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Abstract 

Silica shows the effect of subcritical crack growth in humid environ-
ments. Measurements in liquid water show increasing subcritical crack 
growth velocities when the temperature is increased as was shown by 
Wiederhorn and Bolz. Since this has been generally found for glasses, 
this effect is called normal subcritical crack growth. 
For measurements on silica in water vapour environment the astonishing 
effect of decreasing crack-growth rate v at an increased temperature was 
observed for constant partial water pressure in the humid environment. 
This surprising result observed in v-K experiments by Suratwala and 
Steele is called anomalous subcritical crack growth behavior. 

In the present report we consider the effects of reduced water solubility 
at silica surfaces and crack-tip shielding as the reasons for anomalous 
subcritical crack growth. Three influences were found, namely the water 
vapour pressure, the temperature-dependent surface solubility of water, 
and crack-tip shielding.  

From our computation, we can conclude that silica shows normal 
subcritical crack growth, when it is taken into account that the real 
physical stress intensity factor KI is used that describes the stresses in the 
singular crack-tip field, i.e. when v-is plotted vs. Ktip.  
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1 Introduction 

Subcritical crack growth behavior of silica is usually presented in form of v(K)-curves 
where v is the crack-growth rate and K the externally applied stress intensity factor. 
Results are reported as a function of relative humidity and temperature in [1, 2, 3]. 
They show an increase of subcritical crack growth rates at constant K with increasing 
temperatures. For silica the astonishing effect of decreasing crack-growth rate v at an 
increased temperature was observed for constant partial water pressure in the humid 
environment. This surprising result observed in v-K experiments by Suratwala and 
Steele [4] is called anomalous subcritical crack growth behavior. In [5] we discussed 
the apparently incompatible temperature trends qualitatively. In this report quantitative 
computations will be carried out. 

2 Experimental crack growth results from literature 
In order to discuss anomalous crack growth, some basic results from literature are 
compiled. In Fig. 1a v-K-curves for constant vapour pressure of p=2100-2200 Pa are 
plotted [4]. There is a clear decrease of crack velocity with increasing temperature vis-
ible and is the reason for the notation “anomalous subcritical crack growth”.  

 

    
Fig. 1 a) v-K-curves for constant vapour pressure of p=2.1-2.2 kPa by Suratwala and Steele [4], b) v-K-

curves in liquid water by Wiederhorn and Bolz [1]. 

Measurements on silica in liquid water were published by Wiederhorn and Bolz [1] as 
shown in Fig. 1b for the temperature region 2°CT90°C. From this figure it is evident 
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that the crack-growth rates increase with increasing temperature. At first glance, this 
seems to be in contrast to the results of Suratwala and Steele [4]. 
In this report it will be shown that the main difference between these contrary results is 
the fact of strongly different water vapour pressure in the two tests. Whereas in the 
tests of Fig. 1a the pressure was kept constant at 2.1-2.2 kPa, the saturation pressure 
varies in the water tests of Fig. 1b strongly, namely a factor of >100 (0.6 kPa at 2°C 
and 70 kPa at 90°C).  
Consequently, the water concentrations at the glass surface and at the crack tip are 
clearly different. This will be outlined in the following theoretical considerations. 

3 Expectation from reaction rate theory 

In [6] Wiederhorn et al. suggest for the subcritical crack growth rate v as a func-
tion of stress intensity factor K, and temperature T 

 






 


TR

KbQ
TkCA r exp)(1v  (1) 

where C is the concentration of molecular water [H2O], T the temperature in °K, R the 
gas constant, Q the activation energy and A1 and b are proportionality constants. In 
eq.(1) the quantity kr(T) is the rate coefficient for the single-step reaction showing the 
temperature dependency 

 






 


TR

G
TTkr exp)(  (2) 

(G=free energy of activation). From eqs.(1) and (2) we get with Q1=Q+G 

 






 


TR

KbQ
TCA 1

2 expv  (3) 

Under a water vapour pressure p, and the solubility for molecular water at the surface, 
C1kPa, the water concentration reads 

 kPaCpC 1  (4) 

and equation (3) results in   

 






 


TR

KbQ
TCpA kPa

1
12 expv  (3a) 

When evaluating the temperature dependence, it should be noted that both pressure 
and solubility also vary with temperature. These influencing factors will be considered 
here. 
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4 Effect of vapour pressure 

The crack-growth rates from Fig. 1b are transformed by eq.(3a) to a constant vapour 
pressure of p=3.2 kPa (saturation pressure at 25°C), Fig. 2, exhibiting clearly the same 
temperature trend as found by Suratwala and Steele [4]. It should be noted that in the 
plot only the ordinate has been reduced to constant pressure and the abscissa values 
remain unaffected. From this plot one could claim that even in liquid water anomalous 
subcritical crack growth is present. 

