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Abstract: In this paper, we consider the following critical nonlocal problem:

M< ” M dx dy)(—A)su = % +us1 inQ,

_ y|N+2s
o Ix -yl
u>0 in Q,
u=0 inRV\ Q,

where Q is an open bounded subset of R¥ with continuous boundary, dimension N > 2s with parameter
s €(0,1), 2 = 2N/(N - 2s) is the fractional critical Sobolev exponent, A > 0 is a real parameter, y € (0, 1)
and M models a Kirchhoff-type coefficient, while (—A)* is the fractional Laplace operator. In particular, we
cover the delicate degenerate case, that is, when the Kirchhoff function M is zero at zero. By combining
variational methods with an appropriate truncation argument, we provide the existence of two solutions.

Keywords: Kirchhoff-type problems, fractional Laplacian, singularities, critical nonlinearities, perturbation
methods

MSC 2010: Primary 35]75, 35R11, 49]35; secondary 35A15, 45G05, 35515

1 Introduction

This paper is devoted to the study of a class of Kirchhoff-type problems driven by a nonlocal fractional oper-
ator and involving a singular term and a critical nonlinearity. More precisely, we consider

[u(x) - u(y)|? o-1 Ao
( JJ W dx dy) (—A)su = W +Uu in Q,

(1.1)
u>0 in Q,

u=0 inRY\ Q,

where Q is an open bounded subset of RN with continuous boundary, dimension N > 2s with param-
eter s € (0,1), 2; = 2N/(N - 2s) is the fractional critical Sobolev exponent, A > 0 is a real parameter,
0 ¢ (1,2;/2), while y € (0, 1). Here (-A)3 is the fractional Laplace operator defined, up to normalization
factors, by the Riesz potential as

20(x) —p(x+y) - @x -y)
|y|N+25

(-0 p(x) = j dy, xeRV,
]RN

*Corresponding author: Alessio Fiscella, Departamento de Matematica, Universidade Estadual de Campinas, IMECC,
Rua Sérgio Buarque de Holanda, 651, Campinas, SP CEP 13083-859, Brazil, e-mail: fiscella@ime.unicamp.br.
https://orcid.org/0000-0001-6281-4040

@ Open Access. © 2019 Walter de Gruyter GmbH, Berlin/Boston.
[ E i worc s i ibution 4.0 Public License.
This work is licensed under the Creative Commons Attribution 4.0 Public License Brought to you by | CAPES
Authenticated

Download Date | 2/10/20 6:57 PM



646 —— A.Fiscella, A fractional Kirchhoff problem DE GRUYTER

along any ¢ € C3°(Q); we refer to [11] and the recent monograph [22] for further details on the fractional
Laplacian and the fractional Sobolev spaces H*(R") and H3(Q).
Asiswell explainedin[11, 22], problem (1.1) is the fractional version of the following nonlinear problem:

—M( JIVu(x)Iz dx)Au A L o,

uvy
¢ (1.2)
u>0 in Q,
u=0 in 0Q,

where A denotes the classical Laplace operator while, just for a general discussion, M(t) = t?-! forany t € R{.
In literature, problems like (1.1) and (1.2) are called of Kirchhoff type whenever the function M : R§ — R}
models the Kirchhoff prototype, given by

M@)=a+bt’', a,b>0,a+b>0,0>1. (1.3)

In particular, when M(t) > constant > O for any ¢ € R, Kirchhoff problems are said to be non-degenerate and
this happens for example if a > 0 in the model case (1.3). While if M(0) = 0 but M(¢t) > O for any t € R*,
Kirchhoff problems are called degenerate. Of course, for (1.3) this occurs when a = 0.

This kind of nonlocal problems has been widely studied in recent years. We refer to [17-21] for differ-
ent Kirchhoff problems with M like in (1.3), driven by the Laplace operator and involving a singular term of
type u™". In [21], Liu and Sun study a Kirchhoff problem with a singular term and a Hardy potential by using
the Nehari method. The same approach is used in [19] for a singular Kirchhoff problem with also a subcrit-
ical term. In [17], strongly assuming a > O in (1.3), Lei, Liao and Tang prove the existence of two solutions
for a Kirchhoff problem like (1.2) by combining perturbation and variational methods. While in [18], Liao,
Ke, Lei and Tang provide a uniqueness result for a singular Kirchhoff problem involving a negative critical
nonlinearity by a minimization argument. By arguing similarly to [17], Liu, Tang, Liao and Wu [20] give the
existence of two solutions for a critical Kirchhoff problem with a singular term of type |x|2u~".

Problem (1.1) has been studied by Barrios, De Bonis, Medina and Peral [4] when 6 = 1, namely without
a Kirchhoff coefficient. They prove the existence of two solutions by applying the sub/supersolutions and
Sattinger methods. In [8], Canino, Montoro, Sciunzi and Squassina generalize the results of [4, Section 3]
to the delicate case of the p-fractional Laplace operator (-A)j,. While in the last section of [1], Abdellaoui,
Medina, Peral and Primo provide the existence of a solution for nonlinear fractional problems with a singu-
larity like u~¥ and a fractional Hardy term by perturbation methods. Concerning fractional Kirchhoff problems
involving critical nonlinearities, we refer to [2, 9, 13, 14, 16, 23] for existence results and to [5, 12, 24, 25, 29]
for multiplicity results. In particular, in [9, 13, 14, 23] different singular terms appear, but are given by the
fractional Hardy potential.

