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1 | INTRODUCTION

In this paper, we study the asymptotic behavior of the solutions of a boundary value problem for the Laplace equation
with a (nonlinear) Robin boundary condition, which degenerates into a Neumann condition.

Boundary value problems with perturbed Robin or mixed conditions have been investigated by several authors. For
example, Wendland et al' considered a family of Poincaré problems approximating a mixed boundary value problem for
the Laplace equation in the plane. Kirsch? studied the convergence of the solution of the Helmholtz equation with bound-
ary condition of the type —eg—': +u = gto the solution with Dirichlet conditionu = gase — 0. Costabel and Dauge® studied
a mixed Neumann-Robin problem for the Laplace operator, where the Robin condition contains a parameter e so that it
tends to a Dirichlet condition as ¢ — 0. An extension to nonlinear equation has been considered, for example, in Beresty-
cki and Wei.* Degenerating nonlinear Robin conditions in the frame of homogenization problems have been studied by
Gomez et al.®> Singularly perturbed boundary conditions for the Maxwell equations have been analyzed, for example, in
Ammari and Nédélec.® Moreover, Schmidt and Hiptmair’ have exploited integral equation methods for singularly per-
turbed boundary conditions in the frame of transmission problems. Furthermore, an approach based on potential theory
to prove the solvability of a small nonlinear perturbation of a homogeneous linear transmission problem can be found
This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
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in Dalla Riva and Mishuris.® Concerning existence and uniqueness results for boundary value problems with nonlinear
Robin conditions, we also mention, eg, Donato et al.’

We note that the transmission problem for a composite domain with imperfect (nonnatural) conditions along the joint
boundary is, in fact, a generalization of the classical Robin problem. Such transmission conditions frequently appear in
practical applications for various nonlinear multiphysics problems (eg, Mishuris et al'®!* and Mishuris'?). Moreover, the
imperfect transmission conditions allow one to perform numerical analysis of practical problems with thin interphases
at low cost with sufficient accuracy (see Mishuris and Ochsner,"* Mishuris et al,'* and Sonato et al'®).

In this paper, instead, we are interested in the case where the Robin condition degenerates into a Neumann condition.

To introduce the problem, we first define the geometric setting. We fix once for all a natural number

n € N\{0,1}.
Then, we consider a €]0, 1] and two subsets QF, Q° of R" satisfying the following assumption:
Q'and Q° are bounded open connected subsets of R" of class C1-*

such that Q C Q°and that R”\aandR”\@are connected.

For the definition of sets and functions of the Schauder class C** (k € N), we refer, eg, to Gilbarg and Trudinger.'* The

letter “i” stands for “inner” and the letter “0” stands for “outer.” The symbol “” denotes the closure. Then, we introduce
the domain Q by setting

Q=Q0\Ql.
We note that the boundary dQ of Q consists of the two connected components dQ° and dQ!. Therefore, we can identify,
for example, C**(0Q) with the product C®*(0Q°) x C**(9Q%). To define the boundary data, we fix two functions

g’ € C**(0Q), g € C%(oQd).

Then, we take 5o > 0 and a family {F;s}sejo,5, of functions from R to R. Next, for each § €]0, 6o[, we want to consider
a nonlinear boundary value problem for the Laplace operator. Namely, we consider a Neumann condition on 0Q° and a
nonlinear Robin condition on 0Q!. Thus, for each é €]0, §o[, we consider the following boundary value problem:

Au(x) =0 Vx € Q,

0 0 o
P ux) = g°x) Vx € 0Q°, 1)

== u(x) = 6F5(u(x) + g'(x) Vx € 0Q,

where vgo and v denote the outward unit normal to 0Q° and to dQ!, respectively.

As a first step, under suitable assumptions, in this paper, we show that for each § positive and small enough, problem
(1) has a solution, which we denote by u(6, -). Then, we are interested in studying the behavior of u(és,-) as § — 0, and
thus, we pose the following questions.

(1) Letx be a fixed point in Q. What can be said of the map 6 — u(8,x) when § is close to 0 and positive?
(2) What can be said of the map § — fQ | Vu(8, x)|>dx when § is close to 0 and positive?

We also note that if in correspondence of the limiting value § = 0, we omit the term

6Fs(u(x))
in (1), then we obtain the Neumann problem
Au(x)=0 Vx € Q,
0" u(x) = g°(x) Vx € 0Q°, @)

u(x) = g(x) Vx € oQ.

avgi

On the other hand, by the divergence theorem and classical existence results for the Neumann problem, problem (2) has

(at least) a solution if and only if
/goda—/gidazo. 3)

0Q° oQi
This means, in particular, that if (3) does not hold, then u(é, -) cannot converge to a solution of problem (2) as § — 0.
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In contrast with asymptotic expansion methods, in this paper, we answer the questions in (1), (2) by representing the
maps of (1), (2) in terms of real analytic maps in Banach spaces and in terms of known functions of 6 (for the definition and
properties of real analytic maps, we refer to Deimling!”P- 150), We observe that if, for example, we know that the function
in (1) equals for 6 > 0 a real analytic function defined in a whole neighborhood of § = 0, then we know that such a map
can be expanded in power series for § small.

Such an approach has been proposed by Lanza de Cristoforis'® for the analysis of singularly perturbed problems in
perforated domain as an alternative to asymptotic expansion methods (cf, eg, Maz'ya et al' and Maz'ya et al*®*). In
particular, it has been exploited to analyze singularly perturbed (linear and nonlinear) Robin and mixed problems in
domains with small holes (cf, eg, Lanza de Cristoforis** and Dalla Riva and Musolino® for the Laplace equation and Dalla
Riva and Lanza de Cristoforis*** for the Lamé equations).

The paper is organized as follows. In Section 2, we consider some model problems in an annular domain where we can
explicitly construct the solutions and discuss the behavior as 6 tends to 0. In Section 3, we formulate our problem in terms
of integral equations. In Section 4, we prove our main result, which answers our questions (1), (2) above, and in Section
5 we discuss a local uniqueness property of the family of solutions. Finally, in Section 6, we make some comments on the
linear case and compute the power series expansion of the solution.

2 | MODEL PROBLEMS

To illustrate some aspects of the problem under investigation, in this section, we consider the set
Q = ]Bn(oa 1)\Bn(05 1/2)7

ie, we take Q° = B,(0, 1) and Q' = B,(0, 1/2), where, for r > 0, the symbol B, (0, r) denotes the open ball in R” of center
0 and radius r.

