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ABSTRACT. Ghoussoub, Godefroy, Maurey, and Schachermayer showed
that in the positive face of the unit ball of L]0, 1], finite convex com-
binations of relatively weakly open subsets are relatively weakly open.
We study this phenomenon in the closed unit balls of Banach spaces
and call it property CWO. We introduce a geometric property, property
(o), and show that if a finite-dimensional normed space X has prop-
erty (co), then for any scattered locally compact Hausdorff space K, the
space Co(K,X) has property CWO. Several finite-dimensional spaces
are shown to have property (co). We present an example of a three-
dimensional real Banach space for which Cy(K, X) fails property CWO.
We also obtain stability results for the properties CWO and (co), for in-
stance, if a Banach space contains a complemented subspace isomorphic
to £1, then it does not have the property CWO.

1. INTRODUCTION

In this paper we consider Banach spaces over the scalar field K, where K
is either the real field R or the complex field C. If not mentioned explicitly
the space involved could be either real or complex. By Sx, Bx, and B%
we denote respectively the unit sphere, unit ball, and open unit ball of a
Banach space X. The topological dual of X is denoted by X*. By a slice
(of the unit ball) we mean a set of the form

S(z*,e):={x € Bx : Rea™(z) > 1 —¢},

where £ > 0 and z* € Sx+. A topological space K is said to be scattered if
every non-empty subset A of K contains a point which is isolated in A.
Let F = {f € L1][0,1] : f > 0,]f|| = 1}. It was shown in [6, Re-
mark IV.5, p. 48|, that F has “a remarkable geometrical property” any
convex combination of a finite number of relatively weakly open subsets (in
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particular, slices) of F is still relatively weakly open. Recently, in [1], it was
shown that if K is a scattered compact Hausdorff space, then the space
C(K,K) of continuous K-valued functions on K has the property that fi-
nite convex combinations of slices of Bk k) are relatively weakly open in
Be(k xy- Subsequently, in [7], it was shown that C'(K,K) has this property
if and only if K is scattered. In fact, in |7] the result was proven for the
space Cp (K, K) of continuous K-valued functions on K vanishing at infinity,
where K is a locally compact Hausdorff space. The results in [1] are true
also in this setting.

The main focus of this paper is to prove that, for some Banach spaces X,
the space Cy(K, X) of X-valued continuous functions on a scattered locally
compact Hausdorff space K also satisfies the property that finite convex
combinations of slices of B¢k x) are relatively weakly open in Be,k, x). We
will prove this by showing that even finite convex combinations of relatively
weakly open subsets of the unit ball B,k x) are relatively weakly open in
the unit ball. More specifically, we consider the following properties.

Definition 1.1. Let X be a Banach space. We say that

(a) X has property CWO, if, for every finite convex combination C' of
relatively weakly open subsets of By, the set C'is open in the relative
weak topology of By;

(b) X has property CWO-S, if, for every finite convex combination C' of
relatively weakly open subsets of By, every x € 'Sy is an interior
point of C' in the relative weak topology of Bx;

(c) X has property CWO-B, if, for every finite convex combination C
of relatively weakly open subsets of By, every x € C'N B% is an
interior point of C' in the relative weak topology of By.

It is clear that a Banach space X has property CWO if and only if it
has both properties CWO-S and CWO-B. We will show in Theorem 5.5
that L0, 1] has property CWO-S, but it fails to have property CWO-B by
Corollary 4.6. In fact, any ¢;-sum of two spaces with property CWO-S has
property CWO-S, but fails to have property CWO-B [7, Theorem 2.3 and
Proposition 2.1]. Let K be a scattered locally compact Hausdorff space. In
Example 3.4, we give an example of a finite-dimensional Banach space X
such that Cy(K, X) has property CWO-B, by Theorem 2.5, but Cy(K, X)
fails property CWO-S, by Proposition 3.3. Thus neither of the properties
CWO-S and CWO-B implies the other.

Note that, in the definition of property CWO-S, the intersection C'N Sy
may be empty. Every strictly convex Banach space has property CWO-S.
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Indeed, let C' denote a finite convex combination of relatively weakly open
subsets Wi, ..., W, of Bx. Then every x € C'N Sx is an extreme point of
Bx, hence x € ﬂ?:l W, which is a relatively weakly open neighbourhood of
x contained in C.

We also remark that if an infinite-dimensional Banach space X has prop-
erty CWO-B, then, by [10, Theorem 2.4|, every finite convex combination
of slices of Bx has diameter two, that is, X has the strong diameter two
property. This is not the case for property CWO-S since, for example, /5
has this property.

Let K be a locally compact Hausdorff space. It is known that Cy(K, X)
can be identified with the injective tensor product Cy(K)®.X. It is also
known that the (injective) tensor product X®.Y of two Banach spaces
X and Y contains one-complemented isometric copies of both X and Y.
We will show in Proposition 4.3 that property CWO is inherited by one-
complemented subspaces. Hence in order for Cy(K, X) to have property
CWO, it is necessary that both Cy(K) and X have property CWO. By |7,
Theorem 3.1|, this implies that K must be scattered. Hence we will only
consider scattered locally compact Hausdorff spaces K.

The paper is organized as follows. Section 2 is about spaces of the type
Co(K, X), where K is a scattered locally compact Hausdorff space and X a
finite-dimensional Banach space. We establish and discuss here a geometric
condition on X, property (co), guaranteeing that Co(K, X) has property
CWO; see Theorem 2.5. We prove that all strictly convex spaces have prop-
erty (co). We also show that Cy(K, X) has property CWO-B whenever X
is finite-dimensional.

In Section 3 we show that any two-dimensional real Banach space has
property (co), but there exists a three-dimensional real Banach space which
fails property C'WO-S. This shows that property CWO is strictly stronger
than property CWO-B. We also show that if the dual of a finite-dimensional
Banach space X (real or complex) is polyhedral, then X has property (co).
Finally we show that both the real and complex ¢} have property (co). It
should be noted in this connection that, in the complex case, (/1)* = (7 is
not a polyhedral space while ¢7 is.

In Section 4 we prove, in Proposition 4.3, that all the CWO-properties
are stable by taking one-complemented subspaces. We also show that if X
contains a complemented subspace isomorphic to /1, then X does not have
property CWO-B.
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In Section 5 we show that co-sums of finite-dimensional Banach spaces
with property (co) have property CWO. This result provides examples of
spaces with property CWO outside the class of Cy( K, X )-spaces discussed in
the two previous sections. We end this section by showing that the real space
Li(p) has property CWO-S provided p is a non-zero o-finite (countably
additive non-negative) measure.