Inspired by the above works, we study a multiplicity result for problem (1.1). As far as we know, a frac-
tional Kirchhoff problem involving a singular term of type u™ has not been studied yet. We can state our
result as follows.

Theorem 1.1. Lets € (0,1), N > 2s,0 € (1,2%/2),y € (0, 1) and let Q be an open bounded subset of RN with
0Q continuous. Then there exists A > 0 such that for any A € (0, A) problem (1.1) has at least two different
solutions.

The first solution of problem (1.1) is obtained by a suitable minimization argument, where we must pay
attention to the nonlocal nature of the fractional Laplacian. Concerning the second solution, because of the
presence of u™’, we can not apply the usual critical point theory to problem (1.1). For this, we first study
a perturbed problem obtained by truncating the singular term u~". Then by approximation we get our second
solution of (1.1).

Finally, we observe that Theorem 1.1 generalizes in several directions the first part of [4, Theorem 4.1]
and [17, Theorem 1.1].

The paper is organized as follows: In Section 2, we discuss the variational formulation of problem (1.1),
and we introduce the perturbed problem. In Section 3, we prove the existence of the first solution of (1.1),
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DE GRUYTER A. Fiscella, A fractional Kirchhoff problem —— 647

and we give a possible generalization of this existence result at the end of the section. In Section 4, we prove
the existence of a mountain pass solution for the perturbed problem. In Section 5, we prove Theorem 1.1.

2 Variational setting

Throughout this paper, we assume without further mentioning that s € (0, 1), N > 2s, 6 (1, 23/2),y€(0, 1)
and Q is an open bounded subset of RV with 0Q continuous. As a matter of notations, we denote with
¢t = max{p, 0} and ¢~ = max{-¢, 0} respectively the positive and negative part of a function ¢.

Problem (1.1) has a variational structure, and the natural space where to find solutions is the homo-
geneous fractional Sobolev space H§(Q). In order to study (1.1) it is important to encode the “boundary
condition” u = 0 in RV \ Q in the weak formulation, by considering also that the interaction between Q and
its complementary in RY gives a positive contribution in the so-called Gagliardo norm, given as

_ 2 /
u) —uw)® )”_

by = Bl + ([ e 2.1)
R2N

The functional space that takes into account this boundary condition will be denoted by Xy and it is
defined as
Xo={ueHSRY):u=0ae.inR"\Ql.

We refer to [26] for a general definition of X, and its properties. We also would like to point out that when 0Q
is continuous, by [15, Theorem 6] the space C3°(Q) is dense in X, with respect to the norm (2.1). This last
point will be used to overcome the singularity in problem (1.1).

In X we can consider the norm

s, = ( [ uC) U dy)”z,
)

|X _ y|N+Zs

which is equivalent to the usual one defined in (2.1) (see [26, Lemma 6]). We also recall that (Xo, || - llx,) is a
Hilbert space, with the scalar product defined as

(U, v)x, = ” (u(x) —u)(v) - v(y))

|X _ y|N+Zs

dx dy.

R2N

From now on, in order to simplify the notation, we will denote | - [ x, and (-, - )x, by |- [and (-, - ), respectively,
and |- |lza) by || - 4 for any g € [1, co].

In order to present the weak formulation of (1.1) and taking into account that we are looking for positive
solutions, we will consider the following Kirchhoff problem:

(” [u(x) - u(y)|? dxdy)eil(—A)su _

+ %=1 inQ,
_ y|N+2s +)y
RV |X )/| (ll ) (22)

u=0 inRY\ Q.

We say that u € X is a (weak) solution of problem (2.2) if u satisfies

(6-1) _ 4 +\28-
lul? 1<u,¢>-A£de+£<u )1 2.3)

for any ¢ € Xo. Problem (2.2) has a variational structure and J; : Xo — R, defined by

A

_ 1 20 —[ -y 3y _ 12
JA(u)—ZBIIUII -y (") Vdx 2;Ilu 52
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648 —— A.Fiscella, A fractional Kirchhoff problem DE GRUYTER

is the underlying functional associated to (2.2). Because of the presence of a singular term in (2.2), the func-
tional J, is not differentiable on X,. Therefore, we can not apply directly the usual critical point theory to J,
in order to solve problem (2.2). However, it is possible to find a first solution of (2.2) by using a local mini-
mization argument. In order to get the second solution of (2.2) we have to study an associated approximating
problem. That is, for any n € IN, we consider the following perturbed problem:

3 2 -1
RN y W +3) (2.4)
L0 inRV\ Q.

For this, we say that u € Xy is a (weak) solution of problem (2.4) if u satisfies

Nl 21w, @) = /\J’ — P ax+ J(u+)2;‘1<p (2.5)
(u*+ )
Q Q

forany ¢ € Xo.In this case, solutions of (2.4) correspond to the critical points of the functional J, 1 : Xo — R,

setas 1 A 1 1 1

_ 20 + _l—y_ _1—y] s
Jna = gt - 2= (e 1) (1) - e (2.6)
Q

It is immediate to see that J,, 5 is of class C*(Xo).
We conclude this section by recalling the best constant of the fractional Sobolev embedding, which will
be very useful to study the compactness property of the functional J, 1. That is, we consider
ve)-v(y)I?
[ Ty dxdy

S N 2;‘ 2/2; ’
VERY) ([ olv(x0)I% dx)

S= (2.7

which is well defined and strictly positive, as shown in [10, Theorem 1.1].

