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We develop a technique to prove simultaneous subspace controllability on multiple invariant subspaces, which
specifically enables us study the controllability properties of spin systems that are not amenable to standard
controllability arguments based on energy level connectivity graphs or simple induction arguments on the length
of the chain. The technique is applied to establish simultaneous subspace controllability for Heisenberg spin
chains subject to limited local controls. This model is theoretically important and the controllability result
shows that a single control can be sufficient for complete controllability of an exponentially large subspace and
universal quantum computation in the exponentially large subspace. The controllability results are extended to
prove subspace controllability in the presence of control field leakage and discuss minimal control resources
required to achieve controllability over the entire spin chain space.

DOI: 10.1103/PhysRevA.94.052319

I. INTRODUCTION

Quantum spin models, that is, quantum systems composed
of a collection of interacting spin-% particles, are of con-
siderable interest and importance in many areas of science
with applications ranging from the study the quantum phase
transitions [1] and the formation of quantum spin liquids
[2] and spin glasses [3] in condensed matter physics to the
huge and popular field of quantum information processing
(QIP) [4], where spin-% particles are proxies for qubits and
spin networks effective models for finite-dimensional QIP
devices. Considering the importance of quantum phenomena
in physics, finding ways to control them has naturally been a
long-standing dream of physicists and chemists. Progress was
made with radio-frequency control of large spin ensembles in
nuclear magnetic resonance decades ago, paving the way for
many applications from spectroscopy to magnetic resonance
imaging. Control of individual quantum systems such as single
spins, atoms, or ions, however, was practically impossible until
quite recently. While it still remains challenging, tremendous
experimental progress has been made, making it possible, for
instance, to simulate the spin-spin interaction using ions and
ultracold atoms with superior control and the ability to tune
parameters, as recently demonstrated in [5], for example.

Improving control of quantum systems in general, and spin
systems in particular, and understanding fundamental issues
that affect and limit control of these systems is of paramount
importance from a theoretical point of view, as well as for
the development of new applications such as QIP or quantum
metrology devices. Not every controlled spin system is fully
controllable. Controllability depends on the Hamiltonian of
the physical system and the available control resources. Phys-
ical and technological limitations impose constraints on the
system and control Hamiltonians that can be realized. k-body
interactions for k > 3, for example, are difficult to generate
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and much weaker than single and two-body interactions.
Therefore, the system Hamiltonians for spin systems are
usually restricted to two-body interactions, and as even those
are not easily controllable, control is often limited to local
control of individual spins. Furthermore, designs that require
many independent controls acting on individual spins are
generally far more difficult to realize than designs that require
fewer controls. For example, while controlling individual ions
in ion traps is possible today, it requires multiple lasers
or precise dynamic positioning of a single laser to enable
individual addressing of all the ions. For many other systems
such dynamic individual addressing remains impossible. If
we can control the system with a small number of simple
actuators acting on fixed spins, the complexity of the system
design can be considerably reduced. This prompts the question
of minimal resources for controllability of spin systems, such
as the minimum number of local controls required to control a
certain spin network or, alternatively, what is the most we can
achieve with fixed control resources for a given system.

The minimal requirements for different spin systems de-
pend on the type and configuration of the interactions between
spins, e.g., whether it is a one-dimensional (1D) spin chain, a
spin ring, or a 2D or 3D arrangement. The simplest case is 1D
spin chains, but even in this case the required control resources
depend on the type of interaction and type and position of
the actuator. As will be explained in detail in the following, a
(closed) quantum spin system S with a system Hamiltonian Hy
subject to a set of control Hamiltonians {H;}, k =1, ... ,m,
is controllable if the controls can generate arbitrary unitary
evolutions. In the language of QIP, complete controllability is
equivalent to the concept of universal quantum computation
(UQC) [4]. An important necessary and sufficient condition
for complete controllability is that the dynamical Lie algebra
(DLA) generated by {—iH;} is u(N) or su(N), the Lie
algebra of Hermitian or trace-zero Hermitian matrices [6].
Using this condition, it has been shown that for chains with
Ising coupling, local controls on every spin are required for
controllability, while chains with Heisenberg coupling are
known to be controllable given at least two noncommuting
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controls acting on the first or last spin in the chain [7]. The
DLA has also been calculated for different couplings with two
and three local controls [8] and it is known that a Heisenberg
chain with a single local control is not controllable as the
Hilbert space can be decomposed into multiple subspaces that
are invariant under the dynamics and the DLA is thus reducible
[9]. However, the system is controllable on the smallest of
the invariant subspaces, the single excitation subspace [10],
and results based on numerical calculations in [11] further
suggest that the system is indeed controllable on all invariant
subspaces, including the largest one. Our first aim is to prove
this conjecture, showing that a Heisenberg chain of any length
is controllable on all invariant subspaces with a single local
control acting on the first (or last) spin. As the dimension of
the largest invariant subspace H, is exponentially large with
respect to the length of the chain, H, is potentially a useful
resource for UQC and it is the first example of a system where
a single local control results in controllability on a subspace
whose dimension is exponential in the number of qubits. It
also illustrates the importance of the interaction type: If the
Heisenberg (X X Z) coupling is replaced by X X coupling then
the only subspace that remains controllable with a single local
control is the single excitation subspace.

Subspace controllability problems of this kind have not
been discussed in the literature very much and proving sub-
space controllability beyond the single excitation subspace is
nontrivial and requires alternative computational approaches.
The decomposition method suggested in [12] can be applied to
discuss the reachable set [6], but further tools are required to
establish controllability. The regularity-connectivity condition
used by various authors [13—18] was applied to the problem
considered here in [11] to infer subspace controllability, but the
conditions, in particular strong regularity, could only be veri-
fied numerically for each subspace for short chains. Although
specific eigenvectors and the corresponding eigenvalues for
low excitation sectors can be found by a Bethe ansatz, the
exponential complexity of the diagonalization is well beyond
direct calculation when N is large. Another common approach
to show controllability of a chain is by induction on the
length of the chain, the method of choice to prove global
controllability in [7] and many other works. However, as there
is no simple relation between the subspace representations of
{H;} for chains of lengths N and N + 1 beyond the single
excitation subspace, the induction step cannot be completed.
In general, the availability of a straightforward induction on
the length of the chain relies on the fact that the DLA for a
chain of length N + 1 can be expressed in terms of the DLA
for a chain of length N, so we can complete the induction
step by evaluating the DLA for the shorter chain and then use
the connection between N and N + 1 to derive the DLA for
the longer chain. Unfortunately, for our system there is no
simple way of deriving any useful connections between the
DLA generators for chains with size N and N + 1. Hence,
a different argument is needed to construct a proof. In fact,
when discussing the controllability for an N-spin system,
rather than an n-level system, it is not a good idea to write
the Hamiltonians in the energy eigenbasis of the system as
they have a much simpler representation in terms of products
of Pauli operators (as will become clear in the next section).
As a result, the common method in the literature based on
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connectivity graphs of the energy eigenvectors does not really
help to assess controllability of an N-spin system. If we hope
to use a connectivity graph to simplify the calculation of the
DLA then it has to be a graph describing the connectivity of the
N spins, rather than the n = 2V energy levels. Unfortunately,
connectivity of the former graph is not sufficient to infer
controllability as a spin system may be uncontrollable even
if this graph is fully connected.