We follow standard Banach space notation as can be found, e.g., in the
book [4]. As mentioned above, we consider Banach spaces over the scalar
field K, where K = R or K = C. We use the notation T = {a € K : |a| =1}
and D ={a € K: |a| <1}

2. A GEOMETRIC CONDITION FOR BANACH SPACES X GUARANTEEING
THAT Cy(K, X) HAS PROPERTY CWO

Our main objective in this section is to establish a geometric condition for
finite-dimensional Banach spaces X guaranteeing that the space Cy(K, X),
where K is a scattered locally compact Hausdorff space, has property CWO.

Definition 2.1. Let X be a Banach space. We say that a point z € By
has property (co), if for every n € N, n > 2,
(con) whenever z1,...,x, € Bx and Ay, ..., A, > 0, Z?Zl A; =1, are such
that = = Z?Zl Ajzj, and € > 0, there is a 6 > 0 such that, setting
B := B(z,9) N By, there are continuous functions

v;: B — By, je{l,...,n},

such that, for every u € B,
(21)  w=) AOi(w) and  |T(u) —ayll <, je{l,...,n}
j=1

We say that the space X has property (co) if every point x € Bx has
property (co).
For finite-dimensional Banach spaces, property (co) implies property

CWO. We will see in Proposition 3.3 and Example 3.4 that not every finite-
dimensional Banach space has property CWO.

Proposition 2.2. Let X be a finite-dimensional Banach space with property
(co). Then X has property CWO.

Proof. Let n € N, let Uy, ..., U, be relatively weakly open subsets of By,
and let Ay, ..., A, >0 with 357 Ay = 1. If 2 = 37 | A\jz; where z; € Uj,
then there exists an ¢ > 0 such that B(z;,e) N Bx C Uj; for every j €

{1,...,n}.
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By assumption, we can find a 6 > 0 and functions v; : B(z,d) N Bx —
Bx such that, for every u € B(x,0) N By, we have v;(u) € B(z;,¢) and
=1 AjUj(u) = u. This means that > 7| \;U; is relatively weakly (=norm)
open in By. O

Proposition 2.3. Let X be a Banach space.
(a) Suppose that, for a point x € Bx, either x is an extreme point of
Bx or ||z|| < 1. Then x has property (co).
(b) Suppose that X is strictly convex. Then X has property (co).

Proof. (b) follows immediately from (a); so let us prove (a). Let n € N,
n>2let x1,...,0, € Bx and Ay,..., A, >0, 377 Aj = 1, be such that
x =737 Az, and let & > 0.

First suppose that x is an extreme point of Bx. Then x = z; € Sx
for every j. Taking 0 := ¢ and defining v;(u) = u for every u € B :=
B(z,d) N By, the conditions (2.1) hold.

Now suppose that |z|| = 1 — o for some o > 0. Put 7 := §. Choose § > 0
with 0 < or. Define, for every u € B := B(z,d) N By,

Vj(u) =zj+r(r—z;)+u—2), je{l,...,n}
Since » 7, Aj(z — ;) = 0, we get Y7, A\;v;(u) = u. We also have
|0;(w)]| = [[re+(1—r)zj+(u—2)|]| <r(l—0)+(1—r)+d=1—rc+0 < 1;
hence v, : B — Bx. Since § < or, we have
[0 (w) = zjll = lIr(z —25) + (u =) (1 —0) +r+0 <2r =¢,
and we are done. O

Now comes the “core” result of this section.

Theorem 2.4. Let K be a scattered locally compact Hausdorff space and
let X be a finite-dimensional Banach space. Suppose that an element x €
Beyk,xy s such that, for every t € K, the point x(t) € Bx has property
(co). Then, whenever x belongs to a finite conver combination of relatively
weakly open subsets of Bey(k,x), the element x is an interior point of this

convex combination in the relative weak topology of Bey(k,x)-

Before proving Theorem 2.4, let us cash in some dividends it brings

summarized in the following main theorem.

Theorem 2.5. Let K be a scattered locally compact Hausdorff space and

let X be a finite-dimensional Banach space. Then

(a) Co(K,X) has property CWO-B;
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(b) if X has property (co), then Co(K, X) has property CWO;

Proof. (a) follows from Theorem 2.4 and Proposition 2.3, (a).
(b) follows trivially from Theorem 2.4. O

In the proof of Theorem 2.4, it is convenient to rely on the following

lemma.

Lemma 2.6. Let K be a scattered locally compact Hausdorff space and let
X be a Banach space.

(a) Let f € Scyk,x)- and let € > 0. Then there are N € N, t1,...,ty €
K, and x3,...,x%y € X* such that ijl 25| < 1 and, for the
functional g = Zjvzl or; @ x5 € Co(K, X)*, where

= ZCL‘;(Z(tJ)), S C()(K,X),

one has ||f —g|| <e.

(b) Let x € Beyk,x) and let U be a neighbourhood of x in the relative
weak topology of Bey(k,x)- Then there are a finite subset T' of K and
an € > 0 such that, whenever u € Bey(k,x) satisfies

(2.2) lu(t) —z(t)|| <e for everyteT,

one has u € U.

(c) Suppose that X is finite-dimensional. Let x* € Beyk x), let T be
a finite subset of K, and let € > 0. Then the set U of those u €
Beyk,x) that satisfy (2.2), is a neighbourhood of = in the relative
weak topology of Bey (i x)-

Proof. (a). Set Z = Co(K,X) = Co(K)®.X. It is known that Z* =
Co(K)*®,X* and that Bz« = conv{Sc,x)- ® Sx-} [13, Proposition 2.2].
Since K is scattered, we have Cy(K)* = ¢, (K) and

By =conv{d; @ " : s € K,x" € Sx+}.

(b). Let a finite subset F C S¢,(k,x)+ and an € > 0 be such that
{u € By, xy: | f(u) — f(x)| < 3¢ for every f e F} CU.
By (a), for every f € F, there are Ny € N, t;; € K, 7}, € X*, j €
{1,..., N¢}, such that Zj\fzfl |27 ;1| < 1 and, for the functional g; = Zjvzfl Ot;,®
x5 € Co(K, X)*, one has | f — gs|| <e.
Set
T:={ty;: feF,je{l,....,Ns}},
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and suppose that u € Be(k,x) satisfies (2.2). For every f € F, since

\gfu_m_zxﬁ ultys) = (1) < Zuwwmf,)—x(tmu
oS < -
j=1
one has

() = f(@)] < |f(u) = gr(@)] + |gr(u —2)| + |g(x) — f(2)]
< 2[f = gzl + lgs(u — @)
< 2e4¢e =3¢,
and it follows that u € U.