3 Afirst solution for problem (1.1)

In this section, we prove the existence of a solution for problem (1.1) by a local minimization argument. For
this, we first study the geometry of the functional J;.

Lemma 3.1. There exist numbersp € (0, 1], Ao = Ag(p) > Oand a = a(p) > Osuch that Jx(u) > a forany u € Xo,
with |u|l = p, and for any A € (0, Ag]. Furthermore, set

my = inf{Ja(w) : u € B},
where B, = {u € Xo : |lull < p}. Then my < 0 for any A € (0, Ao].

Proof. Let A > 0. From the Holder inequality and (2.7) for any u € X, we have

_ *_ * 1- *_ * (1= —
j(u*)1 Vdx < QT ), < Q)3T STyt (3.1)
Q

Hence, using again (2.7) and (3.1), we get

*

26 212 2% A Q 2;-1+y)/2; ¢-(1-y)/2 1-y
S 1 S : - fo-(1- -y
Ja(u) 2 —29"71” - —2; flufl= - —] 10] S flull

Since 1 -y < 1 < 20 < 2;, the function

S22,
=", telo,1],

t20—1+y _
25

1
n(t) = bY
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admits a maximum at some p € (0, 1] small enough, that is, maxe[o,1] 7(t) = n(p) > 0. Thus, let

(1 -y)st-»/2

= et 1P

0

Then for any u € Xo with |ul| = p < 1 and for any A < A, we get Ja(u) = p'¥n(p)/2 = a > 0.
Furthermore, fixed v € Xo with v* # 0, for t € (0, 1) sufficiently small we have

Ja(tv) = e [v]|?® - ¢-7 A J(V+)17y dx - ||V+||2; <0
A= %0 i-y) 20 2

sincel-y<1<260<2;. O

We are now ready to prove the existence of the first solution of (1.1).

Theorem 3.2. Let Ag be given as in Lemma 3.1. Then for any A € (0, Ag] problem (1.1) has a solution uq € Xo
with Jx(ug) < O.

Proof. Fix A € (0, Ag] and let p be as given in Lemma 3.1. We first prove that there exists ug € Ep such that
Ja(ug) = my < 0. Let {ux}x Fp be a minimizing sequence for m,, that is, such that

I}E&h(w& =my. (3.2)

Since {uy}x is bounded in Xy, by applying [26, Lemma 8] and [6, Theorem 4.9], there exist a subsequence,
still denoted by {uy}x, and a function ug € §p such that, as k — oo, we have

Ur — up in Xo, Ux — up in L% (Q), (3.3)
ux — up in LP(Q) forany p € [1,27), ux — upa.e.in Q. '
Since y € (0, 1), by the Ho6lder inequality, for any k € IN we have
H(ui)lf” dx - J-(ug)lfy dxl < Jlu; —uytdx < luj - u3||§_y|g|(1+y)/2’
Q Q Q
which yields, by (3.3),
lim J(u;)l—y dx = J(ug)l-y dx. (3.4)
Let wi = uy — up; by [7, Theorem 2] it holds true that
2: 2 22
il = will® + ol + 0(1),  Nuillys = Iwielly + luolly + 0(1) (3.5)

as k — oo. Since {uy}x ¢ Ep, by (3.5) for k sufficiently large, we have wy € Fp. Lemma 3.1 implies that for any
u € Xo, with [[u] = p, we get

1. 59 1. .o
—Jull?® - =u*|3 = a>0,
20 2 1l

and from this, since p < 1, for k sufficiently large we have

1 1 2%
25l = Wil > 0. (3.6)

Thus, by (3.2), (3.4)—(3.6) and considering 0 > 1, it follows that, as k — oo,

my = Ja(ug) +o(1)

A iy, 1
— | (u dx —
yj( %)
Q

1 2 2
= g (Iwell® + uol®)? - 57 (IWE12: + g2 + o()

1-

|29 _

1 1 2%
> Ja(uo) + 2—9||Wk| 2—*IIWZII2§ +0(1) 2 Jaluo) + 0(1) = my
S

since ug € §p. Hence, ug is a local minimizer for J,, with J(ug) = my < 0, which implies that ug is nontrivial.

