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Eidesstattliche Versicherung gemäß § 13 Absatz 2 Ziffer 3 der Promotionsordnung des
Karlsruher Instituts für Technologie (KIT) für die KIT-Fakultät für Physik:

1. Bei der eingereichten Dissertation zu dem Thema

Non-perturbative Models for the Simulation of Hadronic Collisions at
the LHC

handelt es sich um meine eigenständig erbrachte Leistung.
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Abstract

Non-perturbative models are an essential part in the simulation of high-energy hadronic
collisions. In this thesis we study, implement, and improve several non-perturbative
models in the Monte Carlo event generator Herwig 7. We first develop a new model for
colour reconnection which allows the formation of baryonic clusters and significantly
improves the description of minimum bias data, particularly in the high-multiplicity
region and with respect to flavour observables. Following this, we investigate the struc-
ture of colour reconnection from a perturbative point of view by considering soft gluon
exchanges. We develop a Monte Carlo program, which allows us to evolve the colour
structure of systems consisting of up to five clusters and study the resulting colour struc-
tures numerically. Next, we investigate the production mechanism of strange quarks
in the hadronization model of Herwig 7. We introduce a novel mechanism for strange
quark production at different stages of hadronization which depends on the immediate
environment to make the process more dynamic and collective. Finally, we improve the
multiple parton interaction model of Herwig 7. We tune the resulting model to mini-
mum bias and underlying event data covering a centre-of-mass energy from 200 GeV
to 13 TeV and find that we are able to describe all considered observables with one set
of parameters.

Zusammenfassung

Nicht-störungstheoretische Modelle sind ein wesentlicher Bestandteil der Simulation
von hadronischen Hochenergie-Kollisionen. In dieser Arbeit untersuchen, implemen-
tieren und verbessern wir mehrere nicht-störungstheoretische Modelle des Monte-Carlo-
Ereignisgenerators Herwig 7. Wir entwickeln zunächst ein neues Modell für die Farb-
wiederverbindung, welches die Bildung von baryonischen Clustern ermöglicht und die
Beschreibung von Daten mit minimalen Detektionskriterien, insbesondere in Regio-
nen hoher Teilchenvielzahl und in Bezug auf die beobachtbare Teilchenart verbessert.
Anschließend untersuchen wir die Struktur der Farbwiederverbindung unter störungs-
theoretischen Gesichtspunkten indem wir den Austausch weicher Gluonen studieren.
Wir entwickeln ein Monte-Carlo Programm, welches uns erlaubt die Farbstruktur von
Systemen, die aus bis zu fünf Clustern bestehen, zu entwickeln und die resultierenden
Farbstrukturen numerisch zu untersuchen. Als nächstes studieren wir den Produktion-
smechanismus seltsamer Quarks des Hadronisierungsmodells von Herwig 7. Um den
Prozess dynamischer und kollektiver zu gestalten, führen wir an verschiedenen Stellen
der Hadronisierung einen neuartigen Mechanismus für die Produktion seltsamer Quarks
ein, der von der unmittelbaren Umgebung abhängig ist. Abschließend verbessern wir
das Mehrteilcheninteraktionsmodell von Herwig 7. Wir bestimmen die freien Parameter
des Modells anhand verfügbarer Daten aus Messungen mit minimalen Detektionskrite-
rien und Messungen der hintergrundartigen Ereignisse, welche eine Massenschwerpunk-
tsenergie von 200 GeV bis 13 TeV umfassen und stellen fest, dass es uns möglich ist
alle betrachteten Observablen mit nur einem Satz von Parametern zu beschreiben.
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CHAPTER 1

Introduction

One of the main building blocks of the Standard Model of particle physics is Quantum
Chromodynamics (QCD). QCD is a quantum field theory that describes the strong
interactions between quarks and gluons and consequently the interactions of composite
particles, the hadrons. The theory of QCD has shown to be successful in describing
interactions involving large momentum transfer and has been thoroughly tested at the
Large Hadron Collider (LHC) by colliding hadrons at energies of up to 13 TeV. In the
region of large momentum transfer, the running of the strong coupling αs is small and
perturbation theory can be applied in the context of QCD (perturbative QCD).

However, many aspects of a hadronic collision only involve a small momentum transfer
where αs becomes large and perturbative QCD is no longer applicable. Hence, we have
to rely on non-perturbative models for these parts of the simulation to account for
a sensible description of data. In this regard, Monte Carlo event generators such as
Pythia [1], Sherpa [2] and Herwig [3,4] play a crucial role. They combine perturbative
calculations with non-perturbative models in an attempt to simulate all known aspects
of a particle collision and predict exclusive hadronic final states, which ultimately can
be compared to data at the particle level taken by collider experiments. A thorough
understanding and accurate modelling of the non-perturbative effects contributes sig-
nificantly to the quality with which we can describe data and make sensible predictions.
These non-perturbative models need to be continually reviewed, refined, improved and
tested against real data to make progress.

One example for an aspect of a hadronic collision, where non-perturbative modelling
is important, is the simulation of the transition from the quarks and gluons originat-
ing from a hard interaction to the observed hadrons in the final state. This is an
entirely non-perturbative process and we have to rely on so-called hadronization mod-
els to describe it. The two most commonly used hadronization models are the string
hadronization model [5] and the cluster hadronization model [6]. Both models are
based on theoretical considerations and heavily rely on free parameters which have to
be determined with fits to experimental data.
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Another example where non-perturbative models become important deals with the oc-
currence of multiple parton interactions. These interactions typically happen at smaller
momentum transfer than the main hard interaction and continue to very low scales,
where perturbation theory starts to break down. Multiple parton interactions signifi-
cantly contribute to the underlying event (UE), which contains all hadronic activity in a
hadronic collision that is not related to the main hard scattering process, and dominate
minimum bias (MB) measurements, where the least number of possible experimental
cuts are imposed. A good simulation of multiple parton interactions is also necessary
for e.g. the study of jet observables and the searches for new physics since particles
from all production processes can contribute to a given final state.

Furthermore, the complex and dense environment of hadronic collisions composes ad-
ditional challenges. In the QCD colour algebra, the colour structure of an event can
be represented with colour lines connecting the different partons participating in the
interaction. The colour connections between the partons define the initial conditions
for hadronization models, and as such, affect the distribution of particles in the fi-
nal state. From first principles it is unclear how to calculate the colour connections
between different scattering centres of multiple parton interactions. It is expected
that further dynamics, which are responsible for additional colour exchanges, lead to a
modification of the colour structure and therefore a different final state. In this regard,
non-perturbative colour reconnection models are used to establish sensible colour con-
nections based on phenomenological considerations and achieve a good description of
the hadronic final state.

All the non-perturbative aspects of the event simulation could contribute significantly
to the description of the background, which plays an essential role in the search for new
physics, novel phenomena and rare events. Also, the simulation of the pile-up, which
resembles the interactions studied in MB analyses, depends on an accurate modelling
of non-perturbative effects contributing to the hadronic final state.

This thesis deals with the improvement of the non-perturbative aspects of the simu-
lation of hadronic collisions with the Monte Carlo event generator Herwig 7, and the
study of the fundamental aspects of colour reconnection. This thesis is outlined as
follows.

Outline of this thesis

Chapter 2 we present an overview about the main concepts of QCD relevant for this
work.

Chapter 3 we describe the relevant building blocks to simulate hadronic collisions in
the Monte Carlo event generator Herwig 7.

Chapter 4 we present an improved model for colour reconnection. By allowing colour
reconnection to form clusters of a baryonic type we significantly improve the
description of general MB and flavour observables. This model is also able to
describe the enhanced production of strange baryons in high-multiplicity events
as seen by ALICE.

Chapter 5 we present our perturbative approach to colour reconnection. Starting from
a general QCD amplitude we evolve the colour structure of the amplitude by
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means of soft gluon exchanges. We further calculate reconnection probabilities
between the original colour structure and the evolved colour structures. We show
that our approach leads to properties attributed to colour reconnection and find
strong support for geometrical colour reconnection models.

Chapter 6 we review the current strangeness production mechanisms in the cluster
hadronization model of Herwig 7 and introduce a new mechanism to produce
strangeness at different stages of the event generation. This approach results in
a more dynamic production of strangeness which depends on the topology of the
event and results in an improved description of data.

Chapter 7 we review the model for the simulation of multiple parton interactions in
Herwig 7 and incorporate the simulation of diffractive processes in a more sensible
way. We tune the model to data covering an energy range between

√
s = 200 GeV

and
√
s = 13 TeV and account for an energy independent description of the model

parameters.

Chapter 8 in the last chapter we summarize our results, draw final conclusions and
show some avenues for possible future projects.

The model for colour reconnection was originally presented in Ref. [7]. The theoretical
approach to colour reconnection was presented in Ref. [8] and the study regarding the
production of strangeness based on kinematical considerations was published in Ref. [9].
Similarities between the structure and content of these works and Ch. 4 to Ch. 6 of
this thesis are intentional and reflect the contributions of the author.





CHAPTER 2

Quantum Chromodynamics

This thesis deals with the study and implementation of non-perturbative models in
the context of the Monte Carlo event generator Herwig 7 to improve the description of
the exclusive final state hadrons, which are manifestations of the dynamics on a more
elementary level consisting of quarks and gluons. To embed these non-perturbative
models in the overall picture of particle physics, we give a brief overview about the
main concepts of the theory, which describes the strong interactions between quarks
and gluons, namely Quantum Chromodynamics (QCD).

QCD is a non-abelian gauge theory where the underlying group is the group of colour
SU(Nc). The QCD Lagrangian reads [10]

LQCD =
∑

Ψ=u,d,s,...

Ψi(iγ
µDµ,ij −mΨδij)Ψj −

1

4
F aµνF a

µν , (2.1)

where the sum runs over the possible quark flavours with corresponding mass mΨ. γµ

denotes the Dirac gamma matrices. The lower case indices i and j run over the number
of colours Nc and the upper indices a run from 1 to N2

c − 1. The covariant derivative
Dµ is given by

Dµ,ij = ∂µδij − igsT aijGa
µ, (2.2)

where gs is the coupling of QCD and T aij are the generators of the SU(Nc) group. The
field strength tensor F a

µν is given by

F a
µν = ∂µG

a
ν − ∂νGa

µ + gsf
abcGb

µG
c
ν , (2.3)

where Ga
µ is the gluon field and fabc are the structure constants of SU(Nc) defined by

the commutation relation of the SU(Nc) group generators

[
T a, T b

]
= ifabcT c. (2.4)
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The first term in Eq. (2.1) describes the dynamics of quarks and their interactions with
gluons. The second term in Eq. (2.1) contains the dynamics of gluons and also the
self-interactions of the gluon.

The coupling constant of QCD, gs, is related to the strong coupling through

αs = g2
s/4π. (2.5)

The coupling is not fixed but changes as a function of the energy of the interaction
involved. At first order in perturbation theory, the running of the strong coupling can
be written as

αs(Q
2) =

1

b0 ln Q2

Λ2

, (2.6)

where b0 = (33− 2nf )/12π and nf represents the number of active quark flavours. Q2

is the scale of the momentum at which the strong coupling is evaluated. In Eq. (2.6),
Λ2 is a cutoff scale. For large scales, Q2 � Λ2, which corresponds to short distances
being probed, the strength of the coupling becomes weak and the quarks and gluons
can be considered as free particles. This feature of QCD is called asymptotic freedom
and allows us to use perturbation theory to calculate QCD processes [11,12].

If the scale of the interaction decreases, the strength of the coupling increases until a
point where perturbation theory is no longer applicable. At a very low energy scale
Q2 ∼ Λ2 the quarks and gluons can no longer be considered free particles and are
confined into hadrons. This phenomenon is referred to as colour confinement, which
means that no individual coloured partons can be observed in nature. The scale at
which colour confinement occurs is referred to as the hadronization scale Λ2 ≡ Λ2

QCD.
At hadron colliders such as the LHC, QCD can be directly applied to calculate the
fundamental interactions between the constituents of the colliding hadrons, the quarks
and gluons. In Fig. 2.1, we show a sketch of the interaction between two colliding
protons. This figure illustrates the necessity for the perturbative and non-perturbative
concepts to describe the exclusive final state of a hadronic collision. The grey rectan-
gular area in the center represents the main hard interaction, the part of the collision
which happens at high energy scales (small distances). In this region perturbation
theory can be used to calculate the process with the methods of perturbative QCD.
However, the incoming protons and the description of the exclusive final state con-
stitute both to the non-perturbative part of the collision. While the content of the
protons can be parametrized with so-called parton distribution functions (PDFs), we
have to rely on models to evolve the physics from the scale of the hard interaction to
the non-perturbative scale of the final state particles.

In order to calculate hadronic cross-sections in the parton model with QCD, the fac-
torization theorem can be used [13–15]. For example, the hadronic cross-section for a
pp→ qq̄ process mediated through the interaction of two gluons reads,

σhad =

∫
dxgdxgf

h1
g (xa, Q

2)fh2
g (xb, Q

2)× σ̂gg→qq̄(x1, x2, Q
2)× Final State, (2.7)

where fhg (x,Q2) is the PDF, which contains the probability distribution of finding the

gluon with momentum fraction x inside the parent hadron at scale Q2. σ̂gg→qq̄ repre-
sents the perturbative cross section of the process in question, the part of the interaction



7

Non-pQCD

pQCD

Non-pQCD

Non-pQCD

p p

Figure 2.1: Simplified sketch of a proton-proton collision. Shown are the two incoming
protons, the three valence quarks of the protons and a very common QCD 2→ 2 process
(gg → qq̄), namely the hard interaction between two gluons leading to two collimated
jets in the final state. The regions where perturbative QCD is applicable is indicated
by pQCD and the regions where non-perturbative approaches and models are necessary
are indicated by Non-pQCD.

which can be calculated with perturbation theory, and Final State describes the evolu-
tion of the outgoing partons into the observed final state hadrons. The hadronic cross
section for this process can be evaluated by integrating over all possible initial states
(PDF) and all possible final states, which depend on the modelling of the transition
from the partons to the final state hadrons. The calculation can be made less sensitive
to the exact form of the final state modelling by making it more inclusive. For example,
if we are not interested in the flavour composition of the final state and only consider
the cross section for the production of 2 jets σhad ≡ σjj, the calculation becomes less
sensitive to the intricacies of the final state modelling. While this approach is very
suitable for theoretical calculations, it does not represent the physical reality. Collider
experiments are, by its very nature, performing non-inclusive measurements and are
therefore sensitive to the physics involved in the modelling of the non-perturbative
final state. Furthermore, experimental analyses apply several restrictions on the ob-
served final state, ranging from simple transverse momentum and rapidity cuts to more
exclusive cuts like flavour composition.

In order to achieve a sensible description of exclusive measurements, all aspects of
Eq. (2.7) have to be understood, this also includes the modelling of the final state. In
order to simulate the outcome of hadronic collisions, we use Monte Carlo event gener-
ators. We will explain the different stages necessary for the simulation of a hadronic
collision with the Monte Carlo event generator Herwig 7 in Ch. 3. Besides being
essential for experimental and theoretical studies, they also allow us to test various
modifications to the modelling of the final state and then directly compare with data
from measurements (see Ch. 6).
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Much of this thesis deals with the colour structure and the change in colour structure
of QCD processes. Here we quickly recap the basics necessary for the understanding
of later chapters. The colour structure in a perturbative QCD process evolves through
the interaction of quarks and gluons. The Feynman rule for the quark-gluon vertex is
given by

− igsγαT aik, (2.8)

where the term relevant for the colour structure is the SU(Nc) group generator T aik.
The other term γα contains the kinematic information. The colour structure of a gluon
exchange between two quark lines is given by

T aikT
a
jl, (2.9)

which can be rewritten with the Fierz identity as

T aikT
a
jl =

1

2

[
δilδjk −

1

Nc

δikδjl

]
, (2.10)

where the Kronecker deltas represent how colour is flowing along the quark lines. Note
that the first term corresponds to a colour exchange and results in a change in colour
structure for the scattered particles. The second term, which is suppressed by a factor
of 1/Nc corresponds to a singlet exchange and has no effect on the colour structure of
the process.

In QCD calculations, dealing with the full colour structure of a scattering process
is often not feasible. To reduce the complexity from the calculation, the Nc → ∞
limit, also known as the leading-colour approximation, is often used [16]. In this limit,
Eq. (2.10) simplifies to

T aikT
a
jl ∼

1

2
δilδjk, (2.11)

and the second term can be neglected. In the Nc → ∞ limit, a gluon exchange corre-
sponds to colour exchange between the two quark lines. Much of ongoing work deals
with the incorporation of sub-leading colour corrections in Monte Carlo event genera-
tors. One possibility to incorporate sub-leading colour effects is with so called colour
reconnection models. In Ch. 4, we study a possible extension to the existing colour
reconnection model in Herwig 7 and in Ch. 5, we study the connection between a novel
perturbative approach to colour reconnection and the cluster hadronization model.



CHAPTER 3

Monte Carlo Event Generators

Monte Carlo event generators are commonly used tools in high-energy physics to sim-
ulate particle collisions and predict the exclusive hadronic final states, which can be
compared to data taken at collider experiments. The foundation of the simulation is
the factorization theorem, which allows us to break the evolution of a hadronic collision
down into different steps characterized by the relevant scale of momentum transfer in
each part of the subsequent evolution.

While the description of the hard scattering process is well defined within perturbative
QCD, we have to rely on phenomenological models to describe the transition from the
unstable partons to the observed final state hadrons. Here we give an overview of the
event generation with the multi-purpose Monte Carlo event generator Herwig 7, with
a focus on the non-perturbative aspects of event generation. Namely, hadronization,
colour reconnection, multiple parton interactions and diffraction. We start our discus-
sion with a brief overview of the main building blocks necessary for the simulation of
a high-energy particle collision [17]:

• Hard scattering process: in the hard scattering process, the incoming partons
interact at energy scale Q2 to produce the primary outgoing partons. The partons
and their momenta are generated according to the relevant matrix element for
the process. The hard scattering process functions as the starting point of the
event simulation by determining the relevant scales and colour-flow information
defining the initial conditions for the next stage of the simulation, the parton
shower.

• Parton shower: the parton shower evolves the coloured partons emerging from
the hard interaction at the scale Q2 down to the low energy scale of the infrared
cutoff Q2

0 by subsequent radiation of other coloured partons. The produced par-
tons also undergo showering themselves. Below the infrared cutoff scale, pertur-
bation theory is no longer applicable and hadronization models are necessary for
the next step of the simulation.
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• Hadronization: the hadronization model describes the evolution of the coloured
partons after the parton shower terminates. It converts the colour connected
partons into colourless objects, so-called clusters and models their decay into
unstable hadrons.

• Decays: the unstable hadrons emerging from the hadronization model need to
be further decayed into the final state hadrons. The possible decay modes are
selected according to the experimentally measured branching ratios.

These steps are sufficient for the simulation of a leptonic collisions, for example e+e− →
qq̄ at the Large Electron-Positron Collider (LEP). To describe hadronic collisions, ad-
ditional effects need to be taken into account:

• Multiple parton interactions: since hadrons are composite objects, the in-
coming partons that are not involved in the primary hard scattering process can
interact with each other as well. Depending on the transverse momentum of the
collision, we distinguish between semi-hard interactions and soft interactions.

• Diffraction: in order to describe the full scope of possible events, the simula-
tion of diffractive processes, which are not described within the framework of
factorization, needs to be included. In Herwig 7, this is done via a simple matrix
element for single and double diffractive processes where the dissociated protons
are treated fully non-perturbatively.

• Colour reconnection: when several partonic interactions occur, it is unclear
how to determine the colour connections between the partons emerging from
the different scattering centres. Colour reconnection models are then used to
rearrange the colour-flow of the event before the hadronization stage and arrive
at a sensible description of data.

In the following sections we describe the mentioned building blocks in more detail. We
start with the hard process in Sec. 3.1, followed by an explanation of the parton shower
in Sec. 3.2. After we discuss the cluster hadronization model in Sec. 3.3 and decays
in Sec. 3.4, we describe the model for the simulation of multiple parton interactions in
Sec. 3.5 and the simulation of diffractive processes in Sec. 3.6. We end our discussion
of Herwig 7 with a review of colour reconnection in Sec. 3.7.

3.1 The Hard Process

A vital ingredient of an event generator is the simulation of the hard scattering process.
For hadronic collisions, the cross-section for a partonic 2 → n process can be written
as

σh1h2→n =
∑

a,b

∫
dxadxb

∫
dΦnf

h1
a (xa, Q

2)fh2
b (xb, Q

2)

× 1

2ŝ
|Mab→n|2(Φn;Q2),

(3.1)

where fhi (x,Q2) are the PDFs for finding parton i in hadron h with momentum fraction
x at scale Q2. dΦn is the Lorentz invariant phase space element and Mab→n are the
amplitudes of the partonic processes that can be calculated perturbatively.
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While Herwig 7 has some built-in PDFs, it is possible to use the PDFs provided by
LHAPDF [18]. For simple processes Herwig 7 has built-in matrix elements at LO and
NLO in perturbative QCD. With an interface to external matrix element providers like
MadGraph [19] or VBFNLO [20], it is possible to include more complicated matrix
elements. The format for data exchange between different programs is specified by the
Les Houches Accord [21].

The Matchbox module [22], which is a major feature of Herwig 7, makes it possible to
assemble full NLO QCD matched or merged cross-sections. The Matchbox module can
use tree-level, and one-loop matrix elements from external matrix element providers to
construct LO and NLO cross-section calculations.

Based on Eq. (3.1), the flavour, the kinematics and the colour-flow of the external
particles are sampled via Monte Carlo methods. The colour-flow information and the
scales determined by the hard process are then used as the initial conditions for the
next step in the event generation workflow: the simulation of the parton shower.

