For every G-compact subspace X C £(G) we can consider the composition
px s KKG(Co(X), A) 28 KK.(CHG x X), A i, @) P25 KK,(C, A %, G)

where jg is the descent homomorphism. Note, that we also used the identification Cy(X) X,
G = C}(G x X). One easily checks, that the maps px give rise to a well-defined homomor-
phism
pa s KIP(G; A) = KKL(C, A %, G) = Ki(A %, G).
This is the Baum-Connes assembly map for G with coefficients in A.
Let us now turn to the Going-Down principle: Let P(G) denote the subset of all probability
measures in M (G), the space of all finite positive Radon measures on G. Recall, that for a
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measure (4 € M(G) the support of u is defined as
supp(p) = {g € G | w(U) > 0 for each open neighbourhood U of g}.

Since we are working with the weak-*-topology, a description in terms of continuous functions
with compact support would be much more convenient. Such a description is given by the

following lemma.

Lemma 7.4. For i € M(G) and g € G we have that g € supp(u) if and only if I,(p) > 0
for each ¢ € CF(G) such that o(g) > 0.

Proof. Let g € supp(u) and ¢ € CH(G) such that ¢(g) > 0. Find a ¢(g) > & > 0. Since ¢
is continuous we can find a neighbourhood U of g such that ¢(h) > € for all h € U. If we
define ¢ := 3 inf{(z) | 2 € U} > 0 then cxy < ¢ and thus 0 < cu(U) = [, exudp < I(p).

For the converse let U C G be an open neighbourhood of an element ¢ € G. Pick a
function ¢ € CF(G) with 0 < ¢ < 1, ¢(g) = 1 and supp(p) € U. Then u(U) = [, xvdp >
I.(p) > 0. O

Let P(G) denote the probability measures on G and for each K C G compact define
Px(G) = {pu € P(G) | Vg,h € supp(p) : r(g) =r(h) and g~'h € K}.

Note that there is a canonical left action of G on Pk (G) with respect to the anchor map
Pr(G) = GOy r(g) for any g € supp(u), given by translation. It was shown in [39,
Proposition 3.1] that Pk (G) is a locally compact, G-compact, proper G-space. Furthermore,
if X is any G-compact proper G-space, there exists a compact subset K C G and a G-
equivariant map X — Pg(G) (see [39, Proposition 3.2]). If G is ample we can always choose
the set K to be compact and open, since if K1 C K3 then obviously Pk, (G) C Pk, (G) and
if K is any compact set it is contained in a compact open set. In the following, we will show
that in this case the spaces Pk (G) are geometric realizations of G-simplicial complexes in

the following sense (compare [41, Definition 3.1)):

Definition 7.5. Let G be an ample groupoid and n € N. A G-simplicial complex of
dimension at most n is a pair (X, A) consisting of a locally compact G-space X (the set
of vertices) and a collection A of finite, non-empty subsets of X (called simplices) with at

most n + 1 elements such that:

(1) the anchor map p: X — G has the property, that for every z € X there exists a
compact open neighbourhood U C X such that p |y: U — p(U) is a homeomorphism
onto a compact open subset of G(©).

(2) for each o € A we have o C p~*(u) for some u € GO,

(3) if o € A, then every non-empty subset of ¢ is also an element of A, and

(4) for each 0 € A, say 0 = {z1,...,2n} C X,, there exists a compact open neigh-
bourhood V of u in G and continuous sections si,...s, : V — X of p such that
{s1(v),...sp(v)} € Afor allv eV and {s1(u),...,sn(u)} =o0.

The G-simplicial complex is typed if there is a discrete set 7 and a G-invariant continuous

map X — T whose restriction to the support of a single simplex in A is injective.

The geometric realization of a G-simplicial complex (X, A) is the set

Al = {p e P(X) | supp(n) € A}
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equipped with the weak-*-topology. The geometric realization |A| will always be a locally
compact space and the action of G on |A|, induced by the acion of G on X, is proper if X

is a proper G-space.

Remark 7.6. If 0 € A, say 0 = {z1,...,2,} C X, as in item (4) above and for each
1 <i < n U;is a compact open neighbourhood of z; such that the U; are pairwise disjoint
and py, is a homeomorphism onto its image, then we may always assume that the section
s; only takes images in U;. If not, pass from the domain V of the s; to
V=vn () s
0<i<n

Note that the realization of a 0-dimensional complex (X, A) can be canonically identified
with a subset of X. Using the existence of local sections as in item (4) we can show that
under this identification, |A| is actually open in X: Let € A be given and U in X be an
open neighbourhood of x such that pj; is a homeomorphism onto its image. Furthermore
let V' be a neighbourhood of p(z) and s : V' — X be a section as in (4). By the above
remark we may assume s(V) C U. Then p~}(V)NU is an open neighbourhood of x and
since p~1(V)NU = s(V Np(U)), it is contained in A.