To prove subspace controllability we develop an approach
based on decomposition of the Lie algebra into subspaces
generated by n-body interaction terms. We then use induction
arguments to derive general formulas for the dimension of
these subspaces and sum over all subspaces to obtain the
dimensionality of the Lie algebra of the entire system. We
show that the resulting dimension can only be obtained if
all subspaces are controllable. Using decomposition in terms
of n-body interactions does not allow us to separately check
controllability of a particular subspace, but there is no need
to do so. Instead, we can prove the controllability for all
subspaces at the same time, by finding the largest number
of independent operators in the DLA generated by the system
and control Hamiltonians. One difficulty in the proof is that
the n-body operators generated by calculating the commutators
are not all linearly independent, which makes it nontrivial to
determine the rank of the operators generated, but fortunately,
this problem can be overcome using a common trick in
complex analysis.

This paper is organized as follows. In Sec. II we introduce
different types of spin chains and define relevant symmetries
for the system. In Sec. IIl we give a complete proof of
subspace controllability for an arbitrary X X Z chain subject
to a single end control and apply the technique to generalize
the results to chains with anisotropic XY Z interactions. We
further prove that the subspace controllability result is robust
with regard to leakage of the single control field onto the
neighboring spins. This result is interesting as it provides
arguably the simplest model of a UQC one could imagine:
a physical Hamiltonian with a single control switch to do the
computation. For comparison, we show that the same result
does not hold for XX chains, where a single end control
can only give controllability on a subspace whose dimension
does not scale exponentially with system size. In Sec. IV we
investigate the X X Z or XY Z chains for various types of two
controls and the according results present a complete picture
of the minimal control resources for full controllability on the
entire Hilbert space.

II. MODEL AND BASICS

The state of a quantum system is generally described in
terms of a trace-one positive operator p, usually referred to
as the density operator, acting on a Hilbert space H. Any
Hermitian operator on a spin-% particle or qubit is a linear
combination of the Pauli operators

_OJ, ()

0 1 0 —i 1
O R O R

and the identity / = diag(l,1). If a quantum system is
composed of N spins then a local operator acting on the kth
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spin is represented by Ry = I ® - - - Q IQRQI®---® I,
where R is the 2 x 2 operator on the kth factor.

System Hamiltonian. We consider spin chains composed
of N spins with spin-spin interactions characterized by the
Hamiltonian

N-1

Hy = Z An X Xns1t + buYnYuit + CnZpyZyq, 2
n

which covers a large variety of systems: a, # b, # ¢, # 0
corresponds to Heisenberg XY Z coupling, a,,,b,,c, # 0 with
a, = b, # c, to Heisenberg X X Z coupling, a, = b, = ¢, #
0 to isotropic Heisenberg coupling, a, = b,, # 0and ¢, = O to
X X coupling, and a, = b, = 0 and ¢, # O to Ising coupling.

Controllability. The dynamics of the spin chain is charac-
terized by the quantum Liouville equation

Ho+Y  fi(OH;.p |, 3)

j=1

) i
P="%
where Hj is the system Hamiltonian in (2) and H;, j =
1,2,...,m, is a series of control Hamiltonians with time-
varying amplitudes f;(¢). We say the system is density-
operator controllable or simply controllable if the dynamical
Lie algebra £ generated by iH;, j = 0,1, ...,m, is equal to
the largest Lie algebra that can be generated by anti-Hermitian
operators i H; acting on the 2V -dimensional Hilbert space H:
either u(2™) or su(2V). This definition of controllability is very
intuitive: It can be shown that if the system is controllable
then any unitary process U € SU(2V) can be generated up to
a phase factor e’® by the dynamics (3) in finite time, for a
suitable choice of the control fields f;(). If £ C su(2") then
there exists some unitary gate U € SU(2") that can never be
generated under (3) [6]. The dynamical Lie algebra and the
concept of controllability are very important for both theory
and control applications as they characterize the reachable set
of the control dynamics and allow us to decide whether a given
control task can be achieved or not.

Symmetries. Symmetries of the Hamiltonian limit the type
of processes a system is capable of generating and therefore
controllability.

Definition 1. Let H;, j = 0,1, ...,m, be a set of Hamilto-
nians for a given quantum system. If there exists a Hermitian
operator S that is not a multiple of the identity such that
[H;,S]1=0 for all j then S is called symmetry for the
Hamiltonians.

The definition implies that for a symmetry S, H; and S can
be simultaneously diagonalized for all j.

Example 1. A simple class of symmetry operators for the
system Hamiltonian (2) is of the form S = AjA;--- Ay,
where Ap = a1 X + oY +a3Z is a local operator on the
kth spin. For symmetry operators of this form [Hj,S] =0
requires [y XmXn + byn Y Yo + coinZmZn, A Ayl = 0 for
any connected link (mm,n) in (2). Observing the Pauli product
relations XX =YY =ZZ =1, XY =iZ, YZ =iX, and
ZX =1iY gives [ X, X, S1 = Y Yn,S1=[2,,Z,,5] = 0 and
thus [ Hp, ST = O when A is one of the Pauli operators {X,Y, Z}.
The operators XX, --- Xy, Y1Y2---Yy, and Z1Z---Zy
are often known as parity symmetries; Hy commutes with
all of them. Whether the controlled system has parity

PHYSICAL REVIEW A 94, 052319 (2016)

d=14

FIG. 1. For N =4, the XXZ network Hamiltonian H, and
local control H; = Z, are simultaneously block diagonalized in five
excitation subspaces Hy, d =0, ... 4.

symmetries depends on the control Hamiltonians. Only the
Z-parity operator S, = Z;Z,---Zy commutes with con-
trols of the form H; = Z;, for example. Here S, has two
eigenspaces of dimension 2V~ with eigenvalues (parity)
+1 and —1, which are invariant under the dynamics if
[Ho, S, =1[H;,S,] =0.