2.1 | Alinear problem

We begin with a linear problem and to do so, we take a, b € R. Then, for each § €]0, + oo[, we consider the problem

Au(x) =0 Vx € B,(0,1)\B,(0,1/2),
9 ux)=a Vx € 0B,(0,1), (4)
OVB, (0.1)

u(x) = éu(x) + b Vx € 0B,(0,1/2).

aVBn(0.1/2>

As is well known, for each § €]0, 4+ oo, problem (4) has a unique solution in C*%(Q), and we denote it by us. On the
other hand, if instead we put § = 0 in (4) we obtain

Au(gx) =0 Vx € B,(0,1)\B,(0,1/2),
pr— ux)=a Vxe€ iB,(0,1), 5)

u(x) = b Vx € 0B,(0,1/2).
OVB,,01/2)

The solvability of problem (5) is subject to a compatibility condition on the Neumann data on 0B,(0, 1) and on dB,(0, 1/2).
More precisely, problem (5) has a solution if and only if

a / do—b / do =0,

dB,(0,1) dB,(0,1/2)
ie, if and only if
1
as, — bﬁsn =0, (6)

where s, denotes the (n — 1)-dimensional measure of 0B,(0, 1). Condition (6) can be rewritten as follows:

b
a= (7)
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b

on-17

In particular, if a = 2% then, the Neumann problem (5) has a 1-dimensional space of solutions; if instead a #
problem (5) does not have any solution.

This implies that in general the solution u; of problem (4) cannot converge to a solution of (5) as § — 0, if the com-
patibility condition (7) does not hold. Therefore, we wish to understand the behavior of u; as 6 — 0, and we do so by
constructing explicitly u;.

To construct the solution us;, we consider separately casen = 2and n > 3.

If n = 2, we look for the function u; in the form

us(x) = Aslog |x| + Bs vx € Q,

with As and Bs to be set so that the boundary conditions of problem (4) are satisfied.
We first note that

Vius(x) = Ay —,
2

and that accordingly

P
Us) _ X A =A;  VxedBy0,1),
aV]Bz(o,n x| x|

which implies that we must have
As=a

in order to fulfill the Neumann condition on dB,(0, 1). On the other hand, as far as the Robin condition on dB,(0,1/2) is
concerned, we must find Bs such that

x x

] a|x|2 =o6(alog|x| +Bs)+b Vx € dB,(0,1/2).

Then, a straightforward computation implies that we must have
1
Bs = E(Za —b)+alog2.
As a consequence, if n = 2, we have
us(x) = alog|x| + alog2 + %(Za —b) vx € Q. (8)

Then, we turn to consider the case of dimension n > 3, and we look for a solution of problem (4) in the form

1

AT

+ B; VXEQ,

with A; and B; to be set so that the boundary conditions of problem (4) are satisfied. By arguing as above, one deduces that

1 2n—2
As=a, B5=—(2"_1a—b)+a s
) n-—2
and thus,
us(x) = a 1 +a 2 + 1(2"‘1a —b) Vx e Q 9)
M E e T T Th=-2" % ‘

Thus, by looking at (8) and (9), we note that if condition (7) does not hold, then,

lim ||u = +00.
lim [1u5 1
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Comparing (8) and (9) one can write the solutions in a uniform manner:
us(x) = u®(x) + %u(“(x), (10)
where

uPx) =2""1a - b, vx e Q,

alog|x| +alog2 ifn =2,
u(o)(x)s{ & 3

1 2n—2 . )
o T8 ifn > 3,

and both functions u®, u™ € L,(Q). In particular, we note that u(® is the unique solution of (5) such that
/ U0 do = 0,
dB,(0,1/2)

On the other hand, if (7) holds, we have u® = 0 and
us(x) = u® (),

for all 6 €]0, + oo[, and u; is also a solution to problem (5).

2.2 | A nonlinear problem
In this section, we analyze a nonlinear problem, and for the sake of simplicity, we confine to the case of dimensionn = 2.
For each 6 €]0, + oo[, we consider the problem
Au(x)=0 Vx € B,(0,1)\B,(0,1/2),
uix)=a Vx € dB,(0, 1),
u(x) = 8%u(x) + 6*u*(x) + b Vx € dB,(0,1/2).

amn

aVIBZ(O.l)

‘)V]Bz(o,l /2)

Now, we note that we can collect 6 in the right hand side of the third equation in (11), and thus, we can write the Robin
condition as follows:

u(x) = 6 (su() +su*(x)) +b  Vx € 0B,(0,1/2).
5"182(0,1/2)

If for each 6 €]0, + oo[, we introduce the function
Fs(r) = 67 + 672 vz e R,
we can rewrite problem (11) as follows:

Au(x) =0 vx € B,(0, 1)\B(0,1/2),
ux)=a Vx € 0B,(0,1),

0‘/]352(0.1) (12)
0

0"1852(0.1 /2)

u(x) = 6Fs(u(x)) + b Vx € 0B,(0,1/2).

Then again, we look for a solution us in the form
us(x) = Aslog |x| + Bs vx e Q,

with As and B; to be set so that the boundary conditions of problem (12) are satisfied.
As we have seen, to ensure the validity of the Neumann condition on 0B,(0, 1), we must have

A5 =da.
On the other hand, in order to satisfy the Robin condition, we have to find Bs such that

2a = 6Fs(—alog2 + Bs) + b.
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Motivated by the linear case, we find it convenient to replace B; by Bs /8 + alog2. In other words, we look for a solution
us in the form

us(x) = Alog |x|+%+alog2 Vx € Q,
with B; such that
1~
2a = 6F, (335) +b. 13)
Then, we note that if we set
FE6)=66+& V(6 eR?,

we have

5F; (%g) —F@E )  VEER (14)

As a consequence, we can rewrite Equation 13 as follows:
2a = F (Bs,6) +b. (15)

For general F, under suitable assumptions, one can try to resolve Equation 15 by means of the implicit function theorem.
On the other hand, for our specific case, for each § €]0, + o[, one has that the solutions ¢ in C of equation

2a=F(,8)+b
are delivered by
=6 + 2o -6 — 2o
2 7 2

where
zg =6 —4(b - 2a).

Thus, if we look for solutions B; € R of Equation 15 for § positive and close to 0, we may have 1, 2, or no solutions to (15)
depending on the sign of
—4(b — 2a).

Therefore, for § small and positive, we may have 1, 2, or no solutions to the nonlinear problem (11). In particular, a crucial
role for the solvability of problem (11) is played by the function F, which ensures the validity of Equation 14.