Thus, if we restrict p to the subset |Al, it still has the property, that every point z € A
has a compact open neighbourhood U such that pji; : U — p(U) is a homeomorphism onto
a compact open subset of G(©).

Lemma 7.7. Let G be an ample groupoid and K be a compact open subset of G. If we define
Ag(G)={oc CG|Vg,h€o: r(g) =r(h) and g~'h € K}

then (G, Ak (Q)) is a G-simplicial complez in the sense of Definition 7.5 and Pr(G) is its

geometric realization. We note that Ax (G) has finite dimension (as a G-simplicial complex).

Proof. We consider the action of G on itself by left multiplication. Hence the anchor map
is just the range map of G. Since G is ample, condition (1) of Definition 7.5 clearly holds.
As axioms (2) and (3) are built into the definition of Ag(G), it remains to prove (4): So let
o ={g1,-..,9n} € Ax(G) be given and let u := r(g1) = ... = 7(gn). Let U; be a compact
open neighbourhood of g; such that T\, Ui — r((}z) is a homeomorphism. We would like to
take the inverses of these maps on (" r([j}) as our sections but we need to make sure that
images of a point form a simplex again. Thus, we use the continuity of the multiplication
and the openness of K to shrink the (71 appropriately. To be more precise: Consider the
continuous map

f:GxG—>G

given by (g,h) + g~ 'h. As K is open and f is continuous, f~'(K) is open. Thus, for all
1 <4,7 < n we can find compact open neighbourhoods U; ; of g; and Vj; of g; such that
(Ui; xV;i) NG x G C f71(K). Let
Ui=U;n () UijNVi
1<j<n
Then each U; is a compact open neighbourhood of g;. Let V := (r(U;) and define s; :
V — U; C G to be the inverse of the range map restricted to U;. These are continuous
sections by definition and for each v € V and 1 < [,k < n we have s;(v) € Uy and
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sk(v) € Vi; and thus s;(v)7ts;(v) = f(si(v),sj(v)) € K by construction. Consequently, we
get {s1(v),...s,(v)} € Ag(G) for all v e V.

Let us finally show that A (G) has finite dimension. It is not hard to see that Ax(G) =
G-{o € Akx(G) | o C K} and since translating a o € Ax(G) does not increase its cardinality
it is enough to show that the cardinalities of elements of {0 € Ax(G) | 0 C K} are bounded.
But for such a ¢ € G* we have |o| < |K NG*| = A (K) < sup{\“(K) | v € GO} < o
by Lemma 2.1, where A denotes the Haar system given by the counting measure on each
fibre. U

The arguments in [41, Section 3.2] carry over to the G-equivariant setting and show that
the barycentric subdivision of a G-simplicial complex (X, A) is a typed G-simplicial complex
whose geometric realization is G-equivariantly homeomorphic to the original one. However
for the sake completeness let us at least recall the construction of the barycentric subdivision
and show that it is a G-simplicial complex again.

Definition 7.8. Let (X, A) be G-simplicial complex. For an element p € |A| with supp(p) =
{z1,..., 2} let

1 n
be(p) = n Z Oz,
i=1

denote the isobarycenter of the simplex supp(u) € A. Let X' = {be(u) | 1 € |A|} and define
A’ such that a set {v1,...,y}isin A’ if and only if |J supp(v;) € A.
0<5<i

Proposition 7.9. The pair (X', A) is a G-simplicial complex.

Proof. We will only show that p/ : X’ — G satisfies property (1) from the definition.
n

The other properties follow easily from the construction. Let u € X', say u = %Z Oz
i=1

for x1,...,2, € X and let U; be a compact open neighbourhood of x; such that p\U: is a
homeomorphism onto its image. Since G is Hausdorff we can assume that the U; are pairwise
disjoint. Now from condition (4) of the definition we get continuous sections s1,...sp : V —
X, where V is a compact open neighbourhood of u := p’(u). Following Remark 7.6 we can
assume that s;(V) C U;. Consider the sets

W;:={ve X' | supp(v)NU; # 0}.

Note that the intersection supp(v) N U; will contain at most one element, since supp(v) is
contained in one fibre and U; is the domain of a local homeomorphism. It follows from
Lemma 7.4 that W; is open. Now let

wW=p"1(Vn mp(Ui)) N ﬂ Wi

It is now easy to see that p'(W) = V N, p(U;) and thus p'(W) is compact and open.
Furthermore, the map p/(W) — W sending an element v to the measure %Z?:l Os;(v) 18 @
continuous inverse of p’. Hence also W is compact and p’ satisfies property (1) from the
definition of a G-simplicial complex. O

Let us now proceed to prove one of the main results of this paper:

Theorem 7.10. Let G be an ample, second countable, locally compact Hausdorff groupoid
and let A and B be separable G-algebras. Suppose there is an element x € KKG(A, B) such
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that

H (0) -®@res ()
KK"(CHY), Ay)

is an isomorphism for all compact open subgroupoids H C G. Then the Kasparov-product

KK?(C(H"), Bjy)

with x induces an isomorphism

@z : KI°P(G; A) — K°P(G; B).

