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Parametric generation of subharmonics in a composite multiferroic resonator has been observed 

and investigated. The resonator has the form of a disk and contains two mechanically coupled 

layers, one of which is amorphous ferromagnet FeBSiC and the other piezoelectric lead zir-

conate-titanate. The resonator was placed inside two planar electromagnetic coils with orthogo-

nal axes. A static magnetic field of 0-100 Oe was applied parallel to the plane of the resonator. 

The resonator was excited in the frequency range f = 9-10 kHz by either a harmonic magnetic 

field with an amplitude of up to 5 Oe generated by one of the coils, or a harmonic electric field 

with an amplitude of up to 500 V/cm applied to the piezoelectric layer. When the pump field was 

above a certain threshold, generation of a subharmonic of half-frequency (f/2) was observed for 

three different excitation methods. The first two employed either the direct magnetoelectric ef-

fect or the converse magnetoelectric effect, while in the third a transformer system was utilised. 

The subharmonic was generated in a limited range of pump frequencies and its amplitude was a 

nonlinear function of both the pump-field amplitude and the strength of static magnetic field. A 

theory of parametric generation of the subharmonic in a multiferroic resonator has been devel-

oped, taking into account the magnetoacoustic nonlinearity of the ferromagnetic layer of the 

structure and excitation of acoustic resonances near the pump and subharmonic frequencies. The 

theory qualitatively describes the main characteristics of the subharmonic generation. 

DOI:       PACS numbers(s): 

 

 
I. INTRODUCTION 

Magnetoelectric (ME) effects in composite multiferroic 

heterostructures have been extensively studied in recent 

decades due to prospects of creating highly sensitive sensors 

of magnetic field [1-3], new devices for radio-signal pro-

cessing [4-6], elements of magnetic memory switchable by 

voltage [7-9], and autonomous power sources for microelec-

tronic devices [10]. ME effects in planar ferromagnetic-

piezoelectric (PM-PE) structures result from a combination 

of magnetostriction in the PM layer and piezoelectricity in 

the PE layer due to the mechanical coupling of the layers 

[11,12]. The effects manifest themselves either as a change 

in polarization of the structure in an external magnetic field 

(the direct effect) or as a change in magnetization, when an 

electric field is applied (the converse effect). In particular, 

when a magnetic field is applied, magnetostriction of the FM 

layer causes it to expand on contract. This deformation is 

transmitted to the PE layer, which, due to the piezoelectric 

effect, generates an electric voltage. In practice, ME effects 

are usually investigated by affecting a heterostructure with 

an alternating magnetic (h) or electric (e) field and recording 

the response of the structure at the same frequency (f) [13]. 

The magnitude of the direct ME effect is characterized by 

the magnetoelectric coefficient )/( hav pE  , where v is the 

amplitude of the voltage generated by the structure, αp is the 

thickness of the PE layer. In turn, the magnitude of the con-

verse ME effect is characterised by the coefficient 

eBB /  , where δB is the change in magnetic induction 

of the FM layer. 

To date, the linear ME effects in heterostructures of dif-

ferent compositions and different shapes have been studied 

quite well. It is shown that the efficiency of both direct and 

converse ME transformations depends strongly on materials 

of the layers [12,14,15] as well as strength and orientation of 

external magnetic and electric fields [16,17].  For excitations 

with variable fields, the ME conversion efficiency increases 

by 2-3 orders of magnitude due to a sharp rise of mechanical 

deformations when the frequency of the excitation field 

coincides with the frequency of an acoustic resonance in the 

structure [18,19]. As a result of research in the last two dec-

ades, the maximum efficiency of the direct ME effect was 

increased from ~ 20 mV/(cm Oe) to ~ 20 kV/(cm Oe) [20].  

A number of nonlinear ME effects have also been ob-

served for a large-field excitation of the heterostructures. 

Nonlinear effects are shown to occur due to the nonlinear 

dependence of magnetostriction λ of the FM layer on static 

magnetic field H, nonlinear dependence of the magnetization 

of the FM layer M on deformation S, and nonlinear depend-

ence of deformation S of the PE layer on electric field E. 

Among the discovered nonlinear ME effects are frequency 

doubling and generation of higher harmonics of voltage [21] 

or magnetization [22], voltage generation with the sum and 

difference frequencies when the structure is excited by two 

different magnetic or electric harmonic fields [23-25], sup-

pression of ME hysteresis in heterostructures [26], occur-

rence of bistability in a ME acoustic resonator [27], paramet-
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ric amplification of a signal when the heterostructure is 

pumped by an electric field with double frequency [28, 29].  

In the present work a nonlinear effect of generation of 

the half-frequency subharmonic in a ferromagnet-

piezoelectric planar heterostructure, excited by a harmonic 

magnetic or harmonic electric field, is experimentally ob-

served. It is shown that the subharmonic generation arises 

due to the magnetoacoustic nonlinearity of the ferromagnetic 

layer and when both the excitation frequency and its sub-

harmonic are close to the frequency of an acoustic resonance 

in the heterostructure. Note that generation of subharmonics 

is used in parametric optical generators [30]. Generation of 

subharmonics was observed in nonlinear magnetoacoustic 

ferrite [31] and antiferromagnetic [32] resonators. 