2.2.1 | A family of nonlinear problems
To play with the structure of the nonlinear boundary condition, for each § €]0, + oo, we consider the family of problems

Au(x)=0 Vx € B,(0,1)\B(0,1/2),
9 —
P ux)=a Vx € 0B,(0, 1), (16)
P 9 u(x) = du(x)(1 + c6"u"2(x)) + b Vx € 0B,(0,1/2),
VB,(0.1/2)

where ¢ € R and y;, 7, € N. Note that such type of boundary conditions is crucially important for practical applications.
For example, in metallurgy and metal forming processes, the typical boundary condition involves y, = 4 where the
respective term corresponds to the heat exchange due to the radiation at high temperature (see Golitsyna,*® Letavin and
Mishuris,” and Letavin and Shestakov?®).

Now, we note that we can rewrite the Robin condition as follows:

0

———u(x) = (u@) + cs"u > (x)) +b  Vx € 0B,(0,1/2).
OVB,0.1/2)
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As above, for each § €]0, + o[, we introduce the function

Fs(t) = 7 + con 72 H! Vr e R.
Then, we can rewrite problem (16) as follows:

Aux) =0 Vx € B,(0,1)\B»(0,1/2),
4 u(x)=a Vx € dB,(0,1), 17)

VB, 0.1
u(x) = 6Fs(u(x)) + b Vx € 0B,(0,1/2).

VB, 0.1/
Again, we look for a solution u; in the form
us(x) = Aslog |x| + alog2 + %Bg vx e Q,

with A; and Bs to be set so that the boundary conditions of problem (17) are satisfied.
As we have seen, we must have

As =a,

and, in order to satisfy the Robin condition, we have to find B; such that

2a = 6F; (%B}) +b. (18)

Then, we note that if we set
F(, ) = & + cot”t! V(& w) € R?,

we have

5F; (%5) =F(,n)  VEER,8 €10, +ool.

Since we want to pass to the limit in F(&, §1772) as § — 0, we find it convenient to assume that
1272
As a consequence, we rewrite Equation 18 as follows:
2a = F (B;.57") +b. (19)

We try to resolve Equation 19 around 6 = 0 by means of the implicit function theorem. We treat separately the case
¥1 = 7, and the case y; > y,. If y; > 7,, then, there exists a unique By such that

2a—b=F(By,0),
ie,
B() =2a-b.

Then, by applying the implicit function theorem around the pair (2a — b, 0), one can prove that there exist a small
neighborhood 12a — b — ¢1,2a — b + €1[X] — €3, €2[ of (2a — b, 0) and a function

1—e,6[0 0w Bw) €]2a—b—¢€,2a—b+ e[
such that
B(0) =2a-b, 2a—Db =F(E(a)),a)) Yo €] — €, 6;[.
Therefore, there exists 6; €]0, + oo[ small enough, such that

2a —b=F (B(@""),6n77) V6 €10, 611,
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and thus, we can take

Bs =B(Gn) V6 €10,8,[.

Accordingly,

B(sn72)

us(x) = alog|x| + alog2 + Vx e Q, V6 €10, 6] .

Now, we turn to consider the case y; = y,, and we note that
F(g,6n )y =F(E 1) =E+cen™t V(&) e R,
As a consequence, there are y; + 1 complex solutions ¢ to the equation
2a—b=¢ 4L (20)

Then, if we denote by {B; }f=1 the set of (distinct) real solutions to Equation 20 for each of them, we can construct the
corresponding function, and thus, we can define a family of solutions {u;5}se}o, + [ t0 problem (16), by setting

u;js5(x) = alog|x| +alog2 + %Bj vx e Q, V6 €]0, +oo[,
foreachj € {1, ... , k}. Note that this can be presented in the form:
1560 = U00) + U0, (21)

thus, the nonuniqueness is related to the second term of this representation only. Moreover, it makes sense also to
underline that the first term in the solutions for the linear (10) and nonlinear (21) problems coincides.

3 | ANINTEGRAL EQUATION FORMULATION OF THE BOUNDARY VALUE
PROBLEM

To analyze problem (1) for 6 close to 0, we exploit classical potential theory, which allows to obtain an integral equation
formulation of (1). To do so, we need to introduce some notation.
Let S, be the function from R"\{0} to R defined by

L log |x| vx € R"\{0}, if n=2,
SIO=Y "1 e yeeRMN(0), if n>2
@-ns, ’ '

Sy, is well known to be a fundamental solution of the Laplace operator.
We now introduce the single layer potential. If 4 € C°(0Q), we set

v[0Q, ul(x) = / Sn(x = y)u(y)do,  Vx€R",
0Q

where do denotes the area element of a manifold imbedded in R”". As is well known, if 4 € C°(0Q), then v[oQ, u] is
continuous in R". Moreover, if 4 € C*%(9Q), then the function v+ [0Q, u] = v[0Q, )i belongs to C%(Q), and the function
v7[0€2, u] = v[0Q, u]rmq belongs to Cll(;‘;’ (R™\Q). Then, we set

W, [082, u](x) = / va(X) - VSu(x — y)u(y)do, Vx € 092,
0Q

where v denotes the outward unit normal to 9Q. If 4 € C**(0Q), the function w, [0LQ, u] belongs to C**(9Q2), and we have

ivi [0, u] = 11/4 + W, [0Q, u] onoQ.
()vQ 2
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Then, we have the technical Lemma 1 below on the representation of harmonic functions as the sum of a single layer
potential with a density with zero integral mean and a constant. Therefore, we find it convenient to set

C™*(0Q), =1 f € C** Q) : / fdo =0
0Q

The proof of Lemma 1 can be deduced by classical potential theory (cf Folland>> - 3),
Lemma 1. Let u € C*(Q) be such that Au = 0 in Q. Then, there exists a unique pair (u,c) € C**(0Q), X R such that
u=voQ, ul+c inQ.

By exploiting Lemma 1, we can establish a correspondence between the solutions of problem (1) and those of a
(nonlinear) system of integral equations.

Proposition 1. Let § €]0, 5o[. Then, the map from the set of pairs (u, &) of C**(0Q)y X R such that

—3H00 + W, [0Q, ul(x) = g°(x) Vx € 9, )
. ) 22
L) = w, 109, 1)) = 5F; (v10Q, u1(x) + £ ) +g1(x) Vx € 00,
to the set of those functions u € CH*(Q) that solve problem (1), which takes a pair (u, &) to the function
V100l + = 23)

is a bijection.

Proof. If (u, &) € C>*(0Q) x R, then we know that vF[0Q, u] + § belongs to C**(Q) and is harmonic in Q. Moreover,
if (u, &) satisfies system (22), then the jump formulas for the normal derivative of the single layer potential imply the
validity of the boundary condition in problem (1). Hence, the function in (23) solves problem (1).