   
Fig. 2 v-K-curves in liquid water by Wiederhorn and Bolz [1], transformed to a common saturation 

pressure of 3.2 kPa (saturation pressure at 25°C) according to eq.(3a). 

5 Effect of water solubility 

Since the v-K-curves should depend on the water concentrations at the glass surface, 
eq.(1), results of water concentrations are shown in Fig. 3a as a function of tempera-
ture. These data represent the concentrations of the molecular and hydroxyl water spe-
cies obtained from measurements by Zouine et al. [7] under saturation pressure. Silica 
reacts with the silica network according to  

 Si-O-Si +H2O  SiOH+HOSi (5) 

with the concentration of the hydroxyl S = [SiOH] and that of the molecular water C 

= [H2O]. In molar units, the total water concentration Cw is given by  

10-5 

10-6 

10-7 

10-8 

0.45 0.5 0.55

K  (MPam)

p=3.2 kPa

90°C

T

2°C 25

40

60

v 

(m/s)
 



 

 4

  )1( 2
1

2
1 kCSCCw   (6) 

where k is the equilibrium constant describing the ratio of k=S/C.  

 

 
Fig. 3 a) Solubility of water species at silica surfaces under saturation pressure derived from data by 

Zouine et al. [7], b) water concentrations normalized on the saturation pressure. 

A relation for the ratio S/C of the two water species, where S stands for the hydroxyl 
concentration and C for the concentration of molecular water, was given by Wieder-
horn et al. [8]. For the temperature range of 90°C350°C (T=273°+), the data are 
fitted by the straight line 

  







RT

Q
A

C

S
k exp  (7) 

(A=32.3 and Q=10.75 kJ/mol). Equations (6) and (7) result in 

  
k

C
C w

2
11

 ,   (8) 

    






 



k

C
S w

1

2

1
 (9) 
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





 



k

C
S w

1

2

118

17
 (9a) 

(the ratio 17/18 reflects the different mole masses of water and hydroxyl).  
Figure 3a shows the concentrations of the two water species under saturation pressure. 
In Fig. 3b the water concentrations Sp and Cp are normalized on the water vapour 
pressure of p=1 kPa. The straight lines can be expressed by 

   



 

RT
C

kJ/mol84.35
79.22expkPa1  (10) 

and  

  



 

RT
S

kJ/mol09.25
41.19expkPa1  (11) 

The crack velocities of Fig. 1 are plotted in Fig. 4 in the normalized representation as 
v/(CT) vs. applied K for the partial water vapour pressure of p=3.2 kPa (i.e. the satu-
ration pressure at 25°C). It can be seen that the temperature tendency of Fig. 4b is now 
again as normal crack-growth behaviour. This makes clear that even for constant va-
pour pressure the anomalous crack-growth behaviour is at least partially caused by the 
reduced surface water concentration with increasing temperature.  

 

 
Fig. 4 Crack-growth rates normalized on the molecular water concentration and temperature T, a) data 
from Fig. 1a, b) data from Fig. 1b. 
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6 Effect of shielding stress intensity factor  

6.1 Constant shielding 
In our opinion, at least a part of the observed trend is caused by crack-tip shielding. In 
the preceding considerations we implicitly identified the externally applied stress in-
tensity factor Kappl with the K-value acting at the crack tip, Ktip. It was early outlined in 
[9,10] that a shielding stress intensity factor must develop as a consequence of volume 
increase by the hydroxyl generation (for references see e.g. [11]). Computations by 
McMeeking and Evans [12] result in a shielding stress intensity factor for a grown 
crack which is surrounded by a zone of thickness  undergoing a volume strain v  