Brought to you by | CAPES
Authenticated
Download Date | 2/10/20 6:57 PM



650 —— A.Fiscella, A fractional Kirchhoff problem DE GRUYTER

Now, we prove that ug is a positive solution of (2.2). Forany y € Xo, with i > O a.e.in R, let us consider
at > 0 sufficiently small so that uo + i € B,. Since u is a local minimizer for J;, we have

0 < Ja(uo + ty) — Ja(uo)

1 1 * *
= 5g (w0 + tYI*? — uol**) - [[((uo )Y = )] dx = = (o + PIE ~ g3
S

1-y

From this, by dividing by ¢ > 0 and passing to the limit as ¢t — 07, it follows that

A j ((uo + tY)"HY — (uHr
t

lim inf

minf dx < ol o, ) - [ d. (3.7)

Q
We observe that

+\1-y _ +\1—
1 i y . ((uO + tl/}) )t Y (uo) Y _ ((uo n {tl/))-'—)_yll) a.e. in Q’

with & € (0, 1) and ((up + ét)*) 7V — (ug)‘yl/) a.e.in Q as t — 0*. Thus, by the Fatou lemma, we obtain

tw)*t 1-y _ (1, \1-y
A [y dx < limint A | (o + D) 77 = (o) (3.8)
t—-0t 1-— t
Q
Therefore, combining (3.7) and (3.8), we get
ol uo, - A [V dx - )M dx >0 (3.9)
Q Q

for any ¥ € Xo with i > 0 a.e.in R,

Since J3(uo) < 0 and by Lemma 3.1, we have ug € B,. Hence, there exists § € (0, 1) such that (1 + H)ug € Ep
foranyt € [-8, 6]. Letusdefine Iy (t) = JA((1 + t)up). Since ug is alocal minimizer for J; in Ep, the functional I
has a minimum at ¢t = 0, that is,

14(0) = luol*® - A j(ug)l-y dx - J(ug)zs* dx = 0. (3.10)
Q Q
For any ¢ € X, and any € > 0, let us define 1, = uf + €. Then by (3.9) we have

0 < fluo*® o, ) - A J(ug)‘ylﬁé dx - J(Ug)zz_l'l); dx
0 0

= Nuol2¢D (uo, e + P7) ~ A j(ug)-wg F D) dx - j(ug)zé’ (e + ;) dx. (3.11)

Q Q

We observe that, for a.e. x, y € RN, we obtain
(Uo(x) — Uo(Y))(up (X) — Ug () = ~ug Uy (y) - g (g () - [ug(0) - up()]°
< -lug () - ug I, (3.12)
from which we immediately get
(1o (x) = uo (V) (g (x) — uG(y)) < luo(x) - uo(y)I*.

From the last inequality it follows that

o e+ ) = [ 220 uo(y»(wsl(;c)_ : ffﬁif) P -V g g
IRZN
luo(x) — uo(y)I? (uo(x) = uo(¥))((x) — @(¥))
< ” Ty Jie2s dxdy +¢€ ” I~ y|N2s dx dy
IRZN ]RZN
(uo(x) = uo(y)) Wz (x) — Pz ()
+ﬂ;\[{’ Xy N2 dx dy. (3.13)
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Hence, denoting Q, = {x € RV : ul(x) + ep(x) < 0} and combining (3.11) with (3.13), we get

0 < [uol?® + elluol® (o, @) + luol?®V (uo, ;) - A j(ug VUl + eg) dx - j(u:))zé‘-l(ug + £9) dx

Q Q
+A J(ug)‘y(ug +e@)dx + J(ug)zg‘l(ug + &) dx
Q. Qg
< luol? - 1 j(ug)l-y dx - j(ug)zé’ dx + o]0 (uo, Y7)
Q Q
e[ Iuol 2V o, 93 - A [ Vg dx — [ g ax]
Q Q
~ Tto 2% o, 92 + e Iuol P o, 9) - 4 )V dx - [ g, (3.14)
Q Q

where the last equality follows from (3.10). Arguing similarly to (3.12), for a.e. x, y € RN we have

(uo(x) — uo(y)) (g (%) — ud(¥)) = lug (x) — ud ()12 (3.15)

Thus, denoting
(uo(x) — uo(¥) (W7 (x) — Pz (¥))

ué‘(ny): |X—y|N+2$

by the symmetry of the fractional kernel and (3.15), we get

(uo, Y ) = ” Ue(x,y)dxdy +2 ﬂ Ue(x, y) dx dy

QexQ, Q x(RN\Q,)

< —e( ” U(x,y)dxdy + 2 ” U(x, y) dx dy)

QexQe Qe x(RM\Q,)

< 2¢ ” |[U(x, y)| dx dy, (3.16)

Q xRN

where we set

Uik, y) = HoX) = Tt;(_y))/)|(N¢+J§>:) — 90

Clearly U € L'(R?N), so that for any ¢ > O there exists R, sufficiently large such that

Uex, )l dxdy < 5.
(supp @)x(RN\Bg,)

Also, by the definition of Q,, we have Q, ¢ supp ¢ and |Q, x Bg,| — 0 as € — 0*. Thus, since U € L}(R?Y),
there exist §5 > 0 and &5 > O such that for any € € (0, &4],

|Q¢ x Bg,| < 6, and ” |U(x, y)| dx dy < g.
QEXBRg

Therefore, for any € € (0, £5],
” [U(x, y)|dx dy < o,
QxRN
from which we get
lim, ” U(x, y)l dx dy = 0. (3.17)

QxRN
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652 —— A.Fiscella, A fractional Kirchhoff problem DE GRUYTER