Example 2. If the system Hamiltonian (2) is of XXZ
type then [Hy,S.] = 0 for S, = ZIIY(ZJ- + I)/2. Here S, has
N + 1 distinct eigenvalues ranging from n =0 to n = N.
Hence, the Hilbert space decomposes H = @,ivzo Hy. If we
denote the single-spin basis vectors by [0) (spin up) and
[1) (spin down) and take the basis states of the N-spin
systems to be the product states |0---0) to |1---1), then
‘Hy is generated by the computational basis vectors with
the number k of 1’s, k being referred to as the number
of excitations in the chain. For example, for N =4, H,
is spanned by |0011), |[0101), |0110), [1001), [1010), and
[1100) and has dimension dim(H;,) = ds» = 6. If the control
Hamiltonians only contain Z operators then S, defines a sym-
metry, called excitation symmetry, and the system and control
Hamiltonians are block diagonalized on the N 4+ 1 invariant
subspaces.

Having found all symmetries of the system, the entire
Hilbert space can be written as a tensor product of minimal
invariant subspaces H = @2_H,. The quantum dynamics
is invariant on each H,; and the H,; cannot be further
decomposed. The block-diagonal structure of the system
Hamiltonian and control Hamiltonian illustrated in Fig. 1
implies that the associated dynamical Lie algebra £ must be a
subalgebra of @5:1 u(dim Hy).

Although the system is not controllable on the entire Hilbert
space H = it may still be controllable on some or all of
the subspaces H,. In the following we show that this subspace
controllability holds for all subspaces even if the control is
restricted to a single control acting locally on a single spin for
most XY Z and X X Z chains.

052319-3



XIAOTING WANG, DANIEL BURGARTH, AND S. SCHIRMER

III. SPIN CHAINS WITH SINGLE LOCAL END CONTROL

Many quantum systems, such as ultracold atoms, can be
modeled as spin chains with Heisenberg interactions. Due
to the symmetric roles played by the three Pauli operators,
without loss of generality, we can assume that the local control
is along the z direction, which physically corresponds to
control fields being generated by an external magnetic field
along the z direction. We find that subspace controllability
depends on whether the spin-spin interactions in the two
directions orthogonal to the control direction are equal or not,
i.e., whether the spin chain is of (1) XXZ type (including
X XX type) or (2) anisotropic XY Z type.

A. The XX Z chain

The system and control Hamiltonians for an X X Z chain of
length N with a control in the z direction acting on spin 1 are

N

Hy = Zaj(Xij+l +YYi+cZ;Zip), (4a)
J

H =Z,. (4b)

As discussed above, the total excitation operator S, =
Z;V(Z i+ 1)/2 is a symmetry and due to this symmetry
the Hilbert space of the N-spin system decomposes: H =
@,1:’:0 ‘Hy, where Hy is the invariant subspace with k exci-
tations and dim(H;) = (]]\(/ ) = dy, and the dynamical Lie
algebra L of the controlled system (4) must be a subalgebra of
Lr = @1]2]:0 u(dy k). Notice that the structure of S, ensures
that traces of the Lie algebra generators on the kth and
(N — k)th excitation subspace always add to O and thus £
is also a subalgebra of su(2V).

To prove that the system is controllable on each Hj,
in particular H|x/2), we would like to show that £ = Ly.
However, we will see that this equality does not hold as
there is a set of N — 1 elements in the Cartan subalgebra of
L7 that cannot be generated by our Hamiltonians. However,
these missing generators are not required for individual
subspace controllability. The only effect they have is to impose
nontrivial phase correlations between different subspaces, i.e.,
they impose some restrictions on the simultaneous control of
different subspaces.

Since a Lie algebra is also a real vector space, we can drop
some factors in the calculation and use linear combinations. We
denote such (trivial) steps in the derivation by —, which should
be read as “generates” in the following. First, we observe that

[Z1,Hy]l — X 1Y, — Y1 X5,
[Z,X 1Y, = Y1 X2] = X1 Xo +Y1Ys,
(X1 X + 110, XY, —YXol > Zo —Z1 — 2,

Continuing this process, we can generate Z;, Aj; = X ;Y —
Y; Xy, and Bj; = X; X, +Y;Y; for all k,j as detailed in
Appendix A. An operator is called an n-body operator if it
contains n nontrivial factors, i.e., those comprised of X, Y, or
Z Pauli operators. For example, Z; Z3 is a two-body operator,
while (Z, — Z,)Z3Z, is a three-body operator. Denoting the

PHYSICAL REVIEW A 94, 052319 (2016)

set of n-body operators in £ by M,,, we list its elements and
evaluate the rank:

M, = {Z;},

My = {Aj,Bjx,Z; Zi},

My = {AjpZn,BjxZn(Z; — Z})ZinZ,},

My ={AjZyZy,Bjx ZnZp, Ajk Ay, Bjk Bun A jk By,
xX(Z; —ZZ1ZnZ,},

When ¢ is even, we can generate

Cm,,mz Zl713 e Zm@a
le,mzcm3,m4Zm5 et ngs

C1111,m2 e Cmgfl,mp
(Zml - Zmz)Zm3 et Zmr

When ¢ is odd, we can generate

le,mz ng e ng’
le,mzcm3,m4 Zm5 et Zmzs
le,mg Tt Cmg72,mgflzmga
(Zml - Zlnz)Zl713 tee ng’

where Cy, is either A, or Byy.

To compute rank(M,;) we first evaluate the number of
operators in the form Cy;, i, -+ - Ciny,_,.m,,» Which contains p
pairs of operators of type A = XY —YX orB=XX+7YY.
For a given N and p with N > 2p > 0, we denote the set of
p-pair operators by Ey p, e.g.,for N = 2p = 6, B13 B34 Bsg is
a 3-pair operator in Eg 3. The size of the set Ey , is obtained
by simple combinatorics as

2P [N\ (N =2 N-=2(p—-1)\ _ 'N N-p
2\ 2 2 RAVIAUr YA
However, not all of the elements in Ey , are linearly

independent. For example, for N =4 and p =2, we
find

B12B3y — B13Byy = A14A23,
ApAzy — A13A = AsAns,
B12A3s — B13Ay = BiaAns.