The first part of the work describes the multiferroic FM-

PE heterostructure used in the experiments and various re-

gimes of subharmonic generation. The second part shows the 

results of experimental studies of subharmonic generation 

when the heterostructure is excited by an alternating magnet-

ic or electric field. Then a theory of parametric generation of 

subharmonics in FM-PE heterostructures is described. The 

obtained results are discussed in the next part of the work. 

Finally, the main results and conclusions of the work are 

summarised. 

 

II. COMPOSITE FERROMAGNET-PIEZOELECTRIC 

RESONATOR AND MEASUREMENT TECHNIQUES 

 

In the experiments, a disk resonator (see Fig. 1) of radius 

R = 8 mm was used. It contained an FM layer of amorphous 

ferromagnet FeBSiC (Metglas 2605SA1, produced by 

Metglas
®
, Inc. USA [33]) of thickness am = 20 μm and a PE 

layer of lead zirconate titanate PbZr0.52Ti0.48O3 (PZT-19, 

produced by Elpa Research Institute, Moscow, Russia [34]) 

of thickness ap = 200 μm. The amorphous FM was chosen 

because it possesses a rather high saturation magneto-

striction of λS ≈23∙10
−6

 and a small saturation field HS≈100 

Oe thus facilitating observation of nonlinear effects. The 

surface of the PZT disk was coated with 2 μm thick Ag-

electrodes and poled perpendicular to the plane in a constant 

electric field of 15 kV/cm. The PZT’s piezomodule was 

η
31

≈−5.2 C/m
2
. The layers of ferromagnet and piezoelectric 

were bonded to each other with a layer of Loctite epoxy 

adhesive (~4 μm thick) under pressure. The resonator was 

placed inside flat electromagnetic coils with mutually per-

pendicular axes inserted into each other as shown in Fig. 1. 

The inner coil had a cross-section of 40 mm
2
 and contained 

N1 = 200 turns of 0.2 mm diameter wire. The outer coil had a 

cross-section of 80 mm
2
 and contained N2 = 220 turns of the 

same wire. A static magnetic field H was applied parallel to 

the plane of the structure along the x-axis. 

A schematic diagram of the experimental setup is shown 

in Fig. 2. Agilent 35210 generator was used to generate ME 

effects by applying voltage V from it either to the excitation 

coil (to study the direct ME effect) or to the PZT layer elec-

trodes (to study the converse ME effect). Static magnetic 

field H = 0-120 Oe was produced by Helmholtz coils of 20 

cm in diameter, which were powered by Agilent E3634 DC 

source. Magnetic field was measured by LakeShore 

421gaussmeter with 0.1 Oe accuracy. The waveform of 

generated voltage v(t) was recorded by Tektronix 

TDS3032B oscilloscope, and FFT Network Analyzer SR770 

was used to observe voltage spectra v (f). The setup enabled 

us to record characteristics of the generated response for 

different values of  f, h, e and H. 

The measurements were performed in three different re-

gimes. 

- In the first regime, the resonator was excited by an alternat-

ing magnetic field. The schematic diagram for this case is 

shown in Fig. 2. Voltage V (f) was applied to the inner coil, 

that created in the sample an ac magnetic field of amplitude 

up to h = 5 Oe and frequency f = 0.1-12 kHz directed parallel 

to the field H and the plane of the sample along the x-axis. 

The amplitude and waveform of voltage v(f) generated due 

to the direct ME effect between the electrodes on the top and 

bottom surfaces of the PZT layer was recorded. 

- In the second regime, the resonator was excited by an al-

ternating electric field. Voltage V(f) was applied to the elec-

trodes of the PZT layer, producing a variable electric field of 

the amplitude up to e = 500 V/cm, directed along the z-axis. 

Voltage v(f) generated by the inner coil due to the converse 

ME effect was recorded. 

- In the third regime, the resonator was excited by an alter-

nating magnetic field created by the inner coil when voltage 

V(f) from the generator was applied to it. The generated by 

the outer coil voltage v(f), which is proportional to the am-

plitude of magnetoacoustic oscillations in the structure, was 

recorded in this case. The orthogonal orientation of the coil 

axes provided minimal direct electromagnetic interference. 

 

 
FIG. 1. Schematic diagram of the FM-PE resonator 

with excitation and receiving coils subjected to a static 

magnetic field H.  

 
 

FIG. 2. Block diagram of the setup for studying parametric 

generation upon excitation of the resonator by magnetic 

field. 
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III. EXPERIMENTAL RESULTS 

 

A. Parametric generation in the case of direct  

magnetoelectric effect 

 

Figure 3 shows the amplitude-frequency (a) and phase-

frequency (b) responses of the resonator for the direct ME 

effect (regime 1). The resonator was excited by a magnetic 

field of small amplitude, h = 1 Oe, while the frequency of 

the excitation field was scanned, and the amplitude v and 

phase φ of the voltage generated by the PZT layer of the 

structure were recorded. Two resonances, one with central 

frequency f1 ≈ 5.56 kHz and quality factor Q1 ≈ 22 and the 

other with central frequency f2 ≈ 9.96 kHz and Q2 ≈ 40 were 

observed. It will be shown below that these resonances cor-

respond to an excitation of lower modes of bending vibra-

tions of the disk structure. Near the resonance frequencies, 

the phase of the generated signal (see Fig. 3b) changes by 

~180 degrees. 