Conversely, if u € C1*(Q) satisfies problem (1), then the representation Lemma 1 for harmonic functions in terms
of single layer potentials plus constants ensures that there exists a unique pair (u,&) € C%*(9Q), x R such that
u = voQ, u] + g Then, the jump formulas for the normal derivative of a single layer potential and the boundary
condition in (1) imply that the system of integral equations of (22) is satisfied. Hence, the map of the statement is a
bijection. O

Now that the correspondence between the solutions of boundary value problem (1) and those of the system of integral
equations (22) is established, we wish to study the behavior of the solutions to system (22) as 6 — 0. Then, we note that
we can write

5F; (v[()Q, 1100 + g) = 6F; (%(&;[ag, 1100 + 5)) .

Therefore, to analyze the second equation in (22) for § small, we need to make some other assumptions on the structure
of the family of functions

R > 7+ 6F;s (%1) asé — 0.

So we assume that
there exists; €]0,60[, m € N, a real analytic function F fromR"™*!toR,

a functionw(-)from]0, §;[toR" such thatw, = &ir% w(6) € R™and that (24)

5F, <%1) = F(r, w(8))for all(z, ) € Rx]0, 6,1

Thus, under the additional assumption (24), if we let § tend to 0 in (22), we obtain the following limiting system of integral
equations:
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1 A0 0
{ 2 H0) + W, 09, HI(x) = g(x) vx € 0Q°, 03)

SHG) = W, [0Q, u](x) = (€, o) + g'(x) Vx € 0Q".

Then, as a preliminary step in the analysis of the system of integral equations (22) for 6 close to 0, in the following lemma,
we study the limiting system (25).

Lemma 2. Let assumption (24) hold. Assume that & € R is such that

T E 1 0 i
F(é,wo)=w /g da—/g dol, (26)
n-1
3

Q0 oQ!

where |0Q!|,,_; denotes the (n — 1)-dimensional measure of Q. Then, there exists a unique ji € C%*(0Q) such that

— 2 ) + w,[0Q, 1](x) = g(x) Vx € 0Q°,
FA00) = w,[0Q, 71(x) = F(E o) +g'(x) Vx € 0.

Proof. We note that if £ is as in (26), then, the function g defined as follows:

- . _ | g™ Vx € 0Q°,
8x) = { = (FE w0) + g(x)) Vx € 0¥,

belongs to C**(dQ)o. Then, by classical potential theory (cf Folland®- P 3), there exists a unique ji € C*%(dQ), such
that

—%ﬁ(x) +w,[0Q, F](x) = g(x) Vx € 0Q,
and the validity of the statement follows. O

In view of Proposition 1 and under assumption (24), in order to study the solutions of (22), we find it convenient to
introduce the map A = (A°, AY) from R™*! x C®%(9Q), x R to C**(9Q) defined by setting

A°[6, 0, p, & = —%#(x) + W, [0, u](x) — g°(x) Vx € 0Q°,
NS, 0, u,&] = %y(x) —w,[0Q, u](x) — F (6v[0Q, ul(x) + &, w) — gi(x) Vx € 0,

for all (6, w, u, &) € R™1 x C%*(0Q), x R.

In the following proposition, we investigate the solutions of the system of integral equations (22), by applying the
implicit function theorem to A, under suitable assumptions on the partial derivative 0, F(&, w,) of the function (z, w)
F(r, ) with respect to the variable = computed at the point (&, wp).

Proposition 2. Let assumption (24) hold. Let (ji, &) be as in Lemma 2. Assume that
0-F(& wo) #0. (27)

Then, there exist 5, €]0,8;[, an open neighborhood U" of wy in R™, an open neighborhood V of (ji, &) in C%*(0Q) X R,
and a real analytic map (M, £) from | — 6, 5:[XU" to V such that

w(6) eV Vo €]0, 6,
and such that the set of zeros of A in | — 6,, 6;[XU" X V coincides with the graph of (M, £). In particular,

(M0, ay], E[0, wo]) = (fi, &).

Proof. We first note that by classical potential theory (cf Miranda® and Lanza de Cristoforis and Rossi®" "™ 31), by
assumption (24), and by analyticity results for the composition operator (cf Béhme and Tomi,*> P- 19 Henry,*» P2 and
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Valent* Thm- 52,p-44) 'we conclude that A is real analytic. Then, we note that the partial differential 9, 5 A[0, wo, fi, €]
of A at (0, wy, ji, &) with respect to the variable (u, &) is delivered by

a(ﬂ,f)Ao [09 o, ﬁ’ ?](ﬁs E)(x) = _iﬁ(x) + Wi [ag, /z](x) _ Vx (S OQO s
I eyN'[0, wo, i, E1(f1, E)(x) = %ﬁ(x) —w,[0Q, A1(x) — 0. F(&, wp)é Vx € 0Q',

for all (1, &) € C**(0Q), x R. Then, by assumption (27) and by classical potential theory (cf Folland** M 3), we deduce
that 0, £ A[0, wo, i, £] is a homeomorphism from C%*(9Q), x R onto C%*(0Q). Then, by the implicit function theorem
for real analytic maps in Banach spaces (cf, eg, Deimling!” theorem 153y 'yve deduce the validity of the statement. O

Now that we have converted problem (1) into an equivalent system of integral equations for which we have exhibited a
real analytic family of solutions, we are ready to introduce the family of solutions to (1).

Definition 1. Let the assumptions of Proposition 2 hold. Then, we set

E[d, w(6)]

u(6,x) = v[Q, M[8, w(6)]](x) + 5

Vx e Q,

for all 6 €]0, 5,].

By Propositions 1 and 2 and by Definition 1, we deduce that for each § €]0, §,[ the function u(s, -) € C%(Q) is a solution
to problem (1).

4 | AFUNCTIONAL ANALYTIC REPRESENTATION THEOREM FOR THE
FAMILY OF SOLUTIONS

In the following theorem, we exploit the analyticity result of Proposition 2 concerning the solutions of the system of
integral equations (22) in order to prove representation formulas for u(é, -) and its energy integral in terms of real analytic
maps and thus to answer to questions (1), (2) of the Introduction.

Theorem 1. Let the assumptions of Proposition 2 hold. Then, the following statements hold.
(1) There exists a real analytic map U from | — &5, 5[ XU to Cl"’(ﬁ) such that

E[d, w(8)]

u(6,x) = U[6, w(6)]1(x) + 5

vx e Q, (28)

forall § €]0, 6,[. Moreover, U[0, wy] is a solution of the Neumann problem

Au(x)=0 Vx € Q,
a 0 0
e 1) =800 . o Wxeooy, (29)
o ux) = T ([,o8do — [,,8'do) + gi(x) Vx € 09,
and
E[0, wp] = €.