Similarly, we can write down other dependence relations.
Altogether only 1/2! of all 2-pair operators are linearly
independent. In general, only 1/p! of all p-pair operators are
linearly independent (Theorem 8, Appendix B):

rank(Ey ,) = . ®))
p p

Directly proving (5) is difficult as the linear dependence
relations can become very complicated for large N and p.

052319-4



SUBSPACE CONTROLLABILITY OF SPIN-% e

For ¢ > 2,

L€/2]
N —2p N
rank(M,) = Z rank(EN,p)<Z _ 2p> + <£> — 1.

p=1

After some simplification we obtain

dim L = Z rank(M,)
=1
L NN

=Y ————-N+1= 2N —~N+1
_p:() pI2(N —2p)! N

for both N =2m and N =2m + 1, where the preceding
equation follows from the following.
Lemma 1.

LN/2]

AT R R
N p12(N —2p)!

p=0
Proof. Let f(x) = (x + D)*. The term x" has the coeffi-
cient (%)) and

fx)y=@*+2x + DY

- ¥ ’

ptq+r=N

ZZ N!

ocpracy PN —p—q)!

(x*)P(2x)

Ig!r!

x2PTa24,

Hence,
2N\
v )=

N!
B Z pI(N —2p)!p!

0<p+g<N.2p+q=N
IN/2]
) L L T
12 _ | :
= P! (N —2p)!

Z N! 2

0<p+q<N,2p+q=N plgi(N —p —q)!

N-2p

As discussed earlier, £ C L7 = ®p_ju(dy k), with

N

N 2
dim(L7) = Y _ dimfu(dy,0l = » (1]:’ ) = (2137 )
i=0 i=0

All k-body Z-type operators, k = 1, ...,N, generate a Cartan
subalgebra C in L7, with dim(C) = 2". Since we can only
generate coupled k-body Z-type operators such as (Z,,, —
Z,)Zp, -+ Zy, for k > 2, the rank of all Z-type operators
in Lis 2¥ — N + 1, i.e., there are N — 1 independent Z-type
operators that are in L7 but not in £. Hence,

dim(£) < dim(L7) — N + 1 = <2N

N)—N+1:dim(£)

and dim(£) achieves the maximal allowed value. This is only
possible if £ is isomorphic to u(dy ) on each Hy. The Lie
algebra is indeed of type u not su on each subspace because
the trace of the Hamiltonian H restricted to any subspace is

PHYSICAL REVIEW A 94, 052319 (2016)

not zero, although the sum of the traces over all subspaces is
zero. Hence, we have proved the following.

Theorem 1. For an X XZ chain of length N with a single
local control on the end spin in the Z direction, the system
is controllable on each of the N + 1 invariant excitation
subspaces.

We note here that the result also applies to the special case
of a fully isotropic Heisenberg X X X chain, in which case
there is no preferred direction and the result applies for any
local control applied in the x, y, or z direction. In particular,
this theorem applies to antiferromagnetic Heisenberg chains
(aj <0) and therefore justifies the observations in [11].
The latter paper also gives a nice motivation for this work.
By cooling we can prepare the system in the ground state
Yo, which is in the highest-dimensional excitation subspace
H\ns2y at t =to. Then, by applying a single control Z;
with amplitude f(¢) derived from optimization, we can
generate the total Hamiltonian H = Hy + f(¢)Z; to drive
the system into an arbitrary target state in H |y, at a later
time t = tr. In particular, we can generate perfect entangled
pairs between the two end spins of the chain, which is
an important quantum resource for many applications such
as quantum communication or measurement-based quantum
computing [11]. Moreover, as the dimension of Hy/
increases exponentially with the number of qubits N, it can be
used as a resource for universal quantum computation. For
instance, we can encode qubits as «|01) + B|10), thereby
performing universal quantum computation in H|y/2). This
is a remarkable observation: We have found a system where
quantum computation can be achieved with a single switch and
where both the system and control Hamiltonian are physical,
e.g., consist of nearest-neighbor two-body interactions, which
are very common in physics. It provides possibly the simplest
and most elegant way of achieving quantum computation
so far (leaving efficiency issues beside [19]). Having only a
single switch, we avoid the experimental difficulty of quickly
changing field directions, which can be challenging due to
hysteresis.

B. The XY Z chain

The previous results beg the question of controllability of
inhomogeneous XY Z Heisenberg chains subject to local Z;
control. In this case we have

N
HOZZanij-H+ijij+1+CijZj+1’ (6a)
J
Hi =7, (6b)

with a; # b;. As discussed in Example 1, there exists a parity
symmetry S, = Z; - - - Zy satisfying [Hy,S,] = [H;,5,] =0,
with two invariant subspaces H; and H_;, corresponding to
eigenvalues 1 of §,. Unlike in the homogeneous case the
Hamiltonians cannot be further block diagonalized on each
of the two subspaces. Thus, compared to the XXZ chain,
the number of invariant subspaces for XY Z chain is reduced
from N + 1 to 2 as a result of symmetry breaking between
the x and y directions. Using the same technique as in the
previous section, we compute all operators in the dynamical
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Lie algebra £ generated by Hy and H; and show that the
system is controllable on both subspaces:
[Z1,Hol »a1Y1 X, — b1 X1 Y2
—a1 X1 X2 + b1 Y112,
X [a Y1 Xy — b1 X Y2, a1 X1 X2 + b1 Y1 12]
—>(a]2 + blz)Z] —2a1b1Z> — Z,.
Continuing this process, we obtain all Z;, a;X;X ;4 +

biY;Yjw, ajY;iXj1 —b; XYy, and Hh =3, ¢;Z;Zjy.
Next we have

[a;YjXjr1 = b;X;Yj11.Zjn]l = a;¥;Yipr —b; XX

and together with a;X;X ;11 +b,;Y;Y;;1 we can decouple
and get X;X; .y and Y;Y; ;. Similarly, we can decouple
and independently generate X;Y;; and Y;X ;. This is a
major difference from the X X Z case, where the XX and Y'Y
operators at neighboring locations cannot be decoupled. Due
to such decoupling, we expect that the dynamical Lie algebra
L generated by Hy and H; will be larger than the XXZ
case. Repeating the same generation process by calculating
the commutators and letting P denote either the Pauli operator
X or Y here, we obtain the k-body operators