Frequency spectra of the measured voltage (see Fig. 4) 

clearly show the occurrence of parametric generation. When 

the resonator is excited by a pump magnetic field of small 

amplitude h = 1 Oe at frequency fp = 10 kHz, only a compo-

nent of amplitude vp at this frequency is observed in the 

spectrum. An increase in the excitation field amplitude 

above a certain threshold hth results in a generation of a sub-

harmonic of amplitude vs with frequency 2/ps ff   that 

corresponds to a half of the excitation frequency. 

Figure 5 shows the subharmonic amplitude as a function 

of frequency of pump field fp in a static magnetic field H = 

45 Oe for different amplitudes h of pump field. Initially, 

when the threshold amplitude hth ≈ 2 Oe is reached, the sub-

harmonic appears only when the structure is excited at fre-

quency fp = 9.96 kHz. Then, with increasing h, the frequency 

region within which the subharmonic is generated, gradually 

expands up to fp ≈ 9.5-10.5 kHz for h = 5 Oe. In the latter 

case, the amplitude of the subharmonic rises sharply near the 

boundaries of the range and decreases monotonically with 

increasing frequency within the range. There is a small hys-

teresis between the up and down sweeps. 

Figure 6 shows dependences of the subharmonic ampli-

tude on the magnitude of static magnetic field H for different 

amplitudes of excitation magnetic field with frequency fp = 

9.7 kHz. Upon reaching the threshold amplitude hth ≈ 2 Oe, 

the subharmonic first appears at Hm1 ≈ 48 Oe. Then, with 

increasing h, the field region at which the subharmonic is 

generated gradually expands, reaching H ≈ 20-110 Oe for 

h=5 Oe. In the latter case, the amplitude of the subharmonic 

 
FIG. 6. Subharmonic amplitude as a function of static field 

for direct ME effect for different pump field amplitudes h 

and fp  = 9.7 kHz. 

 
FIG. 5. Subharmonic amplitude as a function of pump 

field frequency for direct ME effect and different am-

plitudes of alternating magnetic field h in static field H 

= 45 Oe. 

 

FIG.  3. Amplitude-frequency (a) and phase-frequency (b) 

responses of FM-PE resonator for h = 1 Oe and  H = 18 Oe.  

 
FIG. 4. Frequency spectra of generated voltage due to 

direct ME effect for H = 18 Oe, when: (a) field h = 1 

Oe is below threshold; (b) field h = 4 Oe is above 

threshold. 
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is maximum in the center of the range and decreases mono-

tonically near its boundaries. 

 Figure 7 shows the subharmonic amplitude as a function 

of pump field amplitude h at fp = 9.7 kHz for different static 

fields H. It can be seen that with an increase in h, the ampli-

tude of the subharmonic increases, first sharply and then 

more slowly. A subsequent decrease in h results in a hyster-

etic behaviour: the subharmonic amplitude is larger for de-

creasing than for increasing h. In accordance with Fig. 6, an 

increase in H first increases the subharmonic’s amplitude but 

then decreases it when H becomes greater than 50 Oe. 

  

B. Parametric generation in the case of converse  

magnetoelectric effect 

 

In the case of the converse ME effect (regime 2), when 

the resonator is excited by an electric field e applied to the 

PZT layer and the voltage generated by the internal coil is 

recorded, the frequency and phase responses are similar to 

those shown in Fig. 3. With an increase in the amplitude of 

pump electric field above the threshold value eth ≈ 50 V/cm, 

a generation of the subharmonic with a half of the excitation 

frequency 2/ps ff 
 
is observed. 

Figure 8 shows dependences of the subharmonic ampli-

tude vs on frequency fp of the pump electric field for different 

excitation amplitudes e in a fixed field H = 30 Oe. It can be 

seen that near the threshold eth ≈ 50 V/cm, the subharmonic 

appears at approximately the same frequency  fp ≈ 9.95 kHz 

as in regime 1. As the amplitude of the pump field increases, 

the region of frequencies where the subharmonic is excited, 

gradually grows and shifts downward to occupy the range 

from 9.35 kHz to 9.9 kHz at e = 500 V/cm. In the latter case, 

the subharmonic amplitude vs is approximately constant 

within the range and decreases sharply as fp approaches its 

boundaries. 

Figure 9 shows dependences of the subharmonic ampli-

tude vs on field H at frequency fp = 9.7 kHz of the pump field 

for a range of excitation amplitudes e. It can be seen that vs 

initially grows with H, reaching a maximum at Hm2 ≈ 25 Oe, 

then it decreases, tending to zero due to a progressive satura-

tion of the FM layer. The maximum amplitude of the sub-

harmonic increases with the amplitude of excitation field e. 