(¢). In finite-dimensional spaces the function that maps points to their
norm is weakly continuous. Thus the mapping u — maxer ||u(t) — z(t)]| is

weakly continuous and the conclusion follows. O
We are now in a position to prove Theorem 2.4.

Proof of Theorem 2.4. Let n € N, let Uy, ..., U, be relatively weakly open
subsets of B,k x), and let x; € U; and A\; > 0, Z?Zl Aj =1, be such that
xr = Z?Zl Ajz;. We are going to find a neighbourhood U of x in the relative
weak topology of Beyk x) such that U C 377, \;Uj.

By Lemma 2.6, (b), there are an € > 0 and a finite subset 7" of K such
that

e whenever uy, ..., u, € Beyx,x) are such that, for every s € T,

(2.3) lluj(s) —x;(s)|| <e, Jje{l,...,n},
one has u; € U;, j € {1,...,n}.
For every s € T, let 0,5, B, and Uy ; be, respectively, the ¢, B, and the func-
tions v; from Definition 2.1 with z = z(s) and x; = z,(s). By Lemma 2.6, (c),
there is a neighbourhood U of x in the relative weak topology of Be,(k x)
such that, for every u € U,
|lu(s) — x(s)|| < 05 for every s € T.

Let u € U be arbitrary. We are going to show that u € Zyzl AiU;

For every s € T', pick H, to be a compact neighbourhood of s such that

u(t) € By for every t € Hy.

We can choose the neighbourhoods H,, s € T', to be pairwise disjoint. For

every j € {1,...,n}, since X is finite-dimensional, by Tietze’s extension



8 T. A. ABRAHAMSEN, J. B. GUERRERO, R. HALLER, V. LIMA, AND M. POLDVERE

theorem, there is a continuous function w; : K — X such that w;(t) =
Vs j( (t )) for every s € T and every t € H,. By Urysohn’s lemma, there is a
k € Cy(K,R) with values in [0, 1] such that x|r = 1 and suppx C |
Set

SET

u; := kw; + (1 — k)u € Beyk,x), J€{L,...,n}.
Notice that u = >°7_| A\ju;. Indeed, if ¢ ¢ supp &, then x(t) = 0 and thus
> i Ajug(t) = Y70 Aju(t) = u(t); if t € suppk, then t € Hy for some
s €T, thus

> Ay (t) = 3o A (u(t) = ult)

(because u(t) € By), and
Z A (t Z A ( + (1= K()u(t))
= /f(t)u(t) + (1= k() u(t) = u(t).

Also notice that, for every j € {1,...,n} and every s € T, since u;(s) =
wj(s) =7, (u(s)) and u(s) € By, one has (2.3), thus u; € Uj. O

3. BANACH SPACES WITH PROPERTY (co)

In this section we explore Banach spaces with property (co). We give
an example of a finite-dimensional Banach space, which fails property (co),
and many examples of finite-dimensional Banach spaces with property (co)
(see Propositions 3.5 and 3.7, and Theorem 3.8 below). We start with a
characterization of property (co).

Definition 3.1. Let X be a Banach space. We say that a point x € By has
property (co2) if the condition (con) in Definition 2.1 is satisfied for n = 2.

We say that the space X has property (co2) if every point © € By has
property (co2).

Proposition 3.2. For a Banach space X, properties (co2) and (co) are

equivalent.

Proof. 1t is clear that property (co) for X implies property (co2). For the
reverse implication, assume that X has property (co2), and that m € N with
m > 2 is such that, whenever x € By, the condition (con) in Definition 2.1
holds for n = m. It suffices to show that, whenever = € By, the condition (co
n) holds also for n = m+ 1. To this end, let € By, let z1,...,2,.1 € By
and Aq, ..., Ay >0, ZmH A; = 1, be such that x = Zmﬂ Az, and let
e>0.
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Setting A := ZmH Aj and y = Z;"ng X1, observe that Zm+1 3 =1,
M+ A=1 and z = Mz + \y.
By our assumption, there is a g > 0 such that, setting By := B(y, dp) N

By, there are continuous functions v;: By — Bx, j € {2,...,m+ 1}, such
that, for every v € By,
mil
v=3"J0(0) and [[5(0) —xyll <& for every j € {2,...,m+ 1},
=2

Since X has property (co2), there is a 6 > 0 such that, setting B :=
B(z,d) N By, there are continuous functions u;: B — Bx and v: B — By
such that, for every u € B,
u=Mu(u) + Ao(u), |ur(u) —ax1] <e, |[o(u) =yl < do.

It remains to define, for every j € {2,...,m+1}, a function u;: B — Bx by
u; = U; o0, because in that case, for every u € B, observing that v(u) € By,

one has
| (u) — ;]| = H@(@(U)) — :cJH <e forevery j€{2,...,m+1},

and

m+1 s m+1 \

o) = 3 05 (0w) = 3 (),

Jj=2 j=2

and thus
m+1
u = Mui(u) + Ao(u Z)\ w;(u

which shows that X has property (co). O

The following proposition indicates a class of Banach spaces X, which do
not have property (co) nor does the space Cy(K, X) have property CWO-
S. A concrete example of a representative of this class will be given in

Example 3.4.

Proposition 3.3. Let X be a Banach space such that ext Bx is non-closed
in the norm topology, and let x € ext By \ ext Bx. Then
(a) = fails property (co2);
(b) X fails property CWO-S;
(c) whenever K is a locally compact Hausdorff space, the space Cy(K, X)
fails property CWO-S.

Proof. (a) is obvious.

(b). By assumption there are zy,x9 € Sy, x1 # 9, such that x =
$21 + 325. Define a linear functional g : span{z, z; — 22} — K by g(z) =0
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and g(z; — x2) = 1 (observe that the elements = and x; — 5 are linearly
independent). Letting z* € X* be any norm preserving extension of ﬁ, one
has z* € Sx«, *(z) = 0, and z*(x;) = 2, z*(x2) = —2a for some a > 0.

Consider the slices
S1:={a € Bx : Rez*(a) > a} and Sy:={a € Bx:Re(—z")(a) > a}.

Then z; € S;, j € {1,2}, and thus z € %51 + %SQ.

Let U be an arbitrary neighbourhood of = in the relative weak topology
of Bx. Then there is a § > 0 such that B(z,d) N Bx C U. We may assume
that § < a.