(2) There exists a real analytic map E from ] — 6,, 6,[XU" to R such that

/ V(5,202 dx = E[5, (5], (30)

Q

forall 6 €]0, 6,[. Moreover,

E[0, o] = / |Vii(x)|* dx,
Q

where i is any solution of the Neumann problem (29).
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Proof. We first prove statement (1). We set
Uls, w](x) =V [0Q M[5,0]l(x) Vx€EQ,

for all (6, w) €]-6,, 6,[XV". Then, by Proposition 2 and by classical mapping properties of layer potentials (cf Miranda*
and Lanza de Cristoforis and Rossi*" '™ 31) we conclude that U is real analytic. Since

P E 1 0 i
F(f,a)@:w/gda—/gda,
n-1

08° Qi
and M[0, wo] = ji, then
%W[Oﬂ, ) = —% () + w, [0, fi](x) = g°(x) Vx € 090 .
{ aV—QiVJ"[aQ, Alx) = %ﬁ(X) —w,[0Q, i](x) = m (f€do — [,o,8 do) +gix) Vx € 00

As a consequence, vt[0Q, ji] solves problem (29). Then, we deduce the validity of statement (1) (see also Proposition
2).

We now consider statement (2). By the divergence theorem and standard properties of harmonic functions and their
normal derivatives, we have

b}

o

/ [Vu(s,x)|2dx = / <v+[aQ,M[5,w(5)]]+5[5’“’(5)]> 9vT10Q, MI3, @] ;-
Q 0Q

()Vg

v [0Q, M[6, w(5)]]
do
a\/g

’

= / Vv [0Q, M[6, w(6)]]

0Q
for all § €]0, 6,[. Thus, we find natural to set

ovt[0Q, M[6, w]]
————do

V(6,w) €] = 62, 65:[XV".
va

E[&,w]=/v+[6Q,M[5,w]]
0Q

By Proposition 2, by mapping properties of layer potentials, and by standard calculus in Schauder spaces, we deduce
the real analyticity of E from ] — 6,, ;[ XU to R. Since

ov*[0Q, ji]
———do
an

E[0, wo] =/v+[0ﬂ,ﬂ]

oQ

= / [Vv*[0Q, i]|* dx,
Q
and vt[0Q, ji] is a solution of problem (29), we deduce the validity of statement (2). O

Remark 1. We observe that Theorem 1 implies that the quantities in the left-hand sides of (28) and of (30) can be
represented as convergent power series of (6, w(6) — wo).

5 | LOCAL UNIQUENESS OF THE FAMILY OF SOLUTIONS

We now show by means of the following theorem that the family {u(4, -)}sej0,5, is locally essentially unique (cf Lanza de
Cristoforig? thm. 4.1 (i),

Theorem 2. Let the assumptions of Proposition 2 hold. If {d; } ;cN is a sequence of 10, 6o[ converging to 0 and if {u;} jen
is a sequence of functions such that
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u; € CH*(Q),
u; solves (1) fors =d,, (31
limoodtlo = & in CO%(0Q)),

then, there exists jo € N such that u;(-) = u(d;,-) for all j > j,.

Proof. Since u; solves problem (1), Proposition 1 ensures that for each j € N there exists a pair (u;, &;) € C%*(0Q)o xR
such that

Uuj =v+[09,uj]+§ in Q (32)
J

We now rewrite equation

Alb, 0,81 =0

in the following form

— 2 HX) + W, [0Q, u](x) = g(x) Vx € 9Q,
KO0 = W, [0Q, ul(x) = 0.F(E, wo) (V[0 () + &) (33)
= —0.F (&, wo) (6v[0Q, ul(x) + &) + F (5v[0Q, ul(x) + &, ) + g(x) Vx € 0,

for all (6, w, u, &) € R™! x CO*(9Q), x R. Next, we denote by N[5, @, u,&] = (N°[8, w, u, E], N'[6, w, u, £]) and by
B[6,w, u,E] = (B°[6, , u, &1, B[S, @, u, £]) the left and right hand side of such an equality, respectively. By standard
properties of single layer potentials, we conclude that N is real analytic (cf Miranda*® and Lanza de Cristoforis and
Rossi3!: thm. 3.1)‘

Next, we note that N[, @, -, -] is linear for all fixed (6, w) € R™*!. Accordingly, the map from R™*! to £L(C**(0Q), X
R, C%*(0Q)) that takes (5, ) to N[8, w, -, -] is real analytic. Here, £(C%*(0Q), X R, C%*(Q)) denotes the Banach space
of linear and continuous operators from C%*(9Q), x R to C**(9Q). We also note that

N[07 o, *, ] = a(ﬂ,é)A[O7 o, ﬁ7 g](5 '),

and that accordingly, N[O, @y, -, -] is a linear homeomorphism (see the proof of Proposition 2). Since the set of lin-
ear homeomorphisms is open in the set of linear and continuous operators, and since the map which takes a linear
invertible operator to its inverse is real analytic (cf, eg, Hille and Phillips®>- thms- 43-2and 4.3.4 'there exists an open neigh-
borhood W of (0, wg) in ] — 6,, §,[XV" such that the map, which takes (6, ®) to N[6, w, -, 16D s real analytic from W
to L(C%*(0Q), C>*(0Q)o X R). Clearly, there exists j; € N such that

(d;, w(d))) e W Vj2>ji.
Since Ald;, w(d)), uj,&;1 = 0, the invertibility of N[, w, -, -] and equality (33) guarantee that
(4j:&)) = Nld;. o(d)), - 1 V[Bld;, o(d)), s, 11 Vj 2 ju.
By (32), we have
dju; = dpy*[0Q, u;1+&;,
for all j > j;. Accordingly,

—0.F(&, wo) (d;v[0Q, u;1(x) + &) + F (dv[0Q, p;1(x) + &, (d))) + g'(x)
= —0,F( wo) (dju;(®)) + F (dju;(0), 0(d))) +g'(x)  Vx € 0,

for all j > j,. Then, by assumptions (24) and (31) and by analyticity results for the composition operator (cf Bchme
and Tomi,*>P-1° Henry,*>P-? and Valent* thm-52.p-44) \ve have

hm —OTF(E, o) (dju”agi) +F (djungi,a)(dj)) +gi = —0,1:"(5, C()())&~ +F (E, 60()) +gi, (34)

Jj—oo©
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in C%*(0QY). The analyticity of the map that takes (6, ) to N[6, @, -, -]~V implies that
lim N[d,, o(d,), -, 1Y = N[0, wy, -, -]V
in L£(C™0Q), C**(9Q); x R).