Dependences of the subharmonic amplitude vs on pump 

filed amplitude e at fp = 9.7 kHz for a range of fields H are 

given in Fig. 10. For e above the threshold eth ≈ 140 V/cm, 

the curves first rise abruptly but then grow almost linearly 

with e. There is a small hysteresis between the curves for 

increasing and decreasing e. The subharmonic amplitude 

also depends on the strength of static field H. In agreement 

with Fig. 9, maximum vs first increases with H and then de-

creases for H >25 Oe. 

 

 
FIG. 8. Subharmonic amplitude vs pump field frequency 

at H = 30 Oe and different amplitudes of field e in the 

case of converse ME effect.  
 
 

 
FIG. 9. Subharmonic amplitude as a function of static 

magnetic field for pump frequency   fp = 9.7 kHz and 

different amplitudes of alternating electric field e in the 

case of converse ME effect. 

 
FIG. 7. Dependences of subharmonic amplitude on ampli-

tude of excitation field for fp = 9.7 kHz and different static 

fields H in the case of direct ME effect.  

 

FIG. 10. Subharmonic amplitude as a function the excitation 

field amplitude for fp = 9.7 kHz and different magnetic fields 

H in the case of converse ME effect. 
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C. Parametric generation in the case of 

transformer effect 

 

When the resonator is excited by the magnetic field of 

the inner coil and detection of the magneto-acoustic oscilla-

tions performed by measuring the generated magnetic field 

with the outer coil (regime 3), the amplitude-frequency and 

phase-frequency responses are similar to those shown in Fig. 

3. Parametric generation of the half-frequency subharmonic 

is observed when the amplitude of the excitation field is 

above the threshold. Fig. 11 shows dependence of the sub-

harmonic amplitude on frequency of pumping field for a 

range of pumping amplitudes h when static field H = 25 Oe 

is applied. The generation of the half-frequency subharmonic 

is first observed for an excitation with fp ≈ 9.93 kHz when 

the excitation amplitude is just above hth ≈ 2 Oe.  With in-

creasing h the subharmonic is generated in a larger and larg-

er range of excitation frequencies, up to 9.64-10.1 kHz for h 

= 5 Oe. The low-frequency edge of the curves has a greater 

slope than the high-frequency edge. There is a small hystere-

sis between the up and down sweeps. 

Figure 12 shows the subharmonic amplitude as a func-

tion of static field H for excitation frequency fp = 9.7 kHz 

and different amplitudes of excitation field h. As h reaches 

the threshold value hth ≈ 2.5 Oe, the subharmonic first ap-

pears at magnetic field H ≈ 48 Oe. As h increases, the range 

of magnetic fields H supporting generation of the subhar-

monic extends up to 13-120 Oe for h = 5 Oe. Within the 

range, the amplitude of the subharmonic first increases with 

H, reaching its maximum at Hm3 ≈ 35 Oe and then decreases. 

The maxima of the curves shift slightly to higher H values 

for h < 3.5 Oe. 

Figure 13 shows dependences of the subharmonic ampli-

tude on excitation field h at pumping frequency fp = 9.7 kHz 

and for various static fields H. The curves first show an 

abrupt growth just above hth but then monotonously increas-

es with h. A significant hysteresis is observed between the 

sweeps up and down. Both the threshold value and the sub-

harmonic amplitude are non-monotonous functions of field H. 

 The frequency of bending oscillations of the resonator 

can be estimated using the formula for oscillations of a free 

disk of radius R and thickness a. The frequencies of the 

lower bending modes are given by relation [35] 

)1(122 22  


Y

R

a
kf ns

,         (1) 

where kns is the mode-dependent coefficient, n is the number 

of nodal diameters, l is the number of nodal circles, ρ is 

density, Y is the Young 's modulus and γ ≈ 0.3 is the Pois-

son’s ratio. For the two lower modes with one nodal circle, 

kns is equal either to k10 = 9.076 or k11 = 20.52. The effective 

values of the Young’s modulus and density can be estimated 

as )/()( mpmmpp aaaYaYY   and 

)/()( mpmmpp aaaa   , respectively. Here, the 

subscripts "p" and "m" correspond to the PE layer and the 

FM layer, respectively. Substituting  mp aaa 220 μm, 

R = 8 mm, Yp =7∙10
10

 N/m
2
, Ym =18.6∙10

10
 N/m

2
, ρp = 7.7∙10

3
 

kg/m
3
 and  ρm=8.2∙10

3
 kg/m

3
 into Eq. (1), one can get fre-

quencies of the lower flexural modes as  f1≈ 4.84 kHz and 

f2≈10.94 kHz, which are in satisfactory agreement with the 

experimental values (see Fig. 3). 

Thus, in all excitation modes of the structure, when the 

threshold amplitude of the excitation magnetic or electric 

field is exceeded, parametric generation of the half-

frequency subharmonic is observed. Our experimental re-

sults show that the subharmonic characteristics have a com-

plex dependence on frequency of excitation field fp, strength 

of static magnetic field H and amplitude of excitation mag-

netic h or electric e fields. A detailed theoretical analysis of 

these characteristics is given below. 