Combining (3.14) with (3.16), dividing by ¢, letting € — 0* and using (3.17), we obtain

ol o, @) - A [ )V dx - [ g dx > 0
Q Q
for any ¢ € Xo. By the arbitrariness of ¢, we prove that ug verifies (2.3), that is, ug is a nontrivial solution
of (2.2).
Finally, considering ¢ = ug in (2.3) and using (3.12), we see that [ug|l = 0, which implies that ug is
nonnegative. Moreover, by the maximum principle in [28, Proposition 2.17], we can deduce that uo is a
positive solution of (2.2), and so also solves problem (1.1). This concludes the proof. O

We end this section by observing that the result in Theorem 3.2 can be extended to more general Kirchhoff
problems. That is, we can consider the problem

m( ” JuC) ~um? dy)(-ypu = % fuP Tl ing,

= y[¥ers
]RZN
) (3.18)
u>0 in Q,
U=0 inRV\ Q,

where p? = pN/(N - ps), with N > ps and p > 1, while the Kirchhoff coefficient M satisfies the following
condition:
(M) M:R{ — R{ is continuous and nondecreasing. There exist numbers a > 0 and 9 such that for any
t e R,
t
(t) = JM(T)dT > at’, with {
0

Jde1,p;/p) ifM()=0,
9=1 if M(0) > 0.

The main operator (-A)j, is the fractional p-Laplacian which may be defined, for any function ¢ € C3°(Q), as

lp() — pWIP~*(9() - (1))

N
x—yPers W xR

—_ S = i
(-A)pp(x) = 2 lim J
RY\B: (x)

where B, (x) = {y € RN : |x — y| < €}. Then, arguing as in the proof of Theorem 3.2 and observing that we have
not used yet the assumption that 0Q is continuous, we can prove the following result.

Theorem 3.3. Lets € (0,1),p > 1, N > ps, y € (0, 1) and let Q be an open bounded subset of RN, Let M sat-
isfy (M). Then there exists Ay > O such that for any A € (0, Ag] problem (3.18) admits a solution.

4 A mountain pass solution for problem (2.4)

In this section, we prove the existence of a positive solution for the perturbed problem (2.4) by the moun-
tain pass theorem. For this, throughout this section we assume n € IN without further mentioning. Now, we
first prove that the related functional J,,) satisfies all the geometric features required by the mountain pass
theorem.

Lemma 4.1. Letp € (0, 1], Ag = Ap(p) > 0 and a = a(p) > 0 be given as in Lemma 3.1. Then, for any A € (0, Ao]
and any u € Xo with |lu|]l < p, one has J,A(u) = a. Furthermore, there exists e € Xy, with |e| > p, such that
Jn,a(e) < 0.

Proof. Since y € (0, 1), by the subadditivity of ¢ — t1~7, we have
1\1- 1\1-
(1[r + —) _ (—) < wH'™ ae.inQ (4.1)
n n

for any u € Xp and any n € N. Thus, we have J, a(u) > Ja(u) for any u € Xp and the first part of the lemma
directly follows by Lemma 3.1.
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For any v € X, with v* # 0, and ¢ > 0, we have

20 29 A . Iyl £2
Tna(tv) = =5V _Tyﬂ(” +) —(5) ]d ——||v I5; —-co ast—co
Q

sincel —y <1< 20 < 2;.Hence, we can find e € Xo, with |le]| > p sufficiently large, such that J, 1(e) < 0. O

We discuss now the compactness property for the functional J,,,, given by the Palais—Smale condition. We
recall that {ui}x c Xo is a Palais—Smale sequence for Jj 1 at level ¢ € R if

Jaa(ug) — ¢ and ];’A(uk) -0 in (Xo)" as k — oo. (4.2)

We say that ]2 satisfies the Palais—-Smale condition at level c if any Palais—Smale sequence {uy}x at level ¢
admits a convergent subsequence in Xj.

Before proving this compactness condition, we introduce the following positive constants, which will
help us for a better explanation:

[( + &))@ -1 §-(1-y)/2)20/20-1+)

Dy - ( 1 )Sz j0/2;-20)  p - D1V

20 2¢ (4.3)

(2_19 - 2L*)(l—)’)/(29—1+y)
Lemma 4.2. Let A > 0. Then the functional ]  satisfies the Palais—Smale condition at any level c € R verifying
c < Dy - D,A?0/26-1+) (4.4)

with D1, D> > 0 given as in (4.3).
Proof. Let A > 0 and let {uy}, be a Palais—Smale sequence in X, at level ¢ € R, with c satisfying (4.4). We first

prove the boundedness of {u}x. By (4.2), there exists o > 0 such that, as k — oo,

1
¢ + ollugll + o(1) > Jpa(ug) - f(I;,A(uk), up)

= (%9 _ %)"uknze -2 /E_y ”(u;(r + %)1,), ~ (%)1*”] dx + ZA_;‘ J(uz + %)7yukdx
Q Q
1

> (35~ 3 Il ~A(= + 37) [l ax
Q

20 2% 2k

1 1 1 . (- -
> (55 - f)u el = A( + 5 )11 T E SO R g,
S

where the last two inequalities follow by (2.7), (4.1) and the Holder inequality. Therefore, {uy} is bounded
in Xp since 1 -y < 1 < 26. Also, {up i is bounded in Xy, and by (4.2) we have

lim ¢ ), =) = lim [l g, -u5) = 0
Thus, by inequality (3.12) we deduce that [u, || — 0 as k — oo, which yields

Jna(ur) = Jna(up) +0(1) and ) ,(ux) = J; ,(up) +0(1)  ask — co.