Since the evaluation map from £(C%*(02), C®*(dQ)y X R) X C>*(9Q) to C>*(dQ)y x R, which takes a pair (A4, v) to A[v]
is bilinear and continuous, the limiting relations (34) and (35) imply that

lim (4j,¢)) = N10, @0, 17V[g", =0 F(§, w0)é + F (&, 0) +7, (36)
in C%*(aQ), x R. Since A[0, o, ji, €] = 0, the right hand side of (36) equals (ji, £). Hence,
jli}g(dj, w(d;), uj, &) = (0, wo, fi, &) in R™!'xC*(0Q) x R.
Then, Proposition 2 implies that there exists j, € N such that
¢ =Eld;, 0(d))], u;j =M[d;, w(d))] Vj > jo.

Accordingly, u; = u(d;, ) for j > j, (see Definition 1). O

6 | REMARKS ON THE LINEAR CASE

In this section, we wish to make further considerations on the linear case. In particular, we plan to compute asymptotic
expansions of the solutions as the parameter 6 tends to 0.
We first note that the results of Section 4 apply to the linear case. In particular, in case

Fs(t)=1 V(z,68) € Rx]0, +oo[,
problem (1) reduces to the following linear problem:

Au(x)=0 Vx € Q,
9 —
mu(X) = gO(X) Vx € 0Q° , (37)

S—u(x) = u(x) + gl(x) Vx € 0.
Voi

For each 6 €]0, + oo[, we know that problem (37) has a unique solution in Cl"”(ﬁ), and we denote it by u[6].
Clearly,
5F; (%r) —7  V(z,6) € RX]0, +ool,
and thus, we can take, for example,
w(5)=0 V6 €]0, +oo[,

and

Fr,o)=t  V(r,w) € R%.

- 1 .
o0, = 2do— [ gdol.
@0 T /g d /g 4

0Q° oL

In particular,

and
0.F(&,w0) =1#0.

Therefore, the results of Sections 3 and 4 apply to the present case. More precisely, by simplifying the arguments of
Propositions 1 and 2, we deduce the validity of the following proposition.



MUSOLINO AND MISHURIS WI LEY 15

Proposition 3. Let Ay = (AY, A;) be the map from R x C%*(0Q)y X R to Co%(0Q) defined by setting

Agle, u.él = —-#(x) + W, [0Q, ul(x) — g°(x) Vx € 0Q°,
A’ [0, u,E] = —y(x) W, [0, u](x) — 6V[0Q, u](x) — & — g(x) Vx € oY,

forall (6, u,&) € R x C%*(0Q)y x R. Let (jiy, &) be the unique solution in C>*(0Q), x R of

—-ﬂ(x) + W, [0Q, u](x) =g°(x) Vx €0Q°,
'ﬂ(x) w,[0Q, ul(x) = & +g'(x) Vx € 9Q".

Then, there exist 59 €10, + oo[, an open neighborhood V of (jig, &) in C%*(0Q), X R, and a real analytic map (M, Ex)
from ] — 6y, 60 to V such that the set of zeros of Ay in ] — 8¢, 6o[XV coincides with the graph of (M4, =4). In particular,

(M4[0], E4[0]) = (fix, &). (38)

Moreover,

_#[5]

u[61(x) = v, My[6]1(x) + —— vx € Q,

forall 6 €]0, 6l

Then, we can follow the lines of the proof of Theorem 1 and obtain the following real analytic representation result for
u[6] and its energy integral.

Theorem 3. Let =, be as in Proposition 3. Then, the following statements hold.
(1) There exists a real analytic map Uy from ] — &y, 5[ to the space Cl""(ﬁ) such that

u[51(x) = Uyl61(x) + =21 “‘*[5] vxeQ,

forall 6 €]0, 6y[. Moreover, U,[0] is a solution of the Neumann problem

Au(x)=0 Vx € Q,
= g"(x) Vx € 9Q°, (39)

;ﬂiu(x) = IdQ’ (/{mog do — [,,8'do) +g'(x) Vx € 0Q,

da—/ ido .
|a£zl|n1 /g §

Q0 an

and

E4[0] =

(2) There exists a real analytic map Ex from ] — 8y, 6o[ to R such that

/ |Vu(s,x)|*dx = Ey[6],

forall 6§ €]0, 6¢[. Moreover,
Ey[0] = / Va0l dx,
Q
where il is any solution of the Neumann problem (39).
6.1 | Asymptotic expansion of u[4]

By Theorem 3 (1), we know that there exist a sequence of functions {usx }reny € CH*(Q) and a sequence of real numbers
{&k ke such that
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+o0 +o0
uldle0) = D upk(0)8* + Y & vxeQ, (40)
k=0 k=0

where the series are uniformly convergent for 6 in a neighborhood of 0. As for the model problem (10), we note that we
can rewrite equation (40) in the form

uls1x) = ux) = %ugl)(x) vx € Q,

where in this case in general ufsl) depends on 6.
To construct the sequences {usx }eny € CH*(Q) and { & }reN, We wish to exploit the integral equation formulation of
problem (37) and the approach of Dalla Riva et al.*
Now, we observe that the real analyticity result of Proposition 3 implies that there exists 6; €]0, 6o small enough such
that we can expand M,[6] and Z4[6] into power series of 6, ie,
Ry Hitk

& vk
Ma[5] = Y ==&, B8] = = 5k

s (41)
&kl &

for some { py i }renN, {&xk}ren and for all 6 €] — 61, 61[. Moreover,

Hrk = (Mel6)) 5 En = (95E4[61) 5

for all k € N. Therefore, in order to obtain a power series expansion for u[5] for é close to 0, we want to exploit the
expansion of (Mx[6], £«[6]). Since the coefficients of the expansions in (41) are given by the derivatives with respect to &
of M,[5] and Z4[5], we would like to obtain some equations identifying (95My[5]) 5z @nd (0kB4[5]) s—o- The plan is to
obtain such equations by deriving with respect to § equality (38), which then leads to

0§ (Agl6, My[0], E[]]) = 0 V6 €] — 61,61l Vk € N. (42)

Then, as Proposition 4 below shows, by taking § = 0 in (42), we will obtain integral equations identifying (a’gM#[a])
and (0524[5])

16=0
|6=0"
Proposition 4. Let 69, M4[-], and Z4[-] be as in Proposition 3. Then, there exist 6; €]0, o[ and a sequence of functions
{1 Jken € C*%(0Q) and a sequence of real numbers { &y i }xen such that
+0o0 +o0
Mol = S 4555 and  me1= 3