3.2 Parton Showers

Parton showers evolve the partons from the scale of the hard interaction Q2 down to
the infrared cutoff scale of order Q2

0 ∼ 1 GeV through the radiation of gluons and
the subsequent splitting of gluons into more gluons or quark-antiquark pairs. In that
sense, the evolution process approximates the effects of higher-order corrections of
perturbative QCD. While being exact in the collinear limit, the approximation also
gives reasonable results in the entire phase space. We additionally need to consider the
showering of particles before the hard interaction takes place, which is referred to as
initial state parton shower. The initial state parton shower evolves the partons of the
hard interactions via backwards evolution [23] from the scale of the hard interaction to
the low scale of the external hadrons where the PDFs are used to guide the evolution.
The partons emitted in the initial state shower proceed to produce final state showers
as well. The parton shower is formulated in the Nc → ∞ limit, where Nc is the
number of colours. In this limit the gluons can be represented by carrying colour and
anticolour. Ongoing work focuses around the inclusion of subleading colour corrections
to parton showers [24–27]. Another possibility to account for subleading colour effects
is colour reconnection (see Sec. 3.7), which changes the colour structure of an event,
and is applied after the parton shower terminates. Herwig 7 contains two different
parton showers: the angular-ordered q̃-shower [28] and the dipole shower [22, 29]. In
this work, we exclusively use the angular-ordered parton shower but for completeness
also briefly summarize the dipole shower.

3.2.1 Angular-ordered shower

Herwig 7 uses the coherent branching algorithm [28] to simulate the angular-ordered
parton shower. Besides determining the kinematics of the branching, the parton shower
decides how colour flows from one leg to another during a branching. In order to treat
the colour information of the gluons during the parton shower evolution, there are
different possibilities. Based on the choice, it is possible to reduce or enhance the
amount of additional radiation. The standard when using NLO corrections or external
LHE files is to choose the colour connected evolution partner of the gluon randomly.
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The splitting kernels used in the angular-ordered parton shower are the quasi-collinear
Altarelli-Parisi splitting functions [30–32]. An important property of the angular-
ordered parton shower is the so-called pre-confinement property of QCD [33,34], which
means that for leptonic collisions, at each point in the evolution, the parton shower
forms colour connected singlet combinations of partons with an asymptotically univer-
sal invariant mass distribution. Universal means that the invariant mass distribution
only depends on the cutoff scale of the parton shower and not on the centre-of-mass
energy of the collision or the hard process itself [35].

3.2.2 Dipole shower

In the Nc → ∞ limit, the colour-flow of an event can be decomposed into a set of
planar colour lines. Every colour line connects a coloured parton with an anticoloured
antiparton and forms a colour-anticolour dipole. The parton shower then generates
radiation according to the dipole radiation pattern of a pair of colour connected partons.
When a dipole emits a gluon, the dipole splits into two new dipoles. The dipoles proceed
to split until they reach the infrared cutoff Q2

0, which terminates the shower. Since each
emission with a finite transverse momentum results in a recoil of the system, the recoil
may affect the subsequent evolution of neighbouring dipoles.

The dipole shower generation follows an ordering of the emission in which the emission
of the parton with the highest transverse momentum from any dipole is generated
first. This transverse momentum is the upper limit for the subsequent evolution of
dipoles. The basis of the dipole shower in Herwig 7 is the Catani-Seymour subtraction
kernel [36].

3.3 Hadronization

After the parton shower has evolved the partons originating from the hard interaction
down to the scale of the infrared cutoff Q2

0 ∼ 1 GeV, the applicability of perturba-
tive QCD starts to break down. In order to describe the transition from the partons
to the final state hadrons, non-perturbative hadronization models are required. Her-
wig 7 uses the cluster hadronization model [37], which is based on the pre-confinement
property of the angular-ordered parton shower [33, 34]. As a consequence, the colour
connected partons that form colour singlets should be close in momentum-space. In
the Nc →∞ limit, the colour-flow of a QCD process is representable as a set of planar
colour lines [16]. The gluons can be represented as carrying colour and anticolour and
are connected to the colour lines of two other partons. The hadronization model starts
by splitting the remaining gluons at the end of the parton shower into quark-antiquark
pairs. This splitting results in a partonic final state that is only composed of colour-
connected quarks and antiquarks. These colour-connected quark-antiquark pairs form
colour singlets, the so-called clusters and represent excited hadronic states which fur-
ther decay into the observed final state hadrons. The hadronization model of Herwig
7 consists of several different stages, here given in algorithmically occurring order:

• Non-perturbative gluon splitting,

• Colour reconnection,

• Cluster fissioning,
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g − Splitting Fission DecayShower

Figure 3.1: Sketch of a simplified event where we show the major stages of hadroniza-
tion after the parton shower: gluon splitting, cluster fissioning and the cluster decay.
Grey ellipses are clusters, while black circles represent hadrons.

• Cluster decay to hadrons,

• Unstable hadron decays.

We show a sketch of the different stages of hadronization in Fig. 3.1, where we have
omitted the colour reconnection stage for simplicity. From a technical point of view
colour reconnection is part of the hadronization model of Herwig 7 but since much of
this thesis is related to work on colour reconnection, a discussion of colour reconnection
will be given in Sec. 3.7.

3.3.1 Non-perturbative gluon splitting

After the parton shower evolution, the remaining gluons are split non-perturbatively
into quark-antiquark pairs where only up or down quarks are allowed. The flavour of the
quarks is determined by a weight which is a tunable parameter in the hadronization
model. The gluon needs to have at least twice the mass of the quark it splits into
mg > 2mq, where the gluon mass is a free, non-perturbative parameter of the cluster
hadronization model. The splitting g → qq̄ is done isotropically in the rest frame of
the gluon. Once all remaining gluons have split, the event only consists of colour-
connected quark-antiquark pairs. These colour connected quark-antiquark pairs form
colourless singlets, the clusters, where the resulting cluster momentum is the sum of
the constituent momenta. The properties of a cluster depend entirely on the flavour of
its constituent quarks and the invariant cluster mass

M2 = (pq + pq̄)
2, (3.2)
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where pq,q̄ are the four-momenta of the constituent quarks. The invariant cluster mass
determines whether a cluster needs to undergo cluster fission or can directly decay
into hadrons. The distribution of invariant cluster masses peaks at low energies, which
makes the interpretation as excited hadronic states physically sensible.

3.3.2 Cluster fissioning

A small fraction of the clusters consists of colour connected quark-antiquark pairs which
are not close in momentum space and are therefore too heavy to decay into hadrons
directly. These heavy clusters are allowed to fission into two lighter, less excited clusters
if the invariant mass M of the original cluster satisfies

Mp ≥ µp + (m1 +m2)p, (3.3)

where m1,m2 are the masses of the constituent quarks. p and µ are free parameters of
the model, which have different values for different quark flavours. After the selection
of clusters, which need to undergo fission based on Eq. (3.3), a qq̄ pair is created where
the flavour of the quarks is drawn from light quarks (u, d, s) with a fixed weight. Once
the quark flavour is selected the original cluster fissions into two new clusters with one
of the original quarks in each new cluster. The invariant masses of the two new clusters
Mi are determined according to the distribution

Mi = mi + (M −mi −mq)R1/w
i , i = 1, 2, (3.4)

where mi are the masses of the constituent quarks of the original cluster, M is the
invariant mass of the original cluster, mq is the mass of the newly created quark, and
w is a parameter that controls the shape of the distribution. The parameter w has
different values for clusters containing light quarks, charm or bottom quarks. R is a
random number between 0 and 1.

The fission into two new clusters is accepted if the sum of the new invariant cluster
masses is less than the invariant mass of the original cluster M1 + M2 ≤ M and the
sum of the constituent masses of the new cluster is less than the invariant mass of the
new cluster mqi +mq̄i ≤Mi.

A different approach is taken when one or both constituents of the cluster are part
of the beam remnant. The remnant is the remainder of the hadron after the partons
participating in the hard interaction are removed. In order to suppress hadronic activity
from clusters originating from beam remnants, the invariant cluster masses of the two
new clusters are determined according to the distribution

Mi = mi +mq + x, (3.5)

where x is sampled between 0 and M −m1−m2− 2mq from a distribution which falls
off exponentially according to

dP

dx2
= e−bx, (3.6)

where b is a tunable parameter and determines the slope of the distribution. This way,
the clusters produced from the remnant clusters are in general light, fast and do not
contribute much to the overall hadronic activity.
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3.3.3 Cluster dacays

After the fission of heavy clusters, the clusters decay into excited hadrons. Given a
cluster with constituents q1, q̄2, the weight for producing hadrons ha = q1q̄, hb = qq̄2,
with q (q̄) denoting a quark (antiquark) or diquark (antidiquark) is given by

W(ha, hb) = Pqwasawbsbp
∗
a,b, (3.7)

where Pq is the production weight for the given quark or diquark species, wi are the
weights for the relevant hadron production and si are the suppression factors of the
corresponding hadrons. The remaining factor in the weight p∗ is the available two-body
phase space for the decay. After the decay products are determined, the cluster decays
isotropically in its rest frame. If a cluster contains a quark from the perturbative stage
of the event, the resulting hadron is smeared along the direction of that parton where
the polar angle is sampled via

cos Θsmr = 1 + ρ logR , s.t. cos Θsmr > −1, (3.8)

where ρ is a free parameter and has different values for different quark flavours. The
azimuthal angle is distributed uniformly between 0 and 2π.

If a cluster is too light to decay into two new hadrons, it decays into the lightest
allowed hadron instead. In order to give the hadron the correct physical mass, energy
and momentum are reshuffled between neighbouring clusters.

3.4 Decays

In the final stage of hadronization we need to describe the decay of unstable hadrons
into stable hadrons. These decays are simulated in Herwig 7 with the model for hadronic
decays described in Refs. [38, 39]. Herwig 7 uses up-to-date particle properties, such
as masses, widths, lifetimes, decay modes and branching ratios from the Particle Data
Group’s (PDG) compilation [40]. A full treatment of spin correlation effects is taken
into account using the algorithms of Refs. [41–44] for the decays of all unstable particles.
Various matrix elements for hadron and tau decays including matrix elements for the
spin structure of the decays and specific matrix elements for important decay modes are
implemented in Herwig 7. The branching ratios and properties for mesons containing
b quarks, Bu,d,s, are taken from the data tables of EvtGEN [45], which was tuned to
B-factory data. It is furthermore possible to use EvtGEN directly for the simulation
of B decays.

3.5 Multiple Parton Interactions

A single hadron scattering event is expected to give rise to multiple interactions between
the constituents of the hadrons [46]. The model for the simulation of multiple parton
interactions in Herwig 7 is based on the eikonal model from Refs. [47–50]. It consists
of a perturbative and a non-perturbative part. The model for soft interactions was
introduced in Refs. [51,52] and revised in Ref. [53], where the description of elastic gluon
2 → 2 scattering has been replaced with particle production obeying multiperipheral
kinematics [54, 55]. This model solved many problems of the old model, including the
infamous bump problem [56,57].
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The starting point for our discussion about multiple parton interactions is the cross-
section for QCD dijet production, which can be calculated according to

σdijet(s; p
min
⊥ ) =

∑

i,j

∫
dx1dx2

∫

pmin,2
⊥

dp2
⊥f

h1
i (x1, Q

2)fh2
j (x2, Q

2)
dσij
dp2
⊥
, (3.9)

where dσij is the differential partonic cross-section for QCD 2→ 2 scattering processes.
pmin
⊥ is the lower cutoff on the transverse momentum which has to be large enough to

ensure perturbative QCD is still applicable. For pmin
⊥ = 2 GeV the calculated cross-

section from Eq. (3.9) exceeds the total cross-section already at
√
s ∼ 1 TeV [58].

This violation of unitarity is resolved by interpreting the QCD dijet cross-section as
an inclusive cross-section σdijet ≡ σinc

dijet. The inclusive dijet cross-section exceeds the
inelastic cross-section by a factor equal to the average number of dijet production above
pmin
⊥

σinc
dijet(s, p

min
⊥ ) = 〈ndijet〉 · σinel(s, p

min
⊥ ), (3.10)

where σinel is required to be less than the total cross-section. In this way the occurrence
of additional QCD interactions unitarises the QCD cross section.

3.5.1 Semi-hard and soft interactions

We distinguish between two types of interactions depending on their transverse mo-
mentum: interactions above a certain cutoff value pmin

⊥ that are simulated as QCD
2 → 2 processes and are referred to as semi-hard interactions and interactions below
pmin
⊥ that are modelled as multiperipheral particle production and are referred to as

soft interactions.

Following Refs. [48,50], the average number of semi-hard interactions at a fixed impact
parameter b ≡ |b|, is given by

〈n(b, s)〉hard = A(b, µhard)σinc
hard(s, pmin

⊥ ), (3.11)

where A(b, µhard) describes the overlap of the two colliding hadrons in terms of the
impact parameter b and the inverse proton radius µhard. σinc

hard(s, pmin
⊥ ) is the inclusive

cross-section for QCD 2 → 2 processes above pmin
⊥ which can be calculated in pertur-

bative QCD according to Eq. (3.9).

In order to describe low-p⊥ jet production, the model was extended to incorporate in-
teractions below pmin

⊥ in Ref. [52]. The average number of soft interactions is calculated
according to

〈n(b, s)〉soft = A(b, µsoft)σ
inc
soft(s), (3.12)

where the overlap function between the two colliding hadrons A(b, µsoft) has the same
structure as in Eq. (3.11) but with a free parameter µsoft that allows soft interactions to
have a different matter distribution inside the hadron. The soft inclusive cross-section
σinc

soft(s) cannot be calculated from first principles. Instead it is chosen such that the
total cross-section σtot(s) is correctly described. In both cases the overlap function
A(b, µ) must satisfy ∫

d2b A(b, µ) = 1 . (3.13)
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The spatial matter distribution inside the hadrons is assumed to have the same func-
tional form as the electromagnetic form factor of the proton, which results in the
following parametrization of the overlap function

A(b, µ) =
µ2

96π
(µb)3K3(µb), (3.14)

where K3 is a modified Bessel function of the second kind. If one further assumes
that the probability distributions of semi-hard and soft interactions are independent of
each other, and both scattering types are uncorrelated and therefore obey Poissonian
statistics, we can write the probability of having h semi-hard and n soft interactions
for a given impact parameter as

Ph,n(b, s) =
〈n(b, s)〉hhard

h!

〈n(b, s)〉nsoft

n!
e−(〈n(b,s)〉hard+〈n(b,s)〉soft). (3.15)

The cross-section for h semi-hard and n soft interactions can then be calculated by
integrating over the impact parameter

σh,n(s) =

∫
d2b Ph,n(b, s). (3.16)

The cross-section for inelastic events where at least one event is hard or soft is then
given by summing over the individual multiplicities and we obtain

σinel(s) =

∫
d2b

∑

h,n≥1

Ph,n(b, s) =

∫
d2b

[
1− e−(〈n(b,s)〉hard+〈n(b,s)〉soft)

]
. (3.17)

The probability for having exactly h semi-hard and n soft interactions, where h+n ≥ 1,
is then given by

Ph,n(s) =
σh,n(s)

σinel(s)
. (3.18)

This equation is the core of the multiple parton interaction model of Herwig 7. It defines
a matrix containing the probabilities for the various multiplicities of semi-hard and soft
interactions. This matrix is evaluated at the beginning of each run and the multiplicities
are drawn at the beginning of each event based on the calculated probabilities.

In order to calculate the probability matrix Eq. (3.18), we need to determine the average
number of semi-hard and soft events Eqs. (3.11, 3.12), which depend on the parameters
µhard, µsoft, p

min
⊥ and σinc

soft(s). The model is structured that µhard and pmin
⊥ can be tuned

to data and directly determine the average number of semi-hard interactions. Instead
of tuning the remaining parameters we use a powerful constraint via the eikonal model.
By using the experimentally measured total cross-section as an input parameter, we are
able to directly determine the parameter values µsoft and σinc

soft(s) in order to reproduce
the total cross section.

Link to the total cross-section via the eikonal model

The elastic scattering amplitude in impact parameter space a(b, s) can be expressed in
terms of a real eikonal function χ(b, s) as

a(b, s) =
1

2i

[
e−χ(b,s) − 1

]
. (3.19)
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The total cross-section and the elastic cross-section can then be parametrized with the
eikonal function as

σtot(s) = 2

∫
d2b

[
1− e−χ(b,s)

]
, σel(s) =

∫
d2b

∣∣1− e−χ(b,s)
∣∣2. (3.20)

The inelastic cross-section can then be calculated according to

σinel(s) = σtot(s)− σel(s) =

∫
d2b

[
1− e−2χ(b,s)

]
. (3.21)

The elastic slope parameter can also be expressed in this framework and yields

bel =
1

σtot

∫
d2b b2

[
1− e−χ(b,s)

]
. (3.22)

By comparing the formulas for the inelastic cross-sections, Eq. (3.17) and Eq. (3.21),
we see that the two formulas coincide if the eikonal is chosen as

χ(b, s) =
1

2
(〈n(b, s)〉hard + 〈n(b, s)〉soft)

=
1

2

(
A(b, µhard)σinc

hard(pmin
⊥ , s) + A(b, µsoft)σ

inc
soft(s)

)
.

(3.23)

The total cross-section and the elastic slope parameter are input parameters in this
model. The value of the total cross-section is taken from the Donnachie-Landshoff
parametrization [59,60]

σtot(s) = σP

( s

GeV2

)ε
+ σR

( s

GeV2

)−η
, (3.24)

where σP = 21.7 mb, ε = 0.0805, σR = 56 mb(pp), 98 mb(pp̄) and η = 0.0452. The value
for the elastic slope parameter bel is obtained from fits to elastic scattering data from
Ref. [61].

In combination with the tuned parameter values for pmin
⊥ and µhard, the value for the

soft inclusive cross-section σinc
soft(s) and the inverse proton radius µsoft can be determined

by solving Eqs. (3.20) and Eq. (3.22) with the eikonal function given in Eq. (3.23). An
extensive study on the restriction of the allowed parameter space for pmin

⊥ and µhard for
different parametrizations of the total cross-section was performed in Ref. [51].

3.5.2 Implementation

While the semi-hard interactions are created as QCD 2→ 2 processes, the exact form
of the additional soft interactions below pmin

⊥ remains ambiguous. In the current model,
the soft interactions are modelled according to multiperipheral parton production. Mul-
tiperipheral parton production is a 2 → N process where the resulting N partons are
evenly distributed in rapidity. In the following, we will refer to the produced partons
obeying multiperipheral kinematics as a parton ladder. Every ladder generated consists
of a quark-antiquark pair and several gluons.

The simulation of the soft interactions follows after the perturbative semi-hard pro-
cesses have been generated. The number of soft interactions Nsoft is sampled at the
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beginning of each event from the probability matrix Eq. (3.18) and each soft interaction
is generated as a parton ladder obeying multiperipheral kinematics.

The total energy available to simulate the additional soft interactions is given by the
remaining energy of the remnants. The generation of ladders continues until Nsoft

ladders are created or until there is no remaining energy in the remnants. The number
of partons in the ladder is sampled from a Poissonian distribution with the mean value

〈N〉 = N0 × ln
(pr1 + pr2)2

m2
g

, (3.25)

where pr1 and pr2 are the four momenta of the remnants, mg is the non-perturbative
gluon mass and N0 is a tunable parameter of the model. The model is tuned to
MB data from different centre-of-mass energies at

√
s = 900 GeV,

√
s = 7 TeV and√

s = 13 TeV. The energy dependence of the resulting parameter values for N0 is
parametrized according to

N0 =
( s

TeV2

)−0.08

, (3.26)

such that the model returns reasonable results for different centre-of-mass energies [62].
After the number of particles in the ladder is calculated, the energy fraction of the rem-
nants, necessary to distribute the particles equally in rapidity, is calculated according
to

x = e−
∆Y

2N+1 , (3.27)

where ∆Y is the rapidity interval between the two remnants and N is the number
of particles generated in the ladder. In order to allow for fluctuations, a Gaussian
smearing is employed. The remaining degree of freedom is the transverse momentum
of the ladder partons p⊥1,...,N . The transverse momenta are sampled below pmin

⊥ from a
distribution that is parametrized with a Gaussian distribution [58]

dσinc
soft(s)

dp2
⊥

= Ae−βp
2
⊥ . (3.28)

Two constraints fix the parameters A and β. First, the integrated differential inclu-
sive soft cross-section has to match the inclusive soft cross-section which was fixed to
describe the total cross-section

∫
dp2
⊥

dσinc
soft(s)

dp2
⊥

!
= σinc

soft(s). (3.29)

Second, the differential transverse momentum distribution has to match the perturba-
tive distribution at p⊥ = pmin

⊥ and must be continuous at the matching scale

H(s, pmin
⊥ ) ≡ dσinc

hard(s)

dp2
⊥

∣∣∣∣
p⊥=pmin

⊥

!
=

dσinc
soft(s)

dp2
⊥

∣∣∣∣
p⊥=pmin

⊥

. (3.30)

These condition are fulfilled by the parametrization

dσinc
soft(s)

dp2
⊥

= H(s; pmin
⊥ )e−β(p2

⊥−p
min2
⊥ ), (3.31)
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where the slope of the distribution β must satisfy

eβp
min2
⊥ − 1

β
=

σinc
soft(s)

H(s; pmin
⊥ )

. (3.32)

The individual transverse momenta of the ladder partons are then sampled from the
resulting distribution which is determined at the beginning of each run.

The colour connections are set such that the ladder is in a colour singlet state, which
means that the partons in the ladder with the positive maximum rapidity and the
negative maximum rapidity need to be quarks and antiquarks. The flavour of the
quark-antiquark pair is chosen between up and down quarks only. All remaining lad-
der partons between the quark-antiquark pair are gluons. The colour lines are then
connected such that adjacent partons in rapidity are connected with each other.

The gluons in the ladder are treated fully non-perturbatively and split into quark-
antiquark pairs. The quark-antiquarks then proceed to form clusters based on their
colour connections as explained in Sec. 3.3. We have illustrated this in Fig. 3.2.

3.6 Diffraction

The model for diffraction was initially presented in Ref. [57] and published in Ref. [53].
The combination of the newly introduced model for soft interactions with a model for
diffraction led to a significant improvement in the description of MB and UE observ-
ables.