By assumption, there exists u € ext Bx N B(x,0) C U. Suppose that
u = %ul + sup with u; € S;, j € {1,2}. Since u is an extreme point,

U] = Uy = u. But
|Rez™(u)] < |Rex™(z)|+ |lu—2z| <6 <«
hence u; ¢ S;, j € {1,2}, and u ¢ 35 + £S5. Thus « is not an interior
point of %Sl + %SQ in the relative weak topology of By.
(c) follows from (b) and Proposition 4.3 since Cy(K, X) = Co(K)®.X

contains a one-complemented copy of X. Il

We now give a concrete example of the phenomenon described in Propo-
sition 3.3.

Example 3.4. Let X be the Banach space R? whose unit ball is
BX = CODV((B[% - 61) U Bg:go U (Bg% + 61)),

where e; = (1,0,0). Then the point (1,0,1) € Sx is not an extreme point of
Bx (because it lies on the line segment connecting the points (1, —1,1) € Sx
and (1,1,1) € Sx), but it has extreme points of Bx arbitrarily close to it.

Let X be a finite-dimensional Banach space. If X is a real Banach space,
then X is called polyhedral if ext Bx is a finite set. For a complex Banach
space X, following [11], we say that By is a complex polytope if there exists
a finite set A C ext By such that ext By = T - A. We will say that X is
polyhedral if Bx is a complex polytope.

Proposition 3.5. Let X be a finite-dimensional Banach space such that the
dual X* is polyhedral. Then X has property (co2) (and hence property (co)).

Proof. Let € > 0 and define 7 := 5. Let ext Bx+/T = {¢1,..., dm}.
Let x € Bx. Assume that z1,20 € Bx and A, Ay > 0, with A\; + Ay =
1, are such that © = Ax; + Aawy. Define J := {n : |¢,(x)| < 1} and



CWO BANACH SPACES 11

o := minye (1 — |¢n(x)]) > 0. Choose 6 > 0 such that § < ro. Set B :=
B(z,0) N Bx and define functions vy, 0, : B — Bx by

vj(u) i =z;+r(e—z;)+ (u—2x), je{l,2}
It is trivial that v; and v, are continuous. We have
MU (u) + Ato(u) =z +r(z—2)+ (u—2) =u
and
I550) = 51l = (@ = a) + (u— )| < r(1 =) +7+6 <2 —e.

It remains to show that vy, 02(u) € By for all w € B. Let j € {1,2},
u€ B,ne{l,...,m}, and a € T be arbitrary.
If |¢p,(x)| =1, then |(agp,)(x)| =1 and

(a¢n) (@) = Ai(agn)(21) + Ao(adn)(2).

This means that (a¢,)(z) € T has been written as a convex combination
of elements in . But every point in T is an extreme point in D, hence

(adn)(2;) = (adn)(x), j € {1,2}. Since
vj(u) = (1 —r)(z; — ) +u,
we have
(@) (U5(w))] < (1 = r)l(adn)(z; — 2)| + |¢n(w)] = 0+ |pn(u)] < 1.
If |¢n(x)| < 1, then we use the fact that

vj(u) =1 —-r)z;+re+ (u—ux)

and get
[(an) (0 ()] < (1= 7)|n ()] + 7|dn ()] + [dn(u — )]
<(I-r)+r(l—0o)+9
<l—ro+ro=1.
In conclusion, |¢(v;(u))| < 1 for all ¢ € ext Bx~; hence v;(u) € Bx. O

Note that both real and complex ¢ are polyhedral, and while real (7 is
polyhedral, complex ¢7 is not. We will however prove that complex ¢} has
property (co) in Theorem 3.8 below.

Recall that, by Proposition 2.3, (a), every norm-less-than-one point of
any Banach space has property (co) (and hence property (co2)). Next we
give a necessary and sufficient condition for norm-one points in Banach
spaces to have property (co2), which is easier to verify that the condition
from Definition 3.1 (and Definition 2.1). More precisely, we show that it is
enough to define the functions from Definition 2.1 on a neighbourhood of



120, A. ABRAHAMSEN, J. B. GUERRERO, R. HALLER, V. LIMA, AND M. POLDVERE

the norm-one point on the sphere and not a neighbourhood in the unit ball.
This result will be applied to show that, for any n € N, the complex space
(7 has property (co2).

Theorem 3.6. Let X be a Banach space and let x € Sx. The following
assertions are equivalent:
(i) x has property (co2);
(ii) whenever x1,x9 € Sx, 1 # Ty, and A, Ay > 0, A\; + Ay = 1, are such
that x = \x1 + Aoxg, and € > 0, there is a 0 > 0 such that, setting
S = B(x,0) N Sx, there are continuous functions vq1,09 : S — By
such that, for every u € S,

(31) u = )\101(U) + )\QDQ(U) and ||Uj(u) — ‘IJH <e, JE {1, 2}
Proof. (i) = (ii) is obvious.

(ii) = (i). Let @1,29 € Bx and A, Ay > 0, Ay + Ay = 1, be such that
T = AMZ1 + Aaxg, and let 0 < € < 1. Then, in fact, 1,25 € Sx.

First consider the case when x; = x5; then also x = x;. Taking § = ¢ and
defining v (u) = Vy(u) = u for every u € B := B(z,d) N By, the conditions
(2.1) hold, hence x has property (co2).

Now suppose that x; # xg; then, in fact, 1 # x # x9. By our assump-
tion, there is a v € (0,¢) such that, setting S := B(z,7) N Sx, there are
continuous functions vy, v, : S — By satisfying (3.1) with € replaced by
for every u € S.

Set C' := {au: a € [0,1],u € S} and § = 1. Observe that B :=
B(x,0) N Bx C C. Indeed, suppose that a € B. Since

0> [l —al = ||z]| = [lal] = T = lall,
one has [lal| > 1—§ > 1. For u := Tay> one has a = [laflu and u € S, because
a x x la —z| 1—|al| 20
T
lall el lall lall lall - {lall
<46 =7.