 
FIG. 12. Subharmonic amplitude vs static magnetic field for 

different pump field amplitudes at frequency fp = 9.7 kHz 

measured in the transformer regime. 

 

 
FIG. 11. Subharmonic amplitude vs pump frequency for 

different amplitudes of alternating magnetic field and H =25 

Oe  measured in the transformer regime. 

 

 
FIG. 13. Subharmonic amplitude as a function the excitation 

field amplitude at fp=9.7 kHz  for different fields H meas-

ured in the transformer regime. 
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IV. THEORY OF PARAMETRIC GENERATION OF 

SUBHARMONICS 

The results of the experiments exhibit parametric interac-

tion of resonant acoustic modes of the structure excited by 

either an alternating magnetic or electric field. The mode 

interaction is a result of acoustic nonlinearity of the magnet-

ic layer of the composite structure and so is imposed to the 

elastic subsystem by the magnetic subsystem. This mecha-

nism is particularly effective near points of spin reorientation 

[36], especially in magnetically soft materials, like the 

amorphous magnetic alloy in the investigated heterostruc-

ture. 

To describe the observed parametric phenomena, we 

write the potential energy of the system as a sum of nonline-

ar elastic Fe, piezomagnetic Fpm, and piezoelectric Fpe com-

ponents: 

   pepme FFFrdF


, 
 (2) 

where 



k

kk

e uC
k

F
)()(

!

1
,  huMbFpm


̂ˆ2 0 , 

)(


 udeFpe
,  

)(k

u


is the strain tensor, 


)(kC , is the к-th 

order tensor of elastic moduli, b is the magnetostriction con-

stant,  is the tensor of piezomoduli,  is the magnetic 

susceptibility tensor, М0 is the equilibrium magnetization,  ⃗  
and    are the vectors of the alternating magnetic and electric 

fields, respectively. 

Substituting the variable deformations in the form of ex-

pansion in terms of the normal modes of elastic oscillations 





p

pp rutqtru )()(),( , the system in question can be 

reduced to a system of interacting oscillators: 

,
2

1
)(

!4

1

!3

1

2

,, ,,,

 

 







p p

ppppp

nmp lnmp

lnmppmntnmppnm

qCqeh

qqqqCqqqCF


 (3)

 

where 



V

pp uCrdC
2)2(

, 



V

nmppmn uuuCrdC
)3(

,    

lnmp

V

pmnl uuuuCrdC



)4(

, 




mV

pp uMbrd )(2 0  , 






pV

pp ruerd )(  , and qp are the amplitudes of the normal 

modes. 

The equations of motion for the amplitudes of normal 

modes can be obtained in the form of standard Lagrange 

equations: 

pp q

L

q

L

t 



























 .   (4) 

Here the potential component of the Lagrange function is 

given by Eq. (3) and its kinetic part can be written as 

 













p

p

p
t

q
MT

2.

2

1
, where Мp is the effective mass asso-

ciated with the normal mode 
ppp MC /2  . 

In the experimental conditions described above, the reso-

nance mode qp, which was employed for parametric excita-

tion, did not exhibit any noticeable nonlinearity, whereas for 

the subharmonic mode qs a substantial negative nonlinear 

frequency shift was observed, as is clearly seen in Fig. 8 and 

Fig. 11. This makes it possible to use the linear approxima-

tion while describing an excitation of the pumping mode by 

alternating fields: 

  0)(22

2

2










tg

t

q
q

t

q
p

p

ppp

p
 ,  (5) 

where δp is the mode attenuation coefficient and 













)()(
1

)( teth
M

tg ppp

p

p 
  is the variable excitation 

force. 

In the equation of motion for the subharmonic mode we 

take into account its parametric interaction with the pumping 

mode and its cubic nonlinearity, which causes nonlinear 

frequency shift and restricts the amplitude of the parametric 

oscillations: 

0
3

1
2 32

2

2










ssssspps

s
sss

s qDqqD
t

q
q

t

q
 ,   (6) 

where 
s  is the attenuation coefficient of the subharmonic 

mode, 
spssps MCD / ,  

sssssss MCD /  and Ms is the 

effective mass related to the mode frequency 
sss MC /2  . 

Note that the quadratic nonlinearity of the subharmonic 

mode can also contribute to the nonlinear frequency shift in 

the second order of perturbation theory. For simplicity, it can 

be assumed that the amplitude of the subharmonic is suffi-

ciently small, so that its effect on the pumping can be ne-

glected. For a harmonic excitation field 

..)exp()( cctigtg ppp  , the steady state solution of 

the coupled equations (5) and (6) can be written in the form 

of harmonic oscillations: ..)exp( cctiAq ppp 
 

and 

..)2/exp( cctiAq pss   with frequencies Ω and Ω/2, 

respectively.  