To show the above theorem we will show that for suitably general G-compact subsets
X C £(G) the map
@z KKE(Ch(X), A) = KKE(Cy(X), B)
is an isomorphism.

Let us first consider the following special case:

Proposition 7.11. Under the assumptions of Theorem 7.10 the map
@z : KKY(Ch(X), A) - KK%(Cy(X), B)

is an isomorphism for every G-compact proper G-space X whose anchor map p : X — G
has the property, that for every x € X there exists a compact open neighbourhood U of x in
X such that py : U — p(U) is a homeomorphism onto a compact open subset of GO,

Proof. Let us first consider the case that X is the orbit of a single compact open subset U
such that p(U) is compact and open in G(©) and pv U — p(U) is a homeomorphism, i.e.
X = GU. Consider the set
H={geG|gUNU # 0}.

Using the fact that p;;y is a homeomorphism onto p(U) it is not hard to see, that H is a
subgroupoid of G and as such isomorphic to (G x X)¥ (the isomorphism (G x X)Y — H is
given by the projection onto the first factor). Since G x X is proper, the restriction (G x X )g
to U is compact. Clearly, the latter is also open in Gx X . Since the anchor map p : X — G(©
is open, we can deduce that the first projection pri : G x X — G is open. Thus, H is a
compact open subgroupoid of G. By our choice of H we also have a canonical G-equivariant

homeomorphism G Xy U =2 GU = X and thus an equivariant isomorphism
Ind%C(U) = Co(G xy U) =2 Co(X)

by Proposition 3.22. Using this we can consider the following diagram, which commutes by

Lemma 6.7.

R

KK (Co(X), A) KK%(Cy(X), B)

com pg compg

C® resg(

KK*(C(U), Ajy) %mf(KH(C(U ), Biu)

Since we have an isomorphism C(U) = C(H®), the bottom line in this diagram is an
isomorphism. By Theorem 7.10 the homomorphism comp% is an isomorphism as well and

hence the result follows in this case.



A GOING-DOWN PRINCIPLE FOR AMPLE GROUPOIDS AND THE BAUM-CONNES CONJECTURE 47

Let us now consider the general case. As X is G-compact it admits a finite cover of the
form
n
x =Jau,
i=1
where U; C X is compact open such that pjy, is a homeomorphism onto its image. Let
us first consider the case n = 2. By applying a standard argument as for example in [5,
Theorem 21.2.3] there exist Mayer-Vietoris sequences and so we have a diagram with exact
columns, where the horizontal maps are all given by taking Kasparov product with x and
we write KK (X, A) for KKE(Cy(X), A) for brevity:

KK, (X, A) KK, (X, B)

KKS(GUl N GU,, A)

KK%(GU, N GUy, B)

KK (GUy, A) ® KKY(GU,, A) — KK (GU,, B) @ KK¢(GUs, B)

KKY (X, A) KKY (X, B)

* *

The diagram commutes, since all maps in the Mayer-Vietoris sequence are induced by equi-
variant *-homomorphisms (see the proof of [5, Theorem 21.2.2]) and hence commutativity
follows from the associativity of the Kasparov product. Using the first step of this proof
we already know, that the second horizontal map is an isomorphism. Consider the set
V = Uy N GU,. Tt is clearly open and using properness of the action one easily verifies
that is is also closed (apply Proposition 2.7 (4)). Since V' C U; we have that pjy is also a
homeomorphism onto its image. One easily checks that GV = GU;y N GU,. Thus, the third
horizontal map is also an isomorphism. Hence the result follows by an application of the
Five-Lemma.

If n > 2 is arbitrary, use induction and the above Mayer-Vietoris argument on the decom-
n

position X = GU; U |J GU; to complete the proof. O
i=2

We are now ready for the proof of Theorem 7.10:
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Proof of Theorem 7.10. Our proof consists of a two step reduction, each of which tells us

that we only need to prove that
@z KKE(Cp(X), A) — KK (Cy(X), B) (3)

is an isomorphism for more and more special G-spaces X.