Two types of diffractive processes are implemented in Herwig 71. Single diffractive (SD)
events, p + p → p + X, where one of the outgoing protons has been dissociated and
double diffractive (DD) events, p+ p→ XA +XB, where both of the outgoing protons
dissociate. The dissociated protons are represented through X,XA, XB respectively
and are modelled as a colour connected quark-diquark pair whose diffractive masses
are chosen as described below. The diffractive processes are generated according to
the differential cross-sections for single and double diffraction by considering the am-
plitude for a single pomeron exchange which can be described by Regge theory and
the generalized optical theorem [63, 64]. Single and double diffractive events are gen-
erated according to the respective differential cross-sections which, for small values of
momentum transfer |t| simplify to

d2σSD

dM2dt
= N

( s

M2

)αP(0)

e(B0+2α′ ln s
M2 )t, (3.33)

and
d3σDD

dM2
AdM

2
Bdt

= N

(
s

M2
A

)αP(0)(
s0

M2
B

)αP(0)

× e
(
b+2α′ ln

ss0
M2
A
M2
B

)
t
, (3.34)

where M,MA,MB are the respective diffractive masses, αP(0) is the soft pomeron inter-
cept, α′ is the soft pomeron slope, and B0 is the proton pomeron slope. The values for
these parameters are taken from fits to elastic scattering data from Ref. [59]. The nor-
malization between single and double diffraction is chosen according to measurements
of diffractive cross-sections in Ref. [65].

1So far only diffractive processes among protons are implemented.
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Figure 3.2: Pictorial representation of one soft interaction in Herwig 7 due to the
collision of two protons A and B. The soft interaction is modelled as a remnant-remnant
interaction (black ellipse spanning over the two remnants). The arrows indicate whether
a parton is carrying colour or anticolour. The dashed lines represent quarks which were
extracted from the protons. The grey ellipes represent the clusters originating from the
soft interaction.

The kinematics are generated by first sampling the momentum transfer t, and the
diffractive masses M , MA, MB depending on the process in question. The scattering
angle θ between the incoming protons and the diffractive systems is then calculated
according to

cos θ =
s
(
s+ 2t− 2m2

p −M2
A −M2

B

)

λ(s,M2
A,M

2
B)λ(s,m2

p,m
2
p)

, (3.35)

where

λ(x, y, z) = x2 + y2 + z2 − 2(xy + yz + xz), (3.36)

is the so-called Källén function. If αP(0) = 1 the distributions of diffractive masses of
the dissociated protons are approximately given by

d2σ

dM2dt

∣∣∣∣∣
t=0

≈ 1

M2
. (3.37)
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Figure 3.3: Diffractive dissociation for single (left) and double (right) diffraction me-
diated through pomeron exchange. Figure taken from Ref. [53].

Figure 3.4: Schematic diagram of the colour connections of two multiple parton inter-
actions before colour reconnection (left) and after colour reconnection (right) [66]. In
this example, colour reconnection leads to colour connections between partons closer
in phase space, which results in lighter clusters.

With the diffractive masses and the scattering angle, the outgoing momenta can be
constructed. The dissociated proton is then decayed into a quark-diquark pair moving
collinear to the direction of the dissociated proton. The diffractive final state is treated
fully non-perturbatively and handled by the hadronization model where the formed
clusters decay into the final state hadrons. A pictorial representation of single and
double diffractive processes is shown in Fig. 3.3.

3.7 Colour Reconnection

The assignment of colour connections between quark-antiquark pairs is not without
flaws. While at e+e− collisions the colour connections emerging from the parton shower
lead to an asymptotically invariant mass distribution of clusters, the situation becomes
more complicated in the presence of multiple parton interactions during hadronic colli-
sions. Since it is unclear how the colour connections between different scattering centres
emerge, non-perturbative models are necessary in order to rearrange the colour-flow to
arrive at a sensible description of data [46]. A figure of the possible effect of colour
reconnection on the colour connections of two multiple parton interactions is shown in
Fig. 3.4. In this case the colour reconnection leads to a decrease of charged multiplicity
for a given partonic configuration and hence an increase of the transverse momentum
per charged particle, as favoured by the relevant observable as shown exemplary in
Fig. 3.5. Colour reconnection plays an essential role in the description of various MB
observables as well as for the description of high-multiplicity events where extreme event
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Figure 3.5: Comparison between Herwig 7 with and without colour reconnection to
the 〈p⊥〉 vs. Nch observable as measured by ATLAS [67]. Figure taken from Ref. [68].

topologies with many overlapping clusters originating from multiple parton interactions
are encountered.

A paradigm which inspired at least the development of one model is the so-called notion
of a colour pre-confined state, which states that after the evolution of the parton shower
has terminated, the colour connected partons are close in momentum space leading to
a distribution of invariant cluster masses which peaks at small values of M dictated by
the parton shower infrared cutoff. Current developments in this direction, including
several space-time hadronization models [69, 70], seem to look promising for future
studies.

3.7.1 The colour reconnection models in Herwig 7

Two algorithms for colour reconnection are currently implemented in Herwig 7, the
plain colour reconnection and the statistical colour reconnection [71, 72]. Both algo-
rithms try to find configurations of clusters that would reduce the sum of squared
invariant cluster masses

λ =

Ncl∑

i=1

M2
i , (3.38)

where Ncl is the number of clusters in an event. The plain colour reconnection algorithm
picks a cluster randomly from the list of clusters and compares it to all other clusters.
For every cluster the invariant masses M2

A + M2
B of the original cluster configuration

and the masses M2
C + M2

D of the possible new clusters are calculated. The cluster
configuration that results in the lowest sum of squared invariant cluster masses is then
accepted for reconnection with a fixed probability pR. If the reconnection is accepted,
the clusters (A) and (B) are replaced by the clusters (C) and (D). This algorithm
results in clusters of the same initial mass (i.e no reconnection), or less massive clusters.
In Fig. 3.6 we show the distribution of invariant cluster masses for a centre-of-mass
energy of

√
s = 7 TeV before and after the plain colour reconnection. Due to the

colour reconnection procedure, the distribution is enhanced in the low-mass region and
suppressed in the high-mass tail.
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Figure 3.6: Distribution of invariant cluster masses before and after colour reconnec-
tion for MB pp collisions with centre-of-mass energy of

√
s = 7 TeV.

The statistical colour reconnection model, on the other hand, uses a simulated annealing
algorithm [73] to find the configuration of clusters that results in the absolute lowest
value of the colour length λ. It was found in Ref. [72] that the statistical colour
reconnection prefers a quick cooling that does not result in a global minimum of λ
in order to describe the data. In a recent paper the colour reconnection model was
further modified such that the reconnections resulting in a colour-singlet gluon after
hadronization are forbidden [74].

With increasing precision from the LHC and measurements becoming more and more
differential, it becomes apparent that many non-perturbative aspects of particle pro-
duction are far from being understood. In particular the description of the transition
from the deconfined state to final state particles observed in the detectors remains
difficult and only approachable by means of non-perturbative models. In this regard,
Monte Carlo event generators provide an essential tool to study and evaluate different
non-perturbative models. Especially the description of charged particle distributions
in the high-multiplicity region [67], observables related to the distribution of hadrons
containing strange quarks, such as Kaons and Λ-baryons [75], and the description of
collective effects in pp collisions as observed in Ref. [76], seem to be out of reach for
most Monte Carlo event generators. To address these issues, new and improved models
for hadronization and colour reconnection are necessary [77]. Although Herwig 7 is able
to describe general properties of MB and UE data, the description of the mentioned
aspects is so far unsatisfactory. To account for the description of such observables we
see the need to introduce a new model for colour reconnection and furthermore modify
the strangeness production mechanism during hadronization.



CHAPTER 4

Baryonic Colour Reconnection

The significance of non-perturbative models has become apparent with a striking ob-
servation, made by the ALICE collaboration, which showed signs of enhancement of
(multi-)strange hadrons in high-multiplicity pp events [76]. A property formerly only
attributed to pA and AA collisions [78–83]. Possible explanations of these effects are
rooted in the prospect that partonic matter shows some collective behaviour as in a hy-
drodynamical description, see e.g. Ref. [84]. Another possibility to account for strong
and possibly long-range correlations between different hard partons in a single inter-
action can be introduced via colour reconnections [85]. One approach in this regard
was followed e.g. in the Dipsy rope model [86, 87] where many overlapping strings are
combined into a colour field of a higher representation which, in the Lund string model
language, leads to an increased probability of producing strangeness during string frag-
mentation. In Pythia, this issue has been addressed with a modified fragmentation
model, that allows the creation of string junctions resulting in a better description of
data [77]. Further work in this regard focuses on a model for thermodynamical string
fragmentation [88], where the main result is a shift of the transverse momentum of
heavier particles. An accurate description of MB and UE observables within Herwig 7,
has been achieved with the development of a new model for soft and diffractive inter-
actions [53]. In this model, the importance of colour reconnections has already been
observed for the description of high-multiplicity events. It was noted, that the mere
production of baryons would lead to a reduction of charged multiplicity in favour of a
rise of the multiplicity of heavier particles, effectively trading off mesons with baryons.
For a review of the hadronization model and colour reconnection, we refer to Ch. 3. In
this chapter, we propose an extension to the model for colour reconnection to account
for the production of baryons to which we refer as baryonic colour reconnection. At the
same time we reconsider the strangeness production mechanism and introduce an ad-
ditional source of strangeness during the non-perturbative gluon splitting stage. With
this modification to the hadronization model, we find that we can significantly improve
the production rates of strange mesons as well as strange baryons. We compare the
effects of these changes to observations made by various collider experiments, while the
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description of general properties of the event, like charged-particle multiplicities and
ratios of identified hadrons are of main interest, we furthermore compare our model to
the ALICE strangeness-enhancement data.

This chapter is organized as follows: in Sec. 4.1 we review the physics underlying the
model for baryonic colour reconnection. In Sec. 4.2 we explain the implementation of
the algorithm and show with a simple proof of concept that the model indeed has the
desired properties. In Sec. 4.3 we tune the free parameters of the model to various MB
data and in Sec. 4.4 we make an extensive comparison to several important MB observ-
ables before highlighting the need for an additional strangeness production mechanism
on the level of gluon splitting. In Sec. 4.5 we summarize our results.

4.1 The Baryonic Colour Reconnection Model

The only constraint upon forming a cluster is that the cluster has to be able to form a
colourless singlet under SU(3). In SU(3) a coloured quark is represented as a triplet
(3) and an anticoloured antiquark is represented as an anti-triplet (3̄). Two triplets can
be represented as an anti-triplet, and two anti-triplets can be represented as a triplet,

3⊗ 3 = 6⊕ 3̄, (4.1)

3̄⊗ 3̄ = 6̄⊕ 3. (4.2)

The clusters are a combination of these coloured quarks were only combinations are
allowed that result in a colourless singlet. Here we consider the following allowed cluster
configurations based on the SU(3) structure of QCD. We begin with the normal cluster
configuration which will be referred to as a mesonic cluster

3⊗ 3̄ = 8⊕ 1. (4.3)

In strict SU(3) the probability of two quarks having the correct colours to form a
singlet would be 1/9. Next we consider possible extensions to the colour reconnection
that allows us to form clusters made out of 3 quarks. A baryonic cluster consists of
three quarks or three antiquarks where the possible representations are,

3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1, (4.4)

3̄⊗ 3̄⊗ 3̄ = 10⊕ 8⊕ 8⊕ 1. (4.5)

In full SU(3) the probability to form a singlet made out of three quarks would be
1/27. In the following we will introduce the algorithm we used for the alternative
colour reconnection model. In order to extend the current colour reconnection model,
which only deals with mesonic clusters, we allow the reconnection algorithm to find
configurations that would result in a baryonic cluster.

4.2 Algorithm

As explained in Sec. 3.7, the colour reconnection algorithms in Herwig 7 are imple-
mented in such a way that they lower the sum of invariant cluster masses. For clusters
containing 3 constituents, the larger invariant cluster mass makes such a condition no
longer sensible. As an alternative to the minimization of cluster masses, we consider a
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simple geometric picture of nearest neighbours were we try to find quarks that approx-
imately populate the same phase space region based on their rapidity y. The rapidity
y is defined as

y =
1

2
ln

(
E + pz
E − pz

)
, (4.6)

and is usually calculated with respect to the z-axis. As with the other colour re-
connection algorithms, the starting point for the new rapidity based algorithm is the
predefined colour configuration that emerges once the perturbative evolution of the
parton shower has terminated and the remaining gluons are split non-perturbatively
into quark-antiquark pairs, after which a list of clusters is created from all colour con-
nected quarks and antiquarks. The final algorithm to form clusters of a baryonic type
then consists of the following steps:

1. Shuffle the list of clusters to prevent the bias that comes from the order in which
we consider the clusters for reconnection.

2. Pick a cluster (A) from that list and boost into the rest-frame of that cluster. The
two constituents of the cluster (qA, q̄A) are now in a back-to-back configuration.
We define the direction of the antiquark as the positive z-direction of the quark
axis.

3. Perform a loop over all remaining clusters and calculate the rapidity of the cluster
constituents with respect to the quark axis in the rest frame of the original cluster
for each other cluster in that list (B).

4. Depending on the rapidities the constituents of the cluster (qB, q̄B) fall into one
of three categories:

• Mesonic: y(qB) > 0 > y(q̄B),

• Baryonic: y(q̄B) > 0 > y(qB),

• Neither.

If the cluster neither falls into the mesonic, nor in the baryonic category listed
above the cluster is not considered for reconnection.

5. The category and the absolute value, |y(qB)| + |y(q̄B)|, for the clusters with the
two largest sums are saved (these are clusters B and C in the following).

6. Consider the clusters for reconnection depending on their category. If the two
clusters with the largest sum (B and C) are in the category baryonic, consider
them for baryonic reconnection (together with cluster A) with probability pB.
If the category of the cluster with the largest sum is mesonic then consider it
for normal reconnection with probability pR. If a baryonic reconnection occurs,
remove these clusters (A, B, C) from the list and do not consider them for further
reconnections. A picture of the rapidity based reconnection for a mesonic config-
uration is shown in Fig. 4.1 and a simplified sketch for baryonic reconnection is
shown in Fig. 4.2.

7. Repeat steps with the next cluster in the list.
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Figure 4.1: Representation of rapidity based colour reconnection where the quark
axis of one cluster is defined as the z-axis in respect to which the rapidities of the
constituents from the possible reconnection candidate are calculated. (A) and (B) are
the original clusters. (C) and (D) would be the new clusters after the reconnection.
Taken from Ref. [7].

Figure 4.2: Configuration of clusters that might lead to baryonic reconnection. The
small black arrows indicate the direction of the quarks. A reconnection is considered if
all quarks move in the same direction and all antiquarks move in the same direction.
Taken from Ref. [7].

We note that with this description we potentially exclude clusters from reconnection
where both constituents have a configuration like y(qB) > y(q̄B) > 0 w.r.t. the quark
axis but assume that these clusters already contain constituents which are close in ra-
pidity. The exclusion of baryonically reconnected clusters from further re-reconnection
biases the algorithm towards the creation of baryonic clusters whose constituents are
not the overall nearest neighbours in rapidity.

The extension to the colour reconnection model gives Herwig 7 an additional possi-
bility to produce baryons on a different, more elementary level than on the level of
cluster fission and cluster decay. In pp collisions with enhanced activity from multi-
ple partonic interactions, a high density of clusters leads to an increased probability
of finding clusters that are suitable for baryonic colour reconnection. We expect this
model therefore to have a significant effect on charged-hadron multiplicities, especially
on the high-multiplicity region. We also expect the model to have a significant impact
on baryon and meson production since the model for baryonic colour reconnection ef-
fectively increases the multiplicity of baryons and decreases the multiplicity of mesons.
In the following we show with a simple proof of concept by running Herwig 7 in combi-
nation with the baryonic colour reconnection model for different values of the baryonic
reconnection probability, (pB = 0.2, 0.5), if our expectations do indeed get met by the
new model. In Figs. 4.3 and 4.4 we see the influence of the new baryonic colour recon-
nection model for the different values of pB on the charged-particle multiplicities and
the p⊥ spectra of π+ +π− and p+p̄ yields in inelastic pp collisions at

√
s = 7 TeV in the

central rapidity region. As expected the model influences the hadronic multiplicities for
large Nch significantly. A larger baryonic reconnection probability reduces the number
of high multiplicity events and shifts them towards lower multiplicities. The p⊥ distri-
bution of the π+ +π− shows an overall reduction while the p⊥ spectra of the p+p̄ shows
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Figure 4.3: Measurement of the charged-particle multiplicity at
√
s = 7 TeV with

ALICE at LHC [89]. Shown is a comparison of the new colour reconnection model for
different reconnection probabilities with the default model of Herwig 7.

an overall enhancement due to baryonic colour reconnection. While the description of
the low p⊥ region improves, there are too many p + p̄ with a p⊥ > 2.5 GeV.

4.3 Tuning

The tuning is achieved by using the Rivet and Professor framework for Monte-Carlo
event generators [91, 92]. In a first tuning attempt we keep the hadronization param-
eters that were tuned to LEP data at their default values and follow a similar tuning
procedure as in Ref. [53]. We re-tune the main parameters of the model for multi-
ple parton interactions in Herwig 7, the pmin

⊥,0 parameter and the inverse proton radius

squared µ2 in combination with the two parameters for colour reconnection pR and pB.
In order to capture general features of MB observables we tune the model to a large
variety of MB data from the ATLAS and ALICE collaborations at

√
s = 7 TeV [67,90].

The following observables were used with equal weights:

• the pseudorapidity distributions for Nch ≥ 1, Nch ≥ 2, Nch ≥ 6, Nch ≥ 20,

• the transverse momentum of charged particles for Nch ≥ 1,

• the charged particle multiplicity for Nch ≥ 2,

• the mean charged transverse momentum vs. the multiplicity of charged particles
for p⊥ > 500 MeV and p⊥ > 100 MeV,

• the pion and the proton yield in the central rapidity region |y| < 0.5.

The outcome of this tune is listed in Tab. 4.1 where we show the parameter values that
resulted in the lowest value of χ2/Ndof and the values from the default tune of Herwig 7.1
without the baryonic colour reconnection model. The change in the colour reconnection
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Figure 4.4: The transverse momentum spectra for π+ + π− and p + p̄ as measured by
ALICE at

√
s = 7 TeV [90] in the central rapidity region |y| < 0.5.

algorithm and the possibility to produce baryonic clusters results in an overall better
description of the considered observables. While still being able to accurately describe
MB data we see the expected improvement in the charged multiplicity distributions for
the high-multiplicity region. The results of the tuning will be presented and discussed
in the next section.

pmin
⊥,0/GeV µ2/GeV2 pR pB

default 3.502 1.402 0.5 0

tune 3.269 1.963 0.543 0.2086

Table 4.1: Results of the parameter values from the tuning procedure that resulted in
the smallest χ2/Ndof value for

√
s = 7 TeV centre-of-mass energy compared with the

default tune from Herwig 7.1.

4.4 Results

Changes in the colour reconnection model are always deeply tied with the peculiarities
of the hadronization model. In principle we would have to re-tune all parameters
that govern the hadronization model in Herwig 7. This is usually done in a very
dedicated and long study with data from LEP experiments [3, 93]. We propose a
simplified procedure since little to no changes are expected with the extension to the
colour reconnection model in the e+e− environment. At LEP, the colour structure of
an event is not changed significantly through colour reconnection since it is already
well defined by the parton shower. This was confirmed by comparing the new model
to a wide range of experimental data from LEP. We therefore keep the hadronization
parameters that were tuned to LEP data (see Refs. [3, 4]) at their default values. We
also note that this does not replace a dedicated study concerned with the tuning and
validation of hadronization parameters. Especially at pp collisions a different model



4.4. Results 31

for colour reconnection leads to changes in the interplay between the clusters and
the hadronization in an unforeseeable way. Nonetheless we restrain ourselves to the
explained simplified method in order to make qualitative statements about the new
model for colour reconnection. The new model with the tuned parameters improves
the description of all observables considered in the tuning procedure. The effect of
the baryonic colour reconnection was already demonstrated in Fig. 4.3. In Fig. 4.5 we
show the same distribution of the charged-particle multiplicity for the central region
|y| < 1 with the tuned parameter values. Again we see the expected fall off for high
multiplicities. The baryonic colour reconnection model is able to describe the whole
region fairly well compared to the plain colour reconnection model. Only the low
multiplicity region n < 10 is overestimated by a factor of ≈ 10% and for n < 5
underestimated. In Fig. 4.5 we also show a similar observable for a wider rapidity
region |y| < 2.4 and up to n = 200 as measured by CMS [67]. Again the central
multiplicity region shows a significant improvement. For multiplicities n > 80 we note
a slight overestimation of the data but are still within error bars.

This can be understood quite simply: the more activity in an event, the more likely it
becomes that a cluster configuration leading to a baryonic reconnection is found. The
high-multiplicity events therefore exhibit a disproportionately large fraction of baryonic
reconnections. Due to the highly restricted phase space for the production of baryons
from baryonic clusters, fewer particles are produced than with mesonic clusters of the
same invariant mass. This in return lowers the charged multiplicity.

4.4.1 Strangeness production

We also observe the proposed change in mesonic and baryonic activity in the p⊥ spec-
tra of pions and protons. Especially the p/π ratio and the p⊥ distributions improve
significantly which should be considered first in a model that tries to describe flavour
multiplicities. When looking at the p⊥ distributions of K and Λ we see that none of the
performed tunes are able to capture the essence of these distributions correctly. This
is no surprise since we have not altered the production mechanism of strangeness. We
merely observe a small increase in the p⊥ distribution of Λ baryons.