The stationary solutions for the pump amplitude Ap and 

its subharmonic As can be obtained from Eqs (5) and (6) in 

the following form: 

2222

2
2

)()2( ppp

p

p

g
A

 
 ,  (7) 

   222
22

sspppsssss ADAD   .     (8) 
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where 
222

ppp    and  222 2/pss  
 
indi-

cate the frequency mismatches for the pump frequency and 

its subharmonic, respectively. In Eq. (8), the non-linear fre-

quency shift has the negative sign 0sssD , in agreement 

with the experimental results for bistability [26].  

In our experiments, the regime of parametric generation 

is controlled by the amplitude and frequency of the pump 

magnetic or electric field. Therefore, it is convenient to ex-

clude the nonlinear interaction parameter Dps from Eq. (8). 

When the pump frequency is tuned exactly to the resonance, 

i.e. 02  p , and 
sp  2 , the parameter Dps can be 

expressed in terms of the threshold value  gpc  of pump am-

plitude, leading to: 

 22
2

2/ pppc

c

p gA     (9) 

The threshold condition requires the subharmonic amplitude 

As in equation (7) to be equal to zero, which under the men-

tioned above constraints leads to the equality 

 2
2

2

ps

c

pps AD  .   (10) 

Substituting Dps from Eq. (10) into Eq (8) and taking into 

account Eq. (9), the solution for the subharmonic amplitude 

can be obtained as: 

2

222

2

2

2

2

)1(2

1

2
1

1
p

ppps

p

ss

p

p

s

ssss
Q

P

Q
AD 


































  ,

  (11) 

where  2/ pcp ggP   is the supercriticality parameter, 

pppw / is the normalised pump frequency and 

 are the quality parameters of the sub-

harmonic and pumping modes.  

Equation (11) describes key characteristics of parametric 

generation of the subharmonic for all three cases studied in 

experiments. As an illustration, Fig. 14 shows results of 

numerical simulations for the dependence of intensity 
2

sA  of 

the generated subharmonic on normalized pump frequency 

wp  and supercriticality parameter P. The calculations were 

performed for quality factors Qs= 22  and Qp = 40. It can be 

seen that the shapes of the curves are qualitatively consistent 

with the experimental results observed in the transformer 

regime (see Fig. 11). The subharmonic is generated in a 

limited range of pump frequencies in the vicinity of the main 

mode. As the pump amplitude increases (i.e. the supercriti-

cality level rises), this band shifts to lower frequency, indi-

cating a nonlinear frequency shift of the subharmonic mode. 

Thus a rise in the level of supercriticality results in an in-

crease in the subharmonic intensity, in agreement with the 

experiment. 

 Figure 15 illustrates the effect of mismatch α between 

the doubled frequency of the subharmonic mode and fre-

quency of the pump mode (i.e. 1/2  ps  ) on the 

dependence of the subharmonic intensity on the normalized 

pump frequency. Even a small frequency mismatch (α = 

1.027) results in a narrowing of the pump frequency range 

within which the subharmonic generation is observed and a 

drop in the subharmonic amplitude. 

Figure 16 shows the dependence of the subharmonic in-

tensity on the supercriticality parameter P for different wp  

including the case of the perfect matching of the pump fre-

quency with the frequency of the main resonance, i.e. α = 1. 

The curves have a similar shape to those shown in Figs 7, 10 

and 13. As soon as a threshold is exceeded, the subharmonic 

intensity grows (first sharply and then more slowly) with P. 

The maximum intensity of the subharmonic is achieved in 

the case of a "rigid" excitation, when the pump frequency is 

slightly lower than the frequency of the main resonance (wp 

= 0.982), which is due to the negative frequency shift in the 

system. 

 

 

pspspsQ ,,, 2/ 

 
FIG. 16 Dependences of subharmonics intensity on level of 

supercriticality for different mismatches between doubled 

frequency of the subharmonic mode and frequency of the 

pump mode.   

 
FIG. 14. Dependences of subharmonic intensity on normal-

ized pump frequency for different supercriticality levels when 

the pump frequency is tuned to the mechanical resonance. 

 
FIG. 15. Dependences of subharmonic intensity on normal-

ized pump frequency for different supercriticality levels in the 

case of mismatch between pump and resonance frequencies. 
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V. DISCUSSION OF RESULTS 

In our experimental multiferroic resonator, the subhar-

monic generation occurred in a limited range of pump fre-

quencies adjacent to the second bending mode of the resona-

tor (see Figs 5, 8 and 11). The theory predicts qualitatively 

the same frequency response (see Figures 14 and 15). In 

addition, both the experiment and theory reveal an expansion 

and downward shift of the pump frequency range, in which 

generation of the subharmonic occurs. Such behaviour of the 

frequency characteristics is caused by the threshold nature of 

parametric generation and by a negative shift of the subharmon-

ic’s frequency with increasing its amplitude. 

The dependence of the subharmonic amplitude (of 

voltage vs or of deformation As ) on magnetic field H is qual-

itatively different for the three regimes studied, due to dif-

ferences in excitation and detection of the direct and con-

verse ME effects. When the structure is excited by an alter-

nating magnetic field (the direct ME effect), the subharmon-

ic is generated in a limited range of magnetic fields, the 

extent of which is determined by the amplitude of the pump 

magnetic field (see Fig. 6). This is due to the dependence of 

the amplitude of deformations excited in the structure on the 

strength of the static magnetic field.  