M, = {Z;},
My ={P;Pi,Z;Z},
My ={P; P Z,}U{ZZ,2Z,},

For M,, when ¢ is even, we can generate

PmleZZm3 e Zm(a

Pm1P1712Pm3Pm4Z;n5 "'ngv

PmIP,,12-~'Pml,1sz,
Zm]Zm2 e Zm@~

When ¢ is odd, we can generate

PIn]PleZm3 tee Zm[’

Pm]PmZPm3Pm4Zm5 "'Zm(;a

Pm] sz T Pmt—ZPmt—lme
Zm1 ng et Zﬂl['

Compared with the X X Z chain, where we can only generate
coupled Z-type operators such as (Z; — Z,)Z3Z,, for the
XY Z chain, we can separately generate Z,Z3Z4 and Z,Z3Z3.
Here M, can be divided into two subsets: the set of (P — Z)-
type operators and the set of Z-type operators, where each
P — Z operator can contain 2p operators of type P and
N —2p operators of type Z, p = 1, ..., [£/2]. Hence, a basic
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combinatorics argument gives

k N N —-2p N
_ Z 2
rank(Me) = o 2 p(2p> L€/2er<£ — 2p> * (E)

and the dimension of £ (N > 2),

LN/2]

dim(£) =) Ne=2" )" (g{) —2=2W-1_»

k=0

where we have used the identity

LN/2] LN/2]
> (5) = 2 (g 1) =2""
2k 2k +1

k=0 k=0

Since Hy and H; are simultaneously block diagonalized
on H; @ H_;, £ must be a subalgebra of L7 =uR¥ ") @
u(2¥~1). Moreover, since the k-body Z operators in £ are
generated from the (k + 1)-body P — Z operators, £ does not
include two Z-type operators, the identity / and S, which are
contained in L£7. Hence, we have

dim(£) < dim(L7) —2 = 2*N~1 — 2 = dim(L)

and dim(L) achieves the allowed maximal value, which is only
possible when £ = u(2¥~") or su(2¥~") on both subspaces H
and H_;. Noticing that Hy and H; are trace zero on H; and
H_, for N > 2, we must have £ = su(2”~!) on both H; and
H_; for N > 2. For N = 2 it is easy to check that £ = u(2)
on H; and H_;. Thus, we have proved the following.

Theorem 2. For an XY Z chain of length N with a single
local control on the end spin in the Z direction, the system
is controllable on each of the two invariant subspaces H; and
H_;.

As there is nothing special about the z direction here, this
result applies for a local control in the x, y, or z direction.

C. Control leakage on neighboring spins

The previous assumption of the control affecting only a
single spin is an idealization. In practice, it is difficult to
apply a control field that only acts on a single spin without
affecting its neighbors to some extent. Hence, a more realistic
assumption is that a control applied to one spin will also
perturb neighboring spins due to field leakage. This leads to
a modification of the control Hamiltonian from H; = Z; in
the ideal case to H, = Zl;zl v;Z;, where y; characterizes the
effect of the field leakage. We consider two typical cases: linear
y;j = —aj + B and exponential y; = e U~V decay. In the
following, we show that the subspace controllability results
discussed in the previous sections are robust with regard to
such control leakage, in that the invariant subspace structure
and controllability of the system remain unchanged.

Starting with our system and control Hamiltonians

N
Ho=Y a;X;X;s1+b;Y;Yju1 +¢,Z;Z1,  (Ta)
j=1

Hi =Y yZ, (7b)

052319-6



SUBSPACE CONTROLLABILITY OF SPIN-% e

and defining the adjoint action of H; on H; as Ady,(Hy) =
[Hl,HQ] and Aj = anij-H + ijij-H’ we have

A (Ho) = yB A1 + - + v s At + VEAL

AdY (Ho) = v Ay + - + vt p Akt + vid A,

Adgf)(Ho) =y A+ v A+ v A

where we used the shorthand notation 4, = yx — . The
coefficients in this expression can be gathered in a matrix

(r1 —»)? k-1 — W) V2
n —r)* i1 — vt v
(n —y)* Vi1 — vyt

Case (1) When the leakage of the local control is linear, i.e.,
Yj — Yj+1 = Ve — Vet for different j and £, we can generate
the operator Ay = ay Xy Xp+1 + br Y Yr41 from any two rows
of V. Analogously, we can generate a;X;Yit1 — brYi Xia1
and hence generate Z; — Zi41. From A, we can also generate
By = Adg(Ho) — y2Ay. From Z; — Z;4y and By, we can
sequentially generate A;and Z;, j =k — 1,k —2,... 1.

Case (2) When the leakage of the local control decays
nonlinearly, e.g., y; = e “U~V" we have y; — y; 11 # ¥ —
Yet+1 7 Yk, and from the property of Vandermonde matrix,
det(V) # 0. Hence we can generate each A;, j =1,... k.
Together with H;, we can decouple and generate Z;, j =
1,... k.

Hence, in both cases, £ generated by Hy and H; in (7) is
the same as that generated by Hy and H; = Z,. In general, for
other types of nonlinear leakage, the above reasoning is valid
for almost all choices of y;. Thus we have the following.

Theorem 3. For an XX Z or XY Z chain of length N, under
a single local control on the end spin in the Z direction with
leakage to the neighboring spins, the system is controllable on
each of the invariant subspaces.

D. The X X chain under a single end control

Based on the previous results, one might be tempted to
conclude that the controllability results in spin chains with
other types of couplings as well. We will now show that this
is not the case and the presence of spin-spin interactions
in all three directions is essential to guarantee subspace
controllability. When the Heisenberg coupling is replaced by
X X coupling, subspace controllability no longer holds, except
on the first excitation subspace. Specifically, the Hamiltonian
describing an XX chain and a single end control in the Z
direction are written as

N
Hy =Y yuXuXo1 + YaYur)). Hi=Z1.  (8)

n

Theorem 4. For an XX chain of length N with a single
local control on the end spin in the Z direction, the associated
dynamical Lie algebra L is a faithful representation of u(N) in
each excitation subspace H;, k =1,...,N — 1.