In the non-perturbative regime of Herwig 7, strange quarks can be produced at the stage
of cluster fissioning and cluster decay, controled by the parameter PwtSquark. The pro-
duction of strange quarks during cluster decay additionally depends on the available
phase space (see Sec. 3.3). In order to account for an additional source of strangeness in
the event generator work flow, we allow the gluons which remain at the end of the par-
ton shower evolution to split non-perturbatively into strange quark-antiquark pairs. To
allow the production of strangeness during gluon splitting, the non-perturbative gluon
mass has to be adjusted such that mg > 2ms. This has shown to have no significant
effects on the description of LEP data. To control the production weight of strangeness
during gluon splitting we introduce the parameter SplitPwtSquark. In a second tuning
attempt we additionally tune the parameters PwtSquark and SplitPwtSquark, which
are resposible for the strangeness production during hadronization, to the p⊥ distribu-
tion of the π+π−, K+ + K−, p + p̄ yields in inelastic pp collisions at 7 TeV [90] and
the p⊥ distribution of Λ [75]. The resulting parameter values are listed in Tab. 4.2.
We see a significant improvement for many hadron flavour observables which were not
considered in the tuning. In order to study the different effects from the baryonic colour
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pmin
⊥,0/GeV µ2/GeV2 pR pB PwtSquark SplitPwtSquark

default 3.502 1.402 0.5 0 0.665 0

tune 3.053 1.282 0.772 0.477 0.291 0.824

Table 4.2: Results of the parameter values from the tuning procedure that resulted
in the smallest χ2/Ndof value for

√
s = 7 TeV compared with the default tune from

Herwig 7.1.

b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b
b
b b

b
b

bHerwig 7

ALICE Datab

Herwig 7.1 default
new model

10−4

10−3

10−2

10−1

Charged Multiplicity
√

(s) = 7 TeV

d
N

/
d

N
ch

10 20 30 40 50 60 70

0.6

0.8

1

1.2

1.4

Nch

M
C

/D
at

a

b b b
b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

b
b

b

b

b
Herwig 7

ATLAS Datab

Herwig 7.1 default
new model

10−5

10−4

10−3

10−2

Charged multiplicity ≥ 2 at 7 TeV, track p⊥ > 100 MeV

1/
σ

d
σ

/
d

N
ch

20 40 60 80 100 120 140 160 180 200

0.6

0.8

1

1.2

1.4

Nch

M
C

/D
at

a

Figure 4.5: Multiplicity distributions as measured by ALICE for the central rapidity
region |η| < 1 up to Nch=70 [89] and ATLAS for |η| < 2.4 up to Nch = 200 for all
particles with p⊥ > 100 MeV [67]. We compare the plain colour reconnection model
(default) with the new baryonic colour reconnection model.
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Figure 4.6: The transverse momentum spectra for π+ + π− and K+ + K− as measured
by ALICE at

√
s = 7 TeV [90] in the central rapidity region |y| < 0.5.

reconnection model in combination with the possibility to produce strange quarks dur-
ing gluon splitting we compare runs with the default model (Herwig 7.1 default), the
baryonic colour reconnection model (baryonic reconnection), one run where we allow
the gluons to split into strange quarks (g → ss̄ splittings) in combination with the
plain colour reconnection model and a run where we combine the model for baryonic
colour reconnection with the modified gluon splitting with the tuned parameters (new
model). In Fig. 4.6 we show the p⊥ distributions of π and K in the central rapidity
region as measured by ALICE [90] and in Fig. 4.7 the corresponding p + p̄ distribution.
While all options improve the description of pions we see that the K distribution can
only be described if we take the additional source of strangeness into account. The
proton p⊥ distribution is mainly driven by baryonic reconnection. The rate increases
for all p⊥ regions but we overestimate the data by a large factor for p⊥ > 3 GeV and
for the very low p⊥ region. Since all options show the same trend this might indicate
some problems with the hard part of the model for multiple parton interactions which
dominates the production of particles for higher values of p⊥. In Fig. 4.8 we consider
the hadron ratios K/π, and p/π. The new model does a significantly better job in
describing the data and only the combined effect of the enhanced baryon production
through the change in the colour reconnection model and gluon splitting into strange
quarks is able to give a satisfying description of both observables.

In Figs. 4.9, 4.10, 4.11 and 4.12 we compare the model to
√
s = 7 TeV data from

CMS [75] for the strange flavour observables of K0
S, Λ and Ξ−. The new model improves

the description for all observables published in this analysis. Again we show the effects
of the different contributions and note that the best description can only be achieved
with a combination of baryonic colour reconnection and gluon splitting into strange
quarks (new-tune). The Λ/K0

S distribution shows a good description in the turn on
region but the high p⊥ tail is not well described. A similar observation was made
with Pythia in Ref. [77]. Surprisingly the Ξ−/Λ distribution is able to capture the
general trend but due to large errors in the high p⊥ region no sound conclusion can
be drawn. Especially the rapidity distributions and the ratios Λ/K0

S and Ξ−/Λ show
an improvement compared to the default model. Again we point out the interplay
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Figure 4.7: The transverse momentum spectrum for p + p̄ as measured by ALICE at√
s = 7 TeV [90] in the central rapidity region |y| < 0.5.

between baryonic colour reconnection and the strangeness production mechanism which
is responsible for the improvement in the description of the heavy baryons Λ and Ξ−.

In an analysis by ALICE [76], an enhancement of strange to non-strange hadron pro-
duction with increasing particle multiplicity in pp collisions was observed. It was noted
that the observed enhancement increases with the strangeness content of the hadron
and not with the mass or baryon number. This presented a novelty in pp collisions
since these effects were formerly only attributed to the high density systems of pPb
and PbPb collisions. Since we are developing a model that incorporates strangeness
production and the enhanced production of baryons it is instructive to compare our
model to the data published by the ALICE collaboration. In Figs. 4.13, 4.14 we show
the ratio of the yields of K0

S, Λ, Ξ and Ω to the pion (π+ + π−) yield as a function of
〈dNch/dη〉 at

√
s = 7 TeV. The new model describes the data significantly better than

the default version of Herwig 7.1. The model manages to describe the rising trend of
the strange to non-strange hadron production qualitatively for all observables. Only
for 2K0

S/(π
+ + π−) we see a deviation for 〈dNch/dη〉 < 4. In Fig. 4.15 we show the

ratio of the single strange hadrons (Λ + Λ̄)/2K0
s and the ratio of non strange hadrons

(p + p̄)/(π+ + π−). These yield ratios do not change significantly with multiplicity.
The new model for baryonic colour reconnection in combination with the g → ss̄
splitting mechanism, describes the data significantly better than the default version of
Herwig 7.1.

We highlight that the new model was tuned to general aspects of MB data and not to
the data from the ALICE study. The new model manages to capture the observed trend
in all observables considered and describes the data qualitatively to a good accuracy.
The model presents an additional possibility to understand and describe the enhanced
production of strangeness in high-multiplicity events from a microscopical point of view.

4.4.2 Spectra of cluster masses

In this section we discuss the effects of the baryonic colour reconnection model on
the clusters and the distribution of cluster masses. This is done for non-diffractive
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Figure 4.8: Transverse momentum spectra for the ratios p/π and K/π as measured
by ALICE at

√
s = 7 TeV in the very central rapidity region |y| < 0.5 [90].
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Figure 4.9: The K0
S rapidity and p⊥ distribution as measured by CMS at

√
s =

7 TeV [75].

processes, since colour reconnection has no effect on the simulation of diffraction. In
Fig. 4.16 we show the effects of the baryonic colour reconnection model on the distribu-
tion of cluster masses. It can be seen that after colour reconnection the cluster masses
get shifted towards smaller values, although the effect is not as severe as in the plain
colour reconnection model (see Fig. 4.17). In a direct comparison between the plain
colour reconnection model and the baryonic colour reconnection model we see that
the baryonic colour reconnection model favours the production of heavier clusters. In
Fig. 4.18 we show the distribution of cluster masses after colour reconnection separately
for baryonic and mesonic clusters. The contribution in the high-mass region mainly
comes from mesonic clusters. Baryonic clusters dominate the mid-mass region between
1 and 13 GeV while large baryonic clusters are highly suppressed. With this in mind,
a picture of the cluster configuration emerges which, in order to be able to describe
the data, favours the production of baryonic clusters with an intermediate cluster mass
and small fluctuations towards clusters of very high masses. In general, one can say
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Figure 4.10: The Λ rapidity and p⊥ distribution as measured by CMS at
√
s =

7 TeV [75].

that lighter clusters lead to fewer heavy particles due to the highly restricted phase
space during cluster decay. This makes the plain model for colour reconnection, which
is based on the direct reduction of cluster masses not able to reproduce the observables
concerned with heavier particles due to a lack of heavy clusters.

4.5 Conclusion

We have implemented a new model for colour reconnection which is entirely based on a
geometrical picture instead of an algorithm that tries to directly minimize the invariant
cluster mass. Additionally we allow reconnections between multiple mesonic clusters to
form baryonic clusters which was not possible in the plain colour reconnection model.
This mechanism results in a lever on the baryon to meson ratio which is a necessary
starting point to describe flavour observables. The amount of reconnection also depends
on the multiplicity of the event. To account for strangeness production we allow for
non-perturbative gluon splitting into strange quark-antiquark pairs. Only with this
additional source of strangeness, it is possible to get a reasonably good description of
the p⊥ spectra of the kaons. The description of heavy baryons Λ, and Ξ−, improves
once we combine the new baryonic colour reconnection model and the additional source
of strangeness. The model was tuned to 7 TeV MB data and various hadron flavour
observables. The full range of MB data can be described with a similar good quality
as the default model of Herwig 7.1. Additionally improve the description of hadron
flavour observables significantly.

A comparison with ALICE data concerning the enhancement of (multi-)strange hadrons
led us to the conclusion that our simple model is able to reproduce the trend of the
observables qualitatively and in some regions with high accuracy. We have shown that
the relative increase in strange hadron fraction with respect to multiplicity can also
be described by a microscopic approach introducing correlations in the final state via
colour reconnection in combination with the cluster hadronization model.

A shortcoming of the model lies in the algorithm which is biased by the order of
clusters considered for reconnection and the fact that baryonic clusters cannot be re-
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Figure 4.11: The Ξ− p⊥ distribution as measured by CMS at
√
s = 7 TeV [75].

reconnected. This will ultimately yield clusters which do not consist of the nearest
neighbours in phase space but a small overlap between the clusters will still be present.
Due to the sheer amount of possibilities on how to assign baryonic clusters we are forced
to introduce some sort of arbitrariness when it comes to the cluster assignment. When
comparing the baryonic colour reconnection model with the plain colour reconnection
model, we see that the baryonic colour reconnection model does not have the same
effect on the invariant mass distribution in terms of reduction of cluster masses but
fuses mesonic clusters together in order to form baryonic clusters and therefore adds
an additional possibility to produce heavy baryons. According to the data a significant
reduction in cluster mass is not favoured. The data prefers more fluctuations in cluster
size and explicitly welcomes the possibility to produce baryonic clusters. Otherwise the
production of heavy strange baryons is highly suppressed. Overall, we have shown that
changes in the model for colour reconnection and the gluon-splitting mechanism have
significant effects on the description of MB flavour observables.

The model for baryonic colour reconnection in combination with the modified gluon
splitting was released with Herwig version 7.1.4, and became the default model with
Herwig version 7.2 [94]
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Figure 4.12: The Λ/K0
S and the Ξ−/Λ p⊥ distribution as measured by CMS at

√
s =

7 TeV [75].
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Figure 4.13: Integrated (multi)-strange particle yield ratios to π+ + π− as a function
of 〈dNch/dη〉 for |η| < 0.5. The values from the ALICE analysis [76] are compared to
the default model of Herwig 7.1 and the new model.
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Figure 4.14: Integrated (multi)-strange particle yield ratios to π+ + π− as a function
of 〈dNch/dη〉 for |η| < 0.5. The values from the ALICE analysis [76] are compared to
the default model of Herwig 7.1 and the new model.
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Figure 4.15: Integrated particle yield ratio of (Λ + Λ̄)/2K0
s and (p + p̄)/(π+ + π−) as

a function of 〈dNch/dη〉 for |η| < 0.5. The values from the ALICE analysis [76] are
compared to the default model of Herwig 7.1 and the new model.
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Figure 4.16: Comparison between the distributions of invariant cluster masses before
and after the colour reconnection with the baryonic colour reconnection model.

Figure 4.17: Comparison between the distribution of invariant cluster masses after
colour reconnection for the plain colour reconnection model and the baryonic colour
reconnection model.
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Figure 4.18: The invariant mass distribution of mesonic and baryonic clusters after
colour reconnection.





CHAPTER 5

Colour Reconnection from Soft Gluon Evolution

Colour reconnection models have become a crucial part in phenomenological studies
and are necessary for the description of MB and UE data at hadron colliders [72, 74,
87, 95–97]. The main goal of these models is to incorporate sub-leading colour effects
on the level of hadronization. While the bulk of observables can be described with
simple colour reconnection models, they quickly reach their limit of possibilities when
confronted with more differential observables, for instance flavour composition with
respect to event multiplicity [76]. The inability of most models to describe baryon
production also led to improved models of colour reconnection [7,77], one of which we
introduced in Ch. 4.

While the spectrum of colour singlet cluster systems is typically predicted by the
Nc →∞ parton shower evolution, the colour reconnection dynamics incorporates sub-
leading colour effects which we expect to consist of a perturbative, as well as a non-
perturbative component. While work is ongoing in analysing multi-parton emission
dynamics beyond the leading colour approximation [98, 99], no consistent connection
between these approaches to existing hadronization models has been made yet. In this
chapter, we take the first step in this direction by approaching colour reconnection from
a perturbative point of view and take the perturbative structure as a starting point
to calculate possible colour reconnection effects at amplitude level. This results in a
perturbatively inspired evolution of the colour-flow due to soft-gluon exchanges. We
develop a toy Monte Carlo which allows us to study the colour evolution of a system
of up to 5 clusters and furthermore analyze the properties of the resulting cluster con-
figurations which are favoured by our perturbative ansatz and find strong support for
geometric colour reconnection models.

This chapter is organized as follows. In Sec. 5.1 we review the details of colour pre-
confinement and the cluster hadronization model relevant for this chapter. In Sec. 5.2
we introduce the concept of perturbative colour evolution of a scattering amplitude
which results in a mixing of possible colour structures in the (infrared) renormalized
amplitude by means of a renormalization group equation in colour space. In Sec. 5.3 we
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state a general algorithm which incorporates the perturbative colour-flow evolution in
the form of a colour reconnection algorithm that calculates the probabilities to change
from an initial colour-flow to a final colour-flow by calculating the overlaps of an evolved
amplitude in colour space and a target colour structure. We also investigate the exactly
solvable evolution of a two-cluster system in different kinematic regimes. In Sec. 5.4 we
introduce the concept of a baryonic colour-flow and in Sec. 5.5 we present the numerical
results for the full evolution of systems containing up to five clusters. In Sec. 5.6 we
take the first step to isolate building blocks of our approach which might function as
the basis of a new model for colour reconnection implementable in Monte Carlo event
generators and in Sec. 5.7 we draw conclusions on our approach in terms of application
and feasibility.

5.1 Pre-Confinement and Cluster Hadronization

The cluster hadronization model is an essential ingredient for Monte Carlo event gen-
erators such as Herwig 7 [3, 4] and Sherpa [2]. After the perturbative evolution of
the parton shower has terminated, it converts partons from the scale of the parton
shower infrared cutoff of order 1 GeV into the observed hadrons at energy scales of
order ΛQCD. The cluster hadronization model is based on the property of colour pre-
confinement which states that at any scale of the perturbative cutoff the colour structure
of the parton shower is such that colour singlet combinations of partons can be formed
with an asymptotically invariant mass distribution. The invariant mass distribution is
independent of the properties of the hard scattering process or the parton shower itself.

After the evolution of the parton shower has terminated each coloured quark q is
colour connected to an anticoloured antiquark q̄ forming a colour singlet cluster. The
properties of the clusters are solely determined by the individual quark flavours and
the invariant cluster mass

M2 = (pq + pq̄)
2 , (5.1)

where pq, pq̄ are the four-momenta of the constituent quarks. In the approach followed
here, we neglect the specific flavours of the quarks since we are mainly interested in the
mass distribution of the resulting clusters after colour evolution. Furthermore we stay
in the massless parton limit, in which Eq. (5.1) simplifies to

M2 = 2pq · pq̄. (5.2)

5.2 Perturbative Colour Evolution

QCD scattering amplitudes are in general vectors in both spin and colour space. Since
we are mainly interested in the colour structures we neglect the helicity degrees of
freedom. A QCD scattering amplitude M can then be decomposed in a basis of con-
tributing colour structures,

|M〉 =
∑

σ

Mσ|σ〉, (5.3)

where σ represents the possible colour structures of the amplitude. We work in the
colour-flow basis [100] in which colour structures can be labelled by permutations σ of
the colour indices and describe how colour charge is flowing from one leg to another.
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For n outgoing coloured legs and n outgoing anticoloured legs we use the notation from
Ref. [99] to display which coloured and anticoloured legs are colour connected with each
other

|σ〉 =

∣∣∣∣∣∣
1 · · · n

σ(1) · · · σ(n)

〉
= δα1

ᾱσ(1)
· · · δαnᾱσ(n)

, (5.4)

where α1...n and ᾱσ(1)...σ(n) are fundamental and anti-fundamental indices assigned to the
colour and anticolour legs respectively. They take values in the actual number of colours
1, ..., Nc. Now we consider virtual corrections to the amplitude. Virtual corrections are
in general both infrared (IR) and ultraviolet (UV) divergent. While UV divergences
relate to the running of the strong coupling, IR divergences drive the evolution of a
scattering amplitude. In this case the renormalization program can be used to sum large
logarithmic contributions of infrared origin to all orders in perturbation theory [101].
In d = 4− 2ε dimensions, the bare amplitude |M̃〉 can be related to the renormalized
amplitude |M〉 in the following way

|M({p}, µ2)〉 = Z−1({p}, µ2, ε)|M̃({p}, ε)〉, (5.5)

where {p} is the set of outgoing momenta, ε = (d−4)/2 is the dimensional regularization
parameter in d dimensions, and µ2 is the scale at which the IR renormalization has
been performed. The renormalization constant Z is an operator in the space of colour
structures and sums the IR divergences to all orders resulting in a finite renormalized
amplitude.

By taking a logarithmic derivative of the bare amplitude with respect to the renormal-
ization scale µ2, we obtain the following evolution equation [101,102]

µ2 d

dµ2
|M({p}, µ2)〉 = Γ({p}, µ2)|M({p}, µ2)〉, (5.6)

where Γ({p}, µ2) is the so-called soft anomalous dimension matrix

Γ({p}, µ2) = −Z−1({p}, µ2, ε)µ2 ∂

∂µ2
Z({p}, µ2, ε). (5.7)

This matrix encodes the residues of the 1/ε divergences contained in Z. Both Z and
Γ are matrices in colour space and mix amplitudes with different colour structures.
Solutions to the evolution equation take the general form

|M({p}, µ2)〉 = U({p}, µ2, {M2
ij})|H({p}, Q2, {M2

ij})〉, (5.8)

where H({p}, Q2, {M2
ij}) represents the hard scattering amplitude before the evolution

and

U({p}, µ2, {M2
ij) = exp

(
−
∫ M2

ij

µ2

dq2

q2
Γ({p}, µ2)

)
, (5.9)

is the evolution operator in the space of colour structures. Here we have neglected
the ordered exponential since we assume that the soft anomalous dimension matrix
commutes at different scales. We furthermore have not chosen a fixed scale to provide
the initial conditions for the evolution but rather have chosen an upper limit on the
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Figure 5.1: Diagrammatic representation of single soft gluon exchanges between two
legs as described by the soft anomalous dimension matrix (left), and possible exchanges
as encoded in the evolution operator (right). Thick lines indicate the momenta of the
final state colour charges originating from the hard scattering indicated by the grey
blob.

integration per pair of partons, where we assume that µ2 is always less than the scale
of the invariant cluster masses M2

ij.

At one loop, the soft anomalous dimension matrix reads [101]

Γ({p}, µ2) =
∑

i 6=j

(−Ti ·Tj)Γcusp ln

(−sij
µ2

)
+
∑

i

γi, (5.10)

where the sum runs over all pairs of parton legs, sij = 2pi ·pj if both partons i and j are
incoming or outgoing and sij = −2pi · pj if one is incoming and one is outgoing. The
Ti ·Tj are products of colour charge operators describing soft gluon exchange between
any two legs i and j. For a review about colour charge operators, we refer to Ref. [36].
Γcusp is the so-called cusp anomalous dimension and in lowest order, can be written as
Γcusp = αs/4π.

In general, we have to stick to a certain basis of colour structures to obtain a matrix
representation of Γ such that an exponentiation can be performed, see Eq. (5.8). Since
we are only interested in the evolution of the colour structures, we can neglect the
non-cusp terms γi. They are diagonal in colour space and therefore have no effect on
the resulting colour structure. If we assume that only final state massless partons are
present, (sij = 2pi · pj), the evolution operator becomes

U
(
{p}, µ2, {M2

ij}
)

= exp

(
−
∑

i 6=j

∫ M2
ij

µ2

dq2

q2
(−Ti ·Tj)Γcusp

(
ln

2pi · pj
q2

− iπ
))

.

(5.11)
The evolution matrix U is a matrix exponential in colour space and describes soft-
gluon exchanges between any two legs to all orders in the strong coupling. We have
represented this in Fig. 5.1. The action of the evolution operator can be described
as iterating colour reconnectors [98] which, once per action swap two indices of the
permutation labelling the specific colour-flow and introduce longer transpositions when
exponentiated. If the colour-flows represented through the basis tensor in Eq. (5.4) can
be considered to represent physical colour singlet systems resulting in cluster assign-
ments, then the evolution operator Eq. (5.11) can be seen as the basic object describing
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the physics behind colour reconnection at the amplitude level. This assumption is the
starting point for our model investigation.