! !
~= k! = k!

sk vsel-61,8il, (43)

where the two series converge uniformly for 6 €] — 6, 6;[. Moreover, the following statements hold.
(1) The pair (py g, E4p) is the unique solution in C%*(0Q)y X R of the following system of integral equations:

=3 #8000 + W, [0Q, pyol(X) = g°C0)  Vx € 0Q°,
S H0(X) = W [0Q, pol(X) = Exo + g'(0) Vx € 90

Moreover,
5#0:; /goda—/gida .
MNP A
0Q0 Qi

(2) For all k € N\{0}, the pair (.4 is the unique solution in C**(0Q), X R of the following system of integral
equations:

1
—= X) + w,[09Q, xX)=0 Vx € 0Q°,
{ 2 e 06) + W [09, pi ] ) )

S Hi k() = W[99, iy ](X) = KV[0Q, pgr1100) + Ex e Vx € 0Q"
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Moreover,

1
[0Q 11

Eui = - / kv[0Q, pyp—11do | . (45)

0Qi

Proof. We first note that Proposition 3 implies the existence of 6; and of sequences { sk }ren and {&xx}ren such
that (43) holds. Moreover, Proposition 3 immediately implies the validity of statement (1). Then, observe that
Ay [6,My[6],E4[6]] = 0 for all 6 €] — 6o, 6ol. Accordingly, the map that takes 6 to Ax [6, My[6], E4[6]] has derivatives
which are equal to zero, ie, 0“(Ay [6, My[5], E4[6]]) = 0 for all § €] — 8, 6o[ and all k € N\ {0}. Then, a straightforward
calculation shows that

oF (AS[6, My[61,E4[811) (x) = —%dlgM#[(S](x) +w, [0Q,05My[6]] ) =0  Vx €0Q°, (46)

0% (A} 16, My151, Z41511) () = S0MAL310) = w, [09, 05Mi151] (o)
- [k . | @)
-2 (j ) (978 )v[o0. oiMyls]] o0 - okE4l5] =0 vx e 0@,
=

for all 56 €] — 8¢, 8o[ and all k € N\{0}. Then, one verifies that system (46), (47) with § = 0 can be rewritten as system
(44) for all k € N\{0}. Hence, classical potential ensures that the solution (usx, &) € C**(0Q) X R of system (44)
exists and is unique. Then, by integrating, one deduces the validity of (45). The proof is now complete. O

Finally, by Propositions 3 and 4, Theorem 4 and standard calculus in Banach spaces, one deduces the validity of the
following.

Theorem 4. Let 61, {usy}ren, and {Esx }ren be as in Proposition 4. Let
ug(x) = v0Q, usrlx) Vxe€Q, VkeN.

Then, there exists 6, €]0, 6;[ such that
+oco +oo
uld)0) = D usk)8  + Y Euxd VxeQ, V5 €06,
k=0 k=0

where the series are uniformly convergent for 6 in ] — 65, 6,[.

Then, by Proposition 4 and Theorem 4, we can deduce a representation formula similar to the one of the solution of the
model problem (10) (where u(V is replaced by the 6-dependent function ufsl)).

Corollary 1. Let the assumptions of Theorem 4 hold. Let

UO0) = ugo) — &1 Vx€Q,

and
+oo +o0
U0 = Ero + ) Erkd* + D U8 VxeQ, V6 €l0,6l.
k=2 k=1
Then,

uls]x) = u@x) + %ufsl)(x) vxeQ, Vs €05,

and u@ is the unique solution in C-%(Q) of problem (39) such that

/u(o)da =0.

Qi

ACKNOWLEDGEMENTS

P. Musolino has received funding from the European Union's Horizon 2020 research and innovation program under
the Marie Sktodowska-Curie grant agreement no 663830 and from the Welsh Government and Higher Education



18 MUSOLINO AND MISHURIS
WILEY

Funding Council for Wales through the “Sér Cymru National Research Network for Low Carbon, Energy and Envi-
ronment.” P. Musolino is a Sér CYMRU II COFUND fellow and is a member of the Gruppo Nazionale per 1'Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). G.
Mishuris gratefully acknowledges support from the ERC Advanced Grant Instabilities and nonlocal multiscale modeling
of materials ERC-2013-ADG-340561-INSTABILITIES during his Visiting Professorship at Trento University and partial
support from the grant 14.250.31.0036 awarded to R.E. Alexeev Nizhny Novgorod Technical University by Department
of Education and Science of the Russian Federation during his short visit to Russia. G. Mishuris is also grateful to Royal
Society for the Wolfson Research Merit Award.

ORCID

Paolo Musolino"* http://orcid.org/0000-0001-7366-5124
Gennady Mishuris"* http://orcid.org/0000-0003-2565-1961

REFERENCES
1. Wendland WL, Stephan E, Hsiao GC. On the integral equation method for the plane mixed boundary value problem of the Laplacian.
Math Methods Appl Sci. 1979;1(3):265-321.
2. Kirsch A. The Robin problem for the Helmholtz equation as a singular perturbation problem. Numer Funct Anal Optim. 1985;8(1-2):1-20.
3. Costabel M, Dauge M. A singularly perturbed mixed boundary value problem.Commun Part Diff Eq. 1996;21(11-12):1919-1949.

4. Berestycki H, Wei J. On singular perturbation problems with Robin boundary condition. Ann Sc Norm Super Pisa Cl Sci (5).
2003;2(1):199-230.

5. Gémez D, Lobo M, Pérez E, Sanchez-Palencia E. Homogenization in perforated domains: a Stokes grill and an adsorption process. Appl
Anal. to appear. https://doi.org/10.1080/00036811.2017.1395863.

6. Ammari H, Nédélec J-C. Generalized impedance boundary conditions for the Maxwell equations as singular perturbations problems.
Commun Part Diff Eq. 1999;24(5-6):821-849.

7. Schmidt K, Hiptmair R. Asymptotic expansion techniques for singularly perturbed boundary integral equations. Numer Math.
2017;137(2):397-415.

8. Dalla Riva M, Mishuris G. Existence results for a nonlinear transmission problem. J Math Anal Appl. 2015;430(2):718-741.
9. Donato P, Monsurro S, Raimondi F. Existence and uniqueness results for a class of singular elliptic problems in perforated domains. Ric

Mat. 2017;66(2):333-360.

10. Mishuris G, Miszuris W, Ochsner A. Evaluation of transmission conditions for thin reactive heat-conducting interphases. Defect Diffus
Forum. 2008;273:394-399. Trans Tech Publications.