PHYSICAL REVIEW A 94, 052319 (2016)

Proof. To prove that £ is indeed isomorphic to u(N),
we determine all independent operators generated from the
Hamiltonians, as we did in previous sections, and show that
these operators satisfy the same commutation relations as the
standard basis of u(N) [10]. However, to make the analysis
of faithful representations simpler and more convenient, we
transform the original representation using the Jordan-Wigner
transformation, a powerful tool initially developed in theoret-
ical physics: Defining

am =[] Za(X = i¥)m,
n<m
where a, are fermionic annihilation operators, with the
canonical anticommutation relations

{am’an} = {ajn:ai} =0, {am,ai} = Spns

the Hamiltonians are transformed into

N

Hy = Z Vn(aian-&-l + ai+1an)a
n=1

H, = alTal.

By calculating the commutation relations between the Hamil-
tonians, we can verify the following identities:

[iH,iHy] — yio = a;(az - alal,
[[Hy,yin] = xpp = i(afaz + aial),

[x12,y12] = 22 1= iayas.

Then we can generate Hy = Hy — y1x1, which represents
the system Hamiltonian for a cllain of length N — 1, and z;
amounts to the end control on Hy. Thus, by induction we can
sequentially generate

n=1,...

o f
Yuntl 1= Ayany1 — Ay An,

e T
Xn,n41 = l(alan+1 + an_;,_lan)s n=1,...
Zy = i(a);an), n=1,...N.

Hence, we have generated three kinds of anti-Hermitian
Operators X, n+1, Yn.n+1, and z,, satisfying

[(Xmns2n] = Ymn, (9a)
[Ymnszn] = —Xmn, (%9b)
[Xmks Xkn] = Ymns %)
(Ximk s Yen] = =X, (9d)
(Xmns Ymn] = 2(zm — zn), (%e)

which are the same as the commutation relations satisfied by
the standard basis of u(N) [10]. Hence, we have £ = u(N).
Finally, to show that £ is a faithful representation in each
excitation subspace Hy, k = 1,...,N — 1, it is sufficient to
show that the images of the generators x,, 41, Yn.n+1, and z,, in
H,. are nonzero. Choose a vector o) € H in the computational
basis with n and n 4 1 positions as |0) and |1) and define
another basis vector |8) € Hy such that 8 only differs from o
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atn and n + 1 positions, with values |1) and |0). Restricted on
Hy., we have

(Blynntila) = (Blatanila) = 1,
(BlxXnnrila) = (Blalanila) = i,
(Blza1B) = (Blala,B) = 1.

Hence, on each Hy, k =1,...,N — 1, L is a faithful repre-
sentation of u(N).

IV. MINIMAL CONTROLS FOR FULL
CONTROLLABILITY

In the previous section we discussed the control problem
of spin chains with a single local control acting at the end of
the spin chain. In general, as the number of controls increases,
symmetries will disappear and the system will become fully
controllable on the entire Hilbert space under a sufficient
number of independent controls. An interesting question in
this context is what minimal control resources are required to
make our chain fully controllable and whether the type and
location of the control actuator matter. For example, does it
matter if we control the end spin or will any spin in the chain
do, or are controls acting in different directions preferable to
controls acting in the same direction on different spins?

A. Controlling Z, and X,

In [7] it was proved by the propagation property that an
XXZ chain with two independent local controls such as
H, = Z, and H, = X, is fully controllable on the entire space.
We can rederive this result from our analysis in the previous
section: Observing the operators generated by Hjy and H; and
writing down the operators generated by Hy and H,, it is
easy to see that we can generate all k-body Pauli operators
k=1,...,Ninu(2V). Hence the system is fully controllable.

Theorem 5. For an XX Z or XY Z chain of length N, with
two local controls on the end spin, H; = Z; and H, = X, the
system is controllable on the whole space.

B. Controlling Z; and X,

Theorem 5 shows that two controls acting in orthogonal
directions on the end spin suffice to make the system
controllable on the entire Hilbert space. What if we can fully
control one spin at other locations? It is not easy to prove
controllability in this case using the propagation property, but
it is easy to prove using our computational technique that
two independent controls acting in orthogonal directions such
as Z and X on the kth spin in the chain, giving rise to the
Hamiltonians

N
Hy= a;X;Xj1+b;Y;¥j+c;ZjZjs,
j

H =Z, H =X,

are sufficient for controllability on the entire Hilbert space,
except when N = 2k + 1, in which case the Hamiltonians
exhibit mirror permutation symmetry with respect to the center
spin.

PHYSICAL REVIEW A 94, 052319 (2016)

To extend our controllability results to controls acting on
the kth spin, we show that given Hy, Z;, and X; we can
generate Z; and X and apply the previous theorem. Without
loss of generality assume k < | N/2]. For simplicity let B; =
a Xy X1 + b Yy Yy and note [Zy,[Zy, Holl = Bi—1 + By,

P :=[Bi_1 + Bi,[Bii + Bi. Z]l
= (@i +bi_y + @i +b7) Ze + W = Q1
W i=2ar—1ar Xp—1Xp+1 + br—1bx Yee1 Yier 1) Zy,
01 :=2ay_1bi—1 Zi—1 + 2a1bi Zy 1.

The term proportional to Z; can be subtracted from P and
further subtracting %[Xk,[Xk,Ql + W]l =W, we generate

Q1. Next setting ¢; = 2a;by and di = crci; We obtain
1l01.101 Holl = ¢i_ Bi—a + ¢{By1 = D,
%[Dlv[Dlan]] — 126} Zk— + k10 Zis2 = Qa.

Iterating the procedure, replacing Q| above by Q», etc., we

can sequentially generate coupled B and Z terms of the form

Bi_1+ By,  dr—1Zi—1 + dit1Z+1,
dy_»Bi—s+di  Biy1, dx2Zi—>+ dii2Zisa,
di_3Bi 3 +dp , By, di3Zi3+ diy3Zigs,

diBy +d5_Bu—1, d\Zi+ du_1Zy_,.

When we hit the end of the chain we continue generating
Bok—1Zok — Zpj—,

Box Zoj 1 — Zog,

By _1Zn_1— Zn.

Finally, starting from [Zy_; — Zy,Hp], we can sequen-
tially generate Zy_1 — Zn,ZN—2 — ZN—1s---sZk — Zi+1-
Together with Z;, we can therefore generate Z;,; and hence
Ziils - ., Zy. Together with d|Z| + dox—1Z2—1,
we can decouple and generate Z;. Similarly, starting with
[ Xk,[ Xk, Holl instead of [Z,[Z, Ho]]l, we can generate X.

Theorem 6. For an XX Z or XY Z chain of length N, with
two local controls on the kth spin, H; = Z; and H, = X;, and
N # 2k + 1 the system is controllable on the whole space.