In order to calculate the exponentiated matrix, which governs the evolution in colour
space and to arrive at a formulation which can be implemented in form of a Monte
Carlo model, we first have to determine the colour charge products Ti ·Tj. The action
of a single colour charge operator, Ti, where i denotes the label of the leg, corresponds
to the emission of a gluon from leg i. This results in a higher dimension in colour space.
The colour charge emission operator associated to each leg i can be conveniently written
as [98]

Ti = λitci − λ̄itc̄i −
1

Nc

(λi − λ̄i)s, (5.12)

where ci, c̄i are the colour labels assigned to the leg i and λi = TR, λ̄i = 0 for a quark,
λi = 0, λ̄i = TR for an antiquark and λi = λ̄i = TR for a gluon. The factor TR is the
representation index, also called Dynkin index and chosen as 1/2 in the fundamental
representation and Nc in the adjoint representation. The colour line operators tα, t̄ᾱ
are defined through their action on the colour base states as [99]

tα|σ〉 = tα

∣∣∣∣∣∣
1 · · · α · · · n

σ(1) · · · σ(α) · · · σ(n)

〉
=

∣∣∣∣∣∣
1 · · · α · · · n n+ 1

σ(1) · · · σ(n+ 1) · · · σ(n) σ(α)

〉
,

(5.13)
and

t̄ᾱ|σ〉 = t̄ᾱ

∣∣∣∣∣∣
1 · · · α · · · n

σ(1) · · · σ(α) · · · σ(n)

〉
=

∣∣∣∣∣∣
1 · · · σ−1(α) · · · n n+ 1

σ(1) · · · σ(n+ 1) · · · σ(n) σ(α)

〉
.

(5.14)

The singlet operator s corresponds to the emission of a singlet gluon from a given leg.
Since we work in the colour-flow basis the singlet operator will just add an additional
colour line which is connected to itself

s|σ〉 = s

∣∣∣∣∣∣
1 · · · n

σ(1) · · · σ(n)

〉
=

∣∣∣∣∣∣
1 · · · n n+ 1

σ(1) · · · σ(n) σ(n+ 1)

〉
. (5.15)

In order to calculate the products of colour line operators on a given colour flow, ti · tj
which corresponds to the emission of a soft gluon from leg i and the absorption of
the soft gluon from leg j, Eq. (5.12) proves to be helpful. The product of colour line
operators, therefore the products of the colour charge operators Ti ·Tj correspond to
an exchange in colour space between the legs i and j. We calculate the matrix elements
of the colour charge products following the description in Ref. [99] with the following
formula

[τ |Ti ·Tj|σ〉 = −Ncδτ,σ[λiλ̄jδσ(ci),c̄j + λ̄iλjδσ(cj),c̄i +
1

N2
c

(λi − λ̄i)(λj − λ̄j)]

+
∑

(ab)

δτ(ab),σ
(
λiλjδ(ab),(σ(ci)σ(cj)) + λ̄iλ̄jδ(ab),(c̄ic̄j) (5.16)

− λiλ̄jδ(ab),(σ(ci)c̄j) − λ̄iλjδ(ab),(σ(cj)c̄i)

)
,
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for i 6= j. In this formula δτσ is zero if the permutations τ and σ are not equal, (ab)
represents an ordered pair ((ab) = ba if a > b) and τ(ab) denotes swapping the elements
a and b in the permutation τ . Since the colour-flow basis is non-orthogonal we have to
introduce a dual basis vector [τ | [99], which is defined such that

∑

α

|α〉[α| =
∑

α

|α]〈α| = 1, (5.17)

and

〈α|β] = [α|β〉 = δαβ. (5.18)

From Eq. (5.16) we can calculate all Ti ·Tj matrix elements in the colour-flow basis.

5.3 Outline of the General Algorithm

The cluster configuration we obtain from a pre-confining parton evolution as discussed
in Sec. 5.1 can be seen as driven by a cross-section which results from an amplitude H
that has been dominated by a specific colour structure |σ〉. The colour structure results
in the assignment of colour connected quark-antiquark pairs and therefore clusters in
the pre-confined final state,

dσ ∼ |H({p}, Q2, {M2
ij})|2, |H({p}, Q2, {M2

ij})〉 ≈ Hσ({p}, Q2, {M2
ij})|σ〉 . (5.19)

We further assume that the logarithms of Q2/M2
ij have been summed by the parton

shower evolution with M2
ij ∼ 2pi · pj ∼ Q2

0. This corresponds to a veto of radiation off

dipoles with masses around the shower infrared cutoff Q2
0. We view the initial step of

colour reconnection as an evolution in colour space down to scales of order µ2 below
the initial cluster masses and the parton shower infrared cutoff. We then use

U
(
{p}, µ2, {M2

ij}
)

= exp

(∑

i 6=j

Ti ·Tj
αs
2π

(
1

2
ln2

M2
ij

µ2
− iπ ln

M2
ij

µ2

))
, (5.20)

as derived in Sec. 5.2 as an ansatz for the evolution of a given colour structure, where
the term −iπ ln(M2

ij/µ
2) is the so-called Coulomb term.

The starting point for the colour reconnection of a certain cluster configuration which
is represented through a colour structure |σ〉 is to consider the overlap between the
evolved amplitude, U

(
{p}, µ2, {M2

ij}
)
|σ〉, and a new colour structure |τ〉. This allows

us to define a reconnection amplitude

Aσ→τ = 〈τ |U
(
{p}, µ2, {M2

ij}
)
|σ〉. (5.21)

From these amplitudes we can calculate probabilities to end up in all possible colour
structures according to

Pσ→τ =
|Aσ→τ |2∑
ρ |Aσ→ρ|2

, (5.22)

where ρ runs over the possible colour-flows.
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5.3.1 Example of two-cluster evolution

In this section we show the colour-flow evolution for the simple case of a two cluster
system. For a two cluster system which consists of two quarks (1, 2) and two antiquarks
(1̄, 2̄) there are two possible colour connections (11̄, 22̄) and (12̄, 21̄) each corresponding
to a different cluster configuration resulting in different invariant cluster masses Mij.
In the colour-flow basis we represent the given colour-flow for a two cluster system in
the basis state as

|σ〉 =

∣∣∣∣∣∣
1 2

1̄ 2̄

〉
= |12〉 = δα1

α1̄
δα2
α2̄
, (5.23)

where we have introduced the shorthand notation |12〉, which in our notation means
that quark 1 is colour connected to antiquark 1̄ and quark 2 is colour connected to
antiquark 2̄ resulting in the invariant cluster masses M2

11̄ and M2
22̄. It is furthermore

helpful to represent the colour states as products of Kronecker deltas as shown in
Eq. (5.23). For the exponential of the evolution operator, Eq. (5.20), that acts on a
given colour-flow |σ〉 we can write

Γ = Γ11̄T1T1̄ + Γ12T1T2 + Γ12̄T1T2̄ + Γ1̄2T1̄T2 + Γ1̄2̄T1̄T2̄ + Γ2̄2T2̄T2, (5.24)

where

Γij =
αs
2π

(
1

2
ln2

M2
ij

µ2
− iπ ln

M2
ij

µ2

)
. (5.25)

The matrices of the products of colour charge operators can be calculated according to
Eq. (5.16) and read

Ti ·Tī = −


 Nc 1

0 0


 , Ti ·Tj̄ = −


 0 0

1 Nc


 , Ti ·Tj = −


 0 1

1 0


 , (5.26)

for the two cluster case. We stick to the matrix representation such that an exponenti-
ation can be performed. From Eq. (5.24) in combination with the matrices Eq. (5.26)
follows an explicit expression for the soft anomalous dimension matrix for the two
cluster case which can then be exponentiated

Γ = −


 −Nc(Γ11̄ + Γ22̄) Γ12 + Γ1̄2̄ − (Γ11̄ + Γ2̄2̄)

Γ12 + Γ1̄2̄ − (Γ12̄ + Γ21̄) −Nc(Γ12̄ + Γ21̄)


 . (5.27)

In this example we neglect the Coulomb term for simplicity but will include it in the
later numerical simulations for the general case of up to 5 clusters. By neglecting the
Coulomb term we obtain a compact form for the Γij in terms of invariant cluster masses
and the partons four-momenta

Γij =
αs
2π

[1

2
ln2

M2
ij

µ2

]
=
αs
2π

[1

2
ln2 2pi · pj

µ2

]
. (5.28)

For the simple case of two-cluster evolution, the exponential of a general 2× 2 matrix
can be written down explicitly. Although already for this case, the exponential is
quite complicated. For the later numerical studies the matrix exponential is performed
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numerically by using the Padé approximation [103]. The matrix exponential for the
two cluster case with Nc = 3 reads

U = eΓ = e−
3
2

(a+b) sinh

(√
∆

2

)

×




coth

(√
∆

2

)
+

3(b− a)√
∆

2(c− a)√
∆

2(c− b)√
∆

coth

(√
∆

2

)
+

3(a− b)√
∆



, (5.29)

where we introduced the variables a = Γ22̄ + Γ11̄, b = Γ12̄ + Γ21̄, c = Γ12 + Γ2̄1̄ and
∆ = 9a2 − 4c(a + b) − 14ab + 9b2 + 4c2. Eq. (5.29) is the matrix form of Eq. (5.20)
governing the evolution of a given colour-flow. We can now proceed to determine
the reconnection probability when the initial colour-flow is given by |σ〉 = |12〉. We
represent the two possible colour-flows by vectors in colour space

|12〉 =


 1

0


 , |21〉 =


 0

1


 . (5.30)

The dimension of the vectors equals the number of possible colour-flows The action
of the evolution operator U on an initial colour-flow |σ〉 = |12〉 results in a mixing of
colour structures,

|τ〉 = U|12〉 = U12|12〉+ U21|21〉, (5.31)

where U12 and U21 are the matrix elements of the evolution operator. We can now pro-
ceed to determine a reconnection probability by projecting the evolved colour structure
onto the alternative colour-flow |21〉 when the initial colour-flow before the evolution
was |12〉

PReco =
|〈21|τ〉|2

|〈21|τ〉|2 + | 〈12|τ〉|2
. (5.32)

Since we work in a non-orthogonal basis we need to calculate the inner products of the
colour-flow basis tensors 〈ij|τ〉. It is helpful to consider the general expression of the
basis states in terms of Kronecker deltas which leads to

〈12|12〉 = δᾱ1
α1
δα1
ᾱ1
· δᾱ2

α2
δα2
ᾱ2

= N2
c , (5.33)

where the indices run over the number of colours Nc (in our case Nc = 3). For 〈21|12〉
follows

〈21|12〉 = Nc. (5.34)

This can be generalized to m clusters (m! possible colour-flows) which leads to a general
formula for the inner products

〈σ|τ〉 = δ
ατ(1)

ᾱτ(1̄)
. . . δ

ατ(m)

ᾱτ(m̄)
δ
ᾱσ(1̄)
ασ(1) . . . δ

ᾱσ(m̄)
ασ(m) = Nm−n

c , (5.35)

where n is the number of transpositions by which the two colour states 〈σ| and |τ〉
differ and Nc is the number of colours.
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The reconnection probability PReco can then be expressed in terms of the matrix ele-
ments of the evolution matrix

PReco =
|U11 +NcU21|2

|NcU11 + U21|2 + |U11 +NcU21|2
. (5.36)

We will now proceed to explore the analytic properties of the probability to end up
in the alternative colour-flow after the evolution. For minimal and maximal mixing
in the evolution, the matrix elements of the evolution operator correspond to U21 = 0
and U11 = 0. The reconnection probabilities calculated from Eq. (5.36) with Nc = 3
are then PReco = 1/10, and PReco = 9/10 respectively. Most of the reconnection
probability values are encountered for extremal cluster mass configurations: in the case
when U21 = 0 the condition can be translated to the kinematical situation when the
following equality is fulfilled

U21 = 0⇔ (Γ12 + Γ21̄ = Γ12̄ + Γ21̄) . (5.37)

On the other hand, in the case U11 = 0 the value of PReco = 9/10 is obtained when

U11 = 0 =
√

∆ coth

(√
∆

2

)
+ 3(b− a). (5.38)

In the limit where
√

∆ is large2, coth
(√

∆/2
)
→ 1, and the condition above simplifies

to
3(a− b)√

∆
= 0⇔ (a− c)(c− b) = 0. (5.39)

Since we assume that both U11 and U21 are not equal to 0 at the same time, the
condition above is only fulfilled when

a− c = 0⇔ Γ22̄ + Γ11̄ = Γ12 + Γ2̄1̄, (5.40)

which is consistent with the numerical results presented in Sec. 5.5. In the next step
we investigate the rapidity dependence of the reconnection probability. We work in
the centre-of-mass frame of the particles 1 and 1̄ in which their momenta are in a
back-to-back configuration. They are given by

p1 =
1

2
(M11̄, 0, 0,M11̄), (5.41)

p1̄ =
1

2
(M11̄, 0, 0,−M11̄). (5.42)

We express the four-momenta of the other two particles i = 2, 2̄ in dependence of their
rapidities and azimuthal angles with respect to the quark axis of p1

pi = pT i(cosh yi, sinφi, cosφi, sinh yi). (5.43)

2Already for ∆ = 40 the value of coth

(√
∆

2

)
= 1.00359 and for ∆ = 100 it is equal to 1.00009.
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The products then obtain the simple form:

p1 · p1̄ =
1

2
M2

11̄, (5.44)

p1 · pi =
1

2
M1ipT ie

−yi, (5.45)

p1̄ · pi =
1

2
M1̄ipT ie

yi, (5.46)

p2 · p2̄ = 2pT2pT 2̄(cosh ∆y22̄ − cos ∆φ22̄) , (5.47)

and the condition for the minimal mixing from Eq. (5.37) can be rewritten as

ln

(
1

4

M2
11̄

µ2

p2
T2

µ2

)
ln
(
e−2y2

)
= ln

(
1

4

M2
11̄

µ2

p2
T 2̄

µ2

)
ln
(
e−2y2̄

)
. (5.48)

When pT2 ∼ pT 2̄ and ∆Y = y2̄−y2 ∼ 0, meaning that the initial partons in the clusters
have similar transverse momenta and are close in rapidity, the reconnection probability
Eq. (5.22) is minimal. Therefore, more likely will be reconnections when the ∆Y values
for the quark-antiquark pairs of the original clusters are large which is also confirmed
numerically in Fig. 5.5. It is interesting to see the transverse momentum dependence
of the result from Eq. (5.48). The impact of a transverse momentum dependence of
the cluster constituents on the reconnection probability has been studied in Ref. [69].

5.4 Baryonic Reconnections

The concept of a baryonic type cluster has proven to be essential in improving the
description of flavour observables at hadron colliders. Within the framework of per-
turbatively inspired colour reconnection we can accommodate for such reconnections
provided there are at least 3 clusters present. It is then possible to associate a baryon-
antibaryon pair to a colour-flow which has been anti-symmetrized in three fundamental
and three anti-fundamental indices, in the following denoted by

|Bijk〉 =
1

NB

εijkεīj̄k̄ =

1

NB



∣∣∣∣∣∣
i j k

ī j̄ k̄

〉
+

∣∣∣∣∣∣
j k i

ī j̄ k̄

〉
+

∣∣∣∣∣∣
k i j

ī j̄ k̄

〉
−

∣∣∣∣∣∣
j i k

ī j̄ k̄

〉
−

∣∣∣∣∣∣
i k j

ī j̄ k̄

〉
−

∣∣∣∣∣∣
k j i

ī j̄ k̄

〉
 .

(5.49)

The normalisation constant NB is taken to reproduce the normalisation of a single
mesonic configuration,

〈Bijk|Bijk〉 = N3
c , N2

B = 3!

(
1− 3

Nc

+
2

N2
c

)
=

4

3
. (5.50)

This allows us to define a baryonic reconnection amplitude

Aτ→Bijk⊗σ̃ijk = 〈Bijk| ⊗ 〈σ̃ijk|U
(
{p}, µ2, {M2

ij}
)
|τ〉, (5.51)
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where σ̃ijk denotes the permutation with the colour and anticolour indices correspond-
ing to the baryonic system removed,

|σ̃ijk〉 =

∣∣∣∣∣∣
1 · · · n \ i, j, k

σ(1) · · · σ(n) \ ī, j̄, k̄

〉
. (5.52)

The generalised reconnection probability is then3

Pτ→σ =
|Aτ→σ|2
Nτ

, Pτ→Bijk⊗σ̃ijk =
|Aτ→Bijk⊗σ̃ijk |2

Nτ
, (5.53)

with
Nτ =

∑

ρ

|Aτ→ρ|2 +
∑

ρ

∑

i<j<k

|Aτ→Bijk⊗ρ̃ijk |2. (5.54)

We also consider the possibility of evolving an already existing baryon, for which we
introduce unbaryonizing reconnection amplitudes

ABijk⊗σ̃ijk→τ = 〈τ |U
(
{p}, µ2, {M2

ij}
)
|Bijk〉 ⊗ |σ̃ijk〉. (5.55)

These allow us to quantify how relevant such an evolution step would be for a high-mass
baryonic system, which would not have entered the reconnection dynamics any more
as in the case of the model considered in Ch. 4.

5.5 Numerical Results

A significant difference between this work and other colour reconnection models [7,72]
is that we do not directly compare clusters and then choose a configuration that would
leave us with pre-specified properties such as a smaller invariant cluster mass. Since we
calculate the probabilities to evolve into different colour structures we first show that
our approach leads to reasonable results compatible with the effects of conventional
colour reconnection algorithms. In order to analyse the effect of the colour reconnec-
tion we mostly compare kinematic variables associated to the clusters before and after
reconnection. We first consider mesonic reconnections and later proceed to include
baryonic reconnections. We generate the kinematics of the clusters using the RAMBO
method [104], and a variation of the Jadach algorithm [105], which was used for the
UA5 model [106]. While RAMBO is performing a flat phase space population, includ-
ing a cluster configuration which would not be expected from a pre-confining shower
evolution, the UA5 model provides us already with a physical mass spectrum.

5.5.1 Mesonic reconnections

A known issue which concerns the modelling of LHC events is that it is a priori not clear
how to correlate the colour connections between different scattering centres of multiple
parton interactions. The clusters emerging from these interactions are in general too
heavy as they consist of quark-antiquark pairs which are not close in momentum space.
In this case colour reconnection models are used to restore the notion of a colour pre-
confined state leading to a shift towards smaller invariant cluster masses. In Fig. 5.2
we show the invariant mass distribution for the evolution of 5 cluster systems before
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Figure 5.2: Invariant mass distribution of five-cluster evolution before and after
mesonic colour reconnection for RAMBO(left) and UA5(right) kinematics. The quarks
and antiquarks were generated at a centre-of-mass energy of

√
s = 3000 GeV. The

parameter values are set to µ = 1 GeV and αs = 0.118.

Figure 5.3: Sketch of the cluster configuration resulting from two alternative colour-
flows from two-cluster evolution. The left figure shows two large overlapping clusters
and the right figure shows a different colour-flow resulting in smaller clusters consisting
of quark-antiquark pairs closer in momentum space. The black blob can be associated
with an interaction or parts of an interaction that would lead to the shown configura-
tion.

and after colour reconnection. While for the RAMBO kinematics the invariant mass
distribution gets shifted towards smaller values, the clusters generated with the UA5
model already consist of quark-antiquark pairs close in momentum space, which leads to
clusters with small invariant masses. Considering different colour flows will eventually
connect quark-antiquark pairs well separated in rapidity leading to heavier clusters as
seen in the right plot of Fig. 5.2.

When sampling the cluster kinematics with the UA5 model but enforcing random colour
connections between the quarks and antiquarks for the initial configuration the resulting
clusters are large and (in rapidity span) overlapping. A sketch of this configuration is
shown in Fig. 5.3 for the case of two clusters. For this configuration our ansatz for
colour reconnection again chooses colour-flows leading to a shift towards smaller values
in terms of invariant cluster mass. This effect on the invariant mass spectrum can
clearly be seen in Fig. 5.4, where we plot the logarithmic distribution of the invariant
cluster masses. We conclude that our approach based on perturbative colour-flow
evolution naturally prefers colour-flows leading to a configuration with smaller invariant

3Since it is the probability to end up with one specific colour-flow, the indices in the numerator are
fixed.
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Figure 5.4: Invariant cluster mass distribution before and after colour reconnection
for UA5 kinematics with random initial colour connections.
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Figure 5.5: Histogram of the ∆Y values for the quark-antiquark pairs of the original
clusters that were reconnected and the ∆Y value of the quark-antiquark pairs of the
reconnected clusters. (a) RAMBO Phase space. (b) UA5 phase space with random
colour connections.

cluster masses. We also stress here that the algorithm does not veto any colour-flows
which would lead to an increase in terms of invariant cluster mass. To get an intuitive
picture of what happens on the quark level, the rapidity difference ∆Y between the
quark-antiquark pairs which were participating in the reconnection process is shown in
Fig. 5.5 for the RAMBO phase space and for the UA5 model with random initial colour
connections. In both figures we see that colour-flows resulting in clusters consisting of
quark-antiquark pairs which are closer in rapidity are clearly preferred. Again the effect
is more pronounced for the UA5 model with random initial colour connections.

5.5.2 Baryonic reconnections

Within the context of our model a baryonic colour-flow can be introduced as explained
in Sec. 5.4. In Fig. 5.6 the average baryonic reconnection probability for both phase
space algorithms is shown. The first striking observation is that the probability rises
with the number of clusters considered. The more clusters are present in an event, the
more likely it is to find a candidate for baryonic reconnection. For RAMBO kinematics
the initial colour configuration has no effect on the average reconnection probability.
For the UA5 phase space it strongly depends on the initial colour configuration. Since
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Figure 5.6: The average baryonic reconnection probabilities for the RAMBO and
UA5 phase space with original and random initial colour connections. Depending on
the phase space algorithm we employ to sample the initial configurations, the average
baryonic reconnection probability ranges between ≈ 2% and ≈ 12%.

the original UA5 cluster configuration already is in a state where the quarks are colour
connected to their closest neighbours in phase space, the probability for reconnection
into a different mesonic state is suppressed, increasing the probability to end up in a
baryonic state. If the quarks are randomly connected, the average baryonic reconnec-
tion probability is suppressed since the probability for mesonic reconnection is high.
Now we proceed to study the three, four and five-cluster evolution with the RAMBO
phase space in detail. The distribution of the reconnection probabilities is shown in
Fig. 5.7. The baryonic reconnection probability tends to prefer smaller values with a
pronounced peak at zero. The tail towards higher values in the distribution might in-
dicate some preferred kinematic configurations for the evolution into a baryonic state.
With only one possible baryonic configuration, the three-cluster evolution is convenient
to analyse and to extract a kinematic dependence.