Fig. 17 shows the field dependence of static magneto-

strictive deformation λ(H) (i.e. magnetostriction) of the FM 

layer measured by the strain gauge method and the field 

dependence of piezomagnetic coefficient HH  /)()1(   

calculated from it. The field dependence of the pump strain 

amplitude hHHAp )()( )1(  in the structure replicates the 

field dependence of the piezomagnetic coefficient. The sub-

harmonic generation occurs only when the variable pump 

strain exceeds the threshold c

pp AHA )(  given by Eq.(9). 

The horizontal dashed line in Fig. 17 corresponds to the 

piezomagnetic coefficient, at which the variable pump strain 

in the structure is equal to the threshold value, i.e. )1()1(

th 

. It can be seen from the figure that in this case the subhar-

monic should be generated only within a limited range of 

static fields H1<H<H2. For the amplitude of the pump field 

hp producing the threshold deformation c

pp AHA )( , the 

subharmonic generation occurs at field Hm corresponding to 

the maximum piezomagnetic coefficient for the FM layer of 

the structure. As the amplitude of the pump field h increases, 

the region of magnetic fields where the subharmonic is gen-

erated also expands. The efficiency of detection of the sub-

harmonic amplitude by the PE layer of the structure is inde-

pendent of field H, thus resulting in the observed relation-

ship )(Hvs
shown in Fig. 6. 

  When the structure is excited by a variable electric field 

e (the converse ME effect), the deformation in the structure 

is produced by the PE layer and is independent of the static 

magnetic field. For deformations exceeding the threshold 

level c

pp AHA )( , oscillations of magnetization with the 

subharmonic frequency occur at any field H. However, the 

efficiency of detecting these oscillations depends on H [22], 

approximately replicating the field dependence of the pie-

zomagnetic coefficient λ
(1)

(H) shown in Fig. 17. As a result, 

generation of the subharmonic is observed in the entire range 

of magnetic fields, achieving maximum efficiency at the 

optimal field Hm=25 Oe and smoothly falling when H de-

creases or increases, as shown in Fig. 9. In the transformer 

regime of the subharmonic generation, where deformations 

in the structure are produced by an alternating magnetic field 

of the excitation coil, and the amplitude of the generated 

subharmonic is detected by the second electromagnetic coil, 

both described above mechanisms operate. As a result, the 

lower limit of the field interval is clearly formed while the 

upper limit is less pronounced, as shown in Fig. 12. 

The dependence of the amplitude of the generated sub-

harmonic vs on the amplitude of excitation magnetic h or 

electric e field in all three regimes was qualitatively the 

same. When the threshold amplitude of the pump field was 

exceeded, the harmonic amplitude first abruptly increased 

but then showed an approximately linear dependence on the 

field amplitude. A similar dependence is predicted by the 

developed theory. Hysteresis in dependences of subharmonic 

amplitude vs on the pump field amplitude is mainly pro-

nounced when the subharmonic is excited by an alternating 

magnetic field (Figs 7 and 13) and is due to the magnetic 

hysteresis of the FM layer. 

Finally, let us estimate the efficiency of the subharmonic 

generation for all three cases. As can be seen from Figs 7, 

10, 13 and from Eq. (10), at large excitation field ampli-

tudes, the subharmonic amplitude is approximately a linear 

function of the pump field amplitude. Thus, for assessing 

efficiency, it makes sense to use parameters that are similar 

to those used for assessing the efficiency of field conversion 

in the linear direct and converse ME effects. 

For the linear direct ME effect, the ME conversion coef-

ficient is defined as )/( hau ppE  . Using the results of 

Fig. 3 and Fig. 4a for a small amplitude of the excitation 

magnetic field h ≈ 1 Oe at a frequency fp, we obtain E

1.55 V/(cm Oe). For the nonlinear direct ME effect, the 

efficiency of generating the subharmonic with half frequen-

cy can be characterised as )/()5.0( hav psE  . Using the re-

sults of Figs 5-7 for large amplitudes of magnetic pump field 

(h ≈ 5 Oe) we have got 27.0)5.0( E V/(cm Oe). This value 

is approximately ~6 times smaller than the coefficient for the 

linear direct ME effect. 

For the converse ME effect, the efficiency of generating 

the subharmonic with half frequency can be characterised by 

parameter eBB /)5.0(   , where δB is the amplitude of 

change in induction of the FM layer at frequency fs that is 

caused by field e with frequency fp. The change in induction 

 
FIG 17 Dependence of magnetostriction λ and piezomagnetic mod-

ule λ(1) on static magnetic field H for the FeBSiC layer. 
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can be found from the Faraday’s electromagnetic induction 

law )2/( sfNSvB   , where S is the cross section of the 

FM layer. For the experimental results shown in Figs 8-10, 

where the maximum amplitude is vs ≈ 4.5 mV at fs ≈4.8 kHz, 

and for the sample parameters N1=200 and S ≈ 3∙10
−7

 m
2
, we 

obtained δB ≈13 G. This gives )5.0(

B 2.5∙10
−2

 G/(V/cm) 

for the maximum efficiency of generation the subharmonic 

with a half frequency for the converse ME effect. This value 

is also approximately one order of magnitude smaller than the 

coefficient for the linear converse ME effect in the same structure. 