Lo, -

C. Controlling Z; and X,

Finally, it is interesting to consider whether two indepen-
dent controls acting on different spins such as Z; and X on the
first and the kth spins are still sufficient for full controllability
for an XY Z or XX Z chain. In this case the Hamiltonians are

N
H() = Zanij+1 + ijij—H +CijZj+1’
J

H =27, H=X.

We show in Appendix A that Hy and H; can generate the Ising

coupling term Hz; = Zjvfl ¢;jZ;Z ;4. Taking commutators
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with the second control X further gives
[Xx,Hzz]l = ck—1Zg—1Yi + kY Zps1,
[ X, ar-1 X1 Xi + i1 Y1 il — Y1 Zy,
[Xe, Y1 Zi] = Yio1 Yo,
Yo Yi,ck1 Ze1 Yie + kY Zi1] = X

Continuing this process, we can sequentially generate
Xi—2,Xk—3, ...,X, and finally X; and by Theorem 5 we have
the following.

Theorem 7. For an XX Z or XY Z chain of length N, with
two local controls Z; and Xi, 1 < k < N, on the first and the
kth spins, the system is controllable on the whole space.

V. CONCLUSION

We have proved that spin chains with Heisenberg coupling,
although not fully controllable with a single control field acting
locally due to symmetries, are fully controllable on all invariant
subspaces of the symmetry operator. The symmetries differ
depending on whether the coupling is isotropic or anisotropic.
If the coupling is isotropic in the directions perpendicular to
the control field then there are N + 1 invariant subspaces of
dimensions dj = (1]1’) ranging from 1 for k = 0,N to (N’\;z)
for the largest subspace with k = N /2; otherwise there are
only two subspaces of dimension 2¥~! corresponding to
parity symmetry with regard to the control direction. In
both cases the dimension of the largest invariant subspace
increases exponentially with the number of spins, showing
that a Heisenberg spin chain with a single local control
is theoretically sufficient for scalable quantum computation.
Notably, the controllability result is robust with regard to
system inhomogeneity (nonuniform interaction strengths) and
control leakage, i.e., unwanted effects of the control field on
nearby spins.

To prove these results we developed a technique to
systematically evaluate the dynamical Lie algebra of the
system based on the decomposition of the operators into
subspaces spanned by n-body interaction terms, which can be
iteratively constructed starting from the given local control and
the two-body interactions present in the system Hamiltonian.
This approach enables us to construct the DLA and evaluate
its dimension for chains of any length, different symmetries,
and different types of controls. It is also applicable when the
propagation property is not fulfilled and thus simple induction
on the length of the chain is not possible, for example, when
we have only a single local control (as opposed to two linearly
independent controls) acting on one end of the chain, local
controls in orthogonal directions acting on an interior spin, or
local controls acting on different spins. The techniques used
to iteratively construct the n-body interaction subspaces and
evaluate their dimension can also be applied to construct the
DLA for spin networks with different topologies and different
types of interactions.

A comparison of chains with different types of iterations
suchas XX Z, XY Z, and X X shows that the interaction type is
important. If there is no spin-spin coupling in the direction of
the applied control field, as in the X X case with local controls
in the Z direction, then the DLA on all excitation subspaces is
simply a high-dimensional representation of the dynamical Lie
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algebra on the single excitation subspace. Such a spin system
may be of interest for information transfer applications (e.g.,
quantum wires) but not applications such as scalable quantum
computing, which require a DLA that grows exponentially in
the number of qubits (or spins). If there is spin-spin coupling
in the direction of the control field then our results show that
a single local control is sufficient for controllability of an
exponentially large subspace, and in general the addition of
a second local control acting in a different direction, either
on the same spin or a different spin, is sufficient to achieve
controllability on the entire space. This does increase the
overall Hilbert space dimension but does not change the scaling
of the Hilbert space dimension with the number of qubits,
showing that the benefit of the addition of a second local
control in a direction orthogonal to the first is not significant
for large N and the costs of including physical effects such as
hysteresis may well outweigh any gains.

APPENDIX A: THE XXZ AND XYZ CHAINS
WITH Z; CONTROL

We calculate the Lie algebra £ generated by Hy and H; in
).

Step 1. Show that we can implement the local operators
Zy for k =1,...,N and the nearest-neighbor two-body in-
teraction terms Ak = XkYk-H — Yka-‘rl and Bk = Xka-‘rl +
YY1 for k=1,...,N —1 and reduce the Heisenberg
Hamiltonian Hy to an Ising chain Hamiltonian H,, =
ZNZ_II ajc;Z;Z ;4. The proof is straightforward. The elemen-

J
tary product rules for Pauli matrices give

[Z1,H)] — Ay, [Z1,A1] — By,
[A,Bil > Zr — Z1 — Z,.

Subtracting a; By from Hj and repeating the above steps with
Hj replaced by Hy = Hy — a; By and Z, replaced by Z,, we
generate A,, B,, and Z3, and iterating the process, we generate
all Z;, Ay, and By and reduce Hj to the Ising chain coupling
term HZZ = H() — Zj Clij.l

Step 2. Show that we can generate the nearest-neighbor
three-body terms Z; Byy1, B Zyy2, Zi Ax+1, and Ay Zy4» and
the individual nearest-neighbor Z-coupling terms Z; Z; for
1<k<N:

[A1,Hzz] — B1Zs,
[A1,B1Z3] — (Z1 — Z2)Zs,
[A2,(Z1 — Z2)Z5] — Z1 By,
[A2,Hzz] = Z1By + By Zy,
[A2,B2Z4] — (Z2 — Z3)Z4,
[A3,(Z2 — Z3)Z4] — Z2Bs,

"Notice the difference here from the case where there are two
independent local controls such as X; and Y;. In this case we can
immediately generate Z; = [X1, Y>] and taking commutators of these
local operators with Hy, we immediately generate su(2) and we can
then proceed to show controllability by induction on the length of the
chain.
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[A3,Hz7] — Z,B3 + B3 Zs,
[A3,B3Z5] — (Z3 — Z4)Zs,

which shows that we can generate the three-body terms
Zi By and By Zy. 2, from which we obtain [Z; 1 1,Z; Bry1] —
ZiAps1 and [Zy,BrZpi2] = AxZiyo. Finally, let Aj,k =
X.]'Y]( — Yij and Bj,k = Xij + Yij and observe

[Ax,Bi-1] = Bi—1k+1Zk,

[Ak—1,Zi—1Bi] = Bi—1,k+1,

[Zi—1, Br—1,k+1] = Ar—1,k+15

]
]
]
[Bi-1k+1Zks Ak—1k+1] = Zy—1Zk — Zi Zg 11

Together with Hz; we can decouple and generate Z; Z; . for
1<k <N.