In Fig. 5.8 the probability to evolve into a baryonic state with respect to the sum
of average ∆R values of the quarks and antiquarks that would constitute a baryonic
cluster, (〈∆RB〉 + 〈∆RB̄〉)/2 is shown, where ∆R is defined as the distance between
the constituent quarks in the y − φ plane

∆R =
√

(∆φ)2 + (∆y)2, (5.56)

and we define 〈∆RB,B̄〉 as

〈∆RB,B̄〉 = (∆R12,1̄2̄ + ∆R13,1̄3̄ + ∆R23,2̄3̄)/3, (5.57)

where the subscripts (1, 2, 3), (1̄, 2̄, 3̄), denote the quarks(antiquarks) inside the clusters
of baryonic(anti-baryonic) type. The median shows a rising probability with smaller
(〈∆RB〉+ 〈∆RB̄〉)/2 values which indicates that the formation into a baryonic cluster
is preferred if the three quarks and the three antiquarks are close together in ∆R space.
We note that the baryonic and the anti-baryonic cluster can still be overlapping since
we do not take the distance between them into account.



5.5. Numerical Results 57

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

PBaryonic

10−5

10−4

10−3

10−2

10−1

N

3 clusters

4 clusters

5 clusters

Figure 5.7: Histogram of baryonic reconnection probabilities for three, four and five-
cluster evolution where the quark kinematics was sampled with the RAMBO phase
space algorithm.

5.5.3 Unbaryonization

The colour reconnection algorithm presented in Ch. 4, that allows reconnection into
a baryonic state is structured in a way, that once a baryonic cluster is formed, it
is not considered for any further modifications. This clearly biases the reconnection
procedure but has been necessary in order to cope with the rising complexity of many-
cluster systems. In principle, a system could evolve into a baryonic state and then
evolve again into a mesonic state which in turn lowers the amount of baryonic clusters
occurring in an event. In the context of our model we can study the evolution back
into a mesonic state by considering unbaryonization where we start the evolution with
a baryonic configuration as the initial state and calculate the probability to evolve
into a mesonic cluster configuration. In Fig. 5.9 we show the average probabilities
for unbaryonization in terms of (〈∆YB〉 + 〈∆YB̄〉)/2 and (〈∆RB〉+〉∆RB̄〉)/2, where
〈∆YB〉 = (|yq1 − yq2| + |yq1 − yq3| + |yq2 − yq3|)/3. This further adds to the intuitive
picture that the probability for forming a baryonic cluster is high if the three quarks
and the three antiquarks are close in momentum space. This also suggests that the
colour field between quarks is enhanced if they do move in the same direction. In
principle this could be used to decide whether a baryonic cluster should be kept or
not. This allows for more flexibility and may introduce less bias in the reconnection
algorithm.

5.5.4 Parameter variations and general findings

The ansatz for the colour-flow evolution Eq. (5.20) depends on the two parameters µ
and αs, as well as on the Coulomb term. The reconnection probability is a dynamic
quantity. It strongly depends on the kinematics of the cluster constituents before and
after reconnection and the parameter µ which can be viewed as a cutoff parameter of
the colour-flow evolution in Eq. (5.11). In Fig. 5.10 we show the distribution of invariant
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Figure 5.8: Median values for the baryonic reconnection probability with respect to
(〈∆RB〉+ 〈∆RB̄〉)/2 of the baryonic clusters for three-cluster evolution.
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Figure 5.9: Average unbaryonization probabilities with respect to the average sum of
〈∆Y 〉 and 〈∆R〉 of the constituent quarks of the baryonic clusters.

cluster masses for four-cluster evolution with two different values of µ = {1, 0.01}GeV
and the corresponding colour length drop [72], which is defined as

∆if = 1− λfinal

λinitial

, (5.58)

where λinitial and λfinal denote the colour length before and after colour reconnection in
an event which is defined as the sum of squared invariant cluster masses

λ =

Ncl∑

i=1

M2
i . (5.59)

In case of no colour reconnection λinitial ≈ λfinal the colour length drop ∆if approximately
vanishes. If ∆if ≈ 1, there is a significant change in λ which indicates a big effect due
to colour reconnection. The kinematics of the four clusters were sampled with the
RAMBO method. In order to have more physical cluster masses we sample them with
a centre-of-mass energy of

√
s = 10 GeV which is closer to the cluster mass spectrum

at the end of a typical shower evolution. Comparing the four-cluster evolution with the
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Figure 5.10: Distribution of invariant cluster masses before and after colour recon-
nection and colour length drop for different cut-off values of µ = {1, 0.01}GeV.
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Figure 5.11: Reconnection probability for the two-cluster evolution for
√
s =

3000 GeV and
√
s = 10 GeV.

different values for µ we see that µ = 0.01 GeV leads to a small shift towards smaller
invariant cluster masses. The distribution of ∆if peaks at zero and is then distributed
towards the positive and negative region. Negative values of ∆if are also possible since
we do not veto any colour-flows which would result in larger invariant cluster masses.
The impact of the colour reconnection algorithm is more pronounced for µ = 0.01,
shifting the distribution of invariant cluster masses towards smaller values which can
also be seen for ∆if . If µ→ 0 the colour-flow evolves into a configuration which results
in preferably low invariant cluster masses.

In Sec. 5.5.1 we showed the effect of the algorithm on a relatively unphysical distribution
of cluster masses as a simple proof of concept, that our ansatz and our algorithm indeed
produce reasonable results. In this section we study the evolution of colour-flow and
the behaviour of the model at different centre-of-mass energies

√
s with the RAMBO

method where we compare
√
s = 3000 GeV with a more physical centre-of-mass energy

of
√
s = 10 GeV, probing a spectrum of smaller clusters. We show the reconnection

probability PReco for the case of two-cluster evolution for the two different centre-of-
mass energies with different µ values in Fig. 5.11. While at

√
s = 3000 GeV and

µ = 1 GeV the reconnection probabilities cover the whole range from zero to one, the
reconnection probabilities are narrowly distributed around PReco ≈ 0.1 for

√
s = 10 GeV

and µ = 1 GeV. This can be countered by reducing the µ parameter such that the ratio
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Figure 5.12: Distribution of invariant cluster masses for
√
s = 10 GeV and

√
s =

3000 GeV divided by their respective
√
s.

in the logarithm has the same value as for higher centre-of-mass energies as is also shown
in Fig. 5.11 for the two-cluster evolution with

√
s = 10 GeV and µ = 0.01 GeV.

With a smaller µ parameter the reconnection probabilities start to cover the whole
range. We observe the same behaviour for baryonic reconnections. If µ is small, the
amplitude in colour space will continue to evolve down to a much lower scale. In the
end, this results in a colour-flow with preferably small invariant cluster masses. In a
full model the parameter µ could be tuned to data in order to define the cutoff at
which the evolution is bound to stop. This could be used to verify if the amplitude
does indeed favour a colour-flow resulting in small invariant cluster masses or one which
allows for fluctuations towards larger invariant cluster masses. In Fig. 5.12 we show the
mass distributions of 4 clusters for

√
s = 10 GeV and

√
s = 3000 GeV divided by the

respective centre-of-mass energy with the possibility to produce baryonic clusters. The
distributions of the reconnected clusters are similar, although for

√
s = 10 GeV there is

less room to evolve into a state of smaller cluster masses since we used µ = 1 GeV. The
mass distribution of baryonic clusters is also shifted between the two centre-of-mass
energies. Since the soft anomalous dimension matrix only depends on the ratio of the
invariant cluster masses and the cut off parameter µ, it is possible to find an energy
independent prescription which should lead to the same distribution of cluster masses.
A continuation of the arguments of the logarithms ln(M2

αβ/µ
2) → ln(M2

αβ/µ
2 + 1)

has been considered but did not show any change in our findings and can as such be
used to prevent numerical instabilities should very small invariant cluster masses be
encountered in a full model. The strong coupling parameter αs functions as a direct
measure of the overall reconnection strength. We have chosen to reflect the strong
coupling αs = 0.118 at a lower scale, but it should in practice also be considered a
tunable parameter of the model.

Until now we neglected quark masses completely, which lead to a simplified form of the
invariant cluster mass. Assuming the same quark (constituent) masses for light quarks
(0.3 GeV for up and down quarks) , which are used in the cluster hadronization model
of Herwig 7, only small effects were found in terms of the mass distribution and no
sizeable effects on the reconnection probabilities. For heavy quarks (mb ∼ 4− 5 GeV)
more severe effects are expected but we leave this topic for a detailed study in the
scope of a full model implementation. Neglecting the Coulomb term does not change
our findings for the high-mass systems, while we see some effects for small-mass systems.
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Figure 5.13: Number of transpositions between the initial state and the reconnected
final state for four and five-cluster evolution.

5.6 Towards a Full Model

Due to its complexity, the approach followed in this chapter is limited to a small number
of clusters and should be seen as a theoretical consideration to constrain the structure
of colour reconnection models. It makes a full colour-flow evolution unfeasible to imple-
ment on the typically large systems of clusters encountered in a high-energy hadronic
collisions. We will use the insights we gained from looking at the evolution of small
systems to extrapolate a simplified model which could be suitable for implementa-
tion. A crucial aspect in this regard is to identify independently evolving subsystems.
This would allow us to repeatedly evolve smaller subsystems of clusters within a larger
ensemble.

The cluster configurations, being colour structures in the colour-flow basis, can be
labelled by permutations. An important quantity is the minimum number of transpo-
sitions we require to transform the initial configuration into a reconnected final con-
figuration. This number is directly related to the power of the number of colours Nc

when evaluating the overlap between the two colour structures. The more transposi-
tions are needed, the higher is the 1/Nc suppression. In Fig. 5.13 we show the number
of transpositions for the evolution with four and five clusters where the phase space
has been populated with the RAMBO method. For both cases we note the peak at
one transposition which corresponds to a reconnection within a two cluster system, be-
tween the initial and final state. This indicates the existence of independently evolving
subsystems where the contributions from the remaining clusters are suppressed. This
suggests that colour reconnection is not simply a 1/Nc suppressed effect which would
have indicated a much higher rate of non-reconnected systems, as well as a much steeper
drop of the other reconnection dynamics with the number of transpositions. A simpli-
fied sketch, where the mixing with a well separated cluster system can be neglected is
show in Fig. 5.14. Colour reconnection models implemented in event generators often
rely on very simplified models in order to handle the complex structure of hadronic
collisions. In the plain colour reconnection model Herwig 7, reconnections would only
be accepted if they allow for a smaller mass configuration. They are accepted with a
fixed probability which was inferred by tuning to MB data. While this approach has
benefits in terms of efficiency and simplicity, and has shown to provide a reasonable
description of data [72], it does not take into account the full kinematic dynamics and
complexity of a hadronic event.
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Figure 5.14: Sketch of a configuration where the two coloured clusters are assumed
to be independently evolving subsystem. Gluon exchanges which would lead to colour
connections between the clusters are expected to be highly suppressed. Left: Initial
colour flow. Right: Colour flow after reconnection.
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Figure 5.15: Parametrization of the reconnection probability for two-cluster evolution
in terms of the ratio of invariant cluster masses Mi/Mf , where Mi is the sum of invariant
cluster masses of the initial colour-flow and Mf is the sum of invariant cluster masses
of the alternative colour-flow of a two cluster system.

In order to make contact with the plain colour reconnection model, which is based on
a direct reduction of invariant cluster masses we consider the reconnection probability
projected to a variable of the plain colour reconnection model, the ratio of the sum
of cluster masses before and after reconnection. To do so we generate the kinematics
of a two cluster system using the RAMBO algorithm with a centre-of-mass energy of√
s = 10 GeV and with the parameter values µ = 0.01 GeV and αs = 0.118. For

comparison we also generate the kinematics with a higher centre-of-mass energy of√
s = 3000 GeV and the parameter values µ = 1 GeV, αs = 0.118. In Fig. 5.15 we

plot the median of the calculated reconnection probabilities over the ratio of the sum
of invariant cluster masses which would result from the two possible colour-flows. The
plain colour reconnection model would only have put a step function with no further
kinematic dependency present in place. The reconnection probability saturates between
PReco ≈ 0.8 and PReco ≈ 0.9 if reconnection would results in a smaller sum of invariant
cluster masses. This limit is already obtained from our analytic studies in Sec. 5.3. We
conclude that the dependence of the reconnection probability on the ratio of cluster
masses is more dynamic than a simple step function as implemented in the plain colour
reconnection model of Herwig 7. We suggest to use our findings as an input to improve
the performance of colour reconnection models:
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• With the finding of mostly independently evolving two cluster systems the analyt-
ically known reconnection probability from the evolution of a cluster systems can
be directly used to improve the model assumption of these type of reconnections.

• The fact that also three cluster systems seem to be rather detached in a large en-
semble can be used to supplement the baryon production mechanism as presented
in Ch. 4 and Ref. [7] with a more dynamic reconnection probability.

• The baryonic reconnection mechanism and the possibility of un-connecting bary-
onic clusters in an evolution picture or statistical model [72].

All of these mechanisms are contained within our approach. With the analogue of the
strong coupling αs and the evolution cutoff µ it effectively contains two parameters.
If our approach is also continued to small scales in a non-perturbative context, the
number of colours Nc could be considered a tuning parameter as well. We finally note
that, although we have essentially been considering the cluster hadronization model,
similar dynamics could be implemented in a string picture.

5.7 Conclusion

We have studied to what extent the structure of perturbative colour evolution can be
used as an input to improve or constrain existing colour reconnection models. We did
consider the cluster hadronization model and in particular, we have analytically solved
the evolution of a two-cluster system, as well as numerically studied the evolution of
larger systems of up to five clusters. We have found that there is indeed a highly
dynamic and non-trivial re-arrangement of colour structures already from a simple
ansatz using a one-loop soft anomalous dimension, which confirms earlier work on
geometrically inspired reconnection models.

The full evolution in colour space is, however, not feasible in a realistic model which
needs to cope with tens to hundreds of clusters. However we have found indications
that in the evolution of larger systems the bulk of the reconnection effects is isolated
in small subsystems of two to three clusters which allows to build an iterative model.
Our framework also allows to include a probability of reconnecting baryonic clusters
into mesonic systems, an aspect which has not been considered in models of baryonic
reconnection so far.

We stress the fact that our approach should be considered as a motivation for improved
models of non-perturbative colour reconnection. It highlights that the perturbative
mixing of colour flows, mediated through virtual soft gluon exchanges, should be con-
sidered an important ingredient in new approaches aiming to improve parton shower
algorithms beyond the leading-colour level [99]. However until such algorithms are fully
available, and the dynamics of hadronization is understood in this context, we postpone
further aspects to future work and use the findings obtained here as an improved input
to existing colour reconnection models.





CHAPTER 6

Kinematic Strangeness Production

The non-perturbative aspects of simulating LHC events remain an active area of re-
search in light of the recent observations of ALICE [76] and CMS [75]. Signs of
strangeness enhancement and collective effects in high-multiplicity events have inspired
several phenomenological models, auch as interacting strings [86, 107], relativistic hy-
drodynamics [108], tweaks to the existing multiple parton interaction mechanisms [109]
and colour reconnection models [7, 77].

The most successful hadronization models which try to reproduce the observed strange-
ness enhancement in high-multiplicity pp, pPb, PbPb events are rooted in the physics of
collectivity. The dense environment of these events leads to more complicated systems
interacting with each other introducing non-trivial correlations in the final state. Heavy
ion event generators typically prefer a hydrodynamic viewpoint, where the quark-gluon
plasma acts as a perfect fluid, changing the dynamics of hadronization. High-energy
pp event generators, on the other hand, tend to use sophisticated iterations of the more
conventional proton-proton collision techniques.

In Ch. 4 we introduced a new model for colour reconnection, where baryonic clusters are
allowed to be produced in a geometric fashion, to explain the results of Ref. [76]. The
model was able to create heavier hadrons, and in particular more baryons. But in order
to improve the description of the data, the non-perturbative gluon splitting mechanism
was allowed to produce ss̄ pairs as well as the default lighter species. However, the
production weight was simply set to a flat number, tuned to MB events at the LHC.
In this chapter, we will mainly focus on the fundamental mechanisms of strangeness
production in cluster hadronization, namely the production rate of ss̄ pairs during
non-perturbative gluon splitting, cluster fission, and cluster decay. In doing so, we are
taking the first steps towards a rework of strangeness production in the hadronization
model of Herwig 7. A full model would also need to consider colour reconnection, since
this rearranges the colour topology and thus the mass distribution inside an event,
affecting the scaling that we are interested in studying.
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We start the discussion with a review of the strangeness production mechanism in Her-
wig 7 in Sec. 6.1. We then perform two separate tunes to a number of light strange
meson observables for LEP and LHC MB events in Sec. 6.2. We show that the cur-
rent tuned strangeness production parameters are drastically different between the two
collider types, and propose a mass-based scaling for the relevant production weights in
Sec. 6.3, where we compare two different mass-like measures. In Sec. 6.4, we tune the
new model for strangeness production and compare the results to the default model
used in Herwig 74, as well as the default model in Pythia with the Monash tune [110].
We briefly summarize our work in Sec. 6.5.

6.1 The Strangeness Parameters of Herwig 7

The stages of hadronization which contribute to the overall strangeness content of the
event are:

• non-perturbative gluon splitting,

• cluster fissioning,

• cluster decay.

The Herwig 7 parameters that control non-perturbative strangeness production are
the gluon splitting weight - SplitPwtSquark and the cluster fission & decay weight
- PwtSquark. In the default model, cluster fissioning and cluster decaying are con-
trolled by the same parameter. The first step in the understanding of the different
contributions is to disentangle cluster fission from cluster decay and introduce one ad-
ditional parameter which controls the production of a ss̄ pair during cluster fission -
FissionPwtSquark. The decay parameter remains the same.

6.2 Tuning of the Existing Model

In this section we tune the parameters for strangeness production of the default Her-
wig 7 model first to LEP and then to LHC data. In order to understand the overall
effects of strangeness production during different stages of the event generation, we
keep all other hadronization parameters that were previously tuned to LEP data at
their default values [3, 4]. In the first tune (TUNE1), we only consider the effects of
the parameters that are directly responsible for strangeness production as explained in
Sec. 6.1. In a second tuning attempt (TUNE2), we introduce a new parameter for the
cluster fissioning stage (FissionPwtSquark). Tuning these 3 different parameters will
allow us to study the phases of strangeness production during the event generation and
enables us to study the differences between LEP and LHC.

6.2.1 LEP Tuning

For the tuning to LEP data, the following observables from ALEPH [111], DEL-
PHI [112], SLD [113] and PDG hadron multiplicities [114], which represent a good
description of event shapes and π, K multiplicities, were used with equal weights:

4The default model of Herwig 7 refers to Herwig 7.15 without baryonic colour reconnection and g → ss̄
gluon splitting
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• Mean charged multiplicities for rapidities |y| < 1.0,
|y| < 1.5 and |y| < 2.0,

• K0 spectrum,

• Mean π0 multiplicity,

• Mean KS +KL multiplicity,

• Mean K0 multiplicity,

• Mean π+/π− multiplicity,

• Mean K+K− multiplicity,

• Ratio (w.r.t π±) of mean K± multiplicity,

• Ratio (w.r.t π±) of mean K0 multiplicity,

• K± scaled momentum.

The resulting parameter values for the two different tunes are listed in Tab.6.1.

LEP Default TUNE1 TUNE2

Gluon Splitting – 0.24 0.19

Cluster Fission 0.66 0.53 0.690

Cluster Decay 0.66 0.53 0.685

Table 6.1: Results of the parameter values for strangeness production at the different
stages of the event generation (LEP). In both default Herwig 7 and TUNE1, cluster
fission and decay have the same parameter. In TUNE2, they are allowed to be different,
but the tuning procedure returned almost equal values. In default Herwig 7, there is
no g → ss̄ option.

While being able to describe all the considered LEP data on equally good footing as
the default version of Herwig 7, we improve the simulation of the observables which
were considered in the tuning procedure. TUNE2 gives better agreement with data,
especially with respect to the K± multiplicity, highlighting the necessity to disentangle
the cluster fission and cluster decay parameters. The corresponding plots are shown in
Fig. 6.1, where we compare the default version with the two new tunes.

6.2.2 LHC Tuning

For the tuning to LHC data, we solely focus on identified particle distributions which
were measured at ALICE [90] and CMS [75]. We limit the tuning to a center of mass
energy of

√
s = 7 TeV due to the lack of suitable available Rivet analyses at higher

energies. The following observables were considered in the tuning procedure with equal
weights:

• K+ +K− yield in INEL pp collisions at
√
s = 7 TeV in |y| < 0.5,
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Figure 6.1: Measurement of K± multiplicities at SLD [113] and K0 spectrum as
measured at ALEPH [111] for

√
s = 91.2 GeV. We show a comparison between the

default Herwig 7 model and the two different tunes.

• K/π in INEL pp collisions at
√
s = 7 TeV in |y| < 0.5,

• K0
S rapidity distribution at

√
s = 7 TeV,

• K0
S transverse momentum distribution at

√
s = 7 TeV.

The resulting parameter values are shown in Tab. 6.2. The outcome of the tuning
procedure is shown in Fig. 6.2 for the pT distribution of K+ +K− yields and the K/π
ratio.

LHC Default TUNE1 TUNE2

Gluon Splitting – 0.95 0.95

Cluster Fission 0.66 0.05 0.02

Cluster Decay 0.66 0.05 0.25

Table 6.2: Results of the parameter values for strangeness production at the different
stages of the event generation (LHC). In both default Herwig 7 and TUNE1, cluster
fission and decay have the same parameter, while in TUNE2 they are allowed to be
different. In default Herwig 7, there is no g → ss̄ option.