Hence, we can suppose that {u}x is a sequence of nonnegative functions.
By the boundedness of {uy}x and by using [26, Lemma 8] and [6, Theorem 4.9], there exist a subsequence,
still denoted by {u}k, and a function u € X such that

ur — uin Xo, lukll — u,

ux — uin L% (Q), luk - ull; — &, (4.5)

ur —» uin LP(Q) forany p € [1,2;), ux —ua.e.inQ, ux<hae.inQ,
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as k — oo, with h € LP(Q) for a fixed p € [1, 2¥). If u = 0, then immediately uy — 0 in Xy as k — co. Hence,

let us assume that u > 0.

Since n € N, by (4.5) it follows that

s

————|<n¥(h+ul) ae.inQ,
1
(uk+;)y|

so by the dominated convergence theorem and (4.5) we have

lim J # dx =0. (4.6)
koo 3 (Ui + )Y
By (4.5) and [7, Theorem 2], we have
” 2¢ g¢
lurl? = llug — ull® + ull? + o(1), ||uk||2§ = flug - u||2§ + ||u||2§ +0(1) (4.7)

as k — co. Consequently, we deduce from (4.2), (4.5), (4.6) and (4.7) that, as k — oo,

0(1) = (Jj, 5 (uk), ug — )

= Pkl 20D (g, g - uy - Aj

U —u 2:-1
—1dx—juks (up —u) dx
J (uk + 7)Y

_ 2! 2!
= P2ODG7 — ul®) - furly? + luly: +o(1)

2(6-1 2 23
= WO D g - ull® = g - ully: +o(1).

Therefore, we have proved the crucial formula

20D lim Jug - uf? = lim fug - ul3:. (4.8)
k—o00 k—o00 s

If £ = 0, since u > 0, by (4.5) and (4.8) we have uy — u in Xg as k — oo, concluding the proof.
Thus, let us assume by contradiction that £ > 0. By (2.7), the notation in (4.5) and (4.8), we get

0% > §p20-Dp2, 4.9)

Noting that (4.8) implies in particular that

by using (4.9), it follows that

wODGE ) = €%,

(62; )ZS/N — (‘u2(9—1))25/N(y2 _ ||u"2)25/N > S‘u2(9—1).

From this we obtain

H4S/N > (HZ _ "u||2)25/N > S(HZ(Q—l))(N—ZS)/N.

Considering N < 2s50/(0 — 1) = 2s6', we have

L2 > §NI@s6-N©-1) (4.10)

Indeed, the restriction N/(20') < s follows directly from the fact that 1 < 6 < 2}/2 = N/(N - 2s). By (4.1),
considering that n € N, for any k € IN we have

1

Tna(ug) - 2

, 1 1 26 1 1 1y
a2 (55 - 53 Il = A(= + 37) w7 ax

Q
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From this, as k — oo, since 8 > 1, by (4.2), (4.5), (4.7), (4.10), the Holder inequality and the Young inequality,
we obtain

11y 9 26 1 L\ @102 g--nr2 gy iy
¢ (5557 )0 +lul )_A(l_—erf)lQ' SO )

|29) _

[\

(55- 2*)(;4 + ) - (55 -

2
1 1 \-1-n)/(26-1+y) 1 1 . .
(= - — A + —)|Q|@s-1n/25 g-(1-y)/2
(3 22) M=+ e

] 20/(26-1+y)

1 1N\ segoe 1 1\-(1-»/@26-1+y) 1 1 . . 20/(20-1+y)
s (2 D \quorei2e _ (L _ L [)t 2 )@/ Sf(1fy)/z] )
(35 2;> (35 2;) (1—y+2§‘)| |
which contradicts (4.4) since (4.3). This concludes the proof. O

We now give a control from above for the functional J, 1 under a suitable situation. For this, we assume,
without loss of generality, that 0 € Q. By [10], we know that the infimum in (2.7) is attained at the function

e(N-29)/2 ‘
ug(X) = W with € > 0, (411)
that is, it holds true that
” [ue(x) — ue(y)|?

s~ dxdy = Shel

L% (RN

Let us fix r > 0 such that B,, ¢ Q, where By, = {x € RV : |x| < 41}, and let us introduce a cut-off function
¢ € C®(RN, [0, 1]) such that

1 inB,,
¢ = . (4.12)
0 inRN\B,,.
For any € > 0, we set
e = —¢u£2 € X (4.13)
Ipucl.

Then we can prove the following result.

Lemma 4.3. There exist i € Xo and A1 > O such that for any A € (0, A1),

Su(l):)]n,/l(ﬁ,b) <D - D2A29/(29—1+y)’
t>

with D1, D, > 0 given as in (4.3).

Proof. Let A, € > 0. Let u; and i, be as in (4.11) and (4.13), respectively. By (2.6), we have J, (ti):) — —c0

as t — oo, so that there exists ¢, > 0 such that J, 2(t:e) = maxXsso Jn,a(tYe). By Lemma 4.1, we know that

Ina(teye) > a > 0. Hence, by the continuity of J, ) there exist two numbers to, t* > 0 such that ty <t < t*.
Now, since [[ull; 2 (RY) is independent of €, by [27, Proposition 21] we have

lue()-us(y)1*
IfRZN |X y|N+Zs dX d

=S+ 0(eVN%),
Ipuel3.