Since every a € B has a unique representation a = au, where a € (0, 1]
and u € S, the functions v1,7, : B — By defined by

(3.2) vj(a) = vj(au) == av;(u), j € {1,2},

are well defined. We now show that these functions are continuous. To this
end, let agug € B (o € (0,1], ug € S) and § > 0. By the continuity of v,
and vy, there is a dp > 0 such that, whenever u € S satisfies ||[u — ugl| < do,
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one has ||v;(u) — v;(up)|| < £, j € {1,2}. Suppose that au € B (a € (0,1],

u € S) is such that ||au — a0u0|| < min{%, 2} Then also

do
mm{f 2} > [law — aguol| = |H04“H - HOéoUoH’ = |a — ay|

and, since a = [Jau| > 3

1 do 6
= woll < —(llaw = aouol] + oo — af Juoll) < 2(F + ) = do.
Thus
[0 () =5 (aouo)|| = [law;(u) — agv;(uo)l
g B
< [ = al o) | + aollog(u) — vs uo)ll < 5+ = 5.
It follows that the functions vy, v, : B — Bx are continuous.
It remains to observe that, whenever au € B (« € (0,1], u € S), one has

Aoy (u)) + Aa(avg(u)) = (Ao (u) + A0a(u)) = au,
and, since o = [|aul| > 1 -4,
€ .
lavw () = a5l < (1 = a)fJoj (w)l| + [loj(w) — ;] <o+ 5 <e, j€{L,2}
U

Proposition 3.7. Let X be a two-dimensional real Banach space. Then X
has property (co).

Proof. We are going to apply Proposition 3.2 teamed with Theorem 3.6. Let
x,x1,xy € Sx with x7 # x5 and A, Ay > 0 with A\; + Ay = 1 be such that
T = A1+ Xz, and let € > 0. We may assume that d := ||[z—x1|| < ||z —z2|
(or, equivalently, Ay < A;) and that ¢ < d. Set a := ””” illl Observe that
d < 1,and ||z+ta|| = 1 whenever |t| < d. We shall make use of the following

claim which is easy to believe and not much harder to prove.

CLAIM. There is a v > 0 such that, whenever 0 < 0 <, one has
(3.3) Ss = B(z,0)NSx ={x+ta:t € (=4,0)}.

Letting 0 < 6 < min{~, )‘15, % , where v > 0 comes from Claim, we can

now define functions vy, v5: S5 — Bx by

) )
U1 (z + ta) :$1+)\—a+ta, Uo(z + ta) :wQ—)\—a—l—ta, t € (=9,9).
1 2

It remains to prove Claim. First observe that the elements x and a are
linearly independent. Since all norms on X are equivalent, there is a v > 0
such that

D .= {bst =sx +ta: s, te [—g, g]} D vBx
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(observe that v < ). Now suppose that 0 < § < ~. Since B(z,0) =
r+0Bx C x+ D, every z € B(x,0) can be represented as z = z + by, where

s,t €[4 Smce|1+|<d one has

2 5]
Iz + bl = 11 + s)z +tal| = (L+ s)]lz + g5 all =1+,
hence ||z + bs|| > 1if s > 0, and ||z + by|| < 1 if s < 0; thus

B(z,6) N Sx C {z+ta:t € -4, 4]}
Since {x + ta: [t| > 0} N B(x,d) = 0 and {z + ta: |t| < §} C B(z,d) N Sy,
the equality (3.3) follows. O

We have already seen, in Proposition 3.5, that ¢7 over the real scalars

has property (co). Next we show that this is also true for complex ¢7.
Theorem 3.8. Let n € N. Then the complex space (% has property (co).

Proof. We are going to apply Proposition 3.2 teamed with Theorem 3.6.
Let wo, 21,22 € Spp with 1 # x5 and Aj, Ay > 0 with Ay + Ay = 1 be such
that g = Az + Aoxs, and let € > 0. For a complex number (, we write
¢ = (r,¢), where r and ¢ are, respectively, the modulus and an argument
of ¢. For every j € {0,1,2}, let z; = («))2,, where 2/ = (1], ¢}). We
may assume that ¢ = @] = ¢? for every i € {1,...,n} (this is because
1 + zall = | + llzal] yields |z} + 22| = |a}| + [2]).
For every j € {0,1,2} and every v > 0, define

—{(7"”@) el |ry—rl| <~ foreveryie {l,...,n}
and |¢; — ¢!| < 7 for every i € {1,...,n} with r/ #O},

and pick a v > 0 such that D;(2vy) C B(xj,e) whenever j € {1,2}. We
may assume that v < 7, and that 2y < 7/ whenever j € {0,1,2} and
i €{1,...,n} are such that / > 0.

Set

I = {Z c{l,....,n}:r >7’Z-2}, I = {Z c{1,....,n}:r <7”i2}.

Define p} := p? :=r! =r?if i ¢ I U Iy, and

A A

pro=rl— TI—lT and  pli=rl 4 ?j_—j for every i € I,
A A

pi =7+ TI—QT and p; =17 — TI—J for every i € I5.

Observe that
(1) \ip} + Aop? = )\17"1 + Xor? =1 for every i € {1,...,n};
(2) Yo pl =" ] =1forevery j € {1,2};
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(3) |p! —rl| < v for every j € {1,2} and every i € {1,...,n};
4) p] > M =: f > 0 for every j € {1,2} and every i €
{1,...,n} with r? #£ 0.

Choose a d > 0 such that B(xg,d) C Dy(5). Forevery u € S := B(xg,0)N
Spn, writing u 1= ((7"? + 5i(u),¢i(u))>i:1, where |d;(u)| < 8 and |¢;(u) —
Y| < B (here the latter inequality is dropped if 70 = 0), define

0j(0) = (o] + &) ou(w) ), j e {12},
Note that ||ul| = >0, r? + 6;(u) = 1+ 37, 8;(u), hence > 1" di(u) = 0
and thus

loj(w)ll =D 1o} +d:w) =D pl +di(u) = 1.
i=1 i=1

The functions vy,05: S — By are continuous and satisfy (3.1) for every
ueSs. O

From Theorem 3.8 (Proposition 3.5 in the real case), Proposition 2.2,
and Theorem 2.5 we know that, for any scattered compact K, Cy(K, (}) =
Co(K)®.07 has property CWO. A similar result does not hold for the pro-

jective tensor product.

Proposition 3.9. Let X be a Banach space. Then X &} fails property
CWO-B.

Proof. The proof of |7, Proposition 2.1| shows that if X and Y are Banach
spaces, and Z := X ®,Y, where 1 < p < oo, then there exists a finite convex
combination of slices of Bz which contains 0, but which fails to contain a
relatively weakly open neighbourhood of 0.

The assertion follows since X @, ¢} is isometrically isomorphic to £7(X)
(see proof of [13, Example 2.6, p. 19]). O

4. STABILITY RESULTS

In this section we discuss stability results of the C'WO-properties in
Definition 1.1. We start by showing that they all are stable by taking one-
complemented subspaces, but first, let us make things easier for ourselves.