Similar to LEP, we observe that the re-tuning of the default model with the incorpo-
ration of an additional independent parameter at the cluster fission stage improves the
description of the considered observables significantly.

6.2.3 Summary

The general approach in tuning a hadronization model is to tune the parameters to
LEP data and then assume the model is able to describe LHC observables as well, since
hadronization is expected to factorize and should not depend on the process involved.
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Figure 6.2: Transverse momenta spectra for K+ + K− and K/π ratio as measured
by ALICE [90] at

√
s = 7 TeV in the central rapidity region. We show a comparison

between the default Herwig 7 model and the different tunes.

The main difference between LEP and LHC is the denser hadronic environment due
to multiple parton interactions and therefore also the enhanced effect of colour recon-
nections on the distribution of final state particles. We believe that the probability to
produce strangeness e.g. at the stage of non-perturbative gluon splitting should be a
universal parameter and be independent of the considered process.

The data shows that different parameter values are preferred at LHC and LEP. We
conclude that the approach to have a single valued probability is not suited for the
description of both LHC and LEP observables. It may capture the average effect but
it does not allow for fluctuations on an event-by-event basis. We tackle this issue
by assuming that the rate at which strangeness is produced depends on the hadronic
density of the immediate environment. This will be discussed in the next section.

6.3 Model for Kinematic Strangeness Production

As mentioned above, the various splitting probabilities and weights are flat numbers
tuned to data, without any considerations for the topology of a given event. In order to
have a more dynamic picture, where the splitting probabilities depend on the environ-
ment, we choose to scale the weights with respect to colour-singlet masses. The mass
of a colour-singlet system at a given stage of hadronization then increases or decreases
the probability for strangeness production.

As a simple starting point for mass-based scaling, we replace the flat weights in each
of the steps mentioned in Sec. 6.1 with the functional form

ws(m
2) = exp

(
− m2

0

f(m2)

)
, f(m2) > 0, (6.1)

which depends on the mass m of the colour-singlet system. In Eq. (6.1) m2
0 is the char-

acteristic mass scale for each phase, which is a tunable parameter and has distinctive
values for each stage of the hadronization process. The function f(m2) is a mass-based
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measure of the relevant colour-singlet system. We will use two different mass-measures:
the invariant mass of a colour-singlet system, and the threshold production measure,
λ. We discuss the difference in the two approaches in Sec. 6.3.3. In the following
sections, we will use the invariant mass as an example. The weight, Eq. (6.1), is the
weight for strangeness production, and is seen to be relative to the production weights
of up and down quarks. In the limit of a heavy colour-singlet, the rate of producing
strangeness will be the same as that of the lighter quarks, while in the low-mass limit,
only the lighter quarks will be allowed to be produced. The appeal of an exponential
scaling is that this model only introduces one additional parameter to the default model
of hadronization in Herwig 7, and it does not introduce any extra parameters if one
splits the fission and decay parameters. Thus we avoid a proliferation of parameters
in the new model, while still having a natural mechanism to allow for event-by-event
fluctuations in strangeness production.
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Figure 6.3: Mass distributions for colour-singlet systems immediately before the Par-
ton Splitter, Cluster Fissioner, and Cluster Decayer steps in LEP

√
s = 91.2 GeV and

LHC MB events at
√
s = 7 TeV.
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Figure 6.4: Comparison of LEP and LHC MB mass spectra of clusters immediately
before cluster fission and cluster decay.

6.3.1 Non-perturbative gluon splitting

At the end of the parton shower, instead of immediately splitting the gluons into qq̄
pairs with the species determined by their given weights, we collect the various colour-
singlet systems in the event, what we call pre-clusters. While colour pre-confinement
dictates that the mass distribution of clusters is independent of the hard energy scale,
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Figure 6.5: Schematic topology of colour-singlets that can occur from perturbative
gluon and quark shower splitting, before the gluons undergo non-perturbative splitting.

there are no such constraints on the masses of the colour-singlet pre-clusters. As shown
schematically in Fig. 6.5, a parton shower can produce gluons and quark-antiquark pairs
at a perturbative level, separating the event into a number of different pre-clusters with
a variety of masses.

Every gluon in the same pre-cluster will get the same weight, and thus have the same
mass measure for strangeness production. But since the quark species is picked proba-
bilistically, this does not mean that all the gluons will produce strange quark-antiquark
pairs. The following constraint from default Herwig 7 still applies: if a single gluon
cannot access the phase space necessary to split into a ss̄ pair, it will undergo the usual
splitting into up or down quarks. The characteristic mass scale for pre-clusters will
unfortunately depend on the type of collider one uses. As shown in Fig. 6.3, there is
a very broad tail for the LHC due to the different pre-clusters being produced. This
is a by-product of the dense and complicated final state environment of high-energy
proton-proton collisions. At LEP, there is one peak for the pre-cluster mass distribu-
tion close to 91.2 GeV, corresponding to events where gluons are emitted only from the
outgoing qq̄ legs from the hard scattering process and a proliferation of the distribution
when the pre-cluster masses approach zero.

6.3.2 Cluster fission & decay

At the cluster fission and cluster decay stage, the colour-singlet corresponds to the
cluster itself. We allow the characteristic mass scale and characteristic production
probability to be different for the two hadronization stages. As shown in Fig. 6.4, the
typical cluster masses during the cluster fission and cluster decay stage are roughly
similar for both LEP and LHC. We note that Fig. 6.3 and Fig. 6.4 are benchmarks of
the typical colour-singlet invariant masses, and thereafter plotted without turning on
the exponential scaling, which would change the mass distribution slightly.
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Figure 6.6: Threshold mass, λ, distributions for colour-singlet systems immediately
before the Parton Splitter, Cluster Fissioner, and Cluster Decayer steps at LEP events
at
√
s = 91.2 GeV and LHC MB events at

√
s = 7 TeV.

6.3.3 Colour-singlet masses

In the previous sections, we have used the invariant mass m2 of the colour-singlet
systems as the mass measure in Eq. (6.1). The invariant mass m2 neglects the massive
nature of the partons in the pre-clusters and clusters. Given two colour-singlets of the
same invariant mass, the singlets with lighter constituents should more readily be able
produce ss̄ pairs from the vacuum.

To remove the biasing effects of massive constituents, we use another mass measure
which we call λ measure. We define the λ measure as

λ = m2
cs −

(∑

i

mi

)2

, (6.2)

where m2
cs is the invariant mass of the colour-singlet system, and mi are the masses of

the constituents of the colour-singlet. The λ measure replaces the mass-based denomi-
nator f(m2) in Eq. (6.1). We present the distributions of the λ measure for each of the
hadronization stages in Fig. 6.6, and a comparison between the distributions of the two
mass measures in Fig. 6.8 and Fig. 6.7. The λ measure has the feature that produced
ss̄ pairs at the gluon splitting level do not propagate as a strangeness enhancement
factor further into the hadronization process.

6.4 Analysis

The tunable parameters of the mass-based scaling model are the respective mass-
measures m0 defined by Eq. (6.1) for each stage of the hadronization. We name them
MassScale (for gluon splitting), FissionMassScale (for cluster fissioning), and Decay-

MassScale (for cluster decay). We first tune these 3 parameters to the same identified
strange particle yields at LEP and LHC as in Sec. 6.2. The outcome of the tuning
procedure for the relevant parameter values is shown in Tab. 6.3 and Tab. 6.4 for LEP
and LHC MB events, for both the invariant mass measure and the λ measure.

With the three new characteristic mass scales, we are able to improve the description
of all observables considered in the tuning. Especially for LHC observables, as shown
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Figure 6.7: Comparison of the two different mass measures for the cluster fission and
cluster decayer stages respectively for LEP events at

√
s = 91.2 GeV.
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Figure 6.8: Comparison of the two different mass measures for the cluster fission and
cluster decayer stages respectively for LHC MB events at

√
s = 7 TeV.

in Fig. 6.9, where we compare the two different mass measures after tuning, with the
Monash tune for Pythia.

Although the tuning recommends different values for the usage of the simulation of
LHC and LEP events, it is feasible to use the set of parameters obtained from the
tuning to LHC data and obtain improved results for LEP observables. This is not
possible by using the default model of Herwig 7, which simply uses a fixed probability
to produce strange quarks. We show this in Fig. 6.10.

6.4.1 Discussion

The default version of Herwig 7 does not allow for strange quark production during the
gluon splitting stage. By allowing this process, improvements can be seen in all of the
observables considered.

There are three key differences between the LEP and LHC environments during hadro-
nization. First, LEP has a much lower energy scale than the LHC, naturally limiting
the possible distribution of colour-singlet masses at the stage of non-perturbative gluon
splittings. As a result, a direct comparison between LEP and LHC in the new model is
not straightforward. Second, while LEP and LHC events may have very similar cluster
mass distributions, the number of clusters is far higher for the latter.
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Invariant Mass LEP LHC

Gluon Splitting 97 48

Cluster Fission 3 22

Cluster Decay 23 4

Table 6.3: Results for the tuned char-
acteristic mass scales m0, in units of
GeV, of the new model using the in-
variant mass of a colour-singlet object
for LEP and LHC tunes respectively.

λ Measure LEP LHC

Gluon Splitting 72 37

Cluster Fission 4 20

Cluster Decay 16 10

Table 6.4: Results for the tuned char-
acteristic mass scales m0, in units of
GeV, of the new model using the λ
measure (defined in Eq. (6.2)) of a
colour-singlet object for LEP and LHC
tunes respectively.
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Figure 6.9: K+ + K− yield and K/π ratio as measured by ALICE [90] at 7 TeV.
Shown is a comparison between the default version of Herwig 7 (without baryonic
reconnection), i.e. static production of strangeness, the new approach which introduces
dynamical strangeness production with the two different measures (Mass and Lambda)
and Pythia with the Monash tune.

Similarly, at the pre-cluster level, LEP events often produce pre-clusters that span
the entire final state with a centre-of-mass energy of

√
s = 91.2 GeV as shown in

Fig. 6.3. These pre-clusters occur when no perturbative gluon splitting during the
parton shower evolution took place. This results in the majority of events either having
enhanced strangeness production at the non-perturbative gluon splitting stage, or none
at all. Hence a flat weight at this stage in hadronization can only be justified for LEP
simulations. Third, and related to the previous two, LEP is a much cleaner environment
in terms of hadronic activity. For lepton-lepton collisions, there are neither multiple
parton interactions, nor much effect from colour reconnection. However, in proton
collisions, these are both vital phases of the simulation that drastically change the
mass topology of the event.

We translate the characteristic mass scales from Tab. 6.3 and Tab. 6.4 into an effective
expectation value for the weights of the two mass measures. For LEP events, the
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Figure 6.10: Measurement of K± multiplicities at SLD [113]
√
s = 91.2 GeV. We

show a comparison between the default Herwig 7 model and the dynamical strangeness
production where we used the LHC-tuned parameters (see Tabs. 6.3 and 6.4) and
Pythia with the Monash tune.

E(ws) at LEP Mass λ

Gluon Splitting 0.096 0.164

Cluster Fission 0.297 0.166

Cluster Decay 0.009 0.016

Table 6.5: Expected value of
strangeness production weight of
the new model in LEP events at√
s = 91.2 GeV, comparing the invari-

ant mass results with the λ measure
results

E(ws) at LHC Mass λ

Gluon Splitting 0.555 0.571

Cluster Fission 0.018 0.020

Cluster Decay 0.153 0.041

Table 6.6: Expected value of
strangeness production weight of
the new model in LHC MB events at√
s = 7 TeV, comparing the invariant

mass results with the λ measure results

results are shown in Tab. 6.5. We see that for the invariant mass measure, cluster
fissioning has the highest expectation value, while the expectation value during the
cluster decay stage is suppressed. For the λ measure, the expectation values during
gluon splitting and cluster fission are roughly the same and strangeness production
during cluster decay is also suppressed. It should be noted that aside from the gluon
splitting weights, there is no direct translation between the kinematic picture and the
default model. The expectation values, however, give an idea of the average weights for
strangeness production. The weight for strangeness production during gluon splitting
at LEP varies between 0 and the maximal value since the pre-clusters are predominantly
situated around the two peaks, as shown in Fig. 6.3. For LHC MB events, the expected
value for the weights are shown in Tab. 6.6. For both mass measures the gluon splitting
stage dominates the strangeness production compared to the two other stages. The
suppression of strangeness production during the cluster fission and cluster decay stage
compared to the gluon splitting is a hint that colour reconnection plays a non-trivial role
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in producing strange hadrons. Our new kinematic model uses a mass-based scaling, but
colour reconnection aims to lower the cluster masses to some local minimum, meaning
that it is in direct conflict with our considerations. The results in Tabs. 6.5 and 6.6
suggest that the λ measure is able to bridge the divide between the two types of collision
at LHC and LEP better than the invariant mass measure.

We compared the results of the new model with Pythia and the Monash tune in Fig. 6.9
and Fig. 6.10. While the Monash tune aims to describe a number of observables other
than the strangeness production rate in Pythia, it is tuned to both LEP and LHC
data [110], making it an apt benchmark for this discussion. We observe that the new
model performs marginally better than Pythia, and significantly better than the default
version of Herwig 7, when trying to describe the K± and drastically better on both
counts for the K/π ratio yields, as shown in Fig. 6.9. However, in the low-p⊥ region,
both Pythia and the new model overestimate the data. When using LHC MB tuned
parameters for LEP simulations, the new model outperforms the default Herwig 7
model, but Pythia is able to describes the data better, as shown in Fig. 6.10.

While we have not fully solved the discrepancy between the weights for LEP and LHC
strangeness production, we have achieved two results: first, we have narrowed the gap
between the weights of the two types of collision, and in particular, the new model can
be used with parameter values tuned to LHC MB observables to better describe LEP
data. Second, we have made the first steps towards a more sophisticated treatment of
strangeness production during hadronization at the low-energy scale in Herwig 7.

6.5 Conclusion

We have introduced a three-part model that scales the probability for strangeness
production during the hadronization phase of the event generation in Herwig 7. The
scaling is directly controlled by the mass of the corresponding colour-singlet system at
each step of the hadronization. With this mechanism, we allow for greater fluctuations
in the production of strange pairs on an event-by-event basis.

We have studied the mechanism for non-perturbative strangeness production in detail
and found that the current fixed probability model is irreconcilable with both LEP and
LHC data. After allowing a mass-based scaling, and tuning the parameters to LEP
and LHC data, we find that we are able to narrow the gap between the two collider
types. We also provide expectation values for strangeness production, which capture
the average values for event-by-event fluctuations. We have compared the new model
with the Pythia Monash tune to strangeness observables at both LEP and LHC and
find that our model improves the description of all observables considered.

We note that we have not considered the production of strange baryons, the production
of which has been shown to be increased by creating baryonic clusters at the colour
reconnection stage (see Ch. 4). Baryonic clusters, which are heavier by nature, would
modify the new model’s strangeness production rates. Understanding the interplay
between the new model and colour reconnection will be left for future work

The model for kinematic strangeness production was released with Herwig 7, version
7.2 [94].



CHAPTER 7

Improving the Modelling of Multiple Parton Interactions in

Herwig 7

Multiple parton interactions and diffractive processes are responsible for the majority of
the possible collision types during hadronic collisions. The modelling of such processes
is therefore crucial in the description of MB and UE data. The general properties of
MB and UE measurements can often be described satisfactorily, but as measurements
become more and more differential, current models are quickly reaching the limit of
capabilities. In this section, we highlight several changes to the multiple parton inter-
action model of Herwig 7 which are necessary for a more physically sound framework
of multiple parton interactions and diffraction.

In Sec. 7.1 we improve the sampling of the kinematics of the ladder partons from the
soft interactions presented in Sec. 3.5. In Sec. 7.2 we include the model for diffraction
into the eikonal model in a more sensible way and in Sec. 7.3 we tune the revised model
to data available from UE and MB measurements covering an energy range between√
s = 200 GeV and

√
s = 13 GeV. We conclude our study with a quick discussion in

Sec. 7.4.

7.1 Soft Interactions

The kinematics of the ladder partons are sampled according to the algorithm presented
in Ref. [53]. Although the model leads to a significant improvement in the description of
UE and MB data, it has two physical problems. First, the algorithm that distributes the
ladder partons evenly in rapidity calculates a longitudinal momentum fraction which is
given to each parton in the ladder. By starting with both remnants at the same time,
the ladder partons are always produced as pairs where both partons on opposing sides
are given the same longitudinal momentum fraction5. This procedure leads to highly

5For a review of the algorithm, see Ref. [53].
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anti-correlated mini-jet events as was pointed out in Ref. [115]. Second, the transverse
momenta of all ladder partons are sampled from the distribution defined by Eq. (3.28).
This creates a bias towards larger p⊥ values for the hardest parton in the ladder and
the shape of the calculated dσ/dp⊥ distribution is not reproduced. This also results in
too many particles originating from the ladder with a p⊥ shifted towards larger values.
To address these issues, we change the algorithm responsible for the kinematics of the
ladder partons.

Instead of sampling the longitudinal momentum fraction given to each ladder parton,
we first distribute the partons flat in rapidity and then calculate the longitudinal mo-
mentum fraction given to each parton, such that momentum and energy are conserved,
based on a modified version of the Jadach algorithm [105]. This resolves the occur-
ing anti-correlations in soft mini-jet events. We further change the sampling of the
transverse momenta of the ladder partons and require that the transverse momenta of
the hardest parton in the ladders should reproduce the calculated dσ/dp⊥ distribution
from Eq. (3.28).

For the new kinematics of the ladder partons, we use the modified version of the Jadach
algorithm which was used in the old UA5 model of Herwig [3,116]. Instead of generating
clusters similar to the UA5 model, we stick to the microscopic description on the parton
level. This has shown to be more physical and effective than a simple parametrization
of the final state used in the UA5 model.

In the following we describe each step of the new algorithm for the generation of the
kinematics of the ladder partons. The starting point of the algorithm is the number of
soft interactions Nsoft calculated within the eikonal model (see Sec. 3.5). For every soft
interaction we generate a ladder of partons where the available energy for the ladder
partons depends on the centre-of-mass energy ECM of the two remnants

ECM =
√

(pr1 + pr2)2, (7.1)

where pr1 and pr2 are the four-momenta of the remnants. To simulate the soft interac-
tions, we do the following steps Nsoft times.

1. We sample the number of ladder partons N from a Poissonian distribution with
mean value given by Eq. (3.25).

2. The energy fraction available for the N ladder partons is calculated according to

E0 = xECM, (7.2)

where x is sampled from a Gaussian with mean

x = e
∆Y
N+1 . (7.3)

If the remaining remnant energy is not sufficient to sustain at least the rest-mass
of the remnants, ECM−E0 < mr1 +mr2, we sample another energy fraction x. If
this fails 10 times, we assume that the remaining energy in the remnants is not
sufficient to generate additional soft interactions and we terminate the algorithm.

3. We generate the masses m1,...,N of the N ladder partons where 2 partons are given
quark masses and N − 2 partons are given the non-perturbative gluon mass. It
is essential to store the parton masses since the modified Jadach algorithm deals
with massless partons.
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4. The available energy to generate the momenta of the ladder partons is then given
by

E ′0 = E0 −
N∑

i=1

mi, (7.4)

where we require that E ′0
!
> 0.

5. In the next step we generate the transverse momenta p⊥,1,...N of the ladder partons.
To make sure the transverse momenta are not biased towards higher values we
sample the first p⊥ from Eq. (3.28)

dσsoft

dp⊥
∼ p⊥e

−β(p2
⊥−p

2
⊥,min), (7.5)

and the transverse momenta of the partons 2, ..., N − 1 from a flat distribution
below p⊥,1. This is necessary to reproduce the shape of the dσsoft/dp⊥ distribution
for the hardest parton in the ladder. The transverse momenta are translated to
px and py values by randomly sampling the azimuthal angle between 0 and 2π.
To account for momentum conservation in the subspaces

N∑

i=1

pi,x = 0,
N∑

i=1

pi,y = 0, (7.6)

we choose the transverse momentum p⊥,N such that

pN,x =−
N−1∑

i=1

px,i, (7.7)

pN,y =−
N−1∑

i=1

py,i, (7.8)

where we furthermore ensure, that p⊥,N
!
< p⊥,1.

6. We shuffle the order of partons to remove the bias we introduce by calculating
p⊥,N from Eq. (7.7) and Eq. (7.8).

7. Now that all transverse momenta are produced we generate the rapidities of the
partons according to the procedure outlined in Ref. [105]. We first generate N
random numbers ξi in the range 0 ≤ ξi ≤ 1. The individual rapidities yi are then
obtained from the ξi with a linear transformation

yi = Z + ξiY, (7.9)

where Z and Y are unknown variables. We can use the following constraints to
determine the values of Z and Y . In the centre-of-mass frame, the energy E ′0
can be written in the massless parton case by using yi = ln[(Ei + pz,i)/p⊥,i] and
energy-momentum conservation as

E ′0 = eZ
N∑

i=1

p⊥,i e
ξiY , (7.10)
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and the squared energy as

E ′20 =

(
N∑

i=1

p⊥,ie
ξiY

)(
N∑

i=1

p⊥,ie
−ξiY

)
. (7.11)

We determine Y from Eq. (7.11) by solving

ln(E ′20 ) = ln

[(
N∑

i=1

p⊥,ie
ξiY

)(
N∑

i=1

p⊥,ie
−ξiY

)]
, (7.12)

and then calculate Z from Eq. (7.10). Once Y and Z are determined, we can
construct the longitudinal momenta pz,1,...,N of the ladder partons.

8. Next, we sort the ladder partons based on their rapidity. The parton with the
largest rapidity has to be a quark (antiquark) and the parton with the smallest
rapidity has to be an antiquark (quark). We chose the flavour of the quarks
between up and down quarks with unit weight. It is necessary to have a quark-
antiquark pair with the maximum and minimum rapidity in the ladder to be
able to colour connect partons adjacent in rapidity. We give the massless partons
their masses based on their type and re-scale the energy of the partons such that
energy-momentum conservation is not violated.