Ipel® <

from which, by the elementary inequality
(a+bP <a’ +pla+1)P'h, foranya>0, be[0,1],p=>1,
with p = 26, it follows that, as € — 0%,

lpel?® < SO + 0(eN-25).
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Hence, by the last inequality, (2.6) and since ty < t. < t*, for any € > 0 sufficiently small, we have

t2% o No2s A 1\1-y 1\l tr
Tnatetpe) < 558° + Crel ™ - 2 [[(topes )™= (5)" ] ax- >0 (4.14)
Q

with a suitable positive constant C;. We observe that

29 o t= 1 1\ ep/0r
—sf- = (= - = )§%0/(:—20),
n?§>X( 20° T 2: ) (29 2 )
Thus, by (4.14) it follows that
1 1\ e2zer0:-20 N-2s _ A T\ty 1\l
]n’/\(tglpg) < (E - i)s + C1€ - 1_—)/ —[I:(tol/)g + H) - (H) ] dx. (4.15)
Q
Now, let us consider a positive number g, less than 1, satisfying
(N-2s)(1-y)-2q(N-2s)(1-y)+2;gN 260 1 26
. . 1- s 4,16
2 26-1+y N-2s ' 26-1+y <° (4.16)

that is, since 2 < 20 < 23, N > 2sand y € (0, 1), such that

(N-25)(25 -26)(1-y) }

0<g< mm{ng(z; —~2)+ 46Ny + 80s(1 - y)’

By the elementary inequality
a' —(a+ b)Y < -1 -y)bINPgP-DA-V/P foranya > 0, b > 0 large enough, p > 1,

with p = 2%/2, considering € < r'/4 sufficiently small, with r given by (4.12), and since g < 1, we have

1 1\1-y 1\1-y _ . 1 2(1-y)/25
- - (= _o(N=25)(1-y)/2;
1-y J [(tolngr n) (n) ]dxs ce ,[ [(|x|2+£2)(N—25)/2] dx
{xeQ:|x|<eq} {xeQ:|x|<eq}
< _CzS((N—ZS)(l—y)—Zq(N—ZS)(1—y)+2;‘qN)/2§‘ , (4.17)
with two positive constants C and C, independent of . By combining (4.15) with (4.17), we get
Taa(tee) < (i _ l)sz;euz;—w) + C1eN-25 _ €, e((N-29)(1-)-2q(N-25)(1-p)+2; aN)/2; (4.18)
’ “\20 2;

Thus, let us consider A* > 0 such that
Dy - D,A%%/29-1%) 5 0 forany A € (0, 1%),

and let us set

Ve 2q6 Vs = 20[(N -2s)(1 —y) —2g(N - 2s)(1 —y) + 2gN] .1

T 20-1+y(N-25)° 20260 -1+ y)(N - 2s) ’
_ 20 R o 1/vy Cs —1/V3}
V3—V2—29_—1+y, Al—mln{/\ , T ,(m) >

where rand q are given in (4.12) and (4.16), respectively, while we still consider D; and D, as defined in (4.3).
Then, by considering € = AV1/9 in (4.18), since (4.16) implies that v3 < 0, for any A € (0, A;) we have

]n,/\(tsEbs) < D1 + ClAZG/(ZO—l-f—y) _ CzAVZ — D1 + AZQ/(29—1+y)(C1 _ CzAVB) < D1 _ DZAZG/(29—1+)/)’

which concludes the proof. O

We can now prove the existence result for (2.4) by applying the mountain pass theorem.
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Theorem 4.4. There exists A > O such that, for any A € (0, A), problem (2.4) has a positive solution v, € X, with
& < JnA(Vn) < D1 — Do A20/20710), (4.19)

where a, D1 and D, are given in Lemma 3.1 and (4.3), respectively.

Proof. Let A= min{Ap, A1}, with Ao and A; given in Lemmas 3.1 and 4.3, respectively. Let us consider
A € (0,A). By Lemma 4.1, the functional J, 1 verifies the mountain pass geometry. For this, we can set the
critical mountain pass level as

Cn,2 = inf max J, 1(g(t)),
gerl te[0,1]

where
I' = {g € C([0, 1], Xo) : g(0) = 0, Jn,A(g(1)) < O}.

By Lemmas 4.1 and 4.3, we get

0<a<cpar<sup/pa(ty) <Dy — D2A29/(29—1+y).
t>0

Hence, by Lemma 4.2 the functional J, 1 satisfies the Palais—-Smale condition at level c,,. Thus, the mountain
pass theorem gives the existence of a critical point v, € X, for J, 1 at level ¢y, 5. Since

Jna(Vp) = cpp > a > 0 = Jp2(0),

we obtain that v, is a nontrivial solution of (2.4). Furthermore, by (2.5) with test function ¢ = v; and
inequality (3.12), we can see that [v;|| = 0, which implies that v, is nonnegative. By the maximum principle
in [28, Proposition 2.17], we have that v, is a positive solution of (2.4), concluding the proof. O

5 A second solution for problem (1.1)

In this last section, we prove the existence of a second solution for problem (1.1), as a limit of solutions of
the perturbed problem (2.4). For this, here we need the assumption that 0Q is continuous in order to apply
a density argument for the space Xj.