  






1

E
K v

sh  (12a) 

with =0.22 [12]. E is Young’s modulus and  Poisson’s ratio. In case of glass,  is 
the thickness of the water diffusion zone around the crack tip.  
It has been shown in [13] that water-induced swelling at crack tips generates an intrin-
sic stress intensity factor Ksh<0 that shields a crack from an externally applied loading 
Kappl so that the stress intensity factor Ktip at the crack tip is reduced. The effective 
stress intensity factor acting at the crack tip, Ktip, represents the singular stress field at 
the tip. From the principle of superposition, Ktip is given by  

 appltipshshappltip KKKKKK  0,  (13) 

The effect of the shielding stress intensity factor on the v-K-curves was outlined in 
[13]. The volume strain v is related to the hydroxyl concentration S by the proportion-
ality  

  Sv    (14) 

with 0.97 at least at low concentrations S as could be concluded from the density 
decrease reported by Shelby [11]. Consequently, it holds  

 






1

ES
Ksh

 
(12b) 

The hydroxyl concentration S in the crack-tip stress field is thermally activated as 
eq.(7) implies. Since also the diffusivity is thermally activated, the water diffusion 
zone, =f(D t), increases with temperature due to the increase of the diffusivity. Con-
sequently, the shielding stress intensity factor Ksh=f(S,) must become stronger with 
increasing temperature via an Arrhenius equation. 
When in a subcritical crack growth test the shielding stress intensity factor equals 
Kappl, the total stress intensity factor Ktip disappears followed by abruptly decreasing 
crack rates, i.e. the threshold values Kth of the v-K curve is reached. This is equivalent 
to 
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 shth KK   (15) 

Threshold values for silica were evaluated by Sglavo et al. [14] on the basis of litera-
ture results, [15,16]. The threshold stress intensity factor as a function of temperature  
was described by an Arrhenius temperature dependency  

 






 


TR

q
KK thth exp0,   (16) 

with Kth,0=0.638 MPam and q=1.83 kJ/mol. Equations (15) and (16) make it possible 
to calculate the shielding stress intensity factor Ksh and via eq.(13) the total stress in-
tensity factor Ktip acting at the crack tip. This value is responsible for the crack-tip 
stresses and subcritical crack growth rates. 
Finally, Fig. 5 gives the curves of Fig. 4 vs. the difference Kappl-Kth. Under the as-
sumption that Kshf(Kappl), the curves in Fig. 5 agree with the v-Ktip curves.  
The diagrams of Fig. 5 show that, for the same water concentration, plotting against 
the stress intensity factor Ktip (actually prevailing at the crack tip) leads to normal sub-
critical crack growth in both cases, namely increasing crack rates with increasing tem-
perature. 
 

 
Fig. 5 Crack-growth rates from Figs.(4a) and (4b) plotted vs. stress intensity factor Kappl-Kth.  
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creasing load. A computation of Ksh(Kappl, T) was performed in [5] resulting in rather 
complicated equations and should not be duplicated here. An approximate method 
may be suggested to estimate Ksh or, equivalently, Ktip as a function of Kappl. For this 
purpose two basic results may be used.  

1) According to the derivation by Wiederhorn, the stress intensity factor K in eq.(1) is 
the physically active total stress intensity factor Ktip governing the singular crack-tip 
stress field. In a lg(v)-Ktip-plot this must result in a straight line: 

 tipKbvlog  (17a) 

2) As the subcritical crack growth curve for silica in liquid water at 25°C (Wiederhorn 
and Bolz [1]) shows, the crack velocity as a function of the applied stress intensity 
factor is also very straight over a large region of crack rates, Fig. 6a. This can be writ-
ten as 

 applKbvlog  (17b) 

Equation (13) requires that even the shielding stress intensity factor must fulfil a simi-
lar relation, namely,  
 shKbvlog  (17c) 

If Ksh depends on v there must occur an intersection of the straigt lines according to 
(17a) and (17b).  

3) When Ktip reaches fracture toughness KIc, the crack extension becomes very fast. 
Velocities in the order of sound velocity occur. Consequently, diffusion effects of 
surface water into the crack-tip region will disappear as well as the related shielding 
term, i.e. Ksh(KIc)0. This situation is indicated by the circle in Fig. 6b. 