Lemma 4.1. Let X be a Banach space.
(a) The following assertions are equivalent:
(i) X has property CWO;
(il) whenever Uy and Uy are relatively weakly open subsets of By and
A, A2 >0, A\ + Xy = 1, the convex combination A\U; + \Us is

open in the relative weak topology of By .
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(b) The following assertions are equivalent:

(i) X has property CWO-S;

(ii) whenever Uy and Uy are relatively weakly open subsets of Bx,
A, A >0, A\ + X =1, and z1 € Uy, 9 € Uy are such that
IA\1x1 + Aoo|| = 1, the element A\ixo + Noxo is an interior point
of MUy + AUy in the relative weak topology of Bx.

(c) The following assertions are equivalent:

(i) X has property CWO-B;

(ii) whenever Uy and Uy are relatively weakly open subsets of Bx,
A, A >0, A\ + Xy =1, and 1 € Uy, x9 € Uy are such that
|A11 + Aama|| < 1, the element \yxo + oo is an interior point
of MU7 + A\Us in the relative weak topology of By .

The proof of (c), (ii) = (i), makes use of the following lemma.

Lemma 4.2. Let X be a Banach space, letn € N, let Uy, ..., U, be relatively
weakly open subsets of By, and let Ay,..., A, > 0, Z;L:1 Aj = 1. Then every
x €30 AUy with ||lz]| <1 can be written as

T = Z/\jxj, where x; € U; and ||z;|| < 1 for every j € {1,...,n}.
j=1
Proof. Let x = 7, \ju; with u; € U, j € {1,...,n}, be such that
||z|]| < 1. Choosing r € (0, 1) small enough, we have z; := re+(1—r)u; € U,

and ||z;|| < 1 for every j € {1,...,n}. It remains to observe that
n n
Z/\j:cj:'r’x—l—(l—r)Z)\juj:m:—l—(l—'r’):c::c. O
o j=1

Proof of Lemma 4.1. In each of (a)—(c), the implication (i) = (ii) is trivial.
(ii) = (i) follows easily by induction using the same idea of splitting the
convex combination as in Proposition 3.2. More precisely, for (c), (ii) = (i),

one first uses Lemma 4.2. O

Proposition 4.3. Let X be a Banach space. One-complemented subspaces
of X inherit each of the properties CWO, CWO-B, and CWO-S.

Proof. Let Y be a subspace of X and P: X — X a projection onto Y with
||IP|| = 1. Using Lemma 4.1, it is enough to consider

Cy = )\1U1 + )\QUQ,

where U; and U, are relatively weakly open subsets of By and A\, Ay > 0
with A\; + Ay = 1. Since P is weak-to-weak continuous, P~*(U;) N Bx and
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P~Y(Uy) N By are relatively weakly open in Bx. Set
Cx := M (P~ (U1) N Bx) + X (P~'(Us) N Bx).

Notice that Cy = C'x N By. This is immediate from Cy C Cy and P(Cy) C
Cy.

If X has property CWO, then CY is relatively weakly open in By, there-
fore C'y is relatively weakly open in By and it follows that Y has property
CWwo.

For properties CWO-S and CWO-B, notice that Cy NSy = (CxNSx)N
By and Cy N By, = (Cx N B%) N By. O

In the case of CWO-B, we can say a lot more. Let A > 1. Recall that a
closed subspace Y of a Banach space X is said to be locally A-complemented
in X if, for every finite-dimensional subspace E of X and every € > 0, there
exists a linear operator P : E — Y with Pgx = x for all x € ENY and
|Pel| < A+e¢e. If Y is locally A-complemented in X, then there exists an
extension operator ® : Y* — X* that is (®y*)(y) = y*(y) for all y € YV
and y* € Y*. Note that ® can be chosen so that ||®| < A. This was shown
independently by Fakhoury [5, Théoréme 2.14] and Kalton |9, Theorem 3.5].

Theorem 4.4. Let X be a Banach space with property CWO-B and let Z be
an infinite-dimensional Banach space such that, for every e > 0, the space X
contains a locally (1 + €)-complemented subspace which is (1 + €)-isometric

to Z. Then Z has the strong diameter two property.

Proof. Suppose for contradiction that Z fails the strong diameter two prop-
erty. Then there are n € N 2f,.... 28 € Sz, a > 0, Ay,..., N, > 0

with >°" A = 1, and p € (0,1) such that, whenever j € {1,2}, setting

2= (—=1)77'z; and

S% = 8(2;0) = {2 € By: Rezj,(x) > 1—a},

one has diam(C7) < 2p, where C7 := >°" | \;SZ. Observe that 3(C7 +
C§) c B(0,p), because S7; = —S7; and thus Cf = —C7.

Choose € > 0 so that 1/(1+¢)*> > max{p,1 — a}, and let Y be a
closed locally (1+ 5)-complemented subspace of X such that there exists an
isomorphism 7' € L(Y, Z) with | T]] < 1 and ||T7}|| < 1+¢. Since Y is locally
(14 5)-complemented, there exists an extension operator ® : Y* — X* with
|@]| <14 5. Consider the slices

1
X L . X %k
Sjn‘ = {x € Bx: Re(®T Z]z)(x) > 1+ 5}
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of Bx. To see that the sets SX are non-empty, observe that

1271 1 1
10T 25l 2 (19T 25,1 v [l = 177250l = =57 = ey > :
B (A b I (A N

Set CX .= 37" NS, 7 €{1,2}.

Since 0 € ijl S 38K = (O 4 C5), by courtesy of property
CWO-B for X, there is a relatively weakly open subset W of Bx such that
0eW C 3(Cf +C5). Since W := By NW is non-empty (because 0 € W)
and relatively weakly open in By, there exists a y € Sy N W (here we use
that Y is infinite-dimensional). Now y € Z? L >on A4S thus there are

G
zj; € S5 such that y = Z] LS ;. Define
E :=span{z;;,:je{1,2},ie{l,...,n}} C X
and
F=span{T"2},; :j € {1,2},i € {l,...,n}} C Y™

Let Ig : E — X be the natural embedding. By [12, Corollary 3.3|, there
exists a linear operator Pg : E — Y with ||Pg|| < 1+ ¢, Pgx = z for all
r € ENY, and y*(PEa:) = Oy*(x) for all z € F and y* € F. Then y =

Pry = ZJ Lo A Ppaj,. For every j € {1,2} and every i € {1,...,n},
one has
1 . 1
Yji = 1 +€PExj,i SIRNVES By : RG(T Z]J)(’y) > m .
Set yj :=> 0 Niyji, J € {1,2}. Observing that Ty;,; € Sjl, one has Ty; €

CZ, thus v := 3(Ty1+Ty2) € B(0, p) and 5 (y1+y2) = T~v € B(0, (1+¢)p).
It follows that

1
(g1 + )| < p(14¢)* <1,

1 — —
Il = ;

ZZ 5P| =

7j=1 =1

(1+¢)

a contradiction. O

Using the fact that if a Banach space X contains a complemented copy of
(1, then it already contains, for any € > 0, a (1+ ¢)-complemented subspace
(1 4 e)-isomorphic to ¢; [3, Theorem 5|, we immediately get

Corollary 4.5. If X contains a complemented subspace isomorphic to {4
then X does not have property CWO-B.