Step 3. We use the nearest-neighbor two-body and three-
body interaction terms Ag, B, ZiZi+1, and BipZpip to
show that we can generate the non-nearest-neighbor two-body
interactions Ag;j, By;, and ZyZ; forany 1 < k < j < N and
the three-body terms Ay; Z,, and By; Z,,:

[Ak, Zk+1Zk+2] = BrZia,
[BkZi42,Ak+1] = B k2,
[Zk, Bi k+2] = Ak i+2,
[Ak k425 Zi+2Zi+3] = Brx+2Zi3s

[Bik+2Zi43, Ak k2] = Bris3,

Continuing this process, we generate all A;; and By; for 1 <
k < j < N. We also generate the three-body terms By;Z; 1,
from which we can generate (Z; — Z;)Z 4 together with the
already generated Z;Z ;| and Z; Z; for k < j, and finally the
three-body terms Ay;Z,, and By; Z,,.

Step 4. So far we have generated the local operators Z,
the two-body operators Aji, Bjx, and Z;Z; and the three-
body operators BjxZ,, and A j;Z,,. From these operators we
generate the four-body operators and three-body Z operators

[Bjkzm9Amn] i Biijn’
[Bijvaan] - Aijmva
[Bjx,AjxZinZy) — (Z; — Zi) 2 Z,.
Continuing this process, we sequentially generate ¢-body
XY Z-mixed operators and (¢ — 1)-body Z operators. When
£ is even, we can generate
Bm],mz ng e Zm(a

Bml,mz Bms,m st e Zmes

: Bmgfl,l’f’I[»
(Zml - Zmz)Zm3 e Zm

Bm17m2 o

0
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When £ is odd, we can generate
Bml.mz Zm3 e Zmp
Bml,szmLmthms T Zmp

Bml,mz T Bm/ng,mflemp
(Zn, = Z) s+ Zom, -

APPENDIX B: RANK OF Ey ,

Theorem 8. For given N and p with N > 2p, the rank of
the p-pair operator set Ey , is equal to (Y)(V 7).

Since, when evaluating rank(Ey, ), only linear relations
between the operators of Ey , are involved, we can consider
every elementof Ey , as a polynomial in terms of 2N variables
and transform the original problem into evaluating the rank of
a set of polynomials. Specifically, for positive integers N and
p with N > 2p, let E be the set of any polynomials in terms of
2N variables x1,x3,...,xy and yi,y2,...,Yn, satisfying the
following form:

Plxi,x2, .., XN Y1,Y25 - -5 YN]

= q(m1,ma)q(mz,my) - - q(myp_1,map)q (Mo, _1,map),

where g(j,k) can take two forms, either g(j,k) = x;x; + y;jy«
or q(j,k) = x;yx — ¥k, and the m;’s are distinct from each
other, with my € [1,...,N], k=1,...,2p. In other words,
any element in E is a product of p terms, each taking the form
xx + yy or xy — yx. For example, the following polynomials
arein E:

(X122 + y1y2)(x3x4 + y3¥4) - - - (X2p—1X2p + Y2p—1Y2p)s
(X1y2 — y1xX2)(x3y4 — y3x4) - - (X2p—1Y2p — Y2p—1X2p)-

As discussed earlier, the total number of polynomials in E is
p 1My» p_P). However, not all of them are linearly independent
and we aim to evaluate rank(E) over R.

Since the numbers 2N of variables x; and y; are linearly
independent, the rank of E over R is the same as its rank
over C, i.e., rankg (E) = rankc (E). Next, over the field C, we
can apply the reversible transformations z; = x; +iy; and
z; = x; —iy; and then all elements in E can be expressed as
polynomials over C in terms of z; and z;. This is equivalent
to considering raising and lowering operators in the algebra.
Specifically,

xjxg + yiye = Re(z}z0),
Xk — yixe = Im(zfzg).

Then any element g(my,m3)---q(ma,_1,mzp,) in E can be
rewritten as Q(zy, Zm,) -~ Q(zy,  Zm,,), Where Q(z) is an
operation that takes either the real or the imaginary part of
z. Hence, all elements in E can be rewritten in terms of the
number 2N of independent complex variables: z, ...,zy and
Z}, ... .2y Next we can show that the space generated by the
set E is the same as the one generated by the set F whose
elements are in the following form: zj, 2, -2, Zm,,»
where m; € [1,...,N], k=1,...,2p. In order to see this,
we will show that Q(z}, Zm,) " - Q(ZZZF,]Zmz,,) in E can be
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generated by the elements in F': From the sum of or the differ-

3k * * 3k
ence between z,, Zm, - - Zpiyy 1 Zma,y and z,, Zm, - Ly, Tmays
* * * . .
we can generate Q(z;, Zmy)Zpm,Zmy " " Ty Sy Continuing
such a process, we can use polynomials in the form of
* * * .
O(Z3,Zm )2, Zmy * * * Zyny  Zmy, 1O genmerate elements in the
formof Q(z;, 2m,) Q(25,2m,) - - * 2y, Zm,, - Continuing such a
process, we can finally generate Q(z;, Zm,) - - - Q(z;LqHzmzp).
On the other hand, reversing such a process, we can gen-
erate 2z, Zm, =+ 2y, Zmy, fr0m Oz, Ziy) - Q2 Zms,)-
Therefore, we have shown that span(E) = span(F') over C,
inducing rankc(E) = rankc (F).

PHYSICAL REVIEW A 94, 052319 (2016)

Next we evaluate the rank of F over C. Since the 2N
variables z; and z;f are linearly independent, all elements
in F, as in the product form of z:‘mzmz - .Zjﬂzl;—lzl7lzﬁ’ are
hence independent as well. In order to obtain an element
in F, we choose number p of z;’s from the indices j €
{1,...,N} and choose a number p of z}f’s from the remaining
N — p number of indices. Then the number of elements
in F is (IX)(N;P), which equals rankc(F) = rankc(E) =

rankgr(E). Thus, we have proved rankR(E)=(1;)(N;p ).

Therefore, L is the Lie algebra described in the text before
Theorem 1.
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