For the transformer regime, the maximum efficiency of 

generation the subharmonic with half frequency, as follows 

from the data presented in Figs 11-13, is  )/()5.0( hav psE

1.2∙10
−2

 V/(cm Oe), i.e. approximately ~2 orders of magni-

tude smaller than for the linear direct ME effect.  

Note that generation of the subharmonic in all three re-

gimes begins at relatively small threshold fields: thh 2 Oe 

and the 50 V/cm, which are easy to produce. This sug-

gests that parametric processes should be easily observable 

and should be highly common in various composite struc-

tures and single-phase multiferroics [37,38]. 

 

VI. CONCLUSION 

In this work, we experimentally observed and investigat-

ed parametric generation of the half-frequency subharmonic 

in a disk composite multiferroic resonator, containing a layer 

of amorphous ferromagnet that is mechanically coupled to a 

layer of piezoelectric. The generation of the subharmonic 

was observed in three different regimes: (i) in the direct ME 

effect regime, by excitation of the resonator with a harmonic 

magnetic field; (ii) in the converse ME effect regime, by 

excitation with a harmonic electric field and (ii) in the trans-

former regime. An excitation of the resonator by magnetic or 

electric field with a frequency close to the bending acoustic 

mode of the resonator, a subharmonic with half frequency 

that is close to the frequency of another mode of bending 

oscillations of the structure is generated. The generation 

occurs for excitation fields in a limited range of frequencies 

and is of a threshold nature. The amplitude of the generated 

signal is a nonlinear function of both the excitation field 

amplitude and the magnitude of tangential component of the 

static magnetic field. The parametric generation occurs due 

to the magneto-acoustic nonlinearity of the ferromagnetic 

layer of the resonator, resulting in an interaction of the 

acoustic modes. A theory has been developed that qualita-

tively describes the main characteristics of the subharmonic 

generation in composite multiferroic resonators. 
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CAPTIONS FOR FIGURES 

 

FIG. 1. Schematic diagram of the FM-PE resonator with excitation and receiving coils subjected to a static magnetic field H.  

 

FIG. 2. Block diagram of the setup for studying parametric generation upon excitation of the resonator by magnetic field. 

 

FIG.  3. Amplitude-frequency (a) and phase-frequency (b) responses of FM-PE resonator for h = 1 Oe and  H = 18 Oe.  

 

FIG. 4. Frequency spectra of generated voltage due to direct ME effect for H = 18 Oe, when: (a) field h = 1 Oe is below 

threshold; (b) field h = 4 Oe is above threshold. 

 

FIG. 5. Subharmonic amplitude as a function of pump field frequency for direct ME effect and different amplitudes of alternat-

ing magnetic field h in static field H = 45 Oe. 

 

FIG. 6. Subharmonic amplitude as a function of static field for direct ME effect for different pump field amplitudes h and fp  = 9.7 kHz. 

 

FIG. 7. Dependences of subharmonic amplitude on amplitude of excitation field for fp = 9.7 kHz and different static fields H in the case 

of direct ME effect.  

 

FIG. 8. Subharmonic amplitude vs pump field frequency at H = 30 Oe and different amplitudes of field e in the case of con-

verse ME effect.  
 

FIG. 9. Subharmonic amplitude as a function of static magnetic field for pump frequency   fp = 9.7 kHz and different ampli-

tudes of alternating electric field e in the case of converse ME effect. 

 

FIG. 10. Subharmonic amplitude as a function the excitation field amplitude for fp = 9.7 kHz and different magnetic fields H in the case 

of converse ME effect. 

 

FIG. 11. Subharmonic amplitude vs pump frequency for different amplitudes of alternating magnetic field and H =25 Oe  measured in 

the transformer regime. 

 

FIG. 12. Subharmonic amplitude vs static magnetic field for different pump field amplitudes at frequency fp = 9.7 kHz measured in the 

transformer regime. 

 

FIG. 13. Subharmonic amplitude as a function the excitation field amplitude at fp=9.7 kHz  for different fields H measured in the trans-

former regime. 
 

FIG. 14. Dependences of subharmonic intensity on normalized pump frequency for different supercriticality levels when the pump frequency 

is tuned to the mechanical resonance. 

 

FIG. 15. Dependences of subharmonic intensity on normalized pump frequency for different supercriticality levels in the case of mismatch 

between pump and resonance frequencies. 

 

FIG. 16 Dependences of subharmonics intensity on level of supercriticality for different mismatches between doubled frequency of the sub-

harmonic mode and frequency of the pump mode.   

 

FIG 17 Dependence of magnetostriction λ and piezomagnetic module λ(1) on static magnetic field H for the FeBSiC layer. 

 