Since every non-reflexive subspace of an L-embedded space contains a
complemented subspace isomorphic to ¢; [8, IV.Corollary 2.3| we obtain the
following.
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Corollary 4.6. Let X be an L-embedded Banach space and M a closed
infinite-dimensional subspace of X. Then M does not have property CWO-
B.

In particular, L1]0,1] does not have property CWO-B.

5. THE SPACES ¢y(X,,) AND L;(u)

Let {X,,} be a sequence of Banach spaces. Then ¢y(X,,) is the Banach
space of all norm null sequences (z,), where z,, € X,, for all n € N, with
norm ||(z,)|| = sup{||z,|| : » € N}. Note that the dual Banach space of
co(X,,) is the Banach space ¢1(X}) with norm ||(z})| = > 02, ||k |-

We will need a lemma similar to Lemma 2.6.

Lemma 5.1. Let {X,} be a sequence of finite-dimensional Banach spaces,
and let x € Bey(x,)-

(a) LetU be a neighbourhood of x in the relative weak topology of Bey(x.,)-
Then there are a finite subset M of N and an € > 0 such that,
whenever y € B (x,) satisfies

(5.1) ly(m) —z(m)|| <& for every n € M,

one has y € U.

(b) Let M be a finite subset of N, and let € > 0. Then there is a neigh-
bourhood U of x in the relative weak topology of Bey(x,) such that
every y € U satisfies (5.1).

Proof. Set Z := ¢y(X,,). Then Z* = (,(X}).
(a). Let a finite subset F of Sz and an & > 0 be such that

{y € Bz :|f(y) — f(x)| < 3¢ for every f € F} C U.

For every f = (2%)5, € F, let fy be its projection onto the first N coor-
dinates, that is, fy = (z}) where 2% = 2 forn € {1,...,N} and 2z} = 0
for n > N. Choose N so large that ||f — fn| < e for all f € F, and let
M ={1,...,N}. Note that || fx| < ||f|l = 1.

Now, if y € By satisfies (5.1), then, for every f € F,

1f(y) = F@)] < [f(w) = In@) + [fn(y) = v@)] + [ fa(z) = f(2)] < 36,

and it follows that y € U.
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(b). For every m € M, let A,, C Bx; be a finite 5-net for By . Set
U:= {y € Bey(x,) ¢ |2 (y(m) — 2(m))| < % for every m € M

and every z* € Am}.
Let y € U and m € M be arbitrary. Picking 2* € Bx: so that

2 (y(m) — z(m)) = [ly(m) — z(m)],

there is an 2* € A,, satisfying ||z* — 2*|| < . One has

ly(m) — xz(m)|| = 2" (y(m) — 2(m))
< |lz* = 2*||[ly(m) — z(m)|| +
2¢ €

3 T3 °

z*(y(m) — z(m))]
<

g

Theorem 5.2. Let {X,,} be a sequence of finite-dimensional Banach spaces

with property (co). Then co(X,) has property CWO.

Proof. Set Z := ¢o(X,,). Let V; and V5 be relatively weakly open subsets of
Bz and let A, Ay > 0 with A\ + Ay = 1. Using Lemma 4.1, it is enough to
consider the convex combination C' := A\ Vi +XVs. Let £ = ANz + Aoy € C
with z; € V;. We are going to find a neighbourhood U of x in the relative
weak topology of Bz such that U C C.

By Lemma 5.1, (a), there are an € > 0 and a finite subset M of N such
that

e whenever y;,y, € By are such that, for every m € M,
ly;(m) —z;(m)|| <, je{1,2},
one has y; € V;, j € {1,2}.
For every m € M, let 6,, and v,, ;, be, respectively, the § and the functions
v; from condition (con) of Definition 2.1 with X = X,,, n =2, x = x(m),

and x; = z;(m), j € {1,2}. By Lemma 5.1, (b), there is a neighbourhood
U of x in the relative weak topology of By such that, for every y € U,

ly(m) —xz(m)|| < 0, for every m € M.

Let y € U be arbitrary. Define y1,y. € Bz by y;(m) = Uy, ;(y(m)) for
every m € M and y;(n) = y(n) for every n € N\ M. Then y = \jy1 + Aoy
with y; € V;, and hence U C C. O
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It is known that the Banach space ¢(¢%) is not isomorphic to ¢q (here,
by co(f5) we mean the space ¢o(X,,), where X,, = ¢4 for every n € N). By
the above theorem, and Proposition 2.3, (b), the space ¢y(f3) has property
CWO. In fact, we have the following result.

Corollary 5.3. Whenever 1 < p < oo, the Banach space co({}) has property
CWo.

Proof. We use Theorem 5.2 together with Theorem 3.8 if p = 1, with Propo-
sition 2.3, (b), if 1 < p < oo, and with Proposition 3.5 if p = oc. O

The above result does not hold for f.-sums. Not even ¢,, = C(pN)
has property CWO since SN is not scattered (that would force /4, to be
Asplund [4, Theorem 14.25]), and C'(K') has property CWO only when K
is a scattered compact Hausdorff space |7, Theorem 3.1].

In [6, Remark IV.5], it was observed that finite convex combinations of
relatively weakly open subsets of the positive face of the unit ball of L;[0, 1]
are still relatively weakly open. Our next theorem shows that the same (and
even more) holds for the whole unit sphere.

Remark 5.4. Let 1 be a non-zero o-finite (countably additive non-negative)
measure on a o-algebra Y of a non-empty set 2. Then pu is atomless if and
only if every finite convex combination of relatively weakly open subsets of
Bp,(u) intersects the unit sphere.

Indeed, let Uq,...,U, be non-empty relatively weakly open subsets of
Br, (- By Bourgain’s lemma [6, Lemma II.1], each U; contains a finite
convex combination of slices (of By, (). Hence any convex combination of
the U,’s contains a finite convex combination of slices. Identifying L (u)*
with L. (1), one can easily show that if p is atomless, then any convex
combination of slices of By, (,—and thus also any convex combination of
the U,’s—intersects Sx (see |1, Example 3.2] for an argument).