9. We boost the momenta of the ladder partons into the centre-of-mass frame of the
two remnants and re-scale the four-momenta of the two remnants such that

pr1 + pr2 =
N∑

i=1

pi + p′r1 + p′r2, (7.13)

where p′r1 and p′r2 are the re-scaled remnant four-momenta. As a cross-check we
require that

(pr1 + pr2)2 −
(

N∑

i=1

pi + p′r1 + p′r2

)2
!
< 10−10. (7.14)

10. Next, we need to account for the colour connections between the ladder partons.
The remnants always carry anticolour and are either colour connected to the hard
part of the event or colour connected to a quark which was extracted from the
hadron to initiate a collision with no main hard process present. We set the
colour connections of the ladder partons such that adjacent partons are colour
connected with each other. After the colour connections are set, we continue with
the next soft interaction until there is no energy in the remnants left, or until the
requested number of soft interactions Nsoft is reached.

The partons originating from the ladder are no longer highly anti-correlated since we
explicitly distribute the partons flat in rapidity and then proceed to construct the
longitudinal momenta. In Fig. 7.1 we show the observable from Ref. [115], where
we compare the old model with the improved model. We see that with the updated
algorithm, the unphysical anti-correlations in the region η ∼ 2 disappear. The changes
to the p⊥ sampling has a significant effect on the low multiplicity region of the 〈p⊥〉
vs. Nch observable as shown in Fig. 7.2. While the improved algorithm leads to an
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Figure 7.1: Plot of the unphysical mini-jet correlations from Ref. [115]. Shown is a
comparison between the model for multiple parton interactions from Herwig 7.15 and
the improved version of the model.

improvement of the description in the Nch < 40 region, the description seems to worsen
for very high multiplicities. However, the description of this region has to be taken
with a grain of salt. From charged multiplicity distributions, we know that events with
very high multiplicities Nch > 140 are suppressed by a factor of at least 10−6 (see e.g
Ref. [67]). Collecting significant statistics in these regions poses an additional challenge.
Furthermore, this region also signifies the onset of a regime where the usual employed
tactic to layer multiple interactions on top of each other seems to break down. This
is also due to the fact that the modelling of high-multiplicity events in proton-proton
collisions is not yet completely understood.

7.2 Diffraction

In Herwig 7 the models for multiple parton interactions and diffraction are modelled
independently. However, they are physically connected via the cross-sections calculated
in the eikonal model. To connect the diffractive model to the model for multiple parton
interactions, we have to ensure that the inelastic cross-section σinel from Eq. (3.17) only
sums up to a cross-section where the diffractive cross-section has been subtracted

σinel ≡ σinel−nondiff = σtot − σel − σdiff . (7.15)

The diffractive cross-section is given by a fraction Rdiff of the total cross-section

σdiff = Rdiffσtot. (7.16)

With the fraction of diffractive events, we can adjust the cross-sections in the multi-
ple parton interaction model such that the sum after eikonalization gives the correct
total cross-section [117]. This parameter also gives an excellent handle on the fraction
of diffractive events and can be tuned to observables sensitive to diffraction like the
differential rapidity gap cross-section in the forward region dσ/d∆ηF as measured by
ATLAS at

√
s = 7 TeV. In Fig. 7.3 we show the dσ/d∆ηF observable for three differ-

ent values of the Rdiff parameter, which is called DiffractionRatio in the plot. We see
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Figure 7.2: Comparison between the old and the improved version of the model. The
plot shows the average transverse momentum 〈p⊥〉 against the charged multiplicity Nch

as measured by ATLAS [67].

that varying Rdiff directly modifies the differential cross-section with respect to events
containing large rapidity gaps ∆ηF , but leaves the region ∆ηF < 2 invariant. This
region is dominated by non-diffractive particle production on which the parameter has
no influence.

7.3 Tuning

Since there were several changes to the underlying structure of the multiple parton
interaction model and the soft part of the model itself, a re-tune of the model parameters
is necessary. We tune the model to available MB and UE data covering the centre-of-
mass energies between

√
s = 200 GeV and

√
s = 13 TeV [56, 67, 67, 75, 89, 89, 90, 119,

120, 120, 121, 121, 122, 122–130]. For the tuning we consider the following parameters,
which determine the properties of the multiple parton interaction model:

• the minimum transverse momentum pmin
⊥ ,

• the inverse proton radius squared µ2,

• the soft ladder parameter N0,

• the fraction of the diffractive cross-section from the total cross-section Rdiff ,

• the two colour reconnection probabilities pReco and pRecoBaryonic.

The energy dependence of the pmin
⊥ parameter is parametrized according to the following

power law [72]

pmin
⊥ (s) = pmin

⊥,0

(√
s

E0

)b
. (7.17)

The parameters of the pmin
⊥ parametrization were tuned to

√
s = 900 GeV and

√
s =

7 TeV in Ref. [53]. The parametrization Eq. (7.17) results in a hard cross-section
which exceeds the total cross-section for small centre-of-mass energies. This in return
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Figure 7.3: Comparison of the differential cross-section measured in Ref. [118] to
different choices of the DiffractionRatio parameter.

√
s [GeV] 200 500 900 1800 7000 13000

pmin
⊥ [GeV] 1.80 1.6 1.75 1,95 2.91 3.5

µ2 [1/GeV2] 1.0-2.2 1.1-2.5 1.0-2.0 1.0-1.6 1.05-1.15 1.0-1.2

Table 7.1: Tune values for pmin
⊥ and the ranges of µ2.

terminates the multiple parton interaction model since a negative soft cross-section
would be required to restore unitarity.

To make certain that the model works at all centre-of-mass energies, we start the tuning
with a reassessment of the energy dependence of the pmin

⊥ parameter in combination
with the µ2 parameter. These two parameters are the main parameters of the model
for multiple parton interactions and are responsible for the interplay between hard
and soft interactions by directly stirring the relevant cross-sections. We tune both
values to MB and UE data at

√
s = 200 GeV [119, 120],

√
s = 500 GeV [120],

√
s =

900 GeV [67,89,121,122],
√
s = 1.8 TeV [123–127],

√
s = 7 TeV [56,67,75,89,90,121,122]

and
√
s = 13 TeV [128–130]. For each centre-of-mass energy we generate 200 runs.

Every run consists of 100,000 events with randomly selected parameter values in the
ranges pmin

⊥ ∈ (1.5, 4.0 GeV) and µ2 ∈ (0.8, 3.0 GeV−2). From these 200 runs a subset
of 150 runs is used 100 times for the tuning. For each of these run combinations, the
χ2/Ndof value is calculated. While the µ2 values are spread within the given parameter
ranges for lower collision energies, the pmin

⊥ parameter favours distinctive values for each
centre-of-mass energy.

In a similar approach as in Ref. [72], we fix the µ2 parameter to the tightly constrained
parameter values for

√
s = 7 TeV and

√
s = 13 TeV. With µ2 fixed, we then re-tune

pmin
⊥ to the different centre-of-masss energies. The pmin

⊥ value which results in the best
description of the data and the spread of the µ2 parameter resulting from the different
run combinations are shown in Tab. 7.1.
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Figure 7.4: Energy parametrization of the parameter pmin
⊥ . The blue dots represent

the optimal value. The error bars represent the spread of the pmin
⊥ for different run

combinations.

pmin
⊥,0 [GeV] b [GeV] c E0 [GeV]

2.87 622 0.31 7000

Table 7.2: Parameter values used in the modified energy parametrization of pmin
⊥ (see

Eq. (7.18)).

In order to achieve a good description of MB and UE data over the considered energy
range between

√
s = 200 GeV and

√
s = 13 TeV, we modify the existing power law

parametrization of the pmin
⊥ parameter and introduce an energy offset to account for

pmin
⊥ values at

√
s < 900 GeV. The modified power law reads

pmin
⊥ (s) = pmin

⊥,0

(
b+
√
s

E0

)c
, (7.18)

where pmin
⊥,0 , b and c are parameters which we need to determine. In Fig. 7.4, we show

the tuned pmin
⊥ values at their respective centre-of-mass energy and the resulting fit of

the modified power law. Since we opt for an improved description at higher centre-of-
mass energies, we demand that the parametrization must reproduce the pmin

⊥ values for√
s = 7 GeV and

√
s = 13 TeV. The fitted values of the parametrization Eq. (7.18) are

listed in Tab. 7.2.

With the modified pmin
⊥ parametrization, the model for multiple parton interactions

works at all centre-of-mass energies considered and the reoccurring issue that the hard
cross-section exceeds the total cross-section at small

√
s is no longer present.

We tune the remaining parameters N0, Rdiff , preco, and precoBaryonic to MB and UE data
at
√
s = 7 TeV and

√
s = 13 TeV. We refrain from tuning to single observables and

instead focus on an overall good description of the data. The resulting set of parameters,
which were tuned with the new parametrization for pmin

⊥ are listed in Tab. 7.3. In
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addition to the energy-independent tune, we provide individual tunes for the full set
of parameters for

√
s = 7 TeV and

√
s = 13 TeV. The resulting parameter values are

listed in Tab. 7.3. The value of the diffractive ratio is mainly driven by the dσ/d∆ηF

observables from Ref. [56,131] and the diffractive cross-sections measurements, σSD, σDD

from Ref. [65] at
√
s = 7 TeV. More data of diffractive events at different centre-of-mass

energies is needed to correctly assess the energy dependence of the diffractive cross-
section (see e.g. Ref. [132]). The probability for baryonic reconnection is mainly driven
by flavour observables at

√
s = 7 TeV. As can be seen in Tab. 7.4, the reconnection

probability pRecoBaryonic drops from
√
s = 7 TeV to

√
s = 13 TeV due to the absence of

MB measurements with repsect to flavour observables at
√
s = 13 TeV.

Parameter Value

N0 0.6838

RDiff 0.187

pReco 0.970

pRecoBaryonic 0.626

µ2 1.1

pmin
⊥,0 2.82

b 622.203

c 0.31

E0 7000

Table 7.3: Parameters of the energy independent UE and MB tune with the
parametrization of pmin

⊥ from Eq. (7.18).

Parameter 7 TeV 13 TeV

N0 0.601 0.699

RDiff 0.2574 0.167

pReco 0.99 0.811

pRecoBaryonic 0.898 0.496

µ2 1.1 1.1

pmin
⊥ 2.827 3.97

Table 7.4: Energy dependent parameter values of the UE and MB tune for
√
s = 7 TeV

and
√
s = 13 TeV.
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7.4 Conclusion

We introduced several changes to the model for multiple parton interactions in Herwig 7.
We replaced the sampling algorithm of the ladder partons with an algorithm that
directly distributes the partons flat in rapidity and then calculates the momenta of
the partons. Additionally, we changed the sampling of the transverse momenta of
the ladder partons such that the dσ/dp⊥ distribution is reproduced for the hardest
parton in the ladder. These changes dispose of the observed anti-correlations and also
improve the description of data. We also took one step closer to the integration of the
diffractive model in Herwig 7 by directly linking it with the cross-sections calculated
in the eikonal model. We tuned the resulting model to available MB and UE data
covering an energy range between

√
s = 200 Gev and

√
s = 13 TeV. To account for a

good description at all centre-of-mass energies, we change the existing parametrization
of the pmin

⊥ parameter. The new energy parametrization results in a good description of
all observables available with only one set of parameters. Albeit due to the nature of
the combined tune, there are aspects which are not described satisfactorily. Dedicated
single observable tunes will of course always outperform combined tunes.

The changes to the model for multiple parton interactions presented in this section and
the tuned parameter values including the modified energy parametrization of the pmin

⊥
parameter are set as the default in the new version of Herwig 7.2 [94]. The revised
model can be used as a well-motivated baseline describing general properties of MB
and UE data over a wide range of centre-of-mass energies.



CHAPTER 8

Summary and Conclusions

In this thesis, we have addressed and improved the simulation of non-perturbative
models in the Monte Carlo event generator Herwig 7. Furthermore, we have studied
colour reconnection with an approach from first principles and gained insight into the
underlying structure of the colour reconnecting effects.

We have implemented a new model for colour reconnection which is based on a geomet-
rical picture in Ch. 4. By allowing the formation of baryonic clusters in combination
with strangeness production during non-perturbative gluon splitting, we improve the
description of MB data for flavour observables significantly. The model also enables
us to describe the enhancement of (multi-)strange hadrons as seen by ALICE in high-
multiplicity pp collisions.

In Ch. 5, we approached the topic of colour reconnection from a theoretical point of view
by considering soft gluon exchanges and study the resulting cluster configurations in
various phase-space regions. We found strong support for colour reconnection models
based on geometrical considerations. The theoretical insight we gained can serve as
input for the development of more sophisticated colour reconnection models.

We studied the production of strangeness in the context of the cluster hadronization
model in Ch. 6. We found that the current model was irreconcilable with both LEP
and LHC data. By implementing a three-part model, where the strangeness production
rate at each step of hadronization depends on the immediate environment, we allow
for more dynamic strangeness production on an event-by-event basis. The new model
significantly improves the description of strangeness observables and narrows the gap
between the favoured parameter values between LEP and LHC.

In Ch. 7, we introduced several changes to the model for multiple parton interactions
of Herwig 7 to account for a more physically sound model. We improved the kinematic
sampling of the ladder partons and included the model for diffraction into the eikonal
model in a more sensible way. We tuned the model parameters to MB and UE data
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covering an energy range from
√
s = 200 GeV to

√
s = 13 TeV. With the changes

to the model for multiple parton interactions, we find that we are able to describe all
relevant data with one set of parameters.

The new models presented in this thesis have been released with the new version of
Herwig 7.2 [94] and prepare Herwig 7 for future studies related to non-perturbative
physics.

There are nonetheless many avenues for possible future projects. Since the study of
high-multiplicity events in light of the recent ALICE data gained some increasing inter-
est it would be benificial to study the high-multiplicity topologies in greater detail and
investigate the correlations observed and compare them to different simulations and
models. A possible starting point would be to investigate the differences between the
Lund string model, the cluster hadronization model and the Dipsy rope model, which
seem to describe the rising trend of (multi)-strange hadrons, and investigate observ-
ables which manage to capture differences in the different approaches. What would be
also interesting is an investigation of the differences in strangeness production between
the cluster hadronization model and other hadronization models.

Furthermore, a systematic tuning of the complete hadronization model to LHC data
would also be benificial. On the one hand it may improve the description of hadronic
observables even further and on the other hand it would allow us to better restrain
the free parameters of the hadronization model, which could lead to conflict with the
description of LEP data. A discrepancy in the description of LEP and LHC data could
mean that we may perhaps need to distance ourselves from the approach to have a single
hadronization model for the simulation of both LEP and LHC. This could signify the
breakdown of jet universality and furthermore lead to a reevaluation of factorization
approaches with respect to hadronization.

In light of future Herwig 7 developments, it would make sense to include a model
for multiple parton interactions where the number of additional interactions directly
depends on the sampled impact parameter. The transverse momenta of the additional
interactions could then also depend on the multiplicity which should lead to a shift
towards larger transverse momenta for high-multiplicity events with many soft and
hard interactions and could improve the description in the high-multiplicity tail of the
〈p⊥〉 vs. Nch observable. First steps in this direction were undertaken in Ref. [69].
Further down the road is the study of heavy-ion collisions with Herwig 7. Herwig 7 is
already able to simulate heavy-ion collision by stacking events on top of each other [133].
However, this approach does not allow for final state correlations which are necessary
to explain a multitude of effects seen in heavy-ion collisions [78–83].

Since particles from all possible processes can contribute to a given final state, it is
imperative that searches for new physics can rely on an excellent modelling of the
hadronic background. New approaches and ideas are therefore continuously needed to
improve the physics capabilities of Monte Carlo event generators and allow them to
provide reliable results in regimes that are dominated by non-perturbative effects.
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Ich möchte mich zunächst bei meinem Doktorvater, PD Dr. Stefan Gieseke, bedanken
der mir durch seine geduldige Art in den vergangenen Jahren sehr geholfen hat und
immer mit Rat und Tat zur Seite stand.

Des weiteren bedanke ich mich herzlich bei Prof. Dr. Dieter Zeppenfeld für die Über-
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[1] T. Sjöstrand, S. Ask, J. R. Christiansen, R. Corke, N. Desai, P. Ilten,
S. Mrenna, S. Prestel, C. O. Rasmussen, and P. Z. Skands, “An Introduction to
PYTHIA 8.2,” Comput. Phys. Commun. 191 (2015) 159–177, arXiv:1410.3012
[hep-ph].
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[72] S. Gieseke, C. Röhr, and A. Siódmok, “Colour reconnections in Herwig++,”
Eur. Phys. J. C72 (2012) 2225, arXiv:1206.0041 [hep-ph].

[73] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and
E. Teller, “Equation of State Calculations by Fast Computing Machines,” J.
Chem. Phys 21 no. 6, (1953) 1087–1092.

https://www.itp.kit.edu/prep/phd/PSFiles/Diss_Baehr.pdf
http://dx.doi.org/10.1016/0370-2693(92)90832-O
http://dx.doi.org/10.1016/0370-2693(92)90832-O
http://arxiv.org/abs/hep-ph/9209205
http://dx.doi.org/10.1016/j.physletb.2004.05.068
http://arxiv.org/abs/hep-ph/0402081
http://arxiv.org/abs/hep-ph/0402081
http://dx.doi.org/10.1103/PhysRevD.50.5518
http://arxiv.org/abs/1710.10925
http://arxiv.org/abs/1710.10925
http://dx.doi.org/10.1103/PhysRevD.2.2963
http://www-spires.fnal.gov/spires/find/books/www?cl=QC794.6.C6B37::2002
http://www-spires.fnal.gov/spires/find/books/www?cl=QC794.6.C6B37::2002
http://dx.doi.org/10.1140/epjc/s10052-013-2456-0
http://arxiv.org/abs/1208.4968
http://dx.doi.org/10.1088/1367-2630/13/5/053033
http://dx.doi.org/10.1088/1367-2630/13/5/053033
http://arxiv.org/abs/1012.5104
http://arxiv.org/abs/1909.08850
http://dx.doi.org/10.1140/epjc/s10052-018-6459-8
http://arxiv.org/abs/1808.04619
http://arxiv.org/abs/1808.04619
http://digbib.ubka.uni-karlsruhe.de/volltexte/1000039423
http://dx.doi.org/10.1140/epjc/s10052-012-2225-5
http://arxiv.org/abs/1206.0041
http://dx.doi.org/10.1063/1.1699114
http://dx.doi.org/10.1063/1.1699114


96 References

[74] D. Reichelt, P. Richardson, and A. Siódmok, “Improving the Simulation of
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[86] C. Bierlich, G. Gustafson, L. Lönnblad, and A. Tarasov, “Effects of Overlapping
Strings in pp Collisions,” JHEP 03 (2015) 148, arXiv:1412.6259 [hep-ph].

[87] C. Bierlich and J. R. Christiansen, “Effects of color reconnection on hadron
flavor observables,” Phys. Rev. D92 no. 9, (2015) 094010, arXiv:1507.02091
[hep-ph].

http://dx.doi.org/10.1140/epjc/s10052-017-5374-8
http://arxiv.org/abs/1708.01491
http://dx.doi.org/10.1007/JHEP05(2011)064
http://arxiv.org/abs/1102.4282
http://arxiv.org/abs/1102.4282
http://dx.doi.org/10.1038/nphys4111
http://dx.doi.org/10.1038/nphys4111
http://arxiv.org/abs/1606.07424
http://dx.doi.org/10.1007/JHEP08(2015)003
http://arxiv.org/abs/1505.01681
http://dx.doi.org/10.1016/S0370-2693(99)00140-9
http://dx.doi.org/10.1016/S0370-2693(99)00140-9
http://dx.doi.org/10.1016/S0370-2693(98)01399-9
http://arxiv.org/abs/nucl-ex/9810005
http://dx.doi.org/10.1103/PhysRevC.77.044908
http://dx.doi.org/10.1103/PhysRevC.77.044908
http://arxiv.org/abs/0705.2511
http://dx.doi.org/10.1016/j.physletb.2014.05.052, 10.1016/j.physletb.2013.11.048
http://dx.doi.org/10.1016/j.physletb.2014.05.052, 10.1016/j.physletb.2013.11.048
http://arxiv.org/abs/1307.5543
http://dx.doi.org/10.1016/j.physletb.2013.11.020
http://arxiv.org/abs/1307.6796
http://dx.doi.org/10.1016/j.physletb.2016.05.027
http://arxiv.org/abs/1512.07227
http://dx.doi.org/10.1103/PhysRevC.89.064903
http://arxiv.org/abs/1312.1233
http://arxiv.org/abs/1312.1233
http://dx.doi.org/10.1103/PhysRevLett.111.042001
https://link.aps.org/doi/10.1103/PhysRevLett.111.042001
http://dx.doi.org/10.1007/JHEP03(2015)148
http://arxiv.org/abs/1412.6259
http://dx.doi.org/10.1103/PhysRevD.92.094010
http://arxiv.org/abs/1507.02091
http://arxiv.org/abs/1507.02091


References 97
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[91] A. Buckley, J. Butterworth, L. Lönnblad, D. Grellscheid, H. Hoeth, J. Monk,
H. Schulz, and F. Siegert, “Rivet user manual,” Comput. Phys. Commun. 184
(2013) 2803–2819, arXiv:1003.0694 [hep-ph].

[92] A. Buckley, H. Hoeth, H. Lacker, H. Schulz, and J. E. von Seggern, “Systematic
event generator tuning for the LHC,” Eur. Phys. J. C65 (2010) 331–357,
arXiv:0907.2973 [hep-ph].

[93] A. Buckley, H. Hoeth, H. Schulz, and J. E. von Seggern, “Monte Carlo event
generator validation and tuning for the LHC,” PoS ACAT08 (2008) 112,
arXiv:0902.4403 [hep-ph].

[94] J. Bellm et al., “Herwig 7.2 Release Note,” arXiv:1912.06509 [hep-ph].
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