In the first step we will reduce the problem to showing that (3) is an isomorphism for
the spaces Pk (G) from the beginning of this section. So let us assume (3) holds for all the
Pr(G), where K C G is a compact open subset, and explain how to deduce the conclusion
of Theorem 7.10 from there. Let X; be any G-compact subspace of £(G). Then X; is
a proper G-space itself and thus we can find a compact open subset K1 C G and a G-
equivariant map ¢ : X1 — Pk, (G) by the discussion in the beginning of this section. Using
the universal property of £(G) there is also a G-equivariant map v : Pk, (G) — £(G). Let
X2 := ¢¥1(Pg, (G)). Then X is a G-compact subspace of £(G). By the universal property
of £(G) the composition 1 o ;1 is G-homotopic to the canonical inclusion map. So up to
replacing Xs by a larger space if necessary, we may assume that the map ¥ 01 : X1 — Xo
is G-homotopic to the inclusion map. Now proceed as above to find a sequence (X,,), of G-
compact subspaces of £(G) together with maps ¢y, and 1, such that 1, o ¢, is G-homotopic
to the inclusion X,, < X,, 1. Since the Kasparov-product is natural, we get a commutative
diagram, where all the horizontal arrows are given by taking Kasparov-product with = and

the vertical arrows are the maps found by the procedure just described.

KKS (Co(X1), A) KKS (Co(X1), B)

(1) (1)

By going ’zick-zack’ in this diagram we get the following diagram:
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KKS (Co(X1), A) KKS (Co(X1), B)

aq

f

KK (Co(X2), B)

a2

KK (Co

(%]

/ é\

KKY(Co(X4), B)

:

KiP(G; A) KiP(G; B)

Each of the columns of this diagram is an inductive sequence of abelian groups, and in fact
a subsequence of the inductive system defining topological K-theory with coefficients. Hence,
by an elementary argument, the limits of these two sequences are the groups kaOp(G ; A) and
kaOp(G; B) respectively, as indicated. Whenever we have such a diagram, the inductive limits
must be isomorphic, such that the isomorphism commutes with the diagram (i.e. it is exactly
the morphism induced by taking Kasparov-product in each step). This completes the first
step of the proof.

Let us now proceed with the second reduction step. The main advantage of working
with the spaces Pg(G) is that it is (the geometric realization of) a proper, G-compact
finite dimensional G-simplicial complex, and its barycentric subdivision is G-equivariantly
homeomorphic to it. In fact we don’t need the special model Pk (G) in what follows and will
prove that

@z : KKY(Ch(X), A) = KKE(Cy(X), B)
is an isomorphism for every typed, proper, G-compact G-simplicial complex X of finite
dimension.

To do so we will use an induction argument on the dimension n of X to reduce the problem
to the zero dimensional case. If X is (the geometric realization) of a 0-dimensional complex
it follows from the discussion after Remark 7.6, that the anchor map X — G(© has the
property, that every point in X has a compact open neighbourhood, such that the anchor
map restricts to a homeomorphism onto its image on that neighbourhood. Consequently,
Proposition 7.11 tells us that - @ z : KKZ(Cp(X), A) — KK (Cy(X), B) is an isomorphism.

Now let X be a G-simplicial complex of dimension n > 0, Y be its n — 1-skeleton, and

U = X \'Y the union of all open n-simplices. Then we get a G-equivariant exact sequence

AsY is clearly G-invariant, [39, Lemma 3.9] yields the following commutative diagram with
exact columns:
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KKE(Co(Y), )~ KKE(Cy(Y), B)

KKE(Co(X), A) KK (Co(X), B

KK (Co(U), 4) = KKE(Co(U), B)

If we assume inductively that the upper horizontal map is an isomorphism, we only need to
show that the lower map is also an isomorphism to invoke the Five-Lemma and conclude the
result. But U is equivariantly homeomorphic to X’ xR™, where X’ denotes the barycenters of
n-dimensional simplices. Thus, we have KK (Co(U), A) =2 KK%, ,(Co(X'), A). Since taking

suspension is compatible with the Kasparov product, it is enough to show that
-@ 2 : KKE(Co(X'), A) — KKE(Co(X'), B)

is an isomorphism. But X’ is a G-compact, proper G-space whose anchor map is a local

homeomorphism. Hence the result follows from Proposition 7.11. O

8. AMENABILITY AT INFINITY AND THE BAUM-CONNES CONJECTURE

As an application of Theorem 7.10 we will show that for ample groupoids, which are
strongly amenable at infinity, the Baum-Connes assembly map is split-injective. Let us first
recall the definitions:

Definition 8.1 ([29],[2]). A locally compact Hausdorff groupoid G is called amenable at
infinity, if there exists a G-space Y such that the anchor map p : Y — G(© is proper and
G x Y is amenable (i.e. G acts amenably on Y).

We call G strongly amenable at infinity, if in addition the anchor map p : Y — G(©) admits

a continuous (not necessarily equivariant) section.

Note, that every amenable groupoid is strongly amenable at infinity by taking ¥ = G(©)
with the canonical G-action. Furthermore, by results of [29], if Y is a G-space witnessing
amenability at infinity of G, such that the anchor map p is also open, then G is strongly
amenable at infinity.

Now if G is (strongly) amenable at infinity and Y is a G-space witnessing this, the proper-
ness of p: Y — GO implies that we get an induced map

p* CO(G(O)) — Cp(Y)
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and consequently, for every G-algebra A, we get a G-equivariant x-homomorphism
ida @ p*: A2 AQu0 Co(G) = A®@gwo Co(Y).

This homomorphism in turn induces a map on the level of topological K-theory, which we -
by slight abuse of notation - also denote by

pe : KEP(G5 A) = KP(G; A @0 Co(Y))

By results in [2] and [29] we can always find Y with the following additional properties:

e Y is second countable.

e Fach Y, is a convex space and G acts by affine transformations on Y.

If we fix Y with these properties we can show:

Proposition 8.2. Let Y be a G-space with the properties listed above. If K C G is a proper,
open subgroupoid, then Y = p~1(K) CY is K-equivariantly homotopy-equivalent to KO,

Proof. We will construct a K-equivariant continuous section § : K(© — Y as follows: Let
c: K© —[0,1] be a cut-off function for K, i.e.

(1) 3 e(d(k)) =1for all u e KO and
keK™
(2) r: supp(cod) — K© is proper.

We define
3(u) =Y eld(k)k - s(d(k)),
keKv
where s : G(©) — Y is the continuous section from above. Note that by (2) the sum in the
definition is finite for each fixed u € K9, and hence (1) and the convexity of Y, imply that
5(u) € Y,. Thus § is a well-defined section.

The following calculation shows that s is K-equivariant:
(K- u) = 5(r(K'))
= > cld(k)k - s(d(k))

ke KT (k)
= > c(d(Kk)Kk - s(d(k'k))
keKv
— K. ( > e(d(k))k- s(d(k))>
keKv
= k'3(u)

It remains to show that s is continuous. We prove this along the lines of Lemma 2.3: Fix a
u € K© and let V be an open neighbourhood of u such that V is compact. Let ¢ € CC(K(O))
be a positive function with ¢» = 1 on V. Then f(k) := c(d(k))y(r(k)) has compact support

and for all v € V we still have > f(k) = 1 and hence §(v) = > f(k)k-s(d(k)) € Y.
kEKY kEKY
Now we use compactness of supp(f) to cover it with a finite number of open bisections (U;);

and use a partition of unity subordinate to this covering to write f as a finite sum f = )" f;.
Then we get

50) = 0 3 S0k s(dk) = 3 filrich @)t (0) - s(dlrigt ().

i keKvV
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The latter expression in this equation is obviously continuous in v since all the functions and
operations used are continuous. Hence s must be continuous.

Now by construction we have p o 5 = idy ) and by convexity the linear homotopy gives
50 p ~ idy, . This homotopy is equivariant since the action of K on Y is affine. [

We can now prove the following extention of results from [23] and [11] to ample groupoids:

Theorem 8.3. Let G be a second countable ample groupoid which is strongly amenable at

infinity. Then, for any separable G-algebra A the Baum-Connes assembly map
pa: KIP(GhA) — Ko(A %, Q)
is split injective.
Proof. Consider the homomorphism
pe 1 KEP(G1 A) = KPP (G5 A @) Co(Y))

induced by the anchor map p : ¥ — G(© as explained prior to Proposition 8.2. As explained
there, we can also assume that Y is second countable, each fibre Y, is convex and G acts
by affine transformations. Furthermore we may assume that p admits a continuous section.
Thus, for every proper, open subgroupoid K C G we can apply Proposition 8.2 to see that
the restriction of px : Y — K© of p induces an isomorphism

KKX(Co(K ), Ag) — KKE(Co(K©), A @ ) Co(Yi)).

Thus, we have checked the conditions of Theorem 7.10 and can deduce that p, is an isomor-

phism. By naturality of the assembly map p, fits into the following commutative diagram:

A

KIP(G; A) K. (A %, G)

Px (px G)«

HAQCH(Y)

KP(G; A @go) Co(Y)) —— Ki((A @) Co(Y)) %, G)

By [38, Lemma 4.1] the Baum-Connes assembly map for G with coefficients in A® ) Co(Y")
is an isomorphism if and only if the assembly map for G x Y with coefficients in A®40) Co(Y")
is. Since G x Y is amenable by assumption, we can apply the results in [40] to conclude,
that the lower horizontal map in the above diagram is an isomorphism. Thus, 4 is injective
with splitting homomorphism o4 := p; ! o PAgcy(v) © (P Xr G)s O

We will now apply Theorem 8.3 to relate the Baum-Connes conjecture for an ample,
strongly amenable at infinity groupoid group bundle to the Baum-Connes conjecture for
each of its isotropy groups. This generalizes part (b) of [14, Proposition 3.1], which treats
the case of a trivial group bundle (i.e. G =T x X for some discrete group I' and a totally
disconnected space X). We also make use of ideas from the recent paper [19] to avoid
~v-elements.

We shall need the notion of an exact groupoid:

Definition 8.4. A locally compact groupoid G with Haar system is called exact (in the
sense of Kirchberg and Wassermann), if for every G-equivariant exact sequence

0—-1—+A—B—=0
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of G-algebras, the corresponding sequence
0—=Ix,G—A%x,G—Bx,G—0
of reduced crossed products is exact.
The following result is a part of [2, Proposition 6.7]:
Proposition 8.5. Let G be an étale groupoid. If G is amenable at infinity, then G is exact.

Let us now focus on group bundles: For a start let us observe that if G is an étale groupoid
group bundle and (A4, G, «) is a groupoid dynamical system, then (A,, G¥, a,) is a (group)
dynamical system for every u € G(9). The following proposition describes the relation of the

crossed product A x, G with the crossed products corresponding to the fibres:

Proposition 8.6. Let G be an étale groupoid group bundle and A be a G-algebra. Then the
following hold:
(1) The reduced crossed product A x, G is a Co(G))-algebra.
(2) If G is exact, then the fibres are given by (A X, G), = Ay X, GY.
(3) If in addition the C*-bundle A associated to A is continuous, then so is the C*-bundle
associated to A x, G.

Proof. For ¢ € Co(G®) and f € T.(G,r*A) define a linear map ®(¢) : T (G, r*A) —
I'.(G,r*A) by

(@) f)(g) == »(r(9))f(9)
We want to show, that ®(yp) extends to an element of the multiplier algebra of A X, G.
To this end let u € G, Then, for ¢ € Co(G?), f € To(G,r*A) and £ € C.(GY, A,), we

compute

(mu(@()NE9) = Y ag ' (2(p)f) g h)E(R)

heGu

= 3 wlway(Flg™ )Eh)

heGY
= (p(u)mu(f)E)(9)

Hence we have 7, (®(¢(f))) = ¢(u)m,(f) and applying this equality we obtain

[@()fllr = sup [[mu(R() /) = sup |o()ll7u(F)] < l[ellocll Sl

ueG©) ueG0)

Thus, ®(p) extends to a bounded linear map ®(¢) : A x, G — A X, G. One easily computes
on the dense subalgebra I'.(G,7*A), that ®(y) is adjointable with ®(¢)* = ®(%). We have
thus defined a *-homomorphism ® : Co(G©) — M(A x, G). Next, we would like to show
that ® takes its image in the centre of the multiplier algebra. By [44, Lemma 8.3] it is enough
to show, that ®(@)(f1 * f2) = f1 * ®(p)f2 for all fi, fo € Te(G,7*A) and ¢ € Co(G®). For
g € G and u :=r(g) = d(g) we compute

(D(p)(f1 % f2)(9) = p(w)(f1 * f2)(9)
= > e fi(h)an(fa(h™"g))

heGu

= Y A)an(e(u) f2(h1g))

heG
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= > h)an(@(e) f2)(h1g))

heGu
= (f1x®(p)f2)(9)

It remains to show that ® is non-degenerate. Given z € Ax,G and e > 0, find f € T'.(G,r*A)
such that ||z — f||, < . Choose a function ¢ € C,(G(), 0 < ¢ < 1 with ¢ = 1 on r(supp(f)).
Then ®(p)f = f and hence z € Cy(G(©)A x,. G. We have thus established the first part of
the proposition, namely that A x,. G is a Cy(G(?)-algebra.

For the second part, we want to analyse the fibres: We always have a canonical family
of surjective *-homomorphisms defined as follows: For each u € G, there is a canonical
map ¢, : I'e(G,r*A) — C.(GY, A,) given by restriction. This map extends to a surjec-
tive *-homomorphism A x, G — A, %, G}, still denoted by ¢,. Let J, denote the ideal

Co(GO\ {u})A x, G of A x, G. We clearly have J, = Ao fuy Xr Gigon fu3- Now if G is
exact, the sequence

0— A\G(O)\{u} Ay G\g(o)\{u} — A X G %) Au X Gg —0

is exact for every u € G0, Hence ker(g,) = Jy. It follows that (A x, G), = A, x, G¥.
Finally, for part (3), we have to show continuity of the C*-bundle associated to the

CO(G(O))—algebra A X, G, provided the continuity of A. For this we have to prove, that

u > ||gu(x)] is lower semicontinuous for every x € A x, G. Recall that we have a represen-

tation 7 : To(G,7*A) — La(L*(G, A)). We can compute

lgu ()l = (I
= sup{|[(w ()€, ma(u)ll | &0 € Te(G, 7 A), [IE]], lInl] < 1}

The latter expression however is lower semicontinuous as a function in wu, since it is the

supremum of the continuous functions

w = [[(m ()€ ma(w)]-
O

Lemma 8.7. Let G be an étale groupoid group bundle. If G is amenable at infinity, then so
is GY for each u € G,

Proof. By assumption there exists a locally compact space X and an action of G on X with
proper anchor map p : X — G, such that G x X is amenable. Then X, := p~'({u})
is a compact subspace of X and the action of G' on X restricts to an action of G} on
Xy. In particular G x X, is a closed subgroupoid of G x X. Hence it is amenable by [1,
Proposition 5.1.1]. O

Next, we turn to KK-theory. Recall, that for Cy(X)-algebras A and B, the group
RKK(X; A, B) is built from Kasparov triples (E, ®,T), as in the construction of KK(A4, B),
satisfying the additional requirement that

(fa) - (eb) = (ae) - (bf) for all f € Cy(X),a € A,e € E, and b € B.

We will start with the following observation:
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Lemma 8.8. If G is a second countable étale groupoid group bundle and (A,G,a) and
(B, G, B) are separable groupoid dynamical systems, then the descent map jo actually takes
values in the group RKK(G©); A x, G, B x, G).

Proof. Let (E,®,T) € E¢(A, B). It is enough to show, that for all ¢ € Co(G©), f e
I.(G,r*A), f' € To(G,r*B) and £ € T.(G,r*E) we have

(ehEf' = fe(ef’).

Hence we compute for all g € G:

(eHEM@) = D ((ehHE)(m)Bu(f'(h"g))

heGr(g)

= 3 3 wlr () FValEls T ) B (1))

heGr(9) seGrh)

= D> > FEViEET R)B(ef ) ()

heGr(9) seGr(h)

(f&(ef))(9)-

g

Lemma 8.9. Let G be a second countable exact étale groupoid group bundle and A be a
separable G-algebra. For each u € GO the inclusion map i, : Gy — G induces a group
homomorphism it : KIP(G; A) — KI°P(GY; A,), such that the following diagram commutes:

KIP(G; A) K. (A %, G)

BZZ ‘Qu,*

HA,

KiP(GY% Ay) —— K (Ay X, G%)

HA

Proof. 1t follows from [31, Propositions 7.1 and 7.2], that the inclusion map i, induces group
homomorphisms
% ot KKE(Co(X), A) = KK (Co(Xy), Au)

for every locally compact G-space X. If X is proper and cocompact, then X, is a proper
and cocompact G¥-space. Hence we obtain maps KK&(Cy(X), A) — KP(G%; A,). One
easily checks, that these commute with the connecting maps coming from continuous G-
maps X — Y for two proper G-compact G-spaces X and Y. Consequently, taking the limit
over all proper and G-compact subspaces X C £(G), we obtain the desired homomorphism
it KIP(G5 A) = KI%(G%; A,). In order to obtain commutativity of the diagram in the
proposition, it is enough to observe that the following diagram commutes:

%
ZX,u

KK (Co(X), A) KK (Co (X)), Au)

Jjc Jau
i)
RKK(GO): Co(X) 5ty G, A xn G) 2 KK(Co(Xa) 507 G, Ay 510 GY)

Paxx @ - PGux X, D *

Qu,*

Ko(A Hp G)

K()(Au Ay GZ)
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The middle vertical map is induced by the inclusion map iqgo) {u} = GO, Let us deal with
the upper square first: Let (E, ®,T) be a Kasparov triple in E¢(Cy(X), A). Recall, that JjG.r
sends the class of (E, ®,T) to the class represented by (E x, G, ®,T). Applying Proposition

8.6 and Proposition 4.3 we obtain a canonical isomorphism

(B 5ty G = (B @4 (A, G))u
= FE,®a4, (Ax,G)y
> FE,®a, (Ay X, GY)
= Ey x; Gy,

which intertwines the representations (CT))u and @, and the operators (T)u and T,.

In order to prove commutativity of the lower square we first fix a cut-off function ¢ for
G x X. Then its restriction to the subspace X, is easily checked to be a cut-off function
for G x X,. It follows, that if p := pgxx is the canonical projection associated to c,
then p(u) € Cy(X,) %, G is the projection associated to the restriction of ¢ to X,. Now
let (E,®,T) be the representative of an element z € RKK(G®, Co(X) %, G, A x, G).
Recall, that under the identification Ko(Cp(X) %, G) = KK(C, Cp(X) %, G) the class of p is
represented by the Kasparov tripel (Co(X) %, G, ®,,0), where @, : C — Cp(X) %, G is given
by ®,(1) = p. Then the Kasparov product p® x € KK(C, A X, G) can be represented by the
tripel (£ ®q, (Ay Xr G),(® o ®,) ® 1,7 ® 1). On the other hand (iq(lo))*(x) is represented
by the tripel (Ey, ®y,T;) and hence the product p(u) ® (igo))*(:z:) is represented by the triple
(Bu, @y 0 @pyy, Tu), where @y 0 C = Co(Xu) %, Gy is again given by 1 — p(u). But by
Remark 4.1 there is a canonical isomorphism E ®g, (A, %, Gi) = E, and one easily checks
on elementary tensors, that this isomorphism intertwines (® o ®,) ® 1 with ®, o ®,,) and
T ® 1 with T,. O

Let G be an ample groupoid group bundle, which is strongly amenable at infinity and let A
be a G-algebra. Let 04 : K,(A %, G) — K°°(G; A) be the splitting homomorphism provided
by Theorem 8.3. Then y4 := pg 0 04 is an idempotent endomorphism of K, (A x, G) such
that im(ya) = im(pa). In particular, it follows that G satisfies the Baum-Connes conjecture
for A if and only if (1 —y4)K.(4 %, G) = {0}.

Since G is strongly amenable at infinity, it is exact. Hence the reduced crossed product
A %, G is the algebra of Cy-sections of a continuous bundle of C*-algebras over G(©) with
fibres (A %, G)y = Ay X, G Let ¢ : A ¥, G — Ay X, GY be the corresponding quotient
map. Likewise, every group G of the bundle G is amenable at infinity. Hence by the same
reasoning, we obtain idempotents v4, € End(K,(A, x,GY)). We shall need the observation,
that the elements v4 and 74, are compatible:

Lemma 8.10. Let G be a second countable ample groupoid group bundle, which is strongly
amenable at infinity. If A is a separable G-algebra and q, : A X, G — A, %, G denotes the

canonical quotient map, then gy ©vaA = YA, © Qux-

Proof. Let m, : (A®¢©) Co(Y)) X G = (A, ® C(Yy)) %, Gyt be the canonical quotient map.
Then we have a commutative diagram:
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(pa r G)« (ascev)) "

K.(A %, G) K. (A ®g0 Co(Y)) %y G) 0 KP(G A ® g0 Co(Y))

qu,* hﬂ'u* ’LZ
ida, ®1) xr G). HAL&C (V)
K. (A, 0 BP0 R (4, 0 0() e 68 220 KO0 (G 4, @ C(Y,))

Here, the first square commutes already at the level of the *-homomorphisms, since pa %, G
is a Co(GO)-linear map with (pa x, G)y = (ida, ® Low,)) Xr Gy

w. The second square
commutes by Lemma 8.9 applied to the G-algebra A o (GO) Co(Y). For similar reasons,

each square in the following diagram commutes:

-1
KIP(G A @0) Co(Y)) — s KO (G A) — 4 K (A %, G)
lz 7,: Qu,*
(pay) Ba,

-1
KP(GY A, ® O(Y,) ——— Ki%P(GY% Ay)

K. (Ay %, GY)

Since the composition of the upper (respective lower) rows of these diagrams is by definition

~v4 (respective 74, ), the result follows. O

Theorem 8.11. Let G be a second countable ample group bundle, which is strongly amenable
at infinity. Suppose A is a separable G-algebra such that the associated C*-bundle is contin-
uous, and G¥ satisfies the Baum-Connes conjecture with coefficients in A,, for all u € GO,
Then G satisfies the Baum-Connes conjecture with coefficients in A.

In particular, G satisfies the Baum-Connes conjecture with trivial coefficients, whenever

each of its isotropy groups does.

Proof. By the above considerations, it is enough to show, that (1 —v4)K.(A %, G) = {0}.
To this end, let z € (1 —v4)Ki(A X, G). By Lemma 8.10 we have ¢, «(z) = qu«(1—74)(z) =
(I =7v4,)(qus(2)) € (1 —v4,)Ki(Ay % Gi). But the latter group is zero by our assumption,
hence gy «(x) = 0 for all u € G©). By [14, Lemma 3.4] every u € G admits a compact
neighbourhood C' of u, such that go«(z) = 0, where go : A %, G — Ajc X, G| denotes
the map induced by restriction. Since G(?) is assumed to be totally disconnected, we can
find a partition G(© = [l;c; Ci into compact open sets C; such that gc, «(x) = 0 for all

i € I. As the cover is disjoint, we obtain a decompositon A x, G = @;c; A|c, X G|¢,. Using

1€l
the additivity of K-theory, we see that the maps ¢¢, induce an isomorphism K, (A4 x, G) =

Dicr Ki(Aic, ¥ G|¢,). Since qo; «(z) = 0 for all i € I, we conclude x = 0 as desired. O
Combining Theorem 8.11 above with [39, Theorem 3.10] we get the following Corollary:

Corollary 8.12. Let G be a second countable ample group bundle, which is strongly amenable
at infinity. Then G satisfies the Baum-Connes conjecture with coefficients in all G-algebras
A whose associated bundle of C*-algebras is continuous if and only if Gi satisfies the Baum-

Connes conjecture with coefficients for all u € GO,
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