Proof of Theorem 1.1. Let us consider A as given in Theorem 4.4, and let A € (0, A). Since A < Ay, by Theo-
rem 3.2 we know that problem (1.1) admits a solution ug with J1(ug) < O.

In order to find a second solution for (1.1) let {v,}, be a family of positive solutions of (2.4). By (2.7),
(4.1), (4.19) and the Holder inequality, we have

1
Dy = DA2ICE-1Y) 5 oy 2—*(];’A(vn), Vn)
S

~ (35 3 el - 1

[ B o R A [ P R

s
Q

Q
1 1 26 A 1-y
2 (55 52 Il - 15 [ v ax
Q

1 1 0 A Q:-149)/2 o~(1-P)/2¢,, 11y
> (55~ 57l - = ol SOy,
which yields that {v,}, is bounded in X, since 1 — y < 1 < 26. Hence, by using [26, Lemma 8] and [6, Theo-
rem 4.9], there exist a subsequence, still denoted by {v,},, and a function vo € X, such that

Vn — Vo in Xp, [vall — 1,
. 2*
Vn — Vo in L% (Q), Ve —voll2: — ¢, (5.1)

vp — Vo in LP(Q) forany p € [1,27), vy, — vpa.e.in Q.
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We want to prove that v,, — vg in Xp as n — co. When u = 0, by (5.1) we have v, — 0 in Xy as n — oo. For

this, we suppose p > 0. We observe that
Vn 1-y

<V

Sm_ a.e.in Q,
Vn"'ﬁ

so by the Vitali convergence theorem and (5.1) it follows that

. v 1-
lim J—"dx: jvo Y dx. (5.2)
n_’OOQ (vn + %)y o
Using (2.5) for v, and test function ¢ = v,, by (5.1) and (5.2), as n — oo, we have
yze—AIvé_y dx + ||vn||§§ =0(1). (5.3)
Q

For any n € N, by an immediate calculation in (2.4) we see that

A
2(0-1)(_A)S : N .
Ival 2D (-A)*v, 2 min{1, zy} in Q.

Thus, since {v,}, is bounded in Xy and by using a standard comparison argument (see [3, Lemma 2.1]) and
the maximum principle in [28, Proposition 2.17], for any Q e Q there exists a constant cg > O such that

Vp2cg >0, ae.in Q and for any n € IN. (5.4)

Now, let ¢ € C3°(Q) with supp ¢ = Q e Q. By (5.4), we have

< |L1| < I_q;I a.e.in Q,
(Va + 3) 5

so that by (5.1) and the dominated convergence theorem we obtain

: 4 -y
lim J—dx= J’v dx. 5.5
Nn—00 (Vn + %)y 0 ¢ ( )
Q Q
Thus, by considering (2.5) for vy, sending n — co and using (5.1) and (5.5), forany ¢ € C3°(Q) it follows that
w20 Dyg, @) -2 J Vo @ dx + J v lpdx =o0. (5.6)
Q Q

However, since 0Q is continuous, by [15, Theorem 6] the space C3°(Q) is dense in Xo. Thus, by a standard
density argument, (5.6) holds true for any ¢ € X,. By combining (5.3) and (5.6) with test function ¢ = v, as
n — oo we get

PN~ voll?) = Ivally: - Ivolly: +o(1),
and by (5.1) and [7, Theorem 2] we have

PO lim vy - vol® = €%. (5.7)

If ¢ =0, thenv, — vpin Xy as n — oo since u > 0.
Let us suppose £ > 0 by contradiction. Arguing as in Lemma 4.2, by (5.1) and (5.7) we get (4.10). There-
fore, since 0 > 1, by (4.1), (4.10), (4.19), (5.1), the Holder inequality and the Young inequality we have

D1 _ DZAZB/(29_1+y)
1
> ]n,A(Vn) - 27(];1’/((‘01): Vn)
s

11y 5 26 1 1\ 01@i-140/28 c-A-0)12 1y 1 1-Y
> (55— 55 )2 + Ivoll ""(Tfﬁ)'g' S Ivol

20 25

1 1\ 2re/0:-20) 1 1 —<1—y>/(29—1+y>[ 1 1 (25 14y)/2* o—(1y)/2 ]2/ G071

)80/ (= - = 4 = )10]@s-1n/25 g-(1-y)/2 ,
> (3 2;)5 (25 2;) A<1—y+2§‘)|| S

which is the desired contradiction, thanks to (4.3).
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Therefore, v,, — vg in Xo as n — oo, and by (2.3) and (2.5) we immediately see that v is a solution of
problem (2.2). Furthermore, by (4.19) we have Jj(vo) > @ > 0, which also implies that v, is nontrivial. Rea-
soning as at the end of the proof of Theorem 4.4, we conclude that v is a positive solution of (2.2), and so vq
also solves problem (1.1). Finally, v is different from uq since J3(vo) > 0 > Ja(uog). O

Funding: The author is supported by Coordenacao de Aperfeicoamento de Pessoal de Nivel Superior through
the fellowship PNPD—-CAPES 33003017003P5. The author is member of the Gruppo Nazionale per ’Analisi
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