From the points 1)-3) we obtain in terms of Ktip 

 th
Ic

tip
sh K

K

K
K 








 1  (18) 

and in terms of Kappl 

 th
thIc

applIc
sh K

KK

KK
K




  (19) 

 Ic
thIc

thappl
tip K

KK

KK
K




  (20) 

Figure 7 represents the v-Ktip results for the data in Figs. 4a and 4b. Even from these 
plots normal subcritical crack growth can be stated. With increasing temperature the 
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crack growth rates for identical water concentrations at the glass surfaces increase, 
too. This holds for tests in liquid water as well as tests in humid air. 

 

 
Fig. 6  a) v-K curve of silica in liquid water by Wiederhorn and Bolz [1] at a temperature of 25°C, b) 

suggestion for the estimation of the v-Ktip curve.   

 
Fig. 7 Crack-growth rates from Figs. 4a and 4b plotted vs. crack-tip stress intensity factor Ktip.  
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Finally, Fig. 8 shows the stress intensity factor Ktip necessary for reaching a constant 
normalized crack velocity. There seems to exist a discontinuity in Fig. 8 between 75°C 
and 150°C. A possible reason might be capillary condensation at crack tips. A zone of 
liquid water can be identified at a crack tip at low temperatures in humid air as had 
been shown by Ciccotti et al. [17], Grimaldi et al. [18], and Pallares et al [19]. At the 
high temperatures this is no longer possible. So one would expect a discontinuity for 
tests in “water” to tests in humid air. 

 

 
Fig. 8 Stress intensity factors Ktip for constant normalized subcritical crack growth rates as a function 
of temperature, red: results in humid air by Suratwala and Steele [4], blue: results in liquid water by 

Wiederhorn and Bolz [1]. 

From the subcritical crack growth rates of Fig. 7 the slopes, B, were determined. Addi-
tionally the parameter B for a representation by log(v)  B Kappl is introduced for the 
data by Wiederhorn and Bolz [1]. For the slopes B one would expect from the theoret-
ical analysis by Wiederhorn et al. [6] according to eq.(1) 

 
TR

b
BBKtip  ,logv  (21) 

i.e. a decrease of B with increasing reciprocal absolute temperature T. The result is 
illustrated in Fig. 9a where the parameter B from eq.(21) is plotted. The values of B 
increase with decreasing temperature. This applies to all results with the exception of 
the data by Suratwala and Steele [4] for temperatures below 150°C, see also the jump 
in Fig. 8. Below this temperature, the effect seems to be slightly reversed. In Fig. 9b 
the parameter b defined in eq.(1) is shown.  
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Fig. 9 a) Slopes B of subcritical crack growth curves v(Ktip) as a function of temperature, b) parameter 
b = BRT, hatched area: scatter ranges.  

The parameter b is for the representation via Ktip a constant. This holds for the data 
from [1] and the data above 100°C from [4] but decreases for lower temperatures as 
is included in Fig. 9b as the dashed line. The representation by (21) yields (Standard 
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Conclusion:  

We studied subcritical crack growth results measured by Suratwala and Steele [4] in 
water vapour and by Wiederhorn and Bolz [1] measured in liquid water under satura-
tion pressure. From the results shown before, the anomalous subcritical crack growth 
in the experiments by Suratwala and Steele [4] is a consequence of the decreasing sur-
face water solubility with increasing temperature and the plotting against the applied 
stress intensity factor Kappl instead of the physically acting value Ktip that governs the 
singular stress field at crack tips. With other words: Subcritical crack growth in silica 
is normal since for constant water concentration at crack tips the crack-growth rate at 
constant Ktip, increases with increasing temperature.  
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It is also noteworthy that if the temperature dependence of the saturation pressure is 
eliminated exclusively in the tests in liquid water [1], anomalous crack growth behav-
iour would appear (Fig. 2).  

This suggests that the representation of v-K-curves for constant pressure instead of 
constant water concentration in the glass and by plotting the crack-growth rates vs. the 
applied stress intensity factor (instead of the physically relevant crack-tip stress inten-
sity factor, Ktip) is responsible for the anomalous behaviour of silica. 
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