11. Mishuris G, Miszuris W, Ochsner A. Transmission conditions for thin reactive heat-conducting interphases: general case; 2009:521-526.
Trans Tech Publications.

12. Mishuris G. Imperfect transmission conditions for a thin weakly compressible interface. 2D problems. Arch Mech (Arch Mech Stos).
2004;56(2):103-115.

13. Mishuris G, Ochsner A. 2D modelling of a thin elasto-plastic interphase between two different materials: plane strain case. Compos Struct.
2007;80(3):361-372.

14. Mishuris G, Miszuris W, Ochsner A. Finite element verification of transmission conditions for 2D heat conduction problems. Materials
Science Forum. 2007;553:93-99. Trans Tech Publications.

15. Sonato M, Piccolroaz A, Miszuris W. General transmission conditions for thin elasto-plastic pressure-dependent interphase between
dissimilar materials. Int J Solids Struct. 2015;64-65:9-21.

16. Gilbarg D, Trudinger NS. Elliptic Partial Differential Equations of Second Order. second ed, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol. 224. Berlin: Springer-Verlag; 1983.

17. Deimling K. Nonlinear Functional Analysis. Berlin: Springer-Verlag; 1985.

18. Lanza de Cristoforis M. Asymptotic behaviour of the conformal representation of a Jordan domain with a small hole in Schauder spaces.
Comput Methods Funct Theory. 2002;2(1):1-27.

19. Maz'ya V, Movchan A, Nieves M.. Green's Kernels and Meso-scale Approximations in Perforated Domains, Lecture Notes in Mathematics,
vol. 2077. Heidelberg: Springer; 2013.

20. Maz'ya V, Nazarov S, Plamenevskij B. Asymptotic Theory of Elliptic Boundary Value Problems in Singularly Perturbed Domains. Vol. I,
Operator Theory: Advances and Applications, vol. 111. Basel: Birkh&duser Verlag; 2000. Translated from the German by Georg Heinig and
Christian Posthoff.

21. Maz'ya V, Nazarov S, Plamenevskij B. Asymptotic Theory of Elliptic Boundary Value Problems in Singularly Perturbed Domains. Vol. II,
Operator Theory: Advances and Applications, vol. 112. Basel: Birkhduser Verlag; 2000. Translated from the German by Plamenevskij.

22. Lanza de Cristoforis M. Asymptotic behavior of the solutions of a nonlinear Robin problem for the Laplace operator in a domain with a
small hole: a functional analytic approach. Complex Var Elliptic Equ. 2007;52(10-11):945-977.


http://orcid.org/0000-0001-7366-5124
http://orcid.org/0000-0001-7366-5124
http://orcid.org/0000-0003-2565-1961
http://orcid.org/0000-0003-2565-1961
https://doi.org/10.1080/00036811.2017.1395863

MUSOLINO AND MISHURIS WI LEY 19

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.
34.

35.

36.

Dalla Riva M, Musolino P. A mixed problem for the Laplace operator in a domain with moderately close holes. Commun Part Diff Eq.
2016;41(5):812-837.

Dalla Riva M, Lanza de Cristoforis M. Microscopically weakly singularly perturbed loads for a nonlinear traction boundary value problem:
a functional analytic approach. Complex Var Elliptic Equ. 2010;55(8-10):771-794.

Dalla Riva M, Lanza de Cristoforis M. Weakly singular and microscopically hypersingular load perturbation for a nonlinear traction
boundary value problem: a functional analytic approach. Complex Anal Oper Theory. 2011;5(3):811-833.

Golitsyna EV. Mathematical simulation of temperature field in a hollow rotating cylinder with nonlinear boundary conditions. High
Temperature. 2008;46(6):835-840.

Letavin MI, Mishuris GS. A nonstationary temperature boundary layer in a cross section of a rotating cylinder. Differentsial nye Uravneniya.
1991;27(9):1596-1603 (in Russian). Translation to English in Differential Equations, 1991, 27(9):1134-1140.

Letavin MI, Shestakov NI. Solution of equations of thermoelasticity in a cross section of a rotating cylinder by the method of singular
perturbations. Prikl Mat Mekh. 1993;57(2):124-132 (in Russian). Translation to English: Singular perturbations used to solve the equations
of thermoelasticity in a cross-section of a rotating cylinder, in: J. Appl. Math. Mech., 1993;57(2):345-353.

Folland GB. Introduction to Partial Differential Equations. second ed. Princeton NJ: Princeton University Press; 1995.

Miranda C. Sulle proprieta di regolarita di certe trasformazioni integrali. Atti Accad Naz Lincei Mem Cl Sci Fis Mat Natur Sez I (8).
1965;,7:303-336.

Lanza de Cristoforis M, Rossi L. Real analytic dependence of simple and double layer potentials upon perturbation of the support and of
the density. J Integral Equations Appl. 2004;16(2):137-174.

Bohme R, Tomi F. Zur Struktur der Lésungsmenge des Plateauproblems. Math Z. 1973;133:1-29.
Henry D. Topics in Nonlinear Analysis. Brasilia:Trabalho de Matematica; 1982.

Valent T. Boundary Value Problems of Finite Elasticity, Springer Tracts in Natural Philosophy, vol. 31. New York: Springer-Verlag; 1988.
Local theorems on existence, uniqueness, and analytic dependence on data.

Hille E, Phillips RS. Functional Analysis and Semi-Groups, American Mathematical Society Colloquium Publications, vol. 31. Providence,
R. I.: American Mathematical Society; 1957. rev. ed.

Dalla Riva M, Musolino P, Rogosin SV. Series expansions for the solution of the Dirichlet problem in a planar domain with a small hole.
Asymptot Anal. 2015;92(3-4):339-361.

How to cite this article: Musolino P, Mishuris G. A nonlinear problem for the Laplace equation with a
degenerating Robin condition. Math Meth Appl Sci. 2018;1-19. https://doi.org/10.1002/mma.5072



https://doi.org/10.1002/mma.5072

	A nonlinear problem for the Laplace equation with a degenerating Robin condition
	Abstract
	INTRODUCTION
	MODEL PROBLEMS
	A linear problem
	A nonlinear problem
	A family of nonlinear problems


	AN INTEGRAL EQUATION FORMULATION OF THE BOUNDARY VALUE PROBLEM
	A FUNCTIONAL ANALYTIC REPRESENTATION THEOREM FOR THE FAMILY OF SOLUTIONS
	LOCAL UNIQUENESS OF THE FAMILY OF SOLUTIONS
	REMARKS ON THE LINEAR CASE
	Asymptotic expansion of u[]

	References