On the other hand, if A € ¥ is an atom for pu, then ﬁXA € Br, is
strongly exposed by ¢ := xa € By () (here we identify L;(p)* with Lo (i)
again). It follows that if & > 0 is small enough, then the slices 5} := S(g, @)
and Sy := S(—g,a) of By, () have diameter less than 1. Now, the convex
combination C' := %Sl + %Sg contains 0 and has diameter less than 1; thus
C does not intersect the unit sphere.

As a consequence of the results in [2] and the above remark, L;(u) has
the Daugavet property if and only if every finite convex combination of

relatively weakly open sets of its unit ball intersects the unit sphere. Next
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we show that every point in such an intersection is an interior point of the

corresponding convex combination in the relative weak topology of B, ().

Theorem 5.5. Let i be a non-zero o-finite (countably additive non-negative)
measure on a sigma-algebra X of a non-empty set ). Then the real space

Li(p) has property CWO-S.

Proof. Let U; and U, be relatively weakly open subsets of the closed unit
ball By, of Li(p), and let A\;, Ao > 0, Ay + Ay = 1, and x; € Uy, 25 € Uy
be such that ||[Ajz; + Aexs|| = 1. By Lemma 4.1 it is enough to find a
neighbourhood W of x := Ajx; + Az in the relative weak topology of
By, () such that W C AUy + AUs.

Throughout the proof, whenever convenient, we identify functionals in

Ly(p)* with elements in L, (1) in the canonical way. Since Lo, (u) = span{xg:

¥}, there are a finite collection F of subsets of ¥ and an € > 0 such that

[E(U—Iz‘) dp

We may assume that |Jg.» £ = €, that the sets in F are pairwise disjoint,

V= {U c BLl(M) :

and that, for every £ € F, either x1xg > 0 a.e. and xoxg > 0 a.e., or
rixep < 0 ae. and zoxgp < 0 a.e. (the latter is because if xjxq(t) < 0
for almost every t in a set D € ¥ with p(D) > 0, then one would have
[#]] = A1 + Ao < 1).

Set Ey := Uper, E where Fy := {E € F: [,xdyu = 0}, and label the
sets in F \ Fy as Fy, ..., E, where n € N. For every i € {1,...,n}, set

o ::/ r1dp, B ::/ Todp, and ;= /\1%4‘)\2@':/ x d.

Note that, since x; and x5 have the same sign on each F;, we have 3— > 0,
% >0, and |y;| = sz |z| dp for every i € {1,...,n}.

Set Jy := {z e{l,....,n}: oy =0or f; :O}, Ji:=A{1,...,n}\ Jo, and,
if Ji # 0, then set T' := 3. |yl Pick § > 0 so that Mn?*} < ¢ where
M = max;<i<y thi  \We may assume that if J; # 0, then 0 < bl and

Yi 2
2Mn?§ ol Bi ,
T < mln{% , %_} for every i € Jj.

Define
/ wdp —
E;

W = {w € Br,w:
Let w € W be arbitrary. For every i € {0,1,...,n}, set w; = wyg, and

< ¢ for every i € {1,...,n}}.

ni:= |lwi]l = [7i]. Then

Vil 4+ 15 = |Jwi| =/ \w| dp > ‘/ wdu‘ > || =9,
E; E;

< 2e for every E € f} cU, ie{l,2}.
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whence n; > —4. On the other hand,

Ll =Y lwgll =Y bl +m+ > ny > 140 — (n = 1)3,
j=0 j=1 j=1

J#
whence n; < (n — 1)d, and thus |n;| < nd. Observe that if J; # (), then
il T
p = Z [Jws|| = Z(|%| + i) > Z(|%‘| —0) > Z 2 2
i€Jy i€J1 i€J1 i€Jy1
Setting

— - Bi — ‘
c: ZZI . i,

one has
el <MY |mi| < Mn?s,
i=1
and thus, for every 7 € Jj,

lc| 2| 2Mn?%5 _ {ai BZ}
— < —K < mingy —, — ¢.
p T r Vi Vi
Define ug := vy := wy and, for every i € {1,...,n},
Q; i
U; = —‘U}i, U; = (Q— + )\2 E) w;,
T ifieJdy, and JE ifie .
Vi -= _wl Vi =\ — — )\1 — | w;
i Vi p

Define u := > ju; and v := )" v;. For every i € {0,1,...,n}, one has
At + Aov; = w;; thus Adju+ v = Y7 w; = w. Now,

Q; (67 C
Jull = el + 3 %+ 3 (7 Y ;) o]

iedy 't i€Jy
n
a.
= [lwoll + D —llwill + Aac
1 )i

51' e
Yi

= ||on+Z?(\%|+m)+)\22 i
i=1 ' i=1

= "\ + A2 f3;
= fwoll + 3 Jou] + 3 T
i=1 i=1 g

= [Jwoll + 1+ mi,
=1

and, similarly, [Jo]l = o]l + 1+ S, mi. Since

(5.2) [[woll = [[wl]l — Z Jwil| <1 - Z il = Zﬁz‘ = - Z%
i=1 =1 i=1 =1
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it follows that ||ul|, [[v]| < 1.
It remains to show that u € U; and v € U,. To this end, first observe

that, for every i € {1,...,n},
- / wdp —
Yi |JE;

%/ wdp — o —
Yi JE; i

Thus ’fE wdp — ai‘ < ¢ for every i € Jy. For every i € J;,

< M§ <e.

thus

< 2¢.

/ Ewdu' < M/ wl dit = D] < el < Mn2o < e,
< %/ wdp — a;| + Ao
Yi -

/ wdp — o / Ewdu
E; E; Ezp

Since, by (5.2), |lwol| < = i, m < nd < e, one has, for every E € Fy,

/ud,u /azldu‘ /wodu’§/|wo\dM:||w0H<€~
FE Q

It follows that w € V; C U;. One can similarly show that v € V5, C Us, and
the proof is complete. O

6. QUESTIONS

We end the paper with some natural questions.

(a) Does every finite-dimensional Banach space with property CWO
have property (co)?

(b) All of our infinite-dimensional examples of spaces with property
CWO contain cg, that is, both Cy(K, X) and ¢o(X,,) contain a copy
of ¢g. Must every Banach space with property CWO contain a copy
of ¢o?

(c) Does there exist a dual (infinite-dimensional) Banach space with
property CWO?

(d) If both X and Y have property CWO, does the injective tensor
product X®.Y also have property CWO?

We could also ask the same if both X and Y have either property
CWO-S or CWO